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Subscripts 

A,  A', G 

E,  T 

B(E) 

R(E) 

1 

2 

3 

NOTATIOM 

D Reslstanct or drag 

g The accileratlon of gravity 

H A stagnation prtsaure, k + pgi 
2 

H. A stagnation pressure, k   + pgz 

I A momentum transfer Integral 

k Local stagnation pressure excluding the local 
hydrostatic head 

P A static pressure, p   + pgz 

p Local static pressure excluding the local 
hydrostatic pressure 

Q Source strength 

S Surface area 

u0 Pree-stream velocity 

u,  v, w Components in the direction of x-, y-, and z-axes. 
respectively, of local velocity 

x. y. z Three mutually perpendicular coordinates, 
Cartesian system 

p Density 

Certain two-dimensional regions 

Certain three-dimensional regions 

A potential-flow field In the region E 

A rotational-flow field In the region E 

Conditions at box end A (Figure 1) 

Conditions at box end A', real flow 

Conditions at box end A1, synthesized flow 



THE SEPARATION OP VIbCOUi) DRAG  AND WAVE DRAG 

BY MEANS OF THE WAKE SURVEY 

by 

Marshall P. Tulln 

ABSTRACT 

The wake-survey method of measuring viscous drag Is analyzed for flows with 

surface waves and the result Is obtained that the separation of wave and viscous drag 

Is possible and that the method ct separation Is, without consideration of practical 

aspects, identical for submerged and surface flows. 

INTRODUCTION 

Certain Important technical applications require knowledge of the 

total resistance and the magnitude of the components of the total resistance 

of bodies moving In real fluids. The total resistance may have contributions 

from various phenomena. For flows without surface phenomena (submerged flows) 

the resistance may be due to unsteady effects, viscous effects, "induced-flow" 

effects, and—for gas flows—the "supersonic wave" effects. The addition of 

surface effects (surface flows) causes an additional contribution. 

The interest of the aerodynamlcist has almost completely been in 

submerged flows, A desire to separate the contributions to the total resis- 

tance according to the nature of the contributing cause led Betz1 '2  to devise 

"A Method for the Direct Determination of Wing-Section Drag" for incompressible 

flows. The method utilizes pressure surveys In a plane normal to the flow 

direction and directly behind the body, the surveys being necessary only in 

the narrow wake region. The method, including the practical aspects, has 

been further discussed and Justified,3'4'5>8 and has become a standard tech- 

nique of the aeronautical researcher. It has been used in both model and full- 

scale tests, and may be used for the investigation of generally practical 

configurations. 

The desirability of separating the wave and viscous resistance 

associated with surface flows suggests the use of an appropriate wake-survey 

method for those flows. Although William Froude is usually credited with 

having first stated the principle upon which the method depends, the develop- 

ment of the method for surface flows has apparently never been accomplished; 

'Befernncoa are lletod on p&ge «. 



It  Is not, at least, a standard naval-architecture research method.    The 
derivation of the method follows.    It makes use of the Ideas of Betz,  suitably 
modified according to the differences between submerged and surface flows. 

The result is obtained that separation of wave and viscous drag Is 
possible and that the method of separation is, without consideration of prac- 
tical aspects.  Identical fo/ submerged and surface flows. 

DERIVATION 

The resistance of a body in steady motion may always be round by a 
proper consideration of the conditions at the boundary of some space surface 
(a so-called momentum-control surface) completely containing the body.    The 
body which creates surface phenomena Is, for our purpose,  enclosed within a 
rectangular box stationary with respect to the body,  as in Figure 1 .    The end 
A of the box is taken at infinity ahead of the body, while end A'  is taken at 
some close distance behind the body.    The sides and bottom of the box are also 
taken an infinite distance from the body; the top need only be taken as being 
completely above the fluid surface. 

The derivation does not require detailed knowledge of the surface 
phenomena,  but it is assumed that only at considerable distances downstream 

Figure 1   - The Momentum Control Surface About a Surface Flow 



of the body does the surface phenomena Involve significant rotational flow. 
Thus,  Inside and on the surface of the box (the region E) the flow Is every- 
where Irrotatlonal except In the finite region T which consists of the frlc- 
tlonal wake.    This region Intersects the box end A' In the plane region 0. 
The entire flow field may be consldsred to consist of the sum of a potential- 
flow field, B(E),  and a rotatlfcnal-flow field, R(E).    The rotational field Is 
null In the region E-T,    The potential field within the region T is that con- 
tinuation of the potential field in E-T which is consistent with the surface 
conditions in the region T; it may not be divergencelQ.S8. 

The force on the body in the x-dlrectlon may be found by adding the 
net force in the x-direction "actiiig" on the control surface to the x-component 
of the net momentum transfer through the control surface. 

Let: 
The subscript 1 refer to conditions at box end A. 

The subscript 2 refer to conditions at box end A' for the real flow. 

The subscript 3 refer to conditions at box end A1 for the synthe- 

sized flow. 

p denote that part of the static pressure not due to hydrostatic 

forces. 

u, v, w denote the velocity components in the x, y, z directions, 

respectively. 

p denote the invariable fluid density. 

u denote tne velocity of the stream at infinity upütream, it 

being assumed .that the body Is at rest in a moving stream. 

Bernoulli's equation which applies to all parts of the fluid whose 

particle constituents have not passed through a region of vortlclty Is 

pgz + p + jp(u2 + v2 + w2) - k. + pgz [ l j 

where the constant k may be referred to as the total head and g Is the accel- 

eration of gravity. All z's are, of course, referred to a certain common 

origin plane. 

The expression for the resistance (or drag, D) becomes, for the 

case where a real surface flow is being considered 

D - f f (p +/>gz+puf) dS - f f (p +/ogz+/)U2) dS -t- I 

(2] 
viscous  wave 



where S represents a surface area and I represents the momentum transfer 
through the side and bottom surfaces.    This transfer can be due only to the 
potential surface effects.    It Mill be seen that It need not be explicitly 
given.    The various Integrals of Equation [2] are to be taken over Infinite 
areas and permit no separation of the drag components.    The further develop- 
ment depends upon a device fof separating these components and obtaining an 
Integral for the viscous drag which Is to be taken over a finite region. 

The derivation proceeds, using an extrapolation of Betz's Idea,  to 
consider the resistance due to a synthesized flow caused not by the real body, 
but by a fictitious wave source and a fictitious wake source.    The appropriate 
wave source produces the dlverffenceles^ part Of potential-flow field B(Ey 

previously referred to.    The velocity field corresponding to B(E) must neces- 
sarily correspond to the real velocity field In the region E-T, and It is 
assumed that the velocity field of the dlvergenceless part of B(E) within the 
region T may, becau&e of continuity requirements,  be considered Identical with 
the real velocity field within T.   The usefulness of the final result depends 
to a great extent upon the validity of this assumption and an assumption to be 
made concerning the existence of a wake source, but these assumptions should 
be as valid for surface flows as they are for submerged flows; the usefulness 
of the submerged flow result has been demonstrated.9   Within T a static- 
pressure excess referred to the real flow exists due to the invarlance of 
total head in the wave-source flow.    In order to relieve the static-pressure 
excess a certain distribution of sources is utilized.    It is assumed that 
there exists a wake-source distribution such that the surface wave pattern 
and the potential flow in region E-T is unaffected,  but that in the region T 
increases in strearawlse velocity components,  and in only these components, 
are obtained Just sufficient to remove the  static pressure excess.    The flow 
in the region A'   then has the properties 

k    -  k   ; 
3 1 

P3    -   V v   ;        w    » w   ;        u   > u 
2 3 2 3 2 

13] 

The resistance of the synthesized flow is the sum of the resistance 
of the wave source which is  Identical with DM0„0,  and the resistance of the 

Wa V6 

fictitious wake source. This wake source of necessity has the strength 

Q - p ff (u - u ) dS [4] 
■'G J 3     2 

and according to Lagally's Theorem7 the wake source thus has a resistance 

D ,       ■ - 00 u wake source    ^^ o b] 



The results so far obtained; 

Dwave + Dvlscous " [J(P,+«^^) <* ' \J (P/Pg«W) dS + I [2] 

Dwave + Dwake source " i J (P/^«^) ^ ' (J (P8^^) dS + I  (6] 

D
u»i,«i o«.,»./,« ■ - Pu^ I f |u - u ) dS [7] wake source     o j j  a   a 

k   - k ;      P, ■ pa;      
v, " v

a;      
w, " W3J  

u, > u3   t'l 31       *    2       32       92       92 

Making use of these results and the result easily obtained from 
[1] ?.nd [3] 

P(u2 - u2 )- 2(k - k ) [8] 
3    2        12 

there Is obtained the desired result 

Viscous - 2U ^   - kj dS - pu0 fj (u3  - u2) dS 19] 

Betz obtained for submerged flows,   In a slightly different manner,  the result 

DVlSCOU8   " {J ^l    "  k2^   dS   - I   IJ(U3   "   U2,(2U0   -\-\)M      HO) 

Equations  [9] and [10] are, however,   Identical since 

I IK - u
2
,(u3+ vds ■ I U(u3 ■ ^dS "U(k' - ^ds [11) 

It only remains now to express Equation [9] In terms of measurable 
quantities. The simplest expression will be obtained If It Is assumed that 

u2 
pgz + p +^-5*- ■ k + pgz [12] 

2     C      2 

that Is, that the streamwlse component of velocity behind the body Is much 
greater than the other components. 



Then, If H0 - J^ + Pgz; H - k^ + ^gz; P • ^gt + p , where H0, H, and P are 
measurable, there results 

DVI3COU8 -U{2Mo - «J + <2KIH - p^H- <2^;tHo - p^Vl)ds [13] 

DISCUSSION 

The theoretical possibility of separating the viscous and wave drags 
for surface flows by means of a wake survey has been demonstrated.    The utility 
of the method depends upon the solution of those problems of practical nature 
which will arise in the application. 

The separation of the viscous and wave drags in model tests would 
permit the possibility of improvement in drag prediction techniques through 
the replacement of the Proude method.  In which the viscous drag is not meas- 
ured, but is estimated by calculation. 
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