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POLLOISIG ARE TIH CORESPONDING RUSSIAN AND ENGLISH
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PREFACE

In accordance with the new educational plan for astronomic-geodetic specialty

spheroidal geodesy is studied in the IV course of geodetic colleges in US3R for 7

to;.rs n week during the entire scholastic year. Independent :.ettlng of this depart-

meift of higher geodesy has as an aim, on one hand, to give future engineers the tiec-

essary knowledge for treatment of results of geodetic measurements of the spheroid I
nyid, on the other, to prepare them for study of theoretical geodesy, mathematlcal

eartography end theory of the figure of the Earth.

Till now in USSR there was no special textbook on spheroidal geodesy. The work

of' professor N. A. Urmayev "Spheroidal geodesy" (1955), being a scientific Itreatise,

cont:,i,,e mainly results of his research on this subject and does not embrace all prob-

ic.mr of the course program. Second part of the fundamental labor of F. N. Krasvskly

"Lui.de to Higher Geodesy" (iA4P), which up to now was recommended as a textbook and

w.:ere spheroidal geodesy for a period of 1942 is presented with suffIcient, f-Illness

hns signiticantly become obsolete in certain parts. Furthermore, the work of' F. N.

Krasovskly, In the contemporary understanding can not Le considered as; a text.book.

This sulentific guide, is intended not only for students and post gradu tues. tnt alno

,or eni-:tneers-geodesists working on large astronomic-geodetic nets, aind for Iep.iiiii.r

c' rlent l.(ts.

li,e offered textbook embraces all questions of thp course propram on ci'. r-r•old•l

rfeodesv. ".ery, in many cases presentation exceeds the bounds of prorram redq•-rftn.

jich :nppro'.ch should be consid.red as fully acceptable, since 'a.'ority of' 2f Ak , ,':1

rrtter mu.stt ri.-g, Ke course wish to study the problems deeper anrd to. iecor.., wi ter tt -

!irtel with the direction of the development of scientific ':.o-ic! in i ore'.,f

i rD-T-. - 13 - -



*~ ~ ~ ~ ~~~~ý **1*~f ' i ., i-', to an'aiyR1:' stetrod of' presentntlion, the gear11-trlv q'1-

3It .1 Vic'i :'r'Ir ' : t :rl-wir:;i ln.d in t erpreta tion of' complPIex lfli Lytic rIC

* 1 r. .:. N~e l5:c :, '.i1ippl¶irit.lus Is used. However, In orifer ?n,itt

* ~ ~~ l*Pl '.r j' .`ta:lur-!.'ai uns mad reckonings would niot ovfer siladow tlv' filn-

* t aav11:1 ':,I I1 14f-i~ -m:ifJprin noi- t'-ucadament.al details of de ri vat.ions of' et-r-t-in

. . . . . .Iti ,1!4:: In. ;,'i ýr (if' Ei.-iss were (tattfele . Alctir, wi~h thiAS Lill 3tteMIý)4.

:nitr t 1'p ro'vlý '&cceple e :ii ow symrb,-liSM.

1 li tj~c~trr~t1.* e texrtbool will indicat~e U&e fol lowing.

1. :." v nr~r on ci ido crves is slibstrintially expanded. -erefi ~

* :112 Imr, in oart #i&1CatoJ0a] literatiUre I~s presented a resolution of' eoodetle prob-

14-!:.; .wV' li,.. ;;f-117 nor ,rn eot icrs c1chords of ellipsoid. In cenatectior: with

:1'','s. *.y %ot:!rarwil sect .1cr s and chords of' ellipsoid nare expounded wiLt. nor-

I r fl Ie:~. r-:crirr :i reodenic, and their application to re~solution of'

Io gf'- e o "l~~odesy oc':napies sul-stantial. place in tJie text book. It, i!ý

!t;~:,1 .1p aipli cal ion ci' Ito'1esic ini.:~ resolution of geodetic prot-lerns iians deflinite

:a v'::t :. ~ao comrpra red t.o :ip3l icatlon ir' cottier curvec on the vurfaarte of' thp elli1psoid.

0 1. 'f'i .40 ry ol' i-ode! ý-.- tr~ai :nle on tiie su.rface of an ellipsoid 1:; prezented

'¾ l~:Io w,.l:; work: "ltsiraLinof Curved ýurvfacesll.

!5. n'.e L:csis o:' rf-.'Azz o" Investigations of the nattn-or arid other scient.ist~c

* I. 'l'! or or: c* titetl: u oIr coordin'ae Icis conside raly exp.ne.irI ~

''Ic v., 1,-. -.~h -c i''rl .c e Ic:..1 ~a! iocns f' geodetf.ic c oc rrd ir.:,tes and thIIe

n cf -.or I o i.~ Mo[. -1e!;b k Iy 'Ire' p reser. ted.

'ieresol n' or .- o 1;t lIc nmo~e: for on ltresIs preserited ina u

.'l r.'wr ~:io:. ;, o!' . ore nr r~~p.devoted to this q-iestlon it, former

* r. . cxi:- t'.iawr~l emve r' wi ti: :,iccounf of' baslic metho~cds of' resol ':1. Ic

1' : 0 rf~ ,~:#2,tcr,~fellipsoidi on a spii, rp ~and p1~n~er trp Iprr-

''IV'c :.I.& Pa. or. .1: 1;Of o:rr1osa' KLoSi - Her:rrtp.*L i~

* A!: L r 0* j~ '' I !7 -J111 --ir-:v *ie~c ri 11 or. cof reote! le p rojti'c lt-t cl'

el 1i;':o~ I . i':.' . . . . .LO' (',l',ttk'Ii' vo l VV1 A-t "i k-1, f. mon r ,o: .I'1
e'.e.' '1 11-o ".~. 1cln':ra

of ri]i- -. , p ,1



m.,,s.irements a necessity arose for the resolution of a nur.".tr of' problems orn t.1 o sir-

f'ncI' of ,errestriol ellipsoid. Parallel with this work the Chair of Hi.V'rr GeodePsy

"-I ;AIK, candidte of Tech. Sciences V. A. Polevoy worked on composition of a train-

i:a: aid "Mathematical Treatment of Radargeodetic Measurements", wnicl. were $RIIIdy

ispeis ei. 1 There'-ýre to avold parallelism in. tLis textbook. ti;e problems of" t:re:•t-

i:ven. of radargeodetic measurements are not shown.

8. In order not to overload the textbook witn examples of calculations, thef

more model and universal of them are referred to the "Practicum" of professor S. N. I
Rabinovich.v But nonmodel examples are placed in corresponding places after presen-

tation of the theory of a given problem.

The author attempts in presentation of key basic concepts to avoid "mathematical

baillast", which submerges the essence. How well he succeeded it is difficult for the

author t.o judge. However he earnestly hopes for great help and friendly criticism

from geodetic society; such help became a tradition in our Soviet activities.

Of great help to the author in preparation of the manuscript for publication was

rendered by assistants of the Chair B. F. Khitrov, V. A. Romanovskiy and A. N.

Solov'yev. Translation of foreign literature and a check of foreign texts and names

were carried out by senior teacher of the Chair of Foreign Languages MIIGAIK G. I.

Zs aL'skaya. I
The author obtained ruch valuable advice and recommendations on the manuscript

from Asst. Professors A. I. Vitman, A. V. Butkevich and A. A. Vizgin.

I consider it my pleasant duty to express to enumerated comrades my deep grati-

tude for their help in my work, especially professor P. S. Zakatov, whose very valuable

remarks rendered great service to author during final editing of the manuscript.

G. V. Bagratuni

V. A. Polevoy, Mathematical treatment of Radargeodetic Measurements. M.,
•..3dI,:' I z.iat, •:i

".* N. Rabinovich, Practicum on higher geodesy. M., Geodezizdat. 1961.
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CHAPTER I

INTRODUCTION

§ I. THE OBJECT AND PROBLEMS OF SPHEROIDAL GEODESY

Higher geodesy is a science about the figure of the Eartth. T•he main scientific

problem of the higher geodeasconsists of determination of the size arJ shape of" the

Earth; this problem is resol-.ed by seans of establishment of a typical mathematical

figure which would geometricklly present the Earth on the whcle and the study of'

deviations from the real form ,'f the Earth from a fixed mathematical figure. Such

figure is a rotating ellipsoid wit) small polar compression also called a spheroid.

The term "spheroidal geodesy" Is derived hence.

Spheroidal geodesy is a study of the geometry of terrestrial ellipsoid and rep-

resentation of important parts of its surface on a sphere and on a plane.

All geodetic measurements are made on the physical surface of the Earth, then

for strict mathematical treatment the results are projected on the surface of adopted

reference-ellipsoid. The ellipsoid, oriented on the bodv of the Earth, in a determined

way on whose surface are proJezted the results of geodetic measurements and on which

cocrdinates of geodetic points, are determined, is called the reference-ellipsold.

Frequently tfhe surface of reference-ellipsoid is called the surface of relativity.

In order that the surface of the reference-ellipsoid would be disposed as neurly as

possible to the surface of the Earth within the limits of a given area, it is necessary

that. its major semiaxis and polar compression be obtained from the results or etfc

gravimetric. and astronomical measurements, carried out in this area.

When it Is spoken in higher geodesy about the surface of the Earth, v:isile

FTD-MT-'4-3, -5- "



-.4i'..-al E-irl'acfý Is IQ.t. *r--i $., 1;;t. a ss4t level z~iria~c u!., every po;.,.t mw:l~

I. .rilr I I e colrne iWies wit I tief. to rmra l T:.Il6 condi t ioni sý ':,I esI intif' it te r1 .r ot'~4

Zva 7,1l ~ i" ge(vdE~sy S ba ?31rwP is o('Ot.3 tred w.I( ~
vAI!I! o fc ofI :.f, world ocp I in a st ate of' Compl ete oepillibir-lim of, 1!.r, wntf-'

wic "Vil 1,:-fli closed, continuouls wlthcuut. folds and rid-ges, even suirface, V-1ioh Is

t-tll.,l'- iiztunvi or' trip surfane of' the Farth. Geometric fig.-.re, lisit~ed by tills

!j; cill--d t~he geoid. Thus, terrms "surface of the geoid" arid "datum. or' tx.

surtf:tce of t-,,e F-trth" have ident.1cal mevesaing.

lit order to I-resent the geoid on the a4jole, an idea Is Introduced In hignier

g 'eo~lvoy ai~o,.t U~e general terrestrial ellipcoid, determined by the following charac-

I1. TI-W voiu:*:e o!' the ellitpnoid Is equal to the volutte of the geoid. 2. Tile

r otg:ivl 'y atnd ti.e plane, of the equiator of the ellipsoid coineide with the

* eznt.er of graivity and the planre of' the eq-oator of the Earth. 3. The sum of the

v:* leflect tons or' the geold V roiu ellipsoid should be minimum in hipeiht.

1`1e problem o!r det~erwminatior. of the size and shape of general terresýt~rial ell~it-

*i t-it~ers Into naturul-science problem of study of' the Earth as a planet. and can he

rýgdl ,olve-i t~' 14011t *ie of* data of geodesy, gr~vimetry, astronomy, geoplrysics,

£-.'olcigy :tai ot-rier related sciences alitained for all the surface of the Earth.

r'o.!eLction of t.ne res-;t~s of t;.e geodetic mneas-urements on the surface ot' the

r~ftruce -i itKsoll 1,- a Com~iex phyý;Ical arid matthematical problem, which Is studied

1i) tj!e hOretIcal part of the hIgher geodesy. In spheroidal geodesy It is assumed

-:it !*e rosA1,s of fne geode1 Ic neasurements are rigidly projected on. the surface o!'

* 0r''t~receel~psidand gectletic problems are resolved as If alt tile ftea.:ureneN1.t

;*-tformta I 11 rect-ly on the sn-iface of' the refererice-eilipstoi'.

2.>v I>i~i'O ?C~?D F > 'h ýiF ATPII;.ATICAL F- Ji~L C1, '-;F Pii'.

~e~~ayvifews on ti~e 11igu.re of t~he La rt 1. take ttheir hgnnln 1,*ro:-i I

a71wl on. W!ho Vor :~.1- 1".rs. ~. d on -A tasis of tne tAwl o~f ulC a rf.4* lorn

t-X' ez.'. aa a tk~u ¶geomvt rc rit-ire or ti~e Fart h is t i.e rtar ;1 !ie' o a 4

'wo -oree.: . P[a fk-r- o r.-3 rlkiI lo .~c~ir. Io!' renrt~ri t'. i,,% "a I

o arely 1t~~ !, t'~-;pxai .*' .~~~ de'r- r!.la? ion.f . ....



" x:•cdrg, ;,rr to Newton, waa put to an end. Ccns' ierink, the Earth -ir. - uniforr.

c -ly, I• r; :ioh ",I I;articles are mutually nt.traefed, avd t.,f,,lng r.-tic' of cent.rtru~iIg.

'.-o-,. t,4 i, ,rn- of, gravity on the equator as epial to 1::89, Newton ottbir:- i

v'-io uf I:P'" for co•pression of the earth (1iA). besides, hes k-.- noted, 11:!C valse

:.hr'.ilt "lf:renre, if the density of the masses in'creases towvird the cenrter.

A coitempor'try of Newton, Dutch scientist. Kh. Oyuygevis. considering attrnctiorn

,'4 !.I, .rti not from separate paiticles of her moss, hs follows from the PIw of unt-

vw'r:l,-i gravithation, but from the center and taking this for ratic of certrif-ig-i

V fg FrAvity on equator received the very same nuaber as NewLon hId vbtaine.i for

eor'.resson of the earth 1:578 (16&S), that is half of its actual value.

LIus, at the end of 17th Century without any direct Measirrments on te ýne r:hz

surfice, two extr-me limits for the compression of the Earth were obtained. Mean-

while, the real compression of the Earth could only be determined from -aterials of

litoct. geodetic measurements. The French Academy of Sciences, founded in 1666, under-

took such measurements under the leadership of the famous astronomer U. Picard in

166r. Although the measurements of Picard were the first in this direction, before

their fulfillment numerous and very important for that time inventions and instru-

ments, such as for instance, pendular and spring timepieces telescopes provided with

crosshairs microscopes, cylindrical levels, and verniers etc. were already utilized.

Picard considerably improved the methods of triangulation, originally proposed by the

Dutch scientist Snellius in 1615.

Results of measurements of Picard and his pupils, published In i720 by the

Trench Academician G. Cassini, showed that within limits of France the length of arc

of a degree on a meridlan decreases to the north, as if it testified not about com-

pression of the Earth at the poles, but of prolateness.

This contradiction was brought forward in the beginning by Cassini hi,.self and

then successors as refutation of the theories of Newton and Huygens, since aL:usal

measure::rnts were considered very precise. However it was estatlished that the error

of tic measure.:ents themselves was so great for such short distances that they wholly

can cover nt-e influence of compr-ssion of the Earth. For clarification of thic and

the evaluation of accuracy of measurements of Picard new measurements were requir'ed,

they were undertaken by the French Academy of Sciences in 1735-1743. Two ires were

ne,:sured' ne:ir the Equator, in Peru, °07' long and in th' north of Norway. in Lqpland,

Ilono. Results of these measurements confirmed the correctness of the theory of'

-7-
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Newtcei -min Lim~ultafieously indirectly showed that the iLarti: Is n t~eterotgeneo'js i-ody,

afirie t~o-qrcz:.iinn at near Equator meaisurements was obtaincelin to 1:ý14, a- I ne.-tt

01-LE~ or~ u L1,41 guinr nat~ural-sclencte prrobleMS atout rarth, t~amely The dv~cr-

rdiititon of' its size arid shape, was solved in 1.8th century by the results of geodetir

t!.rrT.~n?5 Frernch measurements laid foundations for degree measurements alotir ti;e

* ::t'rdl.tnwhich began, to be rapidly developed from the end 18th Century In many Fiiro-

* ~~pean 5tA~.Somewlhat later, with the invention of the telegraph, degree maeasuJrement.z

lion 'e parallels began.

Flr`:teenth century Is also fa-us f'or still other facts, in the~ history of geod-

* ezy to p-urely geodetic method of de terminat"ion of comapression of' tht Earth were added

* other trethods founded on theoretical positions of ctleatial Mec'~anica and other sel-

* encien. T1he fetmous A. Clerot member of the French Academy of Sciences arid participant.

oi' the Laplandlark degree measuremnent, obtained an equation In 17435, whicl: showrd t!.it

witl, the aid of a difference of' gravity at the Equator anid the Pole It is possible to

caliculate compression of the Eartkh. -Pelambre Investigated dependency between the

fig.-ure and distribution of' Earth Mfasý:es attracted by the Moon and the Sun. La~llace

at ttne end 18th Century found per~idic terms in equatior of the maotions of the Moon.

which .ire conditioned by the shape oif the Earth and distribution of masses Within It.

In th~e second part of the celestial mechanics LaPlace on tne b-asis of the theory

*o:* 1'.oov's motion a-d resalts of meas7irements of' the force of gravity obtained a vale.;

for the compression of the Earth, approximately equal to i:300.

La:lace simiultaneously Indicated that actual mathematical figure 0f14.pt. Farti.

* >i~n&ex:icrtly coincilde with the prolate spheroid. He made this conclu~sion~ on the

bazis ot' material o-. trian-nilation, at which deviations of thf. plumb linies were rp-

venled, fatr exceedinr~ the errors of measurements. This served as am reason t*(r vhoe

uerivation of t~he well known LnIlace equation, gielIng difference of ieodet.1k, !int -is-

I ro uiujeal 2 zi:t itf~tS.r

I~n :'Irst half of the 19th Century several attemrts were maudo t.o o 'rait. fror. 'iq

lon:x atvri:d. the va lue of a major semiaxis and comp rensIon~ ef I erres!. ri Il

* el lipse. Id. 'Me most essential contribution In this was mac'oý .e y the greatesT. 2e.rpain

aztronemrer and i-eodesist F. V. ENessel (27t84-184t). in 1641 on the tnsis ol t t~f~uzrc'.ar

treatmert of trianr;ulittion mat.Žrimil by a rtietlhod of leist squnre:, 1be~czsl o i.

val-Jes for nm.70r ,I inxis 01 a = j7~,and for compression I 1:~ ~22 io !Is



iprvw1oin': FIesnel used tvp E•iropenn degree measurements of ,.ie renerul extent. or I
't v.i wi,ero f.Le wrenter weis-h;t in his treatment was giver. the part o! ri-

%: ';Li'loto,, c.'rrled out under direction of the great Rission ,

"7, 7"s. .. :'r-ve (17917-18i4).

D'te 1.0 great scientific authority of Bessel, his ellipsoid wro; u'ed In OPogit.et

work •t•,o-t everywhere. Even now Bessel ellipsoid is used as a reference-ellipsold

In certaln European countriea. Till 1941 Bessel ellipsoid was also "ised as A

reference-ellipsoid in USSR. Investigations of 1. 11. Krasovskiy (18-Th81L48) showed

thaL TPessel major seriaXi8 for area of USSR is approximately 85i •. less. However 1.1"e

v'•lJe of compresslozi of his ellipsoid even now is considered one of iom.

Work next In importance in this area is that of a well known English geodesist

A. Clarke (i128-1914), author of work "Geodesy", translated into Russian by V. V.

Vitxovskiy in 1890, Clarke twice, in 1.866 and 1880, developed an ellipsoid rror. Euro-

pean! and Indian triangulation. He used material of degree measurements Of Struve

extendinr 250201 along the Indian arc 2105, long and a series of small arcs of Feneral

0extent Af about 75

ileographic location of Struve arc and Indian arc are such that due to the pres-

ence of significant latitudinal waves along these arcs, compression according to

Clarke turned out to be exaggerated, while the value of the major semiaxis was close

enough to contemporary values:

a = 6378206, a = 1:295 (1.866)

a = 6378249, c- i: 293 (1880)

In the beginning of 20th Century several major Russian Geodesist& proposed adop-

tion us a reference-ellipsoid for Russia a semiaxis according to Clarke (6378249) and

compression according to Bessel (1:299.15).

Clrke 18b6 ellipsoid is used in geodetic work in the United States, Canada and

Mexico, and 1880 ellipsoid is used in France, Union of South Africa, and in certain

French Possessions in Africa.

After Russian geodesist F. F. Shubert (1859) to Clarke also belon.s one of the

derivations of triaxial terrestrial ellipsoid.

In tne ninetieth years of the past century Russian geodesists provessorf . A.

.,Uudskly (1h4-18-897) and A. M. Zhdanov (1858-1914), completed researci. or. derivltlo:;

of parnmeters of terrestrial ellipsoid from Russian triangulation and as !i resIlt.

,'tained:

-9-
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Jludakly - a - 63 7 7 4 94, a = 1:297;

Zhdanov - a b 377717, a - 1:299.

* In the "Jth Century research on derivation of terrestri.1l ellipsoid continue'!
*: in !.unuro nd in America. In 1?""7 n well known Gertran ge•desist l'. i,. elm,.ert (I.,-

1 i'917), author of a two-volulme fundamental work on higher i-eodesy ("Die mathematiscL,!e

un. pt'ysikalischen Theorlen der h8heren OIeodlisle" Theil I 'And ii i',0), divided the

problem on derivation of parameters of terrestrial ellipsoid. He proposed to derive

*. compression from measurements of gravity and adopting it, derived a major semiaxis

from triangulation, By this method, having 3btai'ed compression of 1:298.5, Hlir;.r%

rdP?'rmin~d the value of major semiaxis at a - 6378200 as a mean, obtained from mmteri':t

in Europe and the United States up to 1906. Helmert's achievement is in that he

. carried out the idea of joint use of material of geodetic and gravimetric measure-

ments.

In 1910 American geodesist Hayford treated material of ext,-'nsive astronomic-

geodetic net of the United States for the purpose of derivation of terrestrial ellip-

soid from American arcs. Hayford in his investigation used a theory of isostatic

compensation of Earth's crust. This theory assumes that the insufficiency of density

of misses in upper layers of the Earth's crust is compensated by surplus of density

in lower layers to a determined depth, called the depth of isostatic compensation.

According to this theory, for every section of Earth's crust it is possible to accept

that the total mass in an individual vertical column, from physical surface to a cer-

tain internnl surface, below which there exists a static equilibrium, is approximately

- constant.

With the application of the theory of isostasy Hayford obtained:

a = 6378388, a = 1:297.

V:ild of compression according to Hayford coincided with the value of compressio.

W, 'talned from data of mensure.nents of gravity, which was then considered tVe ,os' re-

lbbl, . Fheretfore in I.)24 the ,eodetic Association of International Geodetic ard

.;eoptfyslcal Union (MGG3) gave preference to H-,yford derivation arid adopted i, :,8 x:s

.r.a ellipsoid. In geodetic literature the H".yford ellipsoid Is ealled il:-

* ternational ellipsoid in the west. Series of geodetic tables and instructions were

composed in the west using the dimensions of this ellipsuid.

Investig.ations of r. N. Krasovsk!y atnd A. A. :zotov showed tha' there is no fo.r.-

* dation for endorsing Hayford ellipsoid for general Internation:Al vol'ie, since d-ritig

t .



i.i: derlv'WOion he used trianga.lation done only in the UnTi ,'d ,t;ites. Trir;lru'I iont l

ir, .:JST• i.:ias re;,ter wei,-ht than in the United States.

Y. N. Krasovskiy studied the problem of derivation of prnr.af, ers of" !'rr-s' rlal

ellipsoii uuring almost all of nis scientific endeavor. However nis first. te, ier

rovnd1r1 derivntion pertains to a period of' l931-1-134. His work or, this prohletr In

thre Form of separate articles were published in rhe Journal "Geodesist"' No. , 7. :,•,

i1, and 12 In: 1936. In his investigations F. N, iKrasovskiy used matLerial of' ix'enslwy

tri.Lngular.ion in USSR, the United States, Western Europe and India. Furthermorf'. ,.

used materials of P"ravity measurements.

-ram shown material and taking into account corrections for trlaxis b.e o! :,,'tied:

a -6378200, a =1;298,6.

F. N. Krasovskiy considered that it is doubtful if his derivation was erroneost

In value of semiaxis more than ±100 m, and in the value of compression more than one

:init in denominator.

Research on the problem of the figure of the Earth in USSR continued at TsNI';I(AI;K

under direction of Professor A. A. Izotov and at the Institute of Theoretical Astronomy

of the Academy of Sciences USSR under direction of Professor I. D. Zhongolovich and

after publication of the work of F. N. Krasovakly. A. A. Izotov in his investigations

fully utilized the method of F. N. Krasovskiy with addition of new important trianru-

latlon in USSR (he included all the valuable materials, obtained up to 1940). Com-

bined treatment carried out by him of geodetic, gravimetric and astronomical materials

in l'urope and the United States with introduction of isostatic reductions gave the

following values for the parameters of biaxial terrestrial ellipsoid

a - 6378295 t 16 m; 9 = 1:298.4 ± 0.14.

On the basis of the same materials parameters of triaxial terrestrial ellipsoid

are obtained:

mean radius of equator a = 6378245 m,

mean polar compression a = :1:298.3,

eqviat.ori-i compression E = 1:30,000,

longitude of the prime meridian X - +15o from 3rcenwic'.

These conclusions, taking into account geographic disposition of v'liz.1i ,rcs,

method of' treatment and analysis of materials are at present the most fo.;nd0,' ,nI

innswer 1the requirements of strict mathematical treatment of exter,!ivr w. ,'r:;3.:.i,'n

eode.lc nets for derivation of parameters of terrestrial ellipzn'id. ý!.; .

%top

._ _ _ _ _ _ _ _ __ _ _ _ _ _ _



6-: -11*,f ti-2 1! IVestig'it~itI I Ii I .. I ~itWI Oort I gri cklutntrli . je li Ik .kLe* I inIci,.fe ti,;,; 1.1 <

* ',rror In :u~r rn-mi~xi of' Rrasrsvsr.Iy ellipscii *Joe~ not exceed mr0~ ~, ir.-I oi

*:or~U~I- i re'iictlon of t~ase' on the surfece o Ol'te refererP#- ellipsold, oAt tilr- i

r.'I, !:?t :xis iwl-iVIlixt I ly for !;.uiope jrJi Ameri-o c,:rresp'orid itig'l .yd' i.

cc .., ri the se rez*al1.s with thte major -Rettiaxis of' prolate sptterold i o i':'vk

I,:*z o-'i~cr -:oineI 1"nce. Qlvlrig Owe',P j~tta iI tiie la~test vublic on of t 1~

kwv!: ":!;.tx'r--tiCns on Higher uoieas2 t , l-y *Jordrn, Its chief editor Find Cc-Ii.1,'or

iro~.t4.Kne.ý..sl writes It- introduction "Very good confirmaticin 31f the rvs,ýIt-s

hy' IPrrý;!AegP art, presentedl by the prolate spheroid of Krasovski~y (a (.7'--6m

* ~~krsults of observations rjf motions of Soviet artifi.cial Earth satellites a~

* orifir.,. th~is Jrriva-tion with Indicated degree of accuracy.

in i*:Pw*cf~sor 1. T). Zhongoiovich obtain~ed from the treatment. of' results oi

oi*'.rv-Atlonz of rotation of thiree .3oviet satellites for comrn-ession 01' t~errestrj.1-3

4;110-1-Ol . the viiuep of 1: 2983.2, with an error in deno minator of' tn.1.-1

li. 1"- Aa:erilcan scientist. Yu. Anzal uwng material for compresa.... 01" ttrrces-

trlili sphvroid from: American satelli tes -)btained 1*298.31.2~

iTnur, fro!% 4 October lc%?), when, USSR l-aunched the i'Irst artif'icir-1 earth satel-

11t* ne-w epoch was opened inl theý stuly of the f'igure of the Earth, a new p(owfrr'fuL

I wt i*r.ý :3 ?s.ici ally Impurtir.t :o )solut~ely Independent ?%c-tiod o.f resoiutior ol'

!%i *rob I P.:. wus obt.Ained.

ii nchIngof rUficial sa-tellites 9nd space t-ockets very ex~ict f!-jJL!!.-

?.iot;: :'%Dr Aeternhi.n-.-Aor. of txneir orbits are requi red. In thesp ca 1cizln'~iers v:irieuir

'., istro:nomical *xr-i groderic constants sre applied, it- a niumber of'IC~

ijt .ii1and o.nrss: f terresi rial spheroid Flay -.very U-irý - v

I r' ' ~ "~IThs V-uXUOs by r~iat~ed sc ien~ces give valu~it~le mitteri- I)v-t .-

-- tof. o he U *Jegr'oe of reliat-ility of Oetertritation of f'hese valtues by ;cli'h' 11r

i oe.tsor 1. -'. "'hongolovicrt. E~xperience In determination of' certaui: ioe"
o'tti Frth grsivlt-ition'1l fieldi t'rom rps-.llt-s of' oservitior 0o, sfitelliteni--,:-7 fi,

I 8~Uitnof' Oi*t Ie okh-;ervatinln cst%!rions !:' 'Art. :-,c'% -o

-* I. t iit'1 0?''. '11 1 1i 0 x' tie Far- r :r 1Ive'id o ~ M.o %c!~ w'



Py the Resolution of the Council of Ministers USSR, From 7 hril i:,4, tU.i param-

•',.r• of ellipsoid (major seminxis a 6378245 m and compression i - 1:2)8.31, were

liol.ted ,.s obligatory for geodetic work in USSR as the mort responding to its ar'ers.

The ellipsoid was named F. N. Krasovskiy in honor of his great services to the Zoviet

geodesy. The Krasovskiy ellipsoid was also adopted for geodetic work of Socialist

.' t.ev, [Soviet satellites)

Results of research on derivation of Krasovskly ellipsoid are presented in thp

work of A. A. Izotov "Size and Shape of the Earth by Contemporary Data" (GeoderizrAt.

By now the results of geodetic, astronomical and gravimetric measurements gave

correct conclusion about the figure of the Earth on the whole. However investigatioy

in this area continue with great intensity for derivation of general terrestrial el-

lipsoid and study of the deviations of the figure of the Earth frnm correct form of

rotation.

New developments in the problems of the study of the figure of the Earth the

last 15-20 years is introduced by the work of M. S. Molodenskiy and his school.

It is known, that the traditional scientific problem of higher geodesy was con-

sidered to be the determination of the figure of the Listing geoid. Meanwhile, rigid

determination of the figure of the geoid is impossible without additional data. For

obtaining these data it is necessary to resolve physically and geometrically a complex

problem: to reduce on the surface of the geold measured gravity, deviation of the

plumb line and results of geometric levelling, angles of triangulation and base lines

also have to be referred to the geoid. In order to rigidly satisfy the indicated re-

ductions, it is necessary to know the density of masses outside the geold.

However for the treatment of geodetic measurements it is necessary to know not

the geoid but a figure of physical Earth's surface, gravity and deviation of the plumb

line on it, also the height of points of physical earth's surface above reference-

ellipsoid. With such formulation of the problem reduction problem immediately drops

off and there appears a problem of the study actual shape of the Earth's surface.

Thus, the scientific merit of M. S. Molodenskiy consists in that he introd~lced

clarity into the problem of study of the Earth and gave a new method of resolution

of the problem how on the basis of results of geodetic, astronomical and rravimvt,rlc

measurements to determine the shape of the Earth's surface.

* ;'
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} § 3. FSSENTI AL INFORMATION ON MAilIFMATTUCS

"1. Series

*'i ,lorlt y of proletrinz of' sphe-roid'il goeodesy are resolved by means of factcri::,t-

,1ob of, fuinctions Il power ceries according to Taylor, MacLaurin and Newton's tlnoml;'

1'le most essentlal peculinrlr.y of' the geodetic series is their rapid converrence

a:.d .,�h ilt.ernatloto. 3in rnosr c;tses thj- appl*ication of series in geudesty their con-

vergence is so evident that no proof is deducted. The convergence of alternating

- ,riez Is determinel on tne basis of the following theorem.

Alternating series

"NJ -112 + US --U, +..•o u+( .)

(!iare positive numbers) it converges if the absolute value of its terms decrease a-,;

gc to zero durina infinite growth of n, while the remainder of the series does not.

exceed trne absoliote value by absolute dimension of the first of dropped terms and has

ý.,me sign.

Let ser:s:

U, +~ +P% + ... +W5 +v, t ..

Swhet'e:

conver,:.es, t~en I? is possitle to assume that:

wILht. ilz E Is a proper 'raction.

Cons equent ly,

Theref'ore:

Wa + tI%'m .-. + W.<S(I+ +,'+6'+ ... +.

bul

- I-._l
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that is*

a-I

Since v + + v 3 + ... + vn > u + u 4 +.. + un, then series (1.1) absolutely I
Converge.

The given theorem is applicable to all sign-alternating geodetic series.

Absolutely converging series allow any distribution of terms of' the series, that

is they converge unconditionally. These series can be added and multiplied, thp oký-

tained series will be absolutely convergent. Rapidly converging series are very

convenient for practical application, since with them in most cases it is possible to

be limited by the first terms of the series. However, it is very important In every

instance to determine the order of smallness of the dropped term. The sign of the

dropped term does not have value, but it is necessary by all means to evaluate and

to indicate the order of smallness. In spheroidal geodesy small value of the first

order is usually considered the ratio of length of are to the mean radius of the

Earth. This value corresponds also to the difference of latitudes, longitudes, and

azimuths. In subsequent account of the course the order of smallness of dropped term

will be designated by a symbol Z. (i - 1.2... - order of smallness).

The Taylor formula. Let us assume that f(x) is any function of x, having deriv-

ative to n-order inclusively. We will designate, a as an approximate or measured

value of x, h is the correction or error of measurement of x if x a a + h, then:

n - tie + it)- no= +,or (c) + ' rip) + -trne) +.. + R,(w

where Rn(x) is the remainder, which is usually given form:

44.. q - OFp

here 0 is correct positive fraction, unknown exactly.

In geodetic series Rn is a rapidly converging series, therefore it is possible to ac-

cept for it approximately:

P""•--,"(1.2)
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which simultaneously Indicates the power of smfl,Aless of the dropped last t.err of

seriez.

Convergencr of the zerler;, uit.kil;ied by the Taylor f'o:rimit., can be improved t'y

me-ns of change of milti.il vilue of the argument. In pa1r-ticular. during introd-ctip,.
5

uf mean argamuent a: = a + ' we htave:

+TrF -•)il-(+-•) ...

, -,1+ ÷) -:-,r -(--- +(.-A
+ +''•) • '+-2) '

Di.fference between these two series gives

1(4+ - I(a )+-1"(a. + r"( a + -L + ' + +.

From (1.3) it follows that in a series with mean argument all terms wit?: E.ve;,

' degrees of h dianppeair, and terms with odd degrees tf h enter decreased by 4.16 etc.

!linmes. PTis princ.ple, introduced into geodesy by Gauss, is widely used in reo.'L.cW:

of' of ny proilems of spheroidnl g(.odesy.

I r we were t.o take differences of functions f(-t + h) and f(a - h), we wlf.] ,b-

rapidly eonvergingr series tn the form of:

I4, + )-ka--) 2 •'1(a) + J- -'1(,)+ )( +'
31

In exp'ressions (1.1) and (1.4) remainder can be calculnted by 'he for-m-1..:

* Taylor formula can 1,e written In the form:

l~ 4) + - (z)- ,llh-. r) + ... I + -- •+ 0,, ..,

.•.'a



The left part of ttIs expression is increase ofr function y f(x), thref1ore:

4r- 1(x)d - r(o)A: d - . - ie-r),

,indl in general

Consequently, -,

a, 3

Formula (1.6) has great value in problems of approximation reckonring and chicli-
lations,

The MacLoren formula. In a particular case, when initial value of variable x is

zero, that is, a - 0, and x = h, Taylor formula assumes the form of:

- +r+ +R. (.)

This formula is called the MacLoren formula.

The statement about evaluation of the remainder and convergence of series is

obtained by the Taylor formula, is also applicable for series obtained by the MacLorenr

formula. Although MacLoren formula is a particular ease of Taylor formula, it is

used Just as frequently, as the Taylor formula.

Binomial series. Expression

his meaning and absolutely converges at any n, if u < 1. Expression of type (1.6) is

called binomial series. In distinction from remainders of series of Taylor and

MacLoren, the remainder of binomial series can be obtained by direct summation, hut

the limit of its convergence is not always known.
The most commonly used binomial series in spheroidal geodesy, are:

__ - -t a to w (1.9)/ I I
-17-
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If in angle u Is given In degrees, then in radlnn it is eqzt, to..

-- +-...

('wIl t-+-v-, , ,'...m

6 aS 263at I + !.a-+U S... (1.1+.)

mm..l÷ ÷ +-

S +

Inverse t rigonometric_ series

a-Uo. N -am esx

u-m nz 86 46 I1t.s)

a dIoa I+a+.

(23 a 11"

-qt T+ !+..}iflU+S + !-+...) (1-15)
+, W..) IOU•++ +..

Igu-tgtu- ,i-,I -,It•m+ +--

u- positive ind less than '.

In Vega and Pauschinger tables of logarithms values are given:

s- V-6, o x M'S + ICU'
a" or

T AftgI" or Is-tga o+n " (T'ib)

:'or calculation or sines and tangents of acute angles.

-:19- '
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.-. ?.71• 5 i1 a base of natural logarithms, -

Molvre Formula

-- I,--'',. ' ---...

cam ejifi awfm -ta UrteU !W

whence

~a..(* es.~ ' *~l~ iS ) ~a- .au-.

where

For expression of even degrees of sines and cosines by cosineE of multiples of

arcs we have formula:

O O'cs'+I£3--p or me-- +nt amt.
* ... sa- U-ninafli-. 9 or mc'-osumu--iatn~aa

whence

Fy.-21-
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ur

S2n, that la,m Is an even nut-er, tl-ýen:

" Osc 'I and CO z (ýId -o 'A = -Cos Put etc.,
t ho.n:'.

1.. 
''V. '-.

Ki~r -.>4d Jegre,-s of 5iras and cosin~es

Ii"-; .L-{•(1+ I,) +(_ +.... 1"• da•'m 5b~.. I 1*•

)emuI I;

""" ý _. cob 2m

4 4

... Scos2 + A coi4tt .cob m16.- 3 1 f 162



C,49,- U .+ " Z,'

"C• - a -- !-cowu - - i• , .
44

COON + Cos2u+ m ~j± 4t#

cook, + . o,-,' ,LMN,+-.1 C" ,+ 006, SU ,,,-

" Is -.
COON - A.+ COON+Aos 4u+ cos

- .

Application of Taylor series to trigonometric fancttons*

II3(U + ~wsn csm tiu--cs + 'tsink+.
* 4 24

ef-m+h)msC+SU-AS n+ - c+SU + -.- in. + u

0601-0MRCosa +sin -V -COSU-Aesink+ . .. ( 912 6-

USMO "ONa 3 me.g

In higher geodesy designation tg u- t is frequently used

easl "+A) SU f-f-+ -t+ , IIt+

sln(a+ A) -sin" I++4

For exponential functionst

2 24 3

~*SphericalTrigonometry

.Resolution of' right-angle spherical triangle

Let us designate vertexes of triangle - A, B, C, aingles - an ~ ir sides-

b, c (Fig. 1).



coja -cabosc.

$in zt--I":

1.3e

COC

Fig. 1. Fitg. 2.

Rill!-unal, apherleal triarigle can be resolve-d L~y two rules, if' the .,rmni are

reyiced~ cy ti~eir supp1lrnelra. l' -C and elem-nt~s of' -- triqingle are disposedr circu-

l-irly, as Is sh:own It, Fi~g. 2:

)Iirst ru;le., the cosine, )f separate elemtner.. la equa 1 o he ;.rod':ot of slrne (A'

hdj.!'ceý,. elemer~tz. Y~or Instance:

cose - sin ("- h) iin (9O - - com b-.cosc.

.;eeond rule: Cosline -.>f the mean eie~nl.n I-- equal to O-P prod~ie t of CI':J?

U! ~ ci .ent.a, for irns-ince

-.- ~t~i -onil... tp -c 1 1~' c : 1.1r~ I t ii ~ If-

o2:~:1z.f cutlu ies .I.'esd:

case cusb cvc4sinb sucinet&
cosbu case case +sine sinecup 1
CMC C04 CO~b + sina sinbcos- J



orpial 1 k of' slines

IIII u slab s~ll(

.* .rnillan of' cotangent~s of elemente:

dgasfncwcosceos+sInpctg2

*hgsina ý csacos -i-icc
dg csin b-ccs b Cos~ 2 - sinxcg J i

w'Fo -'las of fPive elenients:

uaftem CO &cSbint -sin bcoseC~s, 2
*bwr-eoscsin a -sin CCOSOCos3

almecos a mcobasin b~-sin cusbcasl

skews-, - coascireb-sinecosccos s

2AucaspmcwbsIna.-.Mnbcosacos7

4i. Form~ulas of' cosijnes of angles:

Cut U-COSP3 tall+ siflSin~osn i
CImOs-etyCos: + sinpinacosb j.(*)
COSTi-Cces cos;+SinzsiftýCose

I') Guass Delarnbre formulas

silLCOSO-7. aSin b4e if 3 2 2

si E -Sn9- Isin -cos-22 2 2
M"_L-COO±! bACo It+sieA

t 2 b2 C 2
Cos Off si + s MCos Cos.

.'Iapier's analogies:

mi--

go_ do 2a

Je- bb -e~

to El ia;i
-+c 25- ~



7. Formuili of targents:

•b+r ,

Spherical excess of R cpnerical tr-ngle.

F- area of a triangle,

R- radius of n sphere,

p" number of seconds in radian,

,4 2 2 z
wlzere PM,+6+t-S2 .

it 1 (1 37)
2 1+ •-tic -, I +*cut,

Spherlcal excess of rig)t-angle spherical trianFle when a

a, Differentlhl Geomet ry

Plane curves. F.Jatm!on of a curie:

in im~llcit forrm F(x, y) =

In evident forrr. y = f(x),

in parametrlc form x v x(u), y = y(u), u Is n pnrameter.
The last form of zissIgnment of curve is more frequently usrtl spt'eroldal

geodesy.

Depending ipon '.he form of ascignment. of c;.rve dift'erentlý i o01 1's ire

expressed:

I. Ed-oVIdi, r r -14):

3. O,./Ve-+,3 Ad .,r ,m.z,); Vjy,().



Curvature of a plane curve r in a given poin;t , Is called the limit Of ratio of

f.h' krigle of' contiguity ^.a (angle between positive directions of tangents at. points

ani i F, i - 14g. 3) and length of arc POP2 , when P1 P2 -0 )

KihmaAm.~.d

Fig.,. Fig. 4.

Radius of curvature R at a given point P is called value, inverse to curvature-,

that is:

K,

Curvature K - is positive, if the curve at a given point of its concavity is

turned to axis x (Fig. 4).

In grid coordinates:

Si+ u'f',.

Spate curves. Equation of space curve in parametric form:

ozizl). z-i(u). a-:a)
a-a(s) u-u(s). ama(s)

where s - length of arc of curve.

Differential of arc of a space curve

At each point P of the space curve are determined three strnigi lines -n.] tl.tr'e

pl1ines, mutually intersecting at P at. right zingles (Fig. 5).

3trai•ht lines. Tangent is a limiting position of a secarnt (!Pir. ' Piv 'Ipr. I

-7- -, ;



normal is the intersect~ion of' normal aind oscultilin#'. phit~es. Pinormal 4.3isrii

linp, perpendicular to osculating plane.

~tnr~m Lisoriat~r.Planes. Normal vire pperpendicular to a tan-

- i•
3

.. 7ert. Osculating. at limwting posit1 ion of' ,, pl~ins

u~~hi-v c'.iat1aIF passiing fhro*_,h thtree close points (if - curvo

-- V_ P,~ P;P. qd P,, wlier. P P_ n . P, (Fig.17;. . Lrvri~z-Lnta1n-.gzt .1ingent. anud 'i Morma4.

l for t.-e -txi± of' coordliviteo the t.-nrlent. Is taken, the principal normal. and

1iora witn origin of coordlnates at poin!-a P1a of space curve, then coordinates of'

Ueother point P,. of the curve will be:

is the le.-.tr of' arc of' tr.e cttrve 1--F-; polins P1 adP,

* h - rs'J-za of sra.:i f~p-tce ciqrvc',

f,'I (-.rvn-irr- ci sp~ice v.rve !i.F !vr pk.in' 7 is~ olld nmrc)c.trac' erls, I,

of' deli *-c~tion o1' t:., ':ýirve from straiight line in an are.T of' a given. p01.1, of' 1! e

-.iarvP. P' is calcuh-irted t:'1e t'c-rmilrt:

lorsion of spaice curve at. r given point is vu~lel n-mrneri-i'I: r'c 'r-k c-.

de±'lec'.Ion of' a sp.iee curvie !froz pimie tc.:mve in -in 3rea! of' jiven point . iiz prof*-

lemnS o!* opheroidal 9.podesy '.!-e cuirvati.re and tolrsio,. of' sp--Jwt CIVEi rv I- F'O* ;.r I-I.

In zr;. s (i* )the ilw of h, -:tnd %,- I :ei. w- ct. c.

u r'Av. Eq'ilation o., surf:tCe .: V*!! In .:f ol owirw....



F(x, y, z) = 0 is ro!-v'id(-nt.

z = f(x. y) is evident.

x x(%, v); y - y(u, v); Z - z(U, v) are parametric.

Differertl.al of arn or first quadratic form is:

dO-m E AO + Vdk +- G&...(.)

where

+m ON~' +(y
4.

"" Y (1'+ (I)'+()"

In spheroidal geodesy orthogonal system of curvilinear parametric coordinates

is used which form on the surface the graticule

Designating I u-dU-&It. we obtain:

Curvilinear ;oordinates (t, v) are called isometric. The isomeLric sst.uct o,

coordinates Is characterized by the fact that they form on the surface a grid of

squares with sides 1'-dt and -'• dv. Where dt - dv regular squares are obtained, but

they are not equal to each other, since 0 is a function of coordinates of a given

point.

Through each point of surface it is possible to pass an infinite number of

planes, passing through the normal to surface at a given point. These planes are

called normals. Plane curves, obtained as traces of intersection of these planes will.

a surface, are called normal sections. From normal sections two main mutually perpen-

dicular sections have essential values, one with the greatest curvature 2 and tA.e

other with the least , then the curvature of any normal section can be expressed

through curvature of main sections by the Eyler formula

I UA .In'A

-29-

I . ....



S-..J

Where A * azimuth of a given normal section.

'Besides the curvature of a normal s.actlon, In spheroids] geoiesy Gauss curvit:Irt,

is used:

K -
4,4

and mean curvature:

j In certain problems the following formula is used:

where

•2 is called mean radius of curvature.
1 2

The geodesic. Through each point of the surface P(u, v) it is posslel• Lo pass

line in a given direction which will be the shortest between two points. Such line

is called a geodesic. The material point will move on the surface along a geodesic

if external forces are absent hampering its movimert. Elastic tlhread, stretched

along the surface, takes form of a geodesic.

For spheroidal geodesy the following determination of geodesic is more essential.

Geodesic on a surface is a type of a. curve, whose principal normal at a given

• point coincldes with the normal to the surf'me.

Let us take the initil point vf the geodesic P1 for origin of coordinates plane

xoy coinciding with tangent plane at point P, then coordinates of poInt P., of' geodepsi

f a will be equal:

VmSsduA- - 1 sinAO'.

A -:ziuhf edica ntl-.arc of geodesic between points P1 .ndP,
.A -ziuth of geodesic at In>tial pont,



i- meridian radius of curvature,

- radius of curvature of first ver-tical,,I

R- radius of curvatuire of rormsl sectiorn at inmu'.t A.

Geodesics on the surface play a role to a certain de.res- o!'

straight lines on a plane, therefore many positions of differen:*'il

geometry onh a plane can be generalized for surfaces with sitast, i.u-

tion of straight lines by geodesic. One of suCh general!- a ' .ons

is the understanding of geodesic curvature on a s-vrface. In uol%,

Vi 7. tion of certain problems of spheroidal geodesy I' is very expedle::'

to start from consideration of geodesic curvature.

Geodesic curvature of surface curve is called ratio of angle of contigulty 1A

the element of arc ds (Fig. 7).

& " (1.4~7)

In curving of the surface the geodesic curvature is not changed. If all three

lines PI r, P2r2 and OF were geodesics, then they would have merged and the geodesic

curvature would be equal to zero. In other words, geodetic curvature of geodesics is

always equal to zero.

If normal sections and geodesic (Fig. 7) are projected on a tangent plane,

through point P., then geodesics will be straight lines on this plane, the elements-

dA and ds will be distorted by small values of the highest order, consequently their

ratio will remain constant, therefore the so-called tangential curvature is equal to

the geodesic.

Projection of curve PIP2 to a tangent plane will have curvature of a plane curve.

Consequently, if we designate an angle between tangent plane and a surface at :)ant

P1 and osculating plane of element ds through S is designated, then the geodesic cur-

vature will be equal to the usual curvature, multiplied by the cosine of this angle;

Normal section in initial point has geodesic curvature, equal to zero, since at

this point the angle $ = 900; in remaining points of normal section S > 900; Wit..

removal from initial point its geodesic curvature Is correspondingly Increased.

=31-
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CHAPTER I1

TERRESTRIAL SPHEROID

4 4. ELEMENTS OF MERIDIAN ELLIPSE

Geometric solid, obtained by rotation of ellipse around its polar nxis, is

called prolate spheriid. Prolate spheroids with small polar compression are also

called spheroids. Basic elements of a spheroid, determining its geometric figure,

are the semiaxis: major, or equatorial and minor, or polar (Fig. 8). Let us desig-

nate:

a - major semiaxis of terrestrial spheroid,

b - minor semiaxis of terrestrial spheroid.

For terrestrial spheroid a > b. In solution of many problems of geodesy iLt L

necessary to use different values, obtained through a and b, such as, for instance,

three compressions: .

a! .- - -(

and three eccentricities,' whose squares are expressed thus:

these values are connected by relationships:

'Terms "third compression" and "third eccentricity" while not convenr loral. are
,used by certain authors (see A. P. Yushchenko "Cartography", 1941, -r. - w:)C c*.ill
"third compression" and "third eccentricity" ?n and 2e" 2 respectivel.y.

-33-
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2X - - -a a

7I=) 1+r 1 ý-+.a I + "

(1+.)'n+E 4 ÷+
to-O~a 4p se.

- me. ._-

g +

Valuts e'. e ". e are expressed by a followinm symmetric serien thro-r-L n

:4e'-b--IW+ Me- + 1W .P.4

2
Value , - C Is radius, of curvature at spheroid poles or

polar radius of tt.e spheroid.

In approximate calculations with an error of ' it is as-

2 2
sumed e 2a, or in a numerical expression e 1:11'k.

In the USSR ieodetic work and that of socialist eountrles

}'g. 8. the Krasovskiy ellipsoid was adopted, in t:.e west ,.'e ,-reatest

use is made of 5essel and Hayford ellipsoids.

Tie parameters of Krasovskiy ellipsoid:

a 6 375 245.0(C0 AC Ig a 6.W,47011973

bm 6 356 83.01377 A Ig- b .8032428531
a.. 6329699.4.178A. Ig - 6.S•(1595414
£ - 0.00335232OW 9 I2s -a 7.52&34674f_,,

a,0,001678979181 Ign , ?.225045M_,

b,0m O,06693121r23 W am 7.825M181823_,*

0- 0.0067382541 5 In. -4 7.428680W6.._,1

Parameters o:' b:essel ellipsoll:

a m 0.7397.1 W500 Ig a - 6.8046434527

haiGIB6Ol&9632A ISgb . 6.003I8M923
* m 6398786M4939 Igc m 6.86096435
a, 0.003342773112 1i2 . 7.524IC69093_,
n i,0,001674184NI IgI n m ,,223. 941S3.1,1_i

O.- 0,00o7437231 isS' - 7.8244104237',.
.0.0067921898? IV--, 7.827318?339_,



Parameters of linyl'ord ellipcol i:

a - 63?788000. Sia .6.8047109340

w 63I6 1M.613m Ig b-- 6.824619-38
c I6339936.S0M1 Igc M.8061756723
s .0.0033670033670 Ig -- ?.5272435507_.,
a , 0.001686340641 Ig -a 7.2269453(.67_
0P b, 0.O@?2267002 l es - 7.8275417947 ,,.

"-0.0C6768170197 ge" - 7.8304712712?0o

5 5. KFRIDIA1N ELLIPSE AND CONIECTED WI1'; IT SYSTE' FI" C-, i.LFI•;,i.;

Geometric locus of points on the surface of prclate spheroll, ravir: *1nr 1.

lonritudes, is called meridian. Plane, passnrir- through meridian and ,ixis of rc7...

is called meridional plane. If a plane of any meridian is taken as initli' 'oT ,'o;r.'-

inp longitudes, then such meridian is called prime. For counting longlt.des from .n-

initial a plane of meridian, is taken which passes through ireenwlth astronomicr!1

observatory (near London).

Geodetic longitude of a point is called dihedral angle tetween planes of prime

meridian and a meridian, passing through a given point (Fig. 8). Longittudes are

counted from the prime meridian to the east and west and correspondingly are called

eastern and western: they are distinguished either by corresponding letter deskj-na-

tiokis, for instance L - eastern longitude, Lw - western longitude, or signs. Inew

USSR minus signs are added to eastern longitudes.

Position of a point on meridian with a known longitude is fully determined, it'

ieodetic latitude B is given as an acute angle between the equator plane and nor:raal

to surface at a given point (Fig. 8). Latitudes can be northern or southern.

Latitude and longitude fully determine the position of a point on the surfarce of'

an ellipsoid and are called geodetic coordinates. The system of geodetic coor'iirates

on surface of a spheroid is the more natural and convenient for all surface of t1.e

terrestrial spheroid, therefore it is used toth in theoretical investigations, and

lution of practical problems of higher geodesy.

.3ystem of geodetic coordinates also has wide application in cartogr'•p:.,. 24'.-

ventional designation of geodetic coordinates is:

F - geodetic latitude.

L - eeoletic longitude.

In certain cases, when meridian plane Is given "ry long.'?-ul•e it is c..v:•..

In theorelicnl problems to apply grid coordinates (x, y), referr.i ne i is ; I
-35-
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given nierLdian (JiSK. '4).

Equiti-n w1' Pll4pso with origin of coorilrn,:er in a e#nt#'r

SIs:

This eIuation s s:,tlsfied by substitution
Jig. 1.

UmIIflU O•O(2

wnere u- is called reduced latitude.

The redacod latitude is obtained by means cf geometric construction in the fol-

towing manner.

DescrIbl.g fro:n center of an ellipse a circiimference by radius, equal to major

semiaxis ni, extetnd tihe ordinate of a giveýn point y to intersection with circumference

and connect by a straight l.ine the' ohtealned pc:int with the center of ellipse. The

angle between this line and the plane of equatcr will be the reduced latitude. The

rediwed ltitude is also called parametric latitude. Application of a reduced lati-

tude Instsan of pcdetic 1-:.s distinct advantages in certain theoretical problems.

•'.on -,! a zoint on ri+'rldional ellirse canr be determined also by an angle,

formed b.,' radlus-vector 'IF with equatori-11 plkne (Fig. p. This angle is callel

geocentric la.itlu,_e. Geocn'.ri'c latltude is used more frequently in astronoiay .id

C'ar' ozra :.y, a 1, i:" tr. e tx :,ov of the flg'.Ire or' --. e Farth. Geocentric 1st ut ud is

•esignIt-.. Iby

Sr,.- 1g. 1-) . follows -

3 a. 7•@ -7

0,

.I..g



Position of point on the surface of a prolate spheroid

can be determined by right-angle space coordinates with a

beginning in the center of a spheroid (Fig. 10). Here the

axis OZ is disposed along the axis of rotation of szp.aroid,

and axis OX and 0Y in a plane of its equntor. This systemi'

of coordinates are used in theoretical investigaticns rird

resolution of geodetic problems with application of ,.hords

:ig. iO. of the ellipsoid. Equation of ellipsoid in these coordinates

is in the form:

dr 0.m .3 +3 I_.
This equation is satisfied by substitution:

F-- e~osusin L (2.8)
Z,,,balou.

since a cos u x and b sin u y, then:

X1'- w .- •(2.9)

Formulas (2.9) give ties between coordinates (X, Y, Z); (u, L) and (x, y).

§ 6. CONNECTION BETWEEN GEODETIC, GEOCENTRIC AND REDUCED LATITUDE

From elementary triangle P PI P2 (Fig. ii) we have:

and f'rom (2.6):

w-a -,-dau&i.

*-bca ii.

Consequently:

-37-



S i'IC e:

theTL:

Taking, into account that
it

:• '*•1•' .•S nu= , COS cou

"* ' and replacing the value u of geodetic latitude from (2.10). we

obtain:

Fig. 11. sn u- sin a

16-Olin'sB

having performed analogous transformations for sine and cosi:;• of geodetic lati-

t,•jde, we cbt;fin:

V;a -

ComB- C"- .a " (.:1f,)

From expressions (2..:) ".'!d (2.11) it tollows:

I I(C :U)sh

tWe inI r'o<d'.ce JesiLr-ri'tiorn:

-Ar_



wh~ere

i

an a V1_--Or I 8

"eoau -3.•" 1.2,5

U" U

W - is called first basic function of geodetic latitude, and

w is a function of reduced latitude. These designations are conventional.

lrom comparison of formulas (2.9) and (2.15) it follows:

For finding connection between geodetic a-d geocentric latitude let us consider

formulas (2.7) and (2.15).

We have

1-09- I'



Closed expressions (2.10) and (2.17) are applied in rigid reckoning,, In vertain

cases LL is necessary to know the approximate values of differences (P - u) arid (P -

Let us assune that:

% h+tgA $0a(+11)

We designate: a.3= , then a + 3 = Pc-yaFnd

S in I K sin~ (Ž.i-

eilnrP Eyler formiilas (i.20), we find

wahere d,.V•T, e is a base of natural functions.

Multiply right and left part of this expression by ei'Y and we will have:

. + +,+-a-

or

21 .In(I + A*')--In (1 4- W•-1 ").

For the right side of this rortaula logarithmic series can be applied (i.10):

In +4 -t2+me--1 ,+ ....
2 3 4

since ke ke ) < 1, then:

eli. -~ fail -,. +~j *
3d 3 IN 3 2

or*1IA * -sin 22 - !.inha+ !-sin~x-,..- 3



Applying this general formula to our case, we obtain:

3.tg f I a )o z i I - I 'I

I

Thus, for difference (B - u) we have k = n, and for difference (B -. ) correspond-

ingly k e , therefore:

-- as"i n -- •,4B+ T•si .... (2.18) +

I

B-0 -e~tsln2D - ~sin 48+ !-i6~. 2

For Krasovskiy ellipsoid these differences in seconds will be!

*

(B-u)" 346".3143 sin 28-- 0".2=7 sin4Bfr+ 0".0003 sin6B-....
(8-0)" - 692".6267 sin 28- 1".1629 sin 48 + W".0026 sit, 68-...

Differences (B - u) and (B - 0), as can be seen from (2.18) and (2.19), attain I
maximum when B 1450, wbere

From (2.18) and (2.19) for the most approximate calculations it follows that:

4
. (2.20)

Sometimes it is expedient to express geodetic latitude by auxiliary angle,

according to the following formula:

-41-



With introductiorn of' an angle V, recording of i'Lrst l'unction of geodetic lttltde

W, is simplified thus, for example:

IV o€. (p2i2•1)

Geometric meaning of ar.gle i is 5!.nwn in Fig. 12, where i and F 2 are focuses

of meridian ellipse, 7n is a normal at point 7, and R is geodetic latitude of poln!

§ 7. MAIN RADII OF CURVATURE AT A GIVEN

POINT OF A SPHEROID

Through normal of every point on the surface of a spheroid

it is possible to pass a great number of normal planes, perpen-

dicular to tangential plane at a given point. Trace of a nerrin]

plane on a surface is a plane curve, called nornal section. C: r-

Yig. 1?. vature of various normal sections of a spheroid at a given poir:t

is unequal, they have their own extremum, and minimum and m:axi-

mtiu values. Sections with ex! ' curvature are called pr:nic'pn" .iorral sections.

Consequently, one of the main sections has maximum curvature - "I inirnmu radius of

curvature, and arnother - minimum curvature and maximum radl.i.

Curvature of any normal section is determined by a well krcwn Eyler foristla

(1. 44)

&A R, Rý

where A -nr.ims.th ofs given norn.ee section, and R and R w radii of curvature of pr.:-.

cli nl nornzkl sections. Wl~er'n A W , .-ve R -= n ~e A 0czr,-,

S---. Thus, on terrestrial spheroid one of prin•c'pil normal sections cc;L:.'ide:
S., 2

with :. "'.J nal section, and anotLer with section of lie first verti,.al, i:: : r,':-

dal ,'eodesy following desi.na'ions nre taker: for radii of c.:rv!,ture t•: prlnct p-..l

normal sections: M is radlu of .- zrvature of r,.a:- .":a section; N, is r.a.j-it• "
curvature of a section of first vertical; M and N are applied tr. nan:, t:.erI.',l

and practical calculations as finctiors of lati!ude F of a ,irien poir . i'lr. Ii

-4.-



U

P P - ds is an elementary are of meridian; K is center ef curvature

of meridiarn section; M Is radius of curvature of nr-rAT ral. i-ection

qt current point from elementary trian£le PI PIP,

I L

yl-. +3, t

or

A k.ml - a (2.22)

From (2.15)

but

4f . etasSiEna

Therefore

Consequently,

v' 0i - (2. 23)

Plane of parallel, perpendicular to merldional plane, is slanted to a plane of

the first vertical, where angle of inclination is equal to geodetic latitude of a

given point (Fig. 14). Parallel and section of first vertical at a given point h!ave

common tnngent. By well known theorem of Menier t.-e radius of curvature of slanted

rection is equal to the product of radius of main section (in this case first.

-•-
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vertic.*,) by cosine Air the angle of inclination, thait Is:
too

(.:r, tnking Into acco'.nt (i.i't ,

a CU

i •. ,..±... ,m__•. . ±

{w

LLet Ls 'crnslder .4 aR t. ris extreme vfqlues of F,

1, Wnere P = O

M .(I - eIj

N, a.

Consequently, M4 and iN are minimum nt points on equator.

2. Where P ý '0°0

That is: X -ind N tre mixlnru:u t sihero : .

r'nu1:ts ('.2-* "i ('. 2' a',e F,,cre zY.'ncmtrc fcorn, if in tLez e' is (.X Li±r::,

byv e %in the "ornmuli*:

w,2- en :

I-i.--I 3+'W*'



but:

Let us designate:

Consequently,

Replaciln W by V by the formula (2.25) for radii of principal normal sections, we

obtain:

N (2.26)

From (2.26) it follows that:

Right side of this equality is a value essentially positive and larger than a

unit, therefore at any point of spheroid N > M. The greater value of 42  is on the

equator and is equal to i.O06Th (KrasovsKiy ellipsoid). Hence it is easy to conclude

that meridinal section at a given point of a spheroid has maximum curvature and min-

irnum radius; while a section of the first vertical has minimam curvature and maximum

radius. The relation N at each point renders a presentation of deflection of the

curvature of a spheroid from the curvrature of a sphere. M N

In geodetic calculations M and N are used in the form of expressions -w, -w or

It It 
P P

i--, *-, where the last ones are applied more frequently and for them special desig-

nations are taKen:

-45- ft
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wt, rp is ý,~WA nm ,Yor s ecurvis in~ a rrnvt Lini, v'tii ues (I it- 7anI ( cct- it

angles, under wtA.kd. arcs ef r.erldiazi arid first verticail I !;It'. 1ftI'tt. -ire Lt#"P:i frto'

the' ce~nters (if c-,ivv'jrq f v urvet,. ijeometrle~illy t~~s v-11-j3 ivxprs~ýtCrp

sl:cti. I rtily curvnt'.ire o .rin ini fI 'rs* vrA1In secor~'s per .iniL '0!' 1'lenwt L.

rý,e vYLi-as of M -it- ýi~ -oe xt~ressea In !'.eters. 'ExpressionL (1) m1LA (2) "ire 0.1.iit'ct

* S S . :a,, ."ecLo.S¶ itcJa'-.,L tT.tarf. va u s ar us J it i dl-e , or e .,.ýr.,'

(1) D )~, ( ~,~izn~' i~thr-y -tre referre'1 to first., eiecon:1 and aver tfte 1I-i

Ir. itd IPs 'o r *>i1cul a 'on of teodP?t Ic Coord Ina to-z " (Gieodez I7da t. 1,- A logn -

rins :crvxiu'jv. (1) ttnd (,) irp given wilth egigh decimlff places for e'velry nin1'tite*

1qti tudr from !; ?

In~ 1'rthbes For Logarithmic Calcuiaation of Gauss-Kruger Coordinat'es for Latli!'.dP

from 30 0 to 800" (Geodezis~int, i11043), F. N. Krasovskly and A. A. IZ0 t0 V2 give Ig-t

with seven ant I 1 r, wit. te.gt~t decl~ziai ;pThces for each minute of 1at~itulde.

Val-ie (1) or- M are used for calculation o-f differences c f latitudes of geod-c .

points and lengths of arcs ef iretrijiars; (2) or N, for calculation of lengtA..s ci '~

cf purallels ~r~d dIfferences of' lcnglUtudes and azimuths of geodetic points.

Wi~x. very qpproxim-ate c~ticijlAtions, asstraming I' N =6-10 m snd Io- , WP>

(2)

or In ':ýknerad gjvs' curv'u*.re ot eorresvondlim.- normal sec'1101is at. To'iot

o~ fi sp..ro-A. hiowever :'rf~quaertly -i neei arises to know 7.1e cuz-vatt re of ý ufnc

it. a given point. For '.-ttc. it. j-v'odesy arid in !Ai:r.Pr mtiheratitics, -.r. PIP I's

.r.~ :e' . ~.r. ior hýiusscuv ir equal lo~:

-. :ver~'rdijlirs vr' c-rvat~ire, It Is deflz-ed as tin avera.7e 5 vont.e:_r'c :'orr. t'ro:%

r'idil it' ctirvalr~te at. a .-!ver; poln, t?.nt Is:

JW-3useq lerily !i'set' le;-, wl 11 e c-il l ed - " .AodIC ~'

26ul-sequently wil! tle t-illed: "Vrftsovsklly rnd '1i,-Ov T-t,



R * " -I',

LIs
re I M

AN J"a in(I -'M &

Average ridi'is of curvature is used in the image of parts of a surface of a

sc.•erold on n sphere or on a plane, during calculations of areas Arid spherical r•x-

cesses of figures on the surface of a spheroid. In Geodetic tat-les for t.:e indlcnted

plirpose are given:

-SF F

Radius of curvature of any normal section can be obtained from the Eyler formiula:

RA A-M SAI s4-i-ft* A" + A I + 2 gcOW'" (P. 2 -

i4With error in values of the order of ' from formula (2.29):

In resolution of certain problems it is sometimes necessary to consider the EArt;.

as a sphere. If this is done for very approximate calculations, the radius of a

sphere R0 is taken as equal to 6370 km. Such a sphere is usually taken in cartograply,

its surface is equal to the surface of an ellipsoid. For Krasovskiy ellipsoid the

radius of such a sphere is R = 6371.i16 km. In other cases it is expedient to take

R a 4 a + b -6 3 7 07 8.3, m (Krasovskiy ellipsoid).

Radius of a parallel. Locus of points on the surface of a prolate spheroid,

hlavine the same latitude, are called a parallel. Terrestrial parallels are circum-

ferences whose radii are equal to the length of a section of a perpendicular, dropped

from a given point on the axis of a rotation of an ellipsoid. Py this detern,in'tion

the radlus of a parallel is equal to abscissa in system of grid coordinates It a plr.:e

of a given meridian. Usually the radius of a parallel is designated ty r, conseqler.n-

ly:

F NX C6 Nceil- emS &:-
W V
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*r NIn geodetic calculations r is rarely used instead an expression -- -- • COS ,
TE p

Is used equal to the length of' an arc of parallel, corresponding to the dirference
or longitudes f'cr one second. Value is designated by 1) shown in "Tables for

p
r 1 tflin, Cn1culaticn of Gauss-Kruger CoordIn F)t.s (Geollezlzdi- I , 1.959).

DistLAnce from the center of' an ellipsid to a given poiit Is designated by p
P ,,Ig. J;) nrid will be cutlled radius-vector.

',rom I f-. )5:

a P

A o-- -,--tnklng.--tne- va luea or x and yr imn frirnular (P. i3, wl- oh-

tain:

!.'tg. ±5.

but:

f-- + e s + -Cesl•+...,

III -- •(2-e sin" B -s Ai- B- -..
('ii

N1411ltihaylng 17fCOrmulal (1) on (II) aid retaining terms to e wp find,

* '.RadLus-vector is rare4 ited in spheroitio, geodemy.r : is 'alueis uced' J.6 res& '"

lution of certain problems of theory of the figure of the Earth,

We will clarify the geometric meaning of functions of geodetic latitude W and V.

Through a point r of meridional ellipse draw tangent PT and extend it to the

crossing with an axis x (Fig. 16). Pron the center of'an ellipskid drop to tangent

PT a perpendicular and designate the lengt. of perpendicular OT' 7t. Obviously, .the

PIt
'Subsequently these tables will ae .,alled: "D. A. Lari. Tnbles".

VI
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angle between the perpendicular p~ end the aris ~

7* be a geodetic latitude. Let us consider the projec-

tion of a broKen line OP PT on perpendicular p,

we ha~ve

Obtaining the value of x and y from formula
Fig. 16.

(15,we have: t

-. ~~~as l 4 I- 0) shiI to..........

or:

but:

OW W b.

cunsequently:

6v.~' :

Thus,

V~~~I ..... .......

Formualas (~y)g.ve geometric presen~tati.on of-the functiona of W* and V,* they'

aire cor respopdi~ngly the essencu of relation of the .;eng1th of perpendicular to- the

major adminor se~xsoftan ellipsoid.,:

S-.. -_TRANSFORMATION OF' W ANDl V IN. DPOWER StkES.

P uriotions of N and 'V appear in man~y tkieor~itcal ar~k, prik t Leal problemý of

IIle

10.. _ ý,



* ai! spher'oitic geodesy. For calculation of W and V and connected with them values it is

expedient to present their series by increasing powers of e 2 anid e 2 .

We have:

e - SinB,

St - I + O" cos'sB

O0':

9 gI-pIn (I -c' sirn' B).
" IgII=pln(I +e" 0o'h B),

Applying to these expressions the logarithmic series (1.10) and (1.11):

ln(t-T7a)=
+ -3 +

w , L, tain:

h,",.--,. "in--B + M4.taB+ sin'&+ o-sin84-... 1""SI - EA C954 S"t-J'o

For calculations it is convenient to use even series of sines and cosines and

to substitute by cosines of even arcs by the formulas in (1,25) and (1.26), then:

3 3

sin,' BmA -Cos 2B r- Cos O1--clmr6D
16 32 10. 3

CO A9. + ,.' 20 COS ( .1
COOD +13cog 28 + - c(,4D-c,)s6B

32 1641

;I.

i ,'.

,ft suait o Cofsi R an +-co B+ (1 2,4,+••,B 6 ... bycsnso)utpe

o ars w obtain,:, t

4.', 5'.| , ' •

,., L .,,.

SI,



W, ~f(+ j+1+ e"+ .. +

4 32 64 ,O c-

+)L+ cos 68~ *

Fort 3rsvi ellisoid

2g 76 00 7421e 1 l2 e +
+,2 0721133 1 4+C.4 os 2
-Le Le +-Les,. cos4B +l

+ Le 0-0-0000 Le o 6B - s6
- ~ ~ ~ -e+ 0000000009co8

2.1

0,079733 coss 2BI --'

or: ~~,00M211 ca5(-. 4B +~(.7 F 7

a0000O65 cos6Bf-s
a.0000OD COS 8B

ButsfceW-V1 te gI -. *xg V .L gt 99846N ogaritm

vaue Var gve i.Gedeictale b rgmet f attue o eer -51-t wt

ten ecial lacs. Wth he elpof tble ofvales l V t i pýssibe t copos

anytale fr clclaio ofraiiofcuratrean othe fucin of ltud.¶

Vales f ae gvenin 3r isue f te Wrksof sf II'1 fo 0 o''1ttd



termThese integrals in elementary functions are not taken in a closed form, therefore

, it is necessnry to transform W"3 and V-3 to binomILal series and then tc Integrate

term by term with a given degree of accuracy.

We have:

+A 31 2.-J1 S

V 1-3 ý( + r'o•' f)-' --

mI I-- f--'cosB31 .- ! cu,,B-hs- -1,co4n+ -1L el cosi
1 6 16

Substituting in these expressions of sin1 B and cos i P. for cos B (i 2, 4, 6,

... , by formuias" (1.25) and (i. 2h), we obtain

W3-' ,=A--.Bvo2BCo .B i-¢4B:-D- Dcn0•6fl+ E c 8I... j .3

V-3 - A* - DO w 2B :- CO cos 4B - DO cos G1 + Eocos• -... J

where:

AI ,+ . ,+ + II,.+
64 156 M3 e-4 _ L3 . + _ _sL +_R es+

4 16 512 206MC Is eA + -114 + _ME "'

D t-*- + +.
Em- 16364

For Krasovskly ellipsoid:

A - 1.0050517739.
* f ABm 0,005•0776 4,CmI 0,0001002451,

DO8000oo00208,
E 0,00000000004,

A .o i _ I o +• j 4 • I ~ e , I
- .-- .--e+A•-- -- !A-+ ! .....

4 54 2M tam
8m- T±2--e4.+-• -. eS ...

Lt -It ---J0 ,• "4 1$ I1 3

64 us6 f

Si

-, - .....7
•.V ; ....................................................



For Krasovskiy ellipsoid:
A@ 1,0016825w82,

B*0.00168180230.
CO 0.00000070593,

D*- 0.00000000059.
-e 0,0000000000.

Taki~ng values of W-3 nd V-3 rom (~3)In (2.3~7) and triking, into account thnt.

5eoi2ildl ~-Lsn2D, (cos48dBm--sfn4B etc, we obtain:
4

-Asin 28+-E si 4B- A -in68+9)s
4

Aar ---- sln 28+ S.sin 40-- Lshin 6+ -CinM-.....{k) *(. 14 6 a

Taking B - ,from these fo~rmulas, we obtain length of a quarter of meridian

Q =~ --e2)Aj. For Krasovskiy ellipsoid:

Q-10002137,498 a

After substitution of values of constAnts A, B. , A ,B ,... in (2.39') and

(2.40) we obtain

s 636788.49587400.-W

I 1603,4S2690M8 sin 28(?.U
+ 116,821NO67s31 sin 481

.-0.0210752790sln6B

+ 0.00(1031 )433 sin M8

Thib expression is used in composition of tables of arcs of meridian. Lengths

of arcs of meridian for every minuite of latitude from 300 to 800 i'ith accuracy of one

millimeter are given Int. "Tables for Logarithmic Calculation of Gauss-Krug~er Coordi-

nates" (1946) F'. N. Krasovskiy and A. A. Izotov and "Tables of D. A. Lrein". *

In these tables are given values of the are of merldian from equator to a paral-

lel with a given latitude, which are designated for X. In Table 1. values of X are

given for latitudes 520-52i010 from D. A. Larin Tables.

'Iv .4
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IM
Table I

S[ 5 f Jr Corri a iono

W Wo ' &763444.76 1 s or ",6O l . 0
I YOM .254 821 8

" 767163.7M, at. 2
1 769M06250 539 36

a 577217.267 3"'0.1M, 60
6 T74571,784 po
7 776426.&3)S 14

9 740135.365 Sol
5211n' 57810891N.2 3 . ).. I

Note( - He re A is at change of X by 100" for
a given latitude where L is interpo-
•Iaed vor an average from the given
and tabular latitudes, and the cor-
rertions to A are taken from right
column of table for AB".

• , Example. Latitude B- 52005 23" 1 625, are given to find X.

Tabul~nr latitude B0 = 005', then X0= 5772717.267

Tabular increase for B, is equal to A0 = 3090.856

Correction for AB 24 is equal to +2

Corrected increase equal to A. . 3090.858

Correction for AX= AR 10-1 is equal to AX = 730.237

Required value X = 5773447.504

It' It is necessary to determine the arc of meridian s between parallels with

latitude P I and B2 , then, after finding XI and X2 by BI and B2, their difference is

taken, that in: sr X - X1 .

;Fxpiession for the length of arc of meridian for short distances, on the order

'of length of side or link of 1st order triangulatiln, can be obtained by means of

Sapplication of Taylor formula with Introduction of average argument.
Let us take points P and P2 with latitude Bi and BD.

We designate them:

A B Bs- B.

whence

As
AM

$4 -54,.

A. .. . . o-..... ... ... .. .: •'""' " :" """ "" " "" '. •"%-""0z

""•'•'~~~~~~ 7,- .: .•• .,•..:-• . ••... . ..; ... . .•. ..
.0 O VE. R' ": * ." . " - . . " .. . •. • , :; ,." . . •* • ". . . ....



* pj a • if.l,'

(B "3+ "). + 'a" C2

Here dX ds, therefore-

...... ..- ~ 7jj j. " I- . ..... .... 
•+.

2c 2

where s= tg dm Sign m indicates that the functions are calculated for average

!ititude. Consequently,

X, av X, 18

or:

wherte:

-55- 
-

-A) .. 
.-. . -

i" - .. ."................ . 7"":"1:::• ::•:•" •" .:" •:i•-;•::•!:••:• •••-"•i -.•":'-: 0"1...4, .



0 I 39.1 45 0.2 S3 - 7.6£04 X6.4 8 -0.7 51 -8.6
I3 2t.T 41 -%,? As
25 18.3 4 ~-2.7 so -14,0
so) i4. a -3.7 65 -18,2
40 5.1 51 S?. 80 -26.&• ,5 0.9 0 -, 7 I

0 0.1 52 :6:6 90 -28,6

For•,trwi (22.44) .:an be appl'.ed withz sA'If'iclezt accuracy for differenc-'e ot' lati-

tid(-s not. more tnan 1,L-Lr. Iii rorre(.tio- member AF Is expressed in rlegr'Pes.

E xanwI), (I reI : V e BI4",5 = 59,57 8•... 245. Find s b:/' the formii).;

AS' - 4"30',S.. . .... ... ... ... ... ............................. . a-8r mT523O"• .....

1gAB", .1,20W 150 1,
Ig('1) -. 5SM 187.7

Ig s , 5.69999813.3
so 50l1 ,.078

k A SO -1,0%7
S,, o01183,991 M
s . 501 183.0.I,•l3a ( D. A. Larin Tables).

From Table 2 it follows tit, for dils.:nces of the order of a side of t.rlangula-

tJoIý (t.tnt Ls, 25-30 km or Ir,' arc) the n';.txt•'mim vulue of correction kA• will he fit;

bltitnde 900, where

64

wor distances less than 4.5 km it, is possib½p to use correction member from

Vormulo (2.44), that is to take;

(.' (2. )l)

A is taken from D. A. LaIn i'lbles for average latitude.m
Example. Find a by formula (2.45')

.56-
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B= 55127'48".245,. H# 55'42'50--,257.

A.a 3092,671
A,& -27ft"_27&G,4 Ai.

In cprtain cases It is required on a given length of arc- of' meridlan ard Inl~t-

tude of ane of its terminal points to find a difference of latitudfes:

B3y this formula theo calculation is made by a method of app roxiniatioors, since

/I Is n~ function of mean latitude. In first approximation A~ Is taken at a known la t I-?

ijude on one of terminal points of are, after obtaining the approximate. average latd-

tude, calculate succeedingly the following approximations to coincidence of results

of calculations of the last two approximations within limits of' given acculrncy. As

a rule, second approximation gives the desired value with an accuracy of' up to 0 .001.

For obtaining accuracy up to 0".0001 it is necessary to carry out three approximations.

Let us sclve inverse problem according to data of the precedinm:! example.

Given: a = 27896.264 m, B1  55027 48 .245. Find B2

I apprc'xlmatior:

s - 27696.264 m

A 't.I It;
8m55W1'9".261

11 approximation:
ALm3092-.671

A£8 902".012(15'02".012)
59 In 56*'48".245

Are- of _pargllel..rrfestAIV~atfaal~els ai was-a"1r`&&d'y**s es

circumference of radii B coon B r. Central angle is the difference of longitudes of'

terminal points of arc, Viasignating the length of arc of' parallel by s and the dif-

ference of longitudo.a 1, we obtain

(2.4+7)

t-.- -5- 5.



I. y prev tousM:

- b 1 1".(2.48)

Formula (P.48i) is umed for calcuilation of arcs of parallels with the aid of

V D. A. Lnz'in table3, where 1)Is given ror overy minut~e of' latitude.

Example. 0 iven: B = ~5527'48 .24r)

____ z - 10 50 Il4 5 t_ _.- -.-.--

1 ~75709.793 (rrom tables, p. b5)

Inverse problemi, that. is, f'indiing differences of longitudes, in resolved by Uhe'

Examnples of calculations of arcs of meridian and parallel and d'f'ferernoes of'

laitituide and longitudes are given on p. 252-257 "Praettcum on Higher Oe~odesy'I by

11, N. linbinovich. second edition, 1C)61.1

S10, CALCULATION OF' AREAS 014 THE SURFACE OF A TE-MISTRIAL SPHiEROID

* Knowiedget of' an aren of' all the surface of terrestrial spheroid can be necessnr~y

ill examinuring of' certain theoretical problems. In practice kk typical. cuse Is [Aie cal-

culation of an area of' parts of a surface of the ellipsoid, limited by vieridianu andi

E pnrailels and presenting an area of sur'veying trapezoids or map sheets of one o).
Thnch~c'a Mdhiatically *the calculation of surface areas of' terrestrialelp

s oid Is based on calculation of integral described below:

Let us take on the ellipsoid (Fig. 17) an elementary trapezoid dT wit.;, aldes Ali

and BC or AD.

AB an elementary art of meridian is equal to 14dB; BC or AD are elementary arcs

'Subaequently,' the shown work of. B. N. Rabinovicik will be named simply "Practi-..
citm an Higher Geodesy".

.58
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of' ptarallel, equal to:

rdJ-N C06 W.

Consequently,

dr - Mdrdt AIMN cos Bd~dt.

Taking integral from this expression on longitude, which ch~nnes from 0 to piy,,

we will find nrn area of~ spheroidal zone and, designalinLA irt by z, wp ohtrAn:

or:

s m 2c mii'8)

But from (2,21)

e sinB tosin~a

Conseqaently:

where b -minor semiaxis of a spheroid.
Last integral is tabular and is equal to:

r c onhidering that-e sin B z i± ~ we obtain-.

&Ma + C-a.,-I ( .9 :

I $II

/K



From (2.49) it follows, tiat an area of spheroidal trapezoid is expressed it; a

closed form in elementary functions, whereas the length of elliptic arc does not

-~possesB tihis property. However formula (2.49) is less conver~ient for calculations

than the one obtained by means of trarsformation(1 - e2 sin 2 B)2 Into binomial series.

We have:

-. ~~~~(I -- Pifl'B)-n - I +2eslnt B +3¢hsln B + 4e sln B +....

S 4 ''Therefore:

8 ,, (I+ 2e5sila +:xlsin'B+40 %Ifl'B+ .,.)cos DO.

Applying general formula of integration

%ssin JcosBdB,. ! ±..ln#n

we obtain:

SM2zhPi nB+-.'s1ftB+ ~(.0

Placing in (2.50) 3 = 0, B2 = we obtain half of0 all the surface of the

spheroid. Consequently, the area of all surface of the spheroid will be equal to:

n-"4w'('I +T T -t++Te'+ T"+' (2.EI)

For Krasovskly spheroid

n 5 I1,, 00-4 rog.

A.

"4• From (2.51) it follows that the radius of a sphere, is equivalent to the terres-

'•:•. . . .-.. . . . . -+ --- + ... )......)



For Krascvnkly eilip.old R =37111(;, meter'.

Fadlius of a 3phere, equal by Volume to an ellipsoid, is deri-ed eqiinl to R

"='u (for Kra.nsvskiy ellipsold R1  = 6"571110 m).

However actual area of a physical Surface of the Earth is not calcuat.ed by

.Ilese formulas, but by means of direct measurements of areaz on t.opograp:Ac m.,ps',

(.ileclt.•inn of considerable parts of the surface of the Earth or terrltorles of

cotnt.ries constl l.ulte one of the principal scientific pronlems of cartomertry.

For convenience of computing. areas of surveying trapezoids of sheets of topo-

roaphic maps it is expedient to use formula (2.50), .o transform substiLuting sines a

of odd powers by sines of odd arcs.

In accordance with formulas (1.25) we have:

uIn B m 3-slnB- B sln 38.
4 4 I

• n'B m -si n B - sin 3B+ 7 -sin 5BIIII I$

64 64 64 64

3ubstituting these expressions in (2.50) and replacing the differences of' sines j
by products of sines of semidifference by cosine of half sum by the formula:

udnBg-sInB&-2s~un !S- B 8, -a+-A

I --

we obtain:

I-in 42IA'sin coe,.-,'s.n- (8,-S,)cos3.+ChInA-x
x(Bv-- B,)cOs B..--Ds Cnj(B-B1,-a) cos7B.+ Es,•n .T 1B- (253

where

A' I+ -L.0+ 10 + -0- +AL+ .. ,.OaO, ?,
""~ ~ !+e+LsAe .... ,I24a72

do + - o + ...- 0,00M0027,

',•' > ,•.' .•..,.:..... ......... .

~ ~ ~ ~ ~ ~ ~~~~~1 2 u s.. .. . . , " ' ., ,:' - - . .. .. . . . . . . , : ..• : • .,-. . .- •



Mnps of a scalp of" 1:1,000,000 served as a basis of' listing of topograhic !n,.ps

.?h'I ,r,,,fnIons of' trnpeP.otd frames on a scale of 1:1,000,000 ;ire equal to P, -

4 - L 60. Area of such trapezoid is calculated by the formula:

PaP, .. -o --Q " IA' i.n c1mBA.- 8' gn 6 cos3B+

+C' 1n I0" cosSB, + D' sn 14" cos?Bd. (2 ; )

For .•up of' scale of 1 :100001", who re:

Be--B1.20". L,--Li aw3O"
S'...P ±-( A'lnlI'cosB'•-8Bsin3O"cols~8, .l.C'slnO') (2. ~5)

x cosSb,,.

1b2 = i2406i09'.3 km 2 , Ig tb= 8.09365561 (Krasovskly ellipsoid)

In addition to an area of trapezoid, in practice

It is necessary to also calculate linear dimensions of

Its frame on a map scale, Frames of trapezoid are sec-

Lions of aneridli.ns of arc and parallels, therefore, ir

accordance with designations in Fig. 18:

Fig. 18,

N, %vamEKGa),. . .100._ 2g.. ' - ',

p" m at

Allignment of sag of a frame of topographic trapezoid is calculated by the

formula:

N,. o - sin.,

In "Tables of Gauss-Kruger Coordinates," composed under direction of' A. .

r'.

Virovts, for different scales of topographic maps are given al, a 2, c, d, ntil P,

whence and values or these magnitudes are taken.

1.W

"i'4
I;' , , -'• - • . • -
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C11AP TER III

INVESTIGATION OF CURVES ON TERRESTRIAL SPHEROID --

1. Normal Sections

11i. MUTUAL NO~tqAL SECTIONS AND AN ANGLE BETWEEN THEM

Let us presen~t the following geometric construction on the surface of a terres-

trial spheroid. Assuime that the geodetic theodolite is set at a point P, (Fig. i9)

so that its vertical axis coincides with the normal at this point and the telesc'ope

of' the theodolite is directed at point P. Plane, passing through normal P n1 and

point P 2 will be a normal plans at point PIP and Its trace on the surface, a eiurve

a(P IP,), called the normal section:

Moving with the theodolite to point P 2 and satisfyIng the

same cnonstruction as at poLnt P1. we obtain normal section b).

Curves a and b are cilled mutual normal sections, where curve a.

Is calle~d straight normeal section at point P and b an inverse,

and at point P by straight section will be b anid iriver~e will

Fig ba. We will prove that mutual normal sections on an ellipsoid

in general cases do rnot ecincide.

From triangle P i,(Fig. 20) we have;

nli-N& ln 81.
Os, ,P,--N 4u s 5~n&,-N,Q -M's~nBjm - N,slht B,.
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RIP; -- N sill 8B,,
Ons . ,P - .- ," Nn B - ,(l -- ct 1ln P..= 0 ', -n, S,.

j . Q. T.- -. - !h~t PF > P1, then:

On,>O,,1 .

,'onceqi+,utly , normal l . nl poal ts, n o! lying on one par-tllel, cross axin of' rot ntio-,

of , pt:t-rold -t various points. In general plan- n 1 PiP 2 , normal at point PI' doeo

,r •,-ocit, wit:. plane n½2A" norarl at poiLnt P,. fD.ý meai:s that between Lwo

]c'lntc,ý on a sp!;erold two norrtal sections pass. If point PIF lies south of point .

-,'-+tf mulw:.1 normal seotions (eurves a and b) are disposed as is sriown in rig. 20,

!th:at z, curve . north of curve a.

At. P'ach trlang-aqtlon point angles are measured between straight noruml sections.

Therefore, if on site there is a triangle, whose vertexes of angles were measured

then, dre to duality of normal sections, the flgure obtained from measurements will

h:.vv six sides, as shown in Fig. 21, where point P2 is located further north of .ointn.!

K and, ., Vand point PF is further north than point P1 " Measured angles of' each point.

are outtlined by an arc.

We will define the angle between mtutual normal sections. Let us

assume that on a spheroid two points P and P2 (Fig. 22) are given.

W•, will pass the normal pianes through these points as described

above and designale segment , by d, then:

Pig. 2.• 1 -d,.dO,0-- '.e'(.Vsin 8,- N, .lf B,) - e'N<sil, - sin

r We find small angles eI and e under which segment. dz

seen from points P and Pi. From n2 we will drop a perpendic-

"ular on continuation of a normal of point P1. ?rom trianFle

*1 I

""Fig. Z

I ,+ -6



From right-Fing1P trianglePnnPin 2 ni

tgo, - j _

From right-angle triangle n fln,.n

Frotm righ~t-angle trianglc P 11nn

g..,d emfit

Values of dsEIand e 2 for sides of 1st order triangulation are~ small1 values ol'

the second order, therefore within them it is possible to substitute N and Nr, hy1

N a radius of curvature of first vertical for mean latitude F,, also:

ghiBsin B .A+)Cos B. +&

Ica$Be - Cos +

Dropping from formulas for di, E1., and c 2 small values of order e, we obtain:j

A"8 's-P - o N~.BcO,. eA a(c a.

Difference of latitudes of points of 1st order triangulation does not exceed

20' -30. In radian m~easure this will be approximately therefore where B 600

64. 20

-6T
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T'ti'us, due to smallness of' d it Is possible to cionsider

P "e-e V Ica:gt.,s of normrl sectiono L and a coinc iding 'ind to

.ake then for the length of arc of circumference of radius

l'~et .is dosi ante ,he centrul :)ngle -it ii
M T.

tnuen the angle between chord P.:' und riorm:ui n1P" will be

enuni 90c) - 0. The angle between mutual normal section.;

t. .ne ,will ',v designanted by !a and It.s exprvsiorn will v

ft-''nd by mean!: of the following construction (Fig. ý3).

. ,*.. Fron pclnt P1 , as :t center, we will descrilue :n atux-

i1'-,rv -""nere of krbltr-,ry rqdiuS. hir. t.his. srjelt'o

4 1rrutI ons, e:.Tm., f n from I"V1 . determined points will co-respond. Let us assume tVi.,tt
I I

,to directions P : 1'1, "ip, T1, ald P 1T (rig. 22) correspond point n 2 , nIl

I 2 T

K•, 'U and 'i' on an auxiliary sphere. Connecting these points by arcs of great

I I I
circles, we note that tne great. circle 1ri, P depicts meridian of' point KI.

Azimuth c' a straighýt normal section a is represented by a spherical angle

!n i arc P•. it corresponds to angle 90 021 - -- '•, arc Yn jfl to angle e and,

fin:ully a'gle f -:t vertex P'2 is an argle between mutual normal planes. T,,ngent, P 11

lies in a plane of' straight normal section nlP1 P2 and is perpendiculatr to normal

S1p , therefore theý angle at T in a splherical triangle V2 T T is a slralgrit. line,

are' i' a1i -S , "'d P, T 2. •. ngent. PA 1 lies In a plane of' iruve Yt'S," hr' sec ,inn
I I

and forms a right-.ngle with normal Pin1 , therefore arc n1 T . 90°. TU-i, lhe angle

between tangentn P Y ad 1, 1mn 1 or arc T T1 is the unknown angle A between multL.tii

normal sectIons a tand b.
! I I

From right-angle spherical triangle P2 T T we have:

Cos (90"--+ .t. ctlcg (,.Xl.--1)

or

tgA sijn-! tgf.2

From spherical triangle n 2 P2 nI by theorem of sines:
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*in/f O C sIrin A i- C AIfg 1fr

sin o. a Cos-

Aet was ailready establ~shed, E art- small va] ies of' t.!;P specvd order, rind --tre

oritlrct. ordr-r. Thr':ctPtore sines ind tanrent~s e,! 1.h-Pop n'l viluen hIiti~

'riglei in ralians and wjQ1 errors higher than, the second order are sitowni thus:

A-- A\__

Al

Acctiracy of formulas (3.3) and (3~)will not be lowered, if 13 insa.tuld vy

aL, since the difference (a - )Is small value of third order,. Subst~itut~ing, in(.)

and 0~.31) the value e from (3.ýý), we obtnin

A - -. &coslB.slna.
2

ninceoe- -,.48- ""~.(with accuracy uip to small values of third order), t~hen:

2M,

Iii last expression with accuracy of e 4a it is pozsit le to accept N111.

Consequently,

&11 o 01 s- al N* si 22

From formulas (3.4) and (3.5) It follows that the valiues f arid A revert to zero

twice: when Q -0 and when a - 9Q0 In other words, mutual normail section: coinnide,

if the poin~ts lie on one meridian or on one parallel. This concluclon is JusLI'iable,

.. 69



w I IIIib th d egrtii-. o0? :it, cutcr y, t I i I aire dor Ive ( I'von I'olri~lu I -1 4) iin(i .

with necuri)rcy up to simrnl ~ii, Vul 1 ie

-in ti*~~ in'gl e- bet wet'ii 1,11# ilorruil nec1 ionc, we WiI ch'Ie the ir IX-i1y t

vo grIp ';. I~,* ' I w Iv IIk, b V ICU.) l' , V., I IL be~ max I111iuiui If r imedi;.tr 11010 01 (f iL'' ?J. 411 h P il . PIi'

I rtt i h i of 11.1: V lvu WO!e W 1. wI I exti-'Ilf te l Ii ' l ItWlnp1 -*I1 r"Ir' Ii':..

1-rcrn Ihe ml 'Ille (%I, the rhorri P.1%', wo willI resiorc ~I pev'pcvidtt'uil-ir :iil oei Inl

I It ti' mlver!;'ett~lor wI It ,( niarflii.( tf tir sptierotd, Prom~ poinut I), (VIi,,. P4'), t?!

r PT*r.nc r, we w I11li dcme ne ,IIit.f itc rt- re uII t'( flren(#e r P, idtirs

A4 :zL1. dotiorl,111h Lt' ii vt poilnter oif smg h. It. in known t ivi .:

Ig

BeinLg I tIml ted by -ma11oeas o in the I'Irnt; term or' Vactrii~

I. on~ ti Lin aprips andu titking into acc~ounit. th it. a- t 1r

* ~~Now t rom point. C l et LIts reo t.ot.e perpend Lou I ra to mormual sec i t, ; aoe :~d b .

;11119 '"I.Wf'1 i biLve 11. fliqlihl tO lt'e bigi I bet~ween Pri~tuai1 normal p1 anee IC

(IL~g. P), Py ength the perpendi.culars, ore ver'y close umong t~htuttelvp'n mind

wIt1 WP. hI 1i1ugres' of' iact'iricy arm~ r'qi;'ul t~o poltitortvf ca:urve Ii. I-I fi'me'ri I I Yy:t1

:i c (T ctretmfehrenoe of' ridittv h with roht~ra migle f- I.e.,

Saibs I Li r. t n vau i rom (.ý,J) nnd (3.6), we obtain

eft,'Ato. M toaW Jt0 ' WCg~ in 2. (3-7)

-70-

IT!,.



1.omiula.s . C.) ind (5.7) ;ire useful by accuracy fcr l.engths of the ordor %I' r

side of Ist order triangulation. Table 5 presents numerical values of' magnitudes a

Tla b )e 5 ______ ___
T I a

:¢~~ m|uh Lmillude |.a 4 , AA

45 0.0O3 0.5!•

46 10 0.017 55.0

WiLies A and q show tu.it [or typical lengtils of the sides of a trianrir C.f In .

ordert triangulation in. USSR, whose dimensions arp 20-2) Krr., with duai..il.y of' no'wil

of,ct.lons should not he considered. For distance., of 20-25 km they c:,n ht considered

rnorgyn•,. However for distances more than 50 kin in transmIssor' of azimuths .1t i.

necessary to Introduce cori-esponding corrections.

In order to avoid the duality of normal sections in generial, the geornetrte ''Lg-

ures on the surface of a spheroid cain be form,-I either by chords o(' normanl ,nt.i¢,ris,

or -,eodel.Ic lines. But for consldcratlon of these questions it is first recessrtrv

to L•v.stigate the most intrinsic properties of geodetic lines normal sectionrs %nnd

their chords on the surface of a spheroid.

Various attempts in the past and now have been made to develop a theory of' urihr-
S

oldan I eodorn.V on the basis of application of normal sections have not sucneded, t

The matter is that with identical degrees of accuracy the formulas obtained wilth ap-

pllc:itlon of the geodetic line are simpler than the analogous formulas constructed

by menns of' iormal sections.

Recently certain scientists proposed to leave out the geodetic line from sphe-

roidml geodesy and to replace it by chords of an ellipsoid. Although this leads in

certain eases to closed expressions instead of infinite series, nonetheless the chord '.

does not possess the generalization of geodetic line for solution of all problems of

spheroidal geodesy. Application of geodetic line in the tightest form ties spheroidal

geodesy with higher mathematics, on whose achlevements ita development is based to a

significant degree, However in particular problems it may become expedient to use

normal sections or chords of an eliipsoid as auxiliary values. Therefore basic prob-

lems, necessary for the use of normal sections and chords of a ellipsoid are expounded

below.

-7'-,4
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§ 12, A- MUVTTrI ANDh CHORD OF A NO(RMArA ,ECTI;4N

Two points are given on a spheroid: 11 and P? (YIg. P6). Let, us ab.,ww U.:i
npinne XY coincides witin the meridian plane of point P' i.e. , Y 0 . Consequlentily,

9-l

f,,r ) ,Hsp i.e :uordinut:es ot' polnt.s P1 and V we have rorreupondint• expressions:

" X, - N, c% it, - ,X tolc.s• I= re coil

Y,.MO Yom N"Nsos8lirl - ,rsinl

*Z 8 - N, sinifl1 r tg a, Z,.. N, ,sin B , ightI

t- ,dit'frence of geodetic longitudes of points P1 and P 2 .

We Int.roduce a new system of grid covrdinltes ( i, ., } with origin at poini.

Ill. Tungent plane :.it point PI is taken for plane ýij; axis • directed along the tan-

ge,#'nt to rrieridtnn of point P., axis iT - perpendicular to axis t and in parallel to axis

Y; axis Z coincides with the normal of point P1 " From Fig. )6 it follows that the

angle of' rotation of systems of coordinates will be latitude B1 of' the point P

144-

•ql r

* A

F"ig. ?6, Ftg. 27.

* l,'or obtaining connection between systems of coordinates (X, Y, 7.) and (•, •, r)

. we will design Fig. 26 on a meridian plane of point F,, then we will obtain Fig. 27,

from which:

I '..-(X,--Xj sin,--(Z,--Z)Cos ,4: .~ X~o. B -~,-Zaiin . I(3.8)
•t)Let us make a normal section from P to P the plane of this section will inter-

sect plane ~tq by a straight line 7.

.. i.... .. ..., ~.., •................. ........ •... " "
• .B - • . ... .. _,.. ..... .. .. ... .. . .. . . ... . .. -, ,,



wrnere (x is .n lzimur.h of otraigtt normal section from P to P2

From (5,8) it follows thnt.:

Igo

JNI fts 0, m I -- N", eel f) sin Ps - (N, sin #I - Nisin A,) cia'

Let us introduce here a radius of parallel r = N cos R, then we obtain:

tie (3. 9)(a A).1 M (I - ' .- &t i j

For inverse normal section by means of transpositLion of indices, contained in the

formula of values, we obtain:

sini (I9

Let us designate the chord of reciprocal normal sections by s, then w," obtain:

•.(X,-Xr+ Y, +(Z,-Z,.

or' with replacement of grid coordinates by geodetic coordinai;es;

a, (NoCos gICosi-- N s9€ 4 B"i + N c in" I + b ('o sin BD

N4 sl~in BL

or:

1 . (3.1,o) !
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Closed expresisions (5~,(,',and (3,101 can be use-1 for calcula9tion of ni1-

mlitho of norfrn't ISeer.011 (It' o eli ipsn Id chiords wi- 'h . e help t' corrputprs, whe re' i.C,

v.A Iue r bliould N chosen f'rom D. A. Larni Tjib es , In whict! bi1 = a r re given wi th

SWTIZi ~i Ht. number of' declarjl point~s.

Vtr..lifor -icori 7 s, necol tri g to Mti ode~nrk y e.-n lie ýs .own ir, t'oll1owl rig fo rm:

2 84

whert.

Ang .Ž ing + Cos B, Cos B, sin, .L2 22

A) rim'ali ,1 3. 1) Is~ less corivenient for ca laulat ions.

§15. LENGTH OF ARCOF NOW1AL SECTION

Poitnrs I' aind P, nre given on a sphferoid with geodetic and grid Lcoordinat.os.

Let us desigrnate angle between chord '; aiid tangent T by Ii (Fig. 23), and the EizlniuLi

of' strritght. section as a.

Let 112 define coordinates E, 1 Find t of poln'.

Projecting chonrd *F on tangent T arid normal N, we ohL&I.?i

sec tions aos8 aind 7 sin $. From Fig. P8 lt f-..'llwr-.

T-iking in~tO UCCUU11t (.8,we rinc.

Mcsanam Y"

1,or, replacing values X, Yo Z by g~eodetic coordinartes k rind 1, we obtain

I. ~W WASCO~ w3w'n '~vcD I.~itDmR (.

mow V
ei

,)7-----



a F

SIM*68 0-o Sir B, %III . co

It Vs, P. and a are given then these three ecpivtlons fually rind sim ly terrmire

u nknowns 132, i and k. Excluding from these equ-itions P. . and 1, we obtain expression.

for Po Jr t~htL, thp first of formulas (3.11) is multiplied by cos P1. the third Ely

*sin and~ then conversely. If we subtract the third from the t'irst. ind :,dd !.erpm,

we 0:l correspondingly:

1.!A. ~fB ...... (Cos aCos 2 osB8 + siin 0sin Be).

2. - 4:- -(cosbcosa 1 sin B,-sinbct,.BBj.

;'ec .-od terms of right side of formulas (3.12) have defin~ite geometric kralule.

Let us i::hroduce a horizontal system of coordinates, i.e., the zenithal distance z

and aZirntth a of chord s.We designate directional cosines T* In a system (X, 1'. Z) hy

11 c os a, n~, =cos 0, n cos -y. On a sphere of unit, radius, which subsequently

we will call KiYlodenskiy sphere, since it was first introduced by him, point. P1 dez-

ignates geodetic- zenith of point Pi (Fig. 29); points X, Y, and Z corre~spond to direc>-

tions of the axces ct coordinates, and s to direction of chord from point P1t to i"12.

On a sphere of arc sx, sy, and sz are equal

correspondingly to the cosines of directional chord

From spherical triangle P.x Fg 9

Fig.29.From triantgle& P~ze

U.- sin beCos to + MassEin,.to to 2.

Consequently, angle~ 1 90g zo, (let us call 8 geodetic height In horizontal

system of coordinates).

Reverting to equations (3.11) and (3.12) we accomplish the following actions on
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them: ra ise t-o ni sciutirp tLh spenrid fromi (3. 12) !I' Ad~'d o re of'se.d -

t.lo)H cron 'y , t]i.e oh? an,ln. n-m irrn vo, Ipileri ( i P e z) d 1:-, *i~de~i Io!. sqmf

of I he 'I rs t from (512) , m-u 11JI1 fd 1ly -e')

(I - 6- +" 0t +'~ T
3 dl

sin 0 I"41 I+ea)

I+;~~sms, mp, Co~s,~ 9

+ 2xin evs 0 sin H), cosn 8, cosn a,.

Let, ks desli~late*

evn 1 61 , - "62 ,a.i'.s\

e sin fl ef msj

riit's.emr a.

sine - .L I+ p,-n

I'crtnula (3.13) has a high degree of accuracy, since It retains the vnl~ies

;-.e $5. Without decreasing this accuracy and taijing in first atpproximationl sin:

.~. - ~we obtain:

an

______________________S S 'pt i .



Fassintr from sin $t~o angle S, we ohitain:

in(L) (~)+ ~()+ P()+ a,)+b.(.4

iLor- det~ermlrnrtion of the length of arc of riormni sect~ori from P 1)1 2 We 112 lro

dlicp Polar coordinates. As radius-vector we take chord ~,and for polar angle-

TVhe nqincv.,r of in element of qrc in these coordinates will be:

M *9 + I'dV..

From (3.14)

or, squaring and substituting in (3.15), we obtain:

or:

+ 1) d:

Integral of this equation within limits of 0 and = gives us the length

of ire of normal section PýP 2

We have:

. - L

It follows from this that for obtaining the length of are of normal section by

given geodetic coordinates-of Its terminals It Is necessary to calculate by the for-

mulas (3.9) and (3.i0) first of all the azimuth and the chord of this section.
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'4o0r.ti (11 C h'us YA.J., je~rrr'e of' -Iccur-iny and enin Ibe ilsed for conside rahle (isi iS~nvre

bel-ween the points. In practical calculmit.lons it is expedient t~o have nimill talbies

F'~~~~~~ I, see-lt F . 'dP y :1i r'unrT~t' rTs and *Cal1cul at~ion~s ty tI t:( frrwirj ii I.,

*.-vwte~n i eit for. ise w itA. ccnimpite'rc.

It' LOne were t~o all~ow tiou'. ull our preceding reasoriin&v.a perr;,i a to point -I

L:foml 1,011t F, to pc ,' ` . the lenpjigt of tr~c of' Inverse Eectio~n. W it

ue expresse:d;

8,a'+ -~Q )+ { )+ 3 ~ () 5

+ -S ) + (-8) +

.lrtc bI,. d is a small value of the ord r, e k trien the difference -

'4'.1 I tb oil :nýV ord'r of' e k * e. , a value, prac tica 1,ly imperceptible durirkp the.

ixoSt. exact ca~ltUl.In other words, this difrerer,(-e can be discount~ed, 1,,( riore

so. bevsmtse with the presence of coordinates of two points instead of -for terminals

it. Is possible to cAke-, i.e., io refer this value to point with a meani lati~uide.

Vor short dista ~viev-n, on .n'he order- of iJO kmn, tite txpresslon (3.16) is essenltial.1-

uiaplified. If~ It is requ.,Ired, that s be detprinined with accuracy of tip to 1 cm:

Tihe biggest term 3/ak isiropped where -a 200" km1 IF lpss than 3 1tu V

- however a on the order of the length of n side of' Ist. order tri~ir:ulmtion, then It ht;

* tossIible to slzbsti tutle In the formula t3i~ -~y '.heri:

Error from replacement of velue p by a in (3.18.) will be less than I min.

In joint applic.9tion of formulas (3.9), (3.9'), (3.10), and (3.16) it In ponni-

ble to resolve the so-called Inverse geodetir problem, I.e., according to giver, geo-

detic coordinates of two poinlts to f£h.i distance between themt, and also the for~warr

and back azimuths. Only in th.is case aziniuths, ctilculated by the formulris (3.9) anrd
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( 1,w~ll Pey~rtlr to tlie a chord of' the ellipsoid br-t~w,-en pi vn pNoints (ý'Ig. io)

Iit ii: neszs~ry to keep in min~d thant If the lengthis of tircs (if' normal spo~t.1I, !1 n

t - r.s' ,onsidt-rpd r-r~ictl cil1ly PcpUR il, th(,n It. in rwces a -iry lo cýrinsIiv-r ? A:ti:, iif' rt:

In thei r, zImuths.

'M~iis spherinril trIitrple P Pp;P 11) which side!, PP T'-nd

ay ~re Arcs of tnerldinn, different Iengtlh 'ind ,,ngles nre
obanddepending upon Which of the azimuths of' two norrn,i1

Ssections is taken as basic : besides only\ the- inrl rv

a t- difference of longituir-s,) rrewal az.l;:.T: .w.v*

none of the sides of a triangle coincirio with inerldimi. !:F-!
Fir :1. twu of its angles and all sides obtain cil'ferent valties le-

pfending upon the azimuth of' the normal section, taken as initial. in t!: lnsi. case

the inconveniences connected with the application of' no~rmal sections as b'asic le1,P5

-ire more fully revealed, connecting geodetic points on thp Liurfsce,. of splý;e.roirl.

Plane of meridians of points P 1 and P 2 wihnormal plane n I p or1 P 2A, 1*Ifo rm

a trihedral angle with vertexes at n I and n 2 ' Let us visualize a 8WI'ere with nrbi-

trary radius, described from point n. On the surface of' this sphere trihedron with

rbn11 , lip IP2 0 and n iP (Fig. 31) will correspond to triangle P IP P 2 1 In which the

initial is the azimuth of straight normal section at the vertex P. V or resolution

of this triangle let us find connection between B2 and B.

From Fig. 31 we have:

S.S

VP 8, From triangle n P D:

40

Fig. 31. pop_ Mh!1  (I--u-n

W.
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Flut W sin u, ..therefore formula (3. IQ) ceor t,, wr'l t t-'1 tr.nl.n:
)I

.1 k, ,-,-)ortirit i or nd P. , :tr" gi' f t rl-ingi

x, ~ ~ ti s,,g i: ) 1.jv-1 iby itie iv I I.owl n- t'crrailni

am Sc si ll ilC osa;I s ill ICu

!' ; :, .-'t• " •.• .]n.ch ' e•,w, i~ytt l ub ti'ltiown• by'(rri) bvie "i:

sint Ocs ig, "-- o, it, ill IB, -- Sill It, Cos IN coi I

sill § .Ii. "- n cos Bt isill II " d"1

Sill Cc-to, " %ill /to Co 11 -- Co, B Sill lB. Cf.,, I

i,,•;L~s u s:e'.Ld bc -u.ndprlinled thm.t ..mgn le -v Is not; thtý ,-'rrtt th of' normal1 ;cc:¢ ..

;',',:•, ' ,J n .;., t~o po int T.1, 61nep in sul:•z. Lt.ut~J,-%t ol B. by, P2, ill ( 2 ) We, o vl , .l.'vI . ,

wi no I tA;t a I n ci n: ¢• lr-•:d o 1 •j

LOl ns ;nsni.11im tl::ll, llriv I •P : (" I, '[

P.

Is extended til 1 it Wi I I not: he tnterife-t.a'd

any terldins rit. right-angle, Des tln'i te

je 0, 1!it._1udv ot!' this pointI 1y pVo. whore tit. wtI I!

N''; IIWI I i ll: 0lb zinn'. i0U XIAJ P n 0,1 01 !In(,
~~u it otn'tion. Oil rfinxilinvy spnerf! wt. cl-

S/ :.:, ih • r ..I ' -.--,t•Le t.rlatng t P• (se,.

f.)• trom whi.cnl Lt. foillow.• t.h:!,1

SLg•. 52. "1g. Al . Cosa, siln l . ta..o ,

sin R.isntC - to-, D, Cos 3,
sin ADoCosU , - ". 1 8.

Arcs V and nre plane curves and lie in a plane of straight norma1l seut., ,on.

If as a basic angle of triangle P P P 360- a is taken (Fig. 33), then hy pc-r-

forming the same constructions, we obtnin other values in substittution l'or I arid

.80
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11, Oeode I c

Tki e iiorties t linies on Iny ita the~na t. teal surl'ace are c 'iiled gce ~s :i ' 1~

on planei, great circles on a sphere, helixes on cylinder ut~c. are geodesl.Qs Uizice

l.1vY a-re tbh cc hurt~est, di S Lances on thCese suffnCes

Two points on an arbitrary surface cant be Ponnec t.ed 1by a multitude of' oirves,

po~s ~dl ff'r-rn t geomreltrlc ind rnmilytic prope rhi.es. 11', :0. ,iny of ;;if 11v-1

po 1 t..t, oi at Snurt'iace t:tirgert. p1 :ne is ec tablli1ied and on It. aill cirvez i ! : l

tepalin ils, %tre coils ru t.rij1Fd Uiprn only the geodt-sic will he a ct, r:i I gh. I! no, ,ct:; 1

tt'ie other-r will he depicted by curves, Geodesic 1.9 t siirl'Anp' Piirvo, 1hisvi ng ai.en

01olo : dauble curvntu re. Therefore It. Vdoes not. lie In on#! planf,. Por t.- si l arty X

p 1line properti es of' such curves an iden is introduced on :an oscullat-int p] tine, jpar

lnip :is a limIting position o1f a plane, passing In three infinitely close po.intx of'

c U fve.

Prli c ipal normal of geodesic nt each of its points coine Ides wlth norma)l rit ,!iir-

fa!ce :it a given point and lies in the osculating plane. TIhis property of' geode-slc

allows its construction analytically.

Let. us assume that the aligned geodetic theodolite is set, on a point P I su that.

.11's vertical nxis coincides with normul at the surface of spheroid ait. this polint..

We select on spheroid a point 112P close to point.Pi, nd irec th telscoe ofthetheoolie t
a point. P. Thie trace of a sight~ing plane on the

at surface is curve a, (Fig. 34), as It. i~s known, will

10 08f be straight normal section. We move the theodoiit~e

~~it,
to point P and after setting it, in a horivontal

Fig. il. 2
position, wit~h locked plate wo sight the telescope

aL point 11,; we obtain inverse normal section, and curve b; then, datoaching altidade,

will turn the telescope 1800 and eight it on nearby point P. The sighting plane

will describe a curve of straight normal section from point P2 to point P, i.e.,

line a2. Moving the theodolite consecutively from point P 2 L~o point P.,, and from

point P~ to point P~ etc., and carrying out at each point analogous actions, we obtain

construction, schematically depicted ir. Fig. 3I4.

Let us a.ssume that points P~ (1 1, 2, ... , n) are located tit very-minute



4 ctj* t~Umven. Otle 1,1)'rm n rtfl,Pe I icu e,,,i~ cis tI IC I,~ c n ecort ,,(' ~IpJ I ~1i' If": den~ I redL
1 ~ l F , C n j ~ e L i a g o ~ t t t ~ a o f ' t h t* e t r v p * w e o ?h L u I a ; j p p ( ) fd c . ., ¶ ( I ~ e ~ ~ I , I

C ~ ~ I'I 11111 0011-, I.'t very tjoin 111( )IrI'( 
Ao cr'. t?tCo s rj..t: , rxnor'tc It. mtrt , r If, Ut p.: s W!11 it l m iaI'

I cP .1 nedII liiw( ) n,ij~ l~1 n ~ijI #-'V~t' buui jt.i I 
.~~~~~~~~j :, ' , P , 1ni l _I t oi i a l J e I ' C ~ ~ , ~ r d t I t C r e ~ ~ n l*~~~~;'~on 

e tont Iitu eli,~

£4~ L u n t. ~ I '~ . t r~ t? ' L r c L o u o l o g tio d e ic~ o jn a l t r: b e~tw e e n g t v e n p ni t ril~It. l t'.u~i., It% kIO tjw ~ I'v tu or' Iti F.3irs'. clement, Iur mie rntn-jt, flel.wpeej StraightL
i~rt~vL i~t tiz III. ?inz I nIt1:0I poltit ,ii. (t] 1Wi firs t. enIemenr. of' et.-desiti

tAL. llt(II I oeu.1e~reinIII I VI' 1 mu t.im tz 1rormni1 a set.±ont jjn Venova 1.q ohw ItlW1III(I'Le., il' mudt 5' ire ( h~, ?lot U 1, [Int'' uvolgnatxv cont, Lut if~om ot' arcs vCI norma I sect li ttt;On t wliewols- gooenlor la u Iwrtyt eios#!r, diaposttd I.Q st'i~agh. norirwi set'cJ~oti n1onjý nl~I vetn point.m . It' azlmuchs of' gonicaic 'Ire close 10 002 o r t)o he ben1oition of' jlo(IJcs a wJIV t I ;--.pvet. t-o flol'll e 0c tiomi is somewnrit. I. -i VTerent., I it. vittiv ons 'i on vnia I

Of I

S15,. FUNDAME~NTAL. EIQUATY0N We'1 A Ii*%)DPJXC
We' Oertve t'Urmldftnntefl~ vtqwO.tIton of' n gotodeal ic romn t'ho s'nc , tUi i. IA. Li Ulf, w ot c .-

*at; diut.,ance betwo~rm pointa onl aphrod
Lot up Luikt guad~eale AIH, We Ltako mloiug thg line ant elemantuiary tire du (iVtg, ~

.82.
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nt ,i 1 ofI .j4I AuC t- i II I ; jijd I. ti i I A ': I-i I i. r, ~ III r I mril.)I, iz It v

If ~ ~~ t I-I- q, I e N: 1 we v

Eldf dsco s A .,i rdl dssiii A.

ds' it IVIdP + r'dI'.(

ds :..i'

:1t*f f] U'(17 PxpressieA the~ 1 cngfh of F~rc of' 4 geodesic, t-hen it, f~hou1 t IiIsVf III(

v.; hue. This6 is possible tit determined dependency betwee'n r. nnd 1. Id']. iir

*aCImrIva . bits dependency Inl given by ainalyt.ic function B = 1() . Consequaent.1y,

* hay t Ihi' v dceprndency tol the n ime I TA 4 b , wil11 correspon,.1 whiarv. b I., !I uric i.]on

ni1, which becomnes zero for torminal points of' nrcr A irnd 11.

Avuoraling to Ta'sylor:

.44



-~ IrbiI. r!ai r Iy sitm I I v 1:1t. i v rfr, ci' igiiczt r-If-r 111 T-1" Ior 1] ie, a r- (,:itt

cir'-*1hvy n rf winish tag.1y min lite !I,, comp: red t.r. f'irst. t~e rms, ýifd lo t''1rT~ior -Ocu1 i-

5-'bdt +~ di 0

dJ db aw~A

S JA-dl d (A'Ib ib o

* ~~~Py condition 1) equnis zero t'o- poiifls~ A andi 11, therefore Lhe' last, Lerim 1.8iI~t

r. 1a.1111y -. zero. Wt- hIiae;

a *-In ti space btetween pointo A and B b / ,consequently:

M4 ____& 0

_ _ _ _ _ _ _ _ _ _ _ _ _ -. .. _ _ _ __)

Off 4 -84~



dl

, qt - ..

'a

&

of o' tldi uequtlorl will izive,

U - q .• - - o , t -

eq:

U' -Mt'

~~~V -c * -oln s , on04 ~ ~ egooast

Sl ' l 'lr O m n ( 3 . 2 5 )

or 4~i

I +deI .ln.m! n.t..(,.2..

+ ,d Wn A,.,l .•g)'

Fimt-mion (3,26) Is callwi the basic equation of the geodesic and rends: tlhf,

S"" .... .. ...-. .'" ...... .

., • .... ~~ , ,.,-•:.•.,, ... ,,.,., .. ., ,- .-. •.••_._..,.,,

,• _.,_ •. ' .. ........__. .... ..._'_..___._.. .... :,, . , -.,-,.. .... ... ;.Ž•• .. -;,..-, '



t- nrlI..; re i.:i~4l Kfii . ,i iz~ odl' F I o ~ lla~! %!- n.* eu I~ n I.i (-dl Ll "I

rl %inA, r. sin A, -r, sin Al-. 1-.7)

: i l rL flii-' I~~s t t -H1. v.. m t.,"g omtb t s bei wFý'n Weo j~i v(,t point

ar'rv.. '1. i ,-i , f<-r :-wt;':z nnt F(Via -i'io (~')C.n b'- givkcn, For vcty or

'~tnp~Pc~I'tri~interpre'tati.on ('i.5) W',v'

* or:

* IN~ sAiA 6nAl'

Th Is k rcwt i r P.A.,it ionshi 1 t 1an t r o .t iIe -a tl co remn o1' 3 1 r:,

I nt rod;to i ig t!: til rd vi -d~f. :t- nd ir r,. Ii' v ta~ ,. i , WeOh . n: rl Iu f -I a e

"nglnL: -rt iti inlage I. 11I. corm;- n i re n-

V D gi~~'~ of s piierou 10 -11 r Lrl~iiX'E I'Pw (v Pg

1-~r.'rn trI. 1jj Pi gI I.,P P ,% I ' 111u d :;n or' ojt.ý I .1 1:1 a ru ic

A, +A;+reI5.

wI evre c - srnheroldA x't~ess of' t~riangle Pp.I

Ccuntrnez'nt ty,

For val ue r there are no c logeui Px: I C5s ors But. Cou' Fkp'i rextru0 $ , cal ul nitionn

-~ . . .'--"--~W. .



1' :: ,',:. ib , I. o eoiir Idcr 1': •r Jb • t r•.• E[ I' n'; s1' h ric-i I "i,'0 I ,r- we ] I I , o .l :

'lu>' 1i- 1.(-. v I ut. of' E 1, 1-!. 1,formula:

2 2~i(OaItiO8)m

W, Ates.,M 1,i1g , ?g 1/2 ('.) - T, ) tg i/? (')C- - 1.,) I', weo ohttn!:;

A~

+

Further

A', + A, 90_-
2 2

tg 2 '+tS 2

A, (A; + A,) - (A;-A,)

* In determination of' the limit of application of the approximate method ot -'r u-

]4Ihlon ofl geodetie nztmuths, It. is taken into consideration that khe dUffe'renice co'

* spheroid:al and spherical excesses of triangles with equal sides, as It w131 be proven

* in the following chapter, is the small value of third order. Thereffore the shown

Ilrt.h|,od can be applied where it is required to know the azimuths within -in ;•ccur',,cy
I,

of uP to 1-3

Other applcntion of formula (3.26) consists In that during the resoltt.lon of'

direct and inverse geodetic problems it Is possible to control the calculation of

nnknown vulues:

rsinA1 - -,IsnA.,

where f, is a back azimuth of a geodesic, equal 180 + A'.
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": t' - t.0.' *,lc" :.L.t o:. o A Ap k.r..xi:I.-te ,eoevlc
Azirfvutris by, Le -ormul-,s (3. " ?)-('. 5?) Is Given
lPelow

"°r's 1 .... I I
"RI, f ' ' I7 I fi 58'f°
2 0 54 42 11 37 4500
3 :Ilji( -- fill ti 41 .1 of) 31 i)
4 I'MW 1.- Il 1 347 31 I 2r 73-1

S 1,9,r 1 14 -1 Ml 1 11I.,311-15 '1. 1 I'Mip I
I tIlF r'p 1, ) i,.llAl 3 1.4-0436
I 11 1 . I2 ,l gQ,4144?14
9 CD% I E.7J1231 2 .-119.9111g 2

II A t *1 *i|, t1 11.13 773 1
12 I - ; :" I I. 1147117 11.9171,12
1,1 'gI"1*I.0 12-,, -2 l.1141|4,1
II 1 *2!'1 42'12'

r i , .7 fV, 31'-"
S g "" 5 it 17 1 W1 W

2 .1,. 1t is 751201"
17 1 1l8Af ,1 All A7 ik 22 I 1.35' "

5 11,10 2 - A,) 27 M. 21 -53.1"31"

16 A, 5932 58 9*et1'17*
27 A; 114 43 46 21)l125
N I A, - i" -- A; 245"16,14" 3391Y.35

WIWI, 11.131 Lý4 LýL1elds

19 IPA 17.912 214. 4 1 mr.nl 1L,bI'r of5 ". A.
•) •, -- r, n.,, v -- i3.,fl

II r'* ."e, 36.761 35F,12

12 1, O126112 0.37487r€1 1,I

23 Ig 'I, W 20.012h 0,261)431
24 I a I, (A• -_ All 0. '-Y7.4Z -01.197631)

ic'' nOt ; A r\ - C IL obtirt.lied as n produci of two Vril!ies, by WLosv0 ri 2.! c'ary

Ck:1 !t;.,e the product should remain constant alnTng a given geodesic, lotr rierid.aim, wh÷ rv'

A - 0 we obtain c, 0. Conse.quently, Lerre..tri-tl meridians are geodestes. On e,]ua-

I c.r r = n, A - 90 , i.e., at any point on eiuntor c = a; consequently, t.errprtrinl

""'qui'tor is aliso u geodesic.

.rrest.rlrl p.tralelts tire not g.eodesics. This Is ohvious, since even nn a sphtere

ft~h, 1 rc otI' p:,rril.l between two polnrr.s Is not. the shortest delst :-ncee,

Let us consider a general case, when a geodesic takes ULs beginning from n poirtl:

wl th latitude IP wiLh azmiutht bLtl.weei, .0 11"'A ;00 (1Kg. 43). tet, us traeP týte process

of' a change of equation r oin A = c.

ff B'y the measure of receding from Initial pont, along

the geodesic latitudes and azimuths at all points are In-

creased until thre azimuth will not. attain 900, latiLude

Its maximum (Bo), and r its minimum r 0 M C. /it this point.

the geodesic will be tanglnt to parallel with latitude B

and will turn toward south; at Its subsequent points the

Fig. . latitude will decrease, and the azi:!;rth will Increase,

S. ... -- ,.. --.:.... ," .; . 4 , = ... • . • .... : , * " . .1 ?* .* * S...' , 4. . .
," : ',-. :,:, ,• ,t;,,'i . ' .. ., . . .... - T -. , . ..-- . . ... . •- ""*

....... . . . .....



U
,e:um::iI slore than 90 °. .,uch change will occur prior to Intersec lon o:. neodeslc wi .

, ..,. -r, ' e, r will at.tair, a m'xilimXr (major se!miaxiLe ) .n;d A ,wi 11 i *,I:, ' ,. .

. .er ,a... in goutt.ern hemisphiere - the passar.e of a geoden l wil .:. . •

A-t.P',ir.in," :' n , 1, wi tf maximum negative latitude (P - ) and 1,ou!1'. :I I tn 1:.tr: Iz.f , 1..

ui111 t-irt to :qu., tor and will Intersect it at a p;ý)nt., whiol does ;lo;. nc4 (e,,

opposiI.f, point, of Initial Intersection of the Pquator by the geodetle.

Consequently, geodesli on q surface of a spheroid will de'.(rihe :i..Lnf'i:,It, ,,;;r-

t-r (1!' t.urns during its continuous extension, startIn ag . -ajny polnr, - !r;•- ., .",

from 0' to qC'' The pieture of a run of a geoder1.1 oin nra sphEt'ci vill] : i, '"r'

11' t1.r ftrst elemerif will be required for azimuth Lurea'..rcr :hx:, ý::..

Applic.ti.on of the fundamental equation of geodesic t.o solit:!oir C,' o "f

t.hýeoretical problear, will become more genernl, if eth" ttv-in , ic trainc-orm-i.

whi•.e benring in mind that:

P- NcosB iN cosu,

or:

N cos B sin A -a cosu sin A -con.l.

i-For finite sections of geodesic, when coordinates of its terminals and azlmrniths

, at; t.hese points are given:

.ousin A, a Cos u sinA;

or

cobasinA, -c-su,sin A. ( 5 . 4 )

Equation (3.34) can be rewritten still thus:

""si --A; sin -A, (3.35) °

Equation (3.35) presents a theorem of sines for spherical triangle with sides

- U1 , 90 -U and opposite angles 180 A2 and A1 . Let us introduce the third

-89-
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n'c of fIil s r1. '' ra 'i~c~z Ir 'r;'. Lt s h ijL' .!.is

;;Ide by An~rd !u~f .il h~ell the nncown polnr nilirlhti t irh

* R VIO1'lIaS of' 1terc; Igonometry will sferve

2. sInaconA,=cosuisn,.. inges~cs

3. sin issin A; -cos u,sin u
4, zinueosA;- -i u~, COU + MilsnsCS

Co~s a i Sfu, sinit, +CosU, COSsit COSW

;;i I id c vrrý-s oz Irilg to ge ome.t ric f'iguire, ca n lie re vre 8ent. Pd i:

L 0.

X', cos B, si., A, =Xcos It, sin A;

Cos B,!!Ai -OB __±?

I's ciIL ý

cos Bsin A, -cos Bsin A;

sin("1- B.) sin (W - fhl
do .2,A doA,

j ~~Spherical triangle P iP;2 (F-1g. L43) corresponds to equation (.8)
Thus, we see that dependling upon the form of' recording of Vuridpiment~d~qi:].r

of geodesic It can be interpreted by dlfferent spherical trianle

_90-
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.~ L~ct~oroft,t~a t.riantu-es should be in occonrclnce wit i tnf, Pro(-b-

lem, that. is to be resolved. Howpvier all these -cuolutior.s vf:dlif'r

p~' L ~ &g, Iy form, 1at. easerit~ia ily they irf Linvartian'ts of onr- in'ir f' A

solution, which can be cbtoirned with ti~e hielp oF* In Secavit.1o. (ý,4

a? ~* * and a corresponding to spherical triangle KP' (se.e Yig. 4V1`.

'o*r detfrnainatic~n of' geornelrie valuze of' c-in~t.,int of c' 1r't. 110.

assume that art P; P2 (Fig. i44) corntinues to '%orth )ind to scout!, I

equator. We designate azimuth of' geodresic tit. poiro. enI 1 oPaa~

1.,, A' the ].att ade of' point P. i:-Ad whe-r-, the rIfo tc it'rl"

P* meridian !it a right angle, by ,.

p, We [lave:

Yir. J44 buit:

-Coss ouoa
U.0139

therefore:

or:J

As. 90-.,

Thus, the constant c is equal to cosine of' a given latitude of that point., where

continuation of spherical are a Irtersects a meridian dit a right-angle on an auxiliary

sphere. Obviously, such intersection Is possible only once, otherwaise the equations

(3,26) and (3.34) cannot have si.ngle value solution.

Let us deduce the differential equation& of a geodesic:

From elementa~ry right-angle triangle 1-2-3 (Fig. 4+5)

ft -docmms ~A,

Fis. 4+5.
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or: 

e A nA
is M ds

ocIa n b l !1*r m . i oi

dr sin A + , cos AdA -0,

dr--MsinliUP.

(is co A
'~r.:' -'t,v sud !t lflt. Iut d; m We ob;

A A *IrAs

Als r N

A' ýsin - tn . sin A 11 /1

1`11at. tWo ol t-hel 'Ire flu it :aie For tiny 1111t. on ai nurface, the thIUrd, ot.idIint-1

P'rom f'ATIrIdM(imrnt~j1 equ 11on1 of jctL~dv! Ic, Is ori.ly ror' .o~iIs 1 ttd Lc,,tettd vqii 1tott

hl.,-1rati .a thes-e equiat~iuzla, wf- can ol'titIir %he (11t'ett-'C ot'jitj P1t1dP5 , Jol"II(t¶I t'L

ind azimuths of' two poi~nts, loented on the surfacee of q uplivroid.

P'assing r'romn difi'erentluls to fiii~Lu ±Incremenrts and deelgatntinj Ihi-ul by~ /i,

&L and MA with acculrucy up to smtall values of1 third order, we hmvr':

AL s" A + emA"'

£L..±...... ...l~tI~

T '(I il



A V' (2) s~iinA~ei- ;j -jI,
& A'--(2)s%4iNA tg 8.4

.*-'~.~(.Ic)are frcqc'rnt Iy -yp IF, 1 .l1 !i iprnx I vil 1- 'i I Po It, I r

-3A11.02

AL1b(91 w t 700~"Wa

'Thuz3 Wv obtn.nl &ipproxirni .1p tumerical vatlues of' aIfi rn,, or* tnt I ~~'c i,:

fthttlpo :wni :tv'ittviIIii 1'or :tdjlLCC?1t. P01111-' 01' itc-t order titg i u

J,1. M-:;ODE11C POL.AR COORDINATE1:.,

One otf the ni aplications ot' the± geodesics in splieroidni, gec)111y '~onitIo.t-t In t.-int

* by lfIii mecuin It Is posaible t~o c reato a system nt' coordinaltes orn,. sulrrftce 01, Npe

o~ld bty which a posIltion of' points is determitned by the length ol' geodcoic andt nnl nnglgI,

ineriaIired f'rom a given initial diret-iton. In the partioulsil ciose, If' this directilon

* c'neiidr'a with a merlditsti the~n the second coordinate an ang1p, will1 be 1-11f :&zi7rnut~h

of, t~ho tloder ic, * 8hch cys tern of' coordintates on n spher'oid Is aniin ogous 1,o polacr

dynlwnt of' coordinates on 'n plane, rurd is called 4eudesic 2clar coordinatt.ps.

On the baitsi of theory of' geodesic polar notordinates lies a theoorem.

If., an a surt'aol~n frf irtain initial point A tundle of' reod~eses ot' equal. jengM,
as -trawn. theM the curves connecting their- terminal&,_ Le, orthporonia to euch 31, t1-11M.

Let. mii ncasme that from point 0 two geodeales a~re drawn to Ikungthi e, dittwitl. one-

* from eitot her by an angle dA, We will prove that nrc P P, In s perpend1vular i, t. porcm~rL

1. 1',, to grode~ica OP find OP. (r-ig. 46). We will prove thic theorem 1'rom t41t. oppo.

slite, Let, us assume Lhat angles at points V1 and 1,differ f'romn poltura by initcll

-9,-J
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O/X +I';i' ~ OP *i.P;J'P,.~ P; P/,- Co'sI', PPk(

I It

Lii syst0tin of' pola~r *geodvi'ac coLordinutpm a~'. 1IIoI lJcollai, tire calledr asdot

* P ci ?'lumi'#rpeneF3B E2lemenft. of' gr'udCjI.C elr. r( Iinfavtre~f'.'Ir epiril Lo tu0A (Py 11'7)ý Vi I ni..

fIIit 111 i 1i'U redzuced i011thti of' $g(duU1(i I Iris, Mihleal Plamonth ot' rWh*' Bltr~lirw Inr

* pol.M, v~oordjinaLLum, tie f'ullowe f'ror Fig.~ 47r, )wtn tlie rocrm on'

Ir o-der t.o O1!ril'y thIe geo~metric~ mrenfirig Oil Lie rp(Juveud 1 v'i~gtI 01' getwondemI

lo~t va tCenaidez' a spec~fic coe.e L~et, 1.10 Nike Lhe origtil of' S'o'irdI rillI.sz III. po.11 tit'LJ

Lpilres v inm I po Le, the,i Pil mil k 111r of IT it Long thef me rid t lne eqill ut al1( tin IW c im ~ 1.g 111. 11ill I,

.94.-
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i~qi:~ia 01-1ul,11111 go'ltfide itO olIrl'lnm trorv i', wtillii I' I(OfC t'tl wil W11 !orre~nlrill

ri 't !' rn'!iirc!I 1crig L I .ul gC,*iiO aICI I Ii thjI.Ij wi.jq- W I I i.- j .t.- .14 1'!t 11 in -.1 -1 i r - I t- I

VI V l u.!n. S l-et~woii In r in] hal d ' fl~l nitv poitltIi, Ill - ii It'-hel ofl' 'r'b I-r

* 11W! A1, iw.t-wt-n t~wo paint.n on r, n ':t', r'r.-rdlf'st of*! whirl, t t,;icl in~tl~l

T1 rs-le I. I Ptn Iig 11Of geodmniiIc in connec ted with! Gtvin. curvaturr, byd t- '. i

vqw1It.lolls wio''If :111 Iq lt It'-d dttr'j vat tn 13 shown fhrlow.

Ik't. lul .Ake' Iwo pollit.13 1 I~ -mit 11, on n opher'r lu 'it. tcurh .'I 'it : .'*

Wt~il I I' Jlouim I it' to dist rr'gard 11ut diffe-rerice ot' G!ii oirlt I~iiiiF II f V ii ni-l,

We til I rl III 11:1o Ii li v tien of' thonev polrfl.. !I isphf'tJ en rilrt'riec' with rndilin H rind t :ikl

t ill II It t oV I-h' grent virc'Ir li, equal tr s, tOW will i~'aIo b i(I 1, 4l)* h''

o I -iI g I ig v, v Ii Irt s io t id I nly Ira) I rr' 1

WF t ?IaVV:

*4

In Rain a,

ds - Rda,

Its dol to Rcoseds,

III do

J ort

I'exprefhaion (3.142) is an ordinary second order differentitil equations wilo-.tiw ite-s

griitiont wiLl give tin mit It K is known# or it will give K, If m le g~iven. In rieri.

Valtioll of' t'ornlla (3.42) strict analytic proof' wan not everywhere alpplied haili Qie

Oqu~at.1til (3,W1 1,~ ii' a is considered a geodesic, and l' a Ctauia curvature tlt. ni gilVei

piatnt, la vullt.abie for any ourrfaco.

f'f.S~LS. Ogg.'t~



integrntion of equut.lon (.4. 2) will be excouted, while keep.Ing Lin rrilud that. fur

in fI n I P!, nI vlue c; f vi.Iue , tii -- r ind , e meo,Irie t I yv, Cu r 0 ,rid t i. - , 0-

1. We will show m as the Ma.clturrin line ot nzcnd' ii n ig power (0, 1!.'n:

2 6 120

ms "® ( •-1, 2. 3,-

s" . --m' K -- iK',

M 1V W.-- m K -- 2i *K ' -- 1K ""

M` ., --ni"K -- 3." K' -- 3,'K" -- " "Wl,•- - in-'.

,;"I - --KJI -

-21C

m--.--,;K,- . K;"

K. d 8 M d4 V Ais da, 7, 70 dfi ds

dy DO. A. .n-.eosA,
.8 V da 9

( •; i t'rel'°rvt

SK'- 4

From (3.45) It, f'cllowa, that X is i small value of fIirst order, and tuit, X La-

smaller by absolute value than K theret'ore in further calculaI;ionrn we will titke K
0, which will lead to akn error In rinal formula for m by small vailue cnrrled Lu

"" III V

sevenith place. Substituting the values of dertvativt s i 0 , rn0 v,, , Mo i (:1,J+5) 1nri,

corusidering that m0 - 0, we find:

kiI I;'



A,, (-,if) i, P and A per!..iIn t~o j point, Wh.lCh Is t!Ker. for 1 n;, iii' i,

Appiying, (3.4tn) to spherical surface, where ii :- 0, we oi1 .L:r)

Mom 8- R sin '(" 4' ,i
m.-s- + -(...47'

ý;nt ur tolle ii)ort..~t. app icationc of the rl,. 'I en, f., ': 'f • #!' I ' r r'

1Or :ai,!erroLdaLi ':ude V cor;si;4d in the proof0 of' a ti.'a•)Trr l!it. ; ThehrcI IQ• tr ,n ,' '

wit.h, gIden, noT. exceeding ?00-250 kn, wit-h '.r- rrr of thlrd ¢wder d e.t ' d.,' vaL-i• -

can lie :4olved as spherical..

(.( , :; u ass:tnie that two points Pj I -Fnd P2  with t•1telr po]ur coord ir:'.,:u (r, A) :odi

(s, A + AA) are given on :i spheroid. Join them by an nrc of geodese eIc, Iremfer','o,"

mUA (Fig. 50). On -. r4phere of r:.i'. r. . :,

N point 0 , from which with izimlut.i,: .• .i A +

+ AA from line 0 M we dr:w rirrs ")' freaft rIr-
4 

t

cles, equal to S. Join obtaintd polu il.s rI :111,1

P 2 by an urc of geodesic circunmfereio (l.it! .
5:1).

Fig. 50. Fig. r51 . Consequently, the difference of :ir'cs ! I-

and P P,. will be AA(in - III,

l del:,t.lve error of lengths crnsidering the valt.c m and mc by the formuli]n ('.i,)

umd ('.47) will be:

(a f-mj. . •
M1 3RIV

Or, dropping terms with 1 4

* - L2IA.!~!A - lIn2flenskli
Vnlue $ attains maximum where B - 450 and A 0, I.e.:

-97-
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i v I tj, I I Ineqai iItY wl), rt e 1',1100hC kni, we, I1Lrd t.rt~if.

1<33~

i h.o It !,,5t'ol lows .1: I ý . paLrt, of' 1he spheroidal1 surfac e , boundpd by (-Ieodv14: o

'I rc-imi'c r'enee. of' 1 40-140 km raidius , can be zubs 1.1 t.utied by spl erica I rad ius R~. W 11.

h!!i K - nip~in rid I in of' cu rvntilre of' on pgin cf t~h( c~cordinat~er, Wi thin) the LI fnt W

1,I., sir-i 1he npki-ruidl d~ .. litI'hv II ~rre txr of, which will hi Lit, Ilincyv ii be en'!1

in' t'rd1 t rialtjie wi tl: "ldeo 1i30-240 km.l ,':tr be renl' Aed as spheriI::d wI1.:l.)l

de~grefe of' accitracy. Thir very importannt. d eriva t.on is used ln Uthe t'esol1u1 itu l tit' nmr. 1I

LSphorl-dal tI '.i~itZg1. e

* ~~The squn re or linen'. element. of si 'n~eIn polanr coord inat~es ir~mn IhF t'o it

* ~~T1h10 Peqtit.Iot 10 -0:0 Ist'ied by subst ituittioln(!i.¶

dsm.daco&S
miA-desine 0

letI us teonside r ds orid dA trb t.r'ary Lincjte!st'S, [he f.r'~v LU i I.v

PI cant be ~taken as constants. Dirfferentinting formul: m il)

* we obt'dnin

Fig. 52.

dedsinlll did0.

_98
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a.l sI ."
dw m de

0
[,o'!. ffL :ZSfflrft: that. In !i pnrticular case .o , ( is geodez I , den' ;r.'•ir I I

iv h, 1.,i Uroir. (3.14') we, ol,:ir:

dI I d.

Ii : importnrit. equal.Lon Is frequently used in resolutlor, o" vrL(ai:: l'ri' I::.:

§ 17. 1101IT-ANOLE OPHEROIDAL C(.:RI`'INATE,-

LeI, us take' point 0 on ni spheroid as initta] :,nd p .'ass 11 wcodes..(! (V 1 ,,'*1,'!. .
It

l,~f'Io, point. I' COnr' 1.rue t 'n geo~los c perpendical at t(c, 1]h 0 1' :at po tnt I" W,':- I n: '-,
IfI

1'rn p lti. Pcont-rct l p .rrl seredction P qi (rig.ý 1 p'7i) I
section OP by p, and section PP by q (Fig. 1:).

'If the direction of the line OP n on the s i.!'%'. i. f :t uparujd 1.

given, then sections O 1 p and P P - c fuly dt't:'rmIne the posioli

or point P on the surface. In a particular case for sliffiplfyin!f prol.-

lems to be resolved line OPn is taken for any meridian, calted !ýxia_.

p and q are called right-angle spheroidal coordinates. They resemble

cartesian coordinates in a plane. As on plane, p - abscissa, i:nnd

"Pig. 53. q- ordinate in a system (p, q).

Introduction of spheroidal coordinates is bhned on P. 1.heoreit,: I i

on a given surface there are any geodetic lines from whose separate points em.rea

rilghi-nnglies on the same side an infinite number of geodetic lines, o-eq ual _le.h

tlhen the curve. connecting their other ends, intersects each of them at a rlghl-nnnglE.

T'he proof of this theorem is similar to that of a theorem for geodesic cf-ream-

parallel. Geodetic parallel cannot be a geodesic.

Let us assume that on surfaces two close points (Fig. 54) wit, h coordinitt,.', (p, fl)

aind (p + dp, q) are given.

Let. us pass a geodetic parallel through points P. and P2 and designate I tz see-

tion I1 I., ndp, where n - function of coordinates p and q. Connect, points P' and l'.!

by geodesic a. Inasmuch as points P1 and P2 are close together, the elemeritlir'y Firc

o" geodetic parallel ndp can be considered an elementary arc of geodetic clrcumference

-99-
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of' milling u, I.e.:

'.! fndp.-Wit.

V 4

*i. t I~'I ( . o) ~ ,I'.. Iedt for or!~ Ikcg.orl:1 I geoteO~ t. I. Iit %Cl?' vnoI ,Lu~ci I I 1 .;' L

- " -j;7- ( I)

dq'I 4,'(11

I~'t'~ i Crtm~i~t. qupit.1on (3.14P), by pre'lirninary sihsttLtmt~loi of 1--ty (1

setde

Or, 1-iRLog 10c.)~ 1ccoiuint. exp res sions (1) and (11), we find-

Comparling equations (3.42) asnd (:5.54), we arrive at a concl::uion tleint the~y !iri-

r~orpletely symmetric with respect to Gauss curvature. only equiation (5.142) Ins ,mll

able f'or any geodesic while (5.114) is appllcablei only tfor ordinoten Ln t,,ynfem (siit'

.5 right-angle spheroidal coorelinates.

Gleomet~ric menning of the' valtie ni is clearest whsen we study right.-nno~p vor-

Y'!, nites -p and q f'or sphericul surface.

SubsLituting a by q in (3.47) witiert, is ain ordlimrte Inrn syet-emh of' sipherim: I

-100-



c~ui d r .e ,we ob tain:

on R sin ~

!di*t~erreriit~at~rj7.h thr ormtuln by qC we. obtni~n:

in P.Ig. a syc-tem of' coordinates (p, q) on nSph~rn, U; depin~t-ed. v In'

v p! ir j .I n, ~ri kvI 1 T no I o t ~x I J ridi r n. r. t ic di M, I !I

decrenzes proportionally n. cocý: ozs'a".1 ; r

generally be called the coefficient of converg'.mce of' ordi-

nni.es. All ordin.alies, pe~rpofr-ItlrI:iv io nx.ial rrivridkinf -,,:

~ a sphere, cross at; one point. nre callo i'~ heir pu'lr'. htif nri

sphero td ttue ordinates do not c rvsL one pitroaII ,. r

they do not have n common pole.

lifT r~~c; in accordance with formula an ,V)Qd witl niih ~:,t i tci.,1oz.

of' s by q, we oh ala n af'.e r dI.t'foreniti a I.on:

2I 3RIV 24'+1.

IJCre H, Tj and V pertain to pjoint P., and A to azimuth1 of' the line I't',('i, £;

We deeignlAte,

ThIcen!t

011 1+194+ li+ hi+ 4.(*r7

Coefficients f', gand h ýre functions of laititude %ind azimuth tit. point. P' ur

::bsciesoa of point P.

Por various applications and practical osiculations IA. is expedlent. Lo oonvort.

* iexpresEinoti for n in suich a manner that coefficients r, g and h become frincoIriott of'

Int~itude tindf Pzimuth or a geodesic s at the origin or coordinat~ea. Concideririg that,

t~hey atre certaiin functions of p -abscissa, we will apply Maclaurin line andi present;

themn by series:

0."1I)V,1;.ý

GO,'~. -

*0 ~ ~ ~ ~ ~ ~ ~ 4 A3 .I~A %tWv4~.tA;xL.c ~L



to 1+ pf, + Pat" + P2'r" + .. (i X'

Al -D ho + dP' + I Poh'

A t 1 I,., (3ano'( .7)Ld ret aiinnIg~, Va. I of, Iu t-U. orf-Irt wi th ronpvc!

nI+ Pe+ tpl+q

+ h('q'

1'Ul? e .'9)wrre q o It t'oI Odw t. I t:

~ t7. , h irt' tm ffl3ecerr of' tIP fwit.n10 oij () 'rI, iJie

-'pht I- A I tI~ k o k, Vd I eI I-1.e t 1r

For l:eazlmt clrvLturr wt, oh t.!iI i from ( . '*Ai :

Kp~iI m-211 +3aq + (64MA-lq-1,.

We substLitute f, g tand h by 0,, r ,, It 0 01,c. ecrordIig, to ( 1. 'i)

K -314-Irp--GI 21"10 - GgMo(I2AI 2M )91.

Let tis consider a cuse, wh~ere K is it 1Ln*Ltr f'tcifl.i ot, ol ~c , trit I. v,

.102.
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Conseqoent~ly, In thils case it, Is necessary U.) sp't.:

1,;' 1..1 .tese vtI III s(.I Co e eneft I er~ts tiie f'oru iaw (I i ,9 wIill i.:iR'. trEi.(i- i r

n 1W +I'0'tpq+ POO+ 4,e"d + 4.

Ilt!-- ternme &-r-,ren or %ocuraricy:

citrv:i Larfý, will. he given In the)( V'ol lowing, chnpiter, dr'vofLed to ,,olill.1on (I ( t I

t. ri:tji ,' IeLt Iheit' des ignZAtionz were ri.rst In z troduced 1 y III a~n :'II V'

t.Ion:i of Cuirves oll 13u rfnees ," ttierelklre suhseqtien I. Iy we wlIll an I .11Vrn Iain G.01. Vf'-f

§ j* )1FFEHE1NCE;.3 OF :~~T~i AND LI:N('T1hh OF Ali(:'-', OP 1'I .
AND NORMAL 3ECT20N

"Vor Jlarminal~on o1f goodeal to .rinln ei it tialirfiet of i! spi 10r01 ll It. '1: , ria l

1-o C hanre over from norm~al nte lhina to geodesics. With this gal 11,t t.i i o ' r

hai. rodotie no rrec tions into the mensurod diroc ti ons * leductIionu i'o ticý ICorta fi o r

*Indic t~ed corrections will be madp wi f1i the utiAI lzttion of' an ilreanIrgthu.

* ieodelJlc curvature of' a wtrmail oec lion.

Normal section Is a plant- sect-Ion, at. eachi of Its points a thinormFal In pfirpon-

*dictilar to thpe nortnirl plane. The same perpendIcular will conalt.11,t.vt to. *Iverziti

normal auction with tin inverse normal plane an angle, equal to 90( f 1, where I' In~ at

anngle between mutual normal planes, equal, in accordance withi (3 .J4) Lto

1K. F. Gaouss. SIelected Ottodesic Compositions, Vol. 11, aoodriizdat 1 95h1,

-10fl



Geodetic degree of' curvature on ak surface, as f'oilowi Vrom (1.118), is equald taot

to~~ ~ ~ IWTI1I o 1(11Iv

it~~ cl.i cos*.

H ~ aiiiin

A, N N' (a

11 fl genftrl'1¾I onaer' lini pr'oa'ii- It, Ic ap I(iiainal'I r1Ig In nihowna 1,1 FLW . "I" WI it. raeltro~ I

ILI' tat1 11:1 1I I Ia':iitt I 01-0 1. 0113

levt. tat, a:'rilo.rt':l ,ia ' I.rtj't I:lit, c !' pk-le I I ' atEr IIiio i,

tiitd tiC' ritta1 n -lr'I trflP !a oilt I. a -t c'airvi-a' 1

L.frl. utt IUtrKi P'. 'IL orlgin or 40111 "oat 'ii -

OF 4# Iliaten ; dl rvee I a l 1 xN 1 'tlolp' Si, I .v.'. I Ii I aIt

* [ normitl amet iar;,

g C~~Geodetic curvituire wt. 1ny poklii. atl' it

F 1g.a;~ 1g.''7.normail av.c . on t1t equrait Lo[t

A4 r -104
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In -ioupted nIyntrm of' conrd i nit.esq

am co maif A

( . ~t ~ Id. in mrik w:' Irnth s~t. t-hp origin otr c' fl~~~CI~ az!L wt- iwiat.Z.

I '' I I~'fl4

Ij't v :

OeNs +C1

I.u1divtoeirn m.111f e vra1w' a1, coanstan t;0 anV1~ At. pcaint P, wt, Win' aVf x Y L

At. peti vii P, we hmvty 0, x mw v miid t~henti

Ob'InAtwA

bps to 0 tn A s soO snI

* 'ViThus, tItte magnitude of correction in direction o1' tranaition tram norrvil rnectiormv

to isodtemicp in usual by dimensions t~riangles of trivingultition Is loan~ thrin 0,00)1 1

w107
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Wr i.3':1~g~tigi n ta ini1I!3orla 'ililt (orrIj~c t.I ' cimi 1,0. Ir'iored, Put. III ounf'(ivc.111.vi,'~

I iln irV !timutiq fl' t.h: viit.iir. I tr-riv..I.actlun aiomg, t~c.Lwk, tit' itwi'id

r.rit jgu .1 tin t.iv I mi t h!, trte ' pyIf: '. t*; ?I. f'. 7, VrrrpIrirIdIt d

n1V t It xp n !n:¶ i t I'e 1' 1.1;r' it 11 1i '1 of' (lrP J I*'I l oi iii jl , V #.I' I In '

lit~ 1wit 11'III, 11 , VI ro-1t ti in I. iO' I. II' I-, o'( i' i I I ' nt''i ro r gvcN I. v IIi v~ H w'fid. ol'ivit~t'i i itl-on

w ~ ~ ~ ~ ~ ~ ~ ~ ~ ~~o xmrno II IeviItt'?I e of, jlo"p I+w!hl 1 ol- 1t"ol' ,Ijkli ý

do''

C~anncqueriL)y

1h'c.,, In aiccardance with N~~MI&a (3.46)

A. b- +

-106.
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tit [I ni, .11(1 IA 1 1 Lt-l w il Iivi :

0.0O,7.1 aw

Itp o w'It tioltt io it~tt n nn p bt,wildtrn4 ITI'll'It' 1.1 o nl1111"fi of,:t1' ! utnl i., .ui

lit 41111111 1 1I ' rn t 1 141 11 A !11( 1-ht mt ll',-ftr d 41v', m 9.1 on," 411 Iwiin I: A@ 11A r' P t , 'I .

%W l w 11h r l I lil III 'lil lo l i Il It 01 I-'ll . 1

w ino Ir~htlgr elitlib 1krt]'U:9VItXhi Im bilint~l f i~ :114 1. 1~~i

mi 0) iter P(1ituil Lo Ill, lhlen we obtin tt

fan

In vieiw %I!' Lle smallness at' bbI we attn consider tWinl, thiNL n Inr tina o ~irnliroui.

I'..rvnco, oll rntflum Ill oonrsequenllyl

a cosn A
11111 r i'roni expression (3.2) with replacement AP~ in Rq'ttd I'm



At,

%in A, m- - slin A,,

V p 'It sin 2A I

4 ~ ~ 1' l1l I'

& sI~..Ifli2A,

I"It

m wt- h'ivt (1

III wi linIe

At 0,0O~3 ~mm30.w.

T11mai, cori've'UCoi.tI Iiv uli heI votiiii1'Jirid whiere' 11 m~ 3C0 m I4'tv (I .j~~it ,
c, kilfls idv 't'i' tlhlt II t I-1111huttiqt111, i.)' MIjkllllv 1hi .1!'41J0, 1IIiOVV tIlP Pit'nrp'lViti e'lil untild.i

Numvirla usti aliplea it11'2 eaiu.liiltdon tla o !? crc1 I.l k la 'o? help' ti . (1', obt'roi.i~ p111111

anmd t.rane It. cti f~rom "t trnllt.115 of 1101,1111t.1 liv I. toile Lo niZ1tin1th v.i , gf' ~'oiI*'rm I rf. nt IV'i

2lk ill "Pr~m 'I ICt11111 01, 111Itt.r (' OPO MY "! W1 III 'd )4'70#



C 11 A P1 T E I V

ki*;:.oLIJ OF ,',~ I1W-:R1CAL AND .11111 kt. I H.Li TMAWkII.2:

~ ~i. ;::or~xpioNOP :114AL1 :WHEI'I,1C/i, I~.N1I
I'.Y LI"OLFGMDW lV*'Ti1c VVM It

*li ftI~inir.ng nt 'chremt for Ant ordt'r t.M.-ingul~iItA1.n L. Is ro 1~,i~'r 0 'I i

(i' i~t p t-ot tic qluticirtitngl , inmitau red by Fren( ,1 Set .1. si tin for oo nnflt'9.1 ori1 tiw~rii. I' tLmn-

t'.t&Oi.I oit of' O!ti~n nnrd AlgLcrltt in 1879, woni nt~nx'ly M)O kin long. Trnilt!i M''it iviwt-mt'

t
ti I riwiti rling~Lr ur rve lo tin oxtimnple of res5olut.i on ril' Itirge t.rtiongler on 16iri thr i

ITr,.,ont-iy ritint'rgoodot~ic menns miake it ptýsnib.Io to mrovure rdiatinnor'o on I4.) o~rder

t)I(-)1 Kl litru howi.w' - f'or lnyou t of itigli-precisi oon ge'nrteic 9;I eO'tn W11,11, !it td .i'

11-lietcw ienoiii have not bortn used las yet. Ntiverth~eleo, oonsidering the~ prizopteoLiu of'

inori'ann in the riocurney of rnr~idrgeodfitir mefteuremrents, this~ chnptfbr will connio~r

int-OhodLI tini obtained exact formulao, both for resolut~ion of Prnavll diommalon tritiighrii

(r;-i~l Kin), lold out; necording to contemaporary scheme X' triangulntion. iin' for trinri.
givIi ot' Inrgie 'imensions, up to 140D-500 km.

I'roopr'l'rng from theorem In § 17, apheroidnl trinngims with Bi.1P1 or' P`%).Iliti km.

with ierrora (it third order valiiev can be subaltituted by spherical Lriangler, wit-1 itiri-

Iliar atdeti, I-ild out on n sphtre or radius, equal to mean radiius1 of' niirv...uirr ml' Utle

Oiitril tit~r"'~± or' spherical triungle, Consequertly, 'all trinrigltin of' noi't-trt.mporavy

Int, orde'r tritinguintion can be resolved as epherical, 1,e., wi titoiti: cornidp!ring Oicil,'

I '109.
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ih.' ~** Ir~j. u Il-L of*~~ ri~irigulation Lire meu:i~uI'ed di rec i.1 or airc' owi.; I trid I I.1.i

bas ic ne ta ini meters. 'I'Merefor,: s ides of t.riiangu 1st.lon should a ilso be obt.-irw nd Ina

*these units. In selection of nietnods of resolution of' t-rirngle-. thiq volidiltisn Is

hI. ~ . I I .lThe re :i reP 511\t. rl 1 :311h Inc( thod.1 . Theorem of' Legenulre, A 1s the ios i. P reqiqezI -

lyund It. is noc formulated that. i small spherical tra~r-ot 1-e solvvd is :i plant,

orite, I C .#Vt 'irlff'1 - is dec renisenl li one thi m'd U!' its~ spheri nil excess.a

ui! , :ikcu a 4vmri ,pr-;(!ri cz4 tr~ amiw le ATC urind a 1,H3 (sih-i iV IiiistI

A Wt- have:

A~S lft~NhS~sin (A~L#si A- cwt e. m L sin AL

2 Afl 2 2 ftus2

sin z ~A. - / COA

sinsi A'A or A _ _ _ __ _ _

bey sin__ sin

under roat.e n l'ollowirie' expressiona is obtained:

ketnining saell values to fourthi order incliuively' and tuking 4drIlt~onil de'lp.t-

7.-i rutions I

.41.
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A-AL.'I 1:111 4 1cA4Ep',-0 'I"1

, - J ' (' +-b'r
'4 1) + t!' -"i)

1) P,-p. p,-p,- (P-p-P)(P+P,)+(P,-P:)(P, +P3)-

mb(a+ t) + b(c-a). 2bc.
2) p;pl- j'# p- (Psp&- pp1) (p,p, - Pp,) -t

lot i- P- 01 (b + c)' -(b - c)'l - •- (a t- P' - c).
32

3) (p,-p + (p,-p3) -(p,'-pi)(p' + p) + (p, p( -p, p,)-

-k (30 +o + 0).

Cucq uei it 1y,

&A-A L '~'c

46 2 4's T

sin . =a 0+08 0-0- 80 ihv. '-'J

(,,I

From (4.1) it, follows that ain (A - A,) is the small value of the secomd order,

I.e., the difference in annle:. of sphericol and plane trionrles for correnporvdltaý

sidez is a small value of 1,he second order, therefore with accurnyc up to ,misl.1 vnl~uon

of sixth order:

Expressing (A - A,) In seconds, sides of triangle in parts of r:Adiun of n

sphere II r.nd considering that for (B - BI) and (C - C1 ) we have to obtain aymmnt.ric

(•,1) @xpressi.ons by meant of corresponling transposition of letters a, b, o, we f'I111:

(A %1,).,.' £ do + Me ,P T +,

fc-cor"- "(+ T( o +"I, .L )+i_

or:

A B ,,A+i+Js# 1+ +4,(.3

From (4.3

-iii I -



~~tas +i tut 4- CI
-+

.a we- V11vi ily oh Li1 In,

Al A -3 .wt,:.Ial+t

will t 1~a I I flit, ~ t Io o wi ll form: ii I i~

A, - A, e,(i

rorc-o upitvi n termt of ,t~id t ilv

FromII (4.,11) andj (4.1,) it V ollows that. In eqtdlat.tprn1 triangles aphericail I ernnu

bvliltoie x ero , blitt. ItiII tfonctelpa I riawiglev t~hey W 'Coulf 1tiinx 1t1amm

Let. uti tauume 1:1 -a, and invest.1tgnte the' obtallitl edprosaion of* aphni"LcaI cot'

reotion.
Ftrom Isosceles piftze, triangle:

'Elhe re fo rce:



.2!I (IgC'4- Ig CA)

00

411111. S.4OG IC, DOI

L t us as m ln, an rqired In Int rdrr VitW.1o 1,11 (MI

10111Ca

Prom~t~C (410 It folw C. -1 whouts 45.A

Tle'.ua, nm the, a redueqac utiren shon Wi2tt 1rd'rtt I .r gent.U nl~o t' (,I i, !.:d-rcn I t1

Uenro (ii. o) i fohooudb uatd but where suc trngom5Ote n iitaairtv

r.in not. bea cnot exced 200-250 int they shuld b solvn1ed its bphereoivdil (y P-5)I .nr

'iii n'i: il. ~un~exc sphes ftirge ncal the sh ulni'sle-d Ian ophe. roidnigso lot -5 )rd-

t~itpinin ihacrc orilnup to~ 0.00 u1, I th ito the, ero in le': of In r' of
i. iut.no xced45 n to ffu decimal place. Proceeding, from thin r.'qui re'-a

ment., we establish, at what values of t It is neasisary to caloulate them by the

vormulik (14,6t),

Second .erm of right. aide (i4.61) has the. t'orilII

Lot uie nasume thntt:

113



fr. W! 1 1 )lJve mtlx 1.iti'ut va lue' I i eq I I tit ern I trinnorle ~ r II c'i itin, I It it

tn r X ' I i w i ( *. 11) Ii. v w

I"'4

dA -
3.

soll < Islt%

Iut LI! t'-.1-11 i ts'I - hut . uaJ1t .1  v oll !1h -l! )I( (1 1 1; e.'oy 4I 1~itt- L i t.'Iatu 1 ol u i'Ii t ' I WW

tInio vv v p 'ý%. h tI en r I IoIi I Ei d Iy tIii I vl~ d~a~ : ?ilih Of, t.111 tillIt"atttI it-vo it '

uld 1,,v L I cal'iulitto t by the roritntua(Ih~

oI' (IlI no pe'l-in IIcy cC ,I I.rI II

* "otit trvintiiu loll' luui. order t. vintigu :tktitlon 0 oll lviv nm hu nii nxillum VnI IIII of,' " W l.b

., ~ .If Lr±irigles In triangIalution are formetd by u1Uipaoid chordis, Widen, #o wits Showna

* ~ by M, :,. Nd lcdimnskiy, thei r revoulu Lion ctin be' n! I. ~i afed ily thf, f'oriwi Ol.trs , -,i~ti 1 u.oirl uI oi

rarIifitilti or Leigenclre theorem.

* ~~~Dcua i'nuu . Lng, c-ho rin by -n, r) tital 7 tinid nunurn~ia g thau. andti spheivi' '.l' titii,)t- A, 1'

und c f'or V 'trd T, ?trv known we obutnirau,

--- --i - --



Y
Il a a

On A A

Igstgirl A -.- L -

ii6 k lw is' -I IN

ip:; mW1, ; ItaIS S.

sinn sine- *~

A~~~tI For I'OI) or' l.p l I C ol.'I. I)irVrc1v lln IIiji i4-

A4-M L ..t 'lot,1)

aitL In ,.i' nl '.1iyinol for I1IS PJi~tnittof or Ott e Ado~ In C.rinnfgiiln 4t Iof

Ooinviivi'ijyI., from (4. 12), (4. 14i) andlc (11.115) we' hitvf

A,1 A Pire' callf-d eidditnmerite, whence the name "Additamont M*Iti~o'I"

* ~Ini comparicon with the Legandro theorem in ndditilment method tho~ loriarltJimrlt nfl

L11n o' .I t'r1!11.1~v *.rt' Civingi-i, rind the soluition or nm triangle In viade bly the f'ollow-

1. From the loEgarithm of' the initial side I~nkeb ,wny it~an ICIIItifnmenl, tind oh:l.sifl

:tredlic.ed logtirlthm of t~he side.

R, ooolve the~ triangle with initiail reduced aide ria it plaine tind oblat~ir redhuleri



wil I~

liIt. li

.. ml itr I I Ir vII II' -v r 11: t~~jr I ~ It I. ~ AI I .1I. tt

4.1 0 %1 S 3 1 3 3 9 4 4 .3

4. 411, 47 49 WS 14 10 N2 63 3 11116 7 ¶4,231
fl 4 is 1,I 53 N w 93 6 lid ill? a 431381

US "6 1111 39 1 13 I NI 4 NO$ W lIN 13 443. A
44 1 1110 9 3 1611 a3 3113 337 &U16 13 451 3 4

4. 70 74 1 1111 o m537 3 4* 41111 Ur i I.'.

N,1 811 IT A i;~ ;; I5 IJ P.7 U@ I C, ITI A 4 (, 1. 1.*

I( 1 R I -L. I'N lIIETW.lN :'('I.,Ai IU;iilil 'l I C

11 m polori sI it 1.)t i~ lts' 1,111 kil Vst vlrlit Ii .f.i 'ps ~ tit'l :1 olitol ( '111 ,f wII I-40 r-m itt'Ri 1l . r 1".

ek ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~~~- ItII I'),,i, o -liv-.y trvpil .lt

n. Sp e o d dv e m le 1,, .give wi--i t-t -"hirw 1.v rns



$.. s(p, 1), -

- 1- * l- d-

ds- ±-a-dp + .dI yi.
('p 04

I,. I• '.r.•I tIh t(..P'I-r!1. rH V Ik Iii I (' II:, 1 " I:II 1 !11 de r Vi a, I'v l l t I. e t'.1 7,''. 1 1

lue t.lX~I I ( if! 1)' It sl Yn Ift po r -~uI¶: 1-:t

of t 1 ;1% 11 O , I]• 1• .' LI co d hq ] $"h ' I1 n: -r-1lll t|' ris .. ! ;? .......

la-t, is•,. , I dt,, l , r i,hI - ot her polrit., 1vt rn•itd Ivy li. ',, roo -. l .,..,t v,:;

(P " p. q -1 +dq) ml o s • s.. 2 1 d ).

Let Its t vi gnn|f l ,,ý~l.' nnl inngler wherr, wt,r,.,,-x IP IIIi fT- l ' f,:h.l- W. I ;,

I II11 e).m. ;llf, illiry quitleri gle CPD1I'. fh I u l: Iv!•' • !,"rI,-. I : .u

t.o (1i80" - ;I), nngl ortit wheir, vrt.,vx .n D and(' :ir,, pki l:r -knd t int ; gI(I ai

I,,t'. ut t:iatik project Ion it' broken I 1ne P c ;T l C11 tuld r,,oji.• CP ,X C,

W,, h'i V.'

dsidqcos%+ndpsln }t
mdawdqsInp-ndcs

M~il. Liplying, the second equit, .on f'rom the sy.stema (14,17) by ?rm in ,rid equzOt.Ilng

rig•ht, .nd left parts (J4 . 1 7 ) And (J 4.18), we obtain:

1. A innP. 3. 11 .,- - cot
4 4 j(4.19)M. C P'- in P

11' origin of" coordinates is taken at point 1P (F14. 62) and allowing that. point 0

olhit'lt{d to 01, then angles 0 and a and spheroidal coordinates p and q will exchange

rolov, 'T'herei'ore analogously with exprensions (4.19) we obtain:

C ol: : ( 4 .* 2 0 )

From (4.20) by means of identity transformations

-117-

S*.',.• ,,'t . , .... '- *> .... .• .- ....... :.. . .



.. .. O. a"

J Consequently;

1 . i . s inoli 3. Ao , 2sn co a

1 ,r

I a.

7• 2 #P

.. " I *s!

i~i Diffe,.ential enuations. (4.22) andt (4.P.3) together provide solution of righti-ang~t,

spheroidal triangle OP P (Fig. 61). They were first obtained by analytical method

by G:ss in his "General Investigations of Curves of Surfaces". General inLefgrat.on

of' these equations Is a very iifticu3r problem, hut for geodetile purposes this int.e-

gration can be made by means of factoTzation into series by a method of indeflinite

coefficients. For integration u,, note Important. propertiee of n function:

I, Where p = 0 we will have S2 q 2 and where q 0 Is correspondingiy n 2 p

consequently, in a series, presenting a2 by p raid q, with th• ex(.eption of p and q

there ctin be n.) tersn,, depending either only o.¢n p or only on q.

2. Since series for s2 start with pr + q2 , they' c'nnot contain terms in the

!7 tform of kpq or jpiq (i , :, .

,. Ftom te. •wo ,oprerý es of •he functi s(p, q) it follows that series for sa

should be symmetric, with respect to p and q and can contain the following eonoinittiorns

of various degrees o!'i p and q:

I. 3 p',,l j5q

S~~~4. •••.<

Considering expression (4.24l) ,n! 'introducing Jrdeflnite coeffriclent

.•. ,... . ... . .

'II . . . " . -.

II I ll I I

"•i'i4• '"•;-' • •.'' • *•"•: ii ;'•• v,;'>.+"':,• .•.-.•,• '-.•:•$/' : "•'"."'•.. "



(I ~ ~ 3... ),we have;

Jeriez (4~.P5) constitute solurTion of differential equation (4I.22) in Implin I t. fcnn rm,

In order to obtain It i.n explicit form, It Is necezzary to determn~ie t)-e val.lc oV k

lIndefinite coefficients.

all- 2p + 2a~apql + 3opeql + 2a~pql + 4a~p'ql + 2a6pq + 300p'q'.

~'2q + talp'q 4 "cWp'q + 3asP'q' + 2aP'q + 4a0&P'q + 30aQ.p'.(i

r~roni (3.62)

Rahise expression (I) and (NI) to a square, multiply t~hp square of (I) 11y (1ll)

and add them, we then have:

+p'q'(5.4g- El+ plql(5a, - 2g6) + p4ql(Ga,- u (4. 2(6)

+ p'ql(6a& +all -4a,#" + 10J~) + 6a~plql.

Comparing (4f.25) with (4.26), for determination of indefinite coefficientG a

a, S3, a4, a, and a6, we obtain the following system of equalities:

1. a, ft4al-I or a

3as - sea-2e0 a I-L

&+a,. 84+45

3 4
6. sa - 6u,+ -4 + A.

With these values of coefficients aseries (4,.25) will take the form:

486

i.e., basic relationship be~tween right-angle spheroidal coordinates (p, q) and polar

geodetic coordinates (s, ax) is obtained.

We have:

.. ..~ .

I ~ S~a



SLdq + 3 r + vI5r 4I erp 4 ,l. + 1Pq

IFFurthier r,.om (.2

(VII I

:1ibstil~uting expresslons (V), (VI) arid (V11) in (4. 23) rindI retnining termr i.o

seventh order with respect, to p Eknd q, will obtatin;

+ 1+1

SCOSPq+4t'+ + (4. 2C")

- -. -L .q

(4.m'),ý ((.4) (42)d9)ies nda yte~so'cnvrino'teesre

mi~~~~~~ ~~~ rorrnui +a be obtine +o c-Luato eo9 A- nndy qi'a ,o n r

Thve ut beare otinvedso f series (,7, (4.Pt asfnd (4h29 vInu con,4 oetfcbion th i ~,

ahereul can is Gauss ne forre. iciaino'ý idq t n a rsad1 r

Let us consider this equation for vertexes om' right-angle trianele OP'i' (36ee

ju±g. 6:1).

ror points:

P, Pwe havep 0 q' ~ Am210
P%30P P q-0 Kee - 21*-2I1p 0

P~p p P q-q K, a -?I.21'p 6gq

4 ~~Thus, It' Gauss cuarvature of' vertexces of' right-aingle Izrianrlie 01t P ( 1i, 3),
0 I0fromi (4.31) Is given coefficitents f , , g are determined :md conver.jely, 11'



coefficients are given, then curvature is determined.

From (4.31.) it follows tl~at:

K,+2, , (ll 1p el

SWith the help of expression (4,32) series (4+.27), (4,.28) an~d (.4.29)

can be given form;

I - 46, - P + 41P1 1 P4 + AY)

2, .M '- p +q- NO + KI NP , 1P4 pig)

3. 31 C OSPp - - (p-q + 2,q1

tx 0,+Aj,, + SKO A"

All these expressions are mutually controlled, since:

(~isn1)ly 0~s~~) + ,

From (4.33) by means of conversion of series following expreosions for spheroi-

dial coordinates p amd.q are c.bt~ained:

1. P -$ssill -sbinpcoop ( 0 .. A* .- 2 9 + Pq' - tBP*4')
24 RIN

24 i

3. P ms cos: a + sisn' acos.-----.--+ "(2pq6- pql) (.4

4,. qw-ssina-O*InscuO%!'a to,+k, C + X0 (Plq -.SP1qS).1

Formulas (4.3J4) have great application, since from the pgeodf'tic maeasurements

polar coordinates, distance and azimuth are obtained, and in resolution of geodetic.

problems right-angle spheroidal coordinates are utilized.

For complete so),.tion of right-angle rpheroida2. triangle OP P it is still necea-

sary to obtain a formula for its spheroidal excess.

.We have:

*-P+ 2+90)- ISO, -19O,-(P + 4)1.

or:

With the aid of formulas (4,31), omitting details of conversions we obtain:

-i~iM

_4- a



SP h (s 4qt + - C'q (pw - qy

- CvlVerting roll, s.lut of" acutv angle to at, angle in radians, .oan! substit dug

h hy spheroidal coordinates, with accur'cy up to small values of sixth order we
" • ~obt,;in :

P9+210  + 0) +Ito

b'y f'ormula (4.3i • E Is obt!,ined Irn 9 raidinn measuire.

"§ 2). RLSOIU"ION OP GELNERAL S 'HEROIDAL TRIANGLE

Le" tA call on arbiLrary shaped triangle general. 'Ten let us consider resolu-

tion of a ,enerr•wr spheroidal triangle, obtained from right-angle triangle by following

the construc tion,

On geodesic P IP (Pig. C4)

a take arbitrary point C with or'1I-

0 hate q and join it. with th(-

origin of coordinate 0 by geode-

sic s' = O, 'rriarngle OCI',

formed by geode.sics 0C, OP and
,ig. (14. Pig. 65. OF, is a general spheroldfl tri-

angle. For convenience of study

£ let us introduce new designations. Assume that the vertexes of the trinnj]- ,ulro des-

Ignated by A, C and B, and the opposite sides by a, e and b (1*.,- 65,).

Elements of the new triangle ACS In former designations will be:

A Aa-a. B C. IV- Jr-.*mq'--q. h-i, ems.'-•

Substituting in formulns (4.33) t.h~e values, per'.ntning to vertex 11, which pert!,,

to vertex C, we obtain:

24 (4. 36,..... --- •.. b.-- . ... + , + "

b+.e ..... , + p+R (+6p09'-, 7q*)1
W~habafla. 8 4 No)

Spheroidal excess of tr•,vngle ABC is equal to:

*,aia-c.(4.37)

where c -- spheroidal excess of triangle OP.P,

-122.
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E- spheroidail excess of triangle O1, C.

!"•"m, (4.3r,) it follows that:

90- X+l+980 + -•• Kt + DqI•
61 M39+4_ pq(l 0 143R6 (4 38)•

T4

Applying formula (4.,1) to points P', C and P (Fig. ,'b), lying on a line of'

ordinates. ,0'.ere p = 0.

for P wp have K = -90 '.

for C >> Kc - -2f - •gq,

for B >> K = -Pf - Pgq,,
z

hence:

jr,-, - I"

or;

K,,(q -q ')- qK, - q'K,. ,

Dropping in (4.38) terms of fourth order of smallness and substituting X by

formula (4.39), we obtain:

£1f..f2 A'.L Ji~.(4.40)

Here K a, Kc, Kb are Gauss curvature of vertexes of the triangle ACB.

Value ELIS.-.are of a triangle AiBiCi (Fig. 65b); designating it by A, we have:

3 (14.41)

Let uA consider plane triangle A B C$ with sides of a spheroidal triangle ABC

(Fig. 65b). We find the difference (A - A,), (B - B,) and (C - C1 ).

F'or plane triangle A B C1 :

or, substituting values b 2, c2 and a , expressed by the spneroidal coordinntes by

formulas (4.33) and (4.36), we obtain:

NccosAa- 20-2qq--_ ___ I
_. ,' - SIz .. :

Further, in accordance with Fig. 60,

CMA 'a eos(--&)aeI-•as'+ sinsins',

-123-
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Or, MultJ-PlYl.g this equation by 2cb according to (4.33) aind (4..), we obtairn:

2bcco~A-2p3-2qq + (3q') -3qxt (21' +q7 - 3'+ qq
12

DIfference, (11) and (I) gives:

* 2k(cwA-C.Aj,) P'Q-12K.(q-q')+K9(q-q') +
* t 12

* ~ 3bsLt~ulingK 'JON ) q K qK and considering thnt A ehie90 c b

2k(cos A - cutJ Aj (2K, + K,.+ Ke.

-cos A -Cos An2 sin A -A, sin A

.(A L ~ s a, small. valut of the second order, therefore with an vecuracy of up to

iminirl v.ti'ws of sIxth order It. Is possible to accept:

cc# A..- os A, m(A -Aj sin A,

Consaquently,

2kc(Cos A - Cos Ad -2 (A - Aj ksin As.

2k sinA, . dA.

Is

A -A A ,K. K.+ K, + K..(4.4p')

*First term of this expression Is symmetric with respect to vertexes of a rag+

mconsequently, should b'e genieral. for (B~ - B, nd (0 - th) Ue second terni

ptertI.:ns only to that difference, for which the foratula was derived.

Therefore.,

4.A-' mAj= (Ks+,K.+1K+A1(.m Aj(2bK +1 +I)+ 4

B-8cm weA K. + K.+Irj+ A& A 4(K.+2K,+ K,) +4 (443

C .C& a .(K. + K. + + Km (K.+ K. + ZJ4+ 4 JF. 12 2
Su A.kC-~j&+js -& +.)1.. (4.44



Corsequerntly, for•nula (4.41) is pgain obtained.

formulas (4.4•) show, how the solution of spheroidal tricnrgle can levd ,

t-l , ' plane t.ri!tgle, haviar the same side:: ,.,, b, -. From (4.45) it fol ,.;w t
1

m:.

i nto spheroidal angles A, Th and C iuiA, be 1ntrodietil .iejrO

-g,,ik"* reductioins, so that tLheir sines will become proportionai .oC

opposite sides, For 1errefstris1] PllIpsoJd of ,llf'fert.uncr.s oft

NAM these reductions are the small va-.luec of rourIth order t.t'ero-

fore for norrcal sides in t.riangul nrion thpese d ,.f1'erc",•:,r of!-

-E' disregarded.

For the largest triangle of Honnover trlarngul.tior, 1-y

Gauss the Hohehagen, Brocken and Inselsbera (i,;X. ,,, v.rer.,

thes l::'rgest side is equal to 106 Km, and spheroidal excess is nerly 4J9, t7, :;J.iffr-

once In reductions, according to data shown below Is less Lion 0003'.' .........................

,A ,lohehagen . A. A, - 4".95 113.
BIrken .0-, -- 4 .95104.
Insehr.g C--C,--4 .95131.

For large Algerian triangle Mulhacen - M'Sabina -
c.m ,,•Filhaoussen (Fig. 67) with the longesti side Mulhacen -

M'Sabina, was equal to 270 ksa, the differen,'e In red!uc..

tions are less than 0.'00i, for instance:

IabMulhacen A--.4 - 23".581&,
C U' M'Sablna B-B,-23 .56,.

i~g. 67. Ftlhwoubsen C--C, an23 .A875i.

Formula (4.43) and reduced numerical characteristics of differences of spheroidal

reductions again confirm the basic deduction that spheroidal triangles, whose sides

do not exceed 200-250 km, can be solved as spherical.

For surface of a sphere Ka . Kb = Kc K = . " -- radius, of a sphere; from

(4.43) ..t follows that:

8- B, .~ (4,44

I.e., we arrived at the Legendre theorem.

In the contemporary geodetic practice by radar methods (Shoran, Hiran) geodetic

-125-

,i..i + ... ..l ": .... ......... :• -: ...... ... ........ ... :". . '....... ..

2.



net$ are laid OUt with sides of 400-500 km. It, is true, the accuracy in such nets
is now such that the geometric figures formed within them can be accepted as spherical
with nroper selection of a radius. flowever in time the accuracy of measurements in
f.hese n)ets will, pr'obnbly, becomne so hig, tit. a neeessltLy will arise for cnlculation
of cpheroldlty of geometric figures. Besides, in adjustment of' astronomle-geodetic
nets figures are formed with large siles and Jn vomposItion of coodi "onal equations*. of azim.uths and coordinutes •i necessity arises for calculation of spheroidal correc-

*tions.

Cert'!In geodesists here and nbroad pr'pos• to form from dense neLs with) compar-
tt!vely sniall sides nets of large trianmgles with sides 250-5OO km. In resolution of

.uch triangles spheroidal corrections should also be considered.
'ormiulas (4.43) are derived with• an accuracy up to small values of the second

urder. In solution of large triangles, mentioned above, in formulas, terms at" fourt)
or-der should be ca.isidered. Mhis can easily be done, since for obtaining terms of t,highest order, spheroidal triangles can be considered spherical with a very high de-
f.gree of accuracy. Then to formulas (4.43) should be added the spherical terms of
fourth order of Legendre theorem from (4.6), i.e.:

"-" --a -'-( mp H (m'--c', where

Then we have: *-• 3 R R,'

A-.)(" A!. + K. + K,) + ' I.
0 R. (4.4 i-1)S(4 (K. + X•)+ , + 0bt-inS~sum: 4 "X + K. + K.d.

.4 ,
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(A-A 1) "S (Ym -- K.m-'

"+V&K + 0K. (mI - b) (4,48)

3 12
' a ' ~ ., n

in (4~.48), as earlier, K., Kb, an d Kcare Gauss curvatures of' vertexes of~ a 
I l

spheroidal triangle.

rormulas (4.4~8) are applicable to any spheroidal triangles, whose elemeflt.S C R11

hP dirpctly measured by geodetic methods on the Earth's surface. FErrorpeoiisrn'ss of'

.hie:t Cormulas for trianglen with sides J40X-500 km IRs less than ol'O,)1.

E~xamples of the solution of spherical trianglee by Legendre theorem, :A-, 1-,

additament method, also solution of large spheroidal. triangles are gIven in 71 And

72 (P. 27C-271,) of Practicum. on the Higher Geodesy.

vv .l. .
7:-~
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C H A P T E R V

CALCIUATION OF GEODETIC COORDINATES

§ 24. GENERAL CONSIDERATIONS AND DFTERI:INATIONO'

In the contemporary practi;ce of geodesic work in the U.S.R geodetic coot.a?.,{

of vertexes of' triangles are calculated only in 1st order trian•i.Antion. Trianlii]'-

tion of other orders, polygonornetry and special geodetic nets are cilucilnted on (r:iic:•-

Krut:,er projection by obtaining grid conformal coordinates of points. Calcu],-.tion of

coordinates of geodetic pointL Is the last stage of treatment of' repsilts of geodetic

monsiirements and is carried out with particular thoroughness and mathematicsa st-rict-

ness. Later these coordinates are published in special lists and for very prolonged

periods serve as a basis for scientific investigations, state cartographic work, re-

senrch and for engineering construction, also for long distance ways of communic.aton. i

expiorntion of the Earth's bowels etc.

LRike any engineering construction, geodetic construction must possess great "re-

serve of durability". This position presents definite requirements for the treatment

of results of geodetic measurements and| during calculation of geodetic coordinates

n condition is set so that the error of state calculations is to be 10 times less than

the errors of nonstate field meamurtments.

"1.i adjustment of Ist order triangulation relative error .of a side Is equiJ ap-

,-Imatzly to -'- • . .mum length of side of Ist order triangulation by
3 y =0seh

ernporqry scheme of' construction should not be larger than 25-30 km. Hence If

s it5\- then, La - 0.083 m. Thus, position of a third vertex ot' a triang.ii in tri-

.:gulation re'lative to any two other vertexes is determined by results of field

"-129-
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p
S me'hs~rerer~ts with mean error not. greater than 8-0 oentimnoters.

In order to determine the inifluence of this error oil LJ;e differences o" Latltudes

"rad longitudes, let us use formul-i (5.4o0).

WP hylvo:

"4 At (2)Assin Ase ". 2)

* Here Ab, At are errors in differences of' ]atitudes an(' ]ongit-rndis. 'T"king As =

- U.,"'n, (• P= ( I) . , we obtain:

A b" - 0".003 c• A.
A £ - Wr.W.I sin An.c B.

WI,!: extreme azimuth:

A t".003,
ar'-- r'.00o•a.

Consequently, error of calculations of coord. 1es have to be 10 times lezs thm,:

0 .'O00. Coordinates are calculated by means of' conseetut,. algebral, suminaticri o'

their differences which leads to accumulation of additional errors of rounding; eon-

sidering, this, the differences of latitudes and longitudes of points of Ist order

triangulation are calculated with an :iecuracy of up to 0.'0001; in this cacie the error

in dif•ierence ofi latitodes of two points, 200-300 kin, one from anot.h.'r will he no

I-trger than 0.100.5

Direction azimuths in triangulation are obtained by angles, derived from link

adjustments to a thousandth f'raction of a second; conse-,ently, g=.odetic a.n7.jutlm honv',

to be calculatcd with accuracy of' up to 0'O01.

* hWhere the len;th of a side in triengulation is 30 km and extreme '•irailfh for'

dlft'f rences of latitudes and longitudes It; i, formula (5.1), we have:

A b"- 1000",
Atr. lO00" ecB.

In order to obtain these values with accuracy of' up to 0'.000i, obviously, it. is

- necessary In c,;lculations to retain the eighth decimal place. In logarithmic ealcu-

lations for determination of accuracy it Is essential to use known relatinships:

0.433- 0. modulus of common logerithms). In our case AN 0,0001, N - 1000.

Consequently,

In extreme case this value decreases three times, ie., the dlfferances of'
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1 91 %i ?dps rind long Itudes shoulId beP c aleul at ed wit~h t-he ntid of PightI place lcg'r I ?.hr:

-orinilas for calculation of' differences of l~a?.i iude's, long itu'iici --.nei i.' ý.s

nre oht¶Iined In the form of a series by ascending degrees ofIL, which arre considered

nan It1 vfilues of' first order. The remaining vnbtifr in detf-rmlrnatioi, of'th Hr deir

of 3smallneF.ss -Ire Compared with S. Differences of' latitude-s, longi tude-s and azirwit.ils

!it. im-txirnuw 'ýalae, are equal to 7expressed in arc measure, Uieref'n)re 1) . 1anid

-'iso small values of' q first order. Wniere s = Km. s P1 t r- 2- _

valuies C', and are small and of a 1st order. Calcuilations with elght. piece LtiIIe:3

einsure ~1 fraction of a given value. If- -f 07) Lheii for guarant~ee of di

cated accuracy it is necessary to retain (! ~ 2,i.e., In derlvn-ion C0!'

formulas for calculation of differences of latitudes, longitudes and av.imutJhs It. l c

niecessnry, as a rule, to re:tain small values of fourt. )rdr-r within themt.

A direct geodetic problem is where geodetic coord~nat.t'o of firot poiit., ond tieo

distance, and azimuth of direction fronm first point to second Rre given, Lo e".1lculate

coordinates of the second point and the back azimuth. This problem cant be solved by

different ways. lt Is possible to set as target to determine the unknown values di-

rectly, i.e., by the direct method, applied for long di~stances between pointts. For

short distances, such as the sides of' ist order triangulation it is more expedient to

cnlculate at first the differences of latitudes, longitudes and azimuths of' the tabile

determined and ini.tial points, arid then by simple summation to obtain t1te unk~nown

values, i.e., latitude, longitude and azimuth for the second point. Such approach is

called the indirect method. Advarntage of indirect method for short distances is that

ttte difference of geodetic coordinates in calculations with eight place tables aire

obtained with the same accuracy, as with ten-placp calculations of thie direct. method.

Although classification of' methods of solutions of' the direct geodetic problem is

conditional, nonetheless this terminology is conventional and Is convenient for ex-

planation of geometric approach to solution of the proolem on hand. With indirect

me-thods several methods of' solution of direct jr~eodetic problem are distinguished.

The most important of' them aret

a) factorization of' differences of' latitudes, longitudes and azimuths by aseend-

powers of length of arc of' geodetic a, where this factorization can be satisfied by

initial (where a -0) anid mean arguments;

b) the method of auxiliary point, when from geodetic polar coordinates (a, A) a

VV
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coiiver'iori Is mrade to angle 2pheroidaJ. coordingt~er (p, 1) , andl irons thert L-0'~~'

. m . - U I Ie of h.1e ponnsii I -Iw:Iys ot, !ýou II .IOn of , heP pr'ohI)to c!o si s 1 SI sn thnt. 1!'

FL) I'm! '.y wl II:I..% dce.'~rlrineJ laIw ce rI.;sII . p:1rl. of heit :-Ii rf':.ee, of' the P I I 1sol d III hpji,

onit spriere , I e., n' t.rrins it on 1 s nce omo I ¶shid from unroI1:1es;I '1.F

I rr o irreson -n1phrc.i I; t~he I rvhlern 1i resol ved on n pFsr-r'ý', twi, ei onvprediSe

* ror goode tle coordilnate." on is sphere i o geodcsic cnord n:i tý-t ot, , sp~hce reid. Ve. ry

1, 111(! 111. y In 3ol tlIorn ot' -it, ltiid c trit, iroblern t.!:t sphore 1r; r:!,ed :s "In nni'xi 1 1:iry

en e~cetor i ,r~tint.1jcal I . man-1o rmnt.toios , 1lut, the firini 1 fo rtw] as for oalvcilntIton., nrt

* ~ d '1 a *~fl.Wla I!. Iolaf.edi I.s the rue thod of' .roliti c olf tht: problem w! th the" 'I If pOf'

chorcia of an cii Insoild. IIn this met~hori forts-lAs for t ineling unkrimm valuiez are ob-

I~ nH n a cloord f'orm nrid can be app'lieJ to churds o1f any length.

'Ifown :iboVe -ire only theu basic princ iples, (in whilch methods of resolutlio (I'

di ret' r. i~odvtic problem, are b~aied, besides there exists r, mulit u de oJ' diffe rpn . tip.-

!.rtmcheo and methods of iqplic.%lion of these principles. Inasmuch asresoilition (,f'

Ihis problem Is one of' t~he mass forms of geodetic work, then the requirement oi-,'a

fitIc Ity :tnd conv~nience of' c aiculzit~ioný, ! I very es sens IAal.

C.-iiculat ion of geo e t!.Ic Coo r!ir~aitfF': CafE'nti. lly, is ai complirm± Ively a Imp!e 1gi'o1-

meft.ric p roblem ; however In 0i, areziar ore-inny ithmsiclInvest;igo I-ions mid sc'lfni-

11 t'10 werk. T he- rodfS1¶S -S -ind XiLtrm:tc 0o' U3~1l ind ajbroad are work! ,r

p'i'liof' the more exped ient voacilui,ý.on of' geotle tic probleris. The m~alts ltendenoy of

Iiv6i: t.'a~oi]n In Ia i~s arvea vurren t.ly cons Ist~s of' counposn, fgto reinlas and jl' ~i
* ~ vo'nlt-ni for colon I aI. ions wi t.h1 applicato o I' C aIcul LI a ma ChI I ,n whiolh a '1? '~a

ly winning permanent. pooci tions In all aretts of computer t~echnol ogy. All -it nta nd

SbtnIji . nIOW Wori Calculoated- for logarithmic n .ci'tIn l 1w :~'nA iat

fii- .ent..There1'ort;!, along wi th the new p roposn In f'or use of trorilogari ithitlo raet.!I. 'H

vi*ot c-'sleulntions , further below will be presvrnteul Iogart ttrimlc I'Esrmiin s ('rc0,ciirii

4.. otf geodetic coordinates used at present.

2L : . F~ACIIQR!ZATION OF DIFFE:RENCES OF LATITUDES, LONGITU1DIS AND'I AZIMUTHS BY ASCENDING POWERS OF' a

J.et ils aIssump tltikt pol'ir noordrirates of point P' (s, A.)aegve. I

quired, knowing geodetic coordinates of point P., to find difference ofltiue,

longitudes and azimuthis of points P 2 aind P, (Fig. 68). linagis * that. we ruove tailon.g

Od1
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the arc s; to. every point on Usis arc will correspond a definit L'&endel.>"

coordrint if. rind azirniuti: Gt ' directioni 0!' t.e iov.me!t .,!:, "A'r. ja-

penidency can be expressed by pnramepric qiintions:

L 4S).

A A
Allowing thnt these functions hanve a•ii the derivrtti.',, wi 0. rc•rj,ct

to s, and desinatirng them correspondingly by FI, ,i :ind A i wr. v.

h1-e lanirin series for these functions.

a-.,a

9.-0
s-,

A-A,+ V¶'LA,

whiere B| ,, L, 7,,), A• ib -•I, ". 3...(). sign "I" means L:'t this v,-.ue nor

derivative is calculated where s - O or R B= and A = 4 i Frst derivatives Pt, L'

and A are obta•ied in Chapter III and in accordance with (3.4Oa):

1" =. V o

V3 t ot

C

A.- V(sinA (3.)
r

From (5.21) it follows that are explicit functions of latitudo -rd

azimuth and implicit V-inctions of S, therefore derivatives of the higher order are

found by rules of differentiation of implicit function.

(eneral recording for derivatives of higher order:

d- #It .• #A dA

is ddr

* IA

Further we have:

v-VTWTdF V: 171o'v-'%nne- -A i"

- -V B----

El 1 da • ,.
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P ;rom formulas ( 1

B" - -docos A sin A~

"- In AN A d + I sec B .sinA ±- + sec lJcos A

C Wl ao do•.A " -, 0 "A I J9 4 - (I (l d. )sin A A l4 .- r V oS -I

dV (IF dA
,Utz.I ut~itln values at, " ;111 s :ttisfying tie 'etdi;cct1on. we obltin:

Jr - -(WAn.1+ 3csA ,,;'

LV .- "wie. sinAcosA -(¾ • Idol (,. 4)
A" - -e- sin AcosA (11 +I 20 +

doa JA•, + 3cw',A,,O-). !'I" sin' A( +*')+

+ 3 ca' A ,.(I -#*)I| X (2!sin A cos At - 6 cos A sin A v1 9-

L i- 5s4:sinAosAI--- +. i"ec BsinAcosA x

ds is do

'a
A...,- -in A casA(I +t P' +! %-) A1- +i "" (c.0" A -- sin- A) x

its d' A

Substitutirig values dV' dR and d"A, we obtain:

Sm -X cos A (s'nA (I +I' +i 1--91' t) + cos1A(3,'--
go

L`--E--3•t'+ So&-- I+ 3sl+
('-- A . Bf, At (cos +A (I + 3:' +- 4).- sln'At} (x.S)

x (I + 2•+' +"?))

Onittinjý details of oalculntions of deriva-,tives of the higl.er degrees, we redlm'.

them In final form to:

B"'- ---•isfnA(I + 3,"+ ,?'-9,•)-~- " SIn'A•:•A x
CA

X (4 +6- I3','-- "19'-- I4i* + 467)+ -1- x

S s"- n-eos,,A,4(2 + 0+ j-¢)--0% x
•.*. ... :xdhlMAemasi(! +3P+--%,)wcB*1l .-•-s AcamAlS + 8 $1+Ii,')m1SC -3,,D

AON- .In4Ci'A--+2U1' &Wn+ S )--

S . _i..±u ,, n xAco (I + l•g + 24g'tv.+'*+ 8,,,i +t'-- I• 1,

"As it. was proven in preceding paragraph, to guarantee tv:, required t•ieltraey or1

calculations of differences of latitudes, longitudes and az'.mutUs it, is riecessary t.o

• ,-. , .V



rE..--ir) sm-ili values Lo rourth order incl::sively ir, thne fo.m'rults. Pow(ver ror repf'er-

e•ces wE: will give fif'th deriva,,Ives In spherical prezentitlon, 1.p., we will T.:ke

0- -,.A cos A(I + 301 + 45t')-- s•,n'A.co'A(4 +

L' , !'!alnAecsAsecB(2+ 1": 1Stt. ' | -- xV&44

L7 sin oAcsO Ase 8( (20:+305ts+ I St.) - M, xI
6'4

x s$n A cos' Ase, 8 0 + 20t + 3o00) + ýt- seeB sin' AP(0 + ,.v

+ 3M') + J& Y.1
Av s--InAceos'A(6I + M8Yr'+ 1201)----. sinbAcosAt x

a.'
X (564"2W+7s4011)+ "-.!-inlAtg(I + 2 0f.+ 2 41f)+I,&' j|

We designate:

scosA - u (b. )

4--. ( +&,'+,?-9'~'z,; b4 -- 7-,90( -j,)F'";

-F pot(V + aS,, + It't 1")

•/,. ~ ~ ~ P I; ,. .. - r / . -vq-V:Z -

(I- + 30 +•) V, +• 30 +3•)

( ++11 - - (I + 311;

lg-- -" (1+201 +3016);
, ~~a +, 2-1 (n,• + ,+•tg) a, . 0- +,+ P•,).

-- ,- +21o+4 Y,4;(1 -.--- +'201'+ 2•0 +

With these designations lifferenees of latitudes, longitudes and azimuths will
take the form: 73;

............ . ... ...... ,.,. .... .

-, . .. i & W..-:' . . ........ ,-.-f - ..

":Q . , !: . ,
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1. bR,-As -baU+ bO + b~l+ b&NJ + b~u$ +bat,' +
+ I~' a'+ 680' + b,,p'u' + I& T,

2. 1 -Is- L, -j~u + ou + 130+Iiuu' + 1&v + 4vtO +
+t 4Ivu'+ tam' + Iel+ 1

3. 1- A;-A, -a,v + gu+a,vu + a' v+ 4 a'gav + 4 a& 3 +

l~r:a't (A)Ire iInflil. Coeff'icients hi. t 2, 1) li P J...);:1

h'), , t re t ljr' 1'IC ~lions )f nil 14,'A ofe aP F~tV('l 1 p01. nIL rid Can be t.:%bulalted.

Tlie %llot-:ur invest. t1ated t! nPse for'nilas in ± ;-i i7 bt. wti.lb rpspect, to thilr

icic-iri':-,, u wit.!i respeci t.0II t~llE COMDIO~ilfInnr of' t *dtleS for coefficlileta 9 b I and

/. '-c-ults of' investigrtions ware p'dtliohed in an article "About Nonlogtirillimic

CUCalUia14.Jns of' ;e.'detiiŽ Coordinater ot' !t'oints of' FrlrL Order Triang'1hqtion in U.3SR."

At. present Oie 1,ables of' ecefficlents u.1t, b I and 1.1 re available. The 13uig!.arla!:

Acadetiy of Sciences, in V9 7, issued tables of Acadenrlcia V K. Khristov, "Tables

'c'r 6Podetic Conversion with Lhe Aid of Arlthmornieter of' Geographic Coordinates on

Kri-sovskiyv Elllpsoid for' 00-ue O~700 for Eacit Minuite."

Academician V. K. Khrist~ov confirms In his formulas small valuer of fourthi order,

LieIusively in reference to it and v. Khrlstov formulas tanve the form of:

as - a, + bat,d+ au + baal + b u'. + 63V4va + b ,2u'T + + bji.'.
I, - L, + 4,v + I1,rev + 4,tiltv + 1,3oo + l,,n'~v +
A, - (A, I180) + G,jV + 4,,fw + *,fl'r'P + Q,,V1 + au2V + 0,11,4.

here' u s cos Alp v lI-Ci' s sin. A I'

Porraulas and tablez of acoademic1.-. V. K. Khristov -are fully suitable for

lutlon of g-olet~ic coordin-ates of' 1sr order trJ.angul~tion points --tcording to eon' em-

porary construction zchemt4- In the USSR.

F'ormulas (5.9) can be applied for calculations where distances are ±.30-iS0 km.

For thl...: It Is ne~cessary to supplement V. K. Khrist-ov table:. with coefficients where

u -id v ,o. to fitfth order Inclusively.

Formul s (5.9), as basic mathematical relationhiar louefrotiin

a other formulas for resolution of geodetic problems and derivation of the so-called

differential formulas.

'Works of M1IGA1K. Fub. 219. M., 'Jeodezidat, 1957, P. 27-52.
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F~.Y:mple of Calculation of Differences o.f Latitudes,
Lonrgitudes ind Azimu~ths by the Forinsih's in('. I are:

uor 5 0 A 5 .3O, 29e 15 li- -2.147I Is- ou2b29 67.81244
A, -O,9 75U1 476 4.&3 1 0 ) 4.2

-- -4.M418, 157 b - -9).i LW 1. - 1,2.7G3 1, --. 199
aAl- 0,69IU 68M? b - .-. io.AadI7S -4v-.0415 a - -,4).(11

sin A O.Imo- 0.96 u =2r I.J~4i3 U-'u VJ -401645 om - ...4*413*
.8.0.082306 I-I -4q~u.40*4u'-014J1 eu-I)II.t

- -CO.Onij JOIN Vl*.I6F4J7 fly - -226T.15Sl55 age-A. -1S3O9.76
ggem 0,0074 W,-42 V.27C14 Lu-46-2.7018? a a"- -2.0199

go 0,0721 I-42240-7.622 0 UJ421'326 0,0942w479

2 i, 0.IE.BERl?.T b ORULA FO CAL.UL11,34 OFVu --*(%45DEvu -214
COO RO(I32 NA , -0.10.0 iST ORDER 4RAIILT 1 N a, OINT)S0

The eomtri 0.022S% (49) g.40ve1 tvug 0ewei ortetl 0 oo6L90c~ :U. L

r'~~~~1 9 -r cori-esC 0A. W1n1 Wkrai - aesi 0 epdin6"1rc:iWn12 o df
ferences6% ofAW lAiuds Iogtue -2nd a 4iuth to use815 ric,-Agle - Splt6'ii, 96ri

n~ate (pq). he poble.01 in 4PM-21 thi cas is OW6.31 Asslvc -n NO' -olwr~m>~
Firstobtai spheoidalcoorinate p an q bythe olr~o, Te 4if'rrc

Thegemeriangrmle :P (F.) ig, 69). Sinctepri th ois~.c met od in athe beinin Lid

fereces f l neuessar logtoudetermne azmthe ltitud.e ofpia;-nt C, thips la met od s re-

of latiuds longiuproach to esoutin ofe exprobleedwenefpnoposed for'ther,# s;-im

by Schreiber by whose name for the most part the formulas and inethod
Ai $

of a given resolution are called.

Both derivation, and the form of correction terms of the formoi-
Fig. 69.

las, used in geodetic calculations in USSR, differ from corresponding 1

Schreiber formulas. This circumstance should be underlined since essentially the

formulas for solution of direct geodetic problem differ one from another in correction

terms, the main terms Rlmost. always coincide. Schreiber formulas were obtained dif.

ferent ways and investigated by F. N. Krasovskiy. who established their fitness for

geodetic work in USSR. Variant of these formulas was first obtained by A. A. Izotov

aind published in geodetic tables.

Formulas for spheroidal coordinates by polar were obtained In §22 ('4.3.4), and3 4
by designations In the preceding paragraph have the following form:I.

N.

-1777
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+ ow 3Jr,& +K + +

'4

rois y ,lp t.os smnll v niu ,-s of t'i fl. order we e nr; anecept Iin I.iese form illas th .0. K ;,

"* I
F_ -7", where R -- fC::,S raIdius of curvnture at. uil'..ll point PI' 11s1P :

We calculate the difference of latitude of the given qnd auxiliary points, by

""delg•ý•lng the. laLitude vL" the later Ly 413). For that we use the first formula from

L'roup (5.9).

In our c:ise on the Iiie of abscissas:

A-O, vwO, u.=p,
th,,e re tore:

or:
6-b~bl,(I + L,+ 6- P,1+- L , ) +i.

#A b, b4

*'r!,e •nd term of thi-s expression his t.h.: presst.est vnlue where p s. v-Pr' r
1- i/5o, f = (6o we obtain:

"(hp%. - V.P., ." -
3M' 2 2,, - '6• 2 a s We .IF

Consequently, even where s 1 30-140 km this term enri be dropped.

Introducing designations:

and -onverting to logarithmic form, we obtain:

Sign "I" for values in formula (5.11) in this case des3ignates that, it, is .akeri

from the tables by arguiment of latitude of first point. Main lerm iri formulas (',11)

will be 0, others are called correction terms and are expreeu.,d Jn ePght.h oecitral

Flace of a logarithm.

-348-
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11tv~In obtained the latiturle of~ the origin ol' the ord~nate q (i ,e..* point 0'), we

1.rir;:,i'orm ; miuli ( (..ca) ror ý-eocaelic 1ine IAd Ii ja , 1.1p. (11 olica i' ! !I

.,1.; '1! -d~ a'ri v !ivpf*rgeili~v of' mrnrId.I.inL a iulk .. .it rai~t, :ix I 1I a"

* ± z~~.rtcoA - v .q, p = , it, tl,creý'ure lchil-wn r'i o;!:: 5 :(.

1. - d- Bs -8, -bsq' + h1q' +l Is

3. i-AA,- - a*q+ aqs + acqt+ I&g

i iI "1 d j c~a t es .1 ain I. ti.I es e coeiffic len tc ,-!1 t.Fie. nC~O d Inf, I o 1 *~ I' .

11:;sc? ordina~tes L

L'ormuaa ( o nnd ( ';.IP ) cntin Al so hie nppl led for "M ili'l-it.ii Ior~a' Iiiit !w r'.r~-

ol' :iali udts, longitudes and azimuths with tabieLs, ciml~aininkz coe1`'tc.11enLs, deptF.ld.1.aaO

Ii the la~itude. For logarithmic calculatuiousr ol ~' : (!..12) It, il rncCLý.=Ty' -. . .. __

t*r nut'.s 'o rm.

0Afrter' substitution of' the vaidue or 1,ffr an I' 14ih'm eo~a.*'2

X(l +0+y,-yt

Let. ii designate:

Oien:

t~herefore.

12e, 4 t 9!, 1

'Taking n-ddit~ion~al designations.

anid converting to log~arithmic form taking into a~ccount that:2'

we obtnsir:

jgd(Al +

1' 'N



0?r ~unknown~ nttule ill be.IT~~r+b d .)Isw~~.~n om~~n

lI(t+ o. -~+ a. +4'

At't.*nr- uuItAut.1 mtt~ln of' vniues I I ftnd .

Ien 8, V. o

i~tkinip te, tie ~ilmn t; int or), ind coriveriting to lojnrl. thmic lror'n, we obtolni:

le Itts (I+M 106 PYq
30 4 IMA

AOter re~duction we deignntit

POI4

Thien for It nnn., rmii t- we' Iv.ve:

* I N t' xp l!Z33 ion fromn equnt tona ('.1)I ~v1 ~b3t ~ or vit' u oI1UI , 01 (,1~T 1-

elil'. i11J ti, .13 infd il will tE:

1" A qp P-1 0 + ,+ Th + A!L (I + 20ti + 21)

L'ant Lterin 4. PO + + P4t, whlere 11 410 ~ How-

ever nx~imu~ths -ire calculiated to~ a thIouanrdr~h c'l' a rr~ctior~ of a second, cormapquent1.y,

even At 120-130) km this torm can be dropp'ed.

Converting* to logurithnir, focrm nnct considertnfg des if.-ation (7)0~ IV - .

corn 4D, we obtaint

In acdo rdanos wit.. .1g. 63
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IAU
- - °A, -- I)-(-A , +,

whrr'. l..o:!j sphericatl. excess of a right-angle spnrý'rl.,l tr.riangif, 1CP", L 1-l10 l';!.,,!

1,y Ute( l'oriml:iu:,

"PI'tu, caiculation of differences of' latitudes, lonribuides aind - m'n .,,

::pef(r• ff auxiliary point is done by the formulau:

-g b ---(4)u + P.),v i (G),tA. ( . '

d Ig ,,lV-- O + ( 8ý). 01, ,.

' ' .".!

&- - es. ,
81, ,,_+ b-d+ - , 840

In t~hese formnulas the f'ollowing d]esign~ttionu a;re rrvide:

a #•og Ap. r - "An Ap,

In U•SOR these formulas are tak.n, f'or the calculation of geodet~ic coor'dLnnites of*

Ist order tritingulatlon points, For their appl~catlon "Tables for Cnlciilition of'

Geo•detle Coordinates"| were composed at TsN',IGAIK tinder direction of' P'rol'essor A. A.

lzotov, whian nre Usually called "Oeodetic Tables". In these tables, intende~d for

logarit~hmic calculations, are given for every minute of latitude Ig (1), Ig (2), lg

Rwith tight, .Ig .(3) with six, IS .(4) with M ~e decimal placee.?ý Logr-rithm!c entrec-, ".-4 •--.

(, ons (,flhOu, M%) 1 (8)%, and (9)X are g1vcn by the a'rgument lg u and lg X., Th~ere ',

to ai specila table for obtaining corrections v,•" and P),.

T,tbles are composed very thoroughly, anci &,re provided wi.th explanat~ory, texto•

tind extmples, faciliiaiting application ot the formulas. i,:

Obtained formulas, due to the presence in them' in a manner of' argument of' n .tnn•- ".

gent of latitude, become loe8 exact in n~rthern latitudes (70'-80'). For t~heselati-.,•i

,•,idea they are applicable to distanceso f not more than 60-70 kmn. }iu t, hti-i 1ml-rt..•on •-

A.:.

S.:::i. • :
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does niot. have ai pireat. signll.'cance, since by adopted schen'o of' const~ructiton of' Jst.

orier YIvraigula-t.loni Lit 11.,:ý, i~he sI1O4. , -ain rutle, itl~o~iod riot. ece h W ni

For di st titc e. up to ?~l.- lO ki tit meanu 1ati t~udes ftit, deýrived Formulas van L)6' sIm

p LfIied by tneans of' exceu,,tiori of' correet ion iermst (1.,),1'2, (1 X2 (8(X an (,od

Wf' er whittIe. th :ey w~i 11 1.:.e th LIe Pot lowI ing t'orin.±

Ig b'- Ig P-(4Phu + 01M.,

Ig d -g Ig - vl- --.

Ig 1a I). -2 vtl

Ig 1i - C -

Forrw.ti-ivs oht!.! ned tit t.: is paramraph for calcul-it-Ion of' geodet~ic coo rdinnt~es do

Not, pLv~ide Lim, cont~rol o' calculations. Th1erei'ore calculations are attide iii LWO

LL'atLQtiact. In t;,o ~Oecind bra-.ch it IS pret'erable to use other f'ormulas, g~iv.Lng, inde-

peii~unt. result.s. For tti:.0. formnula~s are usedi with) ne:tn latit~ude Unfl U MCIAn at~illltu.h.

whose ilerivationos will be C!Jven in the next paragraph. Let us note that the con'.ri'i

oLit Ca101u It Ions by Lhe :1,011.ibe L'-lzct~ov Va rinu lt.s cant be ca rried out by itienns oSt'f

Il~hnnin la tqua tiort of' a t,: adotic In the forin:

r, sin A, - r, sin A,.

Vi111, In .r1 :110 r, -ire ext. rac t.ed froin Di. A. Lc r~t T:iuleS . fly a sliovni .

stthit .ýile~ouz cheek Vor correct~ness Ini *obltalnirij urtlnown hIntitttide andi *w 1:iit; vr a .

wi .v re i,'ir1 rig.7 eight, p lace r!ile-icca Lions of' azlim tits tire oh tairied wi ti an :in'oetraty 11I.

* Avnmplv:3 ot' ctlciiln'. it'au 1,y ittic t ormcicil nre a ~l ven In 1''ira.1ct: on lciuciitiliet,

Oodesy p 73 P. 3 anrd It% 11'eodetloc Tabl1e.4 p. :t-2

'.~27.V~hN~ bAV11T ME.AN LATITIUOF AND ivihAN Aý43 t'JTH Ok U;AU22- FORMUdLA,"

.In faCt.orizalti~lo ol' dIfferences of' laitltudes, lungit.tudes aind cxzimut);:a by se-

quence e of' s (§ 2;ý) t~he dierivaitives were cacultuinted by coorditiatoit of'm iIp u.

At; It Is shown4 In i'ormula (1.3), the' Taylor line i-s doubly reduced, If' inst~ead of'

ilitl I -tI nIutLis aind latitudes fthe mean were tuken. *in this ciase 11 tefirms w~A t] :vet'

degrees drop from the series.* With the same nuiw ber of' ter'ms in series withit~ 1.1 c:.:-

L~ion of mtean 4r~uments the accuracy becomes onu order higher Liu COMPzretl to 1.10, io~-

curacy Ot' series, obtained by the initial argumenits. 'Ine princi~ple of' mean nt'i',ittieivt a

t'or crilctilation of' geodetiec oordinaites were first, applied by Gcoiits, 11f, *'olvui a1

li" im.for-muln with me-Lin rg iuments.

Let us designate:

7`7I2



_.U
SA -A;,

( ,,2, 3..) -

'f , , ,ord.I.. tes of in t ti:l polnt P1  rnri poL'Ir coordint , /) r, : , on t

jr(, gliv6ri. Let. u7 divlde s in h:nlt and design:! .e the middle o0' tI.e anr: :y

70) . The ]ntitude of t.his point :and aa?.imiti!i X !r I j2 r(:".",

J wv will. de1,ij:ote I :nd A

WE! will Lake point C for t.l:(: ,r'Iin o' ",he ;~oJ r the .i-: ..

hDn "tpply Cactort.irtion of dlfffrevil ev laijudes, ofni .iL:

Tmid :azimuths by series otf , to to,,- tio sections U;.,' . .,-

ing right section as posifive, 1'-; f s rc;',,L iv:. In WeLId:II(,, wI.'

SC IRS (r,2) we have:
A if

B~-8IV jc+ -!'- y

Oum and difference of these expressions will be:

8, + 8, -- 28 €-.

4 8,*1 Y 4

or:

B.- Be + -.L- w + . +.

B,- B, ,,s + • •+ .- L; ,BV + .. + t,(,.:,

Analogously we find:

A;,--A, -,I;ý+ A- +"' Acv+ ... + t,20

24-A-- • • = 4
55 c4 C c ... 21

3erles (5.±8) and (5.21) show that the differences of mean arguments and azimuths

of median point of are are small values of the second order.

In series (5.19) and (5.20) we will express unknown B1, Ac by 8M and Am

We have:

9-• (Sc Aj,, - 9 1 a. + (R, - B.• A.• + (Ac-- A.jmA
(•u-L", Ac) ,,I•m+(Bca + (B t - B.1 2P..) ....

lNC

A. (t - A.

.44*
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k ,Mc ,, , ,, (.:. ,-,B B
: A. + (Ac-- A.) J!

L. _ + (t) (RC- B.) + (A,: - A.) 1,

liii~ ~~ A + (B,, 8.1.e +i - )Ad(A - A . + rni(~ 1,'I~rd(.1 1r '*2*we, :I !'

a(a. ' B + A; + 1,.S,, ;iat, 1,. A,+

Aý• •,- & ± (I/ .B (% ;+ s
6 40 dA"~K11

! I

W.h the Ae aiiVues B and A' formulas ( i.• ) nrnd (').20) will tnke 1hp- f'orm:

3* . . ,, aL .- at' ... S J'

a do OA [
A,-A ,.-a - -Of," ++ A: +

I If III I I; III 1 11 it
:"na ering here derivat.ves 1 . BIn, R M,: 1 Lr , I.L .A I, A ;1, and AI Dht:i ied

'r,, ( ','•. 2 , (5.4) and (5.5) by meatn• c' sulhb til,13ieL n of Index "I" ror Lndex I'm";

ihn!i p rtl'hil de VrJvt.lves have I,1.e lForm:

"- ; 7 sin A.

an Ivy. #A

3. ,In A-' + +i): (A Is54 IitsuI A1.11. 7A- Me

I.,,1 ui .:uhs: i.. . t..h i, ' s ,. rdpri t.I., ,. 'ro • ( ,..'') (n,' I), (I..',) :H ,I pal-

I.Jnl dertLva.li.ie. frrom . . 24), aflt,'r reduc. ioln ouim I.ted h:ere, we obal:'In-:

60 &~o 1+ -f-- P~n'A,.,(2 + 3i + 2TiL)
ma 2 4N.'

"+ 3 & cost A. (t.I- -v4 *)A +1,
'Li- 4. 0 we 0 p' I I+ Isi .12. - co,, A. (I +-- " *. *',. 8;

as, .. snAw.IgN 01+ s' 1n'A.(2+24j,4

+c.s'A.(2 + , + gy4ft., + 5 ,., ! + ,I

-144-
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I gri~i ~': coA.* - ),.,scos A.,-pm
Mae

*.5nA~ec~mp (2).s sinlA. seel B..

4 4

24P N4 t ,( 4

4 %i

Vim h tw Ion formula~s woe obai by means of. -al div.1Io of thr 1.

X + + 9 -7;; 1!

+=inj + 3 (2,+1% ,+

24 1.
*msi 9ai t gX ++ r

INa g t. + tVk.u os' +"I. + ~1 j

-1J4 5 -

V. .7 ýcýV



I4l

r 1P om, I: Vj U n , ,;f )* '1qý-9ld y :ru elt ol ie f :id u p Lr

t WsI- hc-er.--indb jnte o-n

reop 'el Lo h: '' o vj l st' in ,r .- i.t, thetdro ppe tey :1rums nt (,em 'riearl vnlt i of tIdp ar

order ire 10-P- ýIv lose, whrn n hichL1were formulas.l byffecstive crct in therisec

- -Lt. h*1 orm,"ese nae 4-; Hi.lr(erdSyl by1r~t0- confoM.al thasnSchriberl el form '' OH

Thrv're ±*y ajinsci f'ormtriŽ:otw can busedrfor by plntows of' coowin.h merir: frumt.

hey re ;c ir l)" ll.' rfill In r " nietl~ eurlmns f'rac3.c f n

Kow ale 1:ta orulas t'omnai a v-jr aplueirei forndistone t oir oreorer of' 2004,30y km

it."Ir 1;t.t;~ :cirryonfst (in' 700- If thoev d inped t~ermsiehm.aa11 auso i1.

Wo'der1 :IrEt if)I 'itI sliais ''1 aren rtainhed ther thrues. fomlasfco b e usred fontrm

dii. husso heiaeenav pot lip to 30Ii km. Wes moertitin in'rw than :;chreihe wit ran 1

[ire reeore :iz fo.rmule, ncecnt does u otrid for calcultionsof' c of'oa~ dfor renter, f

I.-iWri audeo (and : lo ormtuds toe 0 pp10001. For distine n tes on the orfe 3oof') K(2it Lt.m

nuIfcient to c aleslate Iif' wwvrriei t ee ces of laiue n aogtudI to 0.601 n.-d lngi trifles

to0701.i Tnden reaitiv errr&,B reetined trnsiein thes coormunats cbotbefusedhort. n

longtdnte. :ins : w~i~ll beof theysdmes notderi. o aclto fdfeecso

Iransmission of' coordinates to still greater distances, I.e., to ~400-')(.1 kmn, In

practice of' contemporary geo~detic work Is encountered comparatilvely rarely. For that

* 1C. F. GaUss. Selected geodetic work: Vol. 11. Higher Geodesy, M., Geodezizdat,

1958, . 86.

-4-A
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U
casp it is possible to use complete formulas with mean arguments, given In geodetic

tal. I -. They z:gio are obtalned by a method of i'actorization of di!'ferericen of

, ;.t.and -Zimutths in ;;ower series, but witr: retentlou of om:4 1 vni ue.n I.o f't iL.

order i]clusively. Therefore, avoiding repetition of precedinF, derivation, we rhcw

,he formulas in their final form:

gb - 19. + Cos'a. + .,P + ,,P1, + a

go .o iI,. + ,4 -Le. + .,P -:4 ,',+ ZIP, + ,

An compared to formulas (5.26) terms appearing. ii.rp where i (1 1, f, ... n),

who':ef norir thmr nrp given in tables have the folicwlng expressions:

U =- -lm.

1929
ism

'I - (1212 + 14) cos B,

(14 ---- + 40i0 + 151') cos' B.

74 ± Sint B.
4

% m ' (I - 60') co .
13

In calculations by the formulas (5.26') in general cases the method of succes-

:sive :)pproximations should be applied.

iT there is no approximnte value of mean azimuth and mean latitude, then in

appl~cation of formulas (5.26') it is better in first approximation of the problem

to resolve it by the Schreiber formulas. In this case the number of approximations

will be cut in half. If in latitudes and longitudes only 0!.'00i, and in azimuths

01'O1, were retained then these formulas can be applhed for distances of 500-600 km.

Such distances in contemporary geodetic work are met in radar measurements. Thus,

formula (5.26') meets the requirements, which arise during radar geodetic measure-

ments.

For distances of 25-30 km formula (5.2`1) can be simplified by dropping small

vnlues of fourth order, i.e., terms with I . Then:

s m . IL-vt'

•,a, O. '1.
a w

4
Substituting new values v, a2, • eand in formulas (5.26), we obtain:

-[ V
-li17~~ .. .... ,

. ,,

44 :.-?. -
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Igb 4. -).,t + +

4 * 4

o.rnul'i"s (,;,2() hauve been ttsed for i long time in Rtussi:- in t reul.rent o lit

order tr'1-itnu-ln !n' ! "i- oni;y ;,r.r[ct" w ,,4-i , were replaerd by forr:vilas ('.17)

rep,-i'cemiet. happened ur'Ler publication of geodet-ic tables of :0i.litary geodesiols

•;r.:,r' r:,. U, vi v',!.on :tnd tro:indatioti of formulas (5. 17) and (5.27) wero first

, , v !,. " Kr', ,vvk~ y,

A;1A I U'tw' til'tr wir.t. rte:,!, tr.':_nt-Lts ,Iave th,,at gererejl .eflelency wMiere. durtn•r sul,-

* l,, of dLre! rr erietilc p rovt lerns ilt is nec' essary, to :ipnny v methiod of approximat. jonr,

wetn : rL mitipr ot' approxi:nrtlons is unknown t.cItrr:.:id. I s is true, a number ol' ap-

prOximaLIoNs cwr be decreased, it" cartographic materiaf for determination of approx-

l[ial.,, v,,Jles it' mean arguments "jre useri. Put ru:," additiornl work is hardly desir-

:61e to a: computer. Thereprore most frequently these Vormulas are used for control,

w,.en meu-tri r::ie;;,s are known with sufficient degree of accura-y. Put, Lhe methodical

merit. of i'-se formulas remains in force.

:x:tmplt, "t calcula-iron by the formulas (5.2.') is given in "Geodetic Tables"

(p. ,4 ), and for Corila.-s (5,.27) in "Prncticum on Hil,...er Geodesy" (p. F'. 4 ).

§ 2I. 4) .:.6.rcJ <:N OF DI REC'" AND I*WF:.R:L ,O...IC PROFLIM.S -Y A i.:'iOD

OF ChSiD:.OF ELLIPSOID (STUDY OP M,. S. MOLODENSKIY MFTHOD)

Ihe Idea of applicatLion of chords ol' ellipsoid for solution of ,reodetic problems

is not-, new. As far btack as 17t99 Delainbre developed ai me, hod of resolution of r'iord

triangles for terrestrial spheroid. In 186;9 famous geodeslst Bremiker in work

"itudien Uber Hohere Geodiaie" proposed elimination of use of reodetics by means of

formation instead of spheroidal triangles of rectilinears from the chords and so to

resolve geodetic problems, utilizinp these trianz•les. This idea subsequently devel-

oped by him in the indicated work. Geodesists in the past both here and abroad have

returned to the use of this idea ia reference to particular problems. Racently this

problem was raised again in the USSR and was originally developed by M. S. Molodenakl.

The advantage of application of chords as compared to geodetics consists in that,

independent of the distance between the points, finite formulas are obtained In

closed form as a combination o" elementary functions. Aa can be seen from preceding.

account, the application of geodetics during resolution of geodetic problems leads

So i . .' ., " . " " . ...

• .2 . . " " S .. , ,. •,•-. . "• • -" ' A•' ' k *,"" ... .. " "

"- , •:!• '•:•'•=:•:• .... •:•,.. . . ..-.. . ..... ..v - F = '-::i" .. • ..

, • II I I I I I ii I I III I I I I8



to rorwil-is in the form. of Infinite series, inl fact of fast; convergency. Howevr-r ti-e

!vdv1.i-ingeP of the use of chords for resolution of principal greodetIc problem dinnp-

i- ,*!:", soon as necessity Firines to haveý a length of are bet~,'een points or, t',r.

s~urface of' an ellipsoid. Chord and elliptic arc are connected amlong themselves by

-erlen 3I() Transition from chord to arc agrainl retu~rnis u.s to infinit~e series.

-urtlierm~ore, in presentation of an elli1psoid c, ;, sphere or plane ipplication of

reodetice lines gives general. solution of the problem, while in applic~ntion of vi~ordn

Lhio gene r.-ii zation is absent.

7Pe theory of a method of resolution of geodetic problems, foundedl on t'IC-

tioT1 of chords between vertexes of triangles on an ellipsoid, is Presen!.ed in M.

.Molodenskiy work "New Method of Resolution of Ueodetic Problems". in thic work

i'o~mulas are given for solution of di~act and Inverse geodetic problems, differentini,

formulas are studied, and formulas for reduction of measured direetions to the sur-

Cave, reference-ellipsoid and transition from one geodetic system to another during

eonversion and reorientation of reference-ellipsoid are given. To this section of

rhe course only the first problem. pertains- which we now take up.

Tept us assuime that on a spheroid two points P i 1(,y 1 , Yj-z:) and P 2 ( 2  ~ 2

are given, by their space right-angle coordinates, i-chord, connecting point 11

arid 112 .

We have.,

Y. NCO$BsonL (2.16)

M. S. Molodenskiy considers the more general case, when points do not lie on

the surface.

Further, x2  x1  Cos CL; Y2 - YJ = 8 Cos 13; z2- z cos -y, where cos a,

cos 0 and cos V are direction :osines of chord 19. Let us designate thea, according

to M. S. Molodenskiy.

COSP mini,,.4

From differential geometry it is known that cos 2 + Cos 2 13 + Co Y

Substituting values of x, Y. z from (2.16) arid combining plane yz with aj plane

of meridian of first point P1. i.e., assuming y. 0, we obtain;

_1149-'
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2. - •-ig -- j-Ntcos5is-n- j ( ) S2~~. M1m?- ,-- 3 1 -(N,osSinl N|~B
aI

3. As. z1-- z, Is (A1, rin .- - N, sin Bj

:, squtir'e %nd aiddinrg, we obt . In:

i'-- N~l +t"N 2NN,N•(.Irt8 1 in R3+etaR1B cos 8, cos --

"-- • (N, sin B - N, sin B,)'.

cos'•, -- sina B• in J, + cos 88cos B, eus I,

lu r 3I UY hIe:1iS 01' lde.itlt. t -ran.l- orfnnitaioi: we haVe:

*-'N" + NI -2NN ,+2N=-N,,2NA'-C.-....-- X

X (Nj sin Bs- N, sin B)'.

Hence:

s; ft VIN,-,,n' --- - (Nsin, 8, -- X, •i.r B, - Wo • A,- ',)Y.(,.9)

here:
sin +- sin' I (8,--B,) + coslB, osBiti 2-, (,,. 5Q)

In (5.29) the first term of right side is main, and second and third ato -Small

Values of' the order of compression and the square of' compression of terre,-trial ,t.her-

old correspondingly.

"For Krasovskiy il ipsold -n " 0.O13 O41

Let us imagine a4 sphere of unit radlus (F1g. 71-), on

which P I oa , geodetic zenith of' first poinL. LayIrig

Sout fror. this point to the right, an arc, equal to

90 - BS, we obtain a, pole, i.e., n point, corresponding

. ig. 7i. to nxis Oz. Let the direction of' a chord 1'romr; point 1'

to p(int. P,-, intersect. the sphere it. point z, Hlien

spherical distance P s will be z.enith distance of second point, angle sP z and an

azimuth of direction of chord sC from point Pi to P2 .
Let us assume, that tW directions of axes of coordinates 0X and 0 point.s x and

y correspond on a sphere, then arcs sx, sy and sz on a sphere will be equal t o cosines

directing chords i from point PI to P2 . Line xyQ In a horizon of point P.,. Thus,

we Constructed geodetic horizontal system of coordinates, in which the position of'

points is determined ty zenithal distances and azimuth of direction, i.e., z and A.
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Let us determilne cosines directing the chord.

1mmoi triangles P IXG, P Iys arid 11 za we have:
1. It, - cos B' Cos:r,-sin B, sinzileos A,, sin f i~lj*2..,tvo sin :,, sin A,, I I
3. 01s -sin B,C05 Z,,+CBS B ir,1 C(J A., I CUS 19, $In D~L,

I is Z,, an d A,, (5.31) are giveii theni they fully determine 1 12 M, and nip.
In orjer L~o resolve the inverse problem, i.e., toa determine z IP A1, I'ly fil 12,
'mnd n1 , multiply the first expression (5.31) by sin BV, fhe third - bjy cos 1321 :ind
a~dd. mhen, conversely, multiply the first by cos B., and ti~hrd by s~in B~ 11 roir; tie
thii rd subtri. rlc. thie fi rst, divi ding the dIf'fer~nce by m2 ,Lerm 1'y termi, thien we- ob-

'COS zoo, to$ 81 tot+ -011BJ1e, z53

SubstitutinI7 in (5.33) n1,, and Iwith the aid of'(3.B by geodetic cnoardi-

nalute, we obtain:

ctgAn So , (m on as- Xsna),- %14 B, -Ve M Be~ Cos NJ aM tit)

but.

I~~ heto).re

figA, tlM8 suin 8,ctg I +el~~nNUI tA CosB.
tn,, (I±R,* +,nD at)-e f~it Its- N, 1in a, Cosf.

We designate:

deem m__ W + in 8, tg
then,

e~A~cts,+l.'iN~I st (5.34) 1

Changing indices I to 2, we obtaint

where,.

et sin A ina (5.35'1

44
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6-F'lTR1i L !1~ () '14 . 5 : ind (1.. 31)) all~riir 1 r' .~ dli 111 11z11u t!'O Of'~ c c d

r&Lrit~ton to a plaine of meridlar. aLnd zenith , t~m t'lrat poin~t PI ; Z~ L C'ic'%Antec~

7 y r, ireortling tor trip.Vrmuiin, wrone. derivation In i ~k'wr helow,

r*jlj eoordhuilte4 of' p'olnri 113 P 'd P- MUSi. 9ntitSly OWe equntion foiy Li: el 1ipsoli1:

+ +*

I, ~ ~ f ol 1t.;v Cl at . i conl, W.: o)t-aiill

SO + Ot'") + 2(Xlg,, + tAwS,+ .~ n 1  0.

;uflls!t.I t~l:4t x~, yj n em j by own vitlmies by gpodplc~ coordinates we halve,

91 Mn.8'

110 4-Pats)w -2N, (cog B lilt + sinRA1

~:wderng ~.:?).we ubtlmin:

(i+ -tavj) - - WC02.

I it3t

L~et ua deta~rniine the geonLt1.rJc meanring of' F- rom (5-36') it; folliows Ilmtwher

Cz 90 93O in Oils case f'rom (13.31) wve find that n~ 12 cooS, coo Av thmnni

14 1

i. a. we obtain tormala (2.V'), Cnsequmnnt34r, by H2 it in necessary to undrodwi'tnd

rai u ofl'unaLture of~ normal sectioin a~t current po'tnt, Inf this cane tit 1* I'hers-

form by the Vromula (5.38) it is posaibliv tu anietrsy the calculation only by ai m~ethcd

oAt *uv~sive upproximaltlLena. In the first. approximartionj It Is pososibIe Ito n~ruit.'rtly

15'''



- ý Qsd Sill, Z11 a

31t'e , "I. then, cocnsidering (. -7J , we obtain

1:-tIrom Ct' iv ~cond formul~i-ý 2,* 8) and I 1 t f~ (I' l c':' t!-: t

Nsn11,Ws-, irA, rosB, AN,sin z, sin A,vn 8,. (C_,rL0)c

'I'lln r~ircot. ind i'iverse geodeptic problems crin be resolvced by Mlorienskty mfetloriX

b2y El'.t; tiornmts (5.29), r~I tind (r5 -Y)). Inverse probLem is resolved directly b~y

th;.' orrmul.-ir Vor ýignificrint F, nnd thf- direct problem, nccording, toa rret~hod of'

an t'roxfhfotions. l'uwever for Uie solution of' the direct problem these i'ormul:ma should

he' 'lpltI Ted In a n~omewhat different form.

!)1vtdi'ng the Virst Of' PEquationS (53.28) by the seconid, we obt~ain:

Multiplying the second of' equAtions (5. 28) by ( ' , ind thlrd by cosR

!ind :id~tling, w(, obtain:

NMe 11(8D..- 8) -Naisin B& CosB, + nl 8 , 42)

Tho back nzimuth of a cord is determined by formuln (5.35).

.1y Lhe Vormulas (9.41i) aind (5.42) 1 and 6B are determined, but for application

of t~he;*e formulns Jn practice It is necessary to first calculate z,, approximations

* by formUuln The number of aipproximations is determined depending upon theI
longth 01' n chord. Por distnnces F < 100 km it Is possilble to be limited t~o only one,

!ipproxiinritlion. For 100iO km by two-three or mor-, in order to retain f'raction.,

thouirolt~h of ri second in 'azimuths and eight decimal places for ~

* Method of chords. in t~at fo-rms as proposed by M4. S. Moalodenskiy, fully resolves

,,he problem o'n hand;. besidea the formulas are obtained in the form of' closed combina-

tions ol' elementary functihnrs. F~or short distances these formualas are lees convenient

for prttctic&I calcula&tIoný thin the formulas of Schreiber, Izotov and Gauss, since

here Ii Is necessnry-:to deal with a method of approximations and calculation of trig-

unometric fil:nctions of acute angles. As it is known, the Interpolation by table& in

'heoaf crises Is very labor-ýconsuming. Geodesists are familiar with this circumstances

Lhellefore they always prefer to convert from trigonometric functions for acute angles

to angles with the aid of series. Schreiber, Gl~uss formulas and otthers tire built

ýAf J A
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!. hi 3 , I OWL'vIII LI L I I! --I1IlIg 1,!: N I. ludcnzP.t me L' s o r Ih we oorvi~i I' t' roir I oaureI

f'pNt icons 01'f icul t: rin 1 eio Io ringles , ri- one of' tire advairut~iges or' crio rd rue thud Is

* los t. Com!., rtscir. shown rio.t 011- volimp of enl ciii ittons In nppi'p1 crI er of' prve'zct.r.1

.40ILI hrit5RiS~y rrTVjKJ 10dI3~rCh.. etr

In rb.11 work, ot' C~dIdio l' Tecliri cil Oic 1encic s V. F'. Yeremreyi~v "lu rmulrau rand

iiij. 5  or C ea0n,0:I.on of' ire.IC (oord Intonll.- wcorfltrify to MolodorlrkIy Me? lucd'' :ri'

* ~~g.lvcua p r~w'c 1~ 1 1*0%1aioju I Al, id riudv' L or' uwcess :rry r~aunles i'or theO resolrit in or geo-

det 14, pecihierns -ind examplen of ecalcrirrr Ionr.

vu.,'t~ I NVERl;E GEODET'IC 1r)Lw'TlM

- ~Tfir inverse ,7eodc-tic problem in the determination of length of' geodesic anid I tSr

*.lirlirat !iL its terminal pinlts by geodetic. coordinat~es of* these point~s.

'[hIt problem -is ccmp.ared to direct. is in practIce resolvpd less f'requentl]y. ft.

rIn bilt' resol ved by niny Inverse fo nun las ()I direct, problem, buti tihe most rat.lcri: i resi-

c~L:1,,a1 12 obtntietir by the foruiruls with mean arguments.

Let us rewrite formula' ('5.126') in such at form:

Igo - 9bIghnIB + ,.Pc(POD3, + vsb2- it~b'1' + x,14+ a bl.

In these formulails correction terms PA, IX and tx are substituted correspondingly

Ily 11, 1. :1ind I Sin Rfl

Lt~e. its take designatitons .-icrrrding to geodetic t:1blez. r e t

lgsc(slA,, - IgP,
A I (sasA) - cs 8,,- vg

Alga v~vPcu'B,+ --.b'uxb*P+ x&P + xb'.

With these designations:

ti~~l ~* lgV-SgblnflB.I Alga j( 4 .3 )

'Works of rnNIIGAIK. Issue 121. M., Geodezizdat, 19c57, p. 77-11P,
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A,-+ -A. ±10

ITiese formulas nre applicable to distances of' C)00-700 kmi. If, however 11;e d~ s-

t.:nces a-id 7tzimuths are required to be known less precisely, for nsaca dist.;jact

wt. ýiccur:icy up to dcic mete rs, buit ýi Imuthr, to tenrths of f'ric t.loi s tit ai rl(-ond !10!

th1ese t'orrnulas c-an be applied for distances on the order of' 800-1000 kmr.

lii in corrtection Leruic;, the ternw with faecuors ýt1 (I = 1. 2, .5 ... are dropped

Uipy will become usefiil for s S 200-250 km.

However in pr.nctice maore frequently it is necessary to resolve problem's f'or-

dist.,nces on the order of length of' a side of' Ist order triangulation, In such -a

caiso correction terms a9re greatly simplified and take the form cf:

2 4

4 4

aIgo- A V bo + 1 '.Itcos'fl

Consequently,

19g- lgP~iI~-I* ig&

les lg P-l1gsinA. lgQ - ItcosA. 543

Alp- A. + -L al ±8 IS
Errors In ig t~g A M are composed of errors Ig b and ig 1. Let us consider the

* problem of accuracy in obtaining azimuths by resolution of inverse problem.

We, have

or lgtgA.-. pntgA.,

Alggtgca'AnA =A0A. dmA,,

whence

A A. -. A I . L"tg

Inasmuch as Ig tg Am is obtained as a difference of logarithms P and Q, then it

-155-
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is 111wa-y' possible to zillow tsiat.L titie .!rror can be equ:tI to two-t-hree digits of' the

I,2.sign; rnad in) czs(- of eh-I: calcnlutioius two-three digi ts ot' eight~l dec lilr

pie , e ."Ions equen. ly, 11. J s rpos asibe to take:

A Ij 1g4 -t3 04

2.0.43 ( M~

we... . :.rrlv,-~ 'lul~ 1h.:0 litziifU.i!s *ron InveraF. geudetic probletv- ,.it,

!iccovP CI !i(Meur-tcy of'e icanl:i t io enn crI e ohtnimed with ,ccuracy of up to Of,'O1..

L-x;Limples of' the resolution of' inverse geodetic problem by the formulas (5.4,i)

(t)d43 (-,.JP4) are given in "PractIcouiti (P. PŽ86 and 288) and in "Lieodesic ':ables"

( 1`2'I and 2"0.

In this chapter are presented ba:;1c inethods of calculation of geodetic roordi-

litahivi ag prato.ical arin mrntliditu..l value. For aipplication of' these methods in

1practice, In t V~; orinuln and fundamental geodetic tables are developed. With the

presenice of these tables geodetic coordinates are calculat~ed very simply arnd

prvc,3..aely.

The moure practinil lor calculation cf geodetic coordW~rates of 1st order

t~riangAation points tire :,chreiber-Izo~uv formulas. By simplicity and accuracy

these formulas completely an!3wer theoretical and practical requirements for Vrecisc-

"'leau la Lions of geodetic coordlwit.es of 1sU order trilangula~ioni points.

Gauss formulas although they ensure great accuracy and have simpler construction,

atre ietvertheleas in their application in pract~ze -.-re somewlhat complicated from the

method of' app roxim t ions. Therefore they shoitid be used for control at second hand,

as was already indicated. F~or control of calcula.tions of' lMAtitudP a.: azimut~h it is

possible to use the fundamental equation of~ geodesic

,,sinAl -p',sinA, .(2,oIlA- ')coBin.

* Ina transmission of coordinates to distances on the order of -00-400 km formulas

with mean arguments in combination with Schreiber-Izotov formuaua& 1houi'I be used,

i.e., for obtedrning coordinates for first approximation SchreibeTr-lzotov formula a

should be applied. From this resolution of differenrces of latitudes, longitudes %nd

azimuths will be obtained with an accuracy of up to 0'.'Ci. After that i'or obtaining

unhmown. values with rpquired accuracy it will be sufficient to make two app roximat1.ions.

However, such problems are met Comparatively rarely in practice, and in every



I ndivldu,,1 c.: se mpie hod of' rrnsInlid on,_ cofl!'ormfiff w 1.!. r. -q'nu Ir'emei; t.t, I .ce2r' r

_o~ild -te esr:f bli stied.

Tiie Anver~e geoautic problem both for shorL, arid lon-g distances (n(O~-y(00 kin) are

lvcf . rsolved by the rornul~s withi mein :trgurlerl .3.

Kethuod ;V resolUrion of* geodetic problems, proposed by 1.olodenaskly, yield, i.o

;2cl-irieber in~t~hoas and to tnenan arguments. Tnitrefore It. should hnrrdly 1I.e ,nf.Ioner-

fi'r i. s iJIct rIn inamss geodetiC eAICaUl:it ionrS. Appro~ic!. Otr t:. L:. 1k) c10fEýIjs 1V

h!,s rnetlicdical vnlue, innsmruch as he expanrds our krnowlpdge in rin nr(-'s of' resolution

L'L lgcQ'Jutic problemrs,

On calculation of geodetic coordinates there exrisis -in Pxt.Pfls~vP pf 'cc.i1

.q ture. .3cientific investigations in thisý direction nre ~iso being conducteP.. "t.

present, In partlicular, attempt is being made'to apply to resolution of geodetic

problems :;hp methods of vector an~allysis. First; investignatons tn thIs direc~t.loiý fe--

vpeal advanrtages of mettodical character.

For practical purposes tables of Bulgarian Academician V. K. Khristov should he,

published with proper changes and supplements, for nonlogarithmic ca):niutlons of'

jreodeilic coordinates.

Contemporary scheme for state Ist order triangulation of USSR anticipates con-

struction, of triangles with sides on an average of F20-25 km. In other measure such

distances on Farth'r surface In differences of latitudes, longitudes and azimuths

corresponds to 7 0 0 II4 8 0 0 "t; for calculations of such lines with an accuracy of up to

0"0001 it is sufficient to apply tables with seven decimal places. Therefore It.. is

expedient along with eight-place geodetic tables to have seven-place geodetic tables.

T[hey can also be used for educational purposes.

Ouch tablesi were composed by the author on a chair of higher geodesy.
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CHAPTER VI

RESOLUTION OF GEODETIC PROBLEMS FOR LONG DISTANCES

§ 30. GENERAL CONSIDERATIONS

In resolution of geodetic problems short, medium and long distances are

distinguished. Usually by short distsnces are implied lengths of sides of Ist order

Lri.:jrjru1ation mean "are lengths of diagonals of one or several sections of trianlla-

t.on rind long distances are oil the oruer of radius of the Earth. Referrir(g these

dist..inces to mean radius of the Earth, we obtain numerical characteristics of' their

order-. Ratio of small distances to radius has an order e 2 , of mean distances e,

The relat.ion of short distances e 2 is the value of first order, for the mean, and the

value of the second order.

In derivation of formulas for transmission of coordinates to short distances

power series were used in the preceding chapter, i.e., factorization in series by

powers of s of the differences of latitudes, longitudes and azimuths. Such series

quickly converge and give convenient formulas for practical calculations. When

distances, close in length to the radius of the Earth R, or great R, the application

of series is practically inexpedient, since they converge so slowly that it is

difficult to establish, which terms must be retained, and which should be dropped.

Where -W > I subsequent terms of series by absolute value can be greater than the

first. In other words, series by ascending powers of cannot be used for great

distances in resolution of geodetic problems.

In resolution of geodetic problems for great distances series are also used

however they, as a rule, are designed by ascending powers of e. We already

-159-
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enCouril.ercd t.!.e 'ýfe of' s-uch series I!; culclil~atior of' len.j.tnr,' of arc of' !he meridian.

.i-.rlts Ie post;#ess p rop#e t. &5 U)r geodf;t )c se do-fs . Tio y :ir(, sil'n cl an , w ~d

1i: Iri.. rind precediý:: p-raratr'phs we consider geodetic p rotl-erns, in whilch st (.-ii

i t it fo t*Ude j-t!Ulc t~r~ snecessi ty oft resolit~ion of' a; problem 1'or very Ltreail.

ii incecI., very ruiroi.j Ir.-Lr ere. iemsmiss lon of' coctrdlitates for tgre t. diot-tinee.:

C!'Gai'Ir z re,!:1'W , 11 iii:. to rc. r f ztepkra~t ed reod et. Ic niet~s c ar,' rc oIont~.

Q~wrevýr t;r,.', -lr n'lr ii nd ro-.cket 'ýechnolo,ýy tne necessiry f'or resotli.lorl ni'

~ cproLJvJ.,:uits:ppe;artS Vrequme:il~y. T1erelore the resolation oI* geodetilc pro:hlemt Vor'

aret dis ':oices Ls ne un i pc ti1cal arid scienti11iC value.

PI rst r general question, which appears in connection with transmission of

(oor(Iirrit~es !'or 1r¶re~t dist-ttnces, p~ertains to the uniqueness of' solution. The di reer

a.S--o(IC le prob~lem Is :mlw~ays resolved simp.ly, Iit the difference of tile longitudes of

f.erndnairýt of' geodetic lines aire less than 1800 This position is bNe neuto

rsin A =~ c, from which it follows that through every point on a spheroid under P ve

iLZIMUtn A carn pass only one geodesic. At the given length of line arid azimuth

coordinates of a second point, are det~ermined If coordinates of' first point. are known.

The Inverse g~eodetic problem is also resolved single valued, !if thle shortest.

distaince between two given points is determined. Uncertainty of resolution arises

In ca.sts, where the difference in longitudes is equal or is close to 1800

If' a bundle of z.eodesics was presented passing through point P., then For this

!""dle it is possihi~l to expose an ast~roidal evolufte, whose center coincides with1

point. P'D. diametrically opposite Pi. where coordinates P Dwill be:

lEvoitite axes and, consequently, their vertexes fall onto a parallel and ineridl.nl

of point P. (Fig. 72). In 'g.72 dotted lines depict evolutes of bundles of

reodesit-s, emanating from points with latitudes 0 , 30 and 600. Geodesics nre

depicted by straight lines, 0-180O0 line depicts rotation axis of a spheroid and line
o- 0

90 -270 depicts tile equator.

Outside the evolute of point V, A bundle of geodesics will form a field, in

awhich through every point of a spheroid passes only one geodesic. Prom Fig. r2 J1,

< :, follows that the direct problem is resolved by single valuxes f'or points, locnitedI:outside thle evolute of point Pi. However single value solutions of inver-se prohblem

*16-



440*4 0' r -$r -0w *# .J off #. OW * r 0 are possib'le on both the houndf-iry nrid

on vert~exes of thf. evel.t.~ r. ()t't

1, P1 9 11 only ILhe sThortLestL d isl?

I.hPt~wn.n points Is det~ermined. 'I t I a

necCs z:i ry to P r)(t ou2t 1l-ht ti h-

roes are borderlinp Ind eawih of' them

sh'ould be invest! gamted indIviduntly.

fX WA Pu~t, if' points i.Ii i 'i on tfie~ ixes ol'

~.the evc-lute, located In, wpot.-e'osi,

*, *r **w*r * .wW V 18 direction, then therc. -ire, 4.wr I lr

~ 7~of identical length. This case is

very rnre mY~d for Its resolution a special in~vestigation is required. It Is posaI111A

to determine single values of the solution of inverse geodetic problem by Fig. 72.

§ 31. LENGTH OF ARC OF GEODESIC AND TBlE DIFFERENCE'
OF LONGITUDES OF ITS TERMINAL POINTS2

Let us consider on the surface of a spheroid and auxiliary sphere the unit.

radius corresponding to elementary right-angle triangles (Fig. 73).

On am splheroid (Fig. 73a)

Md8- dscos A(6)
rd - ds sin A

Un sphere (Fig. 73b).j

pw - dacoBA(6)
cosud-daslnA I

From (6. 1 and (6. 2)

i* dut

but w E r

and

,rherefore

ts- -eeoe'u it(63

740.
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5nU'idO aftrl Oilft ft~l O1orl is ( !i ~ I

On IL Spite-.hsI i ~I o'o l'tie

Ilongrths of, air of :Igroodes it
(~) (i (a)and dIt'Verences of' longitiudes

p * -PA1g 714. (b) oP i.t~s fe r1111IIra points,

Htoweve r In Leg r'aJs of tlleSe dIi'Te rk-Wnt ia £eu. tlonn -tre not uncle r'taken In elcmenter~ty

I'unc,- I inns." theýy Mus t. be Voun~d ivrey a of* 'riet orizait ion ol' sub radic.al exp rr-sion In

'or Int~elrntion (6.3) we wi It nc- )n.p1 1s' t~hp subs Litutioun of' a voriabic, I.e.,

v tPLctr~ - a 1Acorrespondiniz Vormulms by o.

1cr. usi :i.Ojume that. geodesic s bel,wee'r given points P iand Ponl e~llnipoi'. and1(

*correspanjljig Lo arec of' Pi preat. circle (3 on nn auzxillnry sphere (T'Fig. 7 4~) In riven.

Let.u exterd are s s"nd c~ to their Intersecti~uri with the meridian at right. -rintIv.r'

'hecev polý r of' int~ersec tion wel will designate nccordingly bý PO) and 1, L? IJ Itituden

of po nt~s P'.. 'mnd P0 we sh nil depslgnat~e by B'.0 endv a103 a connect. Ion bvt~ween them willI

be dletermpilned by the well known formuln:

he lt us1 di's igia Le arc P IioAI:II.-r petby100

Fror.1 pheica I.calgu P31 'P I Ia I'y saher by 1,' -

cusi em N. An A,
cosAj -ctgr(rx-u,)ctg. .4

oil

m1O

From triangle P'P'P'

O5n v Anse,4hIn+ ).

or:

COimIN Asn, u@- in$ (v + 9). 7by

Oubut Ii t ut ng (r~)Into t. he t i re~ . of (.5)we oH 'in.

Uu.1,2



+* 1j~ 01 C1 .-- slnlts.inl'j + tOd

IIF

'I n ýi1 2

Wo klAr .1

1=6 VI + AInt #'do'.0' i

e"m9+@. do'-do.

INxpression (6.8) is aýi cii Lptic0 integral of' second type. 'i'iun, I-lie 1pngt~h nV

-ire ot' :% ge.odeaic Is an ellipti1c Integral of' iecond Lype. I.Inro where t It) h

vi?.I!1)ii Ior Iii iWi.1 equail z'erci, t~hen t~he I enjgtic of' tarerl s !irr' con. I dr'rw'd i'rom 011

mol ''.11iii aind rtLnainly e~ast~ward,*

Coiiac'quvii tly,

Sm ft bi'lk(9.).

Whorl.1' V()ý, 0i) are 'a~bularail elliptic Intagrala of' seecond t~yp#,!.

11 x?. e~mt X1ii[Atude It i given 1'or Lho geodesic , therl .9 gI vir lenr'g.II o,' are

bet.Weeti poinlic With latit~udes R, tr~d RL ut, if'. besideI3 10and )t,,, t~hore .13 n silo

rI v'ii 11i.1ledt It 20 Uihn longth ol' are between pci nf.i 1'1 1ind Pp.. W111hr ohe Ol~I ad ,in .1

II I''I'i'l'ico ol' elliptic Integra ils, i.e.*, ka).0

FortiriulA1 (6.9') ca~n orajy be used when d1etailed U&blem of o2llip~iu InteigralLI tre

aivailaible, However t~he appliention o1' titbles of' elliptic integrills, or intltgritls of'

ILvgencdro, toa Wimpered by the fact Uith~ In these tables intorpolntion must be condkictorl

liy two iirgurnento, by k ind by n ,trequently with tour difvt'rencea. IPor prar'tAcnl

unitculatioris t~his method of calculation of' a requiren considerable work, tnltheigh

.gcoomotrictilly it. is simpler. In higher geodesy the preference Is given to serlea,

-j LAI ol ~'~

K2 ~$ ,



1.t -~i~ y ccriit~ort i t-o. h~itnioun). series it~~r~ exp!-vasitn In .HHO1

pa I.~.t ~i. ~L~a i..8 . Xrur~ s1A:a1j,,t,1 CLovcrg(v vcri-y rapi.dly uld dcpr'nd

oil '1111 : v 'lP rPIHT l)

lur ''ii~ii i' I ~;I prc.*c ým'zlltgtraph we. obl.nztntd:

SI + A hsIn* s- I *f.-sinlo'- ~-i-inld 4 +

Ill',..L _ ol

Ap kitol 1 CoI 4

A I +

P_ _~~L~e A, +

.44

Mah ing ftoirm by Le rrn in ije,P iLUt1o bty the 1ornmuliiw:

(sotm. ±(blin II'-.bill 21"'1 go bills r@42 tg (IT)

vAis I' (i 4s - sin 4s~ -,,p m in 2ecos (4 .2,()

we obtaini

a~~~~~- Ws-hn 511.? )Csn25ntt2~



cs r:
+' f~a Invw(jI I-il ics -2)

A' A .: * 2 ~I

-- P +- entn~ Uf" I rp .-. **e *

A-

Ob Opt

isi~se '.nrozolution of, inversegoei rtemýdf)nUl

An r~slutlonof'a drvo. godtic problom..

Iii th Iy thei Voi'nmIll (fjl. ±), and by the f'ormu:la(.14 IL Is~ expftd an; l.o

C:11vlli a 1.1 mteoording, to the m~eý;hc~d of' consecu~tive approximatitn.i~

trom (.p)iuci ((1 .4i)

;lkl~ltlAt-ll (.1) nd (h. 16) in GO, we obt-aifl

fioda- 044 dwL+A' .(+ COO +4. oi' !eoiu +. )do. 0)~.±v

kill, :rom Iin

t m'1t I .- sin, meJsine 8.

Subdi~tt.LIfg (6.18) iund (01.19) in, (6,W,) we obtain

w h e r e i ' + l ' u

-* MOM4u,+ .t~.uIn'u*- -snous + ... .(,1

o6,- VO



I ,tettrating 2(2) and ) .. k ,,i' I i ct. a cout. and , we ot -n I n

1- .C(OSft. A'Gi+ B'sin a cO(2? +a")+ - sin 2act* (4+ 2,j)I
2--

O r, design a ti ng i. a ,' -'e", p 1' f a" ' p. e--- , we Lu¢e fin:tlly:

I = -cos-- is, + +I' si, a cus(2 + 6) + -;'.in2ac (1? + 2), (1. )

f1b inal 1turzn uf. tLil! 1'crrnu1i can he a m;a- inium of' e 1*' itop a 'd Its *il amei' cal0'

vrtlue Is Filwnys less thnn U•'OO{P. {.ererore it nan be dropped In 'iarther reckoning.

.Ln solution of' inverse problemt I L Known, t.lherefore W is determined by a method

01" appr'CXi.'matLiun by the formul:i:

,- + cossi, (2'u, + ain cus(2 -). (21. 2a) )

liy the l'ormula (,,. 23) it. Is also expedient, to calculate by :ýi metnod or' conspclit. Iv(,

.pp r 1xi :tt.Itiois,

FormU1.s (6.:14) anid (,i..2+) are ba.tsic "n resolution of straight geodetic problem

by tI.he bessel method. in derivatiorn of these formulas we did not impose an'y

I I:la ttion+ on s wItbh respect. t~o its lengAth, therefore they a re app:lcatble l., -rty

,d1l:inees between pointst on :j n{pheroid,

iic.:uŽl composed tables for values of;: I I, Ig ig "),j IF L, trid It 15 , where

tile Lables of' v-slues Ij; a, 1g. 0 and IgF y a-e composed by argument. that Ig k -- Ig e
I I

s8i1 Uo, and .Ig ai and gI (i are by argument:

NJ&'- Ige V0O,75 i~n i,

I Iln 8

in oiir des ii•, lor-S , 03 arnd art f'unctl ions of k. Therefore, seleeti ný,

Ig , a 1g, and 1g ly from tables by argument of 1g k, it is nrcessary to hdd

V+ constant value, equal to:

S, V ,-9.,,.

Flesides the .shown Bessel tables,' in 1953, V. P. Morczov Doctor (-f' Technical

SSciences composed tables on Dimensions of Krasovskiy Ellipsoid by a. airgument.:

C. 0a U0 or sin A0 for ",, p, y, a , and A

IF. V. Bessel. Higher geodesy and method of least squares. Edited by (3. V.

1Bagratuni. M., Oeodezizdat, 19 1, p. 272.

*V. P. Morozov. Formulas and tables for resolution of strulght and inverse
geodetic problems on the surface of' earth's ellipsoid. (Publication of Military-
Engineering academy imeni V. V. Kuybyshev, 1958.)

.. '. . . .J. , ..



i'rofessor N. A. Urma.yev milde his own t rible-,' composed for K nnd k nceording

to argumtnrts by Bessel they are intended for nonlogarithmic calculations and require

p, ri ho1.il i I e rpola tI. Ion. These Lables are very compact, -aid t.:ike up only "i qo: rt.e r

of i pnge, but are somewhat inconvenient for interpolation. As Bessel tables,

Inrmiyrv tnbleb tre applicable to any reference-ellepsoids.

'xpruscionis for cuefl'Ilcienls A , 3 , C -re somew!i;O. simplified if' r in expresser.

,y e' bLy I'orma ls:

*"- --- ,+*+e +...

'+•' , ".____ li_--- 2•" T - . .

I i-a'•

Ar - - - sinl (6 .24)
* 4

Consequently,

0 %• , 0 0 3.
o 2(6.5)

Is 32

-0 *M4 aue

In resolution of direct geodetic problem according to Bessel method it is

expedient to hold to the following order.

,i Calculation of reduced latitude of first point by a given geodesic:

tgU,.t/Zatg 0"

2. Determination of auxiliary values u0 and q by the formulas in (6.4) and

(6.5).

3. Calculation of arguments k, k and selection from Bessel of Urmayev tables

of Ig u, ig 0, lg 'Y, 1g ', ig 1

4. Calculation of spherical distance a by the formulas (6.14), where for

reduction of quantity of approximations the first approximation should be calculated

IN. A. Urmayev. Spheroidal geodesy. Editorial-Publishing Department VTS, M,,
1955.

-157-
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-- by tie Yrurbyc1, :

- ~ I +t J5' : .i3 r l 'T~jl ge 1t.1j, t.:10lea 1,01" 1

II.

Ne•'Iir Of FP P (1.'.ý1-, 74b) by Natpier's atiniloglesz•, esoi'i t. on of •. )rh:'.,l t.riungl•. I:' P Ji.7tj)bNipr'oanoge

-1:, of A., -Inmd '.L.

I , [•' w. If f 'ow.i ti u" , :,A I 1- y f. r-V t IOr ItV us

I -m=-- o•.,/ I- Isi+ n $. c•(2.1 o " )+# . •|

-1ii; r4.oiutin o*' t0.- direct pro'blem by Bessel rmetLod a necessity arlses for

dt, .ermil'tt.0on', of quu:Fcrs fur auxil jury vnlues q, and A.tO. For Lhnut dnltt: In T-he 5

C:11IH e uce•I:" d.

TatI.bl' _, § •3. FOR'MILAS O1 PROFESSOR A. M. VIOVMETS

A, I ." a 0 From preceding paragraph it follows thait intepral.ion of

equations !"or spherical arc leads to Bessel Vormulns.

I•" .- ,f I,,*•.• {However thuis is not. the only way to intgrn•ton ofl' thiese

equat, lons. Intet-rat-ior, can also be accomplished by reduced

latitude. [,'or that it is necessary that do and dw be expressed by du according to

correspondring formulas.

We n1ave

&= doeosA, (n2)

-as , usinA-c ,. (c. u2)

P.rom ,.; )

From (u.2) and (6.P7)

do d

Further

r d~easot-douInA. (2k))

"Substituting value of sin A from (6.26) and do from (6.28), we obtaiini

Rl-c- do (a .b3)
S~Replacing dd and dw by (6.28) and (6.30) in (6.3)., we obtain

S• ,, ; ,-.- " .. . ,-



ds S _osaCo Id

Weobtfilned differential equ:Ations, in whic! ripiht sid&i-func, t on a rcr only u.

n';~~r:.t~ofio ti~ese equnt~ions iE carrIed out by mermns of Vifctloriznltion In sorers:

-17 0 C-Ou -o' I - -tC cs
t 8 l

iýeplieing in (L iVI-eloos'i by series (t_-,32) and being limrit~ed hy terms~ v.tth!

wp i*rri ve it. tric i'oijowirig integrals for c and I:

a ewaaCo * d

eu 33) osd

mb ,1.. ig 2m--c these integrals are reduced to tanbular form.

we, have*:

______--arc sin 2.+ C,

teS'kda t

X~~~ ~ ~ (1hjt m n

_____ & I + CS n

In (6.35) designations are taken:

*YCOObM3 _ -vt-g0

We designate:

I-bin a J
then

-. (6.37)

-16)-



$in U - hr":%

I sin-- •-isn 2 i

,;,-I.i;.1 t.ut.lil I: (!e v:,l'e of lil!et p l.,i, .n ( .-I') ta., i n. , l accounmt (, .. :), (,, 5')

'Ind ( . , we orl 11:

+ 41 - 0) + -j-L (3 + 2e - Sr)](Arl 22; - n 22j

+ - CA '.J if-in 2:11sillt -X -. sill 2 2, ýiuI1'a)1 (6.30l)

~~~~~t (-.+c[c+ -L e4*'(I +

[4el (I -0pJ(,ln22i.-~r2a 0 .2 ((.40O)

In expressions for s and 1 terms with e are dropped, which gives atn error for

j less t.h'An 0.1 in and in I less than 0'0.i.

Formula (',..i9) is applied In solution of inverse problem, ['or solutilon of the

direct, problem it, is necessary to ot, tiLn fron: this formula (02 - ('

"(2-;)' -t S [I + I ÷ NI + c') + - + el 7-I 7c'+70

but

. . where B Is geodetic latitude, therefiore:

Formula (6.42) is applicable to any point.

•:'V F r Pi

-170-
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_jgB, TIA,

Iga--

T Angles Ai n in iceord~!ncil will: (."!7) , i

trom e-1u:1 I t~f,:

gt9. 7-,. 1 1.m t•t , I , ,

!srorn t,.ric v:s ii- &tl •, f, 1 arind 1i a.rp shown Ii ,i r. 7',*

1: r,-'iolution r)f ,d rect p roblem it .1n necessary to determinle T-, ArA, A.-,.

'ol (L,.,,) and (h.3), omittin, Htnlls or' comp•at,.i Ions,

tgaa-- 2 /a crisin;

h4r1

, Va,-s-

Formula (6.44) is applicable for any point on a spheroid.

Por points P and P we have:
1 2

I Be . sin,

,g8a. gB . (6.45)

Irom (6,27)

out a

or:

tA- : (6.46)

From (6.46) aend (6.36) it follows that:

hence in points PI and P 2

tgAa -

-gA•7- m

• .. &.,pM. a , , / ,

"l I

aT A'P

.........................



CorisequentlIy,

W!: I

By the. fl'rmui as tAf Lrol'essor A. M. Vtrovets stralght: godet~in prot'1 m 1:3

r-esolve.d In thr- ' c I!owlcg. spqlienve:

cc,, aC'u ~ W, 51n A,

2. Igal- -"R-c*

('12 -~l lo obtalned oy means vi7 consecutive approximnations.

5. tg B, - casu.,c'4 a'-

9. tg A;os- cg A,.

In these Form~i1:s following~ designatIons ai-e taken:

4 64

to (I, -18)e (.i 0 - 0
64

I 16

Given ?'orrultis In som,-what. different. way weve f'irst, obtcuined by Proi'essor- A. M.

VIrovets in 1935.' If they are' compared with1 Pessel 1'orznui~ts, then It .i? pounJIP1

Lu expone the f'ollowing~ coincidences:

4' . sin m(s cau%), s a

L

The more essential to the f~act that series by Bessel are constructed by powcin

'A. M. Virovets. Hesoli~tion of divect gecodtic problem f'or significant tdhatinneto
-Jbetween geodersic points. Jour'nal "Geodesi t, No 1, 1935,o P. 16.21..

170 *



2C
or k, I ril !I whereas by A. M. Vi rov.pts by powers o~f' ~l hs(rus~n

-i .l.-l pr (.ci vriljt, 1'i d~ ~ r-e ~it- nvi v In i.,c voni

1,1:e' .1 1m.ii s of Icci~crlcy fo r un known vnlues, Which is cons ide red In x'.ilctiiat Ions.

Por calculntion by the formulas of A. M. Virovets detailed tlibles nnd Instriictiono

rkimponjord by t~he nuthor In 101,5. Tab Les o lanvintural ui,,rnr. of* 0!Va L.loo' . P.

r and m. Instruction, rind tables are paibflshed In works of' T;NlIG.A1K, irsisia

No. II:~ n the same text resolution of' inverse preblem which will he 1icsEIt's

.ivest.1i.itions In recent yenrs, among them those of' an authior show hAit: III

.applic itiun of formulus of A. M. Vi ruvc-ts and tat;L-G fur 1ethe It. lo tcxpCedlnt. Lo

niit inumt)er of c Ininges for the purpose of excluding negat.1111ye rcs -is, Fo r I rin, .!znc. ,

- -- , - PL i.e. , a formula should be trnnsformed for them, Thii

requirement lends to another composition of' formulas, it. io possible thit'. it, In

No'. ot' Io haive t:ables by argument Cos ki T'hlese problIems; requitre spociail I oven

Liotn with which the author is occupied at present.

:Iimpie comparison of' formulas of' Tesiel and A. M. Virovetn lendri to a thought:

thai. thoy tire Invanriants, since. In basis of their derivation funrdamentadl equaition of

gpodosic Is nasumed. It, is necessary to consider .hat othor varliants of' tw,hr''

formulao are possible, which will be obtaiined by integration ot' basic' dfTI'ri'n1l:.i

equaiv.ons (6.3) by means of' replacement of n vniriable. In the following pairagraph a1

results of Inivest~igations tire presented of certain foreign jgeodýslistfl norneirniag,

this question.

S34. LEVALLOIS-DUPIJY METHOD

Above We hIttd:

Replacing e 2 by e'2In the formula:

0.-

we obtaint

~. I +e -on% #M .

F~rom triangle EPP~ (Fig. 76) -I

m~au.Mu4(63.49)

-~ W7

wL .,,-



D tthe re 1'oe:

W.ds.b V1 + e cab'A. 110 a do a,' 4',

* b ~~poitit. ou 1UX mi~L~ifry iaplere a long the~ rire 01' prrent Ic irrl t,

Be"1t+ e'*cub' A. £Irive -I+- u'*I~~ * uAii'

If(C'A~f.

W o~A,m kl,

%, in#, do J.

W

I sinlo do J,.

Ad,,,

Al At] alld AJ iiu~ Ir dITI-r erivtd V1, tIiue hlt-vgr:iL i,

'VtibjvU of' VWal~uav lilte.gritl were compuaod arid tireo used ill Pritmov. IIity IIN.-

aimplar thnn Legendre ttables of' elliptic~ Integrinls, alnov they nre coipvareci ull pil

argam~o .'hiilem ervibl 1c- to bLnltt corrra tim tu~rmu: of' i'ormu fu1 (6.50) with prvvilon r

oil O01100. 11 111i IJ -Imhfat! Imublva hive tkol boon used tip 1,111 now,

0 ,egitl * ill~ odo (ti 2,. 3 L- ) o M.xpron~erI by ic rimni lim.

II
'II .Tn.

A10.1



+p

Mrt ada = I(, j -sin (2~, - *,)co!;i a(e j)- i-)

+ 64

A I II + K, L .

6AA A

o ~I hi.' wov I') wt, l rill Via a. hItIItoov l crlhIa

I' ~ ~ ~ ~ ~ ~ i Aoi (A- 9),rprt t

MoA .i A,,

tnd ci in ln I

I ~ A -. A.Vn.

pfy



I *I ~n A.( S v-i D'cou A, -111902d ae+ 4j.i1j-)

Or, :wcompijl IWi~tiA Lor'inl I'y t.urin1ltIm.t1P WV, obf.:e1111

hrv

A'~ + +

C. #

I-VWLIOIZ -Old D11II11tY [Y1.1 114'I, !tit vLil;pnrod to hile'eJteI mWl A, M, Vi e'v't-Lti l't'eiwij it

-i k I 1!w 1. t.e via tv p .1v III e ' o~uct~ion or' W11.1. uw te1mv), Ii WIth wi 1vl llattI% Iltv oli' W.11111

t1ttil tva Of .L1;r~~, t1hLI3 nie tholl (-i zIm iut on tptiir wIltA "micel~ e,m il VI.rovt' it

i r'. , 1"mol iuu !:i' mllO

i'~ji' ~it'rii.ti u~ ICLei'Iti. I a k. I t weI'il 1.1 t il at-l-t4.4 t4~k+ I, 1 llit! I by ttlitlrlp J i ll9.)

Levmilols-IDupuy I? I work on ai4ci'Irding, po~wt- riI0 .- si i. a -e .col A

MeireVure from Whe point of viIow 01 convergencoe Vtin~e sirloti t~ro oit'iviuyii4t,,

hlelmert, f'or ftcceleratiton or' convergm~ca of aerie amnd eonvenienceoV 01' Ootttrit

;.)I In1voreY! proiitltl Int-roduced [l+,rmitrneter k LnouIn tit' It , wh1i.?i lt II~ 11Ot~i.114ij to

P~luwilgmunnmr.

E,e, U:3 :ilefUmeL 1t1111t

thc: I1

(lot"

'Uad~i ~ui.~ti~,No M9, p



4 a 01 12I

WIl lv Ii tIm'l, Im rwi;l I.V r itm dI .~e C~r'o 1.aIn o a'Itre o I geodt~ e, IvProm (. will I a~e'

JIM O= do.(,q-

1.1, Iii r ni vul.t a m O phetti' itri gze'oiIi It 01' a it, 11.1. ou hI Ill, have't wo 'Iit e'Ic' w I ll,

till:I '.1111'v tlld ,I g odeile o~nIt i , pce.11.1old hei' I .o o l- nI'vt ' ![( fiteti I t t I .I''ate

(In t oo"piltl. till A Ophairo In which the tuAn l L i ll oh ± qua 4. to A filld

point, fl 1' Intder~ttcim-ete w it Ine rti llien wlirlt,~

V. V.. I n iY Mifluin I ;t~l itdi r, lon i t, I o' i n'ft..n1. of'

4 Ili o ur01 denignciltorm Llm~ rnuixtinur
()(b u 0I 1111 Ludll i~~Ot aph re" (11 anti In Ott

nI ophiircld,

M o II, its iuItn lesl mal.tbocI, Is Counted rront point. P', (1'19. 77a 4nd b).I

ITvrit by t. mt InI.Pig rttIion 'co Idin binoierni a met'o of Cu uh'awtn t.ng rt't1j xirtilifl ion

+e + A, Ati bi m0 1 AS)

lqulation (6,00) gives distance or point, P~ I rom point 1P0 along the goodealo,

'I' w" tipplY (1j,60) to two points of goudesico we will find the ahortest dltsuinoe

bometgin I,hem, Ithe godrolat arc, Leaving desigrnmtion a for this limit We ohtninr by

+ 4 ,hessIIr .e(m



WI.~~~b + I elf~i'.li t

4.

4'

k I I'ik il111o '(1r c e- d l i r W v l w i itI lt

I

~ ~o w ofti iiptiicl dituv byne bunlwee pofit~ aua,0to ofl virnl n I
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,;--HuvictE' 01 resolut.lon ')1 (.he dl rim . probi em ,terordInt!; to liolvic-i- iiieftiod I'

I * (iLi :I n of - ii 1i o lfiti ;ilo by ttir, tformIA~i!1

tgul V /I -e Ig B.

2. lý-iou'l nivn of' winxi I inry valueu up mu 11 ) from, zoJutlon <A' ~pnFOrlo- I

M A,

Ig e-

For- cont~ro) , t~he I'oliowtiiig forinulios should be used:

5. CnI culti.t ;Ion of n by thp I'ormulik G . 62) Wherp thia calncul.- tLoi. I-nl

Qoiid'c ted In Lh(- Vollowing requeic e.

"t~ro I. a I obtnined in dongrees by t~he f'ormul'il:

24 2 2(#;),+ 1sin 2r; + Pe sin 46.

e I - *Jp,

llnving s' and sIwe obtain a 1and 6M

Afte~r ILhat npply formula (6. 62) is used in the form:

cuerfic.Iente Q~, Q'ý, Q 3 are equal:

'I p%' . , ~ * an.179-'
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- 4.Co usci~to (R, a'-- Rs~t vin :wd srickn~t 3'+R o a; .2s

'OL .T CIen RIPuitr R i Pad ift3 are ncen fom 1.ngites by as bye iorgument, 7V) . 3 1 1r

p scI. iim and quarters for thxis torm vltie Xo ficrnid nl ieent cd o b t Vorirdhu

CtV'Shown tables are H.,ovrind tir t diensihonso Hnlayford allipbysomeit. by .fleiya t,'it.,

andui atfl e f sou'enod in di-, wrkeo "Foiermua n abe oaluu no

dir and renvlutson geodetic probl~emsfr ln dV isut~nes fotri In teririintloitaurl' P thril.

deter~rmtlr~ o qu'tleow

4;
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4I 0 te*.

Mc t.hodu p reser-ed iii preceding pa rnagraphs do not xiu .~1p l'11. aI

recolhid.ioo of problemit by ejriir .l nzr(tn 3 Thpy (I IfT;ýr e'~ns t. ill 1- n I mr i~hod of'

I.Ior f cqt1v t.iodtm tri ad modi i'leo1~ion of' series f'or ; anrd Iby rie'nn C I

Introuicticr: ol' p.qrr~rnerPV(r k or kV D~ifferences ir. met~hods of Bessel.. A. M. Virovr' n,

Lev: I Iois-iouply (7) nd Helmert. with respect to necurncy and speedor of' rc-osol It. io ann

nppei'ý, Imperceptible, If' all possibilit~ies for s lmpiiflAat.Ic6n oi' cnlciii1t0.1ons , t.:ikintg

int~o :iccount pectillari ties rind atrticture of' formulas nre t'aI ly used,

Or' a basis of~ considered in this Chapter methods there I,, Ulalrrult ' P~) o~ti

aind enzv~ing from It position, thrit for every geodesic on a spheroid there cot'reaopondrn

dt-I'luitIee arc o1' great ci rcle on ,( sphere of arbi tra ry rd tao -ind 0.0?TreSpMldhld L

pointto of thisc nrcn of' la ti idea :re equal to reduced La11tue irir :i~, ýI mat t lo

Wimirniths of' (Iecdesica. In this inlterpretrition, i'irat det~ermIned by Ppg'tUw ina ta1r-

is! jt.l itbout. the presentotion or' n sphonroid on a sphere, oits t ts incorrecltiy tro*.ated

by certziln :iut.hors, and fill Lhe more so not about, spherical resolutoion ot' ;i prolilem,

but, ibout. n very important Interpretation of g~eoinet.ric propertles 01f gpodeaic or, u

sphr.roid. Thp 9:Oiow property of geodesic leads to the, fact. thit., LI' one wferp troi

connect, two pairs of' mutually corresponding~ points on a spheroid and it sphferf w1th

tiorthlicrn poles, a mutually curresponding L7eodeti1c rind sphfiri~c.il polar t~rittriglen wil1.l

be obtaiUned, which will, be right-angle. when a21muth in one of it pnir 01' poIntso In

equal to 90

F'ron! the point of view of' rapidtty of convergence of series and uniformity or

resolution direct and inverse geodetic problems by lelmert method should tie given

preference to one before the other, If sufficiently detailed tables for coerlficients

"' Q, Q~, 3,Rip, R2 and H3 are available.

3 6. IMTIRSE GEODETIC PROB3LEM

Tranemleefion of' geodetic coordinsteo for distances of thousand kilometers up

till now is used In world practice of' geodet...e work only In particular problems.

1!________________ _____________________________



If, n.. vx Ui Q. 11. , It' ?"1. 1., I'l.t~ 1'.1 2itlt, IA; iA~it xj2. ~ c~ Io ,:I:iI * wi~

!"0't 'ti 'i C ( i 111 1 liy I lti&'t-,1 v : 1P.,; I' :I I0 cl owr IS il 2tt: I t '2 i tti 2 ' III

vtt viu' I.t' rons- ll, baII (0 ii' conta,1 inporgeud y Jo qi i'einni~i.U tr d'u kill ne .tiodn , byl

1!tt 1. 1.0it ct~e oo rd I Ifi j: i I.) 1' -r poItnliryI.I 1(

V~~ ~ tit ~ll8.tl. I 18.tll~.IV 2 l.12-,i 2' 0!, roAl',v 1but . o~lVzit UI t 1 01v

I" Ctt I,:j LI I'It dlIi I''~~i i i~tm!iljl1 ii d L; L i i p ' a p p rul I ma U v~l tIllpi bu t'I . i. I rgLv

Iu. ,1 trtlr2 , ltt22 t i 1- t Yi 02'2 1i1l ofll' !In~ (I It. )Y,1)1 ' I '11cl.1'!I 13 .'y i

lollvj r L '1 0 ti7t -I'r n u utp :ti l' :r . lit!: 411`:1 S 'v'Lt ;tl l N k ori1 ii PI 0u. t.i~ 12 wi ,II l lItt' I la

W1 "ovill I~t I2 d ltt in rit)i :IO Inh t.:l'.t-r In i a' tli'ul' w rk Ili1' nn21 :j lo .o' Itr.'iiof I.u 1,11o2 it111tr:

* ~ ~ e §li 1.111 prVI;Xi3n wertI1 Ihey wvroj* IE33: nvwD A. I. V1HOVET I'OR

2IIk v - 1 dit d on th letive oiy Ititu I.rcIIn revie 11 si Co r 01 itive !itid i~ odr , by

problem. woI "II Ij1~ met iicid ot reslu-ionL k-1 leodeticl- prol wt veo.rby 1.1-dte 1 ne'k

1.1'th I llow n ct R ig, 1.11'! t. c'? ,*1 I + t I I '!. 1 , i~13 o BCof I o ittid cGti itId I I- ri 1*IIV ' 1'11 :t ) i!11r t

* -o t. h1'ru 111-1 mt !utv Vi ntI, bitweI .111.11N j11 0FJ2 k~h 11n Me e ' , WITLI: W1 11 lriCt.8'j I Ii jt'ti IfI

(It' rlth CC.J'I cLT t ha0! tI0 It'.. 'e II - v vIuc~lv t , .'rd retl, !y vIn I re~2.rd La 1 gfom'rdia, '1.12

p-osed11 tI ronble.rvnu whrebyo oothec leng th, -I' Icode1ic ' ,1f, strooinci I 1znul '1.u 1,.lt!

prolem ITilv meit hod woil teolalculot' geodetic prtotuem witsdeveloutd hyt tiertitt tinder

I,,'~ u n ~c rifitc s IlV i -84 Bap idGn rl .Yt iivl Y)c rlf

ou PLIn~n eaurmetsbewen rutnan Mttel, hoe hati.- etn I-'182- Iir t

wu n te Ca tta t .t ciu te niecl n rgid L -~ l--dal l ~

kii posed a probleml wheeby the length of' geodeicatrnmalizuh-Ad101uc



L~witrc (Mlemol I) ,rlind~ m~ eI~ alr '141V to~ 1.1 14: t1(inr,

&0o 01:41 bI rd fc r 1,11!1 t. p)OI I)t, IjY -i I. ro no rnic:i oI ) c scrvt. tae or I;( I A L I ýIdv

We. Wu ana uzlmutu h. Fzrom di ffoe rcrtc' of tHiece Va I rt,!r hir 1)10 I ned ceirree OLI

ror seiemizxis t o' e ). poold: arid oomp reo.,1ion.

le ;VEf~l he tow Is tII method wI I ci iaa 'ndnl on ni difforviti. '

I ~. 7'..roposfils for appi ication ofl' Pessnel Vornic I c C .uereicI ott )

1.IcV( - 'Zt V,12 10(If 1 11' p)r1'0 le1acT

Twoimp 't I.wny otF rosolution of' n jiven petcl'1enl I.,, corpoo(1ed o1' I ic' l'tcl owl ing

a) ront J',1vfon 1ý~eortlc 1:' aeI'. and 11, conve rt. WoT rorreapondlnj,r rv'iwic''r

Ltikl rg, In Lhe firis t. aipp.roximat~ion wi reosoIvf- wacx II.a tr ic.pcle' pi1 iii .irirrl,1,

I'~~~ 0. -I1g in)ad dolI~orml ne app roximrle valixer, k), ;tnd /

W1 lth tItun-lo 0 aid A again caluiC aio.e aci by the i'ormulir

011,I1 Iiig ccIJ renpeal, r#.io1ti Lion ocl' t.riangle P~ 1. 1', and V ind moroe .'-ac I vriln ol' O

a rid Al. 1irivirig I:tt~eal, Values , C.-IlcralnI.' now thecc wt y :% compiri r V4 orriliti

s.~esu(uePain 1Cu$(2rT + Sr. (If5

8uci atprx.Ivttonodep~ndr, upon required riccuracy of' resolto r ncI

seoveril. 1tmecs, but. niot. more Lhan three. After obtaining preeise values o, Al, 21~

U() and ~T by 1.crIornmulr (6.-II) , catil~uitte a. By this method urcklowrc vitlunr cani' he

obtr.tlced pra~ctiecally with tiny degree of accure~ey.

61vont zchpsin of' resolution of' inverseý problem ic applicable Vor formulan of'

I'rol'ooscor A, M, VIroveta.

Fromc LrLlangieaS P1 P 110 ard 111 , (Fig. 75)) we hnve:

Cos f i - Ig lm~cg~. (b)

E'xcluding from these trcmulas cotangent u. and constil~uting derivative

proportion, we obtaiin,

Formula (6.68) can be utmed with the method of approxi±mations. In iho7 fi'rst

approximation P. -1, let us find firet approximation for P, and Pand then J
by (a) a~nd (b) determ5.ne uO. With thitac values 0. and u,, calculate second

-183-
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#4 as Cos tiectgt,

r. x 1. 1 vI i

A I' f! wd~j~ 1,ii vmeu *, ,p, *~i i ikiIloVii S', A ii A,. ir.'
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cq A, -. tg u, sine
I10 tQ+Cos2.ýsin a'+ P, cot 4.@ sin?.'1,

WI I" bps. '

!,o pt I ,tiLo 100 I!1, 111 - it)i 0. ' i n, .1i rli ip.he ly dn citr : i r x n :i pproxi nc ' i:: h m i 11

ineiCC Ir uly "outii~ciont. f'or prrcl~t! retliti'nrm, rIn ipproximith-Ao '-'m-ri n

:Il ITIe .I -o do I:'I I 'uII it lEI-C IhYI' I O I I L ANIn: l WI tIliX M) I4I

An cinN, sieearn Prom the, n1hoyr', Iti rt'ioluat-lot of' Invermcr, jir'ot'11 f hoi 11w ii nIii I em'l

1:I ' I td nI*i X tii (iT'.erence or' 1ong1hi~des orn :'u3 I lnr~y tiplir I't' For I' t-ilvi' l oll tit'

on WhI) 11m .c ,V(..I p im l'o :1,vi to' tinrke:d by Coo 1( 11 tt ezi 0i 1 ui 10tu1p 'i ii 4ý t' I t',fl 1%.11

n:mpprt~ixI mtrt vni Iina or a, Al I A'N antud. conneqiient.1y , u~ It, JD Lhe Ilrt Ifl -i L ' o provni-ii

1IMtctic1:i It' Y wi1.,11i c. iculuit.1u omi'' oivcrcmond :'pp ?'cxi faltt.ion.a

I I. In I oas hiblo til~cl Lo U100 Lhn f'ol~lowi ng grnphi c tr thid.

Oil t-raiijzo pmiper, utit determilned sonle drarw at bundlo of' goodelen I( cii iii I Ineni

t.owiil. oil t.11 same scale an U011111 drafting pnp),.r diraw ti piit.,tirliloi. ntt i.11P

g1r~it. 1 t'uIf p bcce two given poiltn. For do t~erminhtlIon of' uO 110(1 il ml. 11.1 gl' .0It' ini . 1111

nltrmiolti puper in such tn manner thnt. image of' tquntors coineldea. Af'tir't flitit-

del~erminv aupproximuttely the posjition of' the geodesic, prilning throughth Wpv'

ponlstidth,)0ndu , (a )0 ind o. By these dutn itpproximoiont~or by the
t'or'u1ii (h.,73) aeir catrried out.

Antilytlo me-thods of' nocelernttion o1' npproxtinintlond tire more untniveroii midt

fsi~it-nr yrPett Iioem~blbilttes. Let tic consider some of them.

W#, will uonvert, spcond squittl.on (A., 3), replneing in It. L~hu- Y-tittr've lillt.1ut'1f

tit' geolealo.

We' hinvute

*WON
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cV.(V1 +4,"V.,

I I- .' I I li:oc I., It I { o III. I.. Il):

Bes IV'I (I7 '

,)VL-~~~ ~~ B4, av., T

I~ ~ ~ ~ 7 tlta l.i-~.*v+*sci

- "qV;..-(V, + 4%;+ V,.

-IV-

""IV:- )

I'•.'1'111Ow I|It. t 1rl• , 4 1 • ' w o "I! 1• "1 1, r! ,.io , I ,ll~ l ;r•v: .,'11 ,It• I1,• I, 0 '• ;, ' k h ', I

IIII. l it { I .-w o .olrll "Wi' ' l , ll l nl v•'I I (, o r (!..I I o u ll .-l| ll l. , I ,IIII i' 11 I'm ,,t.

Art O va I'% , lll , ot,''•• ,OptI t. 1l+ 1,' lll tII I.

u"n I ht:' u'O

. 86-

V 1 .I1-

.. ' 4 "'"

IIII.



I +. k.t$U.e it%*1

hn e

10 lv) 7 1,:** 12) 2.42
31) I.12 &1 142 1~ 2.9
30 1:h I 14.S1I') I 11'

Ii 1.14 7

a 6000 k' 100 ~2,0,
* ('00 9 12000 4025

1 2000 v 3000 k,-30

W Il t' loo irl"'' t i1 1 , r( Ir W1Ii I I .I 11 1 1 1 ,, to 11:1 q - ICl IC

tie' d u eii t' i ll Lp o 600U.11 Kill Vormiela (6i. 7V) c.2-f tin 1- Arn ~in P t*1l by ert:

Ill' Pi'll Ipe.1d h ol .0 111 i 11 " wrda il

d+ 0IMt Coos a ,, to$ at.

W ATa 667.,.

In Tneb1' H dtitt 'ire given, which presents the n~ccurney ot' Pormulitu fi~t) nd

T'ib1l'

rM ~ ~ 13 I atI~ *1 a 01 1 '0,2 -4111li, 33
j..4ihU F13 III it ) 4 441 3301) 1-IG53 45""I 15 1111 seal lug 115 $I

S It

..............

m

goo



SlFrom this t:,ble it. follows that formula (b.78') gives better first approximation.

Tlirutuziw It *hould be used for resolution of inverse problem for long distnncpz,

S e•]t,:c -ily duri.ng tIp- ,ox n..tlion calcutt, •ons.

Having obtained w, it, is possible to calculate AV A• and o by d.`...rent

gzeopjps of formulas.

i-irst group of' 'ormul'is:

c€g A, - tg us cos ui cosec w -- sin uctg w
1 A;. s.n u,c tg --g .u casscoec w

Is(, 6 79)
on A;
tg wa

:;econd group o' formulas:

. I iz COS 14A in Us I-II U, Co.,its osa

X, s:os us sin us cos s in ul m., us
, c€OS uI tin

go c os &isin sw
Ig A, - ju 6.o

as*7 sin -a-. Lh
'csAr sInAk

Third group of formulac:

-5-
au m

,aAx - -(A,- +I As- IV)

Ig A, Ig A -+ ~-i t~osa

2 , 2

I:" du Ai cow'&A

In rormulas (6.79) u1nknown vtiluea are determined mainly thrOUgh tangenxts or

•,•. . otangent. that ensures least erv.,,r ~ur'ing i~nterpctlativi 01' tables of trigonometric'±.•,funct~ons. IFormu~aI (6.80) $hc,.Id not. be used vhen , is close to 90 horrula

;•.!•!(6. bi) are convenient foy' logari thmic calculations.

I.A

•.hP • • .' -...- : -,.-A, A.- - .

.4 .. ~,~.:...:a



Unknlown dis!.LinCfC bertween given polni P, itln] 1" ?1ter obaIIffr .1Ai

Clifl be c!nIculated by the Helmert. formula: f -

VýIlues Q jf, 2 and 5, are taken from the t.;ibles by )rgument forkI

s.

During recent years scientific investigations appeared, directed Lowards

subotitution of approximation method by finding X by a straight line resolution of'

the problem.

Ocemuitlcally this way of resolution of '.8he problem ezr: be ,.own in the

i'oilowing manner.

Let, us assume that

where:

84 m(uia, Aj

Th erro foe:

8 ,ae, Aj.)

but:,

-A, Ak#,( t. 1, I'~) ki,, I

or:

Thus, f~nally:

aa~eti.~+4

.4 .4,



American geodesi st.. :Iodalcnl by mrears of' very crn-Iica~ioci analytic t.rm31ofrmn-

tioris iiiatiiged to obL na Vo riu ih for X., which does no,,. r,ýq:izr& me t.t d of

npp toxira tionc . C;odmtj 1.0rmruinz -ir'e s t. ill very complIcated fo r aiut.osthey

rp~ooive nuestion only In prineiple, but for pirnetictil 'icliosrire niot useIfil.

In .opite of abund~anict of' printeci ma~tter on resolution of geodetic problems for

long dilsta-ncen , this~ p roblem c 'innot, be considered finally solved. Inasmuch as Lit

pre:;en t. i. mne nainrly aprx nle i utioný., of probltem are requi.red, then depending.

upon requirements for accuracy diff'erent methods enn be offered, basica~lly leaning

(in o riv! mie'thc'dr of resol Ut;i on, t.he m in on~es rttv presented In this chapte r

M~lhr~nlt~ial ndgeodet~ic bases of' resolution of' these problemns are i'ouflded oin 1tesqz

einot, oido, -4comipmred t ho their vervmaining proposals are only modifications, essentially

simplifying calculation and improving convergence of used serie.s.

Numerical examples ot' resolution of~ geodetic problems, direct. and inverse. -arc

given -According t~o Bessel method on p. 292-296 cf "Practicuni on higher geodesy"

and by the for-mulas of Prof'ussor A. M. Virovets on p. 20-20 Issue 953 Works or'

'Co. V. Bagratuni. Review of inethodo of resolution of Inverse geodetic problem
L'Or lonig distances tfromn material of tCeneral Assembly o1' Internatilonal. Geodetic arid
Geophy*Icil Union. Tzv,,etiyn MRCO, 1960, No. 4l.
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C H A P T E R %I'.

IMAGE OF A TERRESTRIAL SPHEROID ON A SPi{ff:.E

§ 39, GENERAL BASES OP IMAGE OF CNE SURFACE ON ANOTHER

To depict one surface on another means friding a law, in accordunce with which

en..ch point of one surface should correspond to a fixed point on A..vther surface.

In ot.her words, in projecting surfaces an established point must contorm L.o b1)(iA

ourf',Ie(.,

Let. us nssume that coordinates of points of first surface are expressed by
I I

p:r~imeters U and v, and second - by u and v , then

Since the image should satisfy definite geometric conditiona, then function

f1 and f'. cannot be arbitrary, their form is determined by assignment n•f conditions

to the imrige.

From equations (7.1)

Let. us tind geometric values of partial derivatives (7.2). We will not disturb

generalItz:0I.ion of reasonings, if we assume, the correspondence between two pairs of

variables (u, v) and (u', v') lB established on the same surface. For this surface

the square at' lineal element in Gaussian form and curvilinear coordinates (u, v) and

WU , v') h-ive the form:

T, yo* i

S-~~-~-'-~.. -~--.*-"



ds' - £m,+ 2F•du+C# (7+.C)
&V --E'd +2F'o+G'• v' 

(7.3)

Srom ["ii-e. •,u It. follows t~h-t through every point P' pass four parametric ]liiee,

"* 'ur whtch 1, V, i, v :ire corresporidind consstantts. Ele,nents of' Uiese llnos..

corresponding to differentials du, dv, du anid dvi,

* are equal

Let us draw from point PI an arbitrary directo,,

* I. P 14N and designate angleE, formed by these directlons

and coordinate lines, by at Op a 0,. and cooi dinate

a angles by w and w We drop from point. F2 a

perpendicular P2 P2 on line PIN and find its lerngt.h.

Projection of broken P2 A-1 PP 2 and I',DIP. on, Line

) 2. PP2 are equal among Lhemselves and tire equal to t-hevig. F80.

lerlgt1% of the perpendicular, I.e.,

j] hs sins +1'•mdvs• I irm'sin i' +1""',.in. (7.4)

Obviously,

* Addlilon'tlly we deslgn:,te 3 .. a = y, then:

-P-, (7+')
, + '

{:"I I I

We will copy (7.4), expressing in it a, 0 and P by a . Y, W and cc by (7.5),

I' n (' + ) +
-+ 11 4dusin,+

:'%":~ ~ Yu+iv an (so +. (-I•'

4 Replacing u throughout in (7.4') by the formula

{ Se - •'-- °..

•"e O•btain:

v.d uiin, +VY-a----.+ ITdysin i i+ C1, u-') +
A + VV i AVACT. (7.4")
J.|i

.192-
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;I rection Pi N is select E!d it1)s o IiLutel1y a rb it rnr I Iy an d e qt il 11. 1e s (7.4) ,1nd ( 7. 4"

ofVi,,.uf j, do not, depend on it.. Th,-refore we can t ake ['(r (7.4') a o, and Iror

(7.") � •0. Consequently,

*V'r'du'sinu .',- )'Edusi(. (,+ ./--)+ I'i'dv..i.(-'.--.) •'' .... ' -., 0, ,

I•I'&ln.'.= )/'du sin (I--) + Id•,Usin.| W,, -le A

I-sn-( -$t+ G! siW d
du,,- i/ fl•.¶n- +-- •.rg , -' -v d ,

V , ' , ift.' /" +-' .

From ,!omparison (7.2) and (7.0) it. follows, tha"t

"he F s ine ..% .-Y)ia- ' . ,
El an-i

e'' s'in , A' . ,iT I

en " .. * ' A + ajP I

E'hruations (7.7) are Justified for any system of curvilinear coordinates.

However the more important is the care of orthogonal systems, when w u = 90o.

liesides:

lxcludinp, from these equations sin -y and cos y, we obtain:

t1I-I
(7.8)S4t - -- I"

EIq-:It'ions (7.8) •re fundament.al relationships of the theory of image of one

surl'a::e on another; they express point conformity between two surfaces, if' system8 "

01, v) arcd (u', v') are referred to different surfaces and give transformation of

curvilinear coordinates, if systems (u, v) and (u', v') are seleo.ed on tf,.i same i.

sur•'ace. These equations we will subsequently use very frequently, since they give

reneral solution of the problem of one image of one surface on another and 1transfor-

mcat,lo, of curvilinear coordinates on a given surface.

1,qnm.u1ions (7.8) by their construction resemble known conditions of Cauchy-

tIlemann (?) In fact, where E I E G I from (7.8) it follows thalt

7 7T (7.8') 1
.% - I•

' ,,~~~~~~~~A ,A,.. M.... --)r-•,+,m.•

• .. , :+ .,. • , : , : +,+• +:• r: •:• .. < '+ - .+: ,-,,•,-+.+,:÷ ::. : +,. , ...=,i. __-.U ' "

• + '~~~~ ~~ ~~~~~ ~~~ " 4. ... .. ' + ...... .... •; ".:,,o++ •



I Equations (7.8) or (7.8') possess the property of symmetry, i.e., they are
7, eilu:±lly suit-Lble for resolution b~oTh of direct), and inverse problem of iimatf~ t.rinste

of' surfiaces nnd transformaLior: ot' systems of' coordinates.

Equatiuns (7.1) conclude all possible images of one surface on another. In

sp~i(rnld:il gecidesy such tmages are used, they vreserve similarity of' geomet~ric figuren

in their Infinitesimal parts. Such images are called conformal. Similarity of

J'L~,ures, its it, is known from geometry, h:ive a place, If lines, forming arbitrarily

small I'Ig~ure on one surface, are proportional to corresponding linez on second siurfae'c.

i ad Lhe angles, Included between the lines of' the first surface, are equal to angles

btetwevn corresponding lines on second surface.

ina3smuch as the simpler surfaces are plane and sphere, then in spheroidal [,geodesy

cotiformal projectLions of' a spheroid are used mainly c.i a plane and Z, sphere. Conformal

project.ion of a spheroid on a sphere is used, as noted. in Chapter V, in resolution of'

direct. and inverse geodetlic problems. Very frequently the conformal projection of 1

spherovid on a sphere, is used as a step during complicsted mathematical calculations

on !I surface of' n prolate spheroid, furthermore, with the help of' the Image of

eLlipsoid on -t sophere there Is esta~blished it degree of geometric proximity of

terreýitrlal ellipsoid to a globe.

"iliuss was Lhe first to develop the the(ory and practice of' conformal representathat.

ol1 on ellipsoid on I. sphere for geodetic purposes In his work~ "on research In higher

Gav:sr approach even now did not lose its value In spheroidal Egu.odesy.

7 Although we now nave mriny othrr r...thods of resolution of this prol~lpm and thorougr.h

supplements to Oauss theory at our disposal, his work in this areat still1 remains a

Fclassical heritage In spheroidal geodesy.

4C)a. CONU"QHMAI REPHE231,N;TATION OW" ELLIPS~OID ON 6PHE'RlE BY GAUS6

In presenting the question about represŽmt-ýýoit-r, of' an ellipsoid on ,I sPhere

Gauss applied a theory of' analytic functions, specially devt.,oped Ly h~m. licre a

somewhat different mathematical approac-h is applied, in which elements o!' t he theory

of analytic functiot.-3 are absent.

Square of lineal element of a spheroid will be ex-.res.zed as:

1K. F. Gauss. Selected geodet3',. works. T. N. M., (;eodeziad.at, 1958p, p. 63-91.
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:;nd !ivilogously for rphere V
IiitR'diU2 +I Rc,.'J%2di R2Ci*1U +d

whorre k - r:!dlus of' a sphere (while undetermined),

l 10,1,1.d"- or!i Sphiere, V

A- longitude on a sphere.

Let, us introduce the designations:

'N. =dý. I( - .--

t: env

& V ' R c ceo s 'U d ?~ + d t 4( 7 .1 .n

Il' you comparp (7.10) with general recording of the squnre of lineal elemnent.

by fuss, it would be easy to establish that in our case F CI0, F. u . C1urvitmwn.'!r

.:,rdinntes, for them, F = 0, E G, are called isometric ("uniiform") coordinat~es.

Thus, (1,, L) are isometric coordinates on a spheroid and (?p ,X), on a sphere.

lanometric coordinates on given surface form a neltwork of squares, If coordina*te li-ne

u - conal. and v const are broken down in uniform sections A~u = 6~v.

V~ilxies pI, V1 zare called isometrl~c latitudes on a spheroid and on a sphere

correspondingly.

P'rom (7.9)

a

Mi8 1 "1-o)d M ____________o

cain -1c0sise8

For reduction of' second integral to the right part co the tabular form let us

Introduce a new variable under condition:

Consequently,

495-
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or:

4 hut:

but.,

therefore

f -Inta(45 + --)(: n: ' 
("2-I +#N'ine, ,;31(7

or

is (•+TT~-- (7. •1,)

C- In the left. part of equation (7.11') Is the base of natural functions.

For a sphere where e = 0 f'rom (7.11) it follows

V. -. Ink• 0+ ). . "
Vailues V and V, are shown In special tables: for instance, in Cartographic

tnbles of TsNI"GAiK for 10; in Cartographic tables of the Hydrographic adminiot~ratLiol

E VWs p are given for i.'

Let us apply to lineul elements (7.10) equations (7.8). Assuming that:

I.

rmw-wcr~(7. 1P)gam
£EMOu-dciOB. XMI.- -L

We have

eLI • (7.i?')

where:

For integration of equatiors (7.12') it is necessary to set definite goomet~ric

'In worK of Danish geodetic institute Geodetic Tables on international ellipsoid

difference (B •)are given six decimal placps. Copenhagen, 1956.

S.1-'



cc~'it~urswhich simultaneously will determine the foarm 0ot' tunct.lcdis f1 nnd t'-

Otur -iIsto) obtnin conformal image of ellipsoi. or, a spherp. Let us sk-tn

cuzi~iLiu.,i, LiiU~.prl on :in P1iipsold corresponded to prile.mon ni nphire.

T[hen, for sirength of conformit~y, meridians of an ellipsoid must. corrF-opond to the

mpririi:inmg of n sphere. This means that -~

~(7I- 13

Ti i simpl'r soluttion Is obtained, when arbit~rary functionsn f -ind f p, m

+p il LL) 1.1itmist.-lves argusivnts-, i *.e.,P

Ifis(L) L

;Iui'i rpproach is expedient, if It is required to transfer all surface of vi

ollipcold to i sphere which is done in ye'solutlori of varioiiica~rtographic -prob1'-;---

lit resolution of geodetic problems only comparatively small p~trts of' the Guri'iir'

,.) o ellipsoid studied, In these cases !(. is more profitable !.o Introduce Indefinite

conoftant. coefficients, with whose help it is possible to use the image of' small parts

of' the surface in the most profitable manner.

Let-

whe're 0 Is a Constaint.

Consequently,

lnrier these conditions from ( 7 A±2 1) It follows that:

or

Without disturbing the generalization of resolution, we assumne that:

It Is alc-o am constant............

We Ivive'.
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F'ormulas (7.114) and (7.J5) giýve t~he Inw of' transfer or t.ransrortination ot'

***.-..~.,. icnnctrie! cordlnirp.ae of nspherold t~o iomet~r~v roordin~aties of a~ Nplire In confortnril

p ru'lectIon U1,~i Cl IirL t I.o at second.

IL ~rmulas (71. 14) anxd (7.1") conitaini Iwo a rbIt. .rnary cons t-.-nrt. -. alld k . Fi''rthe0rinore,

or ?; a! --pherec R renva tar unknown. Ihov honor :f;t trt. IItIc a sel ovi'1.1 on 0 uollsaning

a, o Iong~'to Ouauss , who p ropos '~u !tne Select.1. Ion f t' cis U-IiI ill ;w a. 511: I21 1.11tit1 the1

ioela lnia~gt in dtevlnted from .- Ii unit. by a mantll valuo of' third order, not couinting

theli Cm:i'2r, e*

In__ vonformal.. projection sc~ile in does rnot depend oil d. iecLion urid Is a

I tloll of, the lI..ItA f I l :

Applying Maiclaurin series to (7.16), we obtain:

whort., It Hie 1%lat. i.de of centital parallol of' depicted pnrt of' 'sir ace, iiit

,.. re eatcul.,t~ed by Intl tutde 14

For de t~e ruvt,dltoll or' constants 1'o R, C& and k let, u. set the I'ctiowing conditions*

let, scule ln on centrdl. paraliel be equal. to orie, but on other' ptiral leoi it. dvae

I'rom one by values Of' third order, consider'ing difference (P - )) 'I vntue of, fi.St,

%. rdt,,. Thentno eonid 1lone is nn Y L .teolY nre' expresased by ear ra

2. m~eu(

and

iEseuint of' pearallel of' a spheroid is equal to N ere F d L., and the nwertdinrr

Mdl~j these elements on a sphere will be R cos UdX aind RdU.

By condition of' conf'ormity;

Mi8 A'g.IdL .. 8
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r :

me, '-- OR 2 M V sdn U -I M efu , m P

ky condiiion m 0

corinequerntly,

A.

asin UV- sin &. (7..)"

in order that, 0 = 0, would be sufficiently needed:

Al 1-- a sin V +'sin B). 0,
d0l,

-- toU-•i + Cos& -,•J_ •u + Cos ,• , roi,

Consequently, 
me tax

0 A . Co s B (7 . 2 0 1)

or:

But by the formula (7.20):

"N'L- so Si'L,- at- sln'i8,

theret'ore: I%
'- m'in'+ - c"I2-I- + 0M4 P. I + etco tBo..

lnnInly : I- !e

S- gi +,",•. a..(7.21*).. ,.

By equation (7.21) where a given B0 determines a; from (7.20) find U0 . Having

0 ind U 0 by the formulas (7.11) and (7.11'), we determine * and *I. With a, 4 and

a 'Par (7.15) we find second constant of projection k by the formul),: .1

t-'ora ',.,undit Lon m0 I it follows that:

,J a R tau&
\" "€ • -R.t I,

hence, t~nking A,. to account (7.201),
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a CIAU,-

Thuo, rUaCI.uI of' sphere R 0 Is equul '.o meant rad Ii;n U' Cifrvatare of' spherold

:,,. 1" l. Lude of C ont~ral pa rallel It Freiliently t.ce intitude of the eentxrl par:illel

i.-.z c'illed norm.il , .n1msmuch -is central parallel c:,m he selected, conshider ing tLi

hie- l'-' t.:i of, the ru9solutioll of" Lho' uroblci, on hazid, It, .:; better :a i Lt s|;imd'trd

* - p:ir:il.eci.

* Omitting drltnil of c'lcuunt!.Jons, P.lt u1 r'coY'd tjh. ApnroxtiEit.e va Luc of tnird

,1 - ON AIDS 8..

Consequen t I y,

- 86,, - + " '" . (7.24)

For numerical calcul'ittons this formula can be used in the |'or!:

m-- I--.-ulnBo (B.- B,)3 + 4. (7 2 )
3

Where It 4=1 differe':e. (- BO0 ) = 1/40, which will correspond to dl ere.,
00

of' latitude approxlmat,'ly by i°.

HIence follows a very irn.oriant derivation tai.t If' a niaximum dintorrtion oh ItrinziL

element,- io allowed by the value of' . .•t the edge of a belt t.hree Ot:,rees wide

,ilong :. latitude, then th-3 scale withiln the limits of' this belt can be conbIdered

constant and equal to 1. In this case It. will not be necessary to Introduce

! corrections In the ,neasured elt.nents, I.e., In lengths and direction, Thius, we see

tUhnt sufficiently significant parts of a surface of a terrest.rlul spheroid can be

replaced by spherical with the help of a properly selected radius. As can be nee'n

"Ifrom (7.23) thls ralius shouldl ke t~he mean radius of' curvature of an ellip oid on

'• the standard parallel.

As a result of' cited inw stlations the following plan tor the zolutlon at

geodetic problems is obtulned from gi;v n geodetic coordinates of' the fIrstl point, of

triangulaticn we convert to spherical coordinates by the formtlas (7.14) ard (7.5); If'

V the triangulation is located within the limits of a three-degree la-titudinnl belt, thri?

it is taken as lying on tde surface of a sphere and huving the same angles and sides,

6200-
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-1 oi i o I I ipso !-d by L: Iese dnat.: t we ea lcu Iate Lhe JwiL I, tilde it id I or igi t.;d P o I' pV. 0!

oC f .rmiit .Io n :i spher~e; I.leji from !.I em we convert, to geodletic. ronrd in:o ter of ,

Isi 1. 1r1n I d. 'Irans t la~i from geodetic coordinates to spheric:.-I :ird oonldr:el .I

bt, ecompli shed with. help of sspeci,4i tabLes. Go~i~ss I:ompcised suchi Lables.

Jucli rethod of' Calculatilon of' geodetic coordinates w~as applied An tie v''in

in:: ,e ~ icomplishrient of' land exploi tation work in Transcnlucfizus. At. pr'::ey: I

I.1!: V in fahd does not, 111ve p ractica~l Value, but. p rtzejeit L5am t V01,L ~ at o

sphoro.1dail geodesy ii. gives clear example of' geometric approarh t~o r1naatut1.ior1 of

i~cd 1c prcrinlecm. Penti t. of suchi app roach become percept i!le. *WI t en di iem a t

of' do'p!cted LerrItories -are such thrmt within its limits the scale of' ifrrIe cain H,

itnko r-4 f.',rpinl to ona and, thus, eliminates the reduct~ion~ problem.

41 J. APPLICATION4 OF CONFORMAL REPRESENTATION OF ELLIPSOID OU A :;riI'flw

TO RF30LurioN OF DIRECT GEODETIC PROBLTEM

lIn preceding pnragraph it is shown that in Whe p:,rt of' a surVIIIe of ,j

t~errestrial spheroid, limited by parallfels, whose difference of lati~tudes does not

exceed 3 (with accuracy up to :1ioi 8 ), it can be taken as spherical. Raditis of a

-phere Its equal t1.0 the mean radius of cu~rvatIure of' a spiimeroid on time vtnnd!t rmi

pa~aLltri. lJnmg this important derivation, it is more expedient. to resolve npherod:ii

problems by meains of representation of a spheroid on a sphere.. uin~rg the splhe.re. as

nn Intermediate instance in mathematical derivations.

* Area of' application of this method is quite extensive, but for the il]'tsti'-atior

* or brtsic idea it is suf'f5.cient to consider one classical example, solved by Gauss.

We lhave In mind a derivatior. a,' formulas with mean arguments for resolution of the

direct geodesic problem for distances, not exceeding 25-30 km. ln this case the are.-

4 of' represent~ation by latitude will be less than I ,and the scale of' the iaewtll

be eqjtjal 4o 0 everywhere.

Ther efore:

1.MAdaBa.RL,
2.Ne8eev1(.2)

Channfing from differentials dB and dU ti; linite differences and subst131..1UtIn

ettrrenl, p.arallel by the standard., we obtain,

We hanve.
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alit A- or *in(h, (7.2PO)

P -- latttude of median point, of' :,r s on a spheroid,

U u
tin- mean latitude on a sphere, equal to ? = U0 = m-

From (5.18) It follows t.f:t. (F 0 - Po) is smtll v.%lue of the second order; with

',eu licy up to values of tLhird order, PI. can be taken as:

A6- +_-b+ ••.+
R-M (7.26,)

2 N, cose8,_ -RCosU,+ . +I"

3. slnB.,-sdnU.+ts

On i sphere polir zphrotridnl triangle P PP2 (Ftig. Ai1a) will correspond polar

spherical Lrianght' r". I'P ("112 . 31b) , Applying t.o sp:rerica tri:agle P P P2

Gtaxss-Delnmbre formula, we obtain:

Si siA. -cost/In.I

cos .... n , .. ,, 1k, AIn.u (7.-7)

X AAr (7 2

Pi'g. 81. 2

Arratirtingt :.zines and cosines of' acute angles in

serles and retaining in them smnll values of third order Inclusively, from (7.27)

we obtain

Rl, 74Ts~nAusa1cosU. I-X.!..' I
+ '--.-.--" COS,•., (-u " ... ±{! "'~( 2 ~4) S

- "- ,- - (7.27')(1, ,(- (, -+. ).,2,,,1. (, 24 )
. '•: in all uor'r•.ction terms, in parenth-ses, with error in values of fourth order

":.•+., it is possible tO accept that O - 1.

: From the last equ~tion it. follows with the same accuracy, that:

'4' ---" +u'-a'. (7,.28)

S~substitulting by the formulas (7,2(') spherical elements B:y spher'oldsl. jn (7.27')

'~~ and expreeein• differences of' latitudes, longitudes, 'nd aziinttthls in seconds, we

- obtain'

S2202-
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I
r, sk a. I + r. ,,+

9.0. 12p"' ' Up',"-r'.,tn.(,+-~ ,,--,

Introducing known designations:

MI).e•, (- )._(19,s A !.

(2). ,sini A. sec B. m;._
M.s sisn A..tg B.. -e.,

at.cr transiJtion to logarithms we obtain:

lla-er+ -L'._., + -
4 2

4 4 Cr."...0

In formulas (7.29)

9 tl | l II II l

in correction terms it is taken that b m' II= Xm and -- t".

Formulno (7.29) were alrendy obt-.ined in Chapter V under number (5.27). Here

the object was to show, how the problem in question can be resolved with appllcritlonr

o!' conformal representation o01 •n ellipsoid on a sphere according to Gauss.

4§ JP. CERTAIN OTHER METHODS 9F REPRfESENTATION OF AN ELLIPSOID j
ON A SPHEREI

F'rom p* ceding paragraphs of this chapter it follows that for representing an

ellipsoid on .ý sphere we are free to select from three parameters or constants, one

ol' which is the radius of1 a sphere. Frequently in representing an ell.psoid on ,I

sphere for geodetic purposes, it is expedient to take a aph-- e with unit radius,

but with remaining two parameters, to act in conformrity with probh•.m at hand. It In

absolutely clear that the variants of representation are many and the problem will --

consist; in selection of the most suitable t'cr a given purpose,

Let-, us consider the more impo-tant and simple in geodetic sense of representation

of a apheroid on a sphere of unit radius.

-.203-tl
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Sj. 'ierlzl hep resentation

Let. I;I :, u'v5•, 0-.t. on. (' i , ,pi ro' o e 1" t. r:i.]i:is tuL gemiet.[Ic (coord! o .es -T :. H i

- .. i.[.U: it C:' LU T,?:,.; , ,.r, II.j- wLt.t: ,-, I ,t .c rdin ten ' :j sLp eroLd, I. o.

-- on ra r7.,

- ri the dircl Ion with -zimuth A,
N

w pe. re N - rridiu (,I' curva:t.,ire (it' r'rnt vertic ul,

M radius of curvature of meridli'n.

n]-ae inverse to scale of' representation

N - ou; pa~rf•llei,

__ M - on meridian.

Wsin1A'+A1cos'AN - by direction with azimuth A on a sphere.

Let u.- deuiign-ite:

d-. - elem:ent of geodesic ,rc on a spheroid,

.-- element of grent circle on a sphere.

ConsequentIy,

do
v r;

d •. -(Nsin'"A' +AfcostA'd. (7. d)

But, as it Is known, on n sphere

sin A'= WA

A - -izimuth of the great circle arc at point of its intersectlon with equntor,

Furth~er,

, k•:. N"•-. , •.•

o 3ubstituting these values in (7.31) and converting to integral, we obtain:

-•odo

F • ..;eh~'+-!.4I'B
Introducing this expression W3for integral Lind szitlsf'yIrg integration with

-2 0i4 -

-U ,> -..- ._

.. ,.....w,~ ~ ~~~7.':: . - - " ! ' . t: .- . " " .- ." " ,. " ."" "; i



sa -(I -7,1) (6,+ 3'.tf'1 ,+ i s-,4 + 35;.r4,'a+ w, + (7. `n

1.1 otA

A

riý dpsujr-A e e~lrementLa ry arc

do pi"raillcl on n sphere,

do meridian on rt sphere,

-s parallels on a spheroid,

-i meridian on :I spheroid.

On sphere On ellipsoid

do.- dosin A. ds. awds sinA.
do. = -decosX. s. -ds cos A.

T) ireo YPre:

d do

MA'

1 A a-V-SigA. (7.33)

11y this very simple formula we calculate azimuths of arcs of' the great circles

on n sphere or norm-Als. Value V 2 by argument oi given latitude can be taken front

,geodeLic tables, where Ig V are given with a large number or decimal pl~cqs.

From (7.33) with accuracy up to small values of the second order we ha*.c:

* 1 (7.33')
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2. ir-qu:t1-:;picLng Het resent.•ition

.lement of' pnrnllel on •pivre - cos u d.

.':... f. )i" "rj 'hi " r:." iJ :-i. C : it.
a coE uI dýk

Consequently, n = a -o" . d ,

•...... ,, t~l,, londJ'Io ol' tqu:tl .yip:wIl_ :jlong piJr:*llels Is conan :tlned in

111u,% 1. to n}Is:

I. tguw. -VT-t l (7.i4)

wfwn,.' u - given I.nttitude.

TE fIrzt. of ((..311) after if'ere:li:tlon givcs:

...U (7-35)

(n nn ellLpsold:

IiA- e'm dIm
tgA Ma (m)

o'n" sphere:

ig" - (b)

U. ,

From formulats (a), (b), and (c) It l'ollows , that

9, 2 - V-' Ig A. (7,36)
With accuracy up to small values of the second order

(A--y)".•"Tc ,t8-i,, A, (7.36')
4

(A- - " 333,.3 S'6

We find expression for length of are of a geodesic +.-eo'~h.arc of a great circle.

Element of geodetic longitude:

on a spheroid on a sphere

A Asi A, w-c- a.a Iw

But N cos B ha cos u, therefore:

I ,
Conse""en..yP

t : , 7.,

V •i-, - ..- • '- , :: T -•. .• • ' -•, •..... .. .,.,•

.....• ... .-. . . .. " .. ; ... ...



orr

P;bs. +tutin8gnt6)

But on a sphere:

coc i stn a = sin 0.

where Q - aZimutn of great Pircle arc at its point of intersect~ion with) eqoiat 'r.

Therefore:

From (7.36)

slhsA cWA I -a'iuI af3

It. is3 known, that

Prom (.8)after extractioni of a square root

line sl~cs

.. A

UO'U =I -sifheta~s'a (7.40O)

jubti'atng(7.39) and (7.140) in (7.37), we obtain:

iswai-e'o'm~as'.is.(7.141)

Let. us designaite

don"s % (7.142)
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Arriinging YI-hr~cot'. In serieu arnd integrating t~ern! by term, we ohtiin

-L Fe -Fistiescus(2o, 4) -F~z~n2acos(4x1 + 2s .

9 .1 Is
4 16 fll

FL'r Ceo 1,'li1 c-III's F1 F 1 peci-il tniles enn he. composed by .'reunment k3~, they

* will h!;c te Ux zxmc form, as;,lls for fiessel wei.Ihud.

3. Undertaindinig of' A to s here

In representation of' in ellipsoid on a sphere geodetic problems are resolved

oimrply, if sm.ail roir t * of n~ wtirface zire depicted. In this case the scale of Image

i.; close to ai unilt and the questlori about introdUCtion of' reduction does not. arise.

In rcpresenthit.loti of signific.,int. parts of an ellipsoid complicated reduction prohiem

Is InevItnbe. In cunulectlon wit~h this a new problem appeared about. reprezent't~ioni

O fl 11)ullpsold on such a surface, where reduction problem was also simply resolved,

asL III represerit-at~ion of small parts of an ellipsoid on a sphere.

in 1947 t? :ngilsl geodeslot. N. Hlotinel proposed to use an Image of :in ellipsold

unv aposphere ftur geodetic purposes. Apshr stesr c f rl~

aixLs co~icides with the aIxi's of rotation of' an allipsoid, but. meridinns ar'e detormined

fromn --i equation:

t'*Rsch2(ý + e (7. 413)

where r -ratflus tit parallel 01f aposphere; Ip - irometric latitude; sch -hyperbolic

* secant; R a and c - cons; 1 images.

For determinntion of constants coniditions arp made.

1. On ventral pijrallel of depicted territ~ory radii of' parall1els of i uplicroid

and uposphere tire equal, i.e.,

'~ 4 (7.40)

2. Geodetic latitudes are determined from equation

-sin B, (7.417)

IT. Hotine. The orthomorphic projection of the Spheroid, Empire Ourvey keview,
1946-1947, No. 62-ob.
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i.re% A:so aire equal. Consequ~nt~ly, a spheroid and an Rposphere along this parallel

* ,:Ive 1ýener'il nieridional tangericy and radius of ciurvature of' the first. vtr11i':() IN.

Curvittures of meridian sections tilong tli! pararllel, equal to ar
1t ornti r I, ihtere lore- titngvncy occurs both a long mc eid]inn, :md pa ra illel

* 'Iiesie three. conditions fully determnine H, a and c .Omitting del-lils c

Ci:ukuLktion~. whi'ýh on thF' whol#' coincide with analogous 001CUlAtiofls in

* repre~sentation of an ellipsoid on a Ephere bý Gauss, give folliowing iiriaii resuil-t

2.
I3. 'lA (e#+ C). "Sin Be

-4j 11011"a indicates that corresponding values are referred to Istitude of'

* cent~ral parallel,.

* 1mrm characteristic function (7.4,~i) of aposphtere f*'tisi.e Ute Pollowing, proppr? len.

1. Causs curvature of aposphere, equni to 2 ~ is constant. for' 10i pointv

on t.1i surfacc, t~herefore it may be developed Into a sphere oCk radius- Q without-

distortions ,just. as cone and cylinder on a plane. Equation of this sphere can he *

represented in the form:

-R Bch ~ (7.40)

-Isometric latitude on a, Rqp1Prc,
iharrimet.ric lines of aposphere, meridians and parallels, convert 1,o a upherv

without d..istortion.

P.Isometric coordinates of a sphere, as in the case of representation of

ellipsoid on ti sphere by Gauss, are dttermined from equations:

:1.ncee Bele:1 m is constant everywhere, ti'en:

ai' so am1", (7.'51)

From forinulal (7,50) and (7-5i) It follows that any expression, determining
projection of meridians and parallels of a sphere of radius R on a plane, ne Vuret~ion

ot' vatlves \,and *c in accuracy Is applicable for projection of an aposphere or ....

plane. if O Is susiue fo VndX for X~. This position is equally tipplicuble

with- respect to both lengthe and angles. Character of projection from nuch

subFstit-utio,,. is not changed.

M.J'ain radii or curvature M and N at aW point of aposphere just us on a
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Spheroid (with t.he exceptiuon of Poles), ure not eqWpia. Theref'ore. selection~ of'I coflst~bft R% , a, c cnn be ctirried out so that where thanfcsrtrn ie scale will

'mri 2t Iclukrl ly cand~hl :tlccuse to u unit-, i1., :4 P011: V11 p1n 1 fwitlh Vq i ~;V1l1105 of,

r" ird r will be :ilmos I equil.

SA: 'fer projec l-on 01' cii ipsoo on :Al -poisphere it, Is puss iile t~c rý:so lye ireodeI. ic

.31iuu Lho upcaLplss1.r(ý. 1.we~ver tWhir problem was not, developodx In del-uill up till

r ow. Pult. lulo oft 'polphere ns inhermediatie instm.rice durinp I-rojoet~ion ot' an ellipsoid

ocr a pliwie rerrderi; geomet~ric Clar'ity at' resolutioni ol' the problem. Inr this cast,

-. pr'ocoLd thuo.

1. Dupltp. ~ A., ct! tir.ll vlpsij)d o11 UPOSPherfj which Is reduced Lo ot.raa Lo

* oh cocu t ant. parameters R~ a tind c.

2'. Apotiphe te Is devv1.oped on ik sphere, I.e. , the law of' t.runsitlion of' iromet.r~i

coovc~lmat~eu 0 tnd X oi upospitere to an X ct) a sphere, Is entablished.

*3. Project uphere onl a plane of a chosen projection. Wit). SUDitZnle SelectiOn

olf Ivir!Lnrr.tru m-due of' the Image at. arny point will be little different. f'rom the scale

ot tho im.-tge ol' i rupilre ci' a p larm. Thrcer fre reduc tion in -awles :1nd 1lrrrt.Is will

It aiji il

mi



C H A R T E R VIII

GEODETIC PROJECTIONS

§ J3, BASIC POSITIONS AND DETERMINATION

E'ngineering geodetic works, intended for geodetic guarant;e of construct.ion

oV .rurneis, irrigatlng systems, thermal and hydro-electric st~alions, nirports,

ru1z.roiihds, hlghways, superhighwnys, bridges, industrial and agrl'iltur:nL pr••ec't:

:incu t'orth, are as a rule, executed in a comparatively small areas. J tat.e

topographic surveys, especially large-scale, being developed gradually, also embrace

In every stage only small parts of the terrain.

* ys3te!n of coordinates and mathematical treatment of materials of' limited geodetic

nets, made for indicated purposes, have to be of the simpler type. For engineering-

geodu.tl work it is inexpedient to use a system of geodetic coordinat'.s, in spite of I
the I':ict. that they are general for all the surface o1' the terrestrial spheroid, since

they are obtained by means of relatively complicated calculations and moreover are

in tArc Vorm, but linear values of arc units change with change of latitude of' the

plance. The simpler form is the grid system of coordin.-ates on a plane, whiuh however,

Is not directly connected with the surface of terrestrial spheroid. Investigation

of' curvature of the surfhce of a spheroid shows that only very small sections of it

cnti be taken as a plane. Thus, for instance,'If one were to determine lineal elements

of geodetic nets with accuracy of up to 0.4 am, then only a section of earth's

aurt'aco oi' 5 km radius can be taken as a plane. Therefore applica*tion of' plane grid

coordinntes in geodetic work is only possible by means of projection of prts of the

surface of a reference-Pllipsold on a plane. Selection of projectlon for vonvarting
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C- If- 1.ic oo ,',eI.r~w .1%,! 0,011.h 4- 1 1iso 'i P I p a Iit- r, III.s t.I, vo re 1(,:I 111y .1nI I 's.' (,i::I I,;

irr I !nibo rl-in 1. probI crnm For npthc I*(, IdaP I geodesy

!lrcj cc tIonc.~ nf r' ''ri'-'I ~iIon 1r~ t-iknn r 10k' rvers!ion nnl- f ro'n InirI

o:' geodt.,tic measu i ments , a~re cailied geo,10 .Ic. In dis tinctLion i'rcaa oa rt.ogr~piprc,

rc',, v o. I t;1, WI iL, r e 1. ,e twi 111i j p r t31;1e i em co I Is 1 o Iu of r f-p r e sentr t . .I oni o I' I.a I b El I. I ITr:I CV

r (p 1in' , orte'1c o et Ir prj- ons. jive metnlds of' exrivt e; Cnvp'rsci on ot' Pcitpi rmnI

- 0' OU riace 0!' inc -Llpso ild rua; trgiez.a to a ine.Many cr'oralI rigodLi

projc.Žct.¶Ins canL be. offered. In seloct-lon o: pcoodetic projections ircitin c ~o id 1.t.Iu11n~

sire: n~iount ()I' distortio;-s and simplicity of their cnJ~culation. It. is quite clear

tic,'. Lite less Lite distortinri, in a given proJection, the giPnter tire territory where

It1. ca-n be -ipp i ed. However mnitimum 01' distortions andc slimplici ty of Lhelt- caiccutatiorc

* it ,wc' rvn iticoncpat~ible Ln geodetic projections. Charact~eristic pecuilinrity o1f

geodetilc projee t.1oiis Is in tire tact, that for translatilon arid t~reatmrenrt ol" every

KteOdetic1 Ilet, theC whOle process of' application 01' projection is wholly repented.

Distortions nrre Inevitatiie~ in any-projectLion, therefore the main requirement.

lit st-lec tion 01f geodetic proIect.:or should be covI ide red the ectse anrd corivetii eccee

(.)' vcaol citalion ol' fils tortionis. Howeve'r' this requi rement s til1. does niot. de terrilnine

thtcr: ehairncter and form 01' projection.

Ueodetlo construction, ar a rule, is developed by means of' measuremfent of angles

of 0' geometric figures, and linear nelasuremzents are made, for instance, in triainguloti~on

* only :'or assignment of scnle -of tire reL.. Thus, In selection 01' projection -I corrdit.:ior

* should be set, that angles 01' geod~el~c nets during their translation frncm an eiilpscoid

to ,I plane of' projectloir preserve their values. J3uch project.1crs, where equality 01'

* anigles is observed, are called equiangular or conformal In mat~hemat~ical cartography.

F~or geodesy conformal projections possess a very Important property, they

preserve similarity In infinitesimal parts. However there is an Inf'inite number of'

ctif±ormal projections of an ellipsoid to a plane. Problem In general cunslsts in

* selection from them of' one, that best satisfies the geographic disposition of' "t givenl

areat and Is convenient for practical calculations.

Territory of the Soviet Union extends approximately i450 In latitude, and ntearly

1500 in longitude. Mathematical cartography recommends in geaernl that. In represen-

~ tation or a territory, stretched along longitudes, the use of conical projezitions.

Thrfr.i ol emta o edtc okI ZRoesol aesm oia
conformial pro~1ection, However investigations show that transition fromt elipsoidciI
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I, i;.' it, o JF ai very Loitt-I le Letol I it con h pro4 'ct. Inn. !rf!cit.:: U, "riI

piv- I it1 vil in :re.!t, whosp ImaftP, as a rule, Is taken for f-1 t Y.ne a s Of ord Ia:ti-? en It;

conicald pro~jections will be a circumference. Due to this It, is ner'essa.ry io divide

I) 4, dr-pl t~ed a re:, by meridians Into sti.-'lie r sections, *wi thin the t Im~~ cit ' wI I u!

rcaeiaion of' n ce-ntrnl pnr~allel can hpe taken f'or % strnilyhtt. 1 re. T1 iI

ii1acn reat. .inconvenienceZ, p-irticularly Ii n ig.nifiennt rsmovil from 'hfvu't,:

1' l' t hlc coluntry. As, r-nn lie. s.ýeti from prec cdl fi7. chtiptb'or !oin :i.%n1. conira I

prujec!Joiiz change wiiith the change of' central parallel.

Thc .kbove fundimental conziderationn formed the basis for ;els-t ioi. -it FgC'1r't.irC

projoctcion !'or the i1Z13R. LJeleccti on, it, 11)28-1930 fell onl Gnuss-K rt.re r oonro~-

1p1i0Jec~ton, whilch tip to that time had comparatively small application in geodele li:

work in 110:3,1 a.nd kbroad.

(hu~s -Kruger projec~tioin, initially called "Meth-od of Projection, Manover ~taE
s~urvey," was developed ao'd Introduced In thirtieth years of the past cent ury by Gnuns

during survey of' the Hanover-Duchy. However during his life Gauss did not publish

thlS Liork. Ideas and Individual investigations of' Gauss in the form of miscellaneous

tiot~ev were revealfed in his literary heritage by Kruger and published iti IX vo1'imif ot,

Lhth works of' Causs. All this material Is translated Into Russian Langurige rind

publIshed in tl-e second volume ;'of Selected geodetic compositions" or Cnuss. k-rilge r

servrhcp is in the fact that he developed and systematically expounded the thepory rind

pr~actice of this projection in his work "Konforme Abbidung des Lrdellipsoids Ill der

* I:bene," (Confja nal representation of terrestrial ellipsoid on a plane. Lel .. rg

*Ga-uss-Kruger projection (transverse-cylindrical for a sphere) Is used In I
separaktion of the surface of a reference-ellipsoid into coordinate zones, bounded by

meiin and spreading fromr North to South Poles.

Gauss-Kruger projectlon is determined by the following condition's!

1. Unuss-Kruger projection is conformal, i.e., the scale of' the image is

constant at a given point and consequently, depends only on coordinates of a point.

2. Axial meridian of each zone is depicted on a plant by a straight. line,

taken as an axis of abscissas.

Origin of coordinates ir, each zone Is selected at a point of' intersection of

1K 1". Gauss. Selected geodetic compositions, Vol. II, "Higher geodesy."
Edit~ed and with introduction by G. V. Bagratuni. M., Geodezizdat, 1958, p. 149-iT1.
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the Image of tie axIal rrLerit'.Ji: wit|h. the Image of the equator. Axis of ordinates

coinci-les with the image of equator.

%. 'i. e se'le of t,. I:N•t-,i On :ixI.1l meridt:,a is equal to 1, I.e. , ayinl meridinn

Is lpe .,ted on '1 plm e In i~'l!- .aI::e. Thu.a, for points of :.xl-!i1 merid ian ,he ab sc Iss:ts

-tr, ,aq:-wti to .ir,,q oF meridi.nn, vounted t'roin equat.or.

":f:

,IN

Fg, /'/.

W$idth of grid coordinate zones In established, proceeding from values of linear

dlotortions and t.-tking into aiccount the convenience of practical application o.t'

fo ii s I' n

-'r u ..s In l :l two systems of coor~dinate zones are used- six-degree an
th~rve-degrpe zones (Fig, 82). Axial mertd~ans of six-degree zones coincide with,

central meridians on map sheets, scale 1:1,00-'),000 and ordinal number of a zone is

determilned by tile f'orMul'i

wtiere N - number' ol" colu.mn ofi map sheet 1:1,O00,00O0.

L~cngitiudes of axil.: meridians of six-degree zones are determined by the formula

dd-. [-S.

Wihth he lomftc of USSR, abscissas p Gauss-Kru oedin ales oun ied from

tile lin-,.age of' equator 1;o north, are pos~ltlve, ordinates are also positive ea•stward,they are nedative westword from axial meridian. In order not to deal wlth negative

t'ahead of a number of coor systems onecoreinate z one are usdditionally addeda

materials of numerical surveys. Axial meridians of thr-degree- zones are elwcted

central mhyeterias oincd mawsetsh sctnale meridiYOand or Idivinal nmberid~ of mapn i

nhett u of 1.s,0o0,000 asale. Comnidence of central on axial meridians occurs

T- 17-3

Witinth lmir f'USRabcisa o Gus-Kugr oodiatscontd ro

th i, ge o ---',-.o ;-- ..... t.h, .r po tv , o d n t s a e as o ii e es.n

t....y are.;•,• -;,e:ga .-'t-ve wes ir from,,• axia meridia.' •n or e no. o da ih ngtv
4 aus tpit faiimeiinodnt8o 0,0 awt biaoyidcto



Itrtgievery threp-degree, Zone, thferefore, half of' them coiflcide., with cent~r:! , 1nd

,Ii* Lt01 ii v1 duAl tnerldl~lnr; otlthe : ,COK-mpshef'.ts. k!fi..n1 t-1I Ier : .n:A

t'~ II f.or 1.irtee-legrcie .Onleý, :Ire le l.pmined 1,y ti, formu 1:i

4 - 31t,

k - gtiribe r (!ru~rrspcondintg t~o thrr e-degre'e '/.one.

Jn ftnree-deg~re-e zorien rule of' signs for aLoviccas rind ordlIIr~L03 11, !.1,(

-rý 1. rx-defgrev' znnp.ot W,,! cond itionnnI Inc rease of ordijnaites 1,; i o . qqp1llorl

*v;Iri01' cont- nr. I.1ne zoi~e-z In geode tic work of U:32l,1 Is fly-r-fl1y fi ed la,

onrd -ix.1%l meridiftric, ýtre predet.errnined. In Table 1) all data'ý, per*,'rini4. e0(oor~:ie

zrcnos of USSR on R'us3rgrproleti.c.r. ISa givpr.

TaLble 9

I Nnb.r olj
"I . or"nIf' a

if.Khl iofO000,,D Vu .xld. .

5 t 35 14 34 102,
6 33 3 27 35 HS
7 39 By 10 31 3 INl
6 45 88 It 32 37 11
9 31 9 Is 36 as 114

No V 40 132 3 o
to 43 41 14 42 40 121)
It to 41 Is 45 4 2
13 76 411 16 43 42 12

In 25 Ti 153
241 141 54 it 8I as ISO
35 147 15 Is M4 54 to2
is 1"3 56 29 7 as 165

2.1 Ig 57 20 91 36 Its
M8 W6 31 13 57 171

19 171 so 82 916 W3 374
311 I?? 33 to so I77

-rmpeceding account it follows that of Gauss-Kruger projection .tllows t~o

ealt-011ioh uniformity in calculation of plane conformal coordinates for 111 of the

USSR~, but these coordinntes are ct~lcuirited

V ill a defin to zone, where each zone~ f:tz; Lts

\ ~own system of coordinates. Therefore In

wl' *nago ~ their practical application It Isa nevessfiry

// ~to recompute coordinates Vrom. one zone to

~ ~ ~ one adjacent to it. In conrmention with (,his

1 ~h~8B N ~>.. S N in USSR overlap of zones by 37.5 In longitude

" Is established: each six-degre, west~ern zone

lig.8~*overlaps eastern by 30 ,and eastern the
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westr u by 7. , Fg 8) onsequenti~y, coc.'rdina±tes01pinso'edec t

ro giver:,,-, In a of

Md coorilinnie, o'In I ese aues tine origir. of' coordili;-tt.es and ttx1ZA1

nir~ldlri ýro elef~edIn he t-rIP.C of, Lhe- obJ(-,,,!.: however coordinnt-Ps of' po.in''.! of'

:z~i1.~In corrtre63vohing :AIx or- 1irree-degrer' 7.0e-'s

,eiirn of' grid coordinates arid section-1 axial meridiar1

* t~hey s!huuld be so eLalcuJ.:i'. ed so th~ti (diaturtilor of' projection would not be taken into

P:isic Iejslgnltt.iots anid v.uces, used In transitlton from an ell~ipsoid to a~ plan',,

In !;:.,uss-Kriqrer projection -ire shown belo.,w in an example of' translatilon or'

In 11-g. 84 (.),' Is axial ria-rldinn of' :zone; PIP s a merldian of a point; P,;

P T1' is a gi'odet~ic Piaid ~P' UIs a triangul~ation triang~le, whose sides s, sj

and s2are geodesica; A to

on a xpamid zimuth of' a geodesic s; t. IL: a

D 1 ~ geodetic convergence ov merlidl ins

* %/(' ,on an ellipsoid; I ts difference

() [:T01 eodetic( t ni IurSo. Ghd lIe)
41 0

-J I ~ coordinAtes of' point. 17, (1P ýand L)

4 aire considered given.

In Pig. 8f5 -a geodetic triangLe

P )2P3is depicted (Fig. 84) on

a ~ mAg of ,OQUtor Iplane of. Gauss-Kruger projection.

~ OX is image of axial meridian;

P X is meridian or' polint V:,;

PPPis an image of spheroidal triangle P± 2 1, Straight lines, connecting itaints

and P' are chiords of' Im~aes of' geodesind sgeaeand s is a line,

lAt present zone overlap Is est~ablishied at. 10 along longitude: western and

*. ensterrl zonvs ire aiutivilly ovr'rlnp by A0

-2i6-
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r' -11 I.Q '; xI ~z-,;r I ll n. 7`zi- Io confrd. lt~y the ýtngl SLes t..nr e correspo)r:~ngz

h '2 1,,t,- p n' :rr prerrsc -ffl. t.2;er.1'ort. -tnglr-., at vert~exce:t *..'; ',,

~iri- In tirijn ti. nrc "ciur I r.- rnrglnr o," a p1 'ine t~rInr~g1e V~%. 'C'i; ;I V~ -v

iY It.n o t'r i.i:( zeipE; or t .rianrit.e on -)plainF. Angl c be r.w:'Frn the ch r'd :inl :.

* , ~ r:.l~cI.Lu ;uA'i~l mearidli~i, Is rmilied dlr.o..iona aiI.~(rd'~intho

11-11f :111d is cle:'.Lgmvled a; it in counted off' by the samne rule, ric %zlrnut.h: Ui!'

,opt bte tween (..rigent. to image of rneridi~an of a gl vý-n point nrnd I ne, r ' II~

xi*] irjim, t' clrd (~:c cnverge-rice of' rnerldi-irs or OiI'17.o Irii

on -ilpnnic nnd is ainsign!'te-d -j: the angle betweien chord -inei imagEorP 01'

c.:1ild Corrt-(tI01u foLr curvnture of irnage of geodesic or rcedac iton. of' I r,,e ior; ir l

is .r-sigtn'ted b; these ccr'erctlons are small, but Fire computed wlith grent: ?C'CUr-'PV

3,2D~ifference -y - t is sm-l value of fourth order and Is F~qtunl to: +2/31

Bill 1 Cos~ 2D +

Order of translation of support geodetic net from an ellipsoid to a plane In

Gauss-Kruger projection consists of the following stages:

1. From geodetic coorditnates of initial point of a net convert to t.strz~

grid coordinntes, simult~aneously calculate Causs norivergence of' meridiarns

2.From length of geodesic and its azimuth at Initial point, convert. to lengt.I

aind direction.l Lingle of the chord.

3. From angles between geodesics convert to angles between chords of theirI
* Image on :i plane.

* ~ Satis~fying these actions, obtain geodetic net of rectilinear triangles on a

plane, then equnte it by a mnethod of least squares and calculate grid coordinates

of all vertexes.

44 ~i~MATHEMATICAL BAsrs 01P GAUSS-KRUGER PROJECTION

To depict conformally the surface of a terrestrial spheroid on a plane - means

Lo establish regular conformity between points of a surface and a plane in such a

mnnner that the corresponding angles or small geometric figures of' a spheroid And

apl:irte iz-e equal, and the sides are proportional. ln theory of geodetic projections

the main ob~lecL. is the establishment of an indicated point of conformity, i.e., In

determin:tl~orn of coordinates on a plane by geodetic requirements and conversely.

General equations of point conformity can be expressed by the following

functional dependenc i 's,
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arind x, y "ire its grid plane coordin:,tes on selected proLIection.

In Ciuss-Krurer protect.ln, wh.re dprnlct.ed pnrt. of ýt surfnee of " spheroid Is

tr"k~z down 11ito zones, It Is, expeiicn, to replace geodesic longitudes in (8.1) by

1iiPfr'e!.'nce' of oo:*g' tudes o1 given and :xiai meridian, desigr:nt.[ng therT, by I = L - LO;

in:t,.htm'%c-.c't reCKor:ings :are rnimpi[l'ied, It reo etle liti rode P In (HI) IP exprpssed

by I'c5•'c:.rIc i.,ti , U d g: , i! q. Dependernce between q and [ is obtained in

precedi•,. ehnrpter by the .'ormrtils (7.Mi) :nd (7.11').

Let uS assume that indliated tiLza-sforw.atLions are already carried out, then the

cqu71tiori1 (8.1) will Lake the form!

S(b.2)

.iyzotern of coordinates (q, t) on ellipsoid pu!;sesses a property where dq = dt

the nurt',.re L- broken up into a net of infinitesimal squares. Arear of tkeuc

squ:ares, natj•'•/ly are not equal among themselves, since they oepend on position of

'nuares on tf'e suzu'f.ce, whose curvature chmnges from point to point. Such coordinate

net. Is called isoie'r nc, and the systenm (q, 1) Is isometric system of' coordinates on

.. pheroid. Only gnil coordlnate3 on n plane, lbeing ••lso isometric, create a network

of equ'al squares.

Isornetric coord1.nuteC posoess symmetry, i.e., in permut.ntion of cocrdinrttes

J isometric network does not chanf;e. By means of conversion of' ecquations (8J.2) w0th

respect to q and L it Is possible to arrive at:

- qinq(x, 9)

I-(x. oil

E'qu-at.ions (8.2) and (8.3) express in eeneral form the point, contformity between

surface of a spheroid and a plane and determine grid coordinates (x, y) by required

(q, 1). Form of functions (8.2) and (8.3) is determined by required conditions which

should satisfy the Image of a spheroid on a plane.

iI~ From equationrn (8.2) and (8.3) by means of differentiation we obtain

Sai , •-E " -- ' + - I" 8.•

eq ~ (8.4)

A -218-
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dip dix + dji

Sr? t in1d1erIv~ tIve s I r (8.4) and (b.',) h!3ve' to fiat isfy tiindlmetrit-ri.;i

'j-rnsl mrtw it.ol c, Coordix.nate.- (.) which were ohbtaiined In p rec edinag chapter,. 1 i'',

W 4I

two our±:aees (u, v) ind (u', v') are curvilinear coordinates on these surfaces. 1,e.

uz ectnnlder equations (A.6) betweern isoi~etric cocrdin'mtes of spheroid and a pla:Eý.

.qutsire, of lineal element of ,At spheroid has the following form in geodetic

dit AP dIJ'+ rldP r"(dq + dP).(87

I II

Let us assume that system (u', v') coincides with system (x, y), i.e., E' G

1, aind system (u, v) - ihsse a.ihneE=G=r, then froam (8' r or

our caste:

Let us assume mow that Sy3tems of coordinates (x, y) and (,1) correspondingly

coincide with (u, v) and (u', v'), then from (8.6) we obtain absolutely symmetric

(8.9) equations in the f'orm:

is (8.-10o)

Equations (8.9) and (8.10) are fundamental equations of' conformal transrormation

of Isometric coordinates. Their integration is made under Initial condit~ions, which

are set for representation of an ellipsoid on a plane or conversely. These equations

:i*re called conditions of Cauchy-Riemann in the theory of' analytic functions; they ,ire
fundamental Interrelationships as in n theory of analytic functions, just. :1Z in
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I Fl run ro t\, '.:&l cul it i or f ;:u:'s -K r.;.e r Coord in:i!.vs

"In (,Gsiss-K ruger projec tIon the a xL] 1 MerI di:-n Ls dtepI let.ed I-V %n stxr:, I.I. I iIne

into m naturut va.rxueg i.e. # for poinltlS ' uc..lu :..L:•ri ur cIuisias a'e equal to arc.,

& at ' rd! Ji, [.Lul. ordrvrt±te :ire ze ro, 1i' cre des ,I,,i'it.e 1, t " , It merl" •lI rn ,•y X, thre'r

Ifl! !,ointoi of' txial meridian where t - b we obtain:

In ,,dllont, post.Ive t has to correspond to positive y and to negative I t.o

n'o-p'".ve y; to posit Ivp und nog'tve • only positive x correspvnds. Thee condiilons

t"VIIly determine 6.nuss-Kruger projection.

:.'nowing power series satisfy the set. condit.luns for Gauss-Krvger project,•on

uin-,+bz+bj'+b1P+... I, (8,a p)

where :1," a4, :2 "'" b, t 5 , b5, b7 ...b 7- re fune lions of geodetic latitude. of a

given point.

From (8.1,) where I - G we have y -- 0 and x = X; with negative value, I1

orJdin:te y is rnegative, and ttbISciss1 x .is positIve. These condittionri are t'nll]y

sut''icieen? for In.,1!r-ationl of' equantions (,. wi. Ith thf, l"e'p 01. neies (0 ,v1:')

Irnom (8.12) it follows:

: .-• -~2a, + 4o&P + 6a,1 + d'+•.

a I
At 1!e + e AA+ph A +

A b, +t 3tih +. S1 +A 76P

Ior determination of coefficients a., `14 16 ! .. bs, b7.3 , ,.

obtained partial derivati'Ies (8.13) in (8.9).

We have:

!;. •, 6e,•.....±

s A
36. (8. . )

7k A
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y is irc of' meridian, whose element Is dX -MdB,

Nees 6

Q~e ri % Crv 4

r r-idiun of* pnrallel. A

dX.41 .1 1,111 sv.-Ilue formulas (8. i14 will take form:

dEq
df3

1.'~ &111do'

dot

de

12.

r q 4 6

dqq

HeruunsVr, co eforce ts of powe serie (812;e)e:cndmrda ccnrc

term wLeh 8r sin 8pd
a. (S- P 9,? 4,e

YYE



Ia C O a (I -i s I II o ,i 5 - 1&

bt~oe ~' rd~a y. Lotcos +o1nu~ N hi 7;Xt-~ t y1~ tLI tlCc. yr~u ~

J-.(,. ,o fora a1 sys~erlo s~-dere

MirVm U(811*1.ll1-m wm lt sip9le vmpy ) mm

1,"2722-Id, l't

V r X L-11w 1** 1- 1 ridtr I 1)I t(1 ~rf . A t, n l . c:1h i

Silel 4tt i, W m e

x ~ ~ ~ ~ ~ .X il1 ut .- r-sn tcs 1 t

N cm 8 +4 cohn It I i + ai)



"-"-

"- .. ~~+? +b---+... t+Ii di d' 4,

2_ m ;1+ 4a; j0+ 6a; 0' + •.v+v'6 Iu P**(. '20)

in) :)c-ord,,)nce with equations (8.10) and (8.20) we have the following eo int.;Aorl'

i'nr dct.tr,'-1rhtton o2 coefTieleniai: a21 b (i -." 1, 2, ... -

~~ 21
•,t + . _+, Ms + ' • + ... ;+t

+ 3b; M' + Sb1 u + 7$?, +- -

--.+ , +•T +Y'•V
-- U;if+ U4' m* +r•. +. V• +}

whence

I. b;- '-

do,

42

iiigri "(I" here deBigniates that. the corresponding values are referred 10o lat;It,udieB

base oif ordinat~e y.

Conaequent, ly,

3. 5'-4.G. 4

a.,"4 7b; ;-L) 7.6# 0
Si s

a. 4(B.2i) "

•" ,,• ~~~~~.............. .............. . "...... . --. IIIIIIII ... ...

dx .X .d, W



- . ,�r.,,' - )(o-d- ). (7--),. +

+ -• ) ) , , I

but dr -f1 'In 5dI+, dx =MdB, therefore:

-- tn .

-Cos .(a)

d. ,.. 1,\ i.\ •.•l•'\ "(8.22)(£:).- ~ i 6 (-.+"°.z j.%•:. .)U
( M) -,B--'++•••+.'•= +
dA 411 dx JAli I\+•.l

Il '1•.,) dal- io ' x' du \ ,/,

In derivatives (T = 1, 2, 3, 4, 5) and db (n 1, P, 45 1) have the
dxn

'oltlowing vniues:

( 48 \ •v

,.~ ~~4 1 --- I+, ,-- ,,'

Laist. derivative.' iS taken i~i "spheric~rL precentntioi," i.e., in it'.+ calculotlon

It, is taken -O =cotnst..

Calculating dozrivatives ir by (8. 23) ,and substituting them in (8.2±), for

dx

coft'.:cieit~s of power series (2. iq) we obtailn:

b.. .L. I'-

dR- 0m-• 14+ , + I. + Sz+ + 5,4,qp

It, Is taken cons, t.. b;-

*i-*

.V.S.... + ,;- 0 + +2r! + ,7-)mat (8.24)

'i~ ~ ~ ~ ~~( +;. 6 1: + No,.+,o: +40 <+•:q

* 4 Substituting these values of coeffi±cients In (8.19), we obt.-tin

-224-
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q -to -jp + le (5S -t61+V4 -4,:

IPto- e 6 + 1 ad0 01,+4"2+04t)

t -!!-tpi e- F--i-p + *+' z+ -

I'ormula (8.2(.) Is final, nnd formula (8. 25) must be converted1 ir su:ch w,!y

1.fromn *.1 and %we shift correspondingly to LD andl 13, We have:

a.B (q). R.fisq,.O

* ~We designajt~e:

A q q. -q. t.

where:

em -oB.sIn B.(I + 64i + aqL)
- ~Cn'B*I +~-I~4+7-Thu) .(8.28)

(.M1. cbBO(I 8~-d.1i + N6q-1%4 +74_20.

Substituting value qiand T(i 1, 2, 3) f'rom (8.25) and (8.28) to (8.27),

P or unknown latitudes we have:

B BIa -9-'+u4! t+ 34 +8%*- 44111

e P +u.00,1+0+ 4610 (8.29)
We designate:

* then:* i Ip6+0+5)

Forula (818) (819) (826) and (8.29') resolve direct and Inverse problhms

Forrul~s(8.1), 8.19 (8 in -225+.4 ,U(82)

_J
I7



I
I.' o ',":uss-Kruger projection, if' it. is understood tirtit by direvt. pr-obliemn the determiriz-

tior, oi' x, y by ;i !rid 1, and tinder itnverse the determinatif;x I :id I by x mnd y,

;?. t.:, I oI-d v'nr,,ul',i ; i:,j ,-'s:r v , r b ur, lky, bit liel r rlighl. par ,tz are frinet.l.ori, o' el t ie; -

1, "r * Ti..re.~t'otw it!. the pre.enm e of crrespondlin, t.itbls 'fnr pef"Ir'Aent n
V', tit, 140. ..

I I I"*. , " ' , --:,,, .." .. , ; ,, L,. b , , b,, b. the problem OI' c;;ciilatlori of x, y or,

1i 'tad t o r • .e-elv'd ri t I!, r IsIt I 1y. .31e l... t.ribles ex.st. I In 1 OtJ'" t r'O log" i• .tr'' hmic

i'ilc i I:,. .on,.V. -. kt:L~ut.V ki3, ",,.d A. A. I:o t'crv T'.I,!oS), and fur nonrlog•:ir.tl imlC

C:Alcul:,ior(i (i. A. Pi,:.,'it T.I ). Fractiee of' ca1culations with these t'ibhrs will

5, Convergence of Meridians oo a• larie

Ctivf'rgetce of merlditins on a plane or Gauss approach in Gauss-Krug.'r projection

iL cr.1 Ied :n ingloe betoweeri tIngent to Image of a given meridian and a line, parallel

1.u image of axial meridian.

From elementary briai•gle (Fig. 80) wlth sides dx ayid

P •' dy we have

* " U .! '

*From (8. 12)

W + 4,a, +,I'+ 6aP + .

!-a + I.P + UP +

Fig. e•. Cuonsequently:

"--+ 4wkp + 6,i* +..

+ *to +,

Breaking down last factor by binomial and retaining small values to firth power

inclusive, we obtain:

"+ P A +i-,% IS

Substituting values a2 t4' p a b6 b, b3 and b froin (8.iT'), we obtain:

i-

S• " .... •. : .[-'€ :•__'a•.,:.• •,:........ .. :...":.•.. "' .",. - . "o•.,..•.• ." - " • • .
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1g7-Is~nB+ !-Ls~n~cos11Ii(I +1"+3;'1+2t)P+
3

+ - sn 8 m$B(2 + 41+ 2f#+t151P+. .. I-

Vonvergennce of' meridians )- 5 3o, therefore for calculation of this Valnic it. 1,

':~: 'nI.toL t'*p i:tr , ngnl of' a sniall angle 1+y im tinrie In fIi e trr~

1,11.A1V wph.I in i seconds

r -sin B+ ±2 ifrf00C B (I + 3 if + 2w)') r3 +
3

+I _Ln totL ( 5' .',

We designate:

c-sin B

L (in 8 OO8(1+31 )24

licat+ 4P + eP. (8. s.
FormlLna (8. 35) by i~ts construction coincides with formulas (8.12). All of' them

:ire convenient, for nonlogarithmic calculation with tables of coefficients a, bi atid c.*

In resolution of inverse problem of projection -y can be expressed as ta f'u:ction t
ol' grid coordinates (x, y). From small right-angle triangle PFL," (Ftig. 81*'), whose~

sides nre elementary arcs of' ireridian and parallels, we obtain:

Prom (8.19')

11 + =,, +* 0 +*

Corisi~qUen U.lY,

I da do

is is; ds

.227'-
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a; + 3b;' V1+ Sb;V4 .+..

,., , +; ,,+ +,,m 1,
• - *-- a--+----. . -÷-- i ; .

S* .2 ll

"+'+

;ub'Lt-1 tu•. Ing v-i lues N, 4 1 C +-, b 1, 6., bL fromn (8•,24), we obt.: n

tg•- . y -- •- (I -i.- 2,q-- 1.4, + •"(I + v,7, +3q • •,• ."7 •

,.'hngla- I''roml t-Angent t,1 :ingle by tlie formula (8. 3) we obtain:

i -'°- v--V. l +4r-,e-2:),'+
Ab 3N3

'a,+ -!'(2 + 5I+ 3: +' 2+j'. • 4-. 11!IDf$

;Ign "j" mi•e:. that ourreispondlng vw;lues pert.:Lirt tu Intl t.ud,' of Othe toe ,l'

crdin:,r.e y. We designate:

";- •'. +S +,:N+
ej.,

+V
-P+ 5j. + 311 + + s+it

C --;+ +;u3 + C;u+.. .

,.,h F+,ormula (8..39) is applicable in resolution ol' inverse problem o(' projeei.iuir,

but in its resolution we at first determine Tý and 1. by x and y, therfI'ore y van" bt

c,1culated by (8.3'5) -ifter calculation of B and Z. This approa-h is recomn,,ndP-?d 1,y

D. A. Lnrln in "Tables for Gauss-Kruger coordinrates." With such procedure' es,'ru1ty

for tables for c., C. and In Is eliminnted, this leads to decrease in vol;aim ot,

tnbles. However it must be borne in mind that in this case .ll errors ill ,lht.PrrritUmthn

of B and I will in the corresponding manner reflect on determinrition 0l' -I

will be no control. rherel'ore it Is expedliret to preserve !tadepond-,tv'a: Vt'

-228-
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J~I IIon of' TI, Iind -y in resolution of inverse problem o t i r(-, c c i r r

n. '~ r.y f j-,I r 111. 1lo nrtIfi 4 c e 1) le s f'or C,] r ;ra o U.t lo " T~.1 I l:

- ( igrI dU A*LIrr oodil eCsuss con~err-ence of meridians tables rtre necessary for t~rannitiocA from %zi-luf

A i~Jgivenr directilon on a., eli psoid to grid !*zimutli) ofl -ip1 an(ý

4I. Scale of Image

Let u acsumnc that ds Is lineal element on an ellipsold, and d,; or. :.i..:

sc:fe, 01, imnge in:

A 44

Hence:

do* ro(do, 0) de 6%

On ellipsoid:

-k0.

thi refore:

From (8.12)

Retaining' smal vausto-4

fY #X %2

Cons equent~ly,

am (+ ( 4 Ai+G bs p P+(16 610 + + J J

Substituting values b:,# b 30 b~p 82l &4 (by 8.17') in expression for ms2  we have:
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W IT .i . , 11'T;+ l ' " v'r v , " *-tY+t.l ~ lt r- +,,1, k!: I%! Vt!'t'- 1'-Y~i+ lx ~f~ i- O f' 1`1V ?t 1,1'IX. l '!7;

I. + t I :r. til-tJ. •serieS hy tI!:(e Io0".L :

++-+..

T 1X +,
we• 01)-tll

2 34

, r .- t /E,' . _ .- . W , "1 in (8'.4?) 2 -are nepLiL i'bly smtal. For

(.-14 0- 28,1 '') 14.0-'.

24

Dropping terms with 1'ý in (8.42), we obtain:

Sm-I if-P+- -- 4'2)4+ (8.43)

Des igna ti.ng;

. Va.
a.-- !• 13- 4).ll,

24

WE, 1't11,01Yv hrive:

vn-i d.17 Q4

Iýor C'ilcult:it.or by 'or iu].i (8. 44) It. is necessary to t-.ve .tibler for d, aitid

by arp,,ment of la lit :de P.

.Tl prne . I. he mcre . eoMricrily used in the l ' orrauT.t :t -a i , t'n .in c Oli

* ufluss-Krtuger grid coordinates.

For obtaining the shown l'ormul-i let. us express in (8.43) 1. otd Z by ,3 and y

~W No.•+":: l oco + +

by~~~Oe +ets0' H

1urther, omittlng detaIl8 of calculations:

24Substitut.ing (8.45) and (8.46) In (8.43) and dropping terms with ,ily we obtLi,,:
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I
I- I + - 04-

-t. 7.r ' ripr.fore with ,iccepled accur•icy

.1hr'n "0" as before means that these values pertain to latitude of lvij ,

or'liyt-,te y. i"or symmetry we designate

d;~~ d; 4

tLen:

• I +d;vA+d'+ (6 .4..

In c nclusiorn of paragraph we give summary of for:•,Aas t%ýr rezolutI•on of" invercr.c. -

problem o^ Gauss-Kruger projection.

Direct problem. Given! B, I and A; determine x, y, atL:v m:

I. X-X +as+ aPs+"J' 6

Sg..e €,P + ,P f d
& .- CI+ dP+d.1'L M-- I +,dop + '

Inverse problem: Given x, y, (y; determine E., L, "y and m:

2. - b;V + &i;+e (8+b)

3. 1- e'u+ c;iP+~y I.e
4. 31-1 +dP ,+ dv

Formulas (8.50) and (8.51) are symmetric with respect to i and y and are very

convenient for nonlogarithmic calculation. Tables for calculation of Gauss-Kruger

coordin:ites must contain coefficients of these formulas, depending on latitude.

Coordinntes are calculated with accuracy of up to one millimeter, latitudes and

longitudes up to 0'000:1, ahd -y up to O'.'OOi. Scale of image is calculated for one

unit of" eighth decimal place. Such accuracy of calculations are ensured both by

reduced formulas (8.,50) and (6.51), and by existing tables.

S§ 45. REDUCTION PROBLEM OF GAUSS-KRUGER PROJECTION

Reduclion problem is understood to be translation of distances and directions

from ellipsoid to a plane. Reduction of distances consists of finding the diff'erence P4

of the length of geodesic and chord of image of geodesic, connecting two adjacent

points of triangulation. Reduction of directions consists of determinatigon of

i____ _.*

S• .... ".'" . =,• ,•" -•. ".. " " " .•: ' ".. . ' .. 'd : w- u, .".*-,• . ."'•""•T :.•::
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correct.ion 'o r ew r5 ,niure of' COWoririan1 .rimage or gcoder ic on zI planme. AF te.e r Iin! . rt d i c

o neereduct.ions in int-tsu rsd Vr-tlnes We oh tomjr t. IIE'tWa . '1'etor, red!nCt'

in order to Infve c lerir concept about. the re'Juct.Lnr va lueo, we will1 I'I rst r'Ind

Uitelr mpproximmitp frinl]yt.ic expressions and numerical characteristics. Let. us is~sirnle

H,0 ~ before dd3 Is t~he e Lemriemt. O' !ire on* geodesic on n spi eroid ; d:, Is thne Lnii.igte

ds orn t planie, then.,

in dl was

mt - ý;e;41e of 1m~age. w~hich Is thi, f'uriotion of coordinaiteS of' ft 17Iven pOint.,

V:tLue of scale changes from point to point, this change In wtitnll Sections Is

(cornp rat.i yelIy omrall and qjul tv rvgulInr. The refo re on the bani ri. ' Legetid r-c' Lhorvi4ii

onl pinlelir Va1LIF es WC11 aocep

Where in, Is the value of -a scr, le at. n cerhialn point, in terinediri te ho iwetna giveii orien;

In oijr c-is e , knoWnIrg the elinrne t~er of n marge mn, wo; can tnke in 'u r me~dm pon lu nt or'

to f~ tn. w !. ineir I ninid .Thie Inti.er Is c 111Veneii. I'mr pracile: I. np

Bty (8.47r)

* -I ++ +

in accordance with atbove we can take:

MIS +

is Gaussiarn curvature ant a point or' mean-latitiude.

F-rom (8.52) and (8.53):

S ~. +

Formula (8. 52') is approximate anid gives main toermn of' reduc I on tit' d IoI1-i~rtevs.
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1~ ,: fii Vi I ( of o r I 1 rI d Is 1.ort. ion o f I P Lvcn noi~ Wht. - t y .

1* if: (VI 11t. t~i' 01, 11 iwil.r. III 8ix-dep r"O' ;:'.ozr .1-1i t 1 :*..

:i.cmd~ Ir-ritng.I of' :I sld.e cT int. order Iriangulit lon) lAnd 1. 61100~ km,.,
in

10 -e - 6O4. 14, 32-

A:, I.
or Ii. relative form

ri- l1.1 F, v.i . .I In loil q11n~l 11 t. ol lows Lhnlv I linl,!r rdI n t-ort. lolI f. in 'd: c of 1.

* Iii i.~--~mu4-r pIWO.1-c lieu I:; ; I 'ilet:1tn , teIloiitg , Ik lt ikte 1. itwvoslvir';*y-

cori Ct1.i l.olls not, only III 1englubs, w' initlnl sldcs of' t~rinngul~uion of'11. ii 1ill n

bift -114o It! of~g1h' polygonometry -ind rvr'r tha-ndoll tc, mfovec-ni.O..

I- t,. A 17) Ci 1~)~ Ir, itin tlviirO on0 n )ltif (Fir" 88). Ve' will it p- ol itt r u 1!1

.1:

chtordrit,1 potnfas .1i nd will1 bi e 1o-ini i-O.-

4 by bt an'] bt corrL'apond Ingtly, then:

AWI) ~lAm Oi't-x:: BaCa -ysV A&D, -g,.

Fig 88. A IV to eqivtil ( *ý1* + v). where r 1:' ripi l lo it 1I

e'xcess of'us 11dm fiure; Ihe ~uun ol' mig I os III

11.1huii' Vgu rp A1 S rc 1i) In equitn to (360O 4- bi + b)) . fy comli ion of' contormit~yt

MO+ em360 +41+ 6

Conqe* Ittil

1 t ire or' trtipezold A IB I iDip eqwgil

ori
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fl~li ct riri 'Itift ?I. enrcrr~r-otone orand I~iih Irig :ipp Vox im -terl y hi h, 7' W"

!J'" -. L

Th.' 1111' wl,:t aIir of' rodictlflCI tion ol1 dretŽ'ton at. thC' edl, ot' uix-degrvei vmnte'

l~t r Vt I t t' IIt Clrnmim I a tr koduc I.l Iot ' I)Iti I ~lC tiul

Le~t. -t.w !eiimtiz. ha.in VI'Ii., ki,.i A~ It iiu art Irnatg oV gp6dirtc a r' olt piiii#'

" hieit'd * Jiibl-VIild I l~ .ily I 1.111 111'(! 1, Oh I llt iflf?.ll' hIi'7WVVJ'I Ctl".) t !tild itr.11.t i t I ti emvti ot'

itre A1I~,tit

AI'coard irif, toa p r'4'-d i'i.IiiiL. w tu" I in, b ;~X~~14 lema Olt.n 1ý1 'Aefilr~iorvi

W.I Ut'l -r'u' 11) vui. t' of I t is poiiialbl : I,) faitkoi cooU 1) ,Lhiof

Thla lu it very impcartarint. derivu~lon, showj~ng Lhatl whe're dliltitriceii a rp on

thze order or' u side v'f lot. order Lriangul~nliori ditfferrnre d U '.3 be

disrfegarde'd in nny pt'evieio fitIitii

A" ~ -opi (8, 41)

(Li I-.



I.rm (A.47) f'r cui''ent. point, wIth ordimnit.e y:

CI (

R .kned y prrttnin to nurrent point, whose latI'tude I F•.

WI ,' i l~ .

~4

liti

u r, l I iht' r.,

:Iubotituting (8.57) and (8.58) in (8.56), we obtain:

IRI

+. + +

I e - + A 0ji, ,

$&I at

Here t 1 u ts B 2 0 1 S coo BC and sign ""14 means thot these values pertain

Lo latittide B

S3ubatItuting (8.59) In (8.55) and inteSrating term by term fron 0 to V, we obtain.

~+ JAM

V... ......... ._ / : ' ' :'::',:._:mIwo*: i i•' ,•• . .• • •• ,••,••-.,-J/ • .Al..l.. ,, ...> ,,• •: • • , ..



*ssS(he i. + k. +hkI.

n. .., 1"; Ilw,. ]

:o)riia,l.: ( c. ii.) ;iI la t;>:•I .: I "n. ; :;Irr,,t.wh. I d1l ri. {',turt I:t~tIl,' Iran('•. (8•.')') ii ,. I thr

.'c lowlng m,-nner:

~r ,r~ L'. I ',,oint w.rire S-,O, -_ k.=,

fcr nrmiL:in point. w-,her 8 i 3A -- h.+ A k.+k.-'+

2 n o so 2 (8. 6"')

+, ks T -+ I, %

r 'o 'r 1'111LP poinLt where $.$,: -L- As,+kS+iSS +k,ý$

ubstl~uting values ri-ad from (8.62) in (8.61'), we again obtain (8.61).

ft'I malM i 2
Formula (8.c4' ) v-iIn be obtained oy (8.-k7), by passing calculation of coefficients

kO, k1 9 k2 , k , i.e., proceeding from (8.61'), considering that:

01 + 4

Substitut.ing vrlue k0, I. k k, in (8.61) -.nd replacing In them:

$saIna,• ,-jr- ', $Sco~e, ,,, x- h,

we 4o)bt1.-n:

If however R is replaced by R1 by the formula:

we obtaini

a,.. + P., + 4.t-.)(#,-u (8.65)

... s ,-•• formula possesses high accuracy and can be used for 3 s 75 km i•rid ,y 7,00 km.
In practice such cases r,,.rely occur; for usual sides of triangulation th1s f'ortrul,

AA
should be simplified.

" -.i .. *. . mi

t:.:, ,!' . .I:.,,;,:>.,>..,. ,: . . . 4.. . . -, -,:. -..-. ..

-'•-2"4,-



•*:L•-r*. x, -x,= 40 kn, y, Y" 30 kin, yj = 24,, y2 = 7, ,

.i !At l it- end Le rm of fo ,,mu , I ( m ,, ) s les s 1 4i1r, i 'e r t,. .mm ,, r- 'e F',, r' :.i1 I'

;'ues u.' Virst-order triangulation, i.e., where s 20-Ps km formul'i (8,.,)) Litouldd
ho ir;vd In the l'orm: (

S gnd.=S (I+ 1+ 1F'., + •)

or, considerinr th.tt:

+ A- + +" A2y -

I, s .Ig .-... ' + ,-,-;% '. ( .. ')

Designate:

zm. - Ignu .P
RRL ~SR I. U~

ti.iei from (8.61-')

SStg+.(Igm, + 4t,., + tm (8. +:,9)

lFurmula (8.69) possesses both high accuracy, and convenience for calculations,

bLnt In practice formula (8.68) is applied more frequently. Fo: 2nd order t.riunm,-latt.oon

* +.and lower it is recommended tl.at the following formula be used:

s+-(8.7)

ror introduction of corrections to sides of polygonmeteric movements following

formula should be used:

Ss-•-- (8.71')

y 2

where AS - correction, S - length of side of' movement. Value of .-• is usually given
2R

in tables by argument y.

2. Reduction of Directions

In transition from ellipsoid on a plane geodesics, connecting points of support

or' nets on an ellipsoid, are depicted by curves, angles among them, by condition of

conformity, are preserved. However on a plane geodetic nets are formed by chords of

I ... .

S • • :... •.. .'.-:.',,.+. .:, .. .. , :-;. :.: .... ..... + •.,+0'P•• •IL•



1. i t Igv; s kf•" •, .jt,- tor .tI;.- LI. to t .e..;.f, ry to i,.I n' t ( : !r jIn f.'c .! t i r( . ,tlofl :

.r- ',rI' I. . I 'o t. t" it.;Lt... 1 i 1*r(m tr o ho d, 'i'irv , vhr:'clrre . t join•, or rpdu. lf I o'ns

n nt.-rC y:t!]il "r' t t.(, :riI,!!Ig I !'('I . ,, nd .¶-Jord, i•Lub -nd Ing it, :rnd are enIled

-te corr v , iJOls ,'r '7irv- 'f r.o• .(,' I o,.f'- h-';: c n I L:,ne

A! #,,:r.;, p'oi : i G:, -Kr,; tg. . r p1.o;, t n- f ini tf-Is vi I (!le1ili.n 1 . ofl gtode-,sIC wl loll

h, -=• 1 (],FI - I'.Y 1"::• '..1n '' 1.

• -,--. (•.7r.)

I g- i%1.I; ,, I :.ti:•, A1 Il I zimuth on an ellip.,eoid and is

:1Alvt~gv.,!LC1.. 01 m; '1~i 1s " (

,Or' tVW( tdJ:•i el0 poliit: t',rom (ti.72)

4 -(873)

or*

F i t , .
1  t ;.

It. Ls knlown Hi t:

dA dlsin R. (8.75)

",y third l'ornml:a (8. '..)

dC-- dI+dc+1+3cPdj+ ... (8.7)

(,,T'!'lCIents ,If C ,gh;d v 5 -re fulict,]ons of IntI.Lude, where and c, uttitH.•

so slowly with Chtalge Of latitude that In (8.76) they c in bi La(kenr for coristaunls

-nd n term with 1 car. in general be dropped. Oubstituting (8.75r) and (.7(0) in

(13.h) and remembering that cl " sin B, we obtnin

t• ;. ~~~~da =--lc osBd B --Ps tnBc o •B(I + 3 q)dI,... h

Coeodetic coordlnates B and I are function of grid, therefore.

l-(X.~ #'~dx + ~dvifs- • ',(Jr. Y -.-.-X + W• dy,

Determine dR and dt from (8.76") and substitute them in (8,76'). It. In. known

that:

S' -238-
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.Al~bs:, Lin.11Iny (8.77) in (8.*7'r),1 we obtaiji:

OMM a' dic+-gyd- "''(1+3,1di

& tol

jrn~__
I.,1sttc--mis smllvale o tird orethrfreI t M83,cnb

uien rv en-

F (8.78)

no.osidecred is cangsml valuewof thatird ordegratheeore (878 it can Nb, cakn N

For ntegaion (8.78) iseutifiedcorsde twy points on a plane I.iter with y orinat

(x,, y.) and (,y);where distance between them is s (Fig. 91).

Degree of curvature at current point is equal to:

4Let us assume that the origin of ceordlý.ates will be pointI U, P,; axis of abscissas will be directed along the chord, and axis

of ordinates. perpendicular to the chord. We will decignaste new

coordinates by p and q. In this system of coordinates:

F'ig. 91.

+( f



U#ý '.-frkeri tUjt. tF.g t A1, 1 hett&

co! isequerl L1y ,

I d4q

ConsiderIng (8.8), 0~3) and (8.78), we obtain:

""a' i dz ~ dz lif
- ~R -p - 8. 8i

Lei, us exp rfss --7 hy -- m by t'orii,t:n

N~ j 5l+ s a,,/

where:e

ila,~~ 10

'Intgrastutn (8.84) zr (8u.8t)in 8) w ban

-- a-m&+ ;, + .ga to.

ca

Let uoin reslv wequaeo p 88. f, - gtor 1 ; point P ie, wer p a dq , tetg .

- Frthr, her p- 0andq =0 fon (88~)it ollws

;Z



2 3

t 1

f(zf M, )(2y, + 12 ) 4,Ot' *,iI )(N, Fg +

x~v-p1 (3p+ 2vgly +v~

Ija O-X1 .E (g 1 + 2V#- ±L -x ,) (s+3s

6 RI SR

11Iii tor'rnuJ.: 1!;8, zi7)L tnir, LýP is wi~I c or IsI(Iered , wld, c I ?Ij jcuj~l ýinII

jj:tovi'.er, ,jpprOXjlji1.ejy L~tle Enire IS LIhe list. t.e r'l-a (68. 7). Consi.derinr rgI ~ t~ri

:mi (Ihringirj' Prom 1) t~o 1 by f'ormula:

G-II
______ ,. ), 6(+

3g., Wt __NO _0 ____

~* -------*-* -I.

~~ max1 ) u, + + 2Y, , + 3!1)

~'ot-1111 (8. B8 pon ses s hirph fLccun an e Lf(1C li he recommendwid to r pri

c ij t I *t i r i z) Wfieru.' y, n '10 km iind a ,; JO-lC)O kin 'r~rcor I~n h, -id h,~ av-i Ife;,: llfl

~rIIertpc'rvy ht.it'ii I'or theit dpvelopnteml. ol' Isl. Ori-r 1rI.~ir~:II ci

1. c i lii~~ti~ . ii~ I ~uof L~riangles wi. h til1den P'O-Pli I-'.. 'or Chl :; -Ownrrif tit

t~.I tiit''Imlii nm r: (8,883) call he' somrw1III. slI.npI liefl. 7,0. Ill, F'Xp1'Cf` : '' i

11L .m.'.j *(1 Jm4.-

Te rmra wi th -'- 113 1d 6y r1m dti t~o 1,hr~ir amuilness In 'rr.1 i I lF ''''

.2I41.

WA& ,~

7t 1j. *~~ll*



*~~ 1.4 (us 1 I

2R., 6k.4

x I.!/. ~ g~ N,

a.x

- A1 - ;* .

I II V itti'1 -1 1Id 1w I.I- rt*( It'!22 *;I~ ti r'V N I' iiiedol ! Ihox :111 1, 'ow t; tr I I

1hvl;!I j"'l v lit i"' 4J)n

0~ -4200 ft~

14,. .. lit.

4W.I

.___________ .. ... A .



dAx - dj- d

dz f. z

L,:I d a" 0',00. y 20 0 K.v, A x 30 KxJI t~c 1

141-3~ 4. fill

in t. rju; I ll -I on I.V t 'nO ' 1mm El IL;':;n II p li *-~ icfj~ cW ~ :1,1 ( i. 11 r v 101 ht~' I1d''

I it I '.'d I a I on 0 1' 1. rIe If o~ 1'ri nele I u 1 1-s I~ d q~+ In ct -! Iph, I-' I- t~c r; 1. 1u~~ Lit 1.: 1: r

I I' r''d~ic. I I ot, tit' :inj1.es i ! v: I If terd by r'. I . no r,., l~n tI' I r I 'd

cid.1 Lion wl .Ill oi xu res sec by e'qui~ilon:

r(8

I'kl I l )1 -I nt1mi Wt, have aldj1;s eLo rneI (it' l.t'i rigi: La Lio.It I hv , i 0 ro' i,ne' I iti 1

ci. 1 111 1 t*i t" I v L", ureds fI 1. w tol: w1 1c' 1 VI't -r"' .m ý;I I , o oh fn Irn 1 1, 1 n Iel:, .d I 1

p1 nra . o tii~n~in o ef.s mn -tit (-.11.1-psol.d :md eonvvrnolry,

R i. 11IRECTl AND I.NVERW;E 61IDI!:IiC IIcB,.2WI II t:A' W~;`-K kilt; I h
COORIIfNATE., ON AN PA~ '0

n prii'r dng 1 -ri 'ag!p~ls necC('1tl.d achtoiti W:-Ii!p'a:'lAci li I r"I111 1 1 1,11 I'vollJ, !i11

r'~i~l~il nd 10 -1 p1:11*10, whoen eeout'l.1c ncltwork loIs Nrvt rdcudtLrI -en ploW 111)1midui'ter

rcdu inmrl.,im I~' ItI 'crl.:iLn clitivu' such -1 Wunty of' cilula~Lt,1Il$ ]:; 11v101-1)~ 111, u?

hrt elatIif.' W! it In I I.1I I l~I IgiiI n ,j lon Ir i ( n lju it, It On Its U Oirl'uve o¶ V ,i r ,I'i -rf'Ptnn-' io v - ini i

t,111 wul b' e dolle I'l let ordeI.ri:U ilin

1. Di.rect lPIroll 'nT

kit m 01 like ivýlvien t1nntmn-Xringipr coorritrnfm.ps y yIof' pohlli,. P . (Hr -wit mjti.

* a i'o % I' it Itsn d rvl rca' i.tnL -ingle. on pin elliprintI* It. toir'p requ ir I1( ' )I i by

S t~hirae (h I l -i 'inn 0- ,'niK ulw r coo rd in tels point. P'2( X, y.,) tinel fiienk ir, l d :ny I iti I h

* 'I -. ý

. . . . . . . . . . . . . . . .I



7T . -,II I d ... ... t

xI s A ,+i A. tod', let.)'w

i, vsI LVdol 2 ~d'i E

.4 + .

-is m cosT.
do

d'81a ft dod o

do' a #v do #A 1111 is ady 4

IV,; T: .1 Wt. A' it' * I ' I . !1 . l I 1s 1.

t II I ( x -I.r it 11,111d i 1 :I i:Iw vI-' v

p - +
-2(s {, + t

I 4Fv IRITVV
-Pil 4.

4 'ý

I' , .. A

PL ~ ~ 54

Z"L. r2
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co I "Ir111 !; 8 i ) W l t1 10 1 .1 1 -

13 -'i :i llA L ,I' 'iv~rqi pro.w g~vn Col, j

ril 1111r ! I*i 11 l ~ , Im I v

111:1 'l'Ilw11 1 t LIf-o ~ tl co l-d Iwo .n

- I '-i ~ r1 '10' 0 1: 1'r1 t'' V IA!?'iI prOi 1, 13 ))!,1 "IIrL wl34 . om. i o4! ýiV Z2 mwo] Lw II

(I'l IIt , I ', W1. r I Ior lLIvil X,,i ii 11(1 'I I'.' T4, !~'Ion ,'!

it)
:tt, ' I ',: ~ 11.111lii' II.vrtl , I I' hq1 o hy -. K. Xh l'~v 1n. -'r * Al -1' 11,1-,t. 40.3' '10 l~ 3 '

V!11..d o pl g W viw 1' 1 wrII ~ I*L wi Vom'lo I IIII

1.0~~~ 1111'. orI4RLhilvoy

ti'14 *34, 12L~ 34 _1
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r1' I* ' 4 4! I' 4 I'. 4~4 I no 14' l *t4X I iiti 44wiil 4 it4: 1. 44.4.'' I- 'l I ru 11'2

'I.',l; l'rI4 . I I, 1 fii I'4 ' if 4X 1 ~ r 11 444t: 14 4.% I'14 I' I

'4 , ;.t i I A. A.14 I oi 444? ii.4. 44 ~

I`1-ll 44 ¶ ' ll 4414:141 '1 j4It 44! p w w ot'441' t! I.,11'4 I:1 I 14111441w 00041,111144:4.1,11 W1I I, I I I I44 fil ll

V% it,' *lu 1 ill 112 till I I'4I I~ Ii~ I4'1 4 I4 1441t4414 it I,.,; flit - ?if ill1 ,444 :,1,4 1 I..! 4. 4'

4 ~ 4'4 I .4 ~ . * "4 * 4 :'' '' 4~I' 44.1 41 4' 1 1i4 V A .i 4 J V 1 I'i'V v

A, , I I" .'4 44, 'Ii I41 I i? 1, 011 " 444 It'.41 1, 4 flitill I'r4414444 444' I 11. 444 4

14I444I.4'!41V Ii fi4' tI 41 414'!!if I 4'I Rl' 1 I 4).ov414 I i c 1'4o44, I'(1'41" 4VIL- II -l,".' i t~'h~I , J ' ''

. . :'.V , l' vr i d 1',, 1 R11 JifIV 1.4 I'l J~l onf o low r ''4.1 4 14 till I i 1~ if I* ltI t
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A. ' 1%141 -:'o 44;ll- (1 I' 1'411~ 1 4449I.m l Lit' Ii'l 444 n?4 otI Ii l l l- 0' (Ii 4 I'I' l, Ill til,4414'i 4
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4 .obtmu, of' npi-'irol tic. go odetty wil) Liute help ol' comrpUu-lg alti i xItic idlIng Li1

- im c - I w lr ':o i pt' lo i o lrt . I ~ u ' c tctl t i o rfily n b r t ;~ C o ivr ;1c:1! ! I ii'-; 4 -)

to i - : I I tI.irdt Cop IlkP~ I d ;it , ul'n Jr!r k o ci' nil rnt "ed I mpnfl('Ii. Vo t! onvo frio ion cl r

0~ 00PF 1%11 Itlt .1 'll ill frrtnc I h iru- IA~~ t ho 1, by'~n 1;inn Il (I Ist Vc 1,111 In 11,*

0 oli 11 O 11 :,11. !.,11'i

I't~~ 4(I.) f, rv(Ji) (c) u ut)'r fit cIF i g oit-' i-Amn 1"uid i mi .tl-I.' or lI' [1r I 's Lro

j., r t 1 1 r 4'Ot ~ ( I t'll) frttI tIl~uo o ti ~f~1v' ih h ctrty tit 'il l

* in~tdr~u lii 11 Otiti ?' utittdtiiI~i~X, ~ gin itx'tk w' 6mmco 1)to ~ tio 1 ~,l n

it titti tj''401 llowr~~~vg., I~to1 rlu~'t .'lt b i h .+ ~ i ioI lu.I i tOiffiP

'n~~~~~~~~1 (3)l1~r IIuao re tllIn~nno ~uI~ mg uHcmn~diI
t?. vi' ii Ia)' t' i ~'~ruove t~h emrI ' fla im~n y t~ nn I~n IViaon d I oIil

i t Lmi cl lferi'i~ ~ol' ~ knp i udmt 1 'im- thu)( Immn oI oi li Ip111.

S'CI1'fl~~~.11tiL + 14 *r r)upomnfmdl

p oeirlivi n A f Jillu (8,104() for 1.0) lamlliil il'th 1311iven Jor, tiitI no Inujdp slu r o I 'q

1I (VX - Iar 1' vt uwn limil'lm or ales i.11 I N ngo iva of'r ti vdPr agoi,) mm i.tm l' '

Vl rI vItionr 10 lftimtion X (nd I4 tire given b fo. ev. r i ni m ulyev oi l "8 lnto 'I'. s Ili utm~.ry

'Pitoriv__. ..n ofrrmle (,0 )L ienb .A riyv A Iph*~-' evlfoY
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1 I ii lB 1rr- ,tQ~r~ixtl i I ivr~ l n Co `

lgm a (3), a' .( )
Igo "Ig a; - ILI 1m(;.i )

IgfIg. ov D

Igr' tgI.n a t 4. 1 (7) ,oVII)

IgA-r-Ig g-ig o).1 e

'' i . iL p I I ' t p ~ i~ . ~ :i ic ! I o y it .k l r ' ' ol 1 it : I I t ijil.

I I

-I t.v u .w l 11 * i'uttlil 1u1 1% .!j



, A. L~irl1 riz

i'ur' c', IcuL:il. ion 01' wtue'j-KPi-e.r coo rd I IIIle hy geodel. lo ooori Lwit ta's It, ic' I tocw; tn'

ro !! I -I I ''~~~t'd I

I-X -aP+ 0,1' + a%,

A"!'- he! Vf.ormriI1'!r (.1,18) ?ol noidc'n 'h !'OrnOI:tn,~-ci i

Ae -as(0 x 3000). b' - ll,(4 x 3600)'t;

P_180 c,(4 x 00)I

'Ilt-:0i.ri~' 'iro ijvrn niI.iru l vwtltte ol (:ov' vl' 'ttir t, i.,hS, I rg:rei

01' In IJ tittdo 1'nr overy rninutl;, zid b n nd c for, n degr(~,re kj. tiril xý - '1iiii

11V1rom h tmbes by atrgumentt 1.*

FlII aI- (8. 101) ctin he iippi leld Io'm 4"IIr''t''J01 o~, ~i~; .e

Ir ted11 Im 1-1'''0 edVnaIes , i hi Liblo eM 'ont:tlnI air cr' mo'rnr'i'I-tnzu N wLI .1 .n ':'a'

ill 10n1f wil 11mie t ii' f'or P~nch minute ol' In t itudv. C o v f'.I (2 11,rt b1) cnI iIo:

Iti''t1n'iil.t- the 'iru. of Ilnroillel vmrY simply:

'-or' (''tni tr ,il on of' j~eod~tio coord inni len by x irid y the ro IllowIngj l'ovr'iw 1it an rr'

0,-%vi'I'I ¶,nI~r A1.0 Aa nre thle tvimim, ne tied In i'ormolmt: (H!!iw' I',le1.-I

Ifur , Iin urinverted in such a maunner th~st It is posmible to une V&3.ue bollh f'or

V it roci w nid Inverne prohlprmnt, Coefric iernts AV~ A4  b b1, B aneIl TI A' ie'IIOfl0'

Ia Itlid o e n im s Iis~ of' ordirnite, Which In design-ated by B1.i Itbl ea.

A' = As , MA to N '.

Natu~iral wilties A,,, A 4 nrid P are given eor every minute ot' 1hI.iI udit, A' rnd 14

.............



V: I

* - Ii:it. td 1~ on:
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withl *itucuiraioy of' ilp t~o o.2 m l WI i thusae ttlibies
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hanving ilaitIude Fiand 1, we determine ordirvne (.)I pjolnt P1 by

the for.,. iiix:

A~~1 I'1,241 iý.p--IoB8. 110)

opt

ki~ii'1. (;. 10)is obtained from (6. 216) by mreans of simple coinvem'a.Vons.

Caivlc li-ilon by Lhe formola (8.110) Is made by first, or second A. M. Vir-ovelts It:IIC4

* dependirig upon the scale o1' the ma&p. By the formula (8.110) ordinate F% in ctflouiat.etl,

where Int~ his came the latitude la calculated by abscissa of line BiC.

For cnicti3at.ion o~f nbscissR of point E we- hrive latitude of' parrallel l:IE1 ciftid

* ii ll i: Icof wes tern tVratife cif' the trapezoid, conseqliient~ly, we onn 't'ind lii. LI tune W,

* the,. h:ise of' ordinatife H0 by the forMUlat.

* *
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C HA PTERH IX

SHORT SURVEY 01, GEODESIC PROJECTIONS

§50. GENERAL REMARKS

Gnruss-Kruger pr3jection and coordinates are used in geodetic.. work of tOSSI 1nnd

in nojority of socialist countries, in addition, the practical application of'

projecti1on In these countries Is carried out as a single program andl a schemye. At:

present the geodetic work of socialist countries occupies conspicuous pl.hc(!f irn wc'rb

geodet~ic -ictivity. If one were to consider that in the future the weight 0' th~o,

work will he even greater, then It will be clear that in time the coordinate systtm

of' rimuss-Kruger can be converted into a world system of grid coordinates. At. pre:aent.

no other system of grid coordinates has such wide application in geodetic work.

However In many European, American and African countries other geodet~c

projection~s are used, which have thetr o~wn peculiaritA'is. In order to ob,1ecti~vely

~jitdre mavthematical, and~ geodftic merits and deficiencies of' these projections and

mainly to compare them with Gauss-Kruger projection, it is necessary to become briefly

eiequninted with their mt~thematical and goodetic bases,

In~ selection of one or another projection the geographic configuration of' a

given coiintry, -the accuracy of' geodetic and topographic work, the simplicity of'

mathe'matical basis iof projection and c~nvenlence of its sipplication are t~aken into

accourilt.. No .ons projec'tion Cah coimpletely satisfy all. given requirements., Iowev~or

-niaority .of used. geodetic projections to one degree or another satinfy. the main
condiions . .

V
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possess precious properties for' geodet~ic worr,, thiey preserve slitiliurit~y in smwfll.j

la-irts of' depicted f'igures. Therefore as time goeg by less applica~l..rio j;i founr i'ur.

inuricorirormnnil projections.

(leodetic projections Can be determined by !iiff~rn nto~, 6.1,1C Ir !ill Cases

*. they htve to satIty the fol lowing equat-ionn-3

zX s (B. 11

a: t re (.x~, y ) t rt.v grid c.oo rdit~ i~a I t A U e p roj e-_ tioll and (B, I !I re 'EvauuL tLc

T uor ,i inL in;. rhe form of futiction of' (9 )in tlie end resailt aeternmine.9 tI:, mier! t.s

t :rid ~tiieu le ofu gven projection, thleref'ore we will maln], (n~e ,e~

r functions for each projection.

~-------~--- ~ ~ T7OI.DNER PROJECT~IONS AND 'COORDINATES

Saol'dner coordinates in initial stage of development of nigher geodersy ai~d

teodetic work& played a definit~e role and. were widely used in Germany, in France, r:nd

in prerevolutionary Rusari prior to adoption of Gauss-Fr.uger coordinates in qR

At present the $ol'dntr p~rojaction and coordinates have. only, historioal value. for

USOR~f geodetic work, however in the west; thcEýý coordinates' are still used.

Purthermore, Sol'dner projection presents certali. methodical irntei'~.st.

During application of Sol'dner coordinates the Earth in assumed to be a sphere.

Thie surface of' thle sphere is divided by meridians Into coordir;):te zonen of determined

width, as in Gauss-Kruger pro.1ect~ion. Tie cer.LraJ.

meridian of the zoneS is -the axial ineriditin, Cnec'dinatte

lines in Sol'dner tystem tire gre at c'lrciea, perpendictrin,'*1 ito axial meridian, .and small' morles, parallel to axial

V~s, 95. Is from axial meridian to a'` vi h P ... 95

aos~t~ye abscissas8t 'i"6h", posiie or' nites-

*iastward and negative -weatward. from axi~al meridiaii .'Th-uU, tile sys Cem, of' count of,

So1'dner coordinates is similar to Oauss-Kruger coordinates".

;n .Fig,..95 rollowing desigat~iona are made., s is distance between glVpn-polfný a,

-andPjt and are grid 'azimit~hs ol gro a, in'tsAnite- pbjntý 'P I

are. of 'small circles parallel to axial meridian.



L.P.( uIs :3,s31uife that R Is radius of ~a sphere.

Fram tr.-iangle P P Q we have:

*10nh -eos-Ls~n!L +sin -Leos-E!LsnT1

Cons~eri~ ~, ~nd ~ s'Cos

ConJ drin en smllvalues of first order, trigonometric futnc.tions of

t.hese~ vnlues r~re set In series and rei;&in In them small values t~o thirid ordepr

incluo-I.V01y, from (9.2) 'JithOUt detailed calculations we obtain

Here u s co TVS V s si T'

After these preliminary remarks we will consider the Sol'dner projection and

coordinates on a plane.

Let us assume that axial meridian is depicted on a plane by straight line by a

.line to ful.l scale; great circles'# perpendicular to axial meridian, will be depicted

by st~raight lires, perpendicular to image o~f axial meridian on a plane and distant

c'ne 1rorov the o-;her by the value of~ the dif'ference of abscissas. Small circles,

pvrnl1Pl to c~xial meridian1) also will be depicted by strai.ght lines, patrallel f.0

image of axial meridian and distant'one from another at a distance, ectnal to

dif'ference of' their ordinates (Fig. 96).

Wit;h 811ch .Cons truc tion, obviously, coo .rdinates on a sphere and plane will be

equol, i.e., we use spherical-coordlnaese oni a plane.

If our construction In viewed from the point of view of

image of sphere on a plane, then it is easy. to notic e -that the. .:
S projection is produced on a :yllndrical surfaces coinciding with

dl 1~~~~he sphere along W10 axiul meridian. q~reat.,qrc~.eq,, perpondJ~cula. .... :§
. to axial eiiaare A'epioted by, forig-*the cylinderl small

Fig. 96,. Sol'dner picetir is,,a simpliee rnly.y apseda ylindricel

proj,Fýtlon. .

Lot us study linear and an~u~ dstortion. of Soltdner projection.
"Let us assume, that: aistan~e bewe i-r n~pa.i,:uo thn-

'btwen ýVin' A --

* 00'

.4 - . - . t - * . *S1



I -

• , o ' .a : ri 1 (:, ' 1 t 0 1:,: - o n q u :4 r1 'I n g :1 1l d Idl l x e h ~ l i

"+'- A sS N o.mm .

S 2.,', c2L2II~td~nI,.w (9.4), we on.aln:

; n r.i .. •. r " ri',.! t side is smtli1 !0] 0omp,-ired i,o C'IrsL, Lhiz rehire, wItoul.

?* U ,'.i",t'L Hi, •IeJneralizat.ion of reasoning, it can subsequent.ly be dropped lower,
* • then:

* a.. s4-. . .

n .irference (r. - s) is small value of at ilenst the second order, therefore in

Sdenomin~ttor of right side we can take so 0 s, then:

2 l

Formula (9.5) gives rel-ative linear distort.'cn of Sol'fdner projection; it. shoun

L.h:t It. Ihe projection is noncontormal, since distortion depends on direct.ior, I.e.

:• t Proll trld azimruth.

Fo'om (9.',) II. follows also that [~he nmaximum distortion arikes place in thle

dlreelAon of the axis oP abscissas; it is equal to:

"Let us find reduction of direct'ton. Designating directionrl angle on the pl..-r!

,.hrouph TO, Vrom (9.3), after simple conversions, we h.ve with tormer accurcey:

Second term in the right part in parentheses is small in comp:•rison Lo I*r1t;.

Dropp.'ne it, 1 . obtain.
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flerce: snT'

In order to compare values of' linear distortions and reduction of' di.rectioiis

h: ;W 2oidrier anid Gautc-'ýriiger projections, we !,;vp:

1nz desit~nates that corresponding values peil':;in to Sol'dner' projeetion,

trd1 to Gauss-Kruger.

Prom formulas (9.8) 1.A Is simple to conclude that; linear distortions in Sol'dner

project.ion in general, are less than in the~ Gauss-Kruger projection, os:

ve " COO T.

However the great merit of Gauss-Kruger projection rEcmains in the fact that.

distortion in it does not depend on direction.

This advantage is revealed especially clearly during work of' materials of'

polyr~ono~met~eric and theodolite runs. In GOauss-Krug~er Projection it Is not, necessary

C~o reduce angles of~ runs, and correction by the formula is Introduced Into lenpths

of' sides

as.

Where ym an practically preserve the same value for all sides of runs and even

series of' runs. In Soltdner projection, applying formula:

t____ecrrcto for ever lin ofaun.

Reduction of directions in Solidner projection in main term does not a1epend on.

distance between points, but depends on departure from axial meridian, a'~d in value

they significantly exceed corresponding values of reductions of GaUss-Kruger

projection. If one were to set a con~dition, so that in-Solidnei projection no

c~orrectiocn is introduced into measured anigles of polygo66met*vrie and ineodolite rulns'

whchh3 a pace in Gaiuse-Kruger projection, then it is necessary to slg~af'icani,ay.
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11h!, 1. e~ wl d 1h of' c oord Inate zcn es ( In 1Ahis c u se !,hey snhot ld no t. -xceed 1.O-i,0 k in).

Wi th the inc rerisp of' wi ritf of zones to a shown limint a neceso l I~y .'uises J'o

i0 11 . :.r' 'ei , 1: :u~d hrdciuot' :dd Itlwriul rec.oz

TI I ouawe1,.-te st.1 moes an ther aplcutries.o The cdetra p ierojrection adcotivi~es

ror coiinwrlps wiwth gratlndurn. ' Th(rply thhe Soandtnr ptralieitu iii nho eninriwfh

eoIjr U :trt--; ylWa d In :il -tt.--'q to -nthe as-runey, prjecthion.7cie'oic

'i'Ilofl 1,:11citw1. poi wittone Istacndcard p frallel. pr oweerton thze scale or: l twor

InI7 L'vi~ 1.13 Unqill to,--tte ita thether conri~ecsionis ciedn"tnral lieo r~cnformIu,.

wr~*~..O ih two stndwrdthT porall lls te."adr aale t hpe t ~

NMmlert,.I it ass ses ththinoug. 97e ceterih linf depicta te xitor meriditn, actiC1

eurved OP, (circumfCerence of radius O -- N0Ctg BO) depicts central or lstlridard

par,4,iiel. All met-idians are depicted by straight. lities

In this projection, distant one from another by on !ingle

sI n B0, where Iis a difference of' longi t~udes of a.

given meridian and. axinl inerldian, H1 la a int'l til'e of, thi"

standaird parallel. Purallels are depicted b~y atirVes o01

conct-,mric nrcs with Center at L and rarli± (i- -d), whri-t-

d Is at distance between given parallel and the standatrd

Fig. 07. purallel (Fig. 97).
At ! rule, crIgtin ot' coordinates is. selected at point 0; t-he nxis of' !tUscISSka

are directed toward north alon~g the axial meridiun;. the tcis ol' ordinates ias on a

tnngetq. to irtage of otandard puarllel at point .9 .toward east, ~scnie 'along t~he

n utitý but to 9

tYlline coordinates aind convergence of merid~ians on,.a pl~ane In Lambert Projection

are. caictla-~ted by ti e tollowing formulas':

4 V.

'1~~~* WX~* .

~d
P a.'~~~~uut4• :[5.*



-u(L- La) Mn Do

w~h(rfe: L. is a longitude of axial meridian; .-

Lambiiert. proJection Is conical, therefore~ reduction problem here Is reoloved in 7
Wvry Cornplicat~ed manner. In order to have a concept on the degree 0f' Complexity

of indicritted problem and to comnpare Its formulns with

* corresponding formulats of~ Gauss-Kruger projection, lii.ted toelow

14without derivations are the formulas for rediuct."on of~ dist.arices

and directions (Fig. 98).

Pi~g. 98. IgSIgmQ3+-- 'X+ 02Xt.Xt + OIlXXX. +i~
2 '2 1 3M0  6N,

Reduction of' directions

In these formulas:

s- distance on spheroid along the geodesic arc,

8- distance on a plane by chord,
B0- latitude of' standard parellel, I

- modul~.ts of common logarithms,

- second meridian eccentricity,

X nd X, - distances of given points along meridian from standard parallel,

CuS+Ct~BM (I t~+ M4~ + NA~'8

* DmjC4g'5,(-ft921W +*.1~- 1irlsInISA

1G. IBoinorid Geodesy. M. Geodbzizdat, 1958, p1 85.
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VO,~Iafor c:a icula Lior of' redic Lions of' distances and di.rec tions in L~ambe rt4 .~~~fru~jete Ion a ye socomCplic t~ed thit their )se Po£0r geodelt' ne tqorkS 01) :4 tl1,1110 04TOrLt-Li
.1 ' 1 * y LrIr'xpf~if.t I.. 'Ia'ler-v'ct rv dlirliij- p a,'i 'p 'a iiu't~ projeclIaim

!'rI reiffi l,,zit o! .r'agt LIat, ishould be ectid'ic ed on the sarFiC ' or ax ei Ipnoi d

l ind Liteli by Lila Vormula (9.10) grid coordinates shoiild 1,e cnleiailrflfei. Herr wp ror

-qtii corv 1nct'd hait. e~oif'orrril c onicalI p rojection~s are complientcr d In the part, ot'

retoutlufon oi' reduction problem inrd theret'ore 'ire unllit focr use Iii geodetic woirk mi

a ei, !5 th'. thI.rR.

t1Lu,ut d1c'iceitc~y 0f' conh'u~l 'onf'ormal projections c-onsist~s in thal. with the

tu:);*iiign of, setundard parallel the constant projections tire qlso chnnged. Thioo

projiect.-on tts t'oiivenient only Vor topograUphic work, where f'or reduction -it is

:,11 I'Clt-nI Lii o LaiKe ozly the imiln terms of' f'ormtulas (9.12), (9.1.3).

5,ý* :ITE RPOG RAPHI C C EODIMCr PROJEhCTIONS

IIinm-i ttemar tie:& I ctrtography the clars of' conf'ormal -aziirn'ithal and per'specie 11V

proIectlorisr of' t~he sphere on a plane, whose point o1f view 1.8 onl obtnined iSUIf:iL~e,

Ia ci ld a. crpoiyranhic. 'Ehwe projections possess two very important prop -Ltesi tar geodetic workty are eclulangular land are nble to transil; all. circles both
.1ruii?.aiwi.,and finite in Ohe torm of circles.

Itawever the sr'race of a sphere is the only one ol' curved s'L.ri'aces, whiol-,(

p#'~p~i~veI., ctrict~ly conf'orfltnl.. Any pprspective of' sigiiit'icant purt.s of' a surt r rae

Lif Lhe 'Gplerold distorts angles and does not transmit. circles by circiev.

However geodetic use of' stereographic project-lons is charanrI.e.rized by n

pet'ullnrlt. y thait tliey are used f'or limited areas, and itherefore preserve thel r'

VIiblp qunlities f'or geodetic work~. Due to these reservations o1' strict.

dvet crm~til.Ion1 1. 10 11(e common form stereographic projection of' ellipsoid on a pliwieI o. ::i, exist.. (inder stereographic projpct-ion of' ellipsoid a projection, 113
underst~ood to posuess ubove-indicated properties of' stereographIc projection of' -I

*sphtere and Lurning to such a '~0, where C& - compression of' ellipsoid.

R~ussell; tieyvelinA (so.-called Dutch projection) and others. All of' t(~ei corricprind

fho hioriv~ontftil st~ereographlc projection of' a sphere, i.e., projputilon withJ r'reely

'selected v~etntial Point, which is especially valuable f'or resolution ol .pm-ertrem of'

* hchter reodesY.

i ai



.I1, ordej(r to hive cleir geometric preseflt5Itorl Of' ste.re')grnph IC pro,it-ot !Oni'

!tu-., Virst. conn'Ader thw st~reogrytphlc projection of' a sphere.

LL I.UL '.iz1UMv Lh jt. on ti.e surfance of' a sphere Pin d a, rv two J n!'110.1.'eIy CI c'er

i~rnt-'s with I!,atiu(.es q) ond (p + Aq), R vi rdius of' sphere, C a point of vi.ew, P1,1 n

tnngent at point P. Points P~ and P,, projections of'

* r!S phintc P1 and Pon an image platne (Fig. c))),

From triringles CPP i and 'P

PP; - 2RQ

_P;P;..PPj PP;r2Rta-j-t-)._ _

1 g 493. =1, we obtain:

Ocnle 01f projected image will be:

I

whierr' on a sphere (p a is an arc of' meridian, hence:

FVictoring Cos into bi~norrtinal series and being limited by main term ~of Uipse

oerles, we obtaiin:

(r). 1 q

F'rom compirison of formulas (9.16) and (9.16') it follows thaC distorl'lons&or"-

sterleogfaphic Projections are identical in all radial directionq,%-and by dimensions =--: T-

they are hatlf As lnrge no distortions-in Oauss-Kru~gar projection. -In only one

-26Tw..
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Jirlcujar Ivase, Whenl X Y the dist~ortIl.oris in bot~h p roj'c t.1kin a re ident.leal.

evor 13I lt Inrg d1o tort~oi~nra. de~termningi dimenctiori of areas, In a Lereographlic

r ro, 1ror: lo iro~ 'hoift hi IV rhn-hi? OniAss-Kriufrer projectinn. 11iri posillo 18i i 11s jrt;

for %11 shown proj',Ctlons in de I.e rinnat Ions of Gauss, Rusý,ell, and Geyvelink.

il 1 p.1nt, F (1-Ag. (9') Is taken aa a beginning, of' grid coordlinatewa, axis abselisan

1- .nrc le- -Jori1g I.t.ripreri. PTL, irrid ,rxis a ordiriates Is pe rpernd Cu~iar to: PT, LUin

217

li woro, L; -ire rŽ f m terld ian beltwfenr para-llel of given polint anld pam 11 ci 01' the

bt jq,J niriilij of' 0'coordinttes.

i. Russell Projection

MI' tire setreopraphic g~eodetic projections the greater application was obtained

j by l;hev pro~jection determined by Prench geographer-geodesiat Russell. In 1-922 N.,

getitr'niz.ed the formula (9.17) i'or surface of ellipsoid and offered sl~e. reograph to

p r',lvit' . on, wh eh 1_ chairacI~;vrI; :tcd by the f'ollowing propprt los:

1) rconl'ornia1 Image; 2) projection is symmetric relative to axiai itierciian aind

'i' nbalsria ILs3oV potints of' nXial meridian by analogy with atereogratphirc projecltion

of' n sphere are determine'l by formula:

INC - tr tLrailuo of curvnture at the origin of the coordinntes;

X - nrrc (it 'titrldinn from equator to a parallel wl Itnfhit. nde rk;

x0 - trer i.f me~ridian from equator to parallel of the oriytln of coordinates.

In Oiiuoi3-Krug~er projection It is quite the r-,rs: .,-,ere oripin of cOoordiflattei Itl

tboordirwites of' Claude -Kruger projection coinc.ides with the central. point ol' tHunse11

.... projeotCion. In thla;east, obviously, X X 0 will be absicissa of -points of' axtnl

bmedd~ian In*,. aisytem or 'Gauss.IKr~ler coordinates. We will- de pAgnoto t iii p theit,

, j r'l # ik.Uh t~h Ne' of, ý.`.erivs for ttuigenl.s oil thIs Wu~e

2, _'

SI Ru!. ME~~* .I~ ...h .~I ........
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jUL.c,, poilnt of ellipsoid with isometric coordinates (q, a.) will correspond

?i pid nt .il grid coordinates (XB, Y. in Russc-11 projection and thie poi nt. witht

coordinM',CS yý in Gauss-Kruger pojection. Otherwise, ench point with

Coordivitsc (~ y,,) oiP Ruissell projection will correspond a point with coordirmf.es

(X~,, *Y in Unuss-Kruger projection. ThIn functional * c~~'' t~ire expre~ssd by

equat~ion In n f orm:

XP.~~~ + 4.' i')

izL.iA and assumed parts we obtain:

When 0 and yg 0 then:

x 0)2Rt9 x+-L.+- + (9. 21'
2RO t2R I2OU

we kive:

* L 2+ .! +
dS 44, 24R.4

(9.21" + A

d'" tie Se.

3ul,3tituting values of~ derivatives f i(x) in equation for XR and y,,we obtaifli

+4

a .10, 4U,

1*or obt~ainingl Russell coordflates by a goodetic we will iise A methods'developiel.

by acteemiciainf V. K. Kkiriitov.~' For Russell coordinates we will record a kt~own

ea. ,if~on of conformal mapping.,

1-Zoij-)Vtp . Vermestuns. 1937, p. 611-89. V

f. ~ ~ ~. 9..ý -
~I~

K II
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He,. ( = q - q c, , vnies~! of' isomnet.ric ;i t. it-iie it- 'r~~, cq!'p (-oC(d ii:1 !j .1

_;"i nv of RBusozll uourd [ne,,l:u, wihere x,, 0 0, F(c94O) = 0. We wJll exwinrid tl-

-- •'" , i, ryne 'u; on I" by powers of ( \q + I1.). We hav.

"x, + "At - F (qj + (I ( -q il)F' q) + '' +. F" .) +
(A q -Ile +F", ' ,,,q.)+ +.. ( ).2i5)i ~31""

' 1-e'k'•'r c't.ton of d,•rlvez we !.i:ve a Vormuln:

Fde)---•, -- -. -d-

F,..(a).o, -,__+ 3 -.. d5.z •_

' These derlv,,.ttves have to b~e calculated when x R I' NO',0• . Takikng Into

:W',',ournt (9.12G) :nrid (8.i71), we o)btain

!~F r(q) b- N "-- osi Bo..•

r~~iI ____oA cilOJ tg1

i S;ubstltuting th~ese values of derivative In (9.23), we obt~tln

"i + iy"' Cos P (q + it) NO ,sill D, Cos 8. (A + it?

Or, n!'t~er ."eppntion of' retil -tnd nssumed pnrts,

.. x aNs ,a- ,I A, e ,,s 11 A q; + -. • 11.111-

i 0 1, ft A 1 ,,C (,-It - -I____'

'ihei d11 erev'meavs thatvtesL e valcules wperan to 0..ýd of riing of'

. ,r(d).Vc) In (8..7'), we ob.isy

6mtig eal f acun+nw ilrcr • ia fotiui ro x- lW11

..'subs t1.t u he these vluuesof derivptive In ( ) wpendene obt Ain.

Oii,ul~'tlne depritior.1 Of Ia~?.ti cns, we w2tlll record rJlI, +'~u;srI l :td'Iwl

...

j * ,,,•' (..4
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+ + N(
+ €NI t . (- -fig, +t.+ I Ntg I- .

N, C+ A 18t -- A'Ansin Bu coRJ' + -Cos 11 +(1 - + I--

XC(-210+,0l1- . - • (2'- 3

CalcIul:,itIOl of Russell coordinates by the formulas (9.26) and (9.27) )'as that

peculiiur.l(, which :•t a given origin of coordinates of values, appearing at. diIfferenees

(i f',t.It.udes :and longitudes, are constant, once and for all calculated. Tiievefore

tT-- 17ckMA7cmn-:re dueed qt-elpia~c~~ ar u~ degre es of' diftfe renc es of

l:0.iude 3nd longitudes to constant coefficients. Due to this expression (9.2n) and

(9.27) -'re called formulas with constant coefficients in literature. Certain nuthorn

try to obt:ain simlllr formulas for Gauss-Kruger coordinates. However formul]is with

constant. co fficients in Gauss-Kruger projection do not have practical benefits, as I
comp:nred to the usual. In practi.ce, if Russell coordinates are calculated with

:lc2ur:tCy of up to 0.1 m, prepared tables, are used with whose help the required

coordinntes are obtained by interpolation. Calculation by the formulas ( t.2fi) nnd

(9.-27) Is used in rare cases, when it is required to have coordinates with a.kcc'iracy

of' up) to 1 cm.

Rod'i'dtions of' directions are calculated by approximate formula, whose

depivation is shown below.

Let us assume that on an ellipsoid two points of triangulation are given
}1.I(, P2 ('ig. 100). We will join them with origir of coordinates 0 by geodesie.

The sum of the angles of the tritnprle (1', .

will be 1800 + E, C is a spherical excess of'

*. ~this triangle. Let us assume that, triangle

0 .

triangle OP P2 on a plane in Russell projection.

11he sum of the angles of the triangle 01' !"E

"01g. I00. Fig. 101, will be 1800 + 5 + b2 , where b1 and b• nrP

corrections for ourvat(Are of the image of'

geodesic or reduction In direeti6nu.

D1e 10,o conformity of image: , .
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or

1,11. us .Lpproxc~wl.1el int L 2 , 1-het~ r:

-A 2

InI PnUnlfrat ed LuOrtnulas under b 1  0 2 and 63 their absolut~e va~lues ure impl I ed.

111ne splier'ical excess.a ii:3I. i:n known, I.s equal t~o

*P -. rciof triangle. OP Pwihb oriitsevetxsf'arnjl I

expresued by Vormuln:

Pormula (Q.28) gives main termi Zor the reduction of direction,

We ha,-ve.:

dip 4P'

('reopo~ndzir, valuen i-n U.-us.-Krupe~r projpe(JL !it re exprensed hy tnrinailn,

Iron copa t isn nPfor w-, (). 29) arid (9. '150) It Voillowc- Uth . the reduct.-ion of.'

dtrectlona ILn Rucce]ll projec~ion Is ha~lf as bily as In Ohtuss-Kriirer projeul.I.on. Thin

conclunnon 13 oulte correct Withi respect. to main terms or 1'orrnulao Aly, the redllelcl~ot

H11s3ell Projectilon is convenient for cotintries (31 roitnd outline and curripiturnI ve1i

Smal~l ar1eltS. ILI wIO ukSed it, geodetic worh in Poland wid Rumunia., up Lo I.1hv ;,nueond

World War, tind In F'rance sncale 19A.i

.iuuatell projection has certnin acdmtntages Jo comparison to Gauso-Ki-i~rmr-

projection wit-h respect t~o val.ues of' reduction in lengtLhs and directioni. 1,11ftc

calouleatiofle are somnewhat, more eatinplicated'than In' auues-Kruger pro3Jectrort Thi jfiiii

-272-
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of Russell prcjection in special geodetic work Is profitable in cases, where V
nec.enci Ity nrises to introduce corrections in angles of polygonomet.eric.- and t~heodcolit.e-

nnitj or: Gausn-Kruprer projection. In this case ttsing, Rtissciel projection riccfssi t.y

at' Introduiction of correctioný; in lengths of l.ines, and In directions Is not needed.

(1:iuaO-Kruger projection is universK4 Lind is usef'ul for qnyr colinfries and 3 4-,

cont~inents, but the Russell projection Is only for small round shaped countries.

During, planning of engin~eering construction and translcition of -,rroiect. t~o

corrections in transition froin ellipsoid to a plane. in this respoet. st~oerographlc

proje,'t.Ion, especially for limited areas, has indubitable advantag".es over

Gaius-Krugyer projection.

~ state ork frequently the scale at. central

poliit, is taiken± of equal value, to a smaller unit, i.e., m,) < :1. Due to t~his, x and y

cuordinates, calcul~ted by the formulas (9.26) and (9.27), rhoiild be multiplied by

mtthen t~he scale at any point wili i-'

,utch sca~le decrease leads to redistribution of distortions, and maxitmum valuie

of' distortion fulls to central area, but on area edges the s~ale becomes close t~o

otto. Pricr tc World War Poland adopted a scale with central point i m0 =: 0.0991-.

In this case the scale is equal to one at points within a radius of 285 km. In other

words, the radius of an area of application of stereographic projection with

MO= 0.9995 is nea'rly 300 km.

2. The Gauss Projection

(him-,ss ir~.de a more complex determinition of stereographic projecticn of an

ellipsoid on a plane. H~e proposed calculation of abscissa of poli:ts of axial

meridian by a formula belowt

where:

4'

AW,.,



- at:e ro .r I u. ity of, vi 11 i soid(I -I ci; "o" ;3 Lrnirl'ec , ti a gIven va I u, pt~rt. :11 inn Lo

or :o~y pol~r' of depletedt area it6 ni ereographin. coordinateLs are determinied

- ,Ly Vull c'qlv'ilon:

We will omit. details o1f derivations and will give a f'ormula, by wh~ch grid

coordlnaiter In G~auss stereort~raphic projection are calculated:

2 2

Hy iihese 'orinulus abscissas are posittve nort~hward, and ordinntAes east~ward.
The scale of' image at manin point Is tGae sume a~s la {.ussell projectioti vmly iii

exresin V cleInRuselprojection iti eesr oreplace 110 by NoLV

11L1st.ortion of' lengths in Ga-ins projection is the Same, as in Russell projection.

I-oX reductiott Of' cireu I.j(Jfl by an-alogy with Russel~l projection we louve:

-ai

huseell projectiono.

TId table showsi that. distortion of lengths In Gauss-Kruger projectlon Is

mosutly lLarfer thtan in. ste~reographic projections; and 9Ihe reduction orfiel.o~ in

31 . Xr't'er. Zur stereoagraphisclien P rojection, 1922, p.8

-2T4k
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Tlable 1

W~si,p.azlon of :;MUM -XM r -týegpiop~ ~~w

Wsortiat o~ r +' j7.
W d L43 8) -+- (All

Red,je.tioti or f~:fu ,~ X1 i Ps P- ^ 910 $Iv -o
d imtin - US 4R' 1

svtereographic projections is half as large. But stereographic pr'ojections yield toI
(Gauss-Kruger projection with respect to simulicity of formulas. Ti,-e aupiic.ationi of

stereograiphic projections is expedient for qreas of round outline, while Gauss-Krup~er

proj~ection is universal.

_ §54. CONCLUSION ON GEODETIC PROJECTIONS

Short survey of geodetic projections permits a comparatively easy answer to, b

very important question: how well is selec~ion of' Gauss-Kruger projection and

coordinates for the USSR is founded.

The selection of geodetic projection stems from dimensions and conf'iguration

of' the country; besides an effort is made to adopt a single system for all the
count~ry. F'or small countries with round configuration it is expedient to select

sooae st~ereographic projection; when the area extends from south to north along a

meridian it should be a cylindrical projection; when it is from west to east along

a parallel it should be conical.

For such states as USSR, Chinese Peoples Republic, Uni~ted States and otlhers

the question of selection of' a single system of plane coordinates of any projection

for entire country is generally dropped. Here a problem appears about expedient

division of' territory into coordinate zones, with the smal.lest possible number of

then, with a single system of coordinates in zones f'or the convenience of practical

calculations during transition from ellipsoid to a plane and conversely.

Gauss-Kruger coordinates are characterized by the following important

p.rope~rtie. .for: large ý.reas...:~y..,.

I. Scale of image and convergence of meridians increases eastward'-and V(eRýtwA0?-

from the nxial meridian comparatively slowly and are functions of ordinates of a

point at :1 given latitude.

2. Coordinate zones are two angles of meridian directions, extending fromA southern to northern poles, and are symmetric In relation to axial meridian.

PAI-
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;YS . yIs týttýoo.0 r I U--1t.. -1ý It, :11 znnies : re siall'.i .r ; besides n utilbe'r ot'

e~ ili r~ze !en fo r 1ii ige ,ir-'iz -nd s'veri t'or ?jill the su rifiu ý of the E.-ir~t~hI

*or rl r'oI -id t.hcr nx.,scr aX urriy

"ueln* i- .o-.il ge~ ve for -onr of ax-- -mrdl

--7

4. Oaiiss stereographic projection %~-(1

t.-aribe ri. con ical p rojectior! ta,' N..cif A.I Eroiii tese t'cirmulae it follows Lhat the uiorc. simple churacteris~ie i'iitIozt,.
;-rt o! Onzsa-irug.cr and Sol 'dner pi-ejecti~on~s, but the last onle Is 11o1. confloruvtil.

it' ro~ertty Gl titiaa-Krujier project.ion -illows t ra rtisf'r of' or-Igin ui coo rd trm!

Oon -j iy. iiarid l:n and to I.:tko' It tit nny point., this can leod Wo~~i1tIti~~I

Ii' ttiriul te withiout. dnrittge to 1-hei r gene raliza i.ion.

rohgcodfeti, p tojece t. ios ot, ly th.ht G:uiss-K tuger projee ti tor-:oi be app Il', IVor

-h litetur': -t Lhe globe, it'. of' co --. , all the countrief-- wil.l -.dojit. 1,hp~th

'ee.4. 1Ipsol 1. We Must assume that. In the Piture a ques ticn canir -tp i.'bottI,

tingle syst-em. of rect, uI,,lr coordinates for all the Enrth. As Aczidemician; V. F..

NhtLelv 011na t., tIt would be postm ble In such a czise to n-vol Yi .egat.lve a nbr "is

l'of, .tout.Ir ii tet1ptMi It zt alength 0!' squra re or :A mer-id!Ian Is dde~l t.o poIlila.z ('I'

.. i~j~. 'Lai. mcirid itin, tU at. Is to take:

- ~., x~mX -4 Q.

:Fthis mueans thait length of' are of' meridiatn shovciA be measured from 20oit.h Po Ie.

Ini propngentionf of' d'uss-Kruger coordinates to large areas a dell.nitoe system 1L

requi red. Ijtj3;! 1hts thle gre'test exr-erieflee in use of* (tusB-Kr'Iger coordirrji~es both

In gettodetic, :Imd cartographic work. This experience should lie cons~tid red In :1ll

* assIowcvyeq, it is .1lready used in certain, countries. Here is whxt Geriron

.-276.

7 .7 v~ .



reodeE:Izt Kneis-Z, coauthor of' the last (tenf~h) edition of a wel.L known "Din"t~ructf .nI

on Geodesy" Jorft;)n, in Volume IV of this work writes:

"In iJhi."R for" the- purpose of cartography Gauss-Krug~er projection in nlso used

with Uhree degree and ýix degree zones. The Soviet designations f'or si,:-degree

zones, f'or coordinates and corresponding grid on mapu are very expedienxt, for the

same' re:ison they were also adopt~ed in other countries, among thent In (;errnaiiy, t'or£

speci~rtl maps, made during the war. I

'Joran-gget-Kels. Hndbuh dr Vmr-ounskude. . I, 15ap. 150

W T. -11 ti I..

L



.... ... DF~N TIAL "r4tA __---.----__-

§5:DEUmMI NATIONS

Bky di~i'erentAtil formulas of ,;pheioidnl geodesy aire meant, suoh, w11.1 who~', he'Ip

corrections o~f calculated geodetic coordinates and nzimuthe for a change o1f InIlia]

jreodetic daita such as, Initial geodesic coordinates, azimuths, distances, major'

Seminxis aind compression of ref'erence ellipsoid are taken into considerationi. In

ticuordance with this two forms of differential formulae are di1stingii cheri. Thoc~o,,

WA0.h give indicaited corrections for change of' initial geodetic coor(d.Innten, dl~at.nncv&a

arnd arzimuthe, tire called differential g'orinulas of first. type, and those, which give

oorroct.iona for change of~ major semiaxis and compression of rei'erence-ellipfloid,

are called differential formulas of second type. ItI. s clear, that theqe Lerms nre.

coridil-lonal, but they have now become conventional,

Causes, for changes Of' initial gec"]etic data, art us a rule, unKnown bei'orotwand.

Fo'r inotnnce, initial geodetic coordinates can change after general adjustment. of'

uatruitomic geodc.tic net of the coun-ury. Errors in Initial data can oe reven'led

durltir cnlcutntions of' triangulation, even grossa rrore are poscible In i:~itird. dat"f,

ej ' coordinixtes ani azimuths.

When, ref'erence..ellip50Jld adopted in a given coutryi rp iUbya n o

more duilltible for the. area of'. the country, It becoene necessary, 0o repomputiet.Che

coordinntes or' points on a new re±',rerioe-ellipsold. In this case it is necessary*

1,o use dIff'erontial formulas of botl' fi1rst, and socond type.

Prerevolutionialy triangulation in Russia 'was,,Goh.ute'd-on ellipucids oGf`ý4 Va'bp*~

41h
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P~zeas , Clitrke ulid everi onl 'coordinatling" e'ilipgjoid. Therefore in- using poltits oil

o)ld tLrliU1IO .1lucesicity aises f'or use of' di ~t'eraat1;A1 forulus~3 Lor reuoinpUuLaiun

- ~ U1 cuý- I I r Eeo ()C polII l.o L. o1i d t. r lngu ii U~ors oit K riasov li ly rere. rerice-J I II ptno I. I

Furl.hertnorv, dl f71ererit~ial tormutins of' the 1'ir,3t type tire used 1rn :idjis t~lng :ic I.rotiomic

j' -V0J- I. IC rrlt.. by 11 Mecth od OV N. A. llrmauyev , and l'o rrulas oft I-le sevndrl I~p duirl'i ii,

V rr ;11.1 ol W'. eq11ua 1. 1 ills olf I H.:11(111 1!1 lt ). o

N:tI r: 1 y , .1t' [,eodvit,Jc o ordiinatutj and p-'-rameters of reference-elliipoo~ld tirt

SvituolgvtJ, Lktrri urrtspundinrly v7rid courdinater have to be chainged in 11.1.1H to

100" 1 Ki: i o r i:t.11 E .0 (Cc'nsf.qu.ently , :r necess! '..y art ses f'or oh 1.:, niltgy (11 If' rell i

~ p&~1 Tr~o tere tal cliiprioi.d Oiln

I p ire. We wit I en! I suc~h I'ormulas differential f'ormulas of' the third type.,

It -~,1)E ,TAMAL F"ORMULAS OF ITIlE FI RST TIYPE'

-Letl its --uutwic LhuL geudt~t.LC cuordinat.*s o1f the first point, by which diatkArce, illi

t izImut.11 of coordinuitca of' the second point, were caleuluted obt~atned correspond I rg

* . ii' I':ino, t-hen thei change o!' coordimites of the second poit t.11nd IM11. imutl 01'

1111;j ptun I. c~ii tn' expreo3ed by thte V'ol towilg I'ormlilras

d8,m ~-d~+ -M'- dA, + AL de,

*dLr4 A-ds+ -MS-d A, +LAd, + 41.1 (Io.I

d~,- A- s+ A_ A,_1 #A dI

E~peaL~ua(1.0.1) ersseniLlally Fire riot totul difirerentlitia, since herpe Ill ,I

ia trio 'ly M!nthernirlcia eentie there are no :partial cleriva Livea, *Indr on 01r, ItoCr (it' it.

Wili'tint Ic li:itifyes i.1r, (IAV1 1 I ni~ re no e. dift'feentialsf, but. cert!At In ivein numborie 1n,1

villops~ IIowhver, under the sign el' part1.id derivatives ire converaiori Felt~ora.

it. . oi' .o .o*( . rt(10. ) to iewrltIe them in tle J'ol1owingy -o trill:

whrst~n I'o~ b~r u~S.A nAi',men ht orepndn .tde crcie 0l
*I" xv dL 2 :uvj

_ty_~iU dq'-, dt e imisunevIh
, ~tWO~ to Oiflt3WIJIrgd4 1'~ 0) hhFo lmn~r Li'

4M, + d#+

0-.

.LS riia..'r.,a l al 1ma ta orsodnYuuactadr rl. ns.



Fig. 1,0. Vlig. 103.

Md - ds co~s(I J'+ A,).
idLs- dosn n(I W+ IA,),V

As-- sLn A.S

to (i,)

Formulas (10.3) give partial changes of' latitude, longitude and azimuth at

thq chanrge of~ s to d~s.

Let us assume that now the initial azimuth was changed to dA, (Fig. i011),

then in accordance with Fig. 105 we have:

MANd8% - , m4sin As.
re-f dAj to&A,.

or
*~~ Msin A iA,)
as~um .L1A. J 1ne(10.14)

1"g 0.Using (i0.14), we find a change of~ second azimuth.Ene

fundamental equation of a geodesic in the form of -
~in -- r.. sin A2  differentiating-this and considering r, as a constant,

hencet

.A -' XL ±tg Ae

Fig. 105'. Butt

therefore taking into account the first 1from. (10.14). we obtain:

-28±- -.R



dAA.s ~ g!.±i -- tA sin A %inh 11A

In expreassioris (101.4t) riAU mi~ rnIs a reduced leng -i ol' geodesic, for wti~e

t.impjk~,'1, k~i nll rn'U 111 A ( . .4,) situuld be used.

In order Lo find the influence of the change of' Init~ial 1:tit~ude in pgeodclth'

coordinateqs of' second point., vie will use the foliowiLng construction.

Let, ,AL :%soutte t~hvtt. wi lii cL'nstutnt z; ad A~ thle lu-tithide f is changed tW dP~

(Ftg. 1),tltern 11 will occutpy (in Its meridian position P.. Let us trikePi

orilgin Lit' the polar geodetic ~oordinate, and radius,

equal t~o s, and describe thea geodetic circumference where

r ii* tC 'W'w1 srirrtegcdsi PPrle4~I'

A. 4;9 A;4 to Itself In such a manner thatt point P.cicde i~

R, P~ t~hen s, passing through P., will occupy a new poslit on

P~ ,.P . p.PP, where by construction P. P I P 2 P 2
Taking now for the origin of' polar coordinates point

1Vwe will revolve the geodesic until it will not h~ave an azimuth, equal to A. ac

point. Ill. During rotation of second end of' the geodesic it wili describe an arc of

geodeti1c circun a'rence and point P2 and occupy position P2 Obviously, P~ Is the

unknown position PP at the change of B i to dB1 . This construction shows that the

I infliience of' dT1A on final coordInat,-s cart be considered as a change of' length Lit the
I I

geodesic to do . - P2P and the initial azimuth to dAi.
2I 2

Prom the elementary right-angle triangle P P P~

P -mdA s. Mjd~j1nA,'J , VP;-P,=PP*w- A,d1i*,coA,,

Applyinr equatilon (3.V')):

In ~r ; aw.he re -4 d --d- Al-M --B - nd- '0, Ai- .

PP, -, dA.. Msin Adl,(,,tB).

Passing f rout P -to P"2 'tri from P 2 to P, we obtain:

-282-
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- A!. 1 ,In A1 sin A, i ' i" -- cm A, i C!A, dft

d A t, I' I -2 .4 ,j. d

df ~sin A, 3 i*A IdI,

I:
t~on(P-rl ; iroenit :nd are caLled differential tk)Tmula.i of II ra 1. type.

T 'hese foi'mu.ias nre suitable f'or any s, For short, distnncesi, on thp. orde-r L I' n

nide or 1i31 order tr'Langulotion,. these formulas ca~n _bezi ntried hy atn

* Pij N -Arinc m & itt In pract~ice .. Iin bett.cr to u:uŽ cithvi

* I'rntui~in. whIch tire obtained with the help of' formulnae wit Ii ineArt :rgiinpnt.n.f

* Let, us consider inverse problem of diflferential forniulati: nhange of' luligth of'

nrc of' geodesic anet its azimuths, evoked by changesof01 latitude and long1t~ude ofj J
terminul points.

* ~Let. u,- assume that arc s wns changed t~o ds and A1I to dA,, t~heni t'rorn (0 '

* (10.4) ind (10.15) we have:

AB, s*nitinAdA 3.- C. ctKA~d% %M~n A, 11l,.vA,

dA , ,eA t A

P'rom the first. two equations (10.8) by means of' inultiplic'ntlon oy vatijes, Týhowni

on the right, nnd addition we obtain-

.d I Aisin AgdO-s cnt*AgdLi ,___

tieplacing in (10.9) p de and adA1 through (10.10), we obtain,

+ .2- IgfAsin . sinl8,1 [Nsin A.^ ,1,. t AU

Omitting details of calculations, this expression can be brou~ght to the

4'oJ1lowing form:

"111-1= "Me.

I-Z



PdAl, Al M M.~-~n Atodl4. roe,)$Adlv,

- -c'n7 cir i~cd't~o n l ~ ''11-1 j ll!

11 h lorgI.t1h cC' jeoftPS1c and Doi zIu cI~ri,

PWA, ~ ~ ~ ~ ~ '(" - jsnAdiir o ~L

f 4 tWn.c.t w11 ALO$ i :11 l .- f,1:v (o 1,

Ctotii !:vI wi h rep~ietni cA' Inclircer

to.byp"As -4 .. Mcis A,dR, - r,%itlAAL

(In 1 , ifl sin A~d1.1 4~e Iu'r-P tdi r'. p d m u

1 fI AIM,' -~ r,' eN A. tdt l I/V. AI ti' i tltiii'

f' I Ii 1 lietuus~ Ovige then 1-ning 1rit-C aco r- rsini A. Vo Ymu ,, sol Al t' I l

IiAdl- AI-n~f, roA)

mdA -l, .fi A~~h,-f l, pn d1J,+prdicnQ A,-

It~l~oreil.1-il ormulij, (10.14) ri tilmi .1'e OLrr .irf q4.t8,vr Vor mijitq UdA

di-eet..i Pore --s Vam ar idi :111dA ar.

Dao A!LnIf AaIA(0.)cnAioA
41 oft 4#11

lle-e1m diff-rntam Vom*ln11,r l ~u.1Yv.

aw~I

W, lin'v

MA



Asli.,

q,,c A.i

gise -nA aM

P1 mut find cngiv es igom Litcreprersen ot of' latiaues, Ionc, 1udes In d rizlmut I- M,

cauued b,ý chianges o'i major serniaxis of' adopted refererice-ellipsoid to do 'irid

comp re1s.1 t.,) to da. In the eommon form we maxy assume that the. shown dl.ffere~noen,

o!' Ui~e futictiont' of major serniaxiB and compression of ellipsoid tire:

b6 . (ca, 4).

I 1(a. a).

or:

*t.10 if))d

For b, I and t formiulae (5.9) were obtained. Retaining in them sma:1l vailues

up to second order inclusively, we have:

I i 1 u + logo + to' 10 ~17)
i.1.i~w+16

In these formulasi

gamsasoAv.enAu
66 ik'eo. 6

is Sg
14 to a ilt"

as=W, im 1+1-:ten~
-~ N

VW.- T C -



7aW 'od. du 11u do de as d ~a
1 .. df, V 1.U. di A ý 45 ,

Wo d do 60a a5 d a

'A Inb- Lit w] w-l reo d t ,i e.,ln

22

Q IL cI l 2 21

2 2

+-i-us( +O I dttt

SO -[r, +Btg / I-" CL, g--

tg! caB(1+cttg. 0)+ cfn*BtgB t)Jdu

1. ''~r'otPtt'n~~i U 1J i' ~a I ~ie.1~ ino' wr'c I3f I
di lernce~ Ulo: itudf~ *I o~i ualS ad aiutslrichrg 1naion#my y

Ja - d 'u~a a i.aI i o~L ' ao td r Ioei~eei . a d. '1h' o1aua aA ~

P~ ~~ ~~~~~~~~~I cos Bit 'ai:g~a' Bo + di" Co ft::a (I +f otagu ft030 -in i tordg goli o'Iit.0rd)r

DIhraa ITe f.' 1" ) I !L'; T 1.1-3 0rde tra u19 t.) o , wrhus E! r I n c-,le I.-f . I ag ri o 1'c o rr c3 i, ot (t ) i an i

Jei ned '0-0 kna,';;j' I.I',vdC fon,~a t are xcipessiely rexact-llp,nrd. are ts talky.

Itrioitiuch ks dlt'I'erentiotl Vioriul~as ant d~stances of' &)0-70 kin are more! froqerlteW.y

use'd, 'jipcinl Vornaulois , comput~ed for mas~s application are shown be low.

2b7
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8.4. .JOINT D1I'FERJ•NP14AL PCkMULA.; U1 1- ItVI ANOi 61-.CX NL T['Yr
POR( 1~3T ORDER~ TRIANCG' ILATI iN'

on i4hn inti' 'ai~ *'o-~ 'c"'t1t. ion of' ccord n-1 tec or Ii

potnto~ were ch~tnged simultaneously:

Lto dL,; A, i, dAj. s din;

11. 13 required t~o find changes B32 L, and A2

IL C~an be accepted Lhat:I

8,"B(Bl. s. A,. a'a w , iBv (f,+d1J,,.sý-idA1 4
4.dAt. a+ d.. *a+ do)

&~aI(~.S 8 a. a)mL,- 7. L , L (it, .1 d1i8, -~ d i. 1, -i
4dA 4 ~da.a j as)

+ dAj, a 4 da, a +-don)J

Yroinl (10,20)

81-dB,md + A LD+ s ~+ 2  dA, +~-2- a +o4 t-
*L, dA1 + 8A Ad+ %

08, as a 0. (±ft20+
4A6-dA,+'EdB 1+s-!A -t.-LA dAAA *Ath+" do

F'or computation of~ partial derivatives from P3, L and A we will take thpse

I'iinct,tons in the form of main terms of formulas ,iith. mean arguments~:

b s cosA. + 1

i . isi A.4sec Ba +4 (121

j - 5 sin A; tg S. + 1

In computation of partial derivatives we will retain in them only small values

of' frist order. "Uince partial derivatives have in (10.20') factors

dDIP 08, dA 1 , dn anid da are small values of the second order, t:,hen final formu~las8a
for 6B.) 2 6L and 6A2 will be exact to small values of th'ird order incluaively. For

differentiation by latitude W.~ will be considered constant since change in %iL by

lntitude for usual sides of Ist order -triangulation shows only at -sixth. dec-iful.

point.

From (10.21) with shown reservations we have:

-287-
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&0 CL I~~C

CAS bg. O 8 *A 1 CD, AA iDA..

A11 #L- A I

C7 b Ca
-300B;). -I sin*-c~, CA si* B;A.

Ca BS -A dBC, b29Ad

AS - C~ o+M . dB AmA, -1---

C(t) Ca C

&A. - dA.4I b + '--bk -b-d -±b(2-3sjnA, Dfdo
S 0't a 21

ýL:Ll~dI'O-tdLeindt,-e Slizt+ A!F.AtL doace + na re rLell~ho

d11 ,A !.~da a're~~ ~errie for vaue e~b e t': ei t.re Thes orer forhe lengt ofully

c o fIs orfr :.Iy r~ng~~ tior 1*oo. Teyr,,U a ovnlntd c-.rr iphc upt tpon y :optv.

)uigrecompx-1c.1i.In of' coordinaites f'rom one. ellipsoid to inot~her, i1'f t~s

rt'~vompuIt.-ttlot io mr-t-de -'* ' yGterin of' hIn tercoannec ted poi rt C, J.'. Ic: nec ens ury to tic e

dliferentialI formulac o1 !rIrst and second tl-ype slimul.-irtousioy. Cons equen t.ly,

foitiI t( '~. 2) itlv reoolve~s thtlo p rot 1cm, if hlp-ýe r accturacy ot' recomtript~aLiont

Is not. requi red thinIl:m w~itlei c-,tn be obtained from f'orinu-is (02

~ ~ DI.'FEII.2rIT, ".nRM1JLA.8 OF' THIIRD) T~rT.
(FOR~ GA1 ,%3-KRHJc,:-R CCtORDI NATES)

1&0.t~ .stmerIi tiijaioul pgtmodel TIc coordtriates B3 and 1, major rtyit

~I~tI -Iponsol 0 f~dpe eee -ellipsoi'J ti::inged thiei values; it It. req'i! red

ti) lid cli--vges in Gauss-Kruger coordina-tes, i.e., changes in x and y.

For Gouss-Kniger coordinates eake formulas (8.12)

We XhonveJ'

,mbLraJ'5' W It7ý

3,•,~k -f88

WE

F _____ _____



dx-dX (P + -6-1)0 +(ýi j + ±!b.,) +

+ (W + 8 UO dit

+01

+Aa 3bdB dta+Ž~.

+8 1& + d..

ax= # -dB J
AXE + ex da

XI X a+ ax. (I C,,.2y,

Partial derivatives, entered in (10.23), have the following vri.lues:

88 2 . an

d.v ax +8 x NW o INet -lel11 1

+CP + sin'BRd) + (b.0 + 4--)')dl

Inpractical applicatioa of' formulas (10.26) It should be borne in mind thatjhX Is chainge X, during change of' latitude B to dB (taken from tables of' ares o1'

meridians); 6x is change X due to change a to da and a to da (found in comparison of

tabular area of' meridians for the same latitude of both referenceeillt'W~ift).'

During calculation of' partial derivatives following simplifications are made:

changes b 3 and a,~, evoked by changes of a and Q, are so small that the following iu.

"ndopted: .L R L .

derivative is- taken in "spherical presentation,"1 i.e.

7,-

7 ,.



.11 'pp1 e''.Of' utht".he i trin I ";Ii-lo1~s nfohot] I Ot' cotttposeel t'or VaI]Lertn

Ttiti (t:o s? vv' ~''try c''i-1 v:,IuQin of' tJhi id 'ruer itil uet~velIy antd

to ~teaL s (i.~' )cons is. 1C L: wý pnrt ,*n Vi v's t. po xP r~esiss Ctn ngte oit

rI.- trL.i ''ttttiter3 tot' Oh.engo:1 Itt gc-uf~ct~ir Iotdritinte ls. * et.-tn scoricd pnrf rt ite

I.:,)t;~t -I.xtFnd 'X ct c ot' adopt.Td #e'rraeeliLnd ~e

f yIncii C t'errtul.I -Int bfe e:S ly broI{orI down tinto two In t -npeteen t. p:t rL

iitt w- 1 . L -! kp lit t~o oornn de L~t I; ti: in C ITt nic e uof a uitienge 01' go- 1 -1. 1 o iroord Intn I,

L nd the o t~her, c ft g e I n d I mienm Lon s -ind comnp r'?itelon c I' re'e re ne e-el.11 ies o I d.

OF VARIATION UP' i'AIVOYI:TER AND) OR~IENTATION

~:: olteet ?'cietlC1 ezttttt.ottr tivcesit~y ayrIies for'- resoittt.lon of' goodetiC.

Itt rLL .t!: ltee' te co0p) a, on swe t: t r'cce, wl-in their coo rhrinctetv vfe te t to dliT trewe

vind dI terently oriented bodlý-s of the FEs eithlr- re!'erence-eliipso1 .ds. Irn tie.!s c!,ite

~e~t .i:coo rd inte te of' pole t." contailn nddi tiortai ( e rro rs, evoked by I.ttor c01

t I, 10 bI .!I oo I'n *u d~ L toe. 1-111 1' 1e.o red W!t 1 en e e I 1 t e So f Id wi loie Ai i C. I. IT:o II, WitIe i

ot' geode tix coo teltn ,ttes of't.t tI point. of' t. rI:eteguLt!LTnl o 1 t' i irvre cc c~ini ry . t

e.rich c-ise' 11, Is rei'eevutry to dr.tertnine the Inifluestce of' varzitetlot ot' pnr)Teimo'( er't --itid

orl.itt~etntotti !'C.. 4-l ipod to cvvr-dijnret.es of' points of' gtoedetlec ofl'Jt.rUuctia ti. Ver. Iow

[mentioned derlv.-itlon is done necording to the met-hod of* Professor- A. A. I.vo-,otv.

I.E t. 11rt artss orte hatt V.end 1. g t'eode tic c1ooed irvTa O.s of' !i po tii. o I' aflale

tri.iengul.-ition vii tri ellipsoid with ptraineterFc n and al; hi Is height of' g,%,ol ci buee

* ~rel'ert'iece-elifpsvirt at this point; (x, y. z) are zpace rect.'nguitir coorditetite. ot'

1.1 point,. wi th origI n u f c otrd inat tes In crent e r of eI I p sol d ( Lt,, a.c. We. desIgilaILe

* ~variation of' paraimeters of reference-eli~psoid arid geodeti~c coordina1tes

correspondingly: ott, 6,A, bb3, teL, u'i. The connectlon between geiideilci uned

7. '~~A. A. 1zotov. "Shtipe aned dimensions of' the E~arth by contomipor.ir-y dnci t.ti M.,
PeodezizdInt., 1950, p. -7

V20



t~~~ ~accoordinml1As Is s'hown hy formulasC (PŽ.11)). wniohh, 1:1ki~ into !jeo

1.1w vdluo of' It II. Is sxpedieril. to record in the form of:

M N Coscs CsL + h CosRccis V.I

a-N(I - .6) InB 8+h bain B

N-rad 1iu; Lit' (llrvituxre o01 'l rnl vc:'tical ,

h - i'I~ghl. of' :L gIven point. nhove reft rence-eliip1moirl.

It'.he parart er of elllp~ood werc to change to waluer I'!) n~nd N', :11A Iff

6ieot10l1c coordinatez to bP, hL and ?,It, t~hpn Co rresputidint,~ clivingcrt oV -~4ll.tr

* coordinates, na functions B, L, Ia, a and a, it can be calculaLted by? f-n- rwfm~l*lI

ly-zI&aB+ A~al.+ ±-h+AL4a+!A.-94 I o.___ý(
so OL A1 e an r~ #2 -*---.-__

is. A. a L- an + A!at + Aah+!La .
of AL A in #I'

Prom (IO.PŽ7) after differentiation:

frs-(.114-h) sin n sin L, 'd~ (N I-,JA) tuts #11 Co L.

ft

ricus~shiL, !-La NCosIfsllsI., M" ACos 1sillL shio a1.

W a a B

ý3ubst IWtittng values of partizli derivatives In (10.28), we find:

+x -(Acol 4. N~~acusfalJ-UA + AlicusbcosuLaiL .4

11. a(MAfcO + hsnsInL4fi-I (xI .-)canosZ j(0.9
-MQiIn&A +eos'8-'sinBaniL4;+Aw. s si &I

Resolving these equations rel.atively 6B, 8L Lnd bh' aind considering t~hat the

influence h on geodetic coordin~ates is negligibly small2, we obtaint. ........ -

'II.,)
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A 4151 - -sinIB c'iiL~x- s~1-tIii I. tit crusfi-*-' +
4.Nossinfic"14+ Msin2iG~ 1

...... .trdLa -- sin L v -1 c'osigy (0

4h- costicusI 1 , f + cus~~u b , shi sin B,,z.

-. A'(11 -el tint /1)&17+ Afshlbah'v

Of 11 -0- 1 1.t - :;I -t f r'uln . l di.r, U e

I.; i- ii il .1 L V%.I. I ! -Ittln !S h.l)v ( (), i lo nreemmkr Lt..iiwc hiti

* r'1 .i'~.iI t 1.L421~1p; ld. ~:I, ntl) :uaL, a + )...- .L) ii'Lter LLit.Irv or.ientoL,;ll. ln In ~i

-11 . 3 it.1 (X~ I :,X, 4-' !iy ;.4. h;1) wI 1.1. tiv h 1nra.1 e I- V~., fornmkal~ (u ~)

1,1, - I~rtE l't" i' I w ~itl hI I ' Iti I~cm ti ol': oltt o'1 r n t

4z:W4 I %I -Me i~nh'?, osL, ?,fle - NeSo fl 1,sin Lo~ to
+ cocis i, s 44. h,+ K~om fi. cua Loll;+,o B~af. Ii'i
4y #i It ,oI - MslnB~dn t4R 4 O + NMeus H~ow LoItL,..

MotesBe sin L, sin' 0. Aas

X 4j+ M.f#(I +*C61 A,- C6&1111 fj.)?3

.1! .1 It(A Uio 1-y per! iti "i. .ri 11) t i~i x th, -11 tin I ))(r.lr' w . Ion H' tW1.d Wit pm I~ ,

I. z (1t'vi .u~r ~L t., mI vlo I'ti ly I Jm 1 N; U)T.C In. oiii r lzmi lonL~ oL. two -2, 1 tiil) I' iiim

!"mq'm i'i; ~ '0) -old (10. 'i ,Io tit, y roial I vi-ti 'u1 Iiimport.,iti. girwmdet; It! 1p robin uii

W I th t hf l.m'i 11. Ia1 jI)( L.Ik 114 ILt ýýouipi ILit% LI it vciIrv1t ,c I. k- to eiioml~le I- , I c o di(riv trma V.1 11 1i ti ll

~'Io 'Iil' t.~t' ofL n~itipte 110I ro'a r'etIc.4.m' iUPGOl ItI d It'st On ,oitilitl on Im ttle dur.I lic' (11'.

-Vntiflu M\`IA &iL0 eNbo M7 anr i~b dris ami ori-or of' oriettlul. kin

ol' W~;v. aecortid t-111 lao d Iin re int tiof to' the "Irctt, A1n at Attudei, longF 1 uI tmlfl tiii. L'Ijgh

Vi u'ns tulik,,, tiL rundc bh0 l irv oilly~ known LIn. it. came, .whu re tmiou be t~wetet (Ii I'-I'vi' i .

geoexttl I.Itt ijyat L~.itiu' ooo;rdl nite texjP tu.. Ili !he tiburner ol' Lheov 1.1 rin f'ormi;u 1nlm

mi,~O uid (Io(, 31) ctrin bra used i'vir approximatLe ailliiIln nd pf~~tI~i~II~t

'App roximouLe 01101illn l~tIio, mnUil Ilhe mR(JO In de'tar muInt'il.Uv (it ' t'etxImulad'( ,immr.-mliy nl-I

di, tunoemind ' .ULii 3 , oIb Lit I tied Vropi ribac Lion1 I t rl' Inve o"Ia ruivit' I. I (! it robm I r't1, I I

polints, Li't. itwti w~lL(;n I '1%4-~it't In hOngi r,'iIVlih '' .. l i'rn''ii'.L

'.........it.

.............................,



*syoteii~. of coordintites. Conitemrporary ast~ronomnic geoitetic nets ctf v riLvisu: co''n'

.iid ct:&jti.ncnt.~ in most cases dc not hpvve gi-.odetlc ties among themselves. The ref'o r 192
Il in e1te irot,l11i4.on of' limiting values 6P~, f)L 0 ,LI bh 0 If -. i, npcessnry .o 101 1ca.i-

d~rL~ticiji. , ciuined by P. N. Kratcovskly on thrc basis of Invectignly-on orf-grie r1i I
diev 1 -it I otin of 'l vII psni dI from grotd.

1:t !LteraU. deviations of geiol d frO,, li t21l[S i 1 re rino~omp.-inied by:, Lrtcr; I : v 1

01' plumb litnes. T1.( grcnIter vnlue of such: gener~il dav in tiona of p1 'mrh ii nir r'rt i

d (n v r riot', exceed8.

Th~a;, Ain the absence of geodetic tl.es the probltim of' d ote rml intiu loll --'Z

b h ,1 remains on the' whole, unsolved. However Ihy valties of gent r!I dce'inlo:m , r

of Lii' the gold fromn ellipsoid it is possible to precomputc th., expertod nrcurney of'

* unknown values, obt~ained from resolution of Inverste geti~t~tlc problem. '1 prob vitti

wao etidied in detail by the auth~or 1 and obtaineud resultns !ir- puib3Jis!f-(i In ;iri

article: "On accuracy of distances and azimuths, obtained from solution of Inverse

Fvociviil problem.H2

7I

ý1%b N. Krasovskiy. Instruction on higher geodesy, Ch. N. M. , eodezizdat,
1942.

a2itll6odely and Aerial Photography" No. 3, 1959, P. 79-a,'.



CONCLUSION

K<,i-eFs of" spheroidnl1 geodesy were emborlied in• Uhe firzt half of' I ,Kh ceri.iit~ry

:,nd were developed during 19th and 26th cennturies In works o,-' lh!F jrr41:Je::t. nif(;er:.oi-.:

-- Gauss, Bessel, Struve, Helmert, Jordan, Krasovskly and others. Math~emntl(vi•l

• pparntus of spheroidal geodesy was developed with the developm.ent of' thF.•ory of'

sur/f:-,ees, diffe'rential geometry, variable cal~culus nnd in general1, with rfr-u:

In the nrea of' differential and integral calculus. Carrying oOý; close ,oril.:,,t-

between geodesy and mathematics, scientists reached brilliant suiccesses In* solution

ofI' spheroidil, geodesy problems. It, Is justly considered thit. spheroida~l g(, eod,:ry Is

one of the most scientifically worked out divisions of higher geodesy. TPheoreticaa!

nrid prnctical resolution of many of its problems by classica] methods of' twithe-111tlen

is c;nrried ont to perfection.

However with development :)r physics, technology nnd matheiatinis new ,l'l-

tippenLred, possessing great potentialialities for scientific goneralization Und

geometric clarity. There is in prospect a vector and tensor cmlculus. A nrw

zippniratus is presently widely used in many areas of science and techno].•gy, reducing •.:••

to cimplicity and clarity of presentation, complex problems and simu] t~aieounly

crenting n possibility for profound scientific generalizations and dedocitionS. Now

crilculus frees us from artliflicil constructions, unavoidable in application ofI

systems Li' coo,,dina•tes; geometrical solids and physical phenomervi in vect~ors and

tensors n•re studied in their natural state.

In spheroidal geodesy the 'new calculus is also forging 'n path I'Or itse1•', but.•

so trur It. is not widely used. There are a series of investigations .rod Indivtdunl '

Il

attempts of' expounding spheroidal g•eodesy with the aid of the new mnthemti, ti,,! . ..

MI!1 I..1 1 !IIII . .



tip; iu.These Nvot; LteI oenrly sho,.;thntfiu:etuIrni.c ~tpz *o f

Itir. . 1; fIo l! In 1 -it'(' pa 1 111~c o. c rio't. e . !.o ond ul i t , hl f ti Iii~. heg

I Oi~t'l I ! 0 W.. Ns n I l it- I- 1 t- .pt:i itr ~ lis wi Ll I'iil Iv ohiow I~ ~1 0 !tv-ll 11igi re'i", 1

prob ttlatc Ut' ophero'ldcll g,.'ade::y over. Ohe mth~otids ot' tliisslelCii t~tmthelailes.i

Ti'ilt Is whly Lin tn i book~ : plara1.u,; ci v-' L.0, wa~it t~ensor c.: Icu~iri 14 n rot, uniowd

* I 0 18 ' I :''ýoI )p �'tit 1:1 1 '' 8  (,.ttr' ol ,I,( 1 1.1 1 Cl p rolb I'rw.i i 81:

I gc'oiit-a;Y -iup t In tippiliea lion of thin nippavotuvl.u boto- iiP, lit-in

SiI A#o..t j;!4'i 1,1 Wknc vll. Lihl. U 'vet~rlul Is coridUC~fd moure or lens Intensely.

* loll Li ab1ove It. doeu vial, foil ow 11811. clunniet L ip rli of' spher-o.I Li I

gvo,ýy In nlor Iti n pofl:,.t~lon to renolvr' orsi'ng, new probleutioa, fkiwp~ver ItL 'sow 110t.

thu IýssCll. d ep t.Ia 01 pene't. rnt.Loiri , whilch Is pecl ii tr rt!o the now zappr'n aitnj.

* Ctc rti ti'lst I~epecul. I 81' ity of' no t.tacd. of' spheroldal pgeodessy cornsis tn In li

t'hey :ie 0c C a I 1tai f ed Itrw Lii] y I'r t retattzent. of' rnintertal. or' isL order' r~nuaI. n

lcivodes tLhe Ienzgth of' side. of LriangulatIon, along with square of' eccerit.r~c ity ol'

o LphetrtJlc are considered very sal~al val.-Arts o, first order ill conpharit30tW Itle-itcn

1,:1,11110 01', H'I. oweve r con tempJor8 Ly r.adtr tec hniaca ! mearin tllow c r'ci .1o (it

loo.icrt' Ll! With 3 ides ~U-rUkni and In prospect . up to 6300-1000 kiii. 'iis*It

j pl LUtt'Inutrio', 0r' WOrld geaectctIc taict wi Lh long~ siient utnd reiallzulL [on 01' g Code 1. 11

b.e.n i'l.wee'n no I ; o!' Wih~vi du? I counllt. reL adColit I enU~s

Ill vOntltol(' i o w I i StuchI p '-oqP 0 I: Ivo tievel~opitierit of 01 ode t.Ie work, rih~ t n

pronb~em arv1!tll.'V htof (i'~ r-t dnnoce not ':1: ptart.icualtr rr' tnb-it. ino n hani'

ont wI ic I: 14 a theory ol' sp-e rolda 1. geodes.- Is bnaa'd .Ill CNAIplte r VJ.. Itasloinc met-ht

ire p rotten tod I'o r t-he resol1 at ei on 0' t.wodetlc p r'cahrios fotr g rtnIUtL dL3Unt'l Lvi, 111. 1.11"y

do rio t exhauii', Lhi'' Problevm otnIi~ wholfe. Thorouiqh Inveot igitot. loan rituerriilva' ii ILtt:

proublemnare belIng, coniducedt.r * ic-50 it iota o I' -,oettiet. p rohlerlin f I' l;,raolci"i . i i!n

ovil tire suta Ic of'nC 1 the ellipsold ii s one of thre iiandumnrartal Scieatt, I tie p robhm. I anu

s pirel-bidni geodesy. "lJurmotrnting long disatrnces" in connection with Wie developriletaL

of' roc'ket. technolory and artificial cosmtic bodies occurs withiv ex .a n 11 ri nry ap('ed

Ini o.ur time., Thre reuearch Ini sphreroidail geodesy Is conl'tonn~ed wiLI, cumtplex proPVaa

whose reLsolultloir will require new powerful m.'sthrematictal and OitnIrer

All oecdetic measurements up Lill] now havle beieen donel Ont LIMa Siltrc o .I

Etart~h* therefore fol. liziathienaI~lCtli treatment of' their riesuito va.rtoucsiourt'tnott

-296(a-



* ~ ~ o oy:c 01ur'1.linea-r coordincc tes nre fiiken, Rock!'I. technology, :irtif~icilI coonto
* I...'~i 1 '2 ca t-rrirj r 'ecinical rn'ar. c12 CIc1.al slpe~~~lI 1n:lr 2Or

* I~~¶:IP~afl22 since Ihey canr hclso be produced Inc spcncc r.v I ~y lor I rec'c !it ill of'

cwitt-eric f'or such measurements systems of surfare coordiniites -ire int-xpe-dic-:t. ie re

I. f~ I I ) p rOT'i tal h1 t.o n rppIy rp n ve sy st.~m Piti 'oCr, rd 11im 1-t- : will1 crg.i~i, -1i t;ic.

c:fcflLor' oV n s;.ireroid or at a given point or. the starface, Developmr-rt, 2nid :.pp; oi 1a. 1t.

i. cc~ ~ys lanor coordinates Is the future problf7em ef uprIlc-rold cia 1 godlesy c' c

11cc' Ic ,irises :i reductLion problemn, as a res ult. oj 14ac ur.' c.iCr ii i o;,

amcrl':-ccc of' the E'.rrth, to be projected on the surrci2c: of' there rcf 11L2 *

Itt. w'c'i not. di ft'Viul 1. to s'ýp from Ohnpter III l.hnI :i corcnecI.J.:~ oa~ uf! .

slir.',iee of the ellipsoid by geodetics tind formation of figures from these ],~'

~*aI v ~to11 the fact that the difference of' latitudes,.. longitudes atnd aiz1r*imuthc ,a not:

exp rke in ai closed form by elementriry functions, but prenents elllpt~ir Intl i.a is.

wlitol' practical application evokes great. difficulties, Due to thi-s It Asrfoest

to0 replace them by infinite series, the general term of which, is a rule, remauiins

unknown, investigation oi' convergence however Is a difficult problem. One o1 the

probletrs of spheroidal geodesy is that, In order to investigate the question sucoh

a:i; ininnalt.1 problems it is expedient to apply geodesics, and in what. problerfir 1.0

tea!:ch about normal sections and chords of ellipsoid. Although this problem it- nti-,

niew, it is not completely solved tinder contemporhiry conditions,

* Calculating work in spheroidal geodesy occupies a significant Place. Contemporcsry

computer technology is being developed at a rapid rate. Due to thi.s formuln tind

intods which actual calculations are made, must be basically chainged. At. present

a i nuirber of problems in spheroidal geodesy are resolved on high speed computers.
For~~~~~~~~~ ~ ~ ~ ~ ~ ~ ~ mahnstemaigi:o1opeiyo frua rqatt f rtritcu

ope~dloswhich tiecharacteristic for logarithmic calculation, but. convr'nicncu

ofprogramming. S3pecial investigations are required, in order to establish type

of' ichnesand accuracy of' calculations; simultaneously, construction of' formuilis

conenintfor programming is required.

Algeodetic projections are developed applicable to treatment of geodetic

net wthshort sides, layed out in comparatively small areas. The problem of' long

dis-anesposes a problem in absolutely new fashion regarding selection of it surface
of'proeoton.Projecting on a plane of any projection at long distances will lead

toprohibitive distortions and large det'ormationti of geodIetic const~ruction, In a

......................-



li Vera 2:;~ It, WIfgr' t bc* expeodi e. I ut-i iiz L t ie iproper" es (1* 'lo ph r, whi' re ( iC

t . it~. ' 7. g~~jI~'n~ c l e ~nrv u x ir'd rq~ re dep.in n in I tl I 1n y1 1 .t f. Ili: I~ f

t 1 : :i~.f. ~n..: ... .:p.ti.L :i 1 :~.i:: y o 1, ..11 I I It Ie : diICi l I.

* ~ ~~ J.er:I'.n I - ("'ti vIln : "p I- rC oal[~ 1 t- -L' reqy ni t r~em dt. Ic -In aim!o I fo d nrS 1 :'(2 I .y I :i' .iu N IV

I.. J y Ii~I e rS ivd .' rai Cci s I) rop er y nievr ionn F .des 1 iLin s :in I snp I-tnt. I tI

.1 fi. ip1 iw in Td:o !ý!trvse 01 rctd(L~ul tln or txre oret~a 1.1 Caol ais 1.-~tc iwil:]1 p I'll :11 o

Lo Ireln It, binte :t C o sybly Lire ifjornded ien the ilic P t sleini of co tripor- r dvlpmn o-vil.1

i. Lo bay.~lky,.Ir doeve te problem of' .eoetion worf srpecial seymbolteismo fory a anrtid

Al.z t.qu 1li iIlit Us Cour d: et .o i r :nclutlin of tPP'* ' iri~ra. mid flpEr~wten1 proble'ms iof'

Nil iniv -ia v :t. belleye Lhn: wlje scierntific sprobems of ri.I.godiesy were ra sp veild.,

i.!n.I~ tlieti.efI developmen tt~car ol ' t eon e at. woIork and is y Il'n lgeode ic~e~2 i'11 aon

~~tlift- tr:irem-w oni, :~eirr-wernt. djueollenns n' di npr-ni morei mic more~ ney prol-tom, II t

I..,dly ie w rs.e r r - ht y o tkriik

WpA il-
2  

% : +ýICV d L~l !h rblm;o'o h r l.-.g o ey w r :cle %
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