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A three dimensional hyperbollic differential equation
based on finite correlated particle velocities is derived
which is appropriate to modeling anisotropic turbulent
diffusion in the atmosphere. Cauchy initial data, the
mean wind, the Reynolds stress tensor, and a typical
frequency of pulsation are required fcr complete solution,
The outlines of plumes and puffs may be obtained with only
knowledge of the Reynolds stress tensor and mean wind
velocity. The classical parabelic diffusion equations are
a limiting form of this hyperbolic model.
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FOREWORD
This report is intended as a summary of preliminary
efforts to derive a general diffusion equation more
appropriate to atmospheric diffusion modeling than exist-
ing models.
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I. INTRODUCTION 70 ATMOSPHERIC TURBULENT DIPFUSION

This phase cpace derivation of a hyperboliec turbulent
diffusion equation is motivated by several less general
random walk and hyperbolic diffusion models [6, 8, 13,

15, 16, 18, 19, 26] which appear to more reasonably re-
present the physical processes involved in atmospheric
diffusion than any of the classical models. The basis
for the classical models of turbulent diffusion, almost
without exception, is one form or another of the parabolic
diffusion equation. Even the semi-empirical Gaussian
plume equation, the foundation for much recant diffusion
studies, may be derived from a paraholic diffusion
equation [3]. Recent reviews of the state of diffusion
modeling in the lower atmosphere express a dissatis-~
faction with the degree of generality to which existing
models may be extended, and agree that no comprehensive
mechanism of turbulent diffusion has been modeled [3, 4,
5, 14]., It is significant that most recent reviews
concerned with diffusilon application omit serious
consideration of hyperbolic systems such as those of
Monin [19] and Goldstein [13] which are expressions of
particle motions correlated as in the case of atmospheric
turbulence, VWhile these first efforts are not very
general, they do provide certain features which allow a
more realistic modeling compatible with practical
applications. In the present hyperbolic model, the
primary assumption, that diffusion can be represented by
a Markov process in phase space, is suggested as being
a less restrictive assumption than the corresponding
assumption used in the derivation of the classical para-
bolic diffusion equation. The classical parabolile
diffusion equation can be derived bg assuming a Markov
process in configuration space [1, 8, 10, 17]. Further-
more the classlcal assumption that the velocity necessary
for the formulation of a continuity equation can bde
derived fron the particle density gradient presents the
paradoxical result that densities exist everywhere cven
a short time after a release, Thus particle paths exist
for which there are no corresponding veloclties. 1In the
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phase space model the particles have velocities - finite
velocities, The possibility exists then to relate the
velocities of the diffusing particles to the veloclties
of the turbulent atmospheric fluid,
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I1, THEORETICAL DERIVATION OF TURBULENT DIFFUSION EQUATION

The derivation is based on two premises, The first
is that turbulent diffusioni can be described by
-statistical methods relating particle statistics to the
statistics of the atmospherlic turbulence field. The
second 1s that the mean wind profile can be introduced

into the turbulence field,

The turbulence field representation will be based
on the "phase space™ description of the probability
density for a particle. We assume that the diffusion
can be represented by a Markov process in phase space,
The phase space representation of a particle has been
investigated by Chandrasekhar [1], Kramers [17], Obukhov
[22]), Tchen [29], and Davies [8]. We shall start similarly
to Chandrasekhar. In the Markov process in phase space,
the probability density at t+at, W(t+at), is derived
from the probability density at t, W(t).

> > ‘o > > - s > > > A »
W(r,ujt+at) = S/W(r-ar,u-au,t)¢(r-ar,u-au,ar;au)d(au)d(ar)
-> "3

¢ 1s the transition probability density in phase space, r
is the vector representation of the configuration space,
and y is the vector representation of the velocity space, " N

We now relate the incremsnts of time and configuration oy
space by .
-> > -

Ar = uAt. (2)

The transition probability density in phase space can now

be represented by the transition probability density in “»

velocity space and the Dirac delta function. . ’
-»>

* >+ <+ @ -+

¢ » p(r-ar, u-su,au)s(sr-ust}) (3) FouL

The integration over the configuration space increment 1is

: now easily performed.
> &> -> Fuy $ » * > > » - - ..

W(rtuat,u,t+at) =/W(r,u-su,t) y(r,u~-au,su)d(su (4)
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Both aidca are expanded in a Taylor series about the point .
(r, u, t).

W+ W oAt 4 (U*W)at + 0(at2) =

*7{W zau su, +1 (Au J2+ & 32w au_Au, + }e
_: g 1 5——'- Wul j aess

1<j ) (5)

2 -+
2 1 2 ?
{v- x;lLAu +d z (Aui) + 15333f353°u1Au3 + ... }d(au)

For the moments of the veloclity increments we write:

+o to

-+ -+
<du,> = f.Auim(Au) 3 <bugduy> = {etiAuJid(Au)
(6)
The expansion can then be rewritten:
- W } 32w 2., <AU}%>
Weat + Ue VWAL = §3u1<aui>+ 5 f;ﬁ-7<Au > iw;-zi-
2 3W_ 3<Aujaug>, a < duy>
4 pa<AYUYC> W, 1] - W
’ui ug 1#3 duy ﬁ duy (7

+ 0( <au aujauk>)

Keepling terms to first order in At, dividing by At, and
goling to the limit of At 0 ylelds

W+l B2 @)+ 1in oy L w0 (8)
At»o

where

1lim o
: = Atwo '%%: . (9)
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Here we consider 2 as a mean acceleration with position

¥, and velocity 3. Thus the equation of continuity in - -
phase space is .

W +le Txw+¥qe (3W) = o (10)

To obtain the continuity equation in configuration space
we integrate over velocity space,

o, + Ve(pl) =0, (11)

t

where .
p = [Wau ,

and - -

oU = JBwau .

To obtain a momentum equation we multiply the continuity
equation in phase space by i and integrate over velocity

space,
. -
(pU)t + Te(ol0) - ok =0 ’ (12)
o
whe re p00 = sifivan ,
and -:- ;-:.
ok = sgWad . S
Here R is the mean exterior force per unit p at F, E, and
U ana are the first and second,velocity moments e
respectively of the particles at r, t. The continuity
equation and the momentum equation now form a hyperbolic ; Y J

system of first order partical differential equations with
the dependent variable being the particle density in e
configuration space, This system of partial differential T
equations 1s the diffusion equation in configuration space,




III., INTRODUCTION OF MEAN WIND PROFILE INTO TURBULENCE L
FIELD )

To introduce the mean wind profile into the turbulence
field we represent the mean velocity of the diffusing
particles as the sum of the mean wind and a macroscoplc
velocity representative of the turbulent flux with repect
to the mean wind field.

0 = -‘;(x. Y, 2) ¢+ ;(xp Ys 2, t) (13) |

Furthermore we assume that the velocity in additlon
possesses a stochastic term which may be represented b
a trivarlate normal distribution in the components of u. !
This distribution is constructed such as to require that §
the mean outline of the diffusing particles propagate i
wlin a velocity dependent on the stationary wind field i
independently of time, A distribution satisfying this

requirement 1s

i MG U s i

W ={(2x) |M] exp[-l/QX'M-lX]}'p(x,y,z,t), (14)

u u
11 "12 "13 —

where M = M '] M - sx X etec.

it IR U R
[M| is the determinant of M and X' 1is the row matrix,
X' = [x;, X2, X3], X is the column matrix obtained by
transposing X'. We have x;= uj=- V;~ v;, X,= u,= Vo= v,,
X3 ®= u3z~ V3- v3, where_the subscripts 1, 2, 3, indicate
che‘cogpogents in the 1, j, k, directions respectively
of u, V, v. It 1s clear that the expected value 0 1s

"21 ¥a2d

Uy = "n:li "zzkj “3xik - W+ Vv + ¥+ vr+ o0 !
¥ i ¥32

"33

We have defined 33 as the tensor of variances,and co-

variances of veloclties relative to ’‘the mean V + v,




mith o

In this case an assumption that (?3 +;:) <vv> 18 in-
dependent of time gives us the reqyired properties of
boundayy propagation., We define pv as the turbulent
flux, <, and p<VV¥> as the turbulent energy tensor. The
substitution of the expressions from equations (13) and A

(15) into equations (11) and (2) yields
o + T (oV43) = 0 (16) ;

L RS TN ‘“‘”’iﬁwewﬁmi‘g’ o
I ‘,W

and

(p§+§)t +3-[93§+§v+3§+p<33>] -ok = 0, (17)

The above equations constitute a hyperbolic system
of first order partial differential equations. These
equations describe the transfer of a scalar quantity,
through a turbulent fluid. Particulate diffusion and
heat transfer are processes for which the equations should

hold.

We now seek to rulate,z and <¥v> to measurable
quantities. Once A and <vv> are given, it is clear that
with the four equations (one from the continuity equation)

(16), and the three from the vector momentum equations§11),
]

and the four unknowns (p and the three components of
Cauchy initial data 1is sufficient to determine the hyper-

bollc system of equations (16) and (17) [2].

For R we choose an acceleration caused by a resistive :
force which i1s proportional to the turbulent flux in each e
direction and an external force term which reflects the s
contribution of gravity-boyancy effects in the case of

heavy particles.
Ko » o [ 101D + 1635 + kylied) 3+ 00 (18 ,

The resistive force coefficient is interpreted as the
probability per unit time of reversal of the diffusing
particle, Monin [18], Davies [8], and Goldstein [13)
independently derive simllar expressions., We are ssaun-
ing that there is no resistance to the mean flow, V,
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Kagzangkil, gnd Mopin regortjaab:stactdry experimental
verification of a similar}ity theory application using
the same resistance cermglgj 21]. Monin interprets
the resistance term as belng equivalen} to a“4ypical
frequency of pulsation of the tupbulence, Monin's ‘' -
approach seems consistent -with the present develbopment.
The values of this term may befdgducgd-experimentally
from steady state evaluations-of: the cotngentrations.

For the turbulent energy tensor, <¥v¥>, we propose
that the Reynolds stress tensop-be used, -We propose
that the second velocity moment of‘ the diffusing particles,
with respect to the mean wind fleld, 1s locally pro-
portional to that of the turbulent fluld, At present,
for simplicity and heuristic purposes, the proportiocnality
constant will be assuwmed as unity. Experiments such as
smoke puff and plume outline photography may determine
more appropriate proportionality coefficients, It must
be kept in mind that careful considggation of the type
of averaging used 1n representing <vv> 1is germane to
any application. The <vvy averaging,must be compatible
with the averaging used to determine V,

Equatiaon (17) then becames
(a¥ed), + T[T G0 V] 4
(19)

-~ 'S - - a - -

1a(i*B) + 38(3°3) + k (k-§) ~ <0 = 0.

Formally to obtain K we could have stammd aimilarly
to tiie Kramers - Chandrasekhar approach ta Brownian
motion in a field of force [1]. The increment of velocity,
al, which tha particle expariences in the time 4t 1is
expressed gs the sum of a term due to the external fleld
of foree, Kat, and a flugtus.ing quantity with a given
law of distridution, B(AtL),

A = Ba 4 + Blav). (29)
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The classical distribution of ﬁ(at) is given by

pamdccall o T FT o W

(-]B(at)|2/8qat)
p e it
w(B[at]) =
(4wqat) /2 (21) S e
where ‘E B
q = BKT/m.
Physically, B{at) represents the net acceleration ;
H

which a particliz experiences in time At under the in-
fluence of molecular scale fluctuations., We shall

neglect it compared to the much larger scale of tur-
bulence fluctuationg._ Thus v also reduceg to the Dirac
kAt). For the term K we propose a

delta function, §{(Au-
frictional force acting on the diffusing particle pro-

portional to the turbulent flux veloclity and external
force per unit ¢ due to buoyancy-gravity effects, _

R =« [La(i*v) + J6(J*v) + ky(k*v)] + ¢
(22)

Substituting these values into equation (4) we may
formally obtain equations (16) and (19). ;
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IV. NORMALIZATION

In any application of the hyperbolic diffusion
equation it must be remembered that p 1is a probability
density. Hence the concentration must be normalized.

If the equation were parabolic, a single term would be
sufficient to normalize the concentration. However,

for the hyperbolic equation it is necessary to perform
two integrations to normalize, one over the characteristic
surfaces, and one over the volume contained therein.
Davies discusses this procedure [8].
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V., THE CHARACTERISTIC SURFACES

The characteristic surfaces of the hyperbolic diffusion

equation provide a useful parameter of the effectiveness

of diffusion, The characteristics of the hyperbolic
diffusion equation are the locl of points of discontinuity
of the atmospheric contaminant., All solutions exist

within the characteristics; there is no concentration out-
side of the characteristics. The characteristics 1in

effect represent wave fronts of the diffusing particles.

Pasquill [25] finds that the vertical spread of diffus-
ing particles in a parabolic Lagrangian similarity treatment
is best represented by an extreme height encompassing most
of the particles, essentially as in the hyperbolic treat-
ment of Monin. In the present hyperbolic model this
concept is 1intrinsic rather than arbitrary as in the
parabolic equation application. The extremum corresponds
to the characteristics of the hyperbolic equation.
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vi. THE PARABOLIC DIFFUSION EQUATION AS A LIMITING FORM
OF THE HYPERBCLIC EQUATION '

Using a method similar to Davies [82/[9], and Monin
(18], the parabolic diffusion equation will be derived
from the hyperbolic diffusion equation. The momentum
equation may be written

{(pV‘PS)t* [ L [pw+sv+vs+p<vv>]+Io(i «3)+J8(J*8)+ity(k+S)-ep ) ‘
i o o g
o 133 o | =0 (23)
\
.
if 1/a, 1/8, 1/y, are considered as parameters, and the ‘2
following limits are said to exist, %
151 £
I il 0o 0 §
~ - " -~ - -~ - -~ 3
. . 1 = I
([L+g+k]<vvrd+| 0 333 0 | 7 [K] 1+ [K]pJ + [Kigk ., :
0 0 %kk P
1431 0 o :
@ an R R i
(Vo<Fd>3e| 0 133 0 savi+vi+ek (25)
[} .- l1im 1 2 3 . §.
1 £
0 0 Ykk | %
Mi o o &
. "“ -~ - - (26) ) !
¢ ° 3JJ ?_ 12-“-1’ ¥ v‘zj + vtsk %
0 ¢ Jdkk iy
Y
liaits: 1im az» o
lim e
iim V:<‘¥>¢-
lim F+w 12




B

S o eak e ruReees. o e gty A3 - TN @%&,m

o

then, taking the limits and subsatituting the momentum
equation into the continuity equation, a parabolic
diffusion oquation is found.

. T .
3 -- 1_1,, [V, (F)e] * : g-cxk l(r) (27 |
where Vpg = V, - vy 4 vu ’

Essentially we have the hyperbolic equation going to tye i

arabolic equation after times very large compared to =
. The parabolic diffusion equation found above 1s®

%he’three dimensional Fokker-Planck equation [29] [30]. i

If V = v(z)i and <¥¥> has no djaggna]l terms, equivaient :

to partition of energy in the i, J, k, directions, then

we have the semi-emperical parabolic diffusion equation

for the lower atmosphere [20] [24]. If in addition ¥ = 0,

the Smoluchowski equation is obtained (].

13




VII., FUTURE DEVELOPMENT

++ In the case of constant mean velocity, and isotropie
<vv>, the present model reduces to those of Davies [8],
Goldstein [13], and Monin [18] in the appropriate number
of spatial dimensions, It is not fully clear under what
conditions the models are consistent with the various
spectra. In addition the effects of meandering have not
been included. Further refinement and development of the
present model, especlally with respect to spectra and

pair particle density consideration, may be fruitful along
the phase space approach of Tchen [29] and the statistical
representation of meandering by Gifford [11] [12]. These
approaches are consistent with the development of the
present model. The role of large and small eddy scales
may then be explicitly included.
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