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DEPENDENT MIXED ACCEPTANCE SAMPLING PLANS
AND THEIR EVALVATION

by
E. G. Schilling®
and

H. F. Dodge

1. INTRODUCTION

1.1 Introduction

Using the method developed in Technical Report No. N-26 [1] for determining
certain needed joint probabilities, this report gives procedures for eveluvating
the cperating characteristic curves and associated measures of dependent mixed
acceptance sampling pians for the case of single specification limit, and knmown
standard deviation, assuming a normal distribution. A useful generalized dependent
plan is developed, using two attributes acceptance numbers rather than just one.
Also included is a comparison of dependent mixed plans with other types of accept-
ance sampling plans.
1.2 The Mixed Plgn

The choice between acceptance sampling by attribules and by variables has
commonly been considered a first step in the application ~f sampling plans to
specific problems in industry. The dichotomy is more apparent than real, how-
ever, since other alternatives exist ir the combination of both attributes and
variables results to determine the disposition of the lot. One such procedure
is the so-called "mixed" variables-attributes acceptsnce plan. Mixed plans heve

besn discussed by Bowker and Goode [2], Gregory and Resnikoff (3], and Savage [4],

1Thia report is based in part on work being done in preparation of a doctoral
theais at Rutgers - The State University.

Distribution of this document is unlimited.
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among others, and are provided for in MIL=-STD-414 [5]. They are, in essence,
double sampiing procedures involving variables inspection of the first sample

and subsequent atiributes inspection if the variables inspection of the first

sample does not lead to acceptance.

Mixed plans are of two types, so-called "independent" and “dependent" plans.
Independent mixed plans maintain stochastic independence between the probabilities
of the variables and attributes constituents of the procedure. Independent plans
have conventionally been carried out as follows [2]:

l, Obtain first sampie.
2. Test first sample against a given variables acceptance criterion and:
a) Accept 1f the test meets the variables criterion,

b) Resample if the test fails to meet the variables criterion.
3, Obtain a second sample if necessary (per 2(v)).

4, Test the second sample (only) against a given attributes criterion and
accept or reject as indicated by the test.

Dependent mixed plans are those in which the probabilities of the variables

and attributes constituents of the procedure are made dependent. The dependent pro-

cedure, as proposed by Savage [4]. can be summarized as follows:

l. Obtain first sample.

2. Test first sample against a given variables accepiance criterion and:
a} Accept if the test meets the variasbles criterion.
b) If the test fails to meet the variables criterion:
(1) Reject if the number of defectives in the first sample
exceeds a given attributes criterion.
(2) Otherwise resample.

3., Obtain a secon? sample if necessary (per 2(b)(2)).

4, Test the results for the first and second samples taken together against the
given attributes criterion and accept or reject as indicated by the test,

Note that this procedure can be generalized by providing for the use of dif-

ferent attributes criteria in steps 2 and 4. Such a generalized dependent mixed
plan is presented in Section 2.1 below.
The dependent plan provides the optimal procedure in terms of the size of

average sample number (ASN) associated with the plan. Attention will be directed
here to the evaluation of nperating characteristic curves and associated measures of

dependent mixed plans in the case of single specification limit, known standard

deviation, when a normal distribution of product is assumed,
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2. Advantages and Disadvantages of Mixed Flans

The assumption of normality inherent in most variables accepiance pro-
cedures has proved to be both their strength and tnei£ undoing. Perturbations
in the production process or screeniig of defective product may make otherwise
normally distributed produ-~t anything but normal. Whatever the source of non-
normality, the possibility of submission of such product to standard variables
plansis a serious consideration weighing against their use except under conditions
where normality is well assured. Nonetheless, the reduction in sample size
attendant with variables plans makes them particularly iniiting.

The wmixed variables-attributes plan achieves some of the reduction of
sample size asscciated with a variables plan without some of the related dis-
advantages. The mixed procedure appeals to the psychology of inspectors by
giving a questionable lot a second chance. In rejecting lots it is also often
a decided psychological or legal advantage to be able to show actual defectives
to the producer, a feature which can be had only by rejecting on an attributes
basiss Truncated and non-normal distributions cannot be rejected for poor
variables results alone, but only on the basis of defective units found in the
attributes sample. Furthermore, with regard to acceptance-rejection decisions,
the effect of changes in shape of distribution can be minimized by accepting
only on variables evidence so good as to be practically beyond question for
most distributions which might reasonably be presented to the plan. Thus,
mixed plans provide a worthwhile alternative to variables plans used alone.

The principal advantage of a variables-attributes scheme over attributes
alone is a reduction in sample size for the same protection., The variables
aspect of the mixed plan also allows for a far more careful analysis of the
distribution of product presented to the plan than would be possible with

attributes inspection alone. Variables control charts kept on this information
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from lot to lot can provide information on the variability and stability of
product from lot to lot. Control charts should normally be used

in conjunction with acceptance sampling procedules invelving variables in-
spection,

With small first samples, the mixed plan provides an excellent form of
surveillance inspection on éroduct which is generally expected to be of good
quality but which may, at tines, show degradation. A small variables first
sample can be employed to accept at relatively low values of percent defective
and a second attributes sample then used to provide a definitive criteriorn for
disposition of the lot if it is not accepted on the first sample.

Unfortunately, mixed plans do not provide the same protection against
non-normality for acceptance as they do for rejection, since product is accepted
at the first stage of the plan on a variables basis. It is possible, however,
to minimize this disadvantage for product well within specification by designing
the plan in such a way as to accept on a variables basis only product with
distribution located far enough from the specification limit so that reasonabls
changes in the shape of the distribution will not cause appreciable changes in
percent defective. In this way a tight variables criterion could be employed
to minimize the effect of changes in shape of distrilution on the operating
characteristic curve of the plan.,

In application, it is also conceivable that mixed plans might be more dif-
ficult to administer than either variables plans or attributes plans alone. As
with all plans using variables criteria, a separate mixed plan must be developed
for each characteristic to which it is applied. Any increase in complexity
would, hcwever, probably be compensated for by the advantages of the mixed

procedure.

-
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2. PORMULATION OF DEPENDENT MIXED PLANS

2.1 A Generalized Miyed Devnendent Procedure

Given an upper specification limitz, the inspection procedure for appli-
cation of a single specification limit (U), known standard deviation (o),
dependent mixed plan is generalized here by allcwing for two acceptance nuubers.
The first acceptance number (cl) is applied to the attributes results of the
firat sample after acceptance by variables and before a second sample is taken,
The second acceptance number (c2) is applied to the combined first and second
sample attributes results. As a special case, the two acceptance numbers may
be made the same; this is the plan proposed by Savage [4]. Providing for the use of
different acceptance numbers increases the flexibility and potential of the
dependent mixed plan.

Let:

N = lot size

!

first sauple size

n2 = gecond sample size

A = acceptance limitBQn sample mean (;)

¢, = attributes acceptance number on first sample
c, = attribites acceptance number on second sample

Then the generalized plan would be carried out in the following manner:

1, Determine the parameters of the mixed plan: Dy, n,, A, Cye Cpe

2. Take a random sample of n) from the lot.

2Symmetry obviates the necessity for parellel consideration of a lower speci-
fication 1limit,

3Of the several methods of specifying the variables constituent of known
standard deviation (o) variables plans, designation by sample size (nl)
and acceptance limit on the sample average (A) is used here since it
simplifies the notation somewhat. Note that A = (U - ko) for upper
specification 1imit (U) and standard variables acceptance factor k.
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3« If the sample average zs A, accept the lot.

4., If the sample average z> A, examine the first sample for the

number of defectives d1 therein,

5. It dl > ¢,, reject the lot.

1
6. If dl < ¢ take a second random sample of n, from the lot

and determine the number of defectives d2 therein.

T« If in the combined sample of n = n, + n,, the total number
[ 4

1

of defectives d = d1 + d2 is such that d < Cor accept the lot.

8, If d > Cor reject the lot,

¥hen semi-curtailed inspeotion4

is employed, a desirable practice and nor-
mally to be recommended, the procedure remains the same, except that, if ¢, is
exceeded at any time during the inspection of the second sample, inspection is
stopped at once and the lot rejectede.
2.2 Operating Characteristic (OC) Curves and Associated Megsures

The four principal curves which describe the properties of an acceptance
sampling plan for various percents defective are the operafing ctaracteristic
or 0C curve, the average sample number or ASN curve, the average total in-
spection or ATI curve, and the average outgoing quality or AOQ curve. The
operation of mixed plans cannot be properly assessed until formulas for the
ordinates of each of these curves, for given valuss of the true percent defective,
are defined. In particular, attention will be directed here to Type B 0OC

curves5 (1ces sampling from a process) since it is to this type OC curve that

the values of joint probabilities evaluated in [l] apply. Let:

4Semi—curtailed inspection involves stopping inspection of the second sample
only upon rejection of the lot [6].

SNote that for Type B operating characteristic curves [8] and for associated
measures, P(i;n) should be determined using the binomial distribution.
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Pa = probability of acceptance
ASN = average sample number
ASNc = average sample number under semi-~curtailed inapection4
ATI = average total inspection

40Q

average outgoing quality (with replacement of all defectivea),

and

P(V) = probability of V

Pn(v,w) probability of V and ¥ in a sample of n

Pn(VIH) probability of V given W in a sample of n
P(i;n) = probability of i defectives in a sample of n.
Also, let:

population (process) mean

b o=
o = population (process) standard deviation (known)
p = population (process) fraction defective

= sample mean,

Then, formula36 for the operating characteristic curve and associated measures

of the general procedure are given in Table 1.

6Theae formulas are developed by simple analogy with double sampling by
attributes. In the case of ASNc, Burr's formula for ASN2 is employed; see
I. W. Burr (7] p. 313,
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TABLE 1

*
FORMULAS FOR MEASURES OF DEPENDENT MIXED PLANS

Measure Formula
(x < a) L (2,x > 4) P(j;n,)
P P =P(x<4A)+ I Z P (iL,x>4) Pljin
a a 120 jmO n1 2

¢

1
ASN ASN =n. 4n, T P (i,T> A)
1 250 M
. % ( )
ASN ASN =n 4+ T P (i,x> A
c c 1 1m0 n1
n +1 c.~1
c.~i+l "2
< 3 P(kingl) + 0, I P(3rm)
P kec,mi42 3=0
o
ATI ATI = ASN + (N-nl) T P (4,X> )+
1=cl+1 1
(oot & P Gz 1)
Nen,-n_)(1-P -~ T P_(i,T> A
A8t BT el a1 150
1
=2[ = g - B3 - ]
A0Q | A0Q =y | P(x < A)(N-n)) + (P, - B(T < 4))(F-n,-n,)

* Except for ASN, all formulas are the same with or without curtailied
inspection.
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Since g is assumed known, it is possible to evaluate the expressions
shown in Table 1 using tables of Pn(i,;'> A) for a "standard nommal uziverse",
i.ee p =0, 0 =1, Such values are given in the aprendix of this report for

first sample size n, = 5. To accomplish this, the value of Pn(i,;'> A) for a

1
particular application can be found by transforming the variates involved to
standard-normal-deviates by use of the familiar z transformation. This

expresses the departure of given values from the ropulation mean in units of

the (known) standard deviation, Thus, the upper specification limit U is

expressed es 2y where:

CT
o ™

and p is the popuiation mean of a normal distribution such that fraction
defective p of the said distribution exceeds the upper specification limit,
U. (See Figure 1, below.)

Thus:

Pn(i’x > A) = Pn(ioz > ZA)

where z and z, are standard-normal-deviates such that:

A
P -}
c
and
L -
A o

The tables in the appendix are entered with these values for the mean and the
acceptance limit,

The values shown in the appendix were calculated using the method indi-
cated in Technical Report No. N=26 [1]. Similar tables for sample sizes 4

to 10 are presented in Technical Report No. N-28 [9], which also discusses




TECENICAL REPORT NO. N-27
Issue 1 - Page 10

s

the accuracy of the tabulated values, For samnle size 5, the values shown in
the appendix are believed to be accurate to at least four places wher ¢ = O
and to at least three, and perhaps four, places when ¢ =1 and ¢ = 2,

3. COMBINING VARIABLES AND ATTRIBUTES PLANS
341 General Considergtiong

Variables plans for single upper specification limit (U) and known stsndard

deviation (o) are usually specified in one of the following three ways:

1. An acceptance limit (A) is specified for a given sample size (n)
and lots ave accepted if the mean of a sample of n does not
exceed the limit; otherwise they are rejected. This method is
often used in practice since it minimizes the computations
involved on the part of the inapector.

2. A value of k is given for a particuirar sample size n. Lots
are accepted if for the mean (X) of a sample of n,

=)
(E%JV 2 k; otherwise they are rejected, This is Form 1 of

MIL-STD-414 (5],
3« Values of M are given for a particular sample size n. For a
glven sample mean of n observations the statistic

QU = (%gx)v' where v = 1’
is calculated and an estimated percent defective Pj; obtained

from a table i'cr the value obteined for QU‘ Lots are

|
:
3

accepted if PU < M, otherwise they are rejected. This is
Form 2 of MIL~STD-414.

Pigure 1 shows the relationship of k and A for s given distribution of
product with mean upasaociated with fraction defective p., It also displays

the role of the transformed variables zA and ZU‘
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FIGURE 1
RELATIONSHIP OF k AND A

Probability of
Acceptance on _
Variables Sample

_t_.Original Units

Transformed £ Units

The following discussion will be in terms of the first of the three methods
mentioned above since this simplifies the notation somewhat. Variables plans

specified in terms of the second or third methods can be converted to the first

method using:
A = U-ko,

or
2
%

® 2
A=U~] n_;l_ Ko, K such thatf /% e dt = '1%0- in the notation of MIi-
K

STD-414 [5], respectively. For purposes of this report, it is assumed that in
arplication, variables plans will be converted to the first method.

In comtining any two variables and attributes plans in a dependent mixed
plan, the formulas of Table 1 define the probability of acceptance, or OC curve,
and associated measures of the combined plan. The formulas simplify greatly
when ¢y = 0. Procedures for combining variables and attributes plans will be
illuatrated for cases in which ¢, = c_, and also for ¢, ® c,. Bxtension to

1 2 1 2
other combinations of acceptance numbers is straightforward.
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2k 3.2 Example 1, Specified Plan, c = c
To illustrate the method of evaluating plans when ¢, = 02 suppose. arbi-
trarily, that the CC curve of the following specified dependent plan is desired:
i
i n, = 5, k =2
3 n2=20.cl=02=0
: 1. Since c, = 0, the formula for prchability of acceptance simplifies to:

P = P(X s A) + Ps(o,'i> A) P(0;20)
The probabilities on the right hand side are determined as follows:
(ag P(i;n) by direct ceclculation from the binomial distribution or
irom tables of that distribution, -
(v) Pn(i;§'> A) must be converted to Pn(i.z > zA), as indicated
above, to make use of the tables in the appendix. Note that z

R
n
L ]

5

A
is expressed in units of the known population standard deviation.

(c) P(X s A) is determined from the usual tables of the stendard
normal distribution. In looking up values of this probability it
is necessary to adjust for the fact that the standard deviation of
the distritution of sample means is:

Qe = 0 )
X /n
Thus, in terms of standard values:
P(X<s 4a) =P(Ts /Ele)
since Z, is expressed in terms of the known population standard
deviation, c.

The formula, expressed in standard units then becomes:
P, = P(% < /‘ﬁle) + PS(O,?> zA)P(i;n)

3. Computation is, then, as shown in Table 2. Each row of the table repre-
sents a given fraction defective p associated with a corresponding
population xzean pp. As shown in Figure 1, the values of 2y and zA

are standard normal deviates from %P. Note that for plans specified
e

in terms of k, ZA can be determined as
zA =zy - k.
The remaining columns follow from the formula for probability of

acceptance,

2.3 Example 2, Specified Plan, cl * c,

s

As an illustration of the method of evaluating plens with ¢y ¥ c, suppose,

arbitraril;:, that the OC curve of the following specified dependent plan is

desired:
.x1=5 k=2
n2=20 0131,0232

-
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1. The formula is:

1 2-1i
P =P(XsA)+ 5§ & Ps(i.?> A) P(3;20)
8 1=0 j=0

2. Computation is then as shown in Table 3, set up in the same manner as
Example 1 above.

3.4 Example 3, Combining Published Plans

To illustrate the potential of the method for determining the OC curve
of a combination of any two plans, suppose the following two plans are comtined
after the manner of MIL-STD-414:

MIL-STD-414 [5] Code F (AQL = 4.0): n = 5, k = 1,20

MIL-STD-105D [10] Code F (AQL = 4.0 tightened): n = 20, = =1

Note that in combining published plans in the manner of MIL-STD-414, n_ = 15

2
in the calculations since 5 units are contributed by the first sample to the
attributes determination.

Let ¢, = c, = 1.

The combined Type B OC curve could te derived as follows:

l. The formula is:

1 1=i
P =P(X<A)+ L & Ps(i,?> &) PG
& i=0 j=0

2. Computation is then as shown in Table 4, set up in the same manner as
the examples above.

These examples illustrate the relatively simple calculation of the 0C

curve of a dependent mixed plan if tables of Pn(i,§'> A) are available.
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4. COMPARISON OF PLANS

4,1 Comparison of Independent and Dependent Mixed Plans

Suppose a comparison is made between an independent and a dependent plan
which have "essentially" the same OC curve. A criterion for comparison then
becomes the average sample number of the two plans. The probability of accept-
ance and average sample number of an independent mixed plan can be calculated [ll]
as:

[+]

2
P =P (Xxsa)+P (x>4) £ P(j;n.)
a n1 n1 =0 2

ASN =n, + nan (x> A)

L 1

Now, if the two plans have the same first stage variables plan and attributes
acceptance number o, (where for the dependent plan e, s cz), the seoond sample
size of the independent plan will be greater than that of the dependent plan

since:

R, (independent) = P (dependent)

(o]
P(XT<4) +P(x>4) L P(j;nz) =P(X < 4)+
j=0
c1 c2-i
£ £ P (4,3>4) P(§in})
i=0 j=0 "1
c, c1 c2-i
P(x>4) £ P(Jin,) = P(x>a) £ £ P (ix>4) P(Jin})
j=0 i=0 j=0 1
02 02-01 cl _
£ P(Jiny) = T £ P (1|x> a) | P(§in))
j=0 J=0 i=0 1
o2 c2-j
+Z £ P (43> a)| P(jin})

n
j=c2-c1+1 i=0 1
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But,

el

£ P (1fx>n)s1
i=0 "1

and
cz-J _
£ P (ifx>a)s1.
i=0 1

So to maintain the equality

Ly c
£ (yn,)s £ (Jinl)
=0 % w2

which can only Ye achieved if n, 2 né for a given p< .5 .

2
'Therefore, for the same probability of acceptance, i.e. the same OC curve,
the independent plan requires a larger second sample size. But even if the second
sample size of the dependent plan is kept the same as that of the independent

plan, the ASN of the de  »ndent plan will be lower since:
ASN (independent) 2 ASN (devendent),

9

+n, £ P (1,X> A),

n, + P(X>An.2n
21 2y M

1

(o]
1
P(X>4A)2 & P (1,x> a4).
i=0 ™1

Thus, the dependent plan is superior to the independent plan in temms of the
same protection with a smaller sample size,

The difference in average sample number can becoue quite large if particularly
bad quality is subnitted to the plan and if, as seems customarv, the independent
Plan has no provision for rejection on an attributes basis immediately after taking

the first sauple and before tacing the second sample. Thus, in the event of
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poor quality the attributes plan is utilized to a greater extent in the
independent scheme than in the dependen* procedure with further posaible increase
in the average sample number,
As an example of the superiority of dependent plans, consider the first of

the examples given above:

=5, k=2;n,=2,0¢ =c¢, =0,

! 2 2= G

The probability of acceptance and average sample numbers were calculated for the
specified mixed pian, assuming it to be carried out in dependent and independent
form. A comparison of the results for the dependent and independent procedures

is shown in Table 5.

TABLE 5
COMPARISON OF Pa AND ASN FOR A SPECIFIED MIXED PLAN
APPLIED IN DEPENDENT AND InOEPENDENT FORM

n, = 5 n, = 20

k =2, c1 = 02 = 0
P Dependent Independent

P, ASN Pa ASN
«005 «980 6,7 991 6.9
.01 931 8.9 2958 9.6
.02 793 12.5 «848 14,1
«05 414 16.4 «493 20.8
«10 119 15,8 2169 23,9
15 032 13.6 054 24.7
+20 008 11.5 016 24,9

4,2 Comparison of Mixed With Other Type Plgns
As an indication of the relative merit of mixed plans, variables
plans, and single and double sampling attributes plans were mutched as

closely as possible to the same dependent mixed plan:
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n, = 20 ¢ =0,
which was discussed above. These plans were matched as closely as possible at
the two pointa:

p = »008 Pa = 4953

P, = <107 Pa = ,098
which lie on the OC curve of the mixed plan., Due to inherent differences in the
shape of the various OC curves, exact matches could not be obtained; however,

all the plans obtained show probability of acceptance within # 0.015 of the

mixed plan at these points. The resulte are shown in Table 6,

TABLE 6
COMPARISCN OF VARIOUS PLANS TO MATCH
P, = 008 Pa = ,953
P. = «107 PB. = ,098

[ 4

Plan Criteria Prob. of Acceptance Avg. Sample Noe.
p=.008 Folm p=.008 p=.10'7
Dependent
Mixed n1=5,k-2 «953 .098 8.1 15.5
n2-20, c=0
Variables n-6, k=1 075 0947 0106 6 ()
Attributes n=37, c=l «964 .084 3 37
(Single)
Attributes n,=21, c.=0 ~947 «096 26.9 30.8
(Double) 1 3
n2-42, cznl

Comparison of the average sample number at these points for the various
plans gives a rough indication of the superiority of mixed plans over either
single or doutle sampling attributes plans. 4lso, it would appear that for low
percents defective the average sample number for the mixed plan approaches that

of the variables plan as illustrated in the following tabulation:
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Probability of Acceptance Avg. Sample Number

n=~0 p=,005 D‘.OL p=~ 0 p=,005 p=4gl_
Dependent Mixed 1,0 «980 «931 5.0 6.7 8.9
Variables 1.0 0975 0922 6 6 6
Single Attributes 1.0 .984 «947 byl 3 37
Double Attributes 1.0 .981 922 21 24,9 28,2

This is reasonable, since if "perfect" product (within the constraint of
the assumption of nonmality) were submitted to both plans it would be accepted
on the first stage of the mixed procedure resulting in an average sample number
of 5 compared to the variables ASN of 6,

5. CONCLUSION

This paper presents a method for evaluating the operating characteristic
curves and associated measures of dependent mixod acceptance sampling plans for
the case of single specification limit, and standard deviation knowr, assuming
an underlying normal distribution. Tables of joint probabilities Pn(i,;.> A)
necessary for evaluation of the properties of such plans with small first sample
sizes are given in Tecanical Report No. N-28 [9] for sample sires 4 (1) 10,
These tables were computed by a method indicated in Technical Report No, N-26 [l].
Thus, the present report, together with the two companion reports, provides the
basis for the implemontation of this importart, but as yet not effectively
utilized, class of sampling plans.

Mixed plans maintain aome of the most desirable features of variables and
also of attributes sampling procedures without many of the related disadvantages.
The assumption of a normal distribution is less restrictive fo mixed than for
variables plans. At the same time average ssmple numbers are much lower than
for attributes plans affording the same protaction. Thus, these plans are more
than a mixture - rather, an alloyage, a fusion of the constituents into a new,

in some sense stronger whole.




st

TECHNICAL REPORT NO. N-27
Issue 1 - Page 22

6. REFERENCES

[l] Schilling, E. G. and H. F. Dodge. On Some Joint Probabilities Useful in

Mixed Acceptance Sampling. Technical Report No. N--26. Rutgers - The
State University Statiastics Center, December, 1966,

(2] Bowker, A. H., and H. P. Goode. Sampling Ingpection by Varigbles. New York:
McGraw=Hill Book Co., Inc., 1952.

[3] Gregory, Gesoffrey and George J, Resnikoff, Lume Notes on Mixed Variables
and Attributes Sampling Plans. Technical Report No. 10. Applied
Mathematics and Statistics laboratory, Stanford University,

March 15, 19550

[4] Savage, I. Richard. Mixed Variables gnd Attributes Plans: The Exponential
Cage. Technical Report No. 23. Applied Mathematics and Statistics

Laboratory, Stanford University, June 15, 1955,

[5] United States Department of Defense. Military Standard, Sgmpling Pro-
\ and Tab for Ingpection by Variables for Percent Defective
Mil.S+d. 414). Waphington, D. C.: U. S. Government Printi:g
Office, 19570

(6] Statistical Research Group, Columbia University. Sampling Inspection.
New York: McGraw-Hill Book Co., Inc., 1948,

(7] Burr, Irving ¥. Engiisering Statistics and Quglity Control. New York:
McGraw-Eill Book Co., Inc., 1953.

[8] Dodge, Harold F. and Harry G. Romig. Sampling Inspection Tables - Single
anc Double Sampling. Senond edition. New York: John Wiley and
Sons, Inc., 1959.

l9] sSchilling, E. G. and H. F. Dodge. Tables of Joint Probabilities Ugeful

in Evgluating Mixed Acceptance Sampling Plans. Technical Report
No. N-28. Rutgers - The State Universi.y Statistics Center,

Hay, 19670

(10] United States Depertment of Defense. Military Standard, Sgggling Procedures

and Tgbles for Inspection by Attributes (Mil. Std. 105D). Washington,
D. C.: U. S. Government Printing Office, 1963.

[11] Schililing, E. G. "Mixed Variables-Attributes Sampling, The Independent

Case," Iransactions of the 18th Annual Conference on Quality Control
at Rutgers - The State University, September 10, 1966, pp. 82-89.




TECHNICAL REPORT NO. N-27
Issue 1 - Page 23

APPENDIX - TABLES

JOINT PROBABILITY OF
SAMPLE MEAN GREATER THAN Z, AND EXACTLY i DEFECTIVES
IN SAMPLES FROM A NORMAL™DISTRIBUTION (u=0,0=1)

(z,~DEVIATION OF ACCEPTANCE LIMIT, A, FROM PROCESS MEAN
I& UNITS OF KNOWN STANDARD DEVIATION OF INDIVIDUALS)

n=5
i=0
FRACTION DEFECTIVE, p

z, «005 .01 .02 «05 .10 «15 «20

-2,50 «9752 49510 .9039 T738  .5905 <4437 3277
~2.45 752  .9510  .9039 WTT38 5905 4437 3277
-2.40 9752 9510 9039 L 7738 5905 L4437 3277
=235 <9752 9510 ,9039 L7738 L5905 4437 3277
-2.30 «9752 9510 9039 LT738 L5905 .4437 3277
=-2425 «9752 <9510 9039 LT738 5905 4437 L3277
=2.20 9752 L9510 L9039  JTT38 5905 L4437 3277
«2.15 9752 49510 9039 L JTT38 5905 <4437 3277
-2,10 9752  .9510 .9039 L7738 L5905 L4437 3277
-2,05 9752 9510 9039 L7738 5905 L4437 3277
~2.00 9752 9510 9039 JTT38 5905 <4437 3277
-1.95 <9752 9510 .9039 LTT38 5905 4437 3277
-1,90 <9752 .9510 L9039 .T738 L5905 4437 3277
-1,85 ¢9752 49510 L9039 47738 &5905 <4437 3277
-1.80 ¢9752 (9510 L9035 L7738 5905 <4437 3277
=175 9752 .9509 9039  WJTT3T 05904 4437 3276
-1,60 9751 9508 L9037 L7737 5903  .4435 3275
-1.55 9750 9507 L9037 7735 45902 <4434 3274
-1.50 9749  .9506 L9035 .T734 5901 L4433  .3273
~1.45 «974T7 49504 L9033  JTT32 5899 44431 3271
-1.40 «9744  ,0501 9030 L7729 5896 .4428 L5268
~1.35 9740  .9497 «9027 JT725  .58C2 L4425 3264
-1.30 9734 9492 .9021 L7720 L5887  .4419 3259
~l.25 9727 49484 (013 TT712 5879 4412 3252
-~1.20 9716 9473 49003  LT701 5869 4401  .3242
-1.15 <9702 9459 .8989 ,T7687  ,5855 .4388 ,3228
-1.10 «9683  ,9440 .B370 L7669 .5836 .4370 3211
-1.05 .9658  .9416  .B945 7644 5812 .4346 .3188
-1.00 «9626  ,9383 .8913 ,7612 L.5780 L4315 L3159
-0.95 <9584  .9342 8871 L7571 5740 .4276 .3121
-0.90 <9532 .9289 .8819 L7518 .5689 .4227 .3075
-0.85 «9466  .9223 8753 L7453 .5626 .4167 3018
-0.80 29384 2142 L8672 JTZT3 5548 4093 2949
~0.75 «9285 043 8573 LT275 5454  .4004 2867
-0.70 «9165 .,8923 .8453 ,7158 5342 .,3899 L2771
-0.,65 «9022 .8780 ,.8311 ,7018 .5209 .3776 L2660
-0,60 8854  .B613 .8144 ,6855 .5055 3634  ,2533
=055 8659 8418 ,7951 6666 .4878 .3473 ,2391

-0.50 8436 8195  JTT29 L6451 L4678 3234 2235
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FRACTION DEFEUTIVE, p

L I

W N

o

1,15

01 «02 «05 «10 .15 «20

«7942 7478  L,6208 4456 L3096  .2067
o7660  ,7198 .5939 .4211 .2883 ,1889
07348 6890 ,5644 3947  .2656 L1703
«7008 L6554 45325 .3666 .2419  ,1513
«6642  .6193 L4985 L3371 L2176 L1323
6254 5811  .4628 L3067 L1930 L1177
#5846  .5411  ,4258 .,27158  L.1687  ,0959
e5424 L4998 ,3880 L2449 .1452 L0792
04992 44578  ,3500 L2146 L1227 L0639
«4557  +4155 L3123 L1854 ,1018 L,050%
e4123 3136 L2755 L1577 L0828 L0386
03696  .3326 L2401 .1320 L0659 .0287
3282 42930 L,2066 .1086 L0511  ,0206
$2886  ,2554 .1754 .0876 L0387 .0143
02512 L2201 L1468 L0694 .0285 L0095
02163 01875 41210 L0537 ,0203 L0060
01842 L1577 ,0982 .0407 L0140 L0036
e1551 L1311 .0784 L0300 L,0093 .0G20
01291 L1075 L0615 .0216 .0059 .,OO1O
#1061 L0869 .0474 L0151 L0036 0005
.0861 L0693 ,0358 L0102 ,0020 L0002
0691  ,0545 L0265 L0066 ,OOl1  ,0OO1
«C546 .04210 L0191 ,0042 L0005 L0000
0426 L0321 .0135 L0025 L0002 L0000
«0328 ,0240 L0093 ,0014 ,0001 L0000
«0249 0177 L0063 ,L,0008 L0000 L0000
0186 0128 ,0041 ,0004 ,0000 ,0000
Ol3 L0091 ,0026 L0002 L0000 .OOQO
0099 ,0063 L0016 ,LOOO1 .0000 ,LOOOO
070  .0043 L0009 L0000 0000 L,OOOO
.0049 .0028 L0005 ,0000 ,O00OO L0000
0034 .0018 L0003 L0000 L0000 ,0O0QO
0023 .0012 L0001 L0000 ,0000 ,OOQO
0015 L0007 .0001 L0000 ,0000 L0000
.0010 L0004 ,0000 ,0000 L0000 ,0000
«C006 L0003 L0000 L0000 L0000 L0000
0004 ,0001 L0000 ,0000 ,OOOO ,OO0O
0002 ,0001 L0000 L0000 ,L,OOOO ,OOOO
0001 ,L,0000 L0000 L0000 L0000 ,0QO0O
0001 L0000 L0000 L0000 L0000 ,0000
0000 ,L,0000 L0000 L0000 0000 0000
.0000 0000 L0000 L0000 L0000 ,0000
0000 L0000 L0000 L0000 L0000 ,0000
«0000 L0000 L0000 ,0000 L0000 ,0000
.0000 L0000 L0000 ,0000 ,L,OOOO L0000




-2.50
-2045
~2.40
=2435
-2,30
=225
-2.20
"'2015
-2.10
=-2.,05
=2,00
-1.95
-1,90
-1.85
-1.80
—1075
-1.70
"'1065
~1,60
—1055
-1.50
*1045
"'1040
‘1035
-1,30
-1.25
-1.20
-1.15
"'1.10
-1,05
-1.,00
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JOINT PROBABILITY OF
SAMPLE MEAN GREATER THAN zZ, AND EXACTLY i DEFECTIVES
IN SAMPLES FROM A NORMAL“DISTRIBUTION (u=0,0=1)

{2, =DEVIATION OF ACCEPTANCE LIMIT, A,FROM PROCESS MEAN
18 UNITS CF KNOWN STANDARD DEVIATION OF INDIVIDUALS)

n=>5
i 0

FRACTION DEFECTIVE, p
«005 +01 «02 .05 .10 015 «20

0245 ,0480 ,0922 .,2036 ,3280 .3915 ,4096
«0245 ,0480 ,0922 .2036 .3280 ,3915 .4096
0245 ,0480 ,0922 L2036 ,3280 L3915 ,.4096
0245 ,0480 ,0922 ,2036 3280 L3915 L,4096
.0245 00480 00922 02036 03280 03915 04096
0245 ,0480 ,0922 ,2036 .3280 .3915 .4096
.0245 ,0480 ,0922 ,2036 .3280 L3915 .4096
0245 ,0480 ,0922 .,2036 43280 .3915 .4096
«0245 0480 ,0922 ,2036 43280 L3915 (4096
0245 ,0480 ,0922 ,2036 L,3280 L3915 L4096
0245 ,0480 ,0922 ,2036 .3280 L3915 .4096
0245 ,048C ,0922 ,2036 .3280 ,3915 .4095
0245 0480 ,0922 42036 ,3280 .3915 .4096
0245 ,048C ,0%922 - ,2036 ,3280 .,3915 .4096
0245 L0480 ,0922 ,2076 ,3280 .3915 .4096
0245 .,0480 ,0922 ,2036 ,3280 L3915 .4096
«0245 ,0480 ,0922 ,2036 ,3280 .3915 .4096
00245 ,0480 ,0922 ,2036 .3280 L,3915 .4096
«0245 ,0480 ,0922 .2036 .3280 .3915 L4096
«0245 0480 L0922 ,2036 3280 43915 .4096
0245  ,0480 .0922 2036 ,3280 .3915 »4096
00245 .0480 .0922 L2036 L328C .3915 4096
0245 ,0480 ,0922 ,2036 .3280 .3915 .4096
0245 ,0480 .0922 L2036 ,3280 .3915 .4096
0245 ,0480 .0922 .,2036 L3280 .3915 .4095
.0245 .,0480 ,0922 ,2036 .,3280 3914 .4095
0245 L0480 ,0922 L2036 .,3280 .3914 .4094
0245 ,0480 ,0922 L2036 3280 .3914 .4094
0245 .0480 ,0922 ,2036 .3279 .3913  .4092
0245 ,0480 L0922 ,2035 .3279 .3912 .4090
0245 .0480 ,0922 .,2035 .3278 3910 .4087
0245 .,0480 ,0922 ,2035 L,3277 .3907 .4083
00245 .0480 L0922 ,2034 3275 .3904 .4077
0245 0480 .0921 ,2034 ,3272 .3898 ,4068
0244 0480 ,0921 ,2032 .3269 3891 .4055
0244  .0479 L0927 ,2031 L3263 .3880 .4038
.0244 ,0479 .0920 2028  ,3256 43866  .4015
0244 ,0479 .0919 .2025 .3246 3846 L3984
0244 L0479 L0918 L2020 .3232 L3820 .3944
0244 ,0478 L0917 L2014 .3213 .3786 ,3892
0244 L0477 L0914 .2005 3189 L3743 3827

Ao
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FRACTION DEFECTIVE, p

Fis

RPN HR SRR o)

wdii

ZA .005 001 002 .05 .10 .15 020
"045 00243 00476 00911 01994 03158 03688 03745
-¢40 0243  ,0475 .0907 .1979 3119 L3619 .3646
=¢35 00242 0473 L0902 L1961 L3070 3535 .3526
=30 00241 L0470 0896 L1937 L3010 .3434 L3385
e 25 00240 00467 00887 01908 02937 03314 03222
"020 00238 00462 .0876 01872 02851 03175 03038
=15 0236  ,0457 0863 .1830 L,2750 .3016 .2832
0,00 00226 L0433 0806 41653 2358 ,2433 L2120
«05 «0221 0422 L0780 L1578 2199 .2210 L1865
«10 «0215 ,0409 L0751 .1494 L2029 L1980 L1612
15 0208 ,0394 .0718 ,1402 ,1850 L1746 41365
«20 0201 L0377 L0681 .1304 .1666 L1514 .1130
25 0193 0359 ,0642 ,1201 ,1479 ,1289 ,0914
35 0173 0317 L0555 .0984 .1113 .0879 .0552
«40 0162 ,0295 ,0508 ,0875 L0941 L0701 .0410
«45 0151 0271 L0461 L0767 L0781 .0546 0295
«50 0139 ,0247 .0414 0664 ,0636 ,0413 ,0204
055 0127 40223 .0367 U565 L0507 L,0304 .0136
«60 0115 .0199 .0321 0474 .0394 ,0216 0087
«65 0102 L0175 .0278 .0391 ,0299 ,0149 L0054
«T0 «0091 0153 L0237 L0317 .0221 0099 00731
o715 0079 L0132 L0200 L0252 .0159 ,0063 ,O018
.80 .0068 ,0112 ,0166 .0196 .Ol11 L0038 0009
«85 0058 0094 0135 .0150 0075 0022 ,0005
«90 0049 ,0078 L0109 .0112 ,0049 L0013 L0002
<95 0041 0063 ,0086 ,0081 ,0031 ,0007 ,OOO1
1,00 0034 0051 0067 .0058 ,0018 ,0003 ,000l1
1,05 +0027 .0040 L0051 0040 ,0011 .0002 .0000
1.10 0022 ,0031 .0038 ,0027 L,0006 ,0001 ,OOOO
1.15 #0017 »0024 0028 0017 L0003 ,L,0000 ,0000
1.20 0013 .0018 ,0020 ,0011 ,0002 L0000 ,O00C
1.25 0010 0013 .0014 L0007 L0001 ,L,OOOO .OOOO
1.30 « 0008 .0010 ,0010 .,COO04 L0000 0000 ,L,0OOOO
1.35 0006 0007 .,0006 L,0002 L0000 0000 L0000
1,40 0004 L0005 L0004 0001 L0000 ,LOCOO 0000
1.45 .0003 L0003 L0003 L0001 L0000 L0000 ,000O
1,50 .0002 ,0002 L0002 0000 ,0000 L0000 .0000
1.55 0001 L0001 L0001 0000 L0000 LOUOO L0000
1,60 .0001 ,0001 L0001 L0000 ,LOO0O L0000 ,LOOOO
1,65 «0001 0001 ,L,0000 L0000 L0000 L0000 ~,0000
1,70 «0000 L,0000 L0000 L0000 L0000 ,LOCOO L0000
1,75 «0000 L0000 L0000 ,L,0COO ,L,0000 L0000 .0000
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JOINT PROBABILITY OF
SAMPLE MEAN GREATER THAN z, AND EXACTLY i DEFECTIVES
IN SAMPLES FROM A NORMAL“DISTRIBUTION (u=0,0=1)

(z,~DEVIATION OF ACCEPTANCE LIMIT, A, FROM FROCESS MEAN
Iﬁ UNITS OF KNOWN STANDARD DEVIATION OF INDIVIDUALS)

n=5
i=0
FRACTION DEFECTIVE, p
«005 «01 02 «05 «10 «15 220

0002 ,0010 .0038 .0214 L0729 .1382 L2048
0002 .0010 0038 .0214 L0729 .1382 .2048
0002 ,0010 .0038 .0214 .0729 ,1382 .2048
0002 ,0010 ,0038 ,0214 .0729 .1382 .2048
0002 ,0010 .0038 .0214 L0729 .1382 ,2048
0002 .,0010 L0038 .0214 0729 .1382 .2048
0002 .0010 L0038 ,0214 L0729 .1382 .2048
0002 L0010 .0038 .0214 0729 .1382 ,2048
0002 .0010 L0038 .0214 .0729 .1382 .2048
0002 L0010 L0038 ,0214 L0729 ,1382 ,2048
0002 L0010 L0038 ,0214 LUT29 L1382 2048
0002 L0010 L0038 L0214 L0729 .1382 L2048
0002 L0010 ,0038 ,0214 .0729 L1382 L2048
0002 ,0010 L0038 - ,0214 L0729 L1382 L2048
0002 .0010 ,0038 .0214 .0729 .1382 .2048
0002 ,0010 L0038 .0214 L0729 .1382 ,2048
.0002 L0010 ,0038 .0214 .0729 ,1382 .,2048
0002 .0010 ,.0038 .0214 .0729 .1382 .2048
«0002 .0010 .0038 .0214 0729 .1382 .2048
.0002 .0010 .0038 L0214 .0729 .1382 .2048
0002 ,0010 .0038 .0214 L,0729 .1382 .2048
.0002 .0010 ,0038 .0214 .0729 .1382 .2048
0002 .0010 .0038 .0214 .0729 .1382 ,2048
.0002 0010 .0038 .0214 .0729 .1382 ,2048
.0002 .0010 00038 00214 00729 01382 02048
.0002 ,0010 L0038 ,0214 .0729 ,.,1382 ,2048
.0002 ,0010 .0038 .0214 .0729 .1382 .2048
+0002 .0010 ,0038 .0214 .0729 .1382 ,2048
0010 .,0038 .0214 .0729 .1382 .2048
.0010 0038 .0214 .0729 ,.1382 ,2048
.0010 .0033 .,0214 .0729 .1382 .2048
0010 ,0038 .0214 .0729 .1382 .2048
.0010 .,0038 .0214 .0729 .1382 .2048
.0010 ,0038 .,0214 .0729 .1382 .2048
.0010 ,0038 .0214 .0729 .1382 .2048
.0010 .,0038 .0214 ,0729 .1382 .2048
0010 ,0038 .0214 .0729 .1382 .2047
0010 .0038 .0214 .0729 ,1382 ,2046
.0010 ,0038 .0214 .0729 .1381 .2045
.0010 ,0038 .0214 ,0729 .1380 .2043
.0010 .0038 .0214 .0729 .1380 ,2041

® © & & ¢ o & & & 5 8 O 2

il
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FRACTICN DEFECTIVE, P

z, «005 «01 «02 «05 «10 15 20
-045 .0002 .0010 .0038 00214 00728 01378 02037
-e40 «0002 L0010 0038 L0214 L0728 ,1376 2031
-~e35 «0002 0010 L0038 ,0214 L0727 1373 J2022
-.30 .0002 .0010 00038 00214 .0726 .1369 02010
"025 .0002 .0010 .0038 00214 00725 01363 01994
-e20 «0002 ,L,0010 L0038 L0214 L0723 .1355 L1972
"015 .0002 00010 .0038 00214 00720 .1343 01943
‘010 .0002 oOOlO .0038 00213 00716 01328 01906
~e05 «0C02 L0010 L0038 0212 LO71C .1308 .1859
0.00 «0002 L0010 L0038 L0212 L0703 .1283 .1800
«05 «0002 L0010 ,0037 0210 L0693 L1251 .1729
10 «0002 L0010 L0037 ,0209 .0681 .1212 L1645
15 «0002 L0010 0037 40207 L0665 41165 1549
«20 0002 0010 L0037 40204 0646 L1109 L1439
25 o002 L,0010 L0037 0201 L0623 .1046 L1318
30 «0002 ,0010 L0036 .,0196 0596 L0974 .l188

35 00002 0009 L0036 L0191 L0565 0895 41053
»40 «0002 L0009 L0035 L0185 0530 0811 L0914
45 «0002 0009 L0035 L0177 L0491 .0722 .O777
50 «0002 ,0009 ,0034 L0168 L,0449 0632 ,0645
55 0002 L0009 L0033 L0159 L0405 L0542 .0522
60 00002 L0009 L0032 L,0148 L0359 0455 L0412
065 0002 L0008 0030 L0137 L0314 0373 L0315
TV «0002 .0008 L0029 L0124 ,0268 ,0299 .023%4
75 «0002 L0008 L0027 L0112 L,0225 .,0233 ,0168
«80 «0002 L0007 L0025 L0099 .,0185 L0176 ,O1l17
«85 0002 L0007 L0023 ,0086 ,.0148 ,0129 .0079
«90 0002 L0006 L0021 L0074 LOl16 .0092 L0OS1
«95 «0002 L0006 L0019 L0062 .00O88 ,0063 ,0O32
1.00 «0002 0005 LOOl6 .0051 L,0065 0042 L0020
1.05 «0001 L0005 L0014 .,0041 0047 L0027 LOO12
1.10 «0001 0004 .0012 .0O033 0033 .00L7 LOOO7
1.15 0001 .,0004 L0010 L0025 ,OO22 .O0010 0004
1.20 0001 0003 0008 L0019 ,0014 .0006 L0002
1.25 .0001 ,0003 L0007 L0014 LOOC9 L0003 .0OO1
1.30 0001 0002 L0005 L0010 L0005 L0002 L0001
1.35 0001 L0002 L0004 L0007 L0003 L0001 LOOOO
1.40 0001 L0002 L0003 L0005 L0002 .OOOL ,L,OOOO
1.45 .CO00 L0001 L0002 L0003 L0001 L0000 ,L,0OOO
1,50 «0000 L0001 L0002 L0002 L0001 LOOOO  .0OOO0Q
1.55 «0000 L0001 L0001 L0001 L0000 L0000 L0000
1,60 +0000 L0001 ,0001 L0001 L0000 L0000 L0000
1,65 «0000 L0000 .0001 L0000 L0000 L0000 ,OO00
1,70 «0000 0000 0000 L0000 L0000 L0000 L0000

1,75 «0000 L0000 L0000 L0000 L0000 L0000 L0000
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