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FOREWORD

The research presented herein was sponsored by Arnold Engineering
Development Center (AEDC), Air Force Systems Command (AFSC),
Arnold Air Force Station, Tennessee, under Program Element 61445014,
Project 8951, Task 895106,

A program of research is in progress at CAL to develop a catalytic
probe as a diagnostic device for use in high temperature test facilities.
This program is sponsored by AEDC under Contract No. AF 40(600)-1093,
and is under the technical cognizance of Captain C. O. Forsythe. This
is an interim technical report describing the results of a theoretical
study to provide a better basis for interpreting data obtained with a

catalytic probe. The manuscript was submitted for publication on April
18, 1967.

The reproducibles used in the reproduction of this report were
supplied by the author,

The author gratefully acknowledges the aid of T. C. Golian in
making detailed estimates for various aspects of this study.

This technical report has been reviewed and is approved.

Ian F. Flemming Edward R. Feicht
F/L, RCAF Colonel, USAF
Research Division Director of Plans and Technology
Directorate of Plans and
Technology

ii



AEDC-TR-67-88

ABSTRACT

A theoretical solution is presented for species diffusion in the com-
pressible laminar boundary layer on a flat plate for frozen gas-phase
chemistry, Itis assumed that the recombination at the wall is & first-order
reaction, and the chordwise concentration gradients are neglected. The
solution parallels Crocqo's treatment except for the assumption governing
the viscosity variations with temperature, A modified Chapman-Rubesin
constant is used here, and it is assumed that the product of the density and
viscosity varies as a power of the static enthalpy. This makes it possible

to closely approximate the actual _ou-product in the vicinity of the wall.

The solution for the species equation and the energy equation are
obtained in terms of the shear in the boundary layer. The latter is deter-
mined following an empirical calculation used by Young. The result given
here should be somewhat more general since the Frandtl number effects
are included in a more complete fashion. The solutions for heat transier
and skin friction are compared with existing exact numerical solutions to

show that they agree with typical errors of about 5 percent.
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LIST OF SYMBOLS

Species mass fraction

Specific heat at constant pressure

; o, C#,;

Temperature

Cp ta

Heat of formation for the (' species
Static enthalpy of the mixture I + /2 ¢, /’Dg
Total enthalpy

Density

Viscosity

Binary diffusion coefficient

Thermal conductivity

Prandtl number &« EP/k

Schmidt number /0 0,

Lewis number o&7/5c

Cartesian coordinates parallel to and normal to the ambient
stream

Velocity components in the ¥ and ¢ directions
u

Shear, a—é—

Universal gas constant

Atomic weight

Catalytic efficiency, the ratio of atoms recombining on the
surface to the atoms incident on the surface
Ri,

Wall reaction speed JZ; f o
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Plz) T=@(x) Flu)
Flu) T = @(x) f(w)

2 (7} Equation 9

F(?) Equation 11

w The viscosity exponent, u~7 %
Wy e Equation 10
C,: Equation 10
g Heat transfer rate per unit area
2.
Cf, Skin friction coefficient zz-'//:e “e

g
e U, (H,.-1,)
Re Reynolds number 2 2 2/ 4,

O

Stanton number

A(y,07) Equation 12

B(y.0} Equation 12

Elz,07) et Co Ve !
’ ﬂwkw A:(/,d") 20“/’;;'

a,.a,6,,5 Eqguation 18

Subscripts
< Pl species
w Wall conditions
e Conditions at the edge of the boundary layer
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I. INTRODUCTION

A program of research is in progress at CAL aimed at developing a
catalytic probe as a diagnostic device for measuring species concentrations
in nozzle expansions of high temperature air. This device was originally
suggested by HOenig,l and has received increasing attention in recent years.
Basically, it consists of two adjacent heat transfer gages. One is coated
with a surface which is catalytic to atom recombination while the other is
coated with a noncatalytic surface, The difference between the heat transfer
rates sensed by the two gages is proportional to the number of atoms striking
the surface, and this can be related to the ambient atom concentration if an

appropriate theoretical solution is available.

Theoretical studies of catalytic surfaces in reacting flows have been
pursued for about a decade and solutions are presently available for species

diffusion in the laminar boundary layer both for the frozen casez-11 and for

the case where there is species produc:tion.lz"l‘4 A variety of configurations
are treated in these references including the flat plate with and without
pressure gradient, wedges, cones, and blunt bodies, These also cover a
range of assumptions for the transport properties including a linear viscosity-
temperature relation, constant Prandtl and Schmidt numbers which differ
from unity, and variable Prandtl and Schmidt numbers. With this wide
assortment of theoretical solutions available, it was expected that experi-
mental data could be interpreted within the framework of at least one of them,
Early experimental results showed, however, that there were important
effects apparently stemming from the transport parameters {Prandtl number
and Schmidt number) as well as variations in the product of the density and
viscosity, This might have been anticipated from the numerical.solutions
given by Janowitz and Libby.8 In that work, numerical solutions were obtained
for the frozen laminar boundary laver for certain specific cases, Those
included constant transport parameters as well as realistic models for the
transport processes in the boundary layer, The comparison of the computed

results obtained with the usual assumptions for the transport parameters
Sk
'R Me

(o= Se=1 = constant) discloses large and important effects stemming
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from these approximations. The effects of Prandtl and Schmidt numbers
that differ from unity can be accounted for with Inger's exi:ension5 of Lees'

theory.15 Howevwver, all of the cited solutions use the assumption,
A p
e Mg
approximate theoretical solution for species diffusion in the compressible

= constant. The purpose of the present report is to present an

laminar boundary layer on a flat plate which accounts for Prandtl and
Schmidt numbers that differ from unity and allows for a i - product that

varies as a power of the static enthalpy.

A powerful approach in treating the species diffusion in the laminar
boundary layer is to take advantage of the fact that with the boundary layer
assumptions, the species conservation equation is decoupled from the
momentum and energy equations if it is assumed that the Lewis number is
unity, This makes it possible to extend existing solutions by writing down
the species conservation equation and solving it in terms of the solution for
either the momentum or the energy equation. That approach is used here
and is applied to Crocco's solution for the flat plate.l() Crocco's solution,
as repcurted17 and extended18 by Young, is used here because it covers the
cases of interest, and because the results for skin friction and heat transfer

are expressible in simple yet accurate semiempirical formulas.

In the succeeding paragraphs, Crocco's solution is extended to include
species diffusion and a solution for the species equation in terms of the
solution to the momentum equation. Following this, Young's semiempirical
generalization of Crocco's results for the skin friction and heat transfer is
reviewed and extended to better account for Prandtl number effects. The
model for the o -variations in the boundary layer is critically examined
next to arrive at meaningful method for establishing the free constants.
Finally, the present results are compared with exact numerical solutions

to assess their accuracy,
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Il. THEORETICAL DEVELOPMENT

16,17 and his

The succeeding derivation follows that of Crocco,
development is repeatéd here in the interests of completeness. Since the
original theory was for an ideal gas, first it must be shown that the energy
equation for a nonreacting dissociated gas can be reduced to the energy
equation used by Crocco, Using‘the energy equation given by Dorram:e,19
the procedure consists of subtracting out the momentum equation and

defining a mean specific heat for the gas mixture,
Cp = LE' o, CP‘

where o, and C‘p are the mass fraction and the specific heat at constant
L
pressure, respectively, for the ¢ i species, The static enthalpy is then

/):E“fAL:IrE“L-/’D-
L t L

where 7= (;T and ADL. is the heat of formation for the / * species, Using
this in the above form of the energy equation, the final form of the energy
equation is obtained after subtracting out the species conservation equation.
Assuming zero pressure gradient, a constant Prandtl number, o, and a

unit Lewis number, the system of governing relations is

momentum Ju e ZE g / 2x (1)
el TR PR I P )
sy 2 3 -
continuity ?;-t—(pu.)-l-‘;? (S v)= O (2)
2
a1 21 2 u 12 27
U — P —— = -~ - £ gL
enexey  SMTe TAY M (aef) T oy (/“ 2y / (3)
: % oy P o 1 2 ok (4)
specles Pu 5% ? 77 = T EP; (/u 24 )
with the boundary conditions
- /L‘,v dot-
fo = : = = = al = ( 4)
T g 0 “=0, I Iw CPW wo % (o Z) Sow £, (SC),‘_, 2y Jur
for y =@ U—U, I Ie = C?°e7;-' s o, —> o
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Equations 1 through 3 and the accompanying boundary conditions are
identically those treated by Crocco. Eguation 4 is the additional equation
to be solved subject to the indicated first-order wall boundary condition,

Following the Crocco method of solution, the independent variables

are changed from (x, 4y ) to (z, %) and a new dependent variable,?= u :_;4 ,

is introduced. Making this transformation and then combining the resulting

momentum and continuity equations, the transformed system of equations is

2*t 3 | ru
momentum and continuity 5 WA + u;{- [?] =0 (5a)
energy [1-] r;—f% + T |:a—w~ j;:\—d‘p,uu ;—::—=0 (6a)
species 77 i":; + I:f-.S‘.—_ T % i:{" - Sepouu a;;‘: =0 (7a)
with the boundary conditions
w=0: I=I,, T=t, e (0z)= = kj:FSc)w (j:.)u:o
“ =u: I=I, T=0, ;= et

Crocco's analysis anticipates similar velocity profiles and enthalpy
profiles, and therefore, neglects the chordwise variations in these quantities,
This step is consistent with the zero pressure gradient assumption if it is
assumed that the wall temperature is invariant. It will be assumed here
that the chordwise variations in species concentrations are also negligible.
This is consistent with the other assumptions and is valid if the wall con-
centrations are small compared with those in the ambient stream (the
diffusion-controlled regime), or if the wall concentration approaches the
ambient concentration (the rate-controlled regime). These regimes will be
defined in a more quantitative manner after obtaining the solution. Antici-

pating similar profiles, it is assumed that the shear is of the form

z = @z} frw)
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!
which when substituted in Equation 5a yield ¢ = — . Egquation 5a through 7a
2
become x
2
fya ¥ pun=0 | (5B)
A*r Adf AT
tor|f ¢ [/- | —— — =0
[d 2* :If' du  du (6b)
o *oe o o, AF
f s I:f— S :‘ —_-— — =0
du* ) ou Au (76}

Prior to solving the above relations, they are made dimensionless by dividing

by the quantities at the edge of the boundary layer

U=u, 7 I=1I: oc, = océeé {8)

and by introducing the new variable

7

Yin) = flu) l/;"——-e ﬂj = (9)
4

Until now, we have duplicated Crocco's analysis in every detail, At
this point it is necessary to depart from that procedure in one respect, If
the relations in Equation 8 are substituted in Equation 5b, the second term

becomes [j—ﬂ]? ,and Crocco then makes the assumption /un,'r"", so that

A
for an idealeg%.s, the momentum equation becomes
a./ 270 -1
";d?z 7 2?(") =0

It is not possible to proceed as directly in the present problem because the
species concentrations vary in the boundary layer and consequently, influence
the viscosity and the molecular weight. Instead, it is observed that the
power-law assumption for the temperature-viscosity relation is made
primarily for the purposes of reducing the 4 -product to a simple function
of the enthalpy. Consequently, we will proceed directly to an equivalent

assumption.

[») -7
]

= 10
S g (o)
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and will defer a critical appraisal of this assumption until a later section,
It should be noted, however, that C; is a constant analogous to the
Chapman-Rubesin c0nstant20 or to Cheng's improvement on that constant.21
Using the dimensionless quantities in Equation 8, the assumption given by

Equation 10, and the dimensionless variable,

F( )=f(u)/‘“*2'7- (11)
7(' /)e/u'eu; C*
the final equations are as follows
A*F - (‘)rﬂ’-f
. } Adi oAF
F + o e l-c- — =0
[o(?? [ ] 0{72 "(7? {6c)
AZE AF AP
- _— = 7c)
F 27t + [f Sc] A i (
with the boundary conditions
' Cp /RE G T,
7=0: F=Fl0) = =, =it0)= =202 f-blo)=— T (éﬁ)
v Cx- C;bg Te ﬁ,,,kw SCW u, 37 720

n=0: F=0, (=4, 7T=1
Equations 5¢ and 6c are identical to Crocco's governing equations and his
solutions apply directly if it is noted that the nondimensional shear parameter,
Equation 11, differs from that used by Crocco. Crocco numerically integrated
Equation 5¢ to obtain solutions to the momentum equation. Both the energy
equation and the species equation can be integrated in terms of the non-
dimensional shear. The solution for the enthalpy distribution is that given

in Reference 17

2

) . Al 17
((7{) = [{0)+ [772"’]?:0/1, (?,0‘) - O’I—: 5, {7(7,0") (12)

where

Flz.) Fl7,) 1l )"




AEDC.TR-67-88

are tabulated in Reference 17 as a function of 7 and g~ . The values of
these quantities evaluated at the edge of the boundary layer enter into the

solution and are accurately represented (errors of less than 2 percent) by

-t/ . -
Al('7rj=r 2 28, (1,0) = o %

The species conservation equation, Equation 7c, can be integrated immedi-

ately, and after appl:,;ing the boundary conditions, the solution is

<) kxezd

o 0 7+ E(%x,0°)
£ (o B Y
é = z,0” ‘4, (7, o) - (r o)
T+E(X,07) 1+E (x,07)
where
S U C . /R
E@ ) = AL / || =% . /R 4

The similarity assumption, neglecting the chordwise variations in
species concentrations, can now be assessed. Since the present analysis
is restricted to zero pressure gradient, the only chordwise variations must
result from variations in the wall concentrations. Egquation 13 shows that

the wall concentration is

¢ = E (x,07) _{0 for E(z,00) =0
Yo r+rE(x,67) ! for E(%,0°) >
Consequently, the similarity assumption is valid in the diffusion-controlled
regime where £(z,0°)is vanishingly small, or equivalently, at large Reynclds
numbers. The assumption is also valid in the rate-controlled regime, where
the wall reaction speed, k., is vanishingly small, or equivalently, where

the catalytic efficiency, P approaches zero,
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i1l. THE SURFACE HEAT TRANSFER AND SKIN FRICTION

The heat transfer to a surface in a gas with a single reacting species

19

is given by Dorrance as

k 21 2 oc '
_Z = —_— == -+ h —— 14
Cp 29 VRPN g y=0 e

-3 2
A, (- T,) where HT=Ie+E Ut a, bp

and using the solutions as given by Equatmns 12 and 13, the heat transfer to

Defining a Stanton number as ¢, =

the wall ( 2 =17) can be expressed in terms of the skin friction coefficient

as follows.

C;//E? Z(/z ea }
EAPYSEZ il L] B it “e

where

¢ - _&l(x0)
W+ E(x,07)

The skin friction was determined by Crocco by numerically integrating
the momentum equation. YOung18 subsequently generalized those results in
a semiempirical calculation to obtain a closed-form expression for the skin
friction. Young's calculation will be extended here to better account for the
influence of the Prandt]l number., The basis for the calculation follows from

Equation 5c which can be put in the following form

Re <7 [‘ -
= 6
Fors ¢ [/ & f{f v d’z} dz, (16)

Young notes that Crocco's numerical results for £(%) are closely approximated
by F(0)/7-»* which, substituted in Equation 16 yields an approximate expression

for the skin friction coefficient,

[_7-'(0}] f{ ’/__._, [(7)] } dy (17)
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Equation 17 can be integrated if the enthalpy distribution in the boundary
layer is known. Young uses the enthalpy for a unit Prandtl number and
introduces a Prandtl number dependence after completing the integration

by adjusting the final expression to agree with known exact solutions, The
approach used here is to retain Young's expression for the shear distribution
in the boundary layer, but to fit a power series to Crocco's solution for the
enthalpy distribution, or equivalently, a power series for 4, (7.} and B,/?,o’).

The expressions used are

Aln, o) =7 +a, (r)y” + a, () 7%
20 (18)
B (7,0)= ?’ [?"f-b, (a-‘)725+ bz(a")q :l

The parameters, ¢, , 4,, 6 , and % are plotted as a function of the Prandtl
number in Figure 1, The worst errors between the results tabulated in
Reference 17 and Equation 18 were for a Prandtl number of 1/2, Those
errors were about 2 to 3 percent and occurred near the edge of the boundary

layer,

Equation 17 has been integrated using Equations 12 and 18 for the
enthalpy distribution, The procedure for this integration was identical to
that used by Young; namely, to note that the expression for the enthalpy is

of the following form

. C C 4 & C.’; z 20
L &, {fvtc—" +—C—"1 [7”:,7 ta,n ]f- T,[?*b,’f*éz? ]

and that each of the quantities in the brace are always less than unity, This
suggests that the enthalpy function can be approximated by the first term in

the series expansion,

e e, 1 Co o G .
[A téd = Cl cH {f’f‘ Qeff”’] 'C—' +?,— Ot}'f- +axrz )‘-dz 78

o] [arar ] )
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After the integration has been completed, the procedure is reversed to yield
the original power dependence. The details of this procedure can be obtained
in Reference 18, The integration and subsequent return to the original form
yields the following result

Flo)=C, /Cif /2 [r- 41] {Q*C‘*[_

H

¢
’77,] [0.7787 t0.0424 a,(0)-0.2094 az(o-):l
3

wd, -1

C«f 0077 ( ) [ Z:I
+ _g L0717 ¥+ 0.1379 b’ (0r)-0.010F bz o

It is obvious that this procedure is approximate and can only be justified by

comparing the result with exact solutions, As shown by Y::»ung,18 it does
however yield a result in close agreement with the Blasius limit, For the
a 4 .
case where a)eﬁsr,/:(o).z cf, /re = 0.655 (since C‘=1 } as compared with
0, 664 for the Blasius limit, This close agreement suggests the final form

for the skin friction coefficient.

&y -1
u? e
Ck/;::o.éef/a’ {k‘,(a’) * [/- X, (0')] ((0) + k(o) [;;;:H [ = J (19a)

The constants, kf(o’) and A’a(o-'), are related to the constants a,, a,, 1,' , and
b, and are functions only of the Prandtl number. They are plotted in
Figure 2 and compared with the values recommended by Young. It can be
seen that they are in reasonable agreement at ¢-= 7, but the parameters
arrived at here show a rather strong Prandtl number dependence. They can

be approximated by the following relations

%4

K, () 22 0.55 o K= (0) ~0.096% l:of%,‘ o '%]

to yield for the skin friction

“epe-1
z

=z
_ 7 . 2y . =5k np Ye
¢, JRe' = 0.664 fc] '{ £(0) +0.550 " [1- ((0)] + 0-096% [0 0" ]zre} (19b)

Equations 15 and 19 are the final relations for the heat transfer and

skin friction coefficients. They both depend on two constants, C; and @ .

e;f‘
which are as yet unspecified, These will be determined in the next section

where consideration is given to the significance of these parameters,

10
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V. DENSITY-VISCOSITY PRODUCT

A basic difficulty in any compressible laminar boundary layer develop-
ment is in treating the product of the density and the viscosity. There is
a variety of approximate techniques used in the theory for nonreacting gases,
and it is natural to look to that literature for a guide. The simpiest approach
in nonreacting gases is to assume that the viscosity is linearly related to the
temperature so that within the boundary layer approximations, the ,u-
product is constant through the boundary layer. This procedure results in
the familiar Chapman-Rubesin constant, which makes it possible toc match
the viscosity at one point in the flow field. The original c:hoic:e20 was at the
wall, and it was found to be accurate at supersonic speeds, Cheng21 refined
this procedure by matching the viscosity at the point in the boundary layer
corresponding to the average temperature. This approach has been used at
relatively high temperatures (3C00°K) and shown to produce accurate results

21,22

when compared with experimental data. It has been shown to lead to

serious errors, however, when applied at tempecratures of 5000 to 6000"K.23
The power-law approximation used by Crocco is useful since it makes it
possible to match the viscosity at one point in the flow field and to approxi-
mate the actual temperature dependence, A better approximation is to
introduce the Chapman-Rubesin constant in conjunction with the power-law
approximation as done in Reference 23, This makes it possible to match the
viscosity at two points in the flow field while approximating the actual

temperature dependence.

None of these approximations to the viscosity is useful in the present
problem owing to the complications introduced by the variable species con-
centrations in the boundary layer. The species concentration changes the
molecular weight and thereby introduces a dependence on the concentrations
as well as on the temperature. Depending on the model used for estimating
the viscosity, the species concentrations may or may not enter into that
quantity too, Because of these complications, the approach used here is to
relate the ,u-product to the enthalpy using an approximation analogous to

that used in approximating just the viscosity.

11
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The approximation introduced in Equation 10 is analogous to that used

in Reference 23

G -t
AN

except that it must be noted that the exponent, Wy s 18 not necessarily the
exponent normally used in relating the viscasity to the temperature. It and

C;_ are free constants to be determined by matching the actual pu -product
at two points in the boundary layer. The two points chosen here are at the
wall and at the point in the boundary layer corresponding to the average value
of ¢. This procedure is analogous' to that used in References 21 and 23,
where the average temperature is used toc determine the modified Chapman-
Rubesin constant., The second point is chosen at the wall because interest

centers on the transport processes at the wall,

The average value of the enthalpy, ;, can be determined by integrating
Equation 12, using Equation 18 to approximate the Prandtl number dependence,

The result is

2
; . . w
( =i)re (o) [1-2 (0] + K, (o) i (20a)

The constants £, (~}and K (o) are functions only of the Prandtl number and

are plotted in Figure 3. They can be closely approximated by the relations,

L~ ~ Lo
Kylo)m= 5 0° K, (07} a2 = a”
and the relation for the average enthalpy becomes
2
= . ! 2 . 1 I U,
= 4] —_ L -
£ = d(0) + e I:; 1_(0)] +6 o~ 27, (20b)

The average enthalpy and the species concentration corresponding to the
average value of the enthalpy, é(F), are used to determine the » s -product
that corresponds to the average value of the enthalpy. The species concen-
tration is computed from Equation 13 using the value of 3 corresponding to the
average enthalpy, »(¢). For unit Prandtl number, this value can be deter-

mined from the quadratic relation,

2
- . 1~ (0) - ¢ (0)
() =| 7| | 1+ = | + K, () +k (o) |~—5——| =0 (z1)
E? ] [72 ] /o * 3 "‘c/zl'e

12
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For Prandtl numbers other than unity, the value of 72(1.7) can be determined

from Figure 4. The free constants @y, and C; are then given by the

following relations,

Sow A
£ [ﬂm /4(!)]
7% = f -
“tf zm[ 7 } (22)
((0)
; “otr ~, ,u—,,
c = (
* E 0)] ﬁ Me

13
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Y. COMPARISON WITH EXACT SOLUTIONS

The present theory has been applied to those cases treated by
Janowitz and Libby,8 and the results are compared with the exact numerical
solutions in Table I. The present theory was evaluated using the gas model
and the relations for the transport properties that were used in Reference 8,
The only additional computation made here was to calculate the total
temperature at the edge of the boundary layer using real gas charts for
nitrogen and taking the density altitude as 250, 000 feet, The theory of
Reference 8 makes the same similarity assurmptions used here, Consequently,

the comparison sheds no light on the accuracy of that approximation.

There are four basic flows covered in Table I. The firstis one in
which the Prandtl and Schmidt numbers are unity and the pu-ratio is equal
to one., This is the Blasius limit, and Table ] shows that the present

treatment reduces to that limit with good accuracy.

The second basic flow covered in Table I is one in which the 2 u-ratio
is unity, and the Prandtl and Schmidt numbers are 0.7. These cases provide
a check on the methods used to account for the transport parameters in
computing the heat transfer, and Table I shows that the solutions agree

within 3 percent,

The third flow situation in Table I is one in which the transport
parameters are unity, but the o u-ratio varies through the boundary layer.
This flow provides an excellent test of the present theory since it closely
fits the theoretical assumptions (& = 1, S .= ¢“= constant). Consequently,
the comparison will furnish a good check on the method used to account for
the s4-variation in the boundary layer. The calculations for this case

followed the procedures outlined in the previous sections with one addition.

The accuracy of the similarity azssumption can be assessed from the results
given by Chambre and Acrivos, They test it over the complete range,
from zero to infinite catalycity, and show that the largest error in wall
concentration is about 10 percent occurring at values of £(x,0-) of about 1/2,

14
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In determining the value of /24 corresponding to the average enthalpy, i
the quadratic relation for »(/), Equation 21, yielded two values. This is
due to the fact that the wall temperature and the temperature at the edge of
the boundary layer are nearly equal. The value used was that closest to

the wall, This procedure is consistent with the objective of matching the

S M -ratio in the vicinity of the wall, The comparison with the exact
solutions in Table I shows that the present theory predicts the skin friction
with errors of less than 5 percent, The two solutions for heat transfer
show typical discrepancies of 3 to 4 percent, though in one instance (Case 2}
the discrepancy is 7 percent. In general, it appears that the theory is quite

accurate when applied to these cases,

The fourth situation covered in Table I closely corresponds to an
actual flow in that the transport parameters and the 2 «-ratio vary through
the boundary layer. The calculations for this case should follow an iteration
procedure to determine the atom concentrations and the transport parameters
at the wall. Instead, the transport parameters and the concentrations at the
wall given by Janowitz and Libby were used to calculate the flow properties

used in determining C;_ and (Equation 22). With these so determined,

“otr
the skin friction, heat transfer, atom concentration, and S -ratio at the
wall were calculated. Table I shows that the discrepancies between the two
solutions for skin friction are typically 5 percent and are always less than
10 percent. The difference between the two solutions for heat transfer are
typically 5 percent, though in one instance (Case 8) the discrepancy is

14 percent and in one other (Case 2) itis 10 percent. These two errors
appear to stem largely from the assumption that the Lewis number is unity

and can be partially accounted for by using the complete expression for heat

transfer.
Cr [ Re 2
¥ U, ot A 7- e

C” /?c: —2/1 -{]*._c/z_ [/a,w_fj_e_u [éwf-___...__—._—}
2(s,) H,= 1, HT, 1EECR o))

If the above expression is used to compute the heat transfer for these two
cases, the discrepancies are less than 5 percent. There is, of course, no
firm justification for this procedure and it can only be viewed as indicative

of the source of the discrepancies.

15
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YI. CONCLUDING REMARKS

Crocco's theory for the compressible laminar boundary layer on a
flat plate has been extended to obtain an approximate analytic boundary layer
solution for species diffusion to a catalytic surface. This extension has
paralleled the development as reported by Young except for the viscosity
assumption and the empirical treatment for the skin friction, Instead of
using Crocco's assumption that the viscosity varies as a power of the
temperature, the assumption made here was that the product of the density
and viscosity varied as a power of the static enthalpy (Ef’ 7). In addition,

a modified Chapman-Rubesin constant is introduced to improve the accuracy
of the assumption, This procedure is in the spirit of the usual viscosity
assumption except that it lumps together the viscosity variations and species

variations, as they influence the .2« -ratio,

The empirical treatment of the skin friction given here differs from
that given by Young in that his is based on the enthalpy profile for unit
Prandtl number. The treatment given here attempts to better account for
the Prandtl number variations by fitting a power series to the enthalpy

profiles.

Solutions obtained with the present theory have been compared with
exact numerical solutions to show that typically they agree within about
5 percent. This agreement is regarded as satisfactory since the theory
accounts for variations in the 24 -product and since it provides a relatively

rapid method for making estimates of the skin friction and heat transfer,

16



].0.

l1.

AEDC-TR-67.88

REFERENCES

Hoenig, S.A., "Use of a Catalytic Probe for Detection of Dissociated
Nonequilibrium States in Hypersonic Flow,'" ARS Jour,, Vol, 29,
No, 5, May 1959, pp. 361-362.

I'd
Chambre, P, L. and Acrivos, A., '"On Chemical Surface Reactions
in Laminar Boundary Layer Flows." Jour. of Appl. Phys., Vol, 27,
No, 11, November 1956, pp. 1322-1327.

Goulard, R., "On Catalytic Recombination Rates in Hypersonic
Stagnation Heat Transfer.' Jet Prop., Vol. 28, No. 11,
November 1958, pp. 737-745.

Rosner, D.E., '"Chemically Frozen Boundary Layers with Catalytic
Surface Reaction,'' Jour. of Aero/Space Sci., Vol. 26, No. 5,
May 1959, pp. 281-286.

Inger, G.R., '"Dissociated Laminar Boundary Layer Over Surfaces
with Arbitrary Continuous Distributions of Catalycity.'" Int., Jour.
Heat Mass Transfer, Vol., 6, No, 9, September 1963, pp. 815-832.

Chung, P.M. and Anderson, A.D., '"Surface Recombination in the
Frozen Compressible Flow of a Dissociated Diatomic Gas Past a
Catalytic Flat Plate.'" ARS Jour,, Vol, 30, No., 3, March 1960,
pp. 262-264,

Inger, G.R., '"Highly Nonequilibrium Boundary-Layer Flows of
a Multicomponent Dissociated Gas Mixture.' Int. Jour. Heat Mass
Transfer, Vol. 7, No, 11, November 1964, pp. 1151-1174.

Janowitz, G.S. and Libby, P,A,, ‘The Effect of Variable Transpor
Properties on a Dissociated Boundary Layer with Surface Reaction. "
Int, Jour. Heat Mass Transfer, Vol. 8, No. 1, January 1965,

pp. 7-18,

Hartunian, R.A. and Liu, S.W,, "Slow Flow of a Dissociated Gas
about a Catalytic Probe.' Phys, of Fluids, Vol. 6, No, 3,
March 1963, pp. 349-354.

Freeman, N.C. and Simpkins, P.G., '"On the Diffusion of Species
in Similar Boundary Layers with Finite Recombination Rate at the
Wall." Quar. J. Mech, and Applied Math., Vol. 18, Pt, 2,

pp. 213-230, May 1965,

Freeman, N.C., "The Diffusion of Species.; in Frozen Hypersonic
Boundary Layers.' In Fundamental Phenomena in Hypersonic Flow,
J.G. Hall, Editor, Cornell Univ. Press, Ithaca, 1966, pp. 133-153,

17



AEDC-TR-67-88

12, Fay, J.A. and Riddell, F.R., "Theory ofStagnation Point Heat
Transfer in Dissociated Air." J.A,S., Vol. 25, No. 2 pp. 73-85
February 1958,

13, Rae, W.J., "A Solution for the Nonequilibrium Flat-Plate Boundary
Layer." AIAA Jour,, Vol. 1, No, 10, pp. 2279-2288, October 1963.

14, Inger, G.R., ''Nonequilibrium Hypersonic Flat-Plate Boundary-
Layer Flow with a Strong Induced Pressure Field." AIAA Jour,
Vol, 2, No. 3, pp. 452-460, March 1964,

15, Lees, L., '"Laminar Heat Transfer over Blunt-Nosed Bodies at
Hypersonic Flight Speeds," Jet Propulsion, Vol. 26, No. 4,
Pp. 259-269, April 1956,

16, Crocco, L., "A Characteristic Transformation of the Equations
of the Boundary Layer in Gases,' Atti di Guidonia, No. 6, May 10,
1939, XVII. Translated in Aero, Res, Co., Rept. No. 4502, 1939,

17. Young, A.D., "Modern Developments in Fluid Dynamics-High
Speed Flow." L. Howarth, Editor. Vol., 1, p. 378, Oxford, 1953,

18, Young, A.D., "Skin Friction in the Laminar Boundary Layer in
Compressible Flow.'" The College of Aeronautics, Cranfield

Report No, 20, July 1948,

19. Dorrance, W.H,, Viscous Hypersonic Flow. McGraw Hill,
New York, 1962.

20. Chapman, D.R., and Rubesin, M. W., "Temperature and Velocity
Profiles in Compressible Laminar Boundary Layer with an
Arbitrary Distribution of Surface Temperature.'" J.A,S,, Vol, 16,
No. 9, pp. 547-565, September 1949,

21, Cheng, H.K., Hall, J.G,, Golian, T.C. and Hertzberg, A.,
""Boundary-Layer Displacement and Leading-Edge Bluntness
Effects in High Temperature Hypersonic Flow.'" J,LA.S,, Vol. 28,
No. 5, pp. 353-381, May 1961.

22, Hall, J.G. and Golian, T.C., "Shock Tunnel Studies of Hypersonic
Flat Plate Air Flows." CAL Report AD-1052-A-10, December 1960.

23, Vidal, R.J. and Stoddard, F., ''Measurements of Nonequilibrium

Effects in Air on Wedge-Flat-Plate Afterbody Pressures," NASA
CR-328 (Also CAL Report No, AF-1817-A-1), November 1965,

18



61

TABLE |
COMPARISON WITH EXACT NUMERICAL SOLUTIONS

Fes i t0 5 07
S = e ek —»{
R .5 A vt r
! ¥ < e Yo |
= - & £
= = . acro e (@ @ 2. @ 0 C| ~ @ © [0} O ., ® [0)
Qs | v (o) | () | Tetn) | B (e | @e [P {5 & Cu VP2, E P Co ¥R, Pfo Cr YR, f Cy Y7er o e Cp V%, e c, VRe,
ELId BT T R R T T T B 1,28 ums 7| w3 /IV
= D . e [ o | 2 (R P> v we { "o | T | T | T e 03 hgo. [0t UIEI(E. .20 [ os2n I 162
- A -~ ~ - P ~
TOn 140~ 675 ven o~ | 70 e 710 s ) 67D wg o~ | sas ne
2 25,000 .01 «0 §300 A3 LN [T e v —Ters | T am | o 6n \/..5-, | 1w ,//.m | o620 | . 857 o3 s S| NS =
- ~ ~ s % - - -
122_- L 2us 183 3T 1% T Wl UNTT S 2 ’ 1.uy 822 | e 259
3 s e g 00 | s [ | 0| STy | g w0 | T | o | T | T St T L R B et |
i = - - > - - _ z
22 o |z |2 | 20 178 (626 - N L 157 | ee P 236
8 16,000 R e ET0nN R S a7 SEF | I S =8 570 | o~ T [T e | e e | 00 | e //: R | MEES & oz | o | s | T
o . = |
I o | o | e .m/./ R I Rl U LS L o | 0 | ses -022, .- BT g
= L3 ol L G200 N B T P T T T ~aw | s | e | o | e TR ER e | o s | T iwa | e
100 " | 165~ | .673 e | Lse 7 iame ) are = R I T I '“V e
L 20,000 L L 800 SN Bl AR Bt L T | D s OR < T e _A2 564 189 1 5 et | e | LT s |
= gy | - :
L 159 15// g sie < | e | ewg ey
? 20000 1000 800 5300 vo | .rou | i [T 7 ol A Tzl [lmet | e A G [ e [
322 7| .258 L3 | e - = 1.72 5325 | 192 e | 2es
. 20.000 00 Lk 5860 Sl (R (S Dl Tl P T e TR N T L o T T (el T St T .o
322 | 182 293 | -308 ) L e || T
s 20.000 1000 00 woo | wo | o) 0 |0 | e A * 162 | e R L e i

®QULIIIW OH LtFT - PHESENT THEORY
JAROWITZ ANO LIBOY

GUAMTLTY ON RISHT -

TTHE YALUE OF A e 0.37) TAGULATEC BY JAKOWITZ aNO LIABY
EviDEiniLy SnOULO AL 0313,

88-£9-¥1-0Dd3Y



AEDC-TR-67-88

i i

(6)n*+ a, (7) 7y

a')=;7+a,

b, (@)

S

+ b, (d')?(

[7

s

i

-

PRANDTL NO

ts in the Solution for the Shear

icien

Figure 1 Coeff

21



AEDC-TR-67-88

.12

%2

A, (ne)

B,(n,0)

n+ a, (c)n'+ a, (a)y?

7 [2*+5,(0) n*+ b, ()]

H 3 i 3
55 223 Bt gttt 23
=5 ; sl :
£ f e THsinn B
[+ 21 e ol ba. fraes iv
g 1 : SR e 5

2253 NS
i i pRinainais 333
Hep & T
0 G |
3] 3 £ 3
: 2t +
it 5 1 +
E £ it
i3 152
1 s
i 38
oo s
= s s
13it333ks 1§ 4
Hsrsraiserdes siet sy ¥ H
21 I pes Hi2e .
3338, ik 12
—— -4 st
i e EHE R
3¢ ¢ s T =iz e
- 11 e seite
-
3

1.0

Figure 1 Concluded

1.2
PRANDTL M0, O~

22

13Fs

2,0




AEDC-TR-67-88

3 fi 1 =__ mn" i S Bl a_.mw lr_.nw i R .“w b ]| {HiE
T : i Yy ”. B in T T T ﬂ& i HIN SR o
NN EE i T t i u.v.l (eszstlin emagd b s i S
5311 bie d H il
i i 1 H 1 m ]
i e+ H N i t
BH % : 11 3 S i HERs !
HENH = ¢ t
i 2333158 t | i it
B :] 1 it THIT
el TN sl t L mii i
[$ {231 AT Lol i T
H “_ . " Ty o—f- - :
SHHITI i : *in g2 fHiaid sased ¢
lw pt - sue u.m. “ 1
fr—— ] : S gt
Y 1 1 % 1
e L v 3 e
b ® [y T it
1 3 L] TH T
e 4 3 1
T N Enh 1
5 X B taite i o
AL H
4 3 o
: i 6 1E B
¥ N i T i
: N it HiH
: b o it
: y 13
f ¥ s F 1
: i
H i It
s =+
4 e f
T : 3 t S
Hinn 3 5
E 2tk ¥ b 4® it
: ] T L i
+ F — >
bt I} easy 9 =2 e
1titd s mm m
= 5 3 o :
it H B 5 HEFE
i ¥ T B =g
11 ; i & m ]
: i g i ! it
(7 IR HF: L
: e - g 1]
Hati
HtaEE] S1s: 23133, HH 1 i
e ot et I Hi i
il e un...u 15
3181 133 St T
HUnT 3 =4
R : T
SESLI iSEIsTEE L

28

PRANDTL NO. O
Figure 2 Solution for the Skin Friction



2.0

i

RS S

SR EIEEs 534

e

il

i

E T
!

s
i

3
Siieses

=

=k

g

| +3ad
Pt

23 33383
2
123

g2

T

1P
res

3
b

1
it

st

pos

33353e

bed

AEDC-TR-67-88

1.8

1.6

1.§

24

H

PRANDTL NO. "

Figure 3 Solution far the Average Enthlapy

.22



2.0

3 T e <
Figure 4 Boundary Layer Coordinate for the Average Enthalpy

88-49-¥1-2303v



AEDC-TR-67-88

26

igure 4 Concluded

F



Security Classification

DOCUMENT CONTROL DATA - R&D

(Sacurity clanesfication of titls, body of abstract and Indexing annotalron muat be entered whsn the overall report ts classiited)

1 ORIGINATING ACTIVITY (Corporate author}

Buffalo, New York =~ .'.':

1
S ———————— [

“

Cornell Aeronautical Laboratory,

22 REPORYT SECURITY C LASSIFICATION

UNCLASSIFIED

2b GROUP

N/A

Inc.

3 REPORTY TITLE

SPECIES DIFFUSION IN. THE FROZEN LAMINAR BOUNDARY LAYER ON A CATALYTIC

T o W oL, -

FLAT PLATE SR R
4 DESCRIPTIVE NOTES (Typp of npott and inclusrve dates)
N/A oot
5 AUTHOR(S) (Lnr name ftrat rmmo,L initiet)

M [ 7-1 Tt -'*;“
Vidal, R J

[

. -
' D
1 IR 5, 1

= .

6 REPORT DATE

April 1967

7a TOTAL NO. OF PAGES 75" NO OF REFS

30 " 23

Ba CONTRACT OR GRANT NO

AF 40(600)-1093
& PROJECT NO. 895]

¢ Program Element 61445014
« Task 895106

24 ORIGINATOR'S REPORT NUMBER(S)

AEDC-TR-67-88

95. OTHER R;PORT NO(S) fAny orher numbors that may be assignod
this rapor!

AG-1905-A-2

10 AVAILABILITY/LIMITATION NOTICES

Distribution of this document is unlimited.

11. SUPPLEMENTARY NOTES

Available in DDC

12. SPONSORING MILITARY ACTIVITY
Arnold Engineering Development

Center, Air Force Systems Command
Arnold Air Force Station, Tennessee

13 ABSTRACT

phase chemistry.
a first-order reaction,
neglected.

static enthalpy.

A theoretical solution is presented for species diffusion in the
compressible laminar boundary layer on a flat plate for frozen gas-
It is assumed that the recombination at the wall is
and the chordwise concentration gradients are
The solution parallels Crocco's treatment except for the
assumption governing the viscosity variations with temperature. A
modified Chapman-Rubesin constant is used here,
the product of the density and viscosity varies as a power of the
This makes it possible to closely approximate the

and it is assumed that]

actual py-product in the vicinity of the wall. The solution for the
species equation and the energy equation are obtained in terms of the
shear in the boundary layer. The latter is determined following an
empirical calculation used by Young. The result given here should be
sonewhat more general since the Prandtl number effects are included
in a more complete fashion. The sclutions for heat transfer and skin
friction are compared with existing exact numerical solutions to show
that they agree with typical errors of about 5 percent.

FORM

DD "% 1473

Secarity Classification



Security Classification

14 LINK A LINK 8 LINK C
KEY WORDS ROLE ROLE wT ROLE wT
/-- !
diffusion

(.,'-"\

flat plgﬁggﬂ,,«»f*"“"'——
laminar boundary layer

density

temperature /. 7“ /M/&" = "
viscosity 5 i P
energy (23 X

o 6”@2’*&5/&0 « “

Y
|

o

INSTRUCTIONS

1. ORIGINATING ACTIVITY: Enter the name and addreas
of the contractor, subcontractor, grantee, Department. of De-
fense activity or other organmization (corporate author) issuing
the report.

2a. REPORT SECUHRITY CLASSIFICATION: Enter the over
all security classification of the report. Indicate whether
‘Restricted Data’’ 1s included Marking is to be in accord
ance with appropriate security regulations.

26. GROUP: Automstic downgrading is specified in DoD Di-
rective 5200,10 and Armed Forces Industrial Manual. Enter
the group number. Also, when applicable, show that optional
markings have been used for Group 3 and Group 4 as author-
1Zzed.

3. REPOQORT TITLE: Enter the complete report title 1n all

capital letters. Titdea in all cases should be unclassified.
If a meaningful title cannot be selected without classifica-

tion, show title classification in all capitals in parenthesis
ime.ediately following the title.

4, DESCRIPTIVE NOTES: If appropriate, enter the type of
report, e.g., interim, progress, summary, annual, or final.
Give the 1nclusive dates when a specific reporting period is
cuvered,

5. AUTHOR(S): Enter the name(s) of authos(s) as shown on
or 1n the report. Enter last name, first name, middle initial.
[f ulitary, show rank and branch of service. The name of

the principal othor is an absolute minimum requirement.

6. REPORT DATZ: Enter the date of the report as day,
month, vear, or month, year. 1f more than one date appears
on the report, use date of publication

78. TOTAL NUMBER OF PAGES: The total page count
should follow normal pagination procedures, i.e., enter the
number of pages containing information

7. NUMBER OF REFERENCES: Enter the total number of
references cited in the report.

8a. CONTRACT OR GRANT NUMBER: If appropriate, enter
the applicable number of the contract or grant under which
the report was written.

8b, Bc, & 8d. PROJECT NUMBER: Ente: the appropriate
military department identification, such as project number,
subproject number, system numbers, task number, etc

9a. ORIGINATOR’S REPORT NUMBER(S): Enter the offi-
cial report number by which the document will be identified
and contrclled by the origtnating activity., This number must
be unique to this report.

95. OTHER REPORT NUMBER(S): If the report hes been
aEs-gned any other report numbers (either by the criginator

or by the sponsor), also enter this number(s).

10. AVAWLLABILITY/LIMITATION NOTICES: Enter any lim-
1lations on further dissemination of the report, other than those

umposed by security classificalion, using atandard statements
such as:

(1) ‘'Qualified requesters may obtain copies of this
teport from DDC.’’

(2) ‘"'Foreign announcement and dissemination of thia
report by DDC is not authorized. *’

(3) “'U. S. Government agencies may obtain copies of
this report directly from DDC, Other qualified DDC
users shall request through

0"

(4) ““U. S. military agencies may obtain coptes of this
report directly from DDC, Other qualified users
shall request through

.DI

(5) “*All distribution of this report 1s controlled Qual-

ified DDC users shall request through

”

If the report has been fuwrrushed te the Office of Technical
Services, Department of Commerce, for sale to the public, indi-
cate this fact and enter the price, 1f known.

11, SUPPLEMENTARY NOTES: Use for additional explana-
tory notes.

12, SPONSORING MILITARY ACTIVITY: Enter the name of
the departmental project offize or laboratory sponsoring (pay~
ing for) the research and development, [nclude address.

13 ABSTRACT: Enter an abstract giving a brief and factual
summary of the document indicative of the report, even though
1t inBy also appear elsewhere in the body of the technical re-
port, If additional space is required, & continuation sheet shall
be attached.

It 13 highly desirable that the abstract of classified reports
be unclassified. Each paragraph of the abstract shell end with
an indication of the military security clagsification of the in-
formation in the paragraph, tepresented as (TS). £3}. (C}, or (U)

There 15 no limitation an the length of the abstract.
ever, the suggested length is from 150 to 225 words.

How-

14. KEY WORDS: Key words are technically meaningful terms
or short phreses that characterize a report and may be used as
index entries for cataloging the report. Key words must be
selected so that no security classification is required. 1denti-
fiers, such as equipment mode! designation, trade name, milttary
project code name, geographic location, may be used as kcy
words but wrll be followed by an indication of technical con-
text. The assignment of links. rules. and weights 15 optionel

Seeurity Classification



