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%? ABSTRACT :
ﬁ In tais paper the meabrane solutions for non-symmeiric vibration .
i of a spherical Jome are studicd. The solutions are written in a con- :
§ vanient form, and it is shown how these reduce to the faziliar mem- e
3 brane aud lnextensional sciutions in the static limit. This informa-
E tioa enubdies one tu perceive several difficulties in finding inexten- f;
k] - -~ - s :
i sionel frequencies by numerical sicans and to suggest ways around thoese L
{ aisfficultics. Also membrane frequencies are found for circumferential .
3 wave nuabers up through cight by direct calculation and compared with
: sceveral different approximations. One type of approximation, due to SRR K
3 Jeffreys and Jeffreys, zives quite good resuilts. t is seen that o
- x4
: ¢arlier work agrees well with these results except for a few frequen- .h
; . s - P L
4 ¢ies which zre not found at all in the present calculations. i
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dveins the behavier of tentls wiad paraclaites v is pertinent Lo

.oy il vibraiions of thin shells.  Ia 2his paper we slall focus
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e clussical thia-shell theory thae governiag system of equations is o
eirhil order, and solutions in the form of Associated Legendre Functic...
azve deen found by Xalnins and Wilkinsonl and Prasze2. Four of these

.

Ue approximated with the aid

¢

solutions zre of bending type and can often

Ars e e ceh o e

v

W Laympiotic methods used by the writer®™?. Although we shall mske
sote remarks about these solutions, our main concern here is with the
remaising Jour sclu:ioné, wiich are of membrane type.

We saall first write Gown these four solutions in various forms that

re useful and shall describe some approximations that are applicable in

B

[

severzl iimiting cases. Then in Section 3 we shall present forzulzs

showing how these dynamic solutions reduce to the familiar static men-

brane angd inextensional solutions as the dimensionless frequency¢5?L,

s

.

ends 10 zero. It is heipful to bave this information, in particuiar, “
to xnow what linear combinations of the Legemdire Function solutions
2pproach the inextensional solutions as—52:€><> before one tries %o o

deduce inextensional frequencies and n=odes from the Legendre Function

solutions. This new information should heip in evading the difficul:y o
that han bheen eEperienced (seo ﬂwan" J in making these computations. ) :
e lion 4 cuntadoes resultls about sembrane aaturil frequencies for beais-

cheres with free-edges. These results are compared w.:h each other and iy

e
.

7

also with the earlier calculations of Nazhdi and Kolnins’, The results <

are discussed in Section S. :‘
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% aivear in terms of Associated Legendre Fanctions Ly Noghdi and XKalnins'.
o L=
i We oro.Gliouse sliphily sodified versions of taeir solutions, which are coa-

Venaoth 20 sl

.. LR e, - N i+ Y 3
. “ T = z, TS ] .23 Tow e {cos:t)
uy = A e, B w = A eu, A
L g
- oot Foct
v "= ~miw,® cse, v B= wpiy_csc
i 1 d 2 ‘2 e

S.. s :;3“‘= ~micsed 2, (cosH)

v.P= A &2 P8, wP=0
<

Here m is the circumferential wave nuzmber (2 non-negative integer for
shells of revolution) and

A= (1-SF 701+
(a+31¥= 2+C1+2902{3-¢ 1-1:)323‘_}/(1 -

o

~
L
*
e
4
o
#

Gr2°2 +2 (1 + )2
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where ") is Poisson's Ratio. The functions Zf; and Z= are reizted tc tha

n
Associated Legendre Functions by e.g.

Z " Ccos £ = (=207 ml D(e-nt1) 2 "(cos )
T (nael)

LB,
= sin £ Fll+mm, o-n; atl; J{1~cosy }3
wirere F (...) denotes the hypergeormetric fuaction. We shall also use
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T, Letoin thoe LoloYaewiiic tisce (=D, the torsionliess ninvrane

et [ - s S e, : -
B0l VY and §f, are Sot neCessarily accurate approxinations to
solnilons i thw complete {i.e., mesbrane plus bending) systca ulen

.= L. <This dufect of the pombranc approximation was also siown 1o

.

Co sriptonatic of the occurrence of a tramsition point {of infinite

order) in thie =svesictic approximations to “he bending solutions when
- - & o

—="" . The singularity in (2) when & =} is evidence that this diffi-

Coltr Dersists in ihe non-symmetiric case. llovever, the analogous

equation for k, (3), contains no such singularity, a2nd we conclude
that ine vorsionai iembréne solutionsjsz and‘gg, are free of this de-
cct at o hl=t,

Second the asyﬁptotic formulas {7) and (8) for Z: are valid when
n and @ are both large and are of course equally applicable to the
function Z?. These asymptotic representations suffer from a transi-
tion point at g=di, where

sin #4¢ = a/n - 9
It is wortk dwelling on the differences between this transition
puint snd the one cescribed above, vhere S =1,
“he mo.t obvious difference between the tuwo kinds of transition
P

soints is this. The transition point foras=l1 shows itself as a

sinmgularity in the relation (2) between n and L and does not involve

— o

=, whereas the present transition point. is determined dv the relation

(9) between m and n and does not show itself as a2 singularity of any
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Ao 1 sieie 20f @ pnhece we see” ihat (1) the memdrane sysicm bas &

st vy Whenfosl bul the complete system does not, wnd (31) nediher
Pt e sinrularity ut points piven by (9).  Wo conciude thal the
sL v oirLly o in il seerdrane equations foroil=l implies that some of the
Conbiraie Soiut ens'arc tilen poor approximations to complete solutions.
Thae Wasence of such a singulacity at éiﬁz means that the present transi-
ion noint does not significantly affect the accuracy of tae mimbrane
sciutlions as approximations to complete solutions but merely afl=cls

1@ sccuracy of the asymptotic formulas, (7) and (8), as approxinetions

ey & e : - S P S
to the mesbranc solutions. Alternatively, we may say that, whens-=i,

bendirg effects intrude into the mesbrane equations, or that there is
sore xglange of bending and stiretching encrgies, but bending does ot
affeet waat happens atiﬁﬁﬁt. The shortcouings of the approximations
(7} ard (8) near g, can b: overcome entirely within the scope of . the
merbrane theory, without coasidering bending effects.

3. o.hevior of Mesbrane Solutioms as S0, .

we consider first the passage to the siatic 1imit,S2:0. In tais

case a—rl and k»1 and

o — PO - "(_‘ ™ - - - .:. -]
Zl =sin g7 Lg_:-tz, m-l; o+l (1 cosgf)]

e

#

{? Q1+ mi} (= + cosg) tan"id .

= - & o ¢

s s T2 o .
Q" = {-siaf)” a Q {(x)éx , x=cosg :

(e x) = ixln (L +x}/(C=-x) -1
Lov: gives the soiu:ions.zfm (j=1,2,3,4) to the statical menbrane
R ¢
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solutions, with the following displacements:
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relation :

i, B = ! » o B
g /a8 = (n-nrl)cscd Pos1 ~{n+l)cosd "n

. . n .
togeiher with the asymptotic relation for Zn . The frequency equation

assumes different forms in three regions, as follows:

"{i) nmvkyn
-1,2 14 1 - 2=y <
(m-lin’) g(nn T (M - 3T =0
(ii) xy n;';n
i
- 2 ‘
(a-Tkn gl) tani T(k-m+1)

-( M- —},nnn"‘)( N, - émk"l) =0
(iii) kyaym .

H

il
(m-ﬂn°1)2 tan}T(k-n+1l) tan} T (n-m+1)

ta s i’
(ﬁn-%n"n )(Nk°%kxk ) =0

Pt

§
)

(18)

(19)

}fatural fr- .encies nay be estimated exsily in the various regions

|

with the aid of thes¢ formulas. The results of these computations
1

are conpaved with tlu? calculations based on the accurate frequency

equation (15) in Tabfe I.
- . 2
A further simplification is possible when m)- or
1S aed)2 ) a2 ,
ir. which case (19) beeones .
taalwr(k-n+1) taniwr(n-m¢l) = o’ "%

-

whernce i

k*%“”rn-g

u+£%21.:-u-3

- wree

q

(20)

(21)
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2
anere J and L are sufficiently large positive integers. When 31971,
R we have from (2) and (3)
-”» N

- a + 1=222Q1 -2

x + 120 +35] ’

W ame e e W PinEebe s acE  Am e = see meen

Combining these with {20) and {21) we find two familics of natural
frequencies, given by
' Qr2r + @ =11 -2 (225

Q=L +a-Hl2a ﬂr)]“l‘,z (23)

rezbrane modes, the second with torsional modes. The frequency for eacii-.
branch depends linearly on m with different slopes for the two families.
These predictions are shown in Table I and Figure §.

5. Discussion

PO

- .

. We shall comment first on the behavior of the solutions as o>

and then on the natural frequency calculations.

H

The formulas (10)~-(13) show clearly that in the limit as Q. .0
the dynamic meambrane §olutions in the form of Legemire Funciions are v
cquivalent to the familiar static membrane and incxteasional solutions.

We find that, as Q-»0, two linear combinations of the dynamic solutions: .
tend toward the static, inextensional solutions and two other combina- ' .
! '
tions tend to the static mexbrane solutions., These linear combinations

are given in (10)-(13). P

Wwe shall now point out several of the pitfalls that one may en- N

counte-~ in trying to calculate the inextensional frequencies for a

. .
A ®

freo-otod dome froa the gencral solution. The general solution with

7€
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. “een o SunhidaL WAV Hictber 3 s {for o dome) ecxpresscd ia temdn oo :
: wooilad Lenendre Punctions in the {ora : . .
: - P Branc.s o Ry .
. X - Cn 323 \CO-DJ) + ck t‘;; (6—95‘7)
H '
1 + C. Py &) n < oo
?“ ul Pb1 (CO.);JJ + cbz & b,}(cocd) (S . ',
i i * - ;
i
i wida Gerived expressions for the other varishles, Here n and k arc L :
; . D >
: Lhw serces o the Legendre Funciions conncctel with the zembrane ; §‘ :
s>Twtions, and bl and b2 are the degrees connected with the bending . :
. - ] &
solutiouns, These solutions were given explicitly by Xalnins and ! :
. 3 B :
Trlalnsont.
! !
“ow the inextensional {requencies are very low, i.c., P
P
R%=0(n? 7% )c<1 e :
. v
wacoe h is the thickness and R the radius of the shell. ¥e have pre- : ]
viocusly poinred ouz® that when,S2 is this small, the bending solutions | . .
‘ ~¢ neariy s atical and are both of edge~-cffect type. Also, we sce -
“+ . P
3 T k4
L from (% and (3) that i
nx kxl g
L) ‘& i;
it is on inconveanient property of the Associated legendre Function o *
Ikat, e.3., P, ®(cosd) vanishes identically whea m is an integer and 7 2l
L4 .
= 7 n. Since inextensional solutions occur only when m 2, we see that - ; :
} Tl :
H f H
. ?_ ®{cosg) azd Py x“(t:/asc’.‘) will be very small for the inexteasional modes.. i P
¢ o v
e This =2y make it kard te evaluate €, and Cp numerically. This difficulty i
e ,:' 3
‘:‘: 2 b2 evzded by uring the solutions Z,%, Z; B, which do not become szll . '
E . ::
ik . 3
‘ . vhcan A Lud K are n2ar unity, i.c,, we m=ay write the generzl solution 2s "
i e .
) Wi = C‘ z, ’“(cosd) + (:k Z, ®{cosd) j :
L ) P
k. . : .
.‘.:’ i + c x‘ » > u -y : :
§ b, bl {cosd) + ('b ¥ by {cosd) 25) ; ;
5 * 2 L §
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houeves, we are not out of the .oods yet, for it is only a very

c o s e .., n
special linear combination of Z and z ®
b3

that leads to aa inexten- S

sional solution. If we rewrite (25) as T

L]

it . rep 1B n < N o . I ., W&
wf‘ .3‘.( Cn‘-i-Ck')‘ln &+ Z:{ )y + -_:(Cn "Ck )(‘n - Zy )

pts +

+ cblel( cosgd) + Cb',?b {cosg) .

. 2
we ree from (12) thatithe first solution becomes inextensional as
*Vemyp . but the necomtinolulion 35« wesbrane solution. s order to

obtain a isede which is predominantiy inextensional we must have 4

ct'-cCct' -
2 X z21

cut‘,cki '.'

It is plain that, if the constants are evaluated numerically with

insuifficient accuracy, so that Cn' aad Ck‘ are not quite equal, we may g
be accidentally introducing a2 1litcle bit of the meabrane solution.

Even a little trace of the membrane solution is enough to destroy the
inextensional property of the solution amd prevent one from obtaining
inextansional frequsncies. It is possible that this difficulty can N

be overcome by careful calculation. If not, it may be necessary to

set Cn":Ck'throughout the calculation, temporarily discarding one

membrane bowikdary condition. After an inextensional frequency has

been found, the discarded boundary condition can be used to calculate

.y

the difference Cn’-Ck’, which is initially taken as exactly zero.

e,

The results for membrane natural frequencies of a free-edge hemi-

-

sphere are given Table I and Figurs 1, The gross features are these:
(i) vhen ::12)79_:2 , there are no membrane freguencies.
id ‘.\'11en§f)7x:\2 , the simple asy‘x::pstotic estimates (22) and {23)

are fairiy reliable. These predist two families of frequencies wiich

[, . me P T e




o

W e

. woreinl Linenriy on i, i.e slopes o
Thivse prodictions are less accurale near points wihere iwo {icogquenc)
ines cross than eglscwhere, and the errors in the asymptstic : o

-

esiimates change sign at such points.

3
|3

B N W e o - m——

. ae -l e d 2 . . .
(3i) If * and nu”are of comparable size, the picture is more

ey

complicated. When & and ‘mare boih large, tiue most important analyti- 3ﬂ
cal features are the n-andk~ transition lines, i.e., the locus of

predntn Tor whichnmea and B¥m o renpec tively,  Thene are taowsn i

‘

Fijure 1. Uelow the k-line the approximate freguency comdition, D

{i7), involics no gscillatory functions, and there is merely a single

Pasarae <1

;
K frequency for each . Between the n~and k-transition lines the fre- %R
X

-

quency condition,(18), contains an oscillatory function of k, indicating
that there is one family of frequencies, namely those of torsicnal
- t

P

type. Above the ?~1linc :w? families of fr-quencies are found, cor-
2 k4

responding to the two oscillatory functions that occur in the fre-

quency condition (i9).

Intcresting information is revealed by comparisons among the

. various approximations givén in Table I. First, we see that the approx-

PN R TR

imate frequency equations, (17)-(19), give genérally good agreement

- e

with the more accurate frequency equation, (15). The accuracy is °

oot e o B ay e

poorest, of course, near the n- and k- transi:ion lines. The simple E

asympigtic estimates, (22) and (23), are not as accurate as (17) and

(19, but are tolerably zood when Sl?jﬂh % They are very poor near or 21272 .o

below the n-transition line.

B
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o1, tae caleulntlions based on (15) do not niwd Comnietc o o .....:
i
. Py - ~ N LYt S 1. : 7 ™, 1 B oo - <
Ceo Ly sevious results of Noghdioand Fulpias . For me=l the o osoonont

Toovesn ood.,  For w2 and 3 taere is pgood agreement for sone fovounielien,

.
Jue lae proseal ealeulniions do not show cerinia froguencies that woo.

‘wuad earlier.  Separate hand caleulations were pade for onch of ihesue
i

«w..'oiionable frequencies. In no case was 2 frequency found, lorcover, .

i+ we plot these daubtfn; frequencies on Figure 2, we sec that ticy da
- {

ot fit well with the pattern of the rumaining frequencies, Ve conclude,

fheselars, Thal Lie freguencien mavhed w1lh o gwenf sens marh 1n S.de 4

S SAITiOoNS .

ia closing we may remark taat these membrane fregquencies arce il

P

b compared with the inexteasional frcjuencies. This does not necos-

5

surily mean that they are unimportant, however. Their importance in o

problea of tinc-dependent loading depends on whether their mode makes =

- ‘

simailicant contribation:to the response of the shell. This in turs gopend

)

.

on the Zind of opplied load and iis spzatiai distribution. It is relcvant

N

13

.
.

. - . . .
it iac modes” associated with rost of these frequencics involve much ‘
more wolticn in the shell surface than nermal to it. Therofore, if
vXperinents on sheil vibration are made in which oanly motion zmorzal to

the suriace is mcasured, it will e very easy to miss these modes and

conclucde {crroncously) that they are uaimportant.
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