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Page 72 bottom, eq. (3.32): 1In the 2,3, sums, the factor e, is missing.
® ® ®

Page 73 top, eq. (3.32): > > should read
Mm=Q0 nN®=0C M=-0 n=O

Page 11, eq. (3.107): The very last term in the expression for Bt/YO,

namely (% Tb'—)2 , should be omitted.
83

Page 120:¢ The expression for C should read

Ci (ka' + n) + Ci |ka' - n}
2
the negative sign appearing in the original is incorrect.

c

Page 123, eq. (3.120): The factor 16/112 should read 42/16 .

Page 123, eq. (3.122): A somewhat more accurate expression is
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1. INTROIXICTION

A. Scope of Research

The basic objective of this research is the investigation of
the equivalent circuit behavior of rectangular nlots of arbitrary
dimensions located in a variety of positions ir rectanjular waveguide.
Previous work on this subject has been reperted by Watson and Stevenson!,
vhere the experimental investigation wes primarily concerned with radiating
slots near resonance, and where the theory restricts itself to narrow
slots. The present work considers slots of arbitrary dimensions, both
experimentally end theoretically, where the theoretical results are both
more accurate and sasier to use than those of Stevenson. This investiga-
tion was initiated under the direction of Dr. N, Marcuvitz approximately
tw years ago. However, dus to the pressure of increased academic
comitments, Dr. Marcuvitz hag found it impossible %o continus in this
capacity, and he has been replaced by Dr. A. A. Oliner as supervisor.

The choices of equivalent circuit representation, method cf
measurement for the parameters of this representation, and method of
theorstical calculation of these parameters for tne rectangular slot
program are the following. The equivalent circuit representations used
are "invariant® ones (to be described later); the parameters for lossless
slots are measured by means of the tangsnt relation method, while radiatig
slots are measured by a method described later; and the theoretical calcu-
lations are made by means of the variationsl method, due to J. Schwinger.
Detaile of these methods will be discussed later, but it should be mentioned
here that stress 1s laid on them because in some respects they ars in
themselves contributions to microwmve techniques. The types (geometrical
location) of slots investigated are the following:

a) Transverse slot (guide to guide coupling): as a function
of aperture dimensions, angle of rotation, and thickness.

b) Transverse radiating slot (permitting radiation from the end
of the guide): as a function of aperture dimensions and

thickness.

For example, ses:
Stevenson, A. F., "Theory of Slots in Rectangular Wave Guides"
J. App. Phys., 19, 24 (19u8)
Watson, W. H., "The Physical Principles of Wave Guide Transmission®
Oxford University Press, 1947
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c) Slot-coupled E plane Tee: as a function of aperture
dimensions and thickmesge.

d) Slot radiating from the broad face of the gulde (E plane):
as a function of aperture dimensions and thickness.

Work is r-w proceling in a fashion similar to ¢) and d4) for slot-coupled
H plane Tees ard I plane radiating slots. The radlating slots of b) and
d) couple the guide to a half space (infinite beffle) rather than a "full®
space,primarily because the theoretical calculations are then much simpler.
Typical slots are shown in Fig. 1.1.

A mmber of smaller progress reports have been issued some time
back, but attention is called here to two major reports which are referred
to later in the present report. They are:

1) "Tha Representation, Measurement, and Calculation of
Tquivalent Circuites for Waveguide Discontinuities with
Application to Rectangular Siots", Final Report, R-193-49,
PIB-137.

2) “"Waveguide Circuit Theory: uﬁling of t\hveguides Yy
Small Apertures", Report R-157-47, PIB-106,

The latter report was written by N. Marcuvitz, and gives a detalled pre-
sentation 2f the theoretical beckground necessary for setting up the re-
quired variational expressions. The report describes the rigorous formula-
tion of an arbitrary electromegnetic ficld in terms of modes characterietic
of the gulde cross-section, and includes terms which account for cources
within the guide due to obstacles and apertures. It is then shown how the
fields everywhere mey be solvad for by means of an integmal equation, from
vhich one may easily obtain the corresponding variational expression. The
report contains other material, such as the solution of the integral equa-
tione for small apertures (not rectangnlar, however), but these are not of
direct interest. The former report was a group project, and contains
information on the first portion of the slots program, information which
wvill not be repeated in the present report. The experimental results
presented there are for the transverse slot, as a function of aperture
dimensions, angle of rotaticn, and thickness, and for the thin transverse
slot radiating from an "infinite" baffle, as a function of aperture dimen-
sions. Corresponding theoretical results are presented there, but they
are neither as accurate nor as simple in form as those presented for the
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transverse slot in the present report. The measurement method used is
presented in considerable detail, including the tangent relation procedure
‘tself, wmys of obtaining the final parameterw to within the ultimate
precision of the data, the mannor in vhich estimates of error are obtained,
and a description of the squipment, together with the experimental technigues
and the precautions to0 be observed. In addition, the ®inveriant® representa-
tion for the transverse slot is given (although not ty that name), and the
method of setting up the variational expression for transverse slots is
described. The contents of these previous reports are listed here since in
the present report refersnce to them is made frequently and it is tacitly
assumed that they are availabdle.

The term ®invariant®, applied to the cjuivalent circult repre-
sentations used in the slot program, is novel, and is introduceé in this
report. It is known that the parameters of an equivalent circuit representa-
tion can be changed by shifting the circult referénce planes. The puppose
of the "invariant® representation is to obdtain an equivalent circuit vherein
the parameters are detormined experimentally independently of any adbsolute
distance moasuremente, 1.e. the parameter values are *invariant® to absolute
édistance measurements, and depend only on electrical measurements. The
absolute diastance measurements, which are always less accurate, are then
involved only in the location of the reference planes. As expected, the
resultant represenvation is intimately connected with the measurement method,
80 that further detsils will be glven in Part II. VWhile it i1s of course
true that the accuracy of the overall circuit, including the reference planes,
is not improved in any way by the invariant representation, there are a
number of digtinct advantages:

a) Tor certain locations of reference planes, the circuit
paremeter values are critically dependent on the sources
of error, and may change wildly for a very small error in,
say, a distance measurement. It is known, however, that
the overall accuracy is affected only slightly, sd that
the large change ig spurious. It 1s therefore pesferadle
to use a representation wherein the parameter values are
ingensitive to such small errcrs, and the invariant repre-
sentation serves this purposs.

b) Ar mentioned above, the parameters depend only on the
vlectrical meagurements ard are independent of the absolute
distance measurements. Due to this sepamtion of dependence,




i1t 1s much essier tc estimate quantitatively the sffect on
the parameters of small sources of error, and therefore
easier to ostimate the accuracy of the final results.

c) The invariant representation results 1a an equivalent
circult wvhich is simpler in form, and is consequently
esagier to use. This 1s especially true whem several
networks are compounded to form a composite network.

The measurement methods described in Part II are such as to result
in an invariant representation and to lend themselves to a systematic pro~-
cedure which obtains the final parameter values to within the precision of
the data, The systematic precision procedure used for lossless structures
is the tangent relation method described in detsil in the adove-mentioned
Final Report. JFor lossy structures (slots which radiate), the tangent re-
lation method is no longer satisfactory and a different method has been
dsviged. It 1s applicable both to purely series or shunt representations
(such as that for a thick radiating slot) and to geueral lossy structures.
The latter precision method is not included in the present report dut will
be descridbed in detail in a separate report devoted exclusively to precision
measurements of dissipative structures. It should be added that for preci-
sion measurements one must not neglect the discontinunity produced by the
end of the slot in the slotted section. A calidration procedure that tales
this into account for lossless structures has beéen descrided in the above~
mentioned Final Report. When lossy structures are being measured, the cor-
rections tc be applied to the slotted section readings are different from
those of the lossless case. A method 1s given in Part II of obtaining the
corrections to both the location of the minimum and to the VSWR, vhen lossy
structures are being measured, which makes use of the calibration curve
directly applicable to lossless structures.

As mentioned earlier, the theoretical results for the susceptancos
are derived from variational expressions. These are of the ape.ture type,
and require the insertion of a trial electric field (in the aparture region)
into the variational expression. A principal virtue of variational expres-
sions is that the result (here a susceptance) is stationary about the correct
field choice. In addition, since the trial field appears in both the numera-
tor and demominator of the variational expressions, one need not know the
amplitude of the trial field, but only its form. In some cases, one can
formulate a maximum or a minimum principle for the susceptance, but such is
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not availadble here eince the kernels involved are not positive definite.

It is to be stresssd that the use of variational expressions reduces the
caloulation procedure to that of integrations rather than the selution of
integral equations. However, the integretions involve infinite sums which
are slovly oconvergent. There are a number of ways to deal with this prodlem,
including that of transfoming the swm to a more rapidly convergent one.
Some methods of accomplishing the latter have been gZiven in the Final Report
mentioned above. An alternative procedure, that of approximating the guide
Green's function (which involves the infinite sums) by a free space Green's
function (in closed form) plus corrections, has also been given in that
Final Report. In Fart I1I of the present report a still differen$ method
is presented which is the most successful, The dyadic guide Oreen's funo*
tion is first put inte the form of a dyadic operator operating on a scalar
function. This scalar function, an infinite double sum, is separated into
a sum corresponding to what is obtained for a wide open (capacitive) slot,
and a sum over the remaining higher modes. This latter sum is then trans~
formed by mesns of a Poisson transformation into a much more convergent sunm,
4s a result, the Green's function is separated into components in such a
faghion as to make it possidle to express the slot susceptance as the wide
open slot remult plus correction terms. Proof that this latest method of
procedure is very successful is supplied by Part IV, where the experimental
and theoretical resulte are compared, and where it is seen that the agree-
nent is sxcellent over wide ranges of aperture dimensions.

Part V is devoted to somewhat different considerations. For the
radiating slots discussed in Parts II to IV, the half gpace into which they
radiate is considered simply as a teminating admittance, without regard to
the prepagation behavior in the half space itself. Part V investigates the
balf gpace itself in terms of spherical transmigsion lines, and furthermore
considers the coupling of the half space to the rectangular waveguide. Bvi-
dently, the representation of the halfl space becanes comparatively simple
if essentially only one mode must be considetred. A transverse radiating
slot, which :es treated in Parts II to IV as a two terminal network. is con-
sidered as a four terminal network from this viewpoint. The first portion
of Part V is concorned with how well and under what conditions a half space
may be represented by a single spherical transmission line. It was found
that the radiation pattern in the half space produced by a radiating slot
was very well accounted for by only the mode, and that more than 99 per-
cent of the power radiated was carried by l’his mode. The equivalent circuit
parameters of the four teminal structure representing the slot coupling
element between the end of a rectangular guide and a half space have been
meagured and theoretically computed, both on the basis of the Bn mode only




in the half space. As seen in Part V, the agresment is good. Also
included in Part V are some basic properties of spherical transmission
lines. The study of spherical lines is coatinuing along the lines of
determining the behavicr of various transverse and longitudinal discon-
tinuities in the half space. This will yield information on the effect of

neightoring slots, and of removing the infinite baffle, on the equivalent
circuit of a given slot.

B. Personnel

The members of the "Slots" program now include:

Professional

J. Blass, Research Agsistant - MEE
L. Felgen, Research Assistant - MEE
H., Kurss, Research Agsistant - EHEE
A.A. Cliner , Research Associate - Ph B (Supervisor)

Techniciansg

Migs M, Crowell, Technician
Mrs. R, Haber, Computress - BA
Miss R. Hammond, Technician
Miss F. Ckun, Computress - BA

Messrs. J. Blass and H. Xurss have been concerned essentially with
the theoretical and experimental aspects, respectively, of the single slot
investigation. Mr. L. Felsen has participated in the experimental portion
of the single slot program, but has lately devoted himself to the spherical
transmisaion line study of a half space. In the writing of this report,
major credit should be given to J. Blass for Part III, and to L., Felsen for
Part V.

Although Dr. N. Marcuvitz is not included in the 1ist of peri o~
nel, and although it was mentioned earlier that he initiated the investiga-
tion, it should be stressed here that he is responsible directly for some of
the work described in this report, as for example, the variational expres-
sions discussed in Part III.




11, ALENT CIRCUI? EEPRRSENTATICHS AND MEASUREMENT PROC

A. 3 Plane Tee Siructures

1. Zquivelent Circuit Bepresentations

A sketch of the structure and an equivalent circuit representation
for 1t at centerline reference planes &ro shown in Figure 2.1.

|

|

|

;
A
Ve

E PLANE TEE EQUIVALENT CIRCUIT

ngr@ 2.1

Since the considerations are vesiricted to symetric structures
the six-terminal network contains only four independent parameters. The
fourth parameter appears as X rather than in susceptance form because X is
a small quantity. The aubacrfpt ¢ on the turns ratio signifies centerlige
representation. The centerline representation corresponds to the one used
for the theoretical calculations in Part III, since the relations between
the input and output fields are valid over a single surface.




Tor general use, as well as for measurement purposes, a differmnt
representation is prefersble. This "invariant® representation, givem in
Mgure 2.2, has the advantage that the values of the circuit parameters
depend solely on electrical measurements (independent of any abeolute
distance meagurements), while the less accurate mechanical measurements (or
other methods ¢f absolute distance measurement) affest only the location of
the reference planes. In addition the circuit is much simpler in form. The

— —-?——T';

|
|
e ;'TS

E PLANE TEE "INVARIANT" EQUIVALENT CIRCUIT

Figure 2.2

four independent parameters for the ® plane Tee axre B, n, 2£, and _€', as
indicated in Figure 2.2. A corresponding "invariant® representation for a
symmetric lossless four-terminal network was given in Final Report.a
E-193-49, PIB+137, Chap. I, Sec. D, 2. There, the circuit consisted of a
single shunt element, whose value depended only upon the valune of ¥ iu the
Qeasurement procedure. The value of ¥ is that of the VSMR produced hy the
structure when a matched load is placed in back of it, and is thus seen to
te independent of any reference plana locations. The reasons for the "in-
variant' nature of the parameters B an! n of Figure 2.2 will be seen when
the meagsurement procedure is discussed.

2 Herelnafter referred to as "Final Report®.
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Since the theoretical caiculations are made with the refersnce
planes at the centerline, while the exporimental results are obtained using
the "invariant® representation, it is nece-sary to have available expressions
relating the values of the parameters of one representation to those of the
other. In Tadle 2-1 the values of the parameters at the centerline repre-
sentation are given in terms of the parameter values of the invarisnt repre-
sentation, vhile the reverse is presented in Table 2-1I. These expressions
may be obtained in various wmys. The relations given in Tabdle 2-I are
derived in the Appendix by two different methods in order to illustrate the
possidle approaches one can employ. Ths representations involved in Table
2-1 were chosen simply as a typical example.

X PLAKE TR

J—I
Parameters of the Centerline Representation in Terme of

Those of the Invariant Representation

B

1.
Te-mxl . x=f
(] g
3 _ tan xA
, % T 2
© ¥
0 -
[14-2(?—--%.:;—1-:’)%&113(‘ ccuzy(L
o n .
tanﬂﬂ'+2[-;’—tana<£'+1—;_: tan 2¢ £
X, o n-_|
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0
1...2(2_-%'_) tan 2 2
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TARLE o-I1

Parameters ¢f the Invariant Representation in Terms of
2hose of the Centerline Represertation

B
-1
1. 2ﬂ- ;%-hn (- 'I‘i) . H= ?‘
2 D
2 v 4
2. tanyL's nci % —i;;- - -is- . j'ig the parameter.
=) °

2 sin 2 £ tanatl'
5. B = n, sin e t' tan 0 0' + X
R
(3
2
b4
mn 3 - ta.niel' + _ o
LR LY

2. Measurems:t Method

The measurement prvcedure is based upon ths representation shown
in Figure 2.2, and follews the rractise of reducing the measurement of a
2n-terminal stmmcture to a series of four-terminal meesurements.

In order to locate the reference planes T! and !' a variable short
is placed at P! and adjusted until no power enters hxe !oe stub. Under this
conditdon, oper circults occur at T! and at T!, so that they are each locat-
od one quarter wavelength from the Blane of t}xe voltage null in the sutput
and input guides, respectively. 4 tuning stub 1s placed in the stub arm
and adjusted so as to maximize the sensitivity of the measuremant. Care
must be taken to maintain the symmetry of the curve of pover detected in
the stub guide versus position of the weriable short about the point where
no power enters the Tee stub, since minima are located by obtaining the
average position between equal voltage levels on each side of the minimum.
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This is necessary here even thonugh the minimum point is sharp (as opposed
to the minimum of a standing wave in the slotted line) because of possidle
backlash in the variable short. Bince ithe siructure is symmetric, ! and
T! are symmetrically diuposed with respect $0 the camterline. By th}l
nathod of measuremant, the sy=matry plare, or centerline, neesl not de
located mechanically. The actual determination of 2.4, the distance be-
tween T{ and 2!, requires a measurement of ths length of the gection of
guide conulnlig the Tee structure. ZTkis langth may be measured mechanié-

ally, or electrically if cne covers up the slot opening. 7The letter has
been found to be more accurate.

To locate the reference plane T!, cne first places a shori circuit
at T!, and inserts a variable short in stub guide. The stud guide short
1s tfen adiusted until a voltage null appears at T! indicating that a short
circuit mugt then also be present at Ti. The a,ctu%.] length £' is then
obtained from a knowvledge of the lengtg of the stub guide, vhich is deter-
nined electrically by placing the stub guide at the end of a slotted section
and covering up the slot opening (w! h silvar paint, say, if it is mmall).
It should be noted that the relative location of the reference planes 1! ,
Tt , and 'Ii do not involve any absolute distance measurements, while th%

remeters’2 £ and L' defining their absolute location do require their
knowledge.

The remaining circuit parameters can be determined by the measire-
ment method for a four-terminsl structure described in the Final Report,
Chap. II, Sec. D. A four-terminal ctructure between reference planes T! and
T! i obtained by placing a fixed termination on T!. In particular, a l‘hort

rzuit at Té was chosen. The resulting equivalen® circuit is shown in
Figure 2.3.

Figure 2.3
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The tangent relation measurement technique ylelds three parsmetsrs,
o ant B, which depend uwpon the imput and output teminal planes, respective-
ly, and ¥V, whish is independent of them. It is desirsd that the circuit
paraneters B and n b» obtained in an "invariant® fashion, i.e., independently
of any absolute distance measurement. The location of !1 hag been obtained
in an invariant manner, namely, from a zero pover measurement. Therefore oA
is known invariantly, and Y is always an invariant, teing equal to the VSWR
produced by the structure vhen a matched load is placed behind it. The
value o. B can be obtained from the relation between these parameters that
holds when the network is a shunt one, namely (see Final Report, Chep. III,
Sec. B, 1, a):

B = =X[¥ (1.1)

The values of B and n are then determined from the values of *A, B, and ¥
according to relations given in the above-mentioned section of the Final
Report. It is stressed that these values of B and n do no depend on any
absolute distance measurements.

Ths measurement procedure for the four-temminal network described
above also ylelds a value for the location of the oudput reference plane T!,
80 that if the lsngth of the stud gulde were known, £' could be determined:
Another method wes given earlier for measuring £ ', and 1t was found that
the methods agreed well. Sensitivity calculations of the dependence of ths
parameters B, n, and £' on the various gources of error in the measurement
procednre are given in Part IV, and are used to determine the precision of
the experimental results.

An alternative method of proceeding in an "invariant”" fashion 1is
to obtain ok and B relative to the invariantly determined T! and 7! (in the
manner described earlier), and to use the already imriant]Y, witdout
imposing the restriction for a shunt circuit. The resulting equivalent
circuit, hovever, would contain a series element which would be non-zero if
any error occurred in the measurements, and for this reason was not employed.

3. Experimental Techniques

A portior of the experimental program consists of determmining the
equivalent circult parameters for slot-coupled E plane Tees as a function of
slot dimensions. Rather than use different coupling elements for each slot
size, the same element was used for each slot width, while the slot length
was successi¥ely increased. The first method used to change the slot size
was tu unsolder the stub coanection, increase the size of the slot, and then
resolder the Tee stub. This crude method was abandoned when it was found
that the parameter values, especially that of _£', varied with the particular
resoldering. Ins%tead, an air chuck, a simplified drawing of which appears
in Figure 2.4, was employed. A grooved metal plate is brazed to the main




14

STUB GUIDE

ql\> | AIR CHUCK

(SIMPLIFIED)

METAL PLATE

MAIN GUIDE

GUIDE PIN

Tigure 2.4

section of the Tee in a manner such that the top of the guide is in the game
plane as the upper surface of the metal plate. The slot is machined in the
top cf the guide. The air chuck *B* is placed over the slot, and is proper-
ly oriented by means of & palr of guide pins. A section of waveguide is then
continned from the top of the chuck, while electrical contact at the slot i3
maintained by the weight of the air chuck unit and “he vacuum. It is then a
relatively simple matter to remove the Tee section, change the size of the
aperture , and afterwrds replace the Tee stub.

Difficulties arose, however, with the use of the air chuck in
connection with thin slote (wall thickness = .010"), where the top wall of
the guide was found to buckle when the slot was enlarged by filing. (In
order that the top of the gulde te in the same plane as the metal plate, it
is necessary to have the whole top of the guide the same thickness as the
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slot wali itself, at least cver the air chuck ~egion.) The procedure finally
adopted for thin slets was o construct the Tee section with a very smali
coupling hole. With the coupling aperture sealed by silver paint the effec-
tive %electricml® guide lengths are resdily asasured. Slot anlargements are
then still made by filing, but are effected vith the aid of a stesl mandrel

vhich fits the main guide and on whose top face are milled slots of the
desired sizes.

The air vuuck is employed, howevar, for the measurement of thick
slots since there, no duckling questions urice. The physical arrangement is
slightly different from that shown in Figure 2.4, and Figure 2.5 indicates
the actusl structure, amicting the air chuck itself since it is the same as
that in Figare 2.4. A photograph of the thick slet is shown in M gure 2.6,
where ths slot thickness has been reduced to the point vhere some of the
corstruction features are evident. The photogreph in Figure 2.7 i1llustrates
the arrangement of the ecuipment for tue taking of data, specifically the

sero power meaguremant for the location of reference planes !i and !é.
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Figure 2.6



FIGURE 2.7
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)"o The T™hizx Slat

The tkick slot-coupled E i/lane Tee, whose physicel structure is
given in Figure 2.8, may be considered as a whole or in terms of its compe-
nent parts. Ita "invariant® equivelent circult representation, when con-
3ldered as a whole, is aleo given in Pigure 2.8. The measurement procedure

___.._._fr--fﬁg

| Nek |

! Btk l

¢ $

| |
PHYSICAL STRUCTURE INVARIANT REPRESENTATION

Mgure 2.8

used to obtain the parameters of this network is identical to that described
for thin slots in Sec. 2. The compornent parts of this structure are an E
plane Tee junction (with no slot), joined by a transmission line of length t,
equal to the slot thickness, to a change of cross-section junction in the
stub guide. If one knows the circuit parameters for all the component parts
of the structure, he can obtain the paremeter values for the "invariant"
representation oI the overall structure. Alternatively, from the kmowledge
of tne parameters of the overall structure ard of the change of cross-section
one can obtain the parameters for the E plane Tee junction. In fact, a
check on the measurement 1s obtained by seeing whether or not these latter
varameters are independent of the slot thickness t, for values of t large
enoush so that no interaction occurs between the Tee junction and the chang:
of cross-section junction. Both of these methods of utilizing the data are
enployed in Part IV.
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The equivalent circuit for the change in guide cross -section is
shown in Figure 2.9 (a) (ses Final Revort, Chep. V). The rzferemce plane

i

CHANGE OF CROSS-SECTION EQUIVALENT CIRCUIT

Figure 2.9 (a)

shift S is very emall, and is usually negligible. The turns ratio n, (where
the t ptands for "transverse") 1s given bys

2
1H! 1
ns a'd 4 cos (ma'/on) (2.1)

= ab h 1‘(3./3)2

vhere a' and b' are the smaller guide dimensions, and a and b the lurger
gulde dimensions. The value of susceptance B is to a good approximation
equal to .55 times the susceptance velue B uttzi thin transverse slot with
aperture dimensions equal to the smaller "g'oss-section.

The equivalent circuit for the E plane Tee juncticn, at centerline
reference planes, is given in Figure 2.9 'b§ and may be regarded as corres-
ponding to an infinitely thick slot. The parameter values are distinguished
from those in the slot-coupled case by the subscript *j" meaning " junction?.
Centerline reference planes are chosen because comparison will be made
between the theoretical values for the junction above and for the thin slot-
coupled E plane Tee, where the stub gulde dimensions above are equal to the
slot dimensions. The length of transmission line renresented by the slot
proper has £ propagetion constent ¥€‘related to its dimensions in the usue’
manner, and. a characteristic adnittance givern by Y' = 9 /wu.
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The parameters of the "invariant® representation for the overall
structure are obtainable from a knowledge of the change of cross-section
circuit, the thickness and cross-section dimensions of the slot, and the
paremeters of the thin slot~coupled ¥ plane Tee »f identical slot dimensions.
The result is approximete but is adequote for eangineering applicationg as 1is
shown in Part IV. The parameters for the T plane Tee junction of Figure

2.9 (b) are related approximately to those cf the slot -coupled X plane Tee
by the following:

Junction Tee Slct-coupled Tee
Ba;j = Ba 5
Y = B, - e
J . . 209 ' (2.2)
By = By Jo( bt/2) n,=J (2t vY/2)
ch =0 H X, = 0
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The reasons for these relations will be given in Part III. It is there
pointed out that the relations above avply only for large & (=X ,5), but
&re valid for arbitrery B, where « ig a'/a and B 1is b'?l';. The reason for
the restriction in range of aperture dimensions is that the field assump-
tion used for large K is not valid in the range of small eA. The corres-
ronding relations in the range of small «X have not yet been determined.
The turns ratio is the vulue involved in the change of cross-gsectisn
network of Figure 2.9 (a), and the expression for it is given in Equation
(2.1). The susceptance :Bt is trhat for a zero-thickness transverse slot of
identical dimensions.

Approvriate relations must be developed in order to obtain the
parametera of the overall network from those of the composite one. HRather
than relate directly the overall network at invariant reference planes to
the composite network at ceanterline reference planes, i* is more convenient
to first transform the ® plane Tee junction network to invariant refercnce
planes and then to reciate the overall and composite networks. The £ plane
Tec junction at irvarient reference planes is given in Figure 2.9(c), and,
as seen, the perameters are B n ' ,and 2.Z. The turns ratio n

L
] ]
is not equal) to B of Figu.re‘jz.9(1j), gincd the refertnce plane locations J

E PLANE TEE JUNCTION EQUIVALENT CIRCUIT AT
INVARIANT REFERENCE PLANES

Figure 2.9 (¢)
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TABLE 2-Y
Parameters of the Invariant Representation in Terus of Those of

The Centerline Representation
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B. _E Plane Radiating Slots

1. Equivalent Circuit Representations

A sketch of a slot radiatingfom the broad face of rectangular
gulde, and an equivalent circult representation for it at centerline refer-
ence planes are shown in Figure 2.11. This remresentation, which corresponds
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EQUIVALENT NETWORK

RADIATING SLOT

M zure 2.11

to that of a symmetrical lossy four-terminal structure, is most sultadle for
theoretical calculations (as was the centerline representation for the B
plane Tee). However, for dissipative structures there exist a variety of
"invariant® representations, the choice depending on the particular applica-
tion. A useful representation is the one given in Figure 2.12, obtained
from the centerline representation by a suitable ghift of reference planes.
This particular representation was chosen because as the loss approaches
zero, the representation becomes purely series. In addition, as is discussed
later under thick radiating slots, the shunt arms vanish for the thick slots,
resulting again in a purely series representation.
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Figure 2.12

The values of the parameters of the centerline representation
in terms of those of the representation of FMgure 2.12, and vise versa,
are given in Tables 2-VIII and 2-VII, respectively. 4lso included in
tae Tables are limiting values for some of the parameters for small Ga
or R .

a
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2. _ Measurement Method

4ds mentionsd earlier, an "invariant® measurement method is one in
vhich the equivalent circuit parameters are determined independent of any
abgolute distance meesurements, i.e., vhere the latter affect only the
location of the refererce planes. There are two ways by which such a mea-
surement method may prccede: (a) Some invariant method is used to obtain
the relative location of the reference planes for the invariant representa-
tion. The values of D _and S _ in the tangent relation procedure are then
evaluated at thege refdrence plines. (b) The data is so treated that the
parameters are evaluated independently of D _and S__. Then the relative
locaticn of the reference planes need not b8 imown.°TAn example of the
former method is the X plare Tee, when the relative location of reference
planes was obtained by a zero power mecsurement. An example of the latter
methcd ig the symmatrical, lossless four-terminal network where the invariant
repregentaticn involves a slngle shurt element whose susceptance depends only
on Y, and is therefore independent of 0 and S . The lattar quantities
affect the reference plane locations. °

Work is now progressing on a satisfactory method for determining
in an invariant fashion the parameters of a general lossy four-teminal
network, and in particular the symmetric one representing the ¢thin rediating
slot. Such a method has already been devised for the series network repre-
genting a thick radiating slot, and will be described in the section on
thick slots. For the thin rediating slot it has therefore bean necessary
to measure the parameteres at the centerline representation ard then dy the
relations glven in Table 2-VII to obtain the representation of Figure 2.12.

The problem still remains of how to obtain the final perameter
values to within the precision of the data for a lossy structure. The
details cf the tangent relation method as applied %0 a logsless structure
have been given in the Final Report mentioned earlier. Some information
vas given in the Final Report concerning the application of the tangent
relation method to loesy structures but, as mentioned there, tle procedure
is quite involved and is therefore considered unsatisfactory. Further work
on this method has produced certain simplifications, but the result is still
far from gsatigfactory. Several other methods have been devised, and are
now being tested, so that they will not be reported at this time. It has
been necessary therefore, for the while, tc use the two-point method (for a
symmetric structure) in determining the experimental values given in Part IV.
The two-point method has been described in the Final Report, in Chap. II,
Sec. C.

3,  FExverimental Technigues

Al

Cne of the purposes served by the precision experimental resuvlts
is that of checking the accurccy of theoretical calculations. Since the




theoretical calculations are greatly simplified vhen the slots radiate from
the guids into a half-space, the experimental arrangement should therefore
be such as to approximate a half-space. In addition, this experimental
arrangsment corresponds to many physical sitoations of interest. The first
results vere oblained with the slots described in Figure 2.4, i.e., with the
grooved metal plate attached, but without the addition of the air chuck. In
fact, the measurements were taken immediately after the E plane Tee measure-
msuts, before the siot siza was changed. For small loss (1ittle radiation)
this ar-angenent is prodably a good approximation to a half-space.

The radiation from a slot in the top of the guide into an actual

half-gpace was achieved in the manner indicated in ths sketch of Figure 2.13
and the photograph of Figure 2.14. As seen, the guide 1s essentially bent

"INFINITE" PLANE

SLOTTED SECTION

UPPER BEND WITH
POWER-> N MITERED CORNER
GUIDE SECTION i 4 sior
CONTAINING SLOT -
VARIABLE SHORT, LOWER BEND WITH

MITERED CORNER

Mgure 2.13







around so that the section of guide containing the slot is vertical. This
is necessary since the "infinite" conducting plane available was first used
in connection with slots rediating from the end of the guide, and was there-
fore placed vertically. Its use in tnis connection has been described in
the Final Report, Chap. IV. The sections containing the bends are made

with mitered corners so as to be reflectionless at the cperating frequency.
The derign dinensions were obtained from p. 133 of "™Microwave Transmission
Design Data®, put out by the Sperry Gyroscope Co. In accordance with a
diagran given there on p. 134, a value of d = .325" was chosen for a right
angle bend in a .900" by .UOO* guide, operating at A = 3.20 cms. The guide
section containing the slot is made the same size as the hole in the
"infinite" plane, and to insure continuity of surface current flow on the
“infinite® plane strips of thin (.002" or .003") ccpper are placed over the
contact regions, and are held in place with scotch tape. Figures 2.13 and
2.14 show the application to a thick radiating slot. The thick slot was
investigated as & function cf thickness, while maintaining the cross-section
dimensions constant. This was achieved by successively grinding down the
surface until the thicknesses desired were obtained.

It wil)l be recalled that slotted section measurements are always
corrected for by a calibration curve that accounts for the presence of the
slot and other possible discontinuity effects inherent in the apparatus.

The details of this calibration procedure have been given in the Final
Report, Chap. IV. It is thers assumed that the distance to voltage minimum
measurements in the output guide, defined by the distance S, were as indi-
cated by the variable short and therefore needed no correction. However,

as seen from Figure 2.13 or 2.14, in these measurements the structure to be
measured is not followed directly by the variable short, but one of the bends
appears there also. In addition, the other of the bends apvears between the
slottel section and the structure to be measured, thereby invalidating the
calibration curve for the slotted sectica alone. Therefore, both the S
readinge and the D readings (distance to voltage minimum in the input guide,
i.e., slotted section) must be corrected. The calibration procedure is the
following.
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First, the apparatus is srranged as in Figure 2.15-(a). A run of

PROBE
—
POWER— Y|\« UPPER BEND
SLOTTED SECTION]

VARIABLE SHORT

/

Figure 2.15 (a)

D vs. S is taken, and the calitration curve of - (D + 5) vs. D is plotted.
The ordinate of this curve then gives the correcticn to be added to any
subsequent D reading obtained when some structure is inserted between the
variable short and the upper bend, in order to obtain the correct D value.
The correction curve for the values of S is obtained by arranging the
equiyment as in Pigure 2.15-(v).

PROBE
. |
POWER—» v PPER BEND
SLOTTED SECTION|

7r77| OWER BEND
VARIABLE SHORT]

Figure 2.15 (b)

The calibration procedure now corrects for the presence of discontinuity
effects ip the lower bené. A run of D vs. S is taken, and the D values are
corrected by using the calibration curve obtained from the arrangement of
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Figure 2.15-(2). The ordinate of the calibration curve of -~ (D + S) vs. S
then gives the correction to be added to any subsequent S reading to yleld
the correct S value.

The above calibration procedure is valid for the measurement of
lossless structures, since the calibration techniques involve only lossless
comporents. When tke structure to be measured is digssipative, the calibra-
tion curve is altered. In addition, input VSWR measurements are necessary,
ard the presence of the discortinuities inherent in the measuring equipment
effects somewhat the VSWR values. When the structure to be measured is
dissipative, the calibration curve for the values of A D is the one valid
for the lossless case, multiplied by the factor (= + llr2 - 1), where r
is the measured input VSWR corresponding to the D value in question. It is
seen that for large VSVR the correction is negligible. The correction to
the VSWR is obtained algo from the caiibration curve for the lossless case.
The correction to be added to the YSWR is given by U times the VSWR,
multiplied by the ordinate (in imput guide wavelengths) of the calibration
curve at an eigth-wavelergth preceding the corresmonding D value. The
derivation of these corrections, together with a discussion on the use of
thig calibration curve, will be given in a report to be issued soon.

4, The Thick Radiating Slot

The thick radieting slot may be represented by a purely serles
equivalent circuit (shown in Fisure 2.16), rather than the one containing
resistive shunt arms representing the thin radiating slot. One can consider
the thick slot as being carmposed of an E plane Tee junction coupling %o a

|
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I | X R |
R
|| | }
]| |
I. Il i '
T T, o S
WA AV A EAVA S AAD A 'l |l
) TI T?.

Figure 2.16
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section of transmission line of length t, equal to the slot thickness, and
teminated by a two-teminal radiating network. When the X plane Tee
Junction is represented by the "invariant" network of Pigure 2.9-(c), it 1s
clear that the overall network for the thick radiating slot can be of the
form of Figure 2.16, where the 2£. 1is the same as that for a thick E-plane
Tee structure of identical slot dimansions. When the slot thickness t
becomes so small that interaction occurs bVetween the higher modes excited
by the radiating junction and the Tee Jjunction in the guide, then the purely
series representation i1s no longer vaiid, and resistive shunt emms appear
in the equivalent circuit, as in the thin slot case.

The measurement method for the thick radiating slct is based on
the representation of Figurs 2.16. As in all the other measurement methods,
date 1s talen of the imput VSWR and location of minimum, for a series of
output reactances, obtained by varying the location of the short circuit in
a variable short. A plot of the resulting reciprocal VSWR vs. S, the
location of the output short circuit, is of the form shown in Figure 2.17.

I A

VSWR

|
S Sa2 S—

Figure 2.17

It is first recognized that when the irput VSWR is a minimum, the input
impedance is purely real. (This may be seen from a constant resistance
curve in the reflection coefficient plane. The constant resistance curve

is applicable since the output is always purely reactive.) From the
reciprocal VSWR curve, it 1s seen that the minimum VSWR occurs at S = S,.

For a fixed S, in the output guids, a purely resistive impedance is

obtained at voltage maxima and voltage minime in the input guide. Therefore,
the relative location of the input reference plane T! is given either by

the input minimm location D, corresponding to §,, o} vy D + 1/4 (where D
and S are given in units of guide wavelength). “The term ~"relative® is




used because the location is kmown relative to some fixed point, namely the
end (I the physical structure, but not relative to the symmetry plane of
the structure. The latter requires an absolute distance meesurement, i.e.
the overall length of the structure. D, corresponding to S, may be cbtained
from a plot of D vs. S. At input referénce plane T! , the value of imput
resistance is constant independent of S (which corr%sponds to a pure
reactance). Therefore, ore can obtain T! by calculating the input resis-
tance corresponding to two different valles of S, at D, and at D, + 1/4,

and noting for which location the input resistance is %onstant. However,

it is simpler to determine whether Ti is at D, or D t.l/h by refer-ing to
the value of D corresponding to SZ' Since an open circuit placed &* T!
results in an infinite input VSWR; T! 1s located as being a quarter waVe-
length from the value of D corresponiing to S_ (see Figure 2.17). However,
since the value of S_ is -0t accurately deterﬂinahle from Figure 2.17, this
procedure is not usea to determine the exact location of T} , ™at rather to
deternine whether T) occurs at D, or D + 1/4. The value 32 R in che
ecuivalent circuit ts obtatned r,, the minimum value of V3WR, or 1l/r,,
deperding on the location of T!. If “T! 1g at D , then R = i/r, ; while

if 1 fsatD +if4, R=r. 1rhis 1s 30 since R is & minimum vhen the
volt&ge is a %1nimum.

At S_, in Figure 2.17, the VSWR ig infinite, indicating an open
circuit at T!,“and therefore one at T! (from the purely series nature of the
equivalent c}rcuit). Hence, the readgng of S_ correspends to T! + 1/U,

This nmetod of obtaining the relative locatioﬁ of the output reBerence plane
is not as accurate, however, as the location of T! |, since the data is
inaccurate for very high VSW¥R's. Therefore, sincé the structure s symmetric,
a more accurate value of T! is obtained by reversing the section and re-
pverting the measurements. °Mhis is valid since the location relative to the
physical end of tke structure is involved. In this way one also obtains a
check on the values of R and X. The value of X is determinable in two ways,
once T! is located. First, the value of X is equal to the input resctance
at T! gorresponding to a short circuit at Ti. Or else, one may obtain the
amoulit S is changed in gring from the short“circuit position, S_ + 1/4, to
the position for resonance, S,. X is then given by tan on (shi?t in S).
Since the values of R and X are determined independent of any absolute
distance measurement, the remresentation is seen to be "invariant®

To determine the actual value of 21&. however, it is necessary to
measure the overall length of the section containing the structure. The
value of 22 1is then given by the difference between the overall length and
the sum of the distances between Ti and Té and the respective physical ends
of the structure.
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soctiop of transmigsion line of length t, equal to the slot thickness, and
terninated by a two-terminal radiating network. When the I plane Tee
Jjunction is represented by the "invariant® network of Figure 2.9-(c), it is
clear that the overall network for the thick radiating slot can be of the
form of Figure 2.16, where tre 2 x 18 the same as that for a thick E-plane
Tee structure of identical slot dimensions. When the slot thickness ¢
becomes s0 small that interaction occurs between the higher modes excited
by the radiating junction and the Tee junction in the guide, then the purely
series representation is no longer valid, and resistive shunt arms appear
in the equivalent cirzuit, as in the thin slot case.

The measurement method for the thick radiating slot is based on
the representation of Figure 2.16. As in all the other measurement methods,
data is taken of the inmput VSWR and location of minimum, for a series of
output reactances, obtainel bty varylng the location of the short circuit in
a variable short. A plot of the resulting reciprocal VSWR ve. §, the
lomtion of the output short circ it, is of the form shown in Figure 2.17.
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Figure 2.17

It 18 first recognized that when the inmput VSWR is a minimum, the input
impedance is purely veal. (This may be seen from & constant resistance
curve in the reflection coesficient plane. The constant resistance curve
is applicable since the ovtput is always pusely reactive.) From the
reciprocal VSWR curve, it is seen that the minimum VSWR cccurs at S = Sl.
For a fixed S, in the output guide, a purely resistive impedance is

obtained at voliaze maxima and voltage minima in the input guide. Therefore,
the relative location of the input reference plane T! is given either by

the input minimum location D, corresponding to S,, of by D + 1/4 (where D
and S are given in units of Zuide wavelength). ~The tern ~"relative" is




used because the location is known relative to some fixed point, namely the
end of the physical structure, but not relative to the symmetry plane of
the structure. The latter requires en absolute distance meesurement, i.e.
the overall length of the structure. D, corresponding to S, may be obtainnd
from a plot of D ve. S. At inmput referénce plane T! , the ¥alue of input
resistance is constant independent of S (which corrésponds to a pure
reactance). Therefore, ore can obtain T! by calculating the input resj.s-
tance corresponding to two different valles of S, at D, and at D, + 1/4,
and noting for which location the input resistance is %onstant. However,
it is simpler to determine whether T! is at D, or D, + 1/4 by referring to
the value of D corresponding to SZL Since an open circuit placed st T!
results in an infinite input VSWE, T! is located as being a quarter waVe-
length from the value of D corresponling to S_ (see Figure 2.17). However,
since the value of S_ is not accurately deterfiinable from Figure 2.17, this
procedure is not usea to determine the exact location of T! , tut rather to
determine whether T) occurs at D, or D + 1/4. The value 3R 1n the
ecuivalent circuit s obtained fhom r,, the minimum value of VSWR, or 1l/x,,
deperding on the location of 1. If "M g at D, , then R = 1/r, ; while

if ™ dsat D+ 1/4 R=r . 'This is %o since 'R is & minimm When the
volt&ge is a kininum. &

At S_, in Figure 2.17, the VSWR is infinite, indicating an open
circuit at T!,“and therefore one at T! (from the purely series nature of the
equivalent c}rcuit). Hence, the readfng of S corresponds to T! + 1/U.

This neti:od of obtaining the relative locatioﬁ of the output reBerence plane
is not as accurate, however, =s the location of T! , since the data is
inaccurate for very high VSWR's. Therefore, sinc% the strusture s symmetric,
a more accurate value of T! is obtained by reversing the section and re-
pecting the measurements. °Thig is valid since the location relative to the
physical end of thke structure is involved. In this way one also obtains a
check on the values of R and X. The value of X is determinadle in two ways,
once T! is located. First, tke value of X is equal to the input reesctance
at T! gorresponiing to a short circuit at T!. Or elee, one may obtain the
amoufit S is changed in going from the shortecircuit position, S_ + 1/4, to
the position for resonance, S,. X is then given by tan on (shift in S).
Since the values of R and X a;e determined independent of any absolute
distance measurement, the representation is seen to be Finvariant®

To determine the actual value of 215, however, it is necessary to
measure the overall length of the section containing the structure. The
value of 2£ is then given by the difference between the overall length and
the sunm of the distances between Ti and Té and the respective physical ends
of the structure.
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The above described method ylelds only the first approximation
values for the parameters R and X, and the reference plane locations, T{
and T!. A correction procedure to determine these values to within the
preciaion of the dzta has been devised, tut it will be presented in a
later report on precision dissipative measurements.

As mentloned previously, the thick radiating slot may be consider-

ed as a whole, for which the invariant representation is given in Figure 2.16,

or in terms of its compcnent parts, resulting in e composite representation.
This composite representation cunsists of the E plane Tee junction described
in Figure 2.9-(c), comnected to a length of transmission line equal to the
slot thickness t terminated by a two-terminal network representing tho
Jjunction between the slat guide proper and a half space. This two-terminal
network 1s shown in Figure 2.18. From a knowledge of the parameters of

7 --T “?
! Brj Gr

|
T

PHYSICAL STRUCTURE EQUIVALENT CIRCUIT

Fipure 2.18

the networks of Figures 2.18 and 2.9-(c), ard from the slot dimensions, one
can obtain the parametere for the invariant overall network of Figure 2.16.
The expreessions involved are listed in two different ways in Table 2-IX.

Alternatively, the parameters of the two-terminal radiating
network (a transverse radiating j'ncticn) may be obtained from the overall
invariant network and the ir ‘riant representation for the E plane Tee
junction. The method of determining the latter is described in Sec. A, u)
of this Part. The resulting composite network for the thick radlating slot
is given in Figure 2.19, while the overall invariant network is that in
Figure 2.16. Applying a short circuit bisection to each network and
equating input admittances at T!, one obtains the required relations, which
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Figure 2.19

are given in two different ways in Table 2-X. The parameters G, and B

nov correspond to the exserimentally determined parameters, X &nts R, an&k
are related to them by:

B #
G = ’ B 2 = (2.
tk 32 + 12 oL 22 + 12 3

Note thet the parameters of the transverse racdiating junction are normalized
in Table 2-X to the characteristic admittance of the main guide and not the
slot guide.
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THICK E PLANE RADIATING SLOT
TABLE 2-1IX
.araneters of the Thick Radiating Slot in Temms
'I'hose of its Component Parts
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TEICK E PLAYE RADIATING SLOT
TABLE 2-X
Perameters of the Transverse Radiatinz Junction in Terms of Those of
The Thick Radiating Slot and The Cormosite Representation
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C. __Transverse Badiatinz Slots

The case of readiation from thin transverse slots at the end of
rectangular waveguide has been discussed in the abcye mentioned Final Repoit,
in Chaps. IV and V. 1In these chapters the measurement method for determin-
ing the parameters of the tvo-terminel network representing the thin slot
is given, inc<luvling the method of attaching the slot to an "infirite® bdaffle
to insure radiation into & helf spacd. The vecuum chuck used to achieve
the latter iz described in detail. In Chap. V, the experimental resuits
are given.

In this report, the case of thick radiating transverse slots is
consicered. The physical structure of these slots is shown in Figure 2.20.

W

MAIN GUIDE  THICK SLOT

. =

T Ta
SIDE VIEW FRONT VIEW
PHYSICAL STRUCTURE
Figure 2.20

The network equivalent may be considered as a lossy two-terminal circuit
Y for the overall structure at reference plane Tl' or in one of the com-
pgstfte forans given in Figure 2.21.

B
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COMPOSITE EQUIVALENT NETWORK FOR
THE THICK TRANSVERSE RADIATING SLOT

Figure 2.21

The difference between the two circuits is that in (b) the transformer of
(a) haas been eliminated. This requires that the characteristic admitiance
Y! and terminal admittance Y_. of (a) be multiplied by the factor llnt (n

1S the transfcmer turns ratfg) in order to obtain the correct corresponding
velues of (b).

The discussion below is bssed on the simpler network (b) of
Figure 2.21, which is seer to consist of the following comvonents: 1) the
susceptance B, . introduced by the change in cross-section at terminal plane
T 3 2) a trafsmission line o lensgth t, characteristic admittance ¥ ,
aﬁd propagation constant ;€' representing the slot proper, and 3) a tSrminat-
ing admittance Y ., which accounts for all effects to the right of terminal
plane T_. As meftioned above, the transformer with turns ratio n,, which
anpears between terminal plancs Tl to the right of B, . in the equivalent
circuit for the change in cross-séction at T. (ecf. Ffﬂal Report, Chap. VI,
Sec. B), has been removed to the right so that the cherscteristic admit-
tance for the slot guide relative to that of the main guide is given by:

~ a| 2 2

Yo A abd m )l - (E—)

T A al B In T al (2.4)
0 g cos( =5 )

[}
»




The susceptance B /Yo is approximately equal to one~half the relative
susceptance of a illln aperture coupling {wo identical guides. However, it
vas found experimentally from precision measurements on thick transverse
slots within rectangular waveguide that the effect of change in cross-section
is more closely c¢oual to .55x (susceptance of thin slot), for t >.1* (see
Final Report Chav. V, Sec. A, 3. The reference plene shift § discussed in

this section is considered negligibly small.).

The purpose of the mearurements on these thick radiating slots is
to check experimentally the validity of the equivzlent circuits of Figure
2.21, and to obtein an exverimental value for the Jjunction between the
"intervening" slot guide and a half space, i.e. for Y.,/Y . If the thick
slot can indeed be represented by a sépgle mode tmnsHso?on line of lengtkh
t connecting the termipal admittance with the main guide, then, for a
given cross-section, Y ', should be conBtant for all t provided that t is
large enough to permitrﬂif;her mode interaction effects to be neglected.
This requirement of constancy f%r ¥ , constitutes a very severe check not
only of the paremeters Bt and o! mt also of the experimental measurements
vhich yield the imput adifttance’Y ., et termiral plare T, (Figure 2.21),
from which ¥ , is computed. Thus,rg reasonable check of “the validity of
the network Hcture for a thick slot as giyen in Figure 2.21 may be taken
to exist as long as the computed value of !r deviates from a constant
value within the limits of experimental accu.'?ucy and t:e tolerances on the
pertinent parameters. The measured data of the inmput admittance Y tk/Y is
utilized in another way to check the network picture cf Figure 2.2f. 78e
theoretical values of Y ./Y , Y /Y and B,,/Y, are used in the equivalent
circuit and computed vaf!lesoof Y !o are J‘btgined which are then compared
to the measured values. Such a Egmparison for various values of thiclkmess
ic given in Part IV. One notes tha} the latter check on the network picture
requires the theoretical value for YrJ/ro’ while the former does not.

For a given thickness t, the relative input admittance Y Yo to
the thick slot is computed from experimental measurements in the mggner

indicated in the Final Report, Eqs. (5.4). From a knowledge of Y tlJY the
terminal admittance Y ,/Y is determined as follows, making use of ‘Stafdard
transmission line reld¥iofsnips:
Y B Y
¥, oy I-Ee-ighgettt gy g
_:ai = -2 0 0 = __I'i + J —1:'1 (205&)
Yo ¥ u tk Bt 0 Y Y
°J(+-3T1)—-—-cot,4't 5 5
0 o Y
- . I B A
vhere Yrtk' Grtk_'+ J Brtk' R = %1— . )‘g — .
3 1~ (z—a'i')

S .
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If Equation (2.58) is written explicitly in terms of (4 /Y and
/Y , one obtains: td o

G
5/ ?rtk csc2 ye't
-l _ ° (2.5b)
YO O rtk -12 o G tk 12 -3®
cot 't + = (— —-41) + | 2 =
Yo Yo _J ‘xo Yo
cot
Y G B B Y B B
> :O' cot 7(‘t [ rtk 2 ( rtk - tJ)2] (._’0) [rtk - —t-‘j:l(cotzaﬂ't-l)
by X T Y )Ly,
Y ~ Y B B 2 Y G 2
° cot 't + == ( rtk__t_,i)—l 3 [ o Xtk
Y Y _[ Y v
o o o o o
(2.5¢)

~ ~
Y Y

o® == el 'Y—°=-J Iy—°l i cotw@'t == jcoth |t (2.6)
(o] (o]

so that for large thicknesses, coth [6' [t 1. In that case, Equetion (2.5a)
becomes indeterminate, and if one solves it for Y it is seen that it is

independent of rj’ i.e.: rtk,
’-l
Y B Y
rtk ti 0
Y = J Y + Y 1 (2.7)
0 o o

and one cannot solv~ uniquely for ¥ . froma knowledge of Y ... ZEquatlion
(2. '[) expresses the fact that the i But adnittance to a bevon& cutoff slot

for which X't >3 1 is independent of the terminatirg admittance Yr;j




The velue of Y X ° for the overall thick glot, 4s obtainabdble
from the composite netwif of Meure 2.21-(b) 4f one knows the theoretical
values for , the junction to the half space, and B_,, the change in
croas-sectioi‘! The value to choose for B, has been chuuod above, and
the valus for ¥ , may be obtained in the ¥dllowing menner. & /Y 1s to
be taken equal 1§ G /Y , the conductance of a thin radiating $Yot%of
identical dimensioad (8ee Figure 2.22). B_ 4 18 gtven by

~

B

-f“=;5-;“ (2.8)
(o] (o]

o

vhich follows from Equation (2.5c) for t = 0 (B < becomes B_ for zero
thickmess). The expression relating !rtk to thi‘Gther paramgters is.

.Y n
3+ <5 g2 cotyett
Ttk By :!g LY (2.9)
Y 97 ‘YT|\T Y T~ .
9 ° ° cot;('td-j?u?-
0 0
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THIN RADIATING SLOT RADIATING JUNCTION

Figure 2.22




Although the experimental procedure for measuring the admittance
of thick apertures radiating into a half space from the end of a guide is
identical with that followed in measurements on thin slots, a modified
method has to be employed for holding the thick apertures to the end of the
guide. For this purpose, two separate vacuum chucks were corstructed:
chuck A bolted to the infinite plane, which holds in place a .005" brass
sheet that provides electrical contact between the far side of the aperturs
and the infinite plane; and chuck B, mounted to the end of the slotted
section, which makes good contact with the near side of the aperturs (see
Figure 2.23). As in the 2zis of thin slots the vacuum chucks eliminate the
need for screws in the mounting of the apertures. The two separate chucke
are better sulted for this type of measurement than the single composite
vacuum chuck used with thin slots since they can be adapted to apertures of
different thicknesses.

SCOTCH TAPE

SLOTTED SECTION

_ ﬁ .005"
CHUCK "B ’ BRASS SHEET
THICK APERTURE -

CHUCK "A" \
INFINITE PLANE \

Pigure 2.23
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APPENDIX: Transformations betwsen Equivalent Representations
(E. Xarss)

Two techniques for obtaining the transformations between equiva-
lent representations are discussed here.

The clessical approach corsists of first appending transmission
lines to the terminals so as to obcaln ‘w0 equivalent networks at the same
set of reference planes. The various transformations are then obtained
upon equating corresponding input admitiances or Yoltages wvhen the corres-
ponding terminals of the two networks are terminated in the same bdut
arbltrary adnittences. A judicious choice of these teminations will
greatly reduce the labor involved and simplify the resulting relations.
This method of "special terminations® is often accessidle to further
simplification through use of the bYisection theorems.

The alternative approach is based upon the method for odtaining
the parameters of a quadrupole at a shifted set of reference planes by
neans of certain shifting formulae which have been discussed in the Final
Report, Chap. III, Sec. A. These shifting formulae may bde more compactly
gven in matrix form as will be shown in a future report. The origimal
multipole networks can be reduced to quadrupoles by recourse to the bi-
section theorens or "special terminations" descridbed above.

The method based upon the quadrupols shifting formulae 1s the
more routine of the two methods, and results in a completely explicit set
of trunsformation formulas. However the "gpeclal terminationa® technique
generally involves much less work when properly applled, and is capable of
yielding a semi-explicit get of trensfomation formulae which are simpler
in form than the completely expliicit set.

Froo the infinity of possidle representations there can dbe
isolated a finite number of preferred representations to which all repre-
sentations of the structure can be reduced by reference plane shift. The
two preferred representations chosen for this report are the so-called
"centerline" and "invariant® representations. When the impedance parameters
are derived from the field equations together with the loundary conditions
imposed by the physical structure, the reference planes are most naturally
located at the discontinul*y surfaces or the centerline planes, so that the
"centerline” representa‘ion is best sulted for theoretical purposes. The
Pinvariant® representation 1s particularly of value when the parameters are
to be obtained from a set of experimental data. The reasons for the latter
statement are given in Part I, and also elsewhere in Fart 1I.
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4 typical transformation is to be derived in detail by bdoth
methods to 1llustrate their main features. The tmnsformation chosen
relates the parameters of the I plane Tee centerline representation to
thoge of the corresponding invariant represemtaticn, and is given delow.

Derivation of the transformation equations relating the para-

meters of the invariant renresentation to those of the centerline represen-
tation for the E plane Tee.

'
a1
: | Ty

B
| l |
!
TIth
—24-*1,
| 4

"T; 'r"-f""Ts
Xo
Ty L.mf ]
—=0- — Ne
l Yo | i BJ |
O
T T'l T'z Te Ty T2
(b) (c)

Figure 1

Fgure 1-(a) shows the physical structure of the slot-coupled E
plane Tee together with the location of the reference planes for both the
centerline representation (unprimed) and the invariant representation
(primed). The centerline representation 1s given in (c), while in (b)
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lengths of 1line have bdeen added to the invariant representasion so that the
ocuter reference plates bdecome those of the cemterline repreeentation, per—
mitting the equivalence indicated.

a) Method I. Specilal Terminationg:

An cpen circult bisection applied t¢ Figures 1-(d) and 1-(¢)
Yields the equivalence shown in Figure 2, so tut

B/Y = - tanael (1)
< fp—
(s -y S——
Bg = Yo
O %
Mgure 2

4 short circunit bisection results in the equivalence shown in
Tigure 3.

i N ! |~ | F
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T T Ty LI Ts

HMgure 3




Vhen an open circuit is placed at T

3 of each netwcrk of Figure 3 the input
admittances at !1 are

! -
am-;gumz-) - J Y, tanvef
Hg+a%)- T T (2)
T +2 (3--—;— tan 2¢£') tan ssd
n

which simplifies into

B_ _ tan 2 f
2. T (3)
% rl +2 (%— - t“';ﬁ) tanotl:] cosCee £
i 0 n

upon use of Equation (1). When a short circuit is placed at T, of each
network of Figure 3 the imput admittances at 13 are

J o° [2B+ Y cotml] - 527 tanel!
23B = ~ 2 2Y (W)
¢ 2!°+ a“ [23-0- !o cotzel:] tan 2el! -J 0

or

B tan 2t £!
B 1+2r-r-——-n—2-—] tan «e £
c ="0
F = — (5)
° tanzel'-!-ztg—tana»e'-o-%] tan e £
0 n

Yhen an ocpen circuit is placed at each ®. then the voltage at '.!1 become

3
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R o g

T = ncv3=v3 cos 2@ ncosxﬂ[l-&-(-?-a—te‘%g) tanxl] (6)
0 n
or
n
;2= 1+2F;-'&n_z%e_'] tan‘&f} cosaeR cosge L1 (1)
) n

. Tue t.ansformation relations are then glven by Equations (1}, (3),
167, s {7, Srom which the parameters of the centerline representation are
¢ainable from those of the invarlant representation.

b Method II., Use of the Quadrupcle Shiftins Fomulae:

When a reactance of -X; 1is placed at T3 of Fipures 1-(b) and (c),
the equivalence shown in M zure + is obtained. ~“The magnitude of Bae does

| o—f— —_p- | |

+.;— —3- &—{Be
l Y% [Bd Yo

|
|
!
I
o]

|
|
|
| \ i
e TS
= S
T T2 T T2
Mgure 4

not enter into the determination of the relation between £ and Ba. The
network parameters (see the Final Report, Chap. II, Eq. (18) and Chap. III
Sec. A) on an adnittance basis, for the purely shunt netwrk, are 1/a = O,
c/& = 1, and b/n =2 Ba/Yo , while for the purely series nctwork, b' = 0.
Setting b' = O (see Final Report, Chap. III, Eq. (6c;), setting « = B, =
tan % £ , and using the ab~ve network parameters, results ir tan®Z= wmor
Ba/Yo = = tane R, The letter is clearly the desired relation and it agrees
with Dquation (1).

The admittance parameters of the short circuit half (see Fipure 3)
between reference planes Ti and T! are, from Ficure j.2 of Chap. III and
Equaetion (1€) of Chap. II, both of the Final Report,
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'b/c = - 23/!0
afc = 2fn° (g)

0

(=]
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The transfomed paraneters, batwezn reference planes !1 and T3' are,
gimilarly:

12

B
T::: = o ni = b’-l-:' et (9)

The parameters indicative of the reference plane shifts are
(EqQ. (5a) of Chap. IIT, Pinal Report) & = tanw (-4) and @, = tanse(-2')
or:
- ten %R

-~ tan = ! (10)

ol
0

Po

The parameters for the network between Ty and IT; are related to those exist-
Ing between T4 and T} by Equmtion (6c) of the Final R:ore, Chap. III, which
can be written in simplified fom, since 1/c = 0, as:

.pt . -
f!'.+gi=-.:.=- vfc e @oa/c
T, T, c 1+o<ob/?-xo poa/c

1+otob/c--co A afc

c
T=°'=-c¢°a/c-/5°-uo poﬁlc (12)

0
2
22 2 2(cfa)(1 + e bfc - -, @, afc)
T¥ Falel )

3 s}
i1+ «02) (1 + /50")

These reducs directly to the expressions presented under Method I, wpon
substitviion of Zquations (8) and (10) into (11).
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I11. VARIATIONAL CALCULATICHS OF THE EQU-VALENT CIRCUIT PARAMETERS FGR TEIE

SLOTS
(J. Blass)
4. Netwrk Considerations Appropriate to Thir Slot Structures

"It is well knowm that the magretic and slectric fields in a uniforn
waveguide can be expreéssed ag an infinite sum of orthogonal modes whersin
the transverse magnetic and eiectric field mode amplitudes I; and Vy satisly
transmission line equations involving the longltudinzl wariahle. e tyans-
verse magnetic and electric .de functions which shell be designated by hy',
hg" and ¢;', e4", respectively (the primes indicate ¥ modes, the double
primes H modes), and the longitudinal mode functions %z' and e4,' are
curvilinear functions of the transverse variables (x,y). Wavegnf:le systoms
are usually operated at frequencies which permit the prcpagation of only the
dominant mode, which Zor the rectangulsr waveguids is the Hyg mode. The
field far from any discontinuity consists therefore of only one dominant mode,
although in the vicinity of a discontinuity the fisld consists of an infinite
number of modes. The primary problem in the study of discontinuities is %o
ralate the voltage and current of the diminaant mode on one side of the
discontinuity to the voltage and currext on the other side. In thease cases
of uniforz waveguides the dominant wode amplitudes V, I at one terminal plane
progress to any other terminal plane along & transmission line whose propa-
gation constant (J¥) and characteristic adeittsnce T, are detemmined by
the wveguide dimensions and the frequency. Since linesarity and reciprocity
relations exiat it is possible to represent a discontinuity, as far as V
and 1 are concerred, by a lumped network inserted into the line at some
predetermined terminal plane or planes.

If the waveguide structure is cf the two %erminali plane type,
namely one input and one output plane, the dominant mode network represen-
tation of the discontinuity 1s a two terminal pair circuit. Thus, structures
such as a change of guide crosz section, a radlating slot, or a thick ovsta-
cle, for example, may be represented at a glven freguency by lumped circuits
such as either of those schematically presented in Figures 3.1(a and (v).
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Ti and T .+ are the wsveguide input and cutput terminul planes,
(P ,&‘2) ere the verminal planes &t which the above neiuork represents the
discoatinuity, and € and €5 are lengths of transmission line between T3y,
Tout 824 Ty, ¥p respectively. The above circuits may be altered to diff-
erent. but equally valid, ones if Ty and T2 are shirted to some other
vroints, in order to yleld simpler or more convenient representations. Ty,
and Toyy do not enter directly into the calculation of tha =dmiftance. dut

have beer included in the above figures for the purpose of illustrating the
relative location of the neiwork.

Thz E-plane and H~plane Tees fall into a different classification
since they are ex=mples of thien teiminal plune wavegulde structures vhose
equivalent circuit representations are three terminal pair networke. Again,
thias asacumes that only the dominunt mode prepagates in both the main and
atudb guides. A particular schematic representation of a s'wmetrical three
wezu'1al palr structure is given in Figure 3.2. Tl and T2 represent
terw.nal planes ir the main guide atructure which are separated by equal
distances from the plare of symmeiry, while Ty refers to the terminal plane
in the studb guide. For the variatioral calcllations T;, Tp bave been
chosen at the plane of asymmetry and Iz ha> been made coincident with the
plane of the irisg. A discussion of terminal plane transformmatious in

2 m‘?&" ?"

.




Figure 3.2

connectionr with invarisnt representations of such networks is given in
Part 1I.

The representations of planar slot discontinuities vhi-h have been
choten for the variational calculations have the planes Ty and T, coinciding
with the plane of symmetry. The resulting networks can be shown to be sim-
plified versions of the geusral circuits of Flgures 3.1 and 3.2 and before
proceeding to the analytical aspects of the problem the reasons for the sim-
plifications will be made clear.

The transverse slot vhich couples two identical guides is consic-
ered £irst. Suppose that the electric field generated in the siot is due

hy h2
E
T— Yo’ l\g Yo, Ag
|
(T, T2)

Figzure 3.3
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to a source ’ar to the left. From the symmetry of the structure it is seen
-thrt (see Finel Report, Chap. I):

1 [[50"

ap.
£ /5('§o x
- ap.

since hy = h, for identical innut and output guides. If the source were ou
the right the seme electric field would be excited and the same relationships
vould exist. That is, if a source on the right resulted in voltages Vi',

72' then V3! = V2'. The netvork equations

<3
"
it2

b s
(3.1)

)2 48 = Vl

[ [28]
=

(3.2)

become
v =Z(Il+12)=v2.

Therefore, the network becomes purelv s“unt, and Figure 3.1(a), with Yy = oo,
or Pigure 3.1(b) vith zp = 0, and n = 1, are representative of the structure.

1f the two guides are not icentical as in the structure of Figure
5.4, the circuit revpresentation is n¢ longer simply shunt. As before, con-
sider first a source on the left which generates an electric field ¥ in
the aperture. The equations for the dominant mode voltages are then

7/ g h he _ A
/ / Yé", A(g Yom’ A az) %
7
(T,,7T,)
Figure 3.4
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A ‘g.';ox;_:-hlds-
v, = ‘Z_zoxx°h2ds-

A gource field on the right will excite a slot field E'. The voltages to
the left and right of the discontinuity, respectively, are

ff_%xg'-nlds

ap.

1 |
A _[[Z,oxg B, 48

Since in general B! 4 Eeand h , 1t follows that Vy ¢ Vp, Vp!
¢ V2' and furthermore that V1 Y, # vy! ﬁ Hence no simplification of the
circuits of Figure 3.1 is possible. If, however. the slot is small and not
near one of the guide walls, the energlizing fields are almost constant over
the slot reglon so that the induced electric ficlds X and E' differ approx-
imately at most by a constant factor. For a small glot, therefore, it is
seen from Equations (3.3) that

(3.3a)

(3.3b)

1
non
V2 72

This implies, by Equatiors (3.2), that 211/221 = 212/222, but since 23, =
27, the gemeral impedance matrix reduces to

Z
z 2 3

11 211 11

7 7
22 3 28
V 2, u (zn)




The corresponding equivalent circuit is the one of Pigure 3.1(b) in which

o =0 and
P

The equivalent network of a symetrical two terminal pair struc-
ture mey also be analyzed by first reducing it to two one terminal pair
networks by a method described in the next paragraph in its application to
three terminal pair structures.

The slot coupled ¥ plane Tee, shown in Figure 3.5, has a symme-
trical three terminal pair network equivalent.

|

Yo | Ag

—Ty

tﬁ Yoo Ag 120 Yo,Aq

g-d L

(T, )
Figzure 3.5

Bartlett's bisection theorem can be employed in order to determine more
eagslly the elements of the network. If symetric current excitation is
us> in the main guide, I, = I, (See Figure g.a) . This is equivalent to
in.erting a shorting plane (V= 0) at (Ty,%,). The composite circuit can
then be considered to be a palr of two terminal pair structures. Emmin~
ation of the induced aperture electric fleld due to this excitation shows
that it 4s similar in form to that obtained for Figure 3.5. The electric
field excited in the slot by the stub source or by the main guide source
vill differ approximately by a constant amplitude factor if the slot dim-
englon in the z direction is small compared to the guide wave length and
the guide dimensions. The resulting equivalent network is therefore the
shunt transformer circuit of Figure 3.6(a).




Wen symuetric voltage excitation is applied in the main guide,
the circuit uf Mgure 3.2 1s then open circuited at the plane (T ,ra). The
circuit is now reduced tc two one-terminal pair structures irdependently
cf the slot size, as shown in Pigure 3.6(b). It ie seen that such a separ-
ation is purposeful since the variational me‘hod can be just as well applied
to the determination of the parameters of these reduced circuits.

)
I ' Eﬁ]
ALY
o

Symmetrical H excitation

1,
prce—C) Figure 3.6(a)

0 «—

|
|
%
I' [“W | '\‘M] I' Figure 3.6(b)
— [ T
V|1 Yo[J : (j 1V|
o | -0

Symmetrical E excitation
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B. Variational Formulations

The boundary value problem associated with the discontinuity fiela
can be simply formulated as an integral equation, but can rerely be sclved
in a simple manner. ™he integral equations, nevertheless, may be employed
to obtain the desired circult parameters by means of variational express-
ions vhose relative ingensitivity to the slot fields forms the basis for
an approximation procedure.

The field excitation in a transverse glot can be regarded ag
equivalent to a distribution of magnetic current dipoles. The field excit-
ation in a longitudinal slot is equivalent to both a magnetic and elecric
current dipole distcibution. For this reason the transverse slot and %he
longitudinnl slot are discussed separately.

1. Transverse Slot

Consider the transverse discontiruity of Figure 3.7(a) and the
corresponding equivalent circuit in Pigure 3.7(D).

I
| — °n i
h

]

(a) (b) (©)

Figure 3.7

The electromagnetic field everywhere in regiorns I and II can be expressed,
by a well known uniqueness theorem, in terms of the tangeniial component of
either E or E on the boundary of the given region. The boundary of region
I ig the plane T,', the metal walls, and the surface Tj. The bourdary of
region II i3 Ta, the metal walls and Tp'. The magnetic field at the outer

B




bounderies is jusi the dcminent mcde field 1f they are sufficiently far
removed from the discontinuity so that the higner modeas excited there have
completely attenuated. 1he electric field is zero on the boundary except
over the aperture reglon and on the planes IT;', ? It is possible by a
nodal analysis to relate the magnetic field at Tl » To' to the electric
field in the slot. The transverse magneiic fisld in region I in terms of
the modes of this region is

Je L (B E ) e 'L, () by, 5 (3.4)
and in reglon II 1t 1

-t2 = I (z) \I.y) + %' Iia .}.1..12 (x,y) (3"“’)

vhere hi) and are the vector mode functions appropriate to regions I and
II, respectively. The primed ewm includes al® sodes except the dominant oane.

Since the higher mode waves are rapidly attenuated, the line
presents a match to thec~ modes in both directions from (T, T5). The higher
mode current on the left at T, is therefore related to the corresnonding
mode voltage by the relation

i=-In ¥y (3.50)
while on the right,

L= T,V (3.5%)

i2 12

The change in e¢ign is appropriate to the indicated positire directions of
current and voltage shown in Figure 3.7(b). However, Vi is related simply
to the slot field by

Vi (o) = [/: -pas (3.6)

slot

whers }i, the magnetic current density, is equal to

E=1xnxE. (3.7)

and n 18 a vector normal to the surface ou' of the region. The positive
zign is choser wnen n is in the z, direction an zg. t?e .negative sign when in
the - 5, ddrection. Also Vy (z) = ¥y (o) e-J Ifor 211 but the dom-
inant mode.
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If the substitutions of Equations (3.5a) and (3.5b) are mads in
Equation (3.4a) and (3.4b), respectively, and the voltage is expressed as
the integral of Equation (3.6), the integral representation of Equation
(3.8a) and (3.8b) for the magnetic field is possibie. The vector mode
functions have been combined under the integral sign.

By (z3.2) = L2k, = /f 4 ;1-"

b, b e rn - ldx'd:'
<lot 11 -11 -1
(3.8a)
iy -33¢, (z)
12
gta(x.y,z) = Iz(z) 32- .//./ }12 ;a Yi.?. 1142 3129 axfay'
slot (3.80)
vhere
b=z xE.4=-2xF
My= - M, =X

It 18 necessary to satisfy the continuity requirement of the magnetic field
over the slot. Thus

Eu (xoyoo) = 'H‘ta (x.y.O)

vhich provides a means of eliminating the tcotal magnetic field and thereby
obtaining an integral equation for M. Let .

l
18, - Zz ' {Yi| Be'hy' Y -h‘i'J‘ : (3.9)

where the primes indicate E modes and the double primes E modes, and where
the subscript "t" indicates the transverse dyadic suceptance in the vicin-
ity of a short circuit plane. If Equation (3.8b) is subtracted frcm {3.8a)
in the slot region (z = 0) the following equation for N is obtained.

IS Lyt e e o
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0= Lo - I, (o)n, - /] . (By+Byast  (3.20)

slot

This result may bve derived independently in terms of the dyadic waveguide
Green's function. In the above equation the dominant mode contributions of
the Green'z Tunctions have been lumped into the far field tems. The dydadic
susceptances indicated are respectively the imaginary part of thLe transverse
corpiaent of the vaveguide Green's functions in the left and right and
seml-infinite regions.

If the two wvesuides are ldentical, the modes functions are the
same, l.e. h, = h,. If the waveguldes are not ldenticrl, a simple treatment
1s effected In the case of 2 small slot since then

By=nk

over the slot regicr, where n 1s independent of slot size and is exactly
equal to V' 51/5; when the chenge is a change in guide helght. As indicated
in the previous section, the series elament Z; of Figure 3.1(b) can then

be neglected, and the rspresentation of Figure 3.7(b) 1s valid. However,
even 1f the slot 1s not small in size, the serles element i1s amall. Equation
(3.10) can then be rewritten as:

El(O) -n Iz(e)]ll,1 =//‘ M .J {gtl + ?’.t?_ as! (3.11)

slot

If both sildes of Equation (3.11) are multiplied by the vector magnetic curr-
ent denslty in a scalar product fashion and integrated over the slot region
the left side becomes (using Equation (3.6)).

[El(o) -n I2 (o):] Vl(o) = Pt

where Pt deslgnates tLe reactive power flow in the discontinuity. Then,

Py Il(o) -n 12 (o)
-T—= = J Bt
¥{o) v (o)

These considerations immedlately lead to the variationsl expression for Bt’




namely, P W @u -x ds8as
(°) (77 as | 2
slot hl

NHote that the double surface integral represents the reactive power flovw in
the discontinuity. It can de shown that the incremenial variation of the
susceptance By, due to a change in M (or E) is proportional to the square of
the increment of E, that is, the susceptance is stationary about the correcs
slot electric field.

2. Longitudinal Slot

The longitudinal slot discontinuity is a junction between two regions,

the main guide and the stub guide, wvhere the latter inclndes as a special case
a half gpacs region.

The total magnetic fieid induced at any point in a rectangnlar wave-
guide, wvhich propagates only one mode, by a magnetic surface current source
at (x',y',z') and dominant mode sources located an integral number of wave-
lengths from z = O iz (See Rsport R-157-47, pp. 16, 17):

v,-V
K(a.e) o (L2 ‘n“’(x.y.n-sr(-l—zé)_h‘2’<x.y.z>-3/fa; B, 88 (3130

where (
1 1) B " K. g - ci h, " sinx
=1 T s 1' (xi) 2y ® 1z

(3.13b)

cogR 2

(¢-) S
g =B Ssinx by, 1

kci
R ( =£2) p!
1

a.nd8 , now the total guide dyadic susceptance or the higher mode total
mgnatic field response of & unit magnetic dipole is
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- 3% |z - 2]
138=§ %!1‘ b,' (s) by\ev€ 1

(3.13c)

+ % T L;_il) (s,2>) = J Ltie) (a.z>;”£§1) (8,2<) + J 3(12)(-.25

vhere (8,2>) = {(s,z) z> z!
-t 2') z< 2!

{s',z!) 2%z

(8,2) z'>z
and where s reprerents the transverse coordinates in the slot. It should
be pointed out that in the reference given atove the direction of Vo 1s
ovposite to the one used here (See Figure 3.2) to ?bf.:ln th xpress:lon of
Equaticn (3.13a), 2nd also that here the symbols h'l) and h are intro-
duced to make the notation more compact. V and T are equal to the magnetic
and electric dominant mode emplitudes at integral multiples of a guide
vavelength from the plane z = 0, and their positive directions are indicated
in Figure 3.2. This general repre<entation is needed in order to specify
the fleld in a slot on the top or on the side of a waveguide. The maznetic
field in the stub region, as has already been shown since it corresponds
to the transverse slot case, can be evaluated in terms of the magne%ic
current distribution M as fol)ows:

§,=Is§1-3[[ y_.gsds' (3.14)
slot

vhere the gubscript "s® gsignifies stub gruide. The spatial susceptance
indicated in Equation (3.14) is essentially the transverse component of

the spatial susceptance of Equation (3.13c) but is now relative to the modcs
ir. the stud gulde.

(s,z <)

If the Tee structure is to be considered as a two terminal pair
network between the planes T; and Tp (See Figure 3.2), that is, there are no
dynemic sources in the stub which need be considered, the magnetic field in
the gtub is best described by lumping the scattered dominant mode field
with the higher mode field, so that

B=- fSIOtn'.‘%sds' (3.15)

PSS S
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Y, will include a resistive tera if a rediating or propagating mode is
prumt in the stub guide. Thus, for example, if the stub is a half space
region ‘,\l. will include a radia.t:lon resistance term, vhile if it 1s a Tee
stud deyond cuto;fy. will be purely reactive. If the studb region is a
half space

Jklr~ 2|
. vvuﬁ'J— —— (5.16)
"2’: 2 mw [ E- - I'r J
vhore the idemtity dyadic ¢ is
A S A ALY N (3.27)

The integral equation for the magnetic curreat distridution
follows from the continuity condition

B (x,5,2) - B (x,,2) =0 (3.18)

whers H is the magnetic field just off the aperture in the mair guide
drection end Hy 18 the magnetic fleld juat off the aperture in the
studb guide drection. The integrzl squatioa now becomos (using Egs.
(3.13a) azd (3.14)).

I+ 1
ogc-%-ﬁ)e‘l’-ar D% e I, b -J// E+g] a8

slat
{3.19)

where = r x E ;.4 and n points out of the main guide, and where Py,
is actually the% of Eq. (3.13¢), but signifies "longitudinal® here.
For the E plzne fscontinuity y=D), 0= yo; for the H plene discon-

tinuity x-'-n.g_=_x_°.




It has been previously pointed out that the groblem of deter-
minirg the paremeters of a syumestrical ¥ plane Tee netwo-k is simplified
if the stiucture is invastigated separately by means of au symretrical
electric field and a symmetrical magnetic field excitation in the main

de. For symmetrical electric field excitation Vi= -V, L =- L
sse Pig. 3.2) so that Eq. (3.19) can be expressed as

J rvlp_(a)+ 1h = - / M.(B +Z,3.) ast (3.20)

slot

In the case of symmetriczl nagnetic field excitation

and Eq. (3.19) reduces to

1111_(1)- I b o= K. (8,+3B) (3.21)
slot

The magnetic current M of Zq. (3.21) differs from that of Eq. {3.20) since
the exciting fialds are not alike.

It wvas shown that Yg of Fig. (3.2) may be calculated independ-
ently of the stub excitation if symmetrical electric field excitation
is employed {see Fig. (3.6b)). It can be shown that for the above
excitation (see aport R-157-k7, p. 58, Eq. (6C))

21, = § ![/ o s (3.22)

lot

vhers the subscript s.e. decignates symmetrical electric fleld excitation.
If therefore I, the stub gulde curreat is set equal to zerc, (This is
necessary since a dominant mods excitation in the stub guids produces
anti-symmetric voltage excitation in the main guide, in contradiction
to the assmed main guide excitation.) ard Eq. (3.20) multiplied in a
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scalar product fashion by M, , and then integrated over the aperture
region, the result is

v(an,n,,J// (B +B). K asast (3.23)

The Za.r:b;;ional expression for 1/! resulta if both sides are divided
vy (21

\ § -/J\j/ e. '(:PI."':B.)' My . 4845

1 1l slot

oY, = I, Y 2 [[/
slot

{3.24)

Moo * 2(2) ds]a

This result is also stationary about the correct value of ths glot
electric field.

For the cass of symmetric magnetic field excitation, it
may be ghown that

2V, = /f Moo hu) (3.25)
d slot

where the subscript s.h. denctes symmetrical magnetic field excitation.
The dominant mode vcltage in the stub guide at the slot plane is always
defined by

vs=[/ -¥ . b a5 (3.26)
Jot

where the n now points into the main guide (out 2f the stub guide regionm).
Consequently, if Eq. (3.21) is muitiplied by M; ) in dot product fash-
ion, where the n points into the stub guide, and the result is integrated
over the alot reglon, the result when Eqs. (3.25) and (3.26) are used
becomes:
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T
2N h - LT J//[Z Hon (R B)- 4, 4, asas'  (3.o)
lot

Trom the network of Yig. 3.6a 1t is seen that

Y
_+v 2 - nc (3 0285)
s
Turthermore, it is evident from network considerations that
I, ~1/n
1 s "¢
T +2 Ib = A (3.28b)

vhere the indicated curremt directions are given in Fig. 3.2 or in 3.6a.
Thus, if Bq. (3.27) is divided by (2V1)2 and Eqs. (3.25), (;.asa) and
(3.28b) are used, the varlational expression for (¥a/2 + Yy) is obtained
1l.e.,

(3.29)

The variational expressions (3.12), (3.24), and (3.29) are
employed in Sec. D for the calculation of the transverse slot suscep-
tance By, and the longitudinel slot susceptances 1/B, and (By/2 + By),
regpectively. The transformer turns ratio n, for the longlfudinal slot
may be computed from Eq. {3.28a). This expression, however, is not
variational, that 1s, the value of n, is not statiorary about the
correct electric field, even though gt is seen that r, 1s independent
of the amplitaude of the slot eleciric field. Using fqs. (2.25) and
(3.26), the expression for n. becomes




g ——
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[/ Hyon. 2V e

slot

// on 2 &
slot

where n in both numerator and demnowirator points into the atub guide region.

nca

(3.30)

C. Simplification of the Dyndic Spatial Susceptances (Green's
Functions)

Once a slot field is chosen, the analytical problem becomes one
of evaluating the necessary integrels, numerically or otberwise. The
evaluation of the susceptances may be carried out by substituting the
geries rc?resentation of the spatial susceptances as given in Eq. (3.9)
or (3.13c)into the veriational integrals, integrating term by term and
then swming the resulis of the integrals; or alternatively, by trans-
forming these dyadic swms in%o some closed form so that the susceptance
can be evaluated in closed form. Since the series wnich result from the
former method are too slowly convergent to be of practical use the latter
procedure is employed in this report.

The procedure, to he described in this section, of transforming
the dyandic susceptances into a form suitable for calculations, may be
sumnarized as follows. The spatial susceptances, which have been given
in a mixed dyadic form, are first expressed as a dyadic operator acting
on a double scale sum of trigonometric functions. This sum separates
paturally into a sum of (o,n), (1,n) and (mn22,z) modes. The former two
sums correspond to the kernels for already solved problems, and it is
shown in Sec. D that results corresponding to them may be simp.y looked
up in the Waveguide Handbook. The Poisson transformation permits the
latter seriss, the (i,n), to be converted into a series of Eessel functions
of the second kind of imagin~ry argument, which converges rapidly enough
to be approximated by a single (rather than & double) infinite sum. This
transformed ksrnel, when employed in the variational integrals, will again
contribute an infinite series whose sum, however, can be reacdily approxi-
mated. It is also shown in this section that the singularity of the guide
spatia)l admittance is equal to the free space spatial admittance, indicating
that for aporoximate results the free space spatlal admittance may be
substituted for the guide expression.

Ko
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The &yndic susceptance of Eq. (3.13c) can be rewritten as
follows in a form which is more suitable for summation. ¥Yhe transverse
I and H mode functions are expressed in terms of vector operators (see

Report R-157-UT, PP- 17, 18 The center of coordinates is 1llustraied
in Mg. (3.7¢).

-2 x\/, e -, b,_"
' ) t iz t iz
By Koy » Byt = k," ’ by, =L, By, (3.31)
vhere
eu' = -—z——-lin n: x sin %‘-’- y
ab
2e
" ,/ I e BT -S4
hiz = o cos . X cos b y

Vi ¥ X 'aJI"'IoT)}

§inco the vector mode functions are seen to be expressed in terms of
vector operators and scalars it 1s possible to separate out the vector
operatovs by straightforward algebraic -operations. The gemeral dyadic
spatial susceptance, can then be rewritten as:

gg.mrn '_W*k-o-o ZZ corgx

=0 nx-0 k

co{-"-x' cos%"y coe%!'y' exp d

2 2
'kci

I ..r S 1> & o I o

+k2:|;x izain sina coabycos.by
=0 nB=-0 V22
cl

exp 4

N S
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© © mrx omx! ., oy, oy
+k2uozg—— ¢:oua‘¢:oua linblin.b

S e—— exp ¢ [ (3.32)
=0 D=-® k2 - kii

vhere § = -Jka- ksi |z - st

The series that must be summed are now purely scalar. In the
above form they are seen to converge quite slowly when lz-z'f is small.
The Poisson transformation (Eq. (1) of the Appendix) can be applied to
the (m,n) series, wvhere m=2,n2 0, to obtain a more rapidly convergent
expression. The Polsson transformation can be best applied to a seriee
of functions which do not suffer a singuiarity over the closed intarval
of sumation. In this connection, it is seen that if m>2 and only the
dominant mode propagntes, i.e., ké-(m/a.)aél. that for no real value
of n, integral or otherwise, can.

JP- ()2 (B2

equal zero, that 1s, there will be xo branch point of (n) along the real
axis. A typical application of the transformation to the series of Eq.
(3.32) 1s 1llustrated below <n Bq. (3.33), where Z is equal to (z-s'),
and Y 1s equal to (y-y') or (y+y'). The Fourier integral which must be
svaluated is identical to the one of Eq. (7) of the Appendix.

2 cos = v @ A

) b ] e x

m-@/(m)a-x - exp r/(%"-)a_xna |z] - Z - % !&.l /(!+azb)§'z_j
b n -

(3.33)

vhere 3‘-"2 = kz- (m)az_ 0, ie. m=2, and vhere K, 1s a Bescel function
of the second kind®of imaginary argument. The virtue of this trensfor-
mation is that K,(u) decreases exponentially for large argummt eo that
it 1ie possidle to approximate quite accurately the infinite itrignometric
sun by a finite sum of Bessel fumctions. It will turm ov* tbat the major
contribution to the susceptances in the varilational integrals comes from
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those terms vhose argument may for sore allowmhle values of Y and Z beconms
gero. The only term for which this is trus is €= O.

Equation (3.;‘%) 1s & representation of the dy=J)’c comoon
containing ths (m=2,n) mode: when y=y'=b. It is this corpcnent § o that
is required for the calculation of the parameters of & slot in the top guide
wll. The trensverse dyadic susceptance . is twite the transverse com-
ponent of the total Ayadic susceptance considered at 2z=z'=0. Twice the
valus need be taken for the following rsason. €. is essentially the dymdic
magnetic field response at any point (x,y,z) iu the ir“inite waveguide due
to a magnetic dipole located at (x',y',z!). When tae wnveguide is shorted
at one end, thus creating a seml-irfinite guide, an image term must de
included. In particular when the shorting plane is at <'=0 and the magnetic
current dipcle is located oa the plane the coniribution of the image is
eoqual t5 the initial contridution. Note that the images associated with

the walls of the guide have already been included in the general represen-
tation. The (m2z2,n) modal component an of the transverse spa’’~l
susceptance is gliven in Eq.-(3.35).

8L vzt [Vvefag| o B 2 g fe ool ]
m=2
(3.34)

® '
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@ r :
+ ¥rx Z_" sin == ain 2:.!. [xo(y, ly-y* 4% Gt [y+y' ) ]

i

=2

+ K0 LY, t cos :r-g cos m—‘E-' &(waly-y' I)'xo(tt.lﬂy' l)]
n22 (3.35)

The most sigrificant tems, are the ones of argument ly-y'l since the
Bessel function diverges along the line »=y'. The other argment is
zoro only at tks point y=y's0.

Since the Folsscn transformation finds its beat application
vith the (n3 2,n) modes the separation from the general fom of the
component of the dysdic which inclues these modes follows naturally.
The romining dyadic component may be again separeted into (o,n) an?
(1,2) modes. Thus:

w

@ =§on+§1n+

~

) (3.36)

He

The important additioral virtns of this separation is that with the
field choices used the contridution to the susceptance parameters of
the first ‘erm 18 zero, while that o7 the second term is Just the
susceptance of the wide open capacitive iris. Therefore, calculations
involving these terms can be avoided since the parameters of the wide
open capacitive iris are already available. The cortribution of the
(aZ2,n) modes is ther = correction to the well known "unpevturbed®
reaults. The calculatior of this correction term is the major comsid-
eration of thig part of ths report.

The singnlarity of the spatial admittance occurs 1t x=x',
y=y', z=z!, 1.e., in the neighborhood of the magnetic current dipole,
the magnetic field becomes infinite. In the vicinity of the singularity
the spatial dyadic admittance (which includes the dominant mode term)
approaches:
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®
I (g P+ kag) ,:1 Z wos '?' (x'x')oncl V(ry.)2+(’_’.)2]
- o
(3.31)

But this swm oconverges and diverges together with the integral

(‘VV'#"ZE)_‘"]Z.‘; fCOI Ex-x')t]!o[/ta_k'c‘ /(ry.)2+(’_’.)2jdt
' Bl (3.38)

But fros Bq. (8) of the Appendix this is seen to be

o -Jk/(x-x')2+(7-7')2+ (z-2)2

/ (x-x') % (7-y")%(z-2")?

(3.39)

el SVAVA Y

Thus the guide spatial admittance behaves 1ike the free space admittance
in the vicinity of x',y',x'. The ambiguity concerning the sign of the
exponentisl muy be simply resolved by noting that the resistive tem

of the spatial admittance must be positive. This is obtalned if the
exponential 1s ~j. The gulde spnutial susceptances as used in the
variational calculations will hnve a singularity equal to twice the

imag inary part of the above renult since the image contribdutions at

any of the metal walls will contribute a like amount. Thus

BLaB > T (VT HE = —1 (3.40)

vhere for the former y=r'=b, and for the latter z=z'=0.




This treatnent is a mathematical justification of the frequant approx-
imtion of the guide dyadic spatial susceptance by the half space
spatial guacgptance.

D, Evalumtion of the Circuit Parameters

1. %hs Trial Fields

It is nov possible t» evalmte ths equivalent circuit parameters
of the glots discussed in the previcus sections in a relatively straight-
forward manner, wherein the results are axpressed as corrections to the
foruulae for wide open capacitive irises. Before proceeding with the
integration of the ¥ariational expressions, a choice must be made for
ths electric field descriptive of the slot excitation. This choice is
sonevhat facilitated by certain restraints which the expression for the
true field must satisfy, such as: a) VWhen a'/a = 1, the fie)d should
reduce to that of the wide open capacitive iris, and for the transverse
slot wvhen b'/b = 1, it should reduce to that for the wide open inductive
slot. b) At the slot boundary, the electric field must be purely normal
to the edge and be infinite (for a sero thickness slot). c¢) The slot
electris field should be proporiionmal in same wy to the magnetic field
E, that would be present in tho neighborhood of the slot (unperturbed
magnetic field) if the slot was covered.

The problem of determining the slot field for the case where the
unperturbted magnetic field has some cosine varlation over the aperture, and
is in the § direction indicated in Figure 3.8,

"'
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is almost similar to that of determiring the slot field in the wlde open
capacitive or inductive iriges since the unper’cnrbed magnetic field, as
well as the geumetry, is similar. Ths cholce of slecizic MMsld 1s dacidsd
to a large extent by the relative dimemsions of b' and a'. In contrast to
S8ec. C, from now on all Tanctions will be referred to a center of coordin-
ates at the mid-point of the slot. Yhen a'>>» b! the slot electric field
is chosen to be

%lna‘g'

-llot‘no =
/-b' n

(3.41)

which for a! = a reduces to the static electric field excited in a wide
open capacitive slot. When bd'P)a', the electric field is assumed to be
identical to the static one excited in an inductive iris, i.e.,

2 Y 2
-‘-sletacno \/Iin -'-2' 3’:- sin g: . (3.42)

Hote that the condition of an infinity at the edge has not been satiafisl.
This is permissidble sirce the singularity is integradble and of not too
much consequsnce.

?he true field will certuinly have more than one component,
but it is erpected that for moet cases the slot fields will be essentially
mnidirectional, s¢ that the above flelds are sufficlently close to them
to permit the Variational principle to hold. In some of the calculations
1t was expedient to use (3.42) inatead of (3. ’41) since the integrals could
be more readily evaluated, even though it may have been somewhat more
correct to use the latter.

For the excitations for which the unperturbed magnetic field is
not almost entirely unidirectional, such as in the case of the slot-
coupled F plane Tee vhen the main gulde is excited by a symnetrical electric
field, the induced slot field is not expected to be unidirectional either.
The difference between the induced fields generated as a result of this
latter excitation and the one which is caused by the excitation discussed
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in the previous peragreph is best illustrated by the rigorous results
obtained for a small circular slot on the top of a guide (eee Report
R-157-47, p. 68). The bicomponent field of Eq. (24) of that report is
the electric field produced by symmetrical E excitation; and the single

camponent field of Eq. (13) 1s the electric field produced by symmetrical
R excitation.

It can be shown that the field in the small B plane slot
generated by a symetrical dominant mode ~lectric field must be expressed
as a gradient field, 1i.e.,

E -7, ¢ (3.43)

where § 1s a function which vanishes on the rim. Yor the slot of Fig.
3.9(a), excited as shown ia Fig. 3.9(b), the scalar function ¢ 1s

¢ = \/(-12’-'--)g z  cos L-'—.—x- (3.44)

:

(a) (b)

Mg, 3.9
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The reason for the gradient field may be seen from the following.
The smceptancs By 1s obtsined by sumning the cortributions from the H modes
apd ths ¥ modes. TYor smell slots, the H mode contribution would tend %o
predominats, resulting in this case in a capacitive susceptance. Hovever,
from a rigorous analysis of smail eliiptical X plane apertures it is known
that By must be inductive. Thus, the choice of a trial field must be swch
that 1t wmnighes vhen integrated with the H mode terms.

A typica) E mode dyadic term (from Eq. (3.32)) 1s

Vo (x,2) (x',s")

The vector function X which satisfies the condition

[/; -9 (x,2) a8 =0

is ths one which must be chosen for the variational expression. Now,

ff_- V1 (x.) as-_[/rv- Ef(x.z)]ds
| S twn oon

/]\:I '[!r(x.saas-J[g £ (x,0) - ot

1t 1s evident that M msgt satiafy the conditions:

X+ n=0 on £, the slot periphery

(3.45)
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But the condition \J. N & 0 can be satisfied by M =\/x (£ 49). Iastly,
since N = x 2, ve have Eq. (3.43), namely B = . 3 condition

M .n = 0 on the perirkery is satisfied by choou.ngé along the periphery
slot to be constant (in particular zero), which is equivalent to saying

that the tangential components of the slectric field at the slot edge
&re zero.

¥hen the slot is not small, the field has two components whose
functional dependence on the slot variadles is the same as that for the
small slot, dbut whose relative amplitudes are now different. The relative
emplitudes can be determined by the aprlication of the Rayleigh-Ritz
procedure given in the Appendix, witk the result that if the field X
can be vrittenasgzgl«c- c B_, the value of c is

ealp [1-(:—'-2]

and the resultant slot electric field becomes

tocx, G-/ 27w H

(3.46)
z cos %
+ 2
A AL 2
(? -~z

It is seen thet for long thin slots, 1.e. &'/e near unity, the field becomes
unidirectional. As pointed cut previously, the absolute amplitude of E is
unimportant to the veriational calculations, and only the relative amplitudee
are of significance.

2. The Trangverse Slot

The field choices for centered slots have been of the foim

E=g7, F (DE @)
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Yor slot dimensions within the range b'/b < 0.5 and a'/a>0.5, the fiell

sholce i
n
cos =, x

Py —A—— (3.47)
1 - @2

vhile for the remaining range

BacZ, Y ata® 12'-;1 - oin® Ex- (3.48)

The geometry is indicated in Fig. 3.10.
TRANSVERSE SLOT

*Y

-t r -

Figure 3.10

As hag been noted the latter field does not satisfy the condition of

becoming infinite at an edge, but since the singularity i1s integrabdle,
the result is not sensitive to this condition.

S8ince the trial fields are unidirectional, and in thh case
% x I 1a in the x, direction, only the x, X, component of the dyadic
admittance is retained, and g, 1s therefore dropped from consideration.
Since the fields are symmetric about the axes passing thru the canter of

the slots, they are orthogonal to all antisymmetric modes, i.e. (m,.) modes
in which m is even, n odd.

The variational expression (3.12) for the susceptance, after
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breaking up the dyadic susceptance accordinﬁt}n% (3.36), then becomes:

B, ﬂx.y)l(x' .y’)&{ndses' 2 _/Ax dx! Jdy /ay (x.y)l(x'.y')z
2 " 2 * o P

(3.)
®
hare Z . Z -y on 2 cormm’ Eo(x_ 7=y 42 X (2 [>-(ywy") |>:]
B3

where the firs¢ term may be written as

“"-Zﬁ(,) (x! X o DX '
E Lﬁx)cm‘con‘rdxdx

2
[A(x) cos 3? dx‘/l;(r)/;g_ dy]
= os ET gop X'
X'/%;(Y)la(f)z ey cos b dy ay!

el /(%)2 _xaﬁ

(3.50)

where as always w2 =¥ - (E)a, and the limits go from - a'/2 to a'/2, and
= b'/2 to b'/2. Note that if Eq. (3.50) the integral over (x,x') is inde-
pardent of the<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>