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SUMMARY

An experimental determination of the Gladstone-Dale constants
for dissociating oxygen has been carried out. The result obtained for the
specific refractivity of the oxygen molecule was in good agreement with avail-
able room-temperature data, indicating that the Gladstone-Dale constants
do not appear to change with temperature. The result obtained for the
specific refractivity of the oxygen atom was in agreement with the work of
Alpher and White (Ref. 7) but the present work was considered to be more
reliable in view of a much lower experimental error, and the removal of the
assumption of a value for the GladstWie-Dale constant for the oxygen molecule.

A theoretical analysis was also carried out in which express-
ions for the index of refraction of dissociating and ionizing gases were de-
rived. These results were used in an analysis of the formation of mono-
chromatic and white-light interference patterns in a Mach-Zehnder interfero-
meter.

An appendix is included giving a brief sunmary of as yet un-
completed experimental work to determine the Gladstone-Dale constants for
ionizing argon. Another appendix gives details of an exploding wire light
source, which was developed to allow the use of a Kerr cell unit to improve
the time resolution of the interferograms.
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NOTATION

A amplitude of a light wave

Aat constants in the Cauchy equation for index of refraction

B magnetic induction

Ba,B constants in the Cauchy equationat

Ca ,Ct constants in the Cauchy equation

electric displacement

E electric field intensity

i magnetic field strength

I instantaneous light intensity

I time-averaged light intensity

K Gladstone-Dale constant

K1 ,K2 ,etc. constants in the dispersion relation for the Gladstone-Dale
constant

L geometric width of the shock tube section

magnetization of the medium

N number density; particles per unit volume

P polarization per unit volume

T temperature

V volume (see Eq.6)

XX constants defined in Sec. 2.2.4

c speed of light in vacuum

d spacing of individual fringes

e electronic charge
i =

J current density

k* complex propagation constant vi

k real propagation constant
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k e dielectric constant

km magnetic susceptibility

m particle mass

n index of refraction

" nphase index of refraction

n group index of refraction

p induced dipole moment per particle

P1  initial pressure in the shock tube

q charge density

t time

u particle velocity (microscopic)

flow velocity (macroscopic)

x degree of ionization

x,y,z space coordinates

a degree of dissociation
polarizability

attenuation constant

7 quantity defined in Appendix A (see Fig. 9b)

SA transformed frequency

A0 A1~etc constants in transformed dispersion relation for the Gladstone-
SIDale constants

I,AI, etc constants in the transformed Cauclyequation
40 1

percent error

o angle of rotation of mirror 2 in interferometer (see Sec. 2.2.3)

£0 permeability of free space

IK wavelength-

S7 wavelength iii vacuum0I
magnetic permeability of free space

v frequency

vi
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I

p density

a conductivity

electric susceptibilitye

Xm magnetic susceptibility

w angular frequency

Subscripts:

1 initial conditions in test section of shock tube

2 final conditions in test section of shock tube

a medium in whieh interferometer is immersed

vii
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1. INTRODUCTION

For the past few years, one of the continuing projects being
undertaken on the UTIAS 4 in. x 7 in. Hypersonic Shock Tube has been the
study of non-equilibrium corner expansion flows of dissociating and ionizing
gases. The major diagnostic tool in this study has been optical interfero-
metry, using the UTIAS 9 in. Mach-Zehnder interferometer, since such an
instrument does not disturb the flow under observation. However, in order
to use this method, detailed knowledge was required of the index of re-
fraction of the gas under study and especially the relation of the index
of refraction to the density, i.e., the specific refractivity, or the
Gladstone-Dale constant. Experimental measurements of these quantities
at the high temperatures used in the expansion studies appear to have been
made in only one instance (Ref. 7). Hence the desirability of measuring
the specific refractivities to check the results of Ref. 7. Also, since
the expansion work involved a large range of -as temperatures, it was de-
sired to investigate the temperature dependence, if any, of the Gladstone-
Dale constants.

The gases which are being used in the expansion studies are
dissociating oxygen and ionizing argon, and the theoretical part of this
Technical Note is applicable to both gv.:i However, the experimental work
reported here concerns the measurement ci2'Zhe Gladstone-Dale ccnstants for
dissociating oxygen only. A short summay of the work done to date on the
argon case is given in Appendix B. This case will be treated separately in
another UTIAS report, when the work is completed.

2. THEORETICAL CONSIDERATIONS

In this section, expressions for the index of refraction of
dissociating and ionizing gases are derived from Maxwell's equations and
from the equations of motion of a plasma. A short discussion of polariza-
bility is included showing how the index of refraction of a neutral gas
arises. The Gladstone-Dale constant is introduced and its relation to the
polarizability of the gas is shown. A short discussion is given on how the
polarizability and the Gladstone-Dale constant can be expected to vary with
temperature.

These results are then applied to interferometry and express-
ions are derived giving the intensity distribution of monochromatic and white-
light interference patterns.

2.1 Index of Refraction

2.1.1 Introduction

It is well known that a light wave consists of coupled electric
and magnetic fields which oscillate in mutually perpendicular directions and
perpendicular to the direction of propagation. In general, the electric and
magnetic fields can be represented by (Refs. 9, 10):

E= xp [i(k*z -wt)

B0 exp [i(k*z- wt)J

1
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where distance z is measured in the direction of propagation of -the wave,
w is the angular frequency, and k* is the complex propagation constant,
where:

k* = k + i1 (2)

where k is the real propagation constant, defined as 277/A (N is the wave-
length) and P is the attenuation constant. It will be shown (Sec. 2.1.3)
that 0 is related to the conductivity 0 of the medium and equals zero when

= 0. Thus the electric and magnetic fields could also be given by:

Sexp [- exp [i(kz -0 (3)
= B0 exp P- •z] exp [i(kz - wt)]

which shows the true significance of the attenuation constant.

The phase velocity, vp, of a wave comprised of only one fre-
quency is defined as the velocity of a point of constant phase on the wave,
i.e.:

kz -6)t = a constant

Hence: dz

dt

or:
dz v - --- = (4)
dt' p -2 V

where v is the frequency of -the wave. In a vacuum:

8v = c = 2.9979 x 10 m/sec.
p

where c is the velocity of light in a vacuum, a constant under all conditions.
In a medium other than vacuum we define:

V p n:--)
p

where n is the phase index of refraction, a number greater than one in
most cases..

2.1.2 Polarizability

(It will be shown later (Sec. 2.1.4) that the interaction be-
tween the medium and the magnetic field associated with a light wave is
negligible. Therefore, in all that follows, we consider only the inter-
action between the medium and the electric field associated with the light
wave.)

If the medium through which a light wave is passing is corn-
posed of electrically neutral "hard sphere" particles, one would expect that
the medium would have no effect on the light wave (except for attenuation),
since there would then be no way in which the medium and the light wave
could interact. This, however, is not the case. An atom, for example, is
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composed of a positive nucleus surrounded by a cloud of negative electrons.
If there is no electric field present, the centres of charge of the nucleus
and the electron cloud coincide. If an electric field is present, the
electron cloud may be displaced slightly with respect to the nucleus, since,
if the electrons are attracted, the nucleus is repelled, and vice-versa.
This relative motion of the electrons and nucleus constitutes an electric
current which is present as long as the electric field is changing. The
steady-state result, when the electric field is constant, is a dipole.

The same considerations apply to molecules. Non-polar
molecules behave qualitatively like atoms, as described above. Polar mole-
cules have built-in dipole moments, and the effect of the electric field is
to rotate the molecule as well as to distort it. This rotation also pro-
duces a component of relative motion of the centres of positive and negative
charge in the direction of the electric field, again constituting an electric
current.

In general, a medium composed of electrically neutral
particles in the presence of an electri7c field ?will develop a polarization
field P, where I is defined as the induceQ1 dipole moment per unit volume.
Smay be considered parallel and directly proportional to E-', an excellent
approximation for the electric field associated with a light wave, and for
a gas, where the interactions between particles are completely random, and
where there -are no preferred directions such as might exist in a crystal.
We may then write:

S=p-N aE (6)

where p• is the dipole moment• induced in each particle, the polarizability,
c, is tae proportionality factor between I and E, and N is the nutber den-
sity of particles. If a number of different species of particles are pre-
sent, provided there -are no inter-particle forces (for example, a dilute
gas of electrically neutral particles) we may write:

Sii

where Ni and ci are the number density and polarizahility respectively of

Sc far, only neutral particles have been considered. In the
case of charged particles, such as electrons and ion,, there is of course a
direct coulomb interaction between the particles and the electric field
associated with the light wave. This will be considered separately (Sec.
2.1.4).

2.1.3 The Telegraph Equation A

The relations between the refractive index, the dielectric
constant, and the conductivity can be derived from the telegraph equation,
which is in turn derived from Maxwell's equations. The telegraph equation
is used here rather than the more usual wave equation because the con-- i
ductivity of the medium must be retained in the analysis. A number of
quantities must now be defined (in rationalized MKS units): f

Zi
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VFlLet: B=E LO+I

i .4

<0

where D is defined as the electric displacement, and e is defined as the
permittivity of free space, where

o= 8.854 x 1 1 2 farads/meter

If t~e medium is linear and isotropic (i.e., • parallel to and proportional
to E) we may write:

!I ~(i + xe

where Xe is the electric susceptibility. We may then let:

ke = (1 + Xe)

where ke is defined as the dielectric constant. It is then noted that:

a = e 0 ,

0
where a is defined as the polarizability,, as mentioned above.

where B is defined, strictly, as the magnetic induction, and i is defined
as the magnetic field. i is defined as the magnetic dipole moment per unit

Svolume, or the magnetization. In this development, twill be set equal to
zero, since we are dealing with a gaseous medium where the magnetization is
negligible. go is defined--as the magnetic permeability of free space,
where: , 0 •= 47r x l0o henrys/meter.

Generally, for non-ferromagnetic media, we may write:

B U .i(+ Xm) H

where Xm is defined as the magnetic susceptibility. We may then write:

k m= (1 + Xm)

where k. is defined as the relative permeability. It is noted that the
assumption of = 0 is equivalent to putting km = 1.

It is noted that 9 is analogous tol, and that km is analo-
gous to ke. It is also noted that since k 1 = 1, B and Tcan be, and often
are, both loosely referred to as the magnetic field, since they differ by
only a constant factor.

We can now proceed to derive and solve the telegraph equa-
tion. Maxwell's equations are, in stationary form (Refs. 9, and 10)

Sv qtr (8)
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x t - (10)

true Ft

= true + t 0

where qtrue is the true density of charge and A*rue is the true conduction
current.

In general, if the medium is moving at velocity V., a term
must be added to the right side of Eq. 11 to account for the convection
current,. a term of the form:

vI

• qrue - V |

This term takes this form because,, in addition to the actual charge pre-
sent, there is a charge due to the spatial variation of the polarization.,
given by:

.V= Jtue+ ok
v~.-=

We must also add terms to correct the polarization current in Eq. 11 for-the
motion of the medium. The total polarization current may then be written
(Ref. 4):

The differential operator used here is a general one, and can be applied to
any vector quantity in a moving medium. (See foi example., Ref. 9 in connection
with Faraday's Law). The last term on the right represents the current due
to the spatial change in the polarization in the volume under observation.
The middle term on the right represents the polarization current in the
volume under consideration due to perturbations in the velocity, V.

In general, however, the spatial derivatives are small
enough that the velocity would have to be very higa before the terms added
to account for the moving medium become comparable to the explicit time
derivatives. In addition, q is set equal to zero, i.e., there is no
net charge. Thus all the as onal terms involving the velocity may be
neglected.

It is noted that, strictly speaking, the polarization field
and the true current Jtr have components due to the interaction of themoving medium and the magnet!c field associated with the light wave. How-

dervaivs.Inaditon q ... isse eua t zro ie. ter i5n
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__ ever, these terms can be negl•ctd also, a. u smal I er I tha, the corespond-
ing terms due to the electric field. (see Sec. 2.1.4).

The telegraph equation may now be derived. Noting that, as
defined earlier:

0= k mi

where km is set equal to one, and that Ohm's Law states that:

!true

then, taking the curl of Eq. 10 and substituting from Eq. 11, we have:

Vx(VxI=V ( -

= GO + k0 at
0 Ft . rueeo e T)

(a- k -
= o Ftoo e at

But:

However, the charge density qtrue has been set equal to zer? and V.J is
negligible in relation to the time derivativesi so that V.E may be neglect-
ed, since:

S"v - %rue -

Hence, when reduced to one dimension, we have:

62r~L g £ k Ai 0 (12)
wzh i o• -F 00e at 2

which is the telegraph equation. It can be shown, that (Ref. 10)

I c1 -- - =
so that Eq. 12 becomes:

-p a - - 0 (13)
2 0 7t c2  t 2

;'at
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Noting that Eq. 1 is a solution of Eq. 13, we can substituteand obtain •
2 k

(- )2 + i __ + - (14)
Coc 2  C2

We can then substitute for (k*)2 from Eq. 2, separate into real and
imaginary parts, and solve the resulting simultaneous equations for • and k.
The roots are:

2 w2 k + k _2 + a2 (15)
C2 e- c ;2- e2 C E c 2e

2~ _a2

=kc +c2 e+ c2 ko
2 C ~2 ek 2  2c cE eo

As we noted earlier, A = 0 when ar = 0

We also noted earlier that:

v
p k

and that: c c k
n -= --

p vp -

so that:

Substituting-,from-Eq. 16, we find that:

np2 ke+ ke2 (17)

0

2.1.4 Determination of the Conduction Currents

The determination of the conduction currents due to charged
particles, which we neglected earlier (Sec. 2.1.2), may be done through the
equations of motion for electrons and- ions. For electrons, we may write
(Ref. 4):

Ne e(e + e' x ) + Ne e(• x - N e m e vc N e - dt (18)

where Ne is the number density of electrons, e is the electronic charge, v
is the velocity of the gas as a whole, u" is the velocity of individual
electrons, me is the mass of the electron, and vc is the collision fre-
quency for an electron. $

• 7



We must now show that the forces due to the magnetic field
associated with the light wave may be neglected, i.e., that terms containing
(7x B) and (u x may be dropped. We have from Eq. 10:

V A

Substituting from Eq. 1, and assuming that the light wave is a plane wave,

so that all space derivatives vanish except 6/6z, this equation becomesj (performing the differentiation)

(x component) - i k* Ey = i w Bx

(y component) i k* E = i w B
X y

so that:

BB k* p

taking the real part only. Hence, going back to Eq. 18, the ratio of the
forces due to the electric and magnetic fields may be written (for u perpen-
dicular to B):

eE ev -P» 1  (19)
euB euB u

Hence, the terms giving forces due to the magnetic field may be neglected.

Therefore, Eq. 18 may be rewritten:

V~ now le th N v jN: Eq an (20)
e e e c e edt

SIf we now let the electric field vary as described by Eq. 1, and assume that

the velocity of the charged particles is proportional to-the applied electric
field, Eq. 20 becomes:

m- i=-iWm u
e c eand e e

S-. . = •( .c e
eu = W= "- 2c =2 2e( +F)

c ec (21)

An equation similar to Eq. 20 can also be written for each
species of ion present in the medium, and the result is given by, as in Eq.
21:

u eY' 6 (22)
ion

where vc, the collision frequency for ions, will generally be different from
V.
c

T8
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We can now write down expressions for all the currents that
appear on the right side of Eq. 11. The conduction current due to the motion
of the electrons is given by;

e e e

Ne e2

-2 2 (Vc20 t' (3

Similarly, the ion current is given by:

-4 = N euJion ion eion

e2
Nion er

mion. (v;)2+w2]

As noted in Sec. 2.1.2, a change in polarization, T, of the medium gives rise
to a current. Hence, for the ions, we have:

-p ion
ion o

- ion ion (25)

and similarly for the neutral species present:

n

N = n F (26)

We can now sum Eqs. 23, 24, 25 and 26, and thus form the
quantity that appears on the right side of Eq. 11:

"+ je + o+ + ) jo
i xt=~ +, ) + 1 (27)Je ion Q Pion n

However, the ion current may be neglected here as being much smaller than
the electron current. Thus, Eq. 27 becomes:

N Ne 2 v r N Ne 2

x -S. + (a N +,aN4me(vc 2 + w2 ) (ion ion n n me(vc 2 + w2 ) 0

If we let: 2 Ne e2

p Co Me

9



Ti

where w is the plasma frequency, and substitute, we obtain:

z --

(28)

where the contributions to the polarization current have been summed in one
term. If we compare Eq.- 28 with Eq. 11 written in the form:

V xý o* + o-:k

then we may put: W

a = (29)
4 (i+!vI

2

k Ne ~a ciNi (30)

1+

2.1.5 Index 6f Refraction and. the-Gladstone-Dale Constant

Ba zrliejr it was shown .that-(See. 24!.3):

np = 11e+ We 2  C01
On substituting from Eqs. 29 and 30 for a and ke, and assuming v << ,

Eq. 17 becomes, on simplifying:

, 2 = wp. ,0%• •
So i N 2 (3)

and then, using the binomial expansion, we obtain to a first but very good
approximation:

np = 1+1 - xNi ~ - (32)2c~ i i12

The number density may be written as:

N i mi

10
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so that Eq. 32, becomes:

p -Ci±m (33)

or t
rip-1 = Ki pi" P (2¢34)

W2

Equation 34 is the Gladstone-Dale equation, and:

K = 1 ai (35)

is the Gladstone-Dale constant, or the specific refractivity of the ith

species.

The last term in Eqs. 33 and 34 may be written:

S2 
Ne e2  Ne e2  A2

2 W2 87r2v2 m8 22 27c
m e Co r e Co

which is a function of the number density of electrons and the wavelength.
,Numerica :

11 4.46 x lo 6 Ne = 40o.08 -e
2 W2 e

whiere- Ne is in particbis.-per cubic maeter, A is in meters, and v is in sec 1 .
It is noted in-Eq. 34 that, an increase in the densities

produces an increase in the index of refraction while an increase in the
vaýaeof ,W 2, i.e., of the electron n~mber density, produces a decrease
tinthe. index of refraction and, if is large enough, the index of re-
Traction may become less than one, i.e., the velocity of the light becomes
higher than in a Vacuum. This, however,, does not imply signalling at
speeds greater than the speed of light,, because, in order to transmit in-
formatibn, the wave must be modulated which immediately introduces other
frequencies. The combined wave travels according to the group index of
refraction, which will be introduced later, rather than the phase index of
refraction.

It is seen from Eq. 35 that the Gladstone-Dale constant for
a given species is a function only of the molecular weight and the polariza-
bility. Since the molecular weight can be considered constant for the
Species in question, it follows that any changes in the value of the
Gladstone-Dale constant will enter as variations in the polarizability of
the-species., Therefore something should be said at this point about the
temperature dependence of the polarizability.

It is noted from the discussion of polrtization given in
Sec. 2.1.2 that -the model proposed. for atoms1 and non-po±ir molecules is
electrically, symmetrical in all directions when no electric field is pre-
sent, i.e., its electrical "appearance" is independent of the orientation

ll



taken up by the particle in the course of its random thermal motion. Hence,
when an electric field is applied to the medium, the polarization of the
particle must be independent of the particle's orientation relative to the
applied electric field. The polarization process takes place extremely
quickly, and if the impressed field is that of a light wave, then the
polarization varies with the frequency of light. Hence, changes in the
orientation of the particle will have no effect, since these changes occur
at a frequency much lower than that of the impressed electric field. There-
fore, if the polarization of the particle is independent of the particles
orientation, and is insensitive to changes in that orientation, then the
polarization can be said to be independent of temperature, which is a mea-
sure of the (relatively) low frequency at which changes in orientation take
place (e.g., 1010 collisions per second; compared to lO15 sec 1l, the
approximate frequency of light).

The case of polar molecules, however, is different. Here, it
is recalled, the molecules have built-in dipole moments and the orientation
of these dipole moments is thus a function of the thermal motion of the
particles, when no electric field is present. When an electric field is
applied, it tends to orientate the dipoles in the direction of the field,
but this orientation is opposed by the thermal motion of the particles. It
is seen that the degree of orientation of the dipoles in a given electric
field is a function of how strong are the thermal restoring forces , i.e.,
of the temperature.

The latter case of the polar molecule was included in order
to present a complete picture, for, in the present work, the only molecule
included is oxygen, 02, which is non-polar, since both "ends" of the mole-
cule are identical. Therefore, the conclusion based on the arguments pre-
sented here is that the polarizations, and thus the Gladstone-Dale constants,
of the species being studied in this work should not change with temperature.
This conclusion is however based on rather simple classical arguments; it is
possible that a quantum-mechanical treatment might yield a different conclu-

S* sion, but this is beyond the scope of this thesis. A detailed discussion of
polarization and inter-molecular forces is given in Ref. 8. However, much
of the treatment in Ref. 8 concerns liquids, and many of the effects dis-
cussed are negligible in the case of a gas.

2.2 Application to Interferometry

2.2.1 Introduction

Earlier, we denoted the amplitude of the electric and magnetic
fields associated with a light wave by:

E=0 exp [i (k*z - wt)]•. 0U B = Bexp [i (k*z - wt)]
0

27r
where k* = k + i•, k =-- and w = 27v

SisIf the medium being considered is, a gas, then the conductivity,
a, is small (e.g., 1O-5 m hos/m). Therefore, we can assume that there is

ii%
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no attenuation of the light wave, i.e., that 0 = 0 and e"Oz = . , at least
for the distances involved in interferometry. Therefore we may write:

Eo exp [27r i - vt))

re- Up to now, it has been convenient to work with the exponen-
tial form in expressing the variation of the quantities associated with a
light wave. However for the purposes of this section it is convenient to
work with the amplitude of the light wave, which is related to the electric

ke field and can be described by the same function. It is also convenient to
use only the real part of the exponential function and write:

it A=A cos 27r (vt - Z)onA
The imaginary part of the exponential could also be used for this purpose;
the only difference would be that bhe cosine is everywhere replaced by sine.

it 2.2.2 The Mach-Zehnder Interferometer

Figure 7 shows the geometrical and optical layout of a Mach-
Zehnder interferometer. A more detailed description of the UTIAS 9" inter-
ferometer is given in Ref. 3, but a brief summary of the principles involved

er is included here. Light from the source is formed into a parallel beam of

e sufficient area and directed to splitter 1, where it is divided into two
parts by amplitude division. Part of the original beam is directed to mirror
1 and from there it is passed through the test section to splitter 2. The

nts, remaining part of the beam passes from splitter 1 through the compensating

ure. chamber, an optical replica of the test section, to mirror 2 and then to
is splitter 2. At splitter 2, the two parts of the original beam are recombined.

Part of the reconstructed beam passes through various lenses and mirrors to

,of the photographic plate, ground-glass screen, or other detector. The remain-

h ing part passes out of the system, and is not used,, although it could be if
convenient.

Let us now assume that conditions inside the test section
and inside the compensating chamber are identical, and that the optical nath
lengths of the test section and compensating chamber beams are equal. Ihis
does not necessarily mean that the geometrical path lengths are equal
(although they usually are, in practice), but it does mean that the transit
times of the two beams, from separation at splitter 1 to recombination at

ýetic splitter 2, are equal. We also assume that the plates of the interferometer
are exactly parallel and perfectly flat, sd that the path length at onq
point in the field of view is the same as at any other point. Under r`%se
conditions, the test-section beam and the compensating chamber beam, which
were formed from the same beam at splitter 1, will arrive at splitter 2
exactly in phase, and the resultant amplitude will be the same as that of
the original beam.

If a change now occurs in the test section conditions, the
optical path length seen by the test section beam will also change. This is

.vity, caused by a change in the velocity of light in the test section, i.e., the
is wavelength changes (since the frequency is fixed), and these changes show up

as a change in the index of refraction. Thus, an optical path difference
between the test section and compensating chamber beams is introduced, given

13



by, in cycles:

2 L L

where L is the geometric width of the test section, and subscripts 1 and 2
denote initial and final conditions in the test section, respectively. In
terms of the indices of refraction this becomes (dropping the subscript p
denoting phase index of refraction5

.- ~- (n2 -
2 On

0

where A is the wavelength in vacuum.0

The resultant amplitude seen at the photographic plate is
then simply the sum of the amplitudes -of the test section and compensating
chamber beams, taking into account the phase difference introduced. Here,
since we are observing in a fixed position relative to the source and inter-
ferometer, we can neglect the z dependence of the amplitude. It is noted
that introducing a path difference has the same effect as adding a phase
ccnstant to the test-section beam. Thus:

A -A cos (27 vt) + 1 A° cos 27 ( Vt + - L

=A os(i~' t+ ii. - 7L)cosT L -. L

A cos (27r vt + Z -"• ) cos C (n " n 2 )

"= A cos (2r vt + COSL 'rL

= A cos-(27r vt+ - A cos o (n2•-n) (36)
0 ~2 1 A

This was obtained using standard trigonometric relations. No account has
been taken of the light lost at the second splitter, since this alters the
result only by a constant factor.

However, the quantity acttally detected by the photographic
plate is the intensity of the light, which is given by the square of the
amplitude. Furthermore, it is noted that the time veriation of the amplitude
is at frequency v, which is far too rapid for the human eye or any other
sensor to detect. Rather, the sensor sees a time average of the intensity.
Therefore:

2 2 7rL L(n nl)I=A =AI cos2 (2irvt-+ - -~) cos ~-n-n

02 o.

-1-
'1
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and 1- 1T 1 [A cs2 7oL T 2
I dt [n cos (27 nt + d0f Y, 0 7 2T o 0 2 ý'l

1+ 2iL 22L O T
A cos' (n - ) cos(47ivt + 27TL I t2+1
0 2 -n1) % n- - t + IdT

0 1 72 .>

r 2 vL 2!k
SA

2 Cos2  (n n i 444 + ~> TT
2T 10 X 2 - 1) J~ L ssn~' 2 X,~ j

1

and taking-the limit as T becomes very large compared to -' - , we obtain:

2- =Ao 7rL
y= cos2 ?o (n2 nl) (37)

Thus the only variation in intensity which can be detected is that due to the
change in conditions in the test section. Since we specified that the path
length was the same throughout the field of view initially, we see that the
intensity will vary in the same way throughout the field, provided that n2
is uniform throughout the test section. When the argument of the cosine
equals an even multiple of 7r/2 , the intensity is a maximum; when the
argument equals an odd multiple of 7r/2, the intensity is zero, and no light
is transmitted.

Generally, however, conditions will not change uniformly
throughout the test-section; rather, n2 will vary from one part of the field
to another and 7rL/Ao (n 2 -nl) will assume various values. When ný varies
smoothly (which it does, except through flow discontinuities), 7 LA (n 2 -n 1 )
will also change smoothly, increasing (or decreasing) in value, passing
through odd and even multiples of 7r/2. The result is -a set of interference
fringes: the contours where 7rL/A 0 (n2 -n1 ) is an even multiple of 7r/2
show up as bz.ght lines, and the contours where 7rL/Ao (n2 -nl) is an odd
multiple of 7i/2 show up as dark lines, with a continous variation in bright-
ness betweenthe bright and dark lines. The change in n2 between adjacent
bright (or dark) fringes is given by:

7' [(n 2 .+ An) - nl] = n2 - nl + 7"
0 0

or: A

L

Therefore, if the index of refraction is known on a given fringe, the index
of refraction on any other fringe can be determined.

I -
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2.2.3 The Parallel Fringe Method

Up to now, it was assumed that the plates of the interfero-

meter were all parallel. We now modify the system by introducing in one of
the beams of the interferometer an optical path difference which changes
uniformly across the field of view. This is done in the compensating cham-
ber beam (Ref. 3) by rotating mirror 2 through a small angle E . The optical
path difference thus introduced is (in cycles):

a

where y is measured perpendicular both to the axis of rotation of tYQ mirror
and to the direction of propagation of the beam, and where subscript "a"

indicates the medium in which the interrerometer is immersed, generally air.

It is seen that the effect of this alteration is the same
as if the index of refraction in the test section had been made to vary
uniformly across the field of view, and the result is straight, uniform
fringes. Mathematically, proceeding as before, the resultant amplitude at
any point in the field is given by:

A=~ co~lTvt+E) + Ao cosw -+~~)
=A cos 2T (vt + ?EX +r 21 A + -

S0 A a L 2 0 ) A2 -A -1

= (27rvt + - - LI o + (n- - + a

L +L 2_.PE co •L 2EY na
= A° cos (2rt + ZL2 - I CO Z .(o n2"nl " L

0 2 'Al "a' 'A 0 L /
(38)

Therefore:
(27TVt+- 7rL I' n 2Eyna>

I =A 2 cos 2 L _r L + 27rE cos 2 _ n2 _
2 A a2 o 2L

Here, as in the case of Eq. 36, the time variation of the intensity is at
frequency v , and is.therefore far too rapid to be detected. Therefore, tak-
ing the time average, as before:

-= Idt = AA cos2 fnl COS (27TVt + Z - L+ 2'2y dt

0 2

which, on simplifying and taking the limit as T becomes very large compared to
j 1/v , becomes:

A2
A cos 2 TL ( n1 (39)

-2 ' 2 " L

This expression is similar to that obtained earlier in Eq.

•i 37 for the infinite fringe method, but now the intensity is hlso a function
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of position y. When conditions in the test section are constant, i.e.,
(n2 - nl) is constant over the field of view, the intensity is governed by
changes in the term:

2Eyna

L

and the spacing of the fringes is given by:

7TL,, _2EyIa +. IrL 2c(y+d)fla
T" L' L

0 0

or: 0

Generally, however, test section flow conditions will not be
uniform and thus the fringes generally will not be straight. Referring to
Fig. 8, suppose that two points in the field of view P(xp,yp) and Q(xQ,yQ)
are on the same fringe, i.e, that:

(n 2Eyna

T 2 L )
is a constant. Then:

7rL p 2 Eypna L(n 2Ey na>

0(:L xo (n - ,n

or

0 0

Equation 40 is basic to the use of the Mach-Zehnder inter-
ferometer: it relates the y-deflection of the fringes, in terms of fringe
spacing, to the change in index of refraction. Since Ao and L are known in
a given situation and the fringe spacing can be measured, one can then
determine the index of refraction over the entire field of view, provided
that the index of refraction is known at one point.

If we now introduce the Gladstone-Dale equation, Eq. 34,
one can write:

in- =Z (ip- iq (p)21 (W ) , 21
nP fQ = ~i 2wi P~ 2 WPJr P Q

which relates the change in index of refraction to the changes in the partial
densities and in the electron number density. If this was substituted into

Eq. 40, it is noted that as many equations as there are unknowns would be re-
quired to solve for all the mass densities plv.s the electron number density.
If we assume, however, that only one species is present other than electrons,
we may write:

4I
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i

dy P Q 
-0 3

Therefore, having two equations of this form. one could determine the mass
density and electron density at any point in the field of view, provided
that "these quantities were known at one Doint in the field.

The effect of the electrons is particularly noted.
If p > pQ for constant u , then yp> y^. But if (p - PQ) is held con-
stant and s( P allowe~d to increase, tien (yp - y ) will de-
crease. So that,-if an Qincrease in density produces a positiv5 fringe
shift, an increase in electron density will produce a n fringe shift.

2.2.4 White Light Interference

So far, only interference between monochromatic light beams
has been considered. We must now consider interference between beams of
"white light", i.e., light containing a range of wavelengths. This change
introduces several complications such as dispersive effects, which arise
because the index of refraction of a medium is generally a function of wave-
length.

It is also impossible to consider interference between beams
of white light in the same way as we considered monochromatic interference -
as an amplitude phenomenon. Rather,the intensity distribution in a white-
light interference pattern must be considered as the superposition of the
intensity distributions from an infinite number of monochromatic interferograms
at wavelengths within the wavelength range of the white light. This arises
from the fact that nothing can be said about the phase differences between
the various wavelengths emitted by the source.

For a monvchromatic inteferogram, the source of light may
be considered as the set of oscillators (atoms or molecules) in the source
which emit at the particular wavelength in question. Each one of these
oscillators emits for only a short time (but still several. orders of magni-
tude longer than I/ v) so that the set of oscillators changes frequently.
However, for a given set of oscillators, the light emitted can be said to
have a certain phase which is the resultant of the phases of all the indi-
vidual oscillators; this phase remains constant for the given set of
oscillators, since all the oscillators within the set emit at the same fre-
quency. Sipilarly, if one considers the set of oscillators emitting at a
second frequency, the emitted light from these oscillators can also be
assigned a resultant phase. But since the frequencies of the light emitted
"by these two sets of oscillators are different, the phase difference between
the two frequencies is always changing. Likewise for all the other wave-

- • Ilengths emitted by the source.

V However, as stated above, the set of oscillators emitting
at a particular wavelerGt-h exists for only a short time; when the set of
oscillators changes, the resultant phase undergoes unpredictable changes

-I also. Thus in addition to the variation in phase difference due to the

fact that the frequencies are different, there are also random changes in
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phase difference due to the changing sets of oscillators, so that it is
impossible to predict the changes in phase difference mathematically.
Therefore, one cannot consider interference between beams of light of
different wavelengths as an amplitude phenomenon, because to do so re-
quires knowledge of the phase difference which is not available. The best
that can be done is to consider the energy, or intensity, distribution
produced by interference at a given wavelength, about which something can
be said, and then integrate over the. frequency spectrum to find the result-
ant intensity distribution.

Some authors have not considered these points when integrat-
ing over the frequency spectrum to find the resultant interference pattern.
Attempts have been made to work with the amplitude, and in attempting to
define the phase differences, the tacit assumptions have been made that, (1),
the sets of oscillators which produce each frequency remain the same, so that
no random changes in phase occur, and, (2), that the phase differences
between all the frequencies are zero at time t = 0. This produces the not
unexpected result that the intensity over the field of view of the interfero-
meter decreases with time, and with distance away from the zero-order fringe,
which is not the case. The intensity in the field of view is constant in
time, and, while the peak intensity does deprease with distance away from
the zero-order fringe, the average intensity is the same over the field of
view.

In view of these considerations, a convenient starting point
from which to calculate the intensity distribution in a white-light inter-
ference pattern is the intensity distribution for a monochromatic interfer-
ence pattern given by Eq. 39:

A2 (ny•
2 0\K 2 7L a

Y =T Cos (n -"n" (39)

Introducing the Gladstone-Dale equation (Eq. 34) and assuming only one
species present other than electrons, Eq. 39 becomes:

A Li 12 2- 2E-ynai
- K(P2 - P - ((W) (w )2) -
21 Tol, 22 \p2 pL J

or: 2

A=~os 2 [ -TY (L - 1'- (WP) _ 2 MYVfla
2 [ c (P2 P)" c

(42)

where (w.)12 has been set equal to zero to correspond to the usual physical
situatio Iof no electrons present in the initial statev/c has been sub-
stituted for l/\o and 41v2 has been substituted for w2.

We must now determine the spectral intensity distribution
of the light. Referring to Fig. 9a, we set: "V

I° =-- for vI < V < v2
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'I= 0 for v < v and v > v'
1,2

The intensity distribution in the white-light interference pattern 'is then
given by:

f2 1 d = cos2 [ff•K (p _piL - (Wp) 2 "2Eya v (43)

121

We must now introduce frequency dependent expressions for the indicd:s of re-
fraction and the Gladstone-Dale constant. This can be done through the
Cauchy relation (Ref. 14):

n -1 = A + By2 + Cv4 + .....

K =K 0 + K 2 +K +.....

Having thus accounted for the frequency dependence of the
indices of refraction and the Gladstone-Dale constant, Eq. 43 can be inte-
grated, and the details are given in Appendix A. The result is:

A2  sin ([X (P - Pl)(A + A) - Xy(l + t' + A!)+ X3 (v-v)
- 2 o 1 12+ 1 2 o1)-A + l± ~--+'0 3) 2-1

4 [X l1(P2 - pl)(A+ A-) - X2 y (1 + Ao.+Ai)x 3] (V2 - V1)

x cos ( 2l 2 y (1[+ A)- x3J V]} (44)

V 2 + v1
S~where: v --

• • 2

} •L 27M Le2Ne
c X= -C ;X2 = -C ; 3 87E=

and where, as shown in Appendix A:

(i + 6) corresponds to the phase index of refraction of the air in
which the interferometer is immersed.

(1 + A' + A) corresponds to the group index of refraction of the air in
o which the interferometer is immersed

Ao is the Gladstone-Dale constant of the gas in the test
| section, which is analogous to the phase index of refrac-

tion, of the gas, and

St• ( 0A + A) is the Gladstone-Dale constant of the gas in the test
0 •section, which is analogous to the group index of refrac-

tion of the gas.

Equation 44 shows thaý a white-light interference pattern
-... consists of a background intensity, A/4, on which is superimposed a sinu-

soidal variation governed by frequency V, which is in turn modulated by a
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sine wave governed by frequency (v - v.). It is also noted that as (p2 "f p1)
varies from zero, the position of Lhe zero-order fringe (i.e., the value of

y for which the argument of the cosine is zero), and the position of the
maximum of the modulating function, or envelope, (i.e., the value of y for
which the argument of the sine is zero) vary from zero also. However, the
values of y which result in the arguments of the sine and cosine being
equal to zero are different, except when X3 (i.e., the electron number den-
sity) anA (p2 - p1 ) equal zero. It is noted too that the contrast of the
fringes, in addition to being controlled by the sine function, decreases
as distance from the position of the maximum of the envelope increases.
These effects, and others described below, are demonstrated in the numerical
calculations included in Appendix A.

Of particular interest is the contribution of the electrons;
in the cosine factor this term is negative, while in the sine factor this
term is positive. This indicates, as noted in connection with Eq. 41, that
the electrons produce a negative shift of individual fringes, but a positive
shift of the envelope of the intensity distribution. It is also noted that
the effect ?f the electrons is frequency dependent, since X contains a
factor (V)". Therefore, the effect of the electrons will Le less at shorter
wavelengths, toward the violet end of the spectrum,and greater at longer
wavelengths, toward the red end of the spectrum.

It is noted too that Eq. 44 produces the correct results in
the limits as (vN - v )-*.o and as (v2 - vl) -*0. As (v2 -vl) -*0, the
range of wavelengths iecomes more and more narrow until, in the limit, only
one wavelength, V, remains, and the white-light interferogram becomes a
monochromatic interferogram. In Eq. 44, as (v 2 - v )-. 0, the argument of
the sine approaches zero for all values of (P2 _ pjl, y, and Ne, and since:

lim sinx =l and 1 (1 +cos 2x) = cos2x (45)x-.O x

it is seen that Eq. 44 degenerates to Eq. 39, after allowance is made for
the changes in notation.

As (v2 - vI) -*o , it is seen that the coefficient of the
cosine factor approaches zero, since:

lim sin x

and the intensity becomes equal to A/4 everywhere except at the position of
the maximum of the envelope. At this point the argument of the sine is zero,
regardless of the value of (v2 - vl), and the former limit given in Eq. 45
holds. Thus, at the position of the maximum of the envelope, the maximum
intensity possible is Ao/2, subject to modulation by the cosine factor, and
only one fringe remains.

Most important however is the form of the indices of refract-
ion which appear in Eq. 44. Assuming for thp moment that no electrons are
present, (the effect of electrons was considered earlier) it is noted that
the shift of individual fringes with frequency 7 is controlled by A0 and
(1 + A'), while the shift of the envelope with frequency (v2 -. v ) is con-
trollea by (6o - A1 ) and (1 + A' + Aj). Thus, as mentioned earlier, the

0f
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envelope will be shifted by a different amount than will be individual
Tvl !fringes for a given change in (P2 - P). This effect is known as "rollover"

(Ref. 5), and the reason for its occurrence is shown in Appendix A.

3. EXPERIMENTAL RESULTS FOR OXYGEN

1) Procedure and Method of Analysis

The basic method which was used to determine the Gladstone-
Dale constants has been outlined in Appendix B of Ref. 1. This involved
passing a strong shock wave through the gas under study and measuring the
index of refraction of the hot dissociating gas behind the shock wave. This
could be done in the UTIAS 4" x 7" Shock Tube, using the 9" Mach-Zehnder
interferometer to measure the index of refraction. A convenient reference
index of refraction was that of the cold gas ahead of the shock wave, for
which all the parameters of state were known, while the change in the index
of refraction between the shocked and unshocked gas could be determined from
an instantaneous interferogram of the shock wave as it passed through the
field of the interferometer.

As noted above, all the required parameters of the gas
ahead of the shock wave were known. Also, the Gladstone-Dale constants at
various wavelengths for various gases have been determined from room-
temperature conditions, and were available in Ref. 6. For the shock-
heated gas, the required state parameters could not be determined directly.
Consequently, values of the density ratio across the shock wave, had to be
determined from the initial conditions, using normal shock calculations.
Using this data, it was then possible to determine the Gladstone-Dale con-
stants for the hot gas from the iefractive index measurements.

For the case of oxygen, the contribution of the electrons
produced by t~e shock wave to the total refractivity of the gas, can be
neglected ( 4 2 2  10-16), so that the Gladstone-Dale equation (Eq. 34)
for the shocked gas becomes:

S2 - 1 = E Ki PiS; i

or
I In2 -1 = P2 [KM (1 - ad2 + KA a2] (45)

where p2 is the total density of the shocked gas, a2 is the degree of
Sdissociations i.e., the fraction of the oxygen molecules tha' are split

up into their component atoms, KM is the Gladstone-Dale constant for theS!oxygen molecule, and KA is the Gladstone-Dale constant for the oxygen atom.

Similarly, for the cold gas ahead of the shock wave, Eq. 34
becomes:

- p1 - (46)

where K02 is the Gladstone-Dale constant of the oxygen molecule at room
temperature, as given in Ref. 6. On the basis of the arguments present in
Sec. 2.1.5, KO2 would be expected to be equal to KM, in spite of the vastly
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different temperatures involved in the two determinations. However, one of
the objectives of this experimental work is to check this point, and there-
fore, for the sake of generality, no assumption is made regarding the value
of KM.

The relation between the non-dimensional fringe shift and
the change in index of refraction is given by (Eq. 40):

L SL (4o)
0 0

If nQ represents the initial state 1 ahead of the shock wave on the interfero-
gram, and np represents the final state 2 behind the shock wave, one can sub-
stitute from Eqs. 45 and 46 for np and nQ respectively and obtain:

XL P2[KM (1 - 0+ KA a2]- ALP 1  K02 =S12
0 [0

or

K, P 2 (1 - 2l + PA 2 a2] = S12 + 1 Li K02

(47)

Equation 47 contains two unknowns, so that one determination
of S12 would not provide enough information. A minimum of two equations
of this form are required to determine both- KM and KA, i.e., two independent
runs in the shock tube are required.

This procceure of using two simultaneous equations to deter-
mine KM and KA was that suggested in Appendix B of Ref. 1. However, it had
to be discarded since it was found that the values obtained for KM and KA
were extremely sensitive to small errors in the measurement of the fringe
shifts. An alternative procedure was that used in Ref. 7, where KM was
arbitrarily set equal to K0,I thus eliminating one unknown. This allowed
KA to be determined from ony one measurement of fringe shift, and the
error in KA resulting from an error in S1 2 was much reduced. However,
while on the basis of the classical arguments presented earlier, there is
some justification for setting KM.equal to Ko , until this equality is
actually proved to be so, the value obtained ?or KA is still open to question,
since it is influenced by the choice of the value of KM.

Obviously, it would be desirable to remove this assumption,
and so a new procedure* was developed. It was better in that it removed
the assumption of a value for KM, and allowed a large number of determinations
of 812 to be used to obtain one pair of values for KM and KA. This method
is outlined below.

* The author is indebted to Dr. A. Levy for the original suggestion leading
to the development of this method.
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Equation 47 can be written in the form:

VL S2 [KM (l -'2) KA a2] = s12 + P -KO0 2 (48)

or: L L2 [K'] +~~1 + = 1l 7 K02
0 0

where:
SK' =MK (1 - a 2 ) + KA 2  (48a)

It is seen that K' is the specific refractivity of the mix-
ture of 02 and 0, and the value of K' changes depending on the value of a2.
In particular, at a2 = O, K' becomes equal to KM, and at a2 = 1, K' becomes
equal to KA. Also, if Eq. 48a is wnritten in the form:

K' = KM + a2 (KA - KM) (48b)

it is seen that the value of K' varies linearly with a%, since KA and KM are
constants for the gas under study. Thus, if K' is plotted versus a2, and a
straight line is drawn through the points, it is seen that the intercept at
a 2 = 0 gives a value of KM and the intercept at a2 = 1 gives a value of KA-
The value of this procedure is that there is no limit to the number of
points K' versus a2 that can be used, i.e., the number of runs in the shock
tube, since each run produces one point of K' versus a 2, and every additional
point or run reduces the uncertainty in the slope and intercepts of the line
drawn through the points.

*The criteria for choosing running conditions in the shock
tube can be obtained with the aid of Eq. 48. Solving for K' in Eq. 48, one
obtains:

S1 2  + Pl
K'=- + K02

X-P2 P2
0

and if one assumes that p1 , L, o'A and K02 are known exactly, one can write:

aK' - 12 - - + Ko 2)2 (49)AK L P2 -- 2
7-P22

0 0

where AK', AS1 2, and AP2 are the errors in these quantities, and where
AK' is the sum of the errors in the terms involving AS12 and AP2 . Thus
it is seen that the error in K' may be reduced by raising the density of the
shocked gas, P2. Also, since it is the intercepts at Q2 = 0 and a2 = 1
that are wanted, it is desirable to obtain points with qz2 as low as possible
and also with a2 as high as possible. Obviously, the limits on the choice
of running conditions are set by the structural strength of the shock tube.
In addition, it was desired to keep the temperature of the shocked gas with-
in the range of approximately 3300 0K to 4400°K, uhich was roughly the tem-
perature range involved in the oxygen expansion studies (Ref. 1) which the
present work supports. The change with temperature of the Gladstone-Dale

f

S~24



constants would then be shown by the difference between •2, the room-
temperature value for the oxygen molecule, and Ky,, the value obtained in the
present work at the elevated temperature. Also, any variation of the
Gladstone-Dale constants with temperature within the range chosen for this
work would show up as scatter in the points K' vs a:, and the scatter would
show some sort of trend with temperature.

The best way to fit a straight line to the values of K' vs
a2 is to use a least squares analysis; however, the procedure is not as
straight forward as usual in this case. Normally, in Minimizing the sum of
the squares of the deviations, one assumes that the variances of all the
points are equal. This would be unrealistic in the present case, since the
variances are in fact not equal, as indicated by the estimated error (See
Table 3). Consequently, a quantity p is calculated for each point such that
p is proportional to the inverse of the estimated percent error of the poin•.
Thus, instead of one point at each location, one assumes p2 points, where p

e is not necessarily an integer. The equations giving the slope (KA - Kr,) and
the intercept KM at a2 = 0 then become (see Eq. 48b)

(KA _ K M) z p2  a2  . Ep2  a K' + K(Z p2  a = 0

(aA ( KM) " p 2 a . p2 K' +K, 1 Zp 2 = 0

e These equations could also be solved for KA and K. explicitly.

A measure of the percent error at the intercepts can be
obtained from:

2

6K 12 EL2 -2, Ia(51)

where 6 is the percent error of the point at abscissa a and 5' is the per-

cent error of the point (possibly hypothetical) for which the quantity p is

equal to one. The expression in Eq. 51 was originally derived (Ref. 15) for
Sstandard deviation, but it is assumed here that the percent error is propor-

tional to the standard deviation and that they remain porportional throughout
the calculations.

(Equations 50 and 51 are actually adaptations of expressions
derived for the case of equal variance in all the points. However, once the
method for weighting the points has been decided, the forms shown in Eqs. 50

e and 51 follow inmediately. The particular method of weighting used here was
decided upon so that the results obtained for 6 using Eq. 51 would be inde-

e pendent of the actual numerical magnitude of p, the only requirement being
that p be proportional to the inverse of the estimated percent error, as de-
tailed earlier. The condition that Zp2 must be equal to the number of
points is required for the test of significance which is applied in Sec. 3.2
to determine whether the difference between the results for K.M and KA is
significant in view of the experimental error (See Ref. 15). The result of
this test is influenced by the magnitude of Zp2 and, since in the or•ignal
equal-variance version of this test the quantity corresponding to Ep was
the number of experimental points, it was decided to set Zp 2 equal to the
number of points).
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3.2 Experimental Results and

A summary of the runs in the UTIAS 4" x 7" Shock Tube used
for the determination or the Gladstone-Dale constants for dissociating oxygen
is shown in Table 1. Twelve runs were taken: shock Mach numbers varied be-
tween 8.86 and 16.64, while initial pressure varied from 3.99 mm Hg to
54.0 mm Hg. It is also noted that the initial temperature did not vary more
than one degree Kelvin from 300 0 K.

As mentioned before, the state parameters of the gas behind
the shock wave bad to be determined from normal shock calculations, and it
was plain that any results obtained for the Gladstone-Dale constants would
be only as accurate as the calculations used. Fortunately, suitable normal
shock data was obtainable from Ref. 13. This data was calculated for T of
3000K, which was in line with the actual T1 in the shock tube. From this
data, values of the degree of dissociation of the shock-heated gas, the den-
sity ratio across the shock wave, and the equilibrium temperature of the hot
gas were obtained for each run.

Of major importance too was the accuracy with which measure-
ments of fringe shift on the interferograms could be mpde. Prints made
irom typical interferograms are shown in Figs. 1, 2, and 3. Since the
fringes were discontinuous across the shock wave, use had to be made of a
white-light interferogram, taken at the same time as the monochromatic
interferogram, in order to trace the zero-order fringe across the shock
front. This was possible because, as shown in Figs. 1 and 2, only a few
f-inges on either side of the zero-order fringe are visible on a white light
interferogram. However, the phenomenon of "rollover ", which becomes
important when there are large density changes, meant that great care had to
be exercised when using the white-light fringes to identify the zero-order
fringe (See Sec. 2.2.4 and Appendix A).

in addition, care had to be exercised when measuring the
fringe-shift since the shock front was so badly blurred on the earlier inter-
ferograms such as in Fig. 1. These interferograms were taken with a
magnesium spark source in the interferometer, which limited the time resolu-
tion on the interferograms to about two microseconds. Consequently, account
had to be taken of the curvature of the fringes between the two points of
measurement in front of and behind the shock wave, since these points were
far apart due to the apparent thickness of the shock front. Later inter-
ferograms were taken with the exploding wire light source and a Kerr Cell
(See Appendix C) which improved the time resolution by a factor of 10. The
difference in sharpness of the shock front is readily apparent in tha inter-
ferograms shown in Fig. 3.

Another difficulty which had to be contended with is appar-
ent in Fig. lb. This was the so-called "phasing" of the white-light fringes,
in which the fringe envelope of the white-light fringes moved with respect
to individual fringes as one followed the fringes from one side of the
interferogram to the other. This phasing was very similar to rollover ex-
cept that it was a function of the optics of the interferometer, not of a

•I density change, since phasing was present on the no-flow as well as the flow
interferograms. As a result, determination of the position of the zero-
order fringe from an estimate of the rollover on the white-light interfero-
grams was a very difficult matter. Eventually, the problem was overcome by
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taking a series of densitometer traces across the white-light fringe pattern
at various positions on both the flow and no-flow interferograms. Since
the phasing was present on both the flow and no-flow interferograms, while
the rollover was present only on the flow interferograms, it was possible
to separate the "rollover" from the"phasing" using the densitometer traces,
and thus identify the zero-order fringe.

No explanation for this phasing could be advanced. Eventually
it-disappeared and was replaced by another effect which is apparent in Fig.
2. Here, the spacing of the fringes varied across the white-light pattern,
ard the fringe envelope was not symmetrizal about its maximum. Although
the interferograms shown in Fig. 2 were taken with the exploding wire source
and Kerr Cell, the disappearance of the phasing and the appearance of the
asymmetric white-light fringe pattern did not correspond to the introduction
of the exploding wire light source; this change was apparent in other work
done with the magnesium spark source before the exploding wire light source
was introduced. Again, no explanation could be advanced for this effect.

However, the disappearance of the phasing made it possible
to determine the amount of rollover by inspection since it was no longer
complicated by other effects, and thus identification of the zero-order
fringe became relatively simple. This was fortunate, because these particu-
lar interferograms were taken with the exploding wire source, and grain pro-
blems resulting from the use of extremely high-speed film (See Appendix C),
along with the fact that so many fringes were visible in the white-light
pattern, made densitometer traces taken on these interferograms rather hard
to interpret.

After the position of the zero-order fringe had been deter-
mined on both sides of the shock wave for the white-light interferograms,
the dimensional fringe shift was determined using a travelling microscope.
This measurement was then transferred to the moncchromatic interferogram,
and accurate measurements of the dimensional fringe shift and of the fringe
spacing were made, from which the non-dimensional fringe shift, S1 2 , was
determined. It was found that the dimensional fringe shifts on the white-
light and monochromatic interferograms were never quite the same. This
caused some difficulty at first until it was realized that, unless the wave-
length of the monochromatic interferogramn and the wavelength corresponding
to the spacing of individual fringel on the white-light interferogram were
the same, dispersive effects wculd result in the dimensional fringe shifts
being slightly different. In addition, the monochromatic and white-light
interferograms were taken with different camera backs, so that the magnifi-
cations were likely to be slightly different, due to small differences in
focussing. It ras also found to be of some importance to identify the zero-
order fringes. This-was necessary because it was found that the monochro-
matic fringe spacing tended to change slightly across the field, possibly
due to imperfections in the interferometer optics, together with small
vibrations transferred to the interferometer from the building. This change
in fringe spacing was not important in itself, but it meant that, unless one
transferred to dimensional fringe shift on the white-light interferograms
to the corresponding fringes on the monochromatic interferograms, the
dimensional white-light fringe shift would not correspond to actual fringes
on the monochromatic interferograms, leading to possible errors.
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When all factors were taken into account, it was judged that
the error in the fringe shift measurements was about 0.1 fringe. Measure-
ments on the earlier interferograms taken with the magnesium spark source
could be repeated to better than 0.1 fringe, but it was felt that allowance
had to be made for systematic errors arising from the blurring of the shock
front. For the interferograms taken with the exploding wire source and the
Kerr Cell, it was judged that systematic errors were much reduced due to the
enhanced crispness of the fringes and the better definition of the shock
front. However, due to variations in film and in processing, some of the
interferograms were not of the best quality, and overall accuracy of better
than 0.1 fringe could not be claimed.

Having deterimed the fringe shifts, it was then possible to cal-
culate values of K' and the details of these calculations are shown in Table
2. The values of the parameters which entered into the calculations are also
shown. In particular, the initial density, pl, was calculated from the
pressure and the temperature using the perfect gas law, a good approximation
at the low temperatures and pressures involved. The values of K' were then
plotted as shown in Fig. 4.

Before a least squares analysis could be carried out to find the
best straight line through the points, an estimate had to be made of the error
to be expected in K'. How these errors enter is shown in Eq. 49. As mention-
ed above, the error in S1 2 was estimated as 0.1 fringe. A further error
entered in due to uncertainties in the measurement of shock speed, and the
effects of this are shown in Table 3, where estimates 1-.ve been made of the
resultant errors in a2 and P2/Pl. Fortunately, a 2 does not enter into the
calculation of K', but it does determine the position of the K' vs a 2 Plot
used to calculate the intercepts. However it is seen from Fig. 4 that the
error in a2 , ranging from .004 to .015 is small compared to the error in K'
itself.

It is seen, however, that the errors in K' resulting from errors
in P2/Pl are comparable to the errors resulting from uncertainties in S1 2

and points up the necessity of accurately determining shock speed. The de-
tails of these calculations are shown in Table 3.

It was determined that errors in Kt and q2 arising from uncer-
tainties in the initial pressure could be neglected. The uncertainty in p1
was ±.05 mm Hg.

Having then determined the total error in K', which ranged from
.80% to 2.78%, a least squares analysis was carried out using Eqs. 50, and
the result of the calculation is shown in Fig. 4. It is noted that the
deviations of the points from the line agree very well with the errors calcu-
lated on the basis of estimated error in fringe shift and shock speed mea-
surements. The actual deviations of the points K' from the line are listed
in Table 3 for comparison with the estimated errors.

Finally, the errors in the intercepts were determined ubing Eq.
51, leading to the final results:

M3

K =1.93 xl0" -k- 1

KA =2.o4xl0-4  -- 2%

8k
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The value here obtained for KM can be compared to 1.902 x 10-
m3/kg, the value of the Gladstone-Dale constant for oxygen at room temperature
as given in Ref. 6. It is noted that the value given in Ref. 6 falls only just
outside the experimental error in 'he present result. This agreement was con-
sidered to be quite good, considering the radically different methods used to
obtain the two values. This agreement would also tend to confirm the conclusion
reached in Sec. 2.1.5 that the Gladstone-Dale constants for oxygen do not change
with temperature. Greater certainty in this respect will have to await new
developments leading to reduction in the errors in S12 and P2/Pl"

The value obtained for KA can be compared to 1.8 x 104 m3/kg
12% as obtained in Ref. 7. However, the work of Ref. 7 was carried out using a
smaller shock tube and much lower densities than were used in the present work,
so that the experimental error was much higher than in the present work. Also,
as mentioned earlier, the result of Ref. 7 for KA assumed that KM was equal to
F•2, thereby casting doubt on the reliability of the value obtained for KA. In
view of the present work, however, it would appear that the assumption of KM
equal to K02 was valid, so that the present result for KA and that of Ref. 7 can
be considered on roughly equal footing. It is then noted that, when the experi-
mental errors are taken into account, the two results are in agreement. The
result of the present work however is considered more reliable in view of the
much lower experimental error.

It was noted that the present work indicated that the Gladstone-
Dale constant for the atom was greater than that for the molecule, rather than
smaller as indicated by the result of Ref. 7. As a further check on this, a
statistical test was applied to the graph shown in Fig. 4 to determine whether
the slope of K' vs a2 was significant in view of the scatter of the points and
the experimental error in each point (see Ref. 15). The hypothesis tested was
that the slope K' versus a2 was zero, and it was found that, at 5% significance
level, the slope of the line K' versus a2 was significant*, indicating that KA
was indeed greater than KM.

As a further check on the validity of the results, two tests
were applied to ascertain that there were indeed no temperature effects and no
density effects. These effects (if any) were ignored in the analysis used to
obtain KM and KAI but if they were present, their effect would show up as scatter
in the points, and the scatter would be correlated in some way with the tempera-
ture and/or density. Therefore, the deviation of each point from the mean line
in Fig. 4 has been plotted against temperature T2 in Fig. 5, and against density
in Fig. 6. The scatter appears to be completely random in both cases, indicating
that temperature and density effects are not present.

* This means that, if the slope were indeed zero, and the twelve runs were re-

peated an infinite number of times, the slope of the line K' versus a2 would
assume many different values, averaging to zero. The statistical test arrives
at two extreme values for the slope such that 95% of all the values obtained for
the slope would fall within the range defined by the two extremes. In the pre-
sent case, the actual value of the slope falls outside this range, and the con-
clusion is reached that the slope is significant, i.e., that the slope is differ- f
ent from zero.
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4. , CONCLUIONS

An experimental determination of the Gladstone-Dale constants
for molecular and atomic oxygen was carried out using the UTIAS 4" x 7" Hyper-
sonc Shock Tube. The values obtained were 1.93 x 104 m3 /kg t 1% for molecular
oxygen, and 2.04 x .0 m3 /kg t 2% for atomic oxygen.

"oc w The result obtained for the Gladstone-Dale constant of the oxygen
molecule was in good agreement with the accepted room temperature value (Ref. 6)
of 1.902 x 10- m3/kg. This appeared to confirm the conclusion, based on
classical arguments, that the Gladstone-Dale constants for oxygen do not change
with temperature.

The value previously obtained by Alpher and Wlite (Ref. 7) for
the Gladstone-Dale constant of the oxygen atom was 1.8 x 10 m3 /kg 1 12%.
However, the wvik of Ref. 7 involved the assumption of a value for the specific
refractivity of the oxygen molecule. This condition was removed in the present
work, so that the value here obtained for the specific refractivity was free of
any assumptions. In addition, the experimental error in the present work was
much lower than in Ref. 7.

A number of tests were carried out to test the validity of the
results obtained. A statistical test was carried out to determine whether the
difference in the results obtained for the specific refractivities of the molecule
and atom was significant in view of the experimental error in the points; the
result showed that the refractivities were indeed different. Tests applied to
determine whether there was any temperature or density effects in the results
showed that these effects were absent.

In addition to the experimental work, a theoretical analysis was
carried out in which expressiorsfor the index of refraction of dissociating and
ionizing gases were derived from Maxwell's equations and the equations of motion
for a plasma. The role of the Gladstone-Dale constant was shown along with its
relation to the polarizability of molecules and atoms. A further analysis was
then done to show the application of the indices of refraction to interferometry
and to show analytically how monochromatic and white-light interference patterns
are formed.
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TABLE 1

Summary of Runs in the UTIAS 4" x 7" Shock Tube Used to Determine the Gladstone-

Dale Constants

Run Mp 1  T1  a2 pRus P1 T1 (2 P2/Pl T2

114 13.48 8.05 mm Hg 299.6 0 K .343 13.41 3935°K

115 12.46 17.4 " 300.4 " .256 12.21 3925

116 11.61 24.2 " 299.8 " .195 11.34 3835

117 11.99 15.0 " 299.4 " .226 11.90 3810

118 16.64 3.99 " 299.3 " .630 15.58 4295

119 15.12 9.94 " 300.0 " .473 14.27 4265

120 9.57 38.0 " 299.1 " .0793 9.27 3460

121 10.19 12.6 " 300.1 " .122 10.27 3440

197 8.86 54.0 " 300.9 " .0496 8.44 3310

198 13.20 21.5 " 299.3 " .304 12.63 4110

200 15.75 7.50 " 300.6 " .534 14.77 4300

201 15.64 7.50 " 299.9 " .524 14.72 4280



TABLE 2

Calculation of K'

Run P1  P2  S 1 2  K'

2 3 3 -4 3
114 1.378 x 102 kg/m 3  .1848 kg/M3  6.50 1.945 x 10 m3/kg

115 2.971 " " .3628 " 13.00 1.993 " "

116 4.140 " " .4695 " 16.50 1.970 " "

117 2.570 " " .3058 " 10.88 1.984 " f

118 .6838 " " .1o65 " 3.78 1.942 "

119 1.699 " " .2424 " 8.70 1.974 "

120 6.516 " " .6040 " 20.20 1.920 "

121 2.153 .2211 " 7.53 1.931

197 9.205 " " .7769 " 26.00 1.942 "

198 3.648 " " .4653 16.40 1.958 " t

200 1.280 " " .1891 " 6.83 1.981 "

201 1.283 " " .1889 6.94 2.013 "

If
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TABLE 3

Error in Values of K'

Error in M
S

Run absolute percent Error in a2  Error in p2/Pl

114 ± .10 ± .73 ± .008 ± .069

115 .08 .68 .006 .065

116 .07 .63 .004 .061

117 .08 .65 .006 .067

118 .15 .90 .015 .047

119 .12 .82 .011 .060

120 .05 .52 .002 .048

121 .06 .55 .003 .062

197 .04 .48 .002 .039

198 .09 .71 .007 .059

200 .13 .85 .012 .059

201 .13 .85 .012 .059

-------- I



TABLE 3 co'd

Run A K' LAK'/K' observed LAK'
(from Fig.4)

114 ±3.78 x 10-6 m3/kg 1.94% 2.50 x 10-6 m3 /kg

115 2.47 "I 1.24% 3.20 " i

116 2.15 " " 1.09% 1.52 " "

117 2.79 " " 1.41" 2.60 "

118 5.40 " " 2.78% 5.74 "

119 2.95 1 " 1.49% 0.93 "

120 1.84 " .958% 2.29 "

121 3.49 " " 1.81% 1.63 "

197 1.56 " .803% .21 "

198 2.02 " " 1.03% .80 " o

200 3.50 " " 1.77% .85 "

201 3.52 " 1.75% 2.45 "

7
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FIG. 3a - ENLARGEMENT OF MONOCHROMATIC FLOW INTERFEROGRAM
SHOWN IN FIG. I (Approximately twice full size)

FIG. 3b - ENLARGEMENT OF MONOCHROMATIC FLOW INTERF EROGRAM,
SHOWN IN FIG. 2 (Approximately four times full s ize)
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AP__ _ _ _ I _ __IX A

Calculation of White-Light Interference Patterns

In this appendix, details of the integration of Eq. 143 leading
to Eq. 4L will be given. In addition, the integration will be ccrried out for
the case of an intensity distribution which iF weighted toward one end of the
frequency spectrum, rather than the. symmetrical distribution assumed in Eq.
44. Details will be given of numerical calculations carried out to illustrate
the effects noted in the calculations.

The intensity distribution in a white-light interference pattern
is given basically by Eq. 43:

2 d- A- f V 2 2[ 2vv 1PJ v 22j Cos [ -(w()2 27 yv dv (3
jV2 Mc, 2  c JV1 V

2or simplicity, we substitute:

7tt' 2 7TE
•l 2

As noted in Sec. 2o2.4,. the Cauchy relation is introduced in
order to provide frequency-dependent expressio. for the indices of refraction
and the Gladstone-Dale constant. Therefore we writeý

r i A +÷B • C V4

a a a a

K =K +Yv 2  K4
0 2 4

At this point, jt is convenlent and. instrzuctive to introduce
a change of-variable. Therefore, let (Ref. 5)..

where:
2

Therefore: = d dZ

When:
V V =V 2 -v = "

2 2

+~~~? V.1.A~1 -iS~~V = :•=V-1 - = =-
2

We must also rewrite the power series describing the lnddces of
refraction in terms of the new variable. It can De shown that (Ref. 5):
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n = 1 t A + B v2s C V4  + .....a a a a

1+ +~ +'4.) A2 A()

where: =A + B D V6.......0 a a. a a

A = 2 B -9 + 4C 4 + 6 D -7 +1 -a a a

(A.l)

A2 = B 7 2 + 6C 4 +615D +
2 a a a .....

4c ; 4 +2 -6VA 3 •4c- + 20 D v+ o
A3  a a ...

etc.

Similarly:

K =K + K V2 + K4 .....

0 2

+ A, + + + A V)) .....

where: AO = +K9 72+ I-4 + K6+
A1 2K2 T + 4K4 v ~6 K6 T6 + ...... (A.2)

-6
A, = 2K2 2 + 4K - 4+ 15 K6 V + ...

V4 06
%3 4K + 20 K6 V .......

etc.

Likewise, the term in Eq. 43 which gives the contribution of the electrons
must be rewritten:

L( 2 L(w 2
P2 P' ( A

L~ )22
"8p-2 (1+? (_O" (A.3)

•'[•=X3V - ..Ž + (......

3 T\ V

*,where: L(- Is Le2 Ne

3= 87rc1'V - 8 ome

IA
, A2
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Therefore, Eq. 43 becomes finally:
+ a- V.1 2 V2 - V1

+v2 2A 2 2 cos { X1 ;(P2-0I) +A +

V 2- V.1P2 v2-v, V
2 2

_1) x2 Fy(l + Aý+ 61, A4 + .)+ -4-)

Dropping all terms of second and higher order, we obtain:

2• v2I
2 d+ = ~ ~ 1 A-~ 0- +Al

V2-VI 'V .-@ _ • cosj I(P2-P1) - O) + (A0 + ,)
2 2

- 7 X[+~i++j -7- ( - .4-) a,6 (A.4)

This expression is of the form:

Jcos2(M + Nx) dx = cos 2 (M + Nx)dx + ½Jdx
1 x

sin 2 (M + Nx) +2

Thus, Eq. A.4 becomes
2

A-- I1- [sin 2XI (pý-p 1 )[O

-2X y [ + pý + (1+6ý + V2) - 1) - 2X:v + 2X3(-9-2ZLV)}

o2 2

x cos( 2 [Xl(P;-F 1 ) 0 " X2Y (1 + - X3] v } } (A.6)

where Eq. A.6 is the same as Eq. 44 in Sec. 2.2.4.

As noted in Sec. 2.2.4, the phenomenon of "rollover" occurs becauise4the argumen- of the sine contains factors (-0+AI) and (1 + + while the

A3 -J-

k -3)-



corresponding factors in the argument of the cosine are and (i + 4) . It
is noted, however, that the effect is caused not so much by the fact that
60 J AO + A,, and (i - !6) (1 , i + A,), but by the fact that:

A A 1 + LIA'L A70 0 (A.0)
SAO +1 -

where it has been assumed, as before, that the electron number density, i.e.,
X3, is zero.

To show the significance of these quantities, the group index of
refraction, ng, must be introduced, where:

c
n =g V

g
and dV /(A°8)

g dk \\d2
by definition. Noting that:

27" 27v dk 27d )- = 2wv ; dw = 27rdv
- -; d

Eq. A.8 becomes:

V =

-i

(p

Sv - - d-v

Now: c c
v=--; dv =- d- n

Vp p p2 p

so that: c
n

g v g[

c[ v (d /vd

Pp p V

d n
"= n + v (A.91

p dv

and at frequency V: dn
n n L 2 (A.9a){ P d A7

, A4



it ~Now, from the Cauchy relation:

n = 1 + A a+ Q 2 + C a 4 ... (A.1O)Paa a a

(A.7) one obtains by differentiation:

d np P 2 B T + 4 C 73

dV a a
of' so that by substituting in Eq. A.9a, one obtains:

nga = 1 + A + BaVe + C .V4 +.........+ 2B a 2 + 4 CaV'
a a a a a

= 1 + A +3BV P- 5C 4 +..... (A.n)
a a a

(A.8) Going back to Eq. A.l, it is seen that:

I+A' + B '2+ C 74+. ......l+A =l+Aa+V--V 4 ...

0 a a a
and 1+ A ' + L = I + A + 3B 72 + 5 C 4 . .....

o 1 a a a

Thus, it is seen that to use (1 + At) is to use the phase index of refraction,
and to use (1 + A' + A2) is to use Khe group index of refraction.

To obtain, the significance of 10 and (&j + A,), one must go back
to the definition of the Gladstone-Dale constant. Again neglecting the electrons,
we obtain: K=n-i

PO
where po is the density at which n is measured. Thus we may irite:

KOK +K 2 v
2  K4  i..*. (At Bt v 2 

+Cv
4 

+
K K + K2v 2 + K 4 v+4 ....... L (A + Bv2+ C.V4+ .....

PO t

so that: At
K =

0 PO

K Bt

Ct
K4  P

etc.

(A.9) and going back to Eq. A.2, it is seen that:

A K + K2 2 + K• 4 4 ......

(A.9a) A t +tV 2 + Ct p4 + 1 t"

Po Po Po Po
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and: 1 0 2 + 5 K74+ .

At -+3L 2+ 5 it- Bt t4 . .. gt -n 1
Po PO PO Po

Therefore, it is seen that to use A0 is to use the Gladstone-Dale constant based
on phase index of refraction, and to use (A% +A,), is to use the Gladstone-Dale
constant based on group index of refraction. Tius, substituting in Eq. A.7, it
is found that:

At Btt
Lt + Bt 2 +_t -74 + 1 +1 A +A B 2 + Ca.4 . ......
PO PO PO a a a

At "t 4 1 + A + 3BT 2 + 5C 4 +
- +3 t Z+ 5 _ ... a aPO PO P0O +'''

-2Bt 7 2 +4t7 4 +2 + 4 c 4+ ......."AI3V2 +54 C 4+"""""2B aa

t 3B t 4 + ..... + Aa + 3B a + 5 4 +.....

or: At T4 + of&&* + 2 Bt 72 + 4 ct T4 . .....

1 +Aa+B a 2 + 9a7 4 + .... + 2 B a 2 + 4 Ca7 4 + ....
a a a a a

where we have assumed, for the purpose of illustration, that

A a = At; B a = Bt; 'ga = -t ; etc.

Thus it can now be seen why rollover occurs; it is because (1 + A') is of the form
n , a number of order one, and A is of the form (np - 1). To boqh these quantities
Ai added an amount Al(or A') which is a number of approximately the same order as
A0 or A', and A forms a much greater part of (A+ -A)than LN forms of (l+A6'+A)
so that the ratio A0/ o÷+AI is much less than t e ratio 1t A6/l+66 +A'.

Thus, in effect, rollover occurs because the Gladstone-Dale constant and the
index of refraction are different quantities, varying in different ways with
frequency. However, rollover is still basically a dispersive effect, since,
there was no dispersion, A1 and A' would be identically zero.

Using the data in Ref. 6 for the index of refraction of air and the

Gladstone-Dale constants for oxygen, one finds that, on fitting a Cauchy relation:

(1.843 x 10-4 + 1.773 x 03 v2) m3

p air = 1 + 1.795 x 10"5 + 1.215 x 10"36v2

Then, on calculating the quantities in Eq. A.6, one finds that, at 5200O

A• 0o 1.902 x 10"4 m3
-4 m

A,1 = .1174 x 10- m3 /kg
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A' = 1.635 x 10"5

Ai = .08o4 x l0"5

Thus it is seen that A, can be neglected in relation to (1 + 46), since A' is of
the order of 10 , while (I + 66) is of order unity. However, it is seen that
A1 is definitely not negligible with respect to A0 , and this then leads to roll-
over, as described above.

It is instructive, on the basis of the above data, to calculate the
fringe shift required for a rol2over of one fringe to occur,i.e., for the maxi-
mum of the fringe envelope to move with respect to the zero-order fringe by an
amount equal to the spacing of individual fringes, so that the maximum of the
fringe envelope coincides with the first-order fringe, rather than the zero-
order fringe.

Let y now be the monochromatic fringe shift at which a rollover of
one occurs. Since a particular fringe is characterized by a particular value of
the argument of the cosine in Eq. A.6, we may write, for the zero-order fringe
in particular: 2 [X1(o2 -P) A - X2 Y (1 + As)] = 0 (A.12)

where we have neglected electrons. Substituting for X and X,, and putting:

v 1

we obtain 3pW-p)A 0 - (1+ =

Earlier it was found that (1+ 66) was equivalent to the phase index of refraction
npa. Also from Sec. 2.2.3, it was found that the spacing of individual fringes
is given by:

2enpa

Thus, Eq. A.13 becomes:

0-IA- Z= 0 (A.14)
7%0 '-0 d

A similar procedure can be carried out with the argument of the
sine in Eq. A.6, which gives the position of the fringe envelope. However, since
a rollover of one fringe has occurred, the position of the maximum of the envelope
is at position (y + d). Therefore:

[X (-PIA+)- x2 (y + d)(1 + A)] ('2-V1) = 0

where A' has been neglected, In line with the order analysis carried out above.
Proceeding as before, one obtains:

L- (P2-Pl)(A,+Al) d-y = 0 (A.15)
07 0

A7
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bThen, on eliminati-ng- (P2-pl) between Eqs. A.14 and A.15, one
S~ obtains: n

whence:

,d A
1

Thus, using the data given earlier for AO and A,, it is found that, in oxygen, a-
rollover of one fringe occurs when the monochromatic fringe shift is about six-
teen fringes. This agrees very well with experimentally observed rollover in
the oxygen work.

If a similar determination of 60 and A1 is carried out for argon, one
finds that a rollover of one fringe occurs when the monochromatic fringe shift
is about 23 fringes.

A.2 White Light Interference with an Asymmetric Intensity Distribution

So far we have considered only an intensity distribution which is
symmetric about V. We now investigate the effect of an asymmetric distribution
of intensity, i.e., an intensity distribution with wavelength which is weighted
toward one end of the wavelength range, which is the more usual state of affairs.
The intensity distribution in a beam of white light, as seen by the detector, is
a function of many parameters: the spectral content of the source light, the
transmissions and reflectivities of the interferometer optics, the transmissions
and reflectivities of all the other mirrors and lenses in the system, as well as
the spectral response of the detector itself, used to record the interference
pattern. Thus, a symmetric intensity distribution, such as was considered above,
would be rare.

Thus, referring to Fig. 9b, we assume an intensity distribution
with wavelength of the form:

A 2
I° =-- 1 + 1 for - vx< A< + -v'

2 V2 - V 2 2

I = forA< - V2 and A> + 2

In this expression, it is noted that y is a parameter which denotes the degree
of asymmetry of the intensity distribution and A is the quantity introduced
earlier which varies with frequency. Tan'fy is, in effect, the slope of the
top of the intensity with frequency distribution and it is seen that when
7 = 0, this intensity distribution degenerates to the symmetric distribution
considered earlier.

The expression for the intensity distribution in the white-light
interferogram then becomes, as in Eq. A.4:

•- A8



2+= •- Ao ou 2ýXl-i<,ý_ý,)[A +<o,+
V o2 V3'I dA -2 J -2 Cos2{. V~2 p)[+(+i

2 2

-x Vy [l+LA; (l+ 6 ++A;+ j-x 3  (l -T)dA

A2 j 3o2~ 0+

+ o Cz A Co V(P2-P1) + ( A,)
v2V2 - V . V 1

- 2

(A. 
17)

The result of the first integration is identical to that obtained before for
the symmetric intensity distribution, and the result is given in Eq. A.6. The
second integral is of the form:

x cos (M + Nx) dx = [ x sin 2 (M + Nx)J

+8 cos2(M+Nx)j +x

8N2 LI I "

Therefore, the second integral becomes:

1 1 3{2F v2-i' 1 X1(p2-p1)(A0+A1) - x2y(1 + %.: +Ai) + sinL l P21(/"

' g + (%+'_) ýv2-J )] [2 + % + (1+&+!) \ 2 XýV + +X3, 2

+ 12!sin 12X•p2 -p1 ) [°o- o'•,> ((P2-" - [2 +o"V

2 02

+ = _ __

23 V v22XX32
v2v l(X1 (-op)( +Az)-Xy(1,+A•) x) [cos {2X(P2-P1)[v

+ (A0+A1) , [,,o [ +,o2X -3 [V, ,&6 ( -2P3  3

No.. ... . ........ . .V -- V

- os j2X(PP) VoV t~ & 2 I~ +~( +1 ''1
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AO 2..Z... *Cosu~ .~)4

2 V2 " 2 2 *10P2-PI)(%+VA) -" X2 y(l +-%+ A) + X3

"X sin (2 [Xl(P 2 -ý1 ) 4-- X2 y(1 + A) -x 3J )

A2  _ _ sin ([X1 ( 2-Pl)(k+Al) -. X2Y (I + 66+ AD)+ x3](+-V)
- 2 V2 ..V 1  Xa(P2-Pa)( o+A1 ) - X2Y(l + 66 + A) + x3]2

X" sin (2 [Xl(P 2 -P3) A0- X2 y(. + A0) XJ] • (A.18)

Thus, the complete expression for the intensity distribution in a white light
interference pattern is the sum of Eqs,.- A.6 and A.i8, which is

A2
Y + sin [[Xj(p2.-p)(AO +Aj) - X2 y(lI,6 + 4A ) +Xjv2 -vj))

X1(02-PA (AekA) - X2y(l +A; +Aj)+X3IV-l

x cos (2[X1(P2-P1 ) AO - X2y (1 + A0 - X3) 3V]

Ao 2 cOS2[X 1 (P2-e1)(4n4A) X2YO. +A+
,�+• '2,(--l)(i+AA) , X2 y(l + •6 + AD) + X3](V2-V)

sin([Xi(P2 -p;)(AO+A) - x2 y(-i + AD& (Cz-.)in +21X 1(P2.Pa)%
LX.(P-P)A 0+A.1)-X2Y(l+ A6+ A., + x - 2

X2y (1 +A6) -X3]0 (A.19)

Interpretation of Eq. A.19 is very difficult to do by inspection, since two terms
are involv ed which vary in different ways with wavelength. However, it is noted
that Eq. A.19 reduces to Eq. A.6 when y =0.

A.3 Numerical Calculations

aTo illustrate rollover, the effect of electrons, and the effect of
• .•an asymmetric spectral intensity distribution, Eqs. A.6 and A.19 were programmed

for the University of Toronto IBM 7094 computer, and white-light interference
patterns were calculated for several different cases to illustrate the effects
mentioned above. The conditions. in the final state in the test-section were
assumed to be those produced by a Mach 12.0 shock wave travelling into argon at
an initial pressure of 21.0 mm Hg. This produced a density change (P2-Pa) of
about .175 kg/m3 and gave rise to about 3.3% ionization, i.e., an electron number
density of approximately 3.3 x 102 3/m3 . All the cases were calculated using

-: • available room-temperature data for the Gladstone-Dale constants, and it was
assumed that the Gladstone-Dale constant for the argon ion was equal to that
for the argon atom. This was done partly for simplicity (since these examples

--i were illustrative only) and partly because the dispersion relation for the re-
fractive index of the ion (i.e., the variation of KA+ with v) was unknown.
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The light from the source which produced the interfergnce pattern
was taken to have a range of wavelengths from about 4400 X to 5700 A, with a
mean wavelength, 7, of 4960 X. For the case of y = 0, the intensity I (see
Fig. 9a) was evenly distributed within the above range; for the case o? the
asymmetric spectral intensity distribution,ywas set 'equal to +1.0 (see Fig. 9b),
so that the intensity, I0, at v1, was A0o/4, and at ve , 1 was 3Ao 2 /4, so
that the distribution was weighted toward high frequencies, or short wavelengths.

We consider first plots of Eq. A.6, i.e.,Y = 0, so that a spectral
intensity distribution which is symmetrical about V is being considered.

Figure A.la shows the intensity distribution of a white-light inter-
ferogram with test section and compensating chamber conditions exactly equal,
i.e., (P2-PA) = 0 and X3 = 0. It is noted that the pattern is symmetric about
the position of the zero-order fringe, which, in this case, falls at y = 0, as
shown. Of particular note is the phase inversion which occurs between the cen-
tral fringe group and the subsidiary fringe groups on either side. This is
shown in Fig. A.la, where the order of the fringes has been noted. It is seen
that the position of the 4th, 5th, 6th and 7th order fringes fall on minima in
the subsidiary fringe groups rather than on maxima. Thus, if one wished to
measure fringe spacing using a fringe in the central fringe group and a fringe in
the subsidiary fringe group, one would have to measure from a maximum in the
central group to a minimum in the subsidiary group, or vice-versa, in order to
measure over an. integral number. of fringes. It would- also appear that to mea-
sure fringe spacing using two fringes one on either side of the same fringe
group, e.g., fringes of order +3 and -3 in Fig. A.la, would lead to small errors,
since the maxima of these fringes do not fall exactly at the positions expected
on the basis of the fringe spacing, d, based on V. This effect is due to the
modulating influence of the envelope. A better procedure would be to measure
from a fringe near the centre of one fringe group to a fringe near the center of
an adjacent group taking into account the phase inversion mentioned above.
This, of course, assumes that the subsidiary fringe groups are visible, which
may not always be the case.

Figure A.2a shows the effect on the white-light interference
pattern of a density change in the test section, but assumes that no electrons
have been produced. Also shown for reference is the intensity distribution on the
white-light interferogram without the density change, i.e., Fig. A.la. It is
seen that the density change causes both the individual fringes and the fringe
envelope to be shifted in the direction of positive y, but the envelope is
shifted further than the individual fringes, as shown by the new positions of
the zero-order fringe and the maximum of the fringe envelope. This is the
"rollover" effect discussed earlier in Sec. 2.2.4, and is caused by the fact
that the shift of individual fringes and the shift of the envelope are con-
trolled by different indices of refraction. It is also noted that, if the
density change were large enough , it is possible for the fringe envelope to
be shifted sufficiently far with respect to the zero-order fringe that the
first order fringe might be mistaken for the zero-order fringe. This is the
danger that is always present when using white-light fringes to trace individual
fringes through a density discontinuity: that the fringe which appears near
the maximum of the fringe envelope on one side of the discontinuity may not be
of the same order as the fringe which appears in the corresponding position
near the maximum of the fringe envelope on the other side.

All AJ4
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V Figure A.3a shows a purely hypothetical case ia shock tube work:
here, electrons have been introduced, but no density change has occurred.
Again, Fig. A.la, which gives the interference pattern before the changes took
place, is shown for reference. It is seen from the new positions of the zero-
order fringe and of the maximum of the fringe envelope that individual fringes
have been shifted in the direction of negative y while the fringe envelope
has been shifted a similar amount toward positive y. It would also appear from
this example that the maximum of the fringe envelope coincides with the maxi-

4 ,mum of one of the fringes; in general, however, this will not be true, and the
maximum of the fringe envelope would not always coincide with the maximum of a
fringe.

Finally, Fig. A.4a, shows the effect of a density change and an
electron population appearing at the same time. It is seen that the effect of
rollover, which was illustrated in Fig. A.2a, and the effect of the electrons,
which was illustrated in Fig. A.3a, add together to produce the effect shown
in Fig. A.4a. For example, it is seen that the distance between the positions
of the zero-order fringe and the maximum of the fringe envelope in Fig. A.4a
is simply the sum of the separations of these two positions shown in Fig. A.2a
and Fig. A.3a. Also, the shift of the maximum of the fringe envelope in Fig.
A.4a is the sum of the shifts illustrated in Fig. A.2a and Fig. A.3a. The
same is true for the shift of the zero-order fringe.

Figure A.2a is typical of the intensity distribution in an inter-
- -- ferogram of the gas behind- -a shock wave -in oxygen, where there is a density

change and dissociation, but where the effect of electrons can be neglected.
Figure A.4a is typical of the intensity distribution in an interferogram of the
gas behind a shock wave in argon; in this case ionization occurs giving rise to
an electron population, and so producing the wide divergence between the position
of the maximum of the fringe envelope and the position of the zero-order fringe.
In all the above figures, the phase inversion between successive fringe groups,
mentioned in connection with Fig. A.la, is apparent.

- Figures A.la, A.2a, A.3a, and A.4a are plots of actual intensity.
However, the darkening, or the density, on a photographic plate is proportional
to the log of the intensity, and this quantity is plotted in Figs. A.lb, A.2b,
and A.3b., and A.4b corresponding to the situations shown in their companion
figures. By way of comparison, a typical densitometer trace across a white-light
fringe pattern is shown in Fig. A.5, and it is seen that the resemblance in

4 character between the actual density distribution and the calculated distribution
is quite good. It is noted that the minima are much more sensitive indicators
of the presence of electrons and of rollover than are the maxima, so that it is
often more reliable to work with the minima when attempting to estimate to what
extent these effects have causedthe position of the maximum of the fringe envelope
and position of the zero-order fringe to separate.

We now turn to Eq. A.19 where provision was made for an asymmetric
2 • • spectral intensity distribution, as shown in Fig. 9b. As mentioned earlier, for

the calculations y was taken to be +1.0. Only three cases were plotted, Figs.
I ~A.6, A.7, and A.8, corresponding in all ways except for the value of y with Figs

A.la, A.2a,- and A.4a. It is apparent that Eq. A.19 is not a good way of express-
ing the intensity distribution in the white-light interferogram, since, as shown

S-in Fig. A.6, the spacing of the fringes no longer corresponds to V, but to some
frequency greater than V. If y had been chosen to be -1.0, for example, the
spacing would have corresponded to a frequency less than T. Plainly therefore,
Eq. A.19 is only approximately correct, since all the indices of refraction in
the equation are expressed in terms of 7, which is no longer the frequency
governing the spacing of individual fringes.
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FIG. A5 - TYPICAL DENSITOMETER TRACE ACROSS A WHITE-LIGHT FRINGE
PATTERN AS RECORDED ON A PHOTOGRAPHIC PLATE
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APPENDIX B

A Summary of the Experimental Work Done to Date (March 1966) on the Determination

of the Gladstone-Dale Constants for Argon

Some work has been done on the determination of the Gladstone-
Dale constants for ionizing argon, but several problems have aris.n preventing
immediate completion of this work.

The basic procedure for carrying out the determination of the
Gladstone-Dale constants for ionizing argon is given in Appendix B of Ref. 1.
As with the oxygen work, it was proposed to pass a strong shock wave through
the 'gas and- then measure the Index of refraction of the resulting hot ionizing
gas using the Mach-Zehnder interferometer. From this determibation of the
index of refraction, the Gladstone-Dale constants for the argon atom and ion
can be determined, using an anlysis similar to that outlined in See. 3.1.

There is, however, one additional complication in the argon work:
electrons are present in the hot gas as well as ions and neutral atoms, and the
contribution of the electrons to the total refractivity of the gas must be taken
into account. It was proposed to do this by making use of simultaneous white-
light and monochromatic interferograms. As shown in Sections 2.2.3, 2.2.4, and
Appendix A, on a giveh-white-light interferogram the electrons produce a positive
shift of the white-light fringe envelope, and a negative shift of individual
fringes. These shifts due to the electrons are of equal magnitude, and are in
addition to say fringe shifts caused by a change in density.

This can be seen from.Eq. A.6. For a given individual fringe on
a white-light interferogram, the argument of the cosine in Eq. A.6 has a con-
s 'tant value. In particular, for the zero-order fringe, v- have:

2 [X-(pjP M - x2 y(l + 6;) - x3 V = 0 (B.1)

Since, as shown in Appendix A, 40 is the Gladstone-Dale constant corresponding
to the phase index of refraction, -we substitute:

Similarly '(1 + ) was shown to be the phase index of refraction of air; hence:

Thus-, incorporating these changes, and substituting for XI, X2 and X3 , Eq. B.1
becomes: " X2  32

2vI~v- 47ry-npa 2fv(wp)•2
2 02 p-Pl) K -_ 0 (B.2)

c c 8rcV2

If one now -removes- the assumption of only one species present in the test section
impo6sed for simplicity in Sec. 2.2.4), and substitutes:
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2 4 =7 -2 7 1Equation B.2 becomes

i[ •(P2_PJ)i Kpi Ye~ L" W)

From Sec. 2.2.3, the spacing between individual fringes on an interferogram is
given by:

$ a o

Hence: 2

K~. -(w -L2
d = 12m N o- L Patom(l-x) Jion X P1 Kpatom- 2w2

(B.3)

where substitution has also been made for the Gladstone-Dale constants; in front
of the shock, only atoms are present, behind the shock, atoms, ions and electrons
are present.

Similarly, the shift of the fringe envelope is given by the argu-
ment of the sine in Eq. A.6, vis:

[X1 (P2-l)(A0+) - x2 y(1 + + A4) + x3 3 (V2 -V 1) = 0 (B.4)

Proceeding, as befcre, we substitute (see Appendix A):

K n = O + A,._

Sng a = 1 + Aý + 3

"whence:

., 2 Enga 2 Enpa

The approximation made here in setting npa equal to nga is in line with the
note in Appendix A, where it was pointed out that 66 and Ai are numbers of
order i0"4, and, since these indices of refraction enter only through the
fringe spacing, one is justified in setting npa equal to nga-

Thus proceeding as before, Eq. B.4 becomes:
I 2

A 4 [Kgatom (l-x) + Kgion x - Pi Kgatom 2 }
p An expression similar to Eq. B.3 could be written for the case of

a monochromatic interferogram also. For example, the argument of cos 2 in Eq.43
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becomes:

S12m L(l + )2ion " 2 B
12F K 1 2 __,'

0 LPPatom ('-x + "~o xPatom (B.6)

where Ao in this case is any arbitrary wavelength, which may or may not be
equal to No in Eqs. B.3 and B.5.

Thus if Eqs. B.3 and B.5 were a~ded (or B.5 and B.6, provided Xo
was equal to 7o, i.e., W = M), the terms (wp)2//22 will cancel out, vis:

T' _. {P [(Kgatom+ Kpatom)(1 - x) + (Kgion+ Kpion)XJ

-P.1 (Kgatom + KPatom)j B7
K~) (B.7)

(Usually, S12 will not be visible on the white-light interferogram, since the
zero order frrnge is too far from the maximum of the fringe envelope. Thus 912m
must be obtained from a monochromatic interferogram, and if X0 for the mono-
chromatic interferogram. is not equal to X^ of the white-light interferogram,
an error arises, because the terms (w p)/2w 2 will not cancel exactly, when Eqs.
B.5 and B.6 are added.)

At this stage, one must introduce an approximation, and set K
equal to Kg. The difference between these two quantities is what causes roll-
over, and, on the basis of rollover measurements, the difference between Kp and
Kg is about 5%. This reduces the number of. unknowns from four to two, and
makes possible the use of the analysis given in Sec. 3.1.

The preceding paragraphs give the basis of the method proposed
for determing the Gladstone-Dale constants for ionizing argon. However the
practical problem of determining the fringe shifts Si2w and S12m remains.

Once ionization begins behind a shock wave in argon, the white
light fringes can no longer be used to identify particulal fringes, as was done
for the oxygen work, since',when ionization begins wp /2w is no longer zero
and the shift of the fringe envelope on a white-light interferogram and the
shift of individual fringes on a monochromatic interferogram are no longer re-
lated as they were for.the oxygen work. Hence, if the white-light fringes are
to be used to trace particular individual fringes through the shock front, this
must be done where there is no ionization, i.e., immediately behind the shock
wave. Once the individual fringes are traced through the shock front, they
can be followed visually to the equilibrium region,, and S12m determined.

Thus, it is seen that, if the region immediately behind the shock
wave is obscured for some reason, individual fringes behind the shock wave
cannot be correlated with those in front of the shock wave, and Si2- cannot be
determined. This was the first problem encountered, and is illustrated by the ISintereferograms shown in Fig. B.1. These interfe-rograms were taken with a

magnesium spark source in the interferometer, and the blurring of the frozen
(no ionization) region behind the shock wave is due to the poor time resolution
(2 gsec.) available with this source. In addition, the white-light interfero-
grams were badly fogged by the radiation of the hot gas in the test section.
(Fogging of the monochromatic interferograms was prevented because of an inter-
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feret.ce filter between the photographic plate and the test section which
filtered out most of the radiation).

The expected fringe shifts are shown in Table BI, along with the
measured fringe shifts. For the interferograms shown in Fig. B.1, the frozen
fringe shift and the monochromatic fringe shift could not be determined for the
reasons given above, but the shift of the white-light fringe envelope appears
to be approximately correct: approximately correct inasmuch as it is impossible
on these interferograms to determine exactly where the maximum of the white-
light fringe envelope falls. However, there appears to bs a reasonable relaxa-
tion time behind the shock wave, amounting to 3-4 microseconds. Thus, while
no accurate measurements could be made, the rough measurement of 312w indicated
that conditions behind the shock wave were fairly close to those predicted by
theory. At this point, development of the exploding wire light source was put
in hand so that a Kerr Cell could be used to improve the time resolution from
two microseconds to 200 nanoseconds, allowing accurate quantitative information
to be obtained.

Some time later, after development of the exploding wire light
source was completed, a return was made to the argon work, and the interfero-
grams from one of the first runs are shown in Fig. B.2. It is seen that the
required time resolution was achieved. Approximate fringe shifts were deter-
mined and are compared with the predicted fringe shifts .in Table B.l. The
frozen fringe shift was determined by putting a piece of paper over the flow
side of the interferogram leaving only the frozen region behind the shock wave
exposed to view. The white-light fringe pattern in the exposed frozen region
could then be correlated with the white-light fringe pattern in front of the
shock wave, and particular fringes could then be traced through the shock front,
as was done for the oxygen work. The equilibrium shift of the white-light
fringe envelope Sl2w was determined to the nearest fringe only, introducing an
error of 0.5 fringes at most. S12m was determined by transferring the frozen
fringe shift from the white light interferogram to the monochromatic interfero-
gram, as was done in the oxygen work; the individual fringe could then be traced
to: the equilibrium region, where S12m was determined.

These measurements showed that the frozen fringe shift was being
achieved roughly as predicted, but that wide discrepancies existed in S12M and
S12w. These discrepancies indicated that full ionization, as predicted by
normal shozk calculations, was not being achieved. It was also noted that the
relaxation zone shown in Fig. B.2 was much shorter than that shown in Fig. B.l.

Some diagnostic runs were then taken in an attempt to clarify
the situation. Since the interferograms shown in Fig. B.2 were among the
first taken with the exploding wire source and Kerr Cell, this run was dupli-
cated, but using the old wagnesium spark source in order to be certain that
the Kerr Cell and/or exploding, wire sourc, were not causing odd effects. The

resulting interferograms are shown in Fig. B.3. The fogging due to the test-
section radiation is apparent, as in Fig. B.I. However, although, although the
frozen and monochromatic fringe shifts could not be determined, the equili-
brium shift of the white-light fringe envelope'was as in Fig. B.2 (see Table
BI). In addition Fig. B.3 indicates little or no relaxation zone, compared to4 Fig. B.1, indicating that the small relaxation zone visible in Fig. B.2 (where
the time resolution is better) is real. Thus, the run indicated that the
optical arrangements were not causing trouble.
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At first glance then, on the basis of Figs. B.2 and B.3, the most
likely explanation of the anomalies noted in Fig. B.2 was an impurity in the gas,
probably oxygen or nitrogen. The dissociation energy of nitrogen or oxygen is
much lower than the ionization energy of argon, so that practically all of the
diatomic impurity is dissociated before the argon begins to ionize. However,
only 10% ionization was expected, so that, if even only a few percent of im-
purity were present, most of the energy of the gas would go into dissociating
the impurity, and very little into ionizing the argon, thus reducing the ioniza-
tion level below that predicted.

Thus the run illustrated in Fig. B.2 was duplicated again, but
using special high-purity reagent grade argon, and the results of this run are
shown in Fig. B.4. Approximate measurements of fringe shift were made as before,
and these are compared with theory in Table B.1. It is seen that the results
are nearly identical with the run shown in Fig. B.2 as regards fringe shifts,
and also as regards relaxation time. The conclusion was then reached that the
anomalies were not caused by gas impurity.
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TABLE B..

THEORETICAL & MEASURED FRINGE SHIFTS FOR ARGON RUNS

FIG. B.1 Ms = 13.95, p, = 9.0 mm Hg, x = 8.25%, P2/P1 - 6.18

! iTheoretical Measured

,• I 12f 1.78

S12w 6.47 6.0

S12m - .50

FIG. B.2 m. = 14.29, p, = 9.8 mm Hg, x = 8.95%, p2/p, = 6.32

Theoretical Measured

S12f 1.91 3.4

Sl2w 7.54 5.5

SUM - .88 +2.8

FIG. B.3 ms = 14.18, Pl = 9.8 mm Hg, x = 8.65%, P2/P, = 6.26

4 Theoretical Measured

Sl2f 1.92 -

Sl2w 7.33 5.5

S1 2m - .74 -

FIG. B.4 Ms = 14.18, p, = 9.8 mm Hg, x = 8.65%9, P2/Pi = 6.26

Theoretical Measured

S12f 1.92 3.6

812w 7.33 5.5

Sl2m -. 74 +3.0
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FIG. BI - WHITE-LIGHT AND MONOCHROMATIC INTERFEROGRAMS of a shock wave

in argon, typical of the early interferograms taken with the magnesium spark I
light srurce. Note the blUrringbof the shock front due to poor time resolution; ]

also fogging of white-light interferogram (Ms = 13. 95 pi = 9.0 mm Hg)

(Shock moving right to left; height of field of view is approximately 7")
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FIG. B3 - INTERFEROGRAMS from run duplicating that shown in Fig. 8P2, but taken
with magnesium spark light -source (M. :14.18 . p, =9.B8Mm Hg)

(Shock moving right to left; height of field of view is approximately 7")_
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APPENDIX C

An Exploding Wire Light Source for the UTIAS 9-in. Mach-Zehnder Interferotieter" '

C.1 Re uirement -- j

In the course of the experimental work to determine the Gladstone-
Dale constants, a need arose for improved time resolution in the interfe'rograms,
of the shock wave. Previously, the light source used with the interferometer - *:-
had been a spark using magnesium electrodes, with en'eirgy'Suipplied" 'by -a
0.2 pf capacitor charged to 10 kv. A typical time-resolved intensity trace of
the emitted light, take, with an-EG & G* SD-100 photodiode, is-shown, in.Fig. 1i:
it is seen that the duration of the light output is of the order o0 two micro-
seconds.

This was bufficiently'brief for the trils AUishg o e-ii s• i-fi. .
test gas, even though the shock wave was blurred considerablyi since it was,
necessary only that the equilibrium regions be clearly defined. For the argon ''F
work, however, this was no longer acceptable. Here it was. necessary that-the-
Rankine-Hugoniot region immediately behind the shock wave, where there was no
ionization, be visible, (,see Appendix B) and thus time 'resolution -of better than-
one microsecond became necessary.

The increased time resolution could be obtained in either of 'two-"
ways: by decreasing the duration of the light output from the, spark, or by in."
stalling in the system a very fast shtltter, in either case, cutting down the
duration .of the light,output- as seen by the camera. Both of -these methods 4ere
investigated. It was, found however that, to .shorten the duration of-the spark,
it wasý necessary to reduce -the- energy of the.discharge, and no. sign'ificant"
decrease in duration, occurred until, the energy of, the discharge -waso', low that
the resultant light output was too' weak for photographic recordin.g Various
kinds of capacitors in various configurations-were- investigatet, b•t ,without
significant improvement.

Thus, only the alternative remained. -However, no mechanical
shutter could be made fast enough-to- satisfy thei requireme•its fortieresolution
and still be-capable of precise synchronization with .other events.. -This,. th•n,
necessitated the use of an electro-ptical- shutter, -e.g., aKerr Celli,,which hk.s
no moving parts and can be synchronized' piecisely._ Utnfortunately, a Kerr' Cell
has; inherently, Very low transmission&*even when open, and it was found, *when,.
one was used in conjunction with the magnesium' spark, that the intensityi h tAhe
light output was too low to overcome the por tr~afsmissibn. Efforts to"increase
the intensity of the light from the source by increasing 'the energy of the dis... -
charge produced very little improvement and caused excessively-fist eros-ionof
the magnesium electrodes.

SEdgerton, Germeshausen & Grier, Inc.,

** he theoretical maximum transmission of a beam of non-polarized light -is only T
50%; only the use of expensive crystal polarizers will -allow, -the- transiission to
approach this figure. . -
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floor outside the light source box, as shown in Fig. C.3, and be connected to
'it1by.'•flbxibleocable.- This requirement also demanded the use of the exist-
inghigh-vol��ge power supply, and, as much as possible, the existing trigger
'spiark generatýorused to fire the triggered spark gap.

4) High voltage insulation. Given the physical dimensions and other
characteristics of the components and the installation requirements, due regard
had t6 bi given, to high voltage insulation. This becomes especially important
.when one considers the severe and extensive damage that could result to the
interfierometer and its- Valuable optics, situated close by, if a breakdown in
"theiinsulation occurred with the capacitor fully charged to 1600 Joules.

5) Y Finally, given all the above requirements,it was desirable to
keep ,inductance and 'resistance in the electrical circuit as low as possible.
w Ibwindudtance.was desirable in order to get a fast risetime for the energy

discharge; this would• help -decrease the duration and increase the peak in-
tensty f'te lghtoutut.This reqjuirement dictated., for examble, the use

of.. 6oaial•cable to-connect the capacitor to the source. Low resistance was
Sidesirable in-,order to-keep ohmic losses to a minimum so that as much energy

as possible wouldgo4 into vaporizingthe wire Even a few ohms are significant
''here,aspeak -currents are of the order of 10 amperes.

6) In -addition, it was desired that use of the exploding wire source
sbhould be ,as convenient as- poisible, with ,low "%turn-ariound" time between
,sUccessivezshots... Given the installation requirements, this demanded that the
S lixt s ceuit proper be easily removable in order to replace the wire.

S C.3; D•evelpeiit'•%-"

Beforeý prodeeding with an actual design of an exploding wire
ýsourctfo O se with the=iterferometer, a preliminary: model, was -built in- order
to6,test the- concept,- and-get-some idea',of the performance that might be expect-
eAd7 8.i mdeI .,was quite..rudimentary•, designed only to deliver the charge of
the cýjaetk r throug the. triggered spark gap-t6 the requisite piece of rungs-
ten~ wi.i Tri in, techniques for the sparkgap were also developed using

thi" model,•Withth& resuit that an EG & G Model TR-60 NPuise Transformer was
-isu:t~ituted for the dexisting_ transformer in the trigge spk generator.
iý1r'ityt requirements forkthe trigger spark were also determined.

The ight,ý output from this arrangement was monitored, as was the
-,9. ' ,insu sparks,ý byý an ,EG&G-- Model:SDý10O Photodiode, which had rise and- fall

timeus offthioederi-of• five. and fifteen nanoseconds respectively, so that the
inte~nsity.prf0ile _was faithfullY*reproduced without complications caused by
the, e'4:ji ,Iitensityý iasurements With this arrangement indicated that an

-ii"!nnsityeof at least 3 - 4 times over that of the mag-
e si~'parýicoDeldbe cted. Thus, it was considered that,, along with other

iimnpovemntes whidchcould .be- ade in the system as a whole, an exploding wire
sd tu reýplut inerr .CeIShtter would- b. a p nn the requir-

,Design-was then, -put in hand for a final model to be used with
the.±nteferoet~r7anddraings i.and photographs- are shown in Figs. C.3 -- (6

The-bsicŽ1nit a-~sow. i Fg.C4,Is -built of lhe.igiiv and is'almost totally
.enc oid -f~•4hiigh'vlge i nsulation. This unit sits in a- Plexiglas cradle,

wsibl in Fi_._g. -wich is bolted to the light.source box in Tplace of the-i - C3
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r-.•.gbna m.gns,,m wnark unit, so that the two light sources are interchangeable.
- As mentioned before, the capacitor had to be placed outside the light source on

Sthe floor and connected to it by cable. For this purpose, a short length of
- RG-17A/U coaxial cable, rated at 11,000 volts at radio frequencies (higher at

lower frequencies), was obtained; this cable was reasonably flexible, yet had
sufficiently big- conductors that resistive losses were minimized. The termina-
tion of the cable at the capacitor was built of brass, and its design was dic-
tated by the form of the connections on top of the capacitor. At the other end,
in order that the light source unit should be quickly removable, the use of

. some kind of screw-on connector was considered desireable; however, a connector
big enough to withstand the currents involved, and with sufficient stand-off
distance to hold off 20,000 volts was not readily available. Eventually, a
large Type LC radio-frequency connector was obtained (Plug: UG-154/U;
Jack: TZ-352/U) rated at only 5000 volts, but sufficiently robust otherwise
for this application. A new teflon insert was then made for the Jack, and
the assembly of the plug was modified slightly, in order to increase the stand-
off distance. Details are shown in Fig. C.6.

The electrical circuit is shown in Fig. C.7. It is noted that
the high-voltage connection from the power supply is made to the top electrode
of the spark gap, that a twenty megohm, forty watt resistor is installed in the
charging line (to protect the power supply from the discharge), and that the
light source is grounded on the ground side of the capacitor rather than between
the spark gap and the tungsten wire. This last was to ensure that all the
energy stored in the capacitor went through the tungsten wire and also so that
the discharge would not momentarily raise the ground point above true ground
potential, affecting all of the instrumentation connected to it. This effect
will always occur to a certain extent, but the resistance between the ground
point and the capacitor is less in this configuration than if the ground
connection had been between spark-gap-and tungsten wire. The advantage of the
latter configqration would be that the energy of the trigger spark would not
pass through the wire to' be exploded; as it stands, the trigger spark energy
does pass through the wiie, and this Sets a lower limit to the diameter of
the wire: if the wire is too fine, the energy of the trigger spark will
vaporize it before the main discharge begins.

The control and monitoring circuitry is also shown in Fig. 0.7,
and photographs of the entire installation and the Kerr Cell installation are
shown in Fig. 0.8. The entire arrangement is triggered by a +150 volt signal
from a pulse generator which is, in turn, fired by a :shock detector located in
the wall of the shock tube a few feet upstream of the test section. This pri-
mary 150 volt trigger is used to fire the first delay generator, a Racal digital
delay generator, with the delay set to prevent any further operation until the
shock wave or other phenomenon is in a position to be photographed. The first
delay generator then puts out a +20 volt signal which fires another pulse genera-
tor, which puts out a secondary +150 volt trigger signal. This secondary
"trigger is then attenuated and used to fire the trigger spark generator which
provides the pulse for initiation of the main discharge. The secondary trigger
is also used to fire a secoý'. delay generator, an Electro-Optical Instruments
Model TG-100 Delay Generator, which has a continuously variable time delay
extending down to about 100 nanoseconds. This second delay generator is usedV •to delay the trigger pulse to the Kerr Cell until the light output from the
exploding wire has reached peak intensity, approximately two micro-seconds
after initiation of the discharge. The output from the first delay generator
is also used to trigger an oscilloscope which records the signal from an
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SD-100 photodiode mounted inside the interferometer (in a position to watch the
light output from the exploding wire) and also records a sample of the
electrical pulse which operates the Kerr Cell (See Fig. C.11.) These two are
recorded simultaneously, and thus the synchronization between the Kerr Cell
and the discharge can be checked.

C.4 Performance

Figure C.2 shows a typical intensity profile obtained using the
SD-100 photodiode. Since the traces shown in Figs. C.2 and C.l were obtained
under identical conditions, it is seen that an improvement in peak intensity
of approximately six times over that of the magnesium spark was achieved,
assuming that the response of the photodiode was linear with incident intensity,
something which was open to doubt: a similar trial using a different SD-100
photodiode showed only 3-1/2 - 4 times improvement over the magnesium spark. In
addition it was noted that the total duration of the light had increased to
approximately twenty microseconds. Intensity traces were also obtained using
three different interference filters as shown in Fig. C.9: it is seen that the
profiles tended to vary somewhat with wavelength, something which was not un-
expected. Again, the peak intensity appeared to vary, but this was most likely
due to the varying response with wavelength of the photodiode, as well as being
due to the varying transmission of the filters.

A spectral analysis of the light output was also attempted, but,
apart from providing some indication of the combined characteristics of the
light source, interferometer optics, Kerr Cell (if included), spectrograph and
film, little was accomplished. Sample spectra are shown in Fig. C.lO. The
main thing that was noted from these was the cutoff of the Kerr Cell, at around
44060. It proved impossible to correlate the lines of these -spectra with the
lines of a tungstenf spectrum with any degree of certainty. This was not too
surprising as, in addition to tungsten lines, there weie undoubtedly lines pre-
sent from all the brass and plastic par.ts in the source adjacent to-the explod-
ing wire, as well as from the air. The relative intensities of the lines were
also distorted, since the dispersion of the spectrograph was not constant with
wavelength, and since the spectra were taken almost at the limit of sensitivity
of the film, with a very wide slit setting on the spectrograph. In addition,
the lines were very likely broadened and possibly shifted from their correct
positions by the intense electric and magnetic fields present in the region of
the wire.

One positive result of this analysis was to emphasi'e that,
while it was now possible to use photographic film for interferomet'-y using
the exploding wire source plus the Kerr Cell, the performance was still mar-
ginal. Therefore, some experiments were carried out to find the combination
of photographic plate plus developer that would produce the best results.
After trying several combinations, it was judged that Ilford HPS plates develop-
ed for 20-30 minutes in May and Baker "Promicrol" developer prod..•.d the best
results*: as good contrast as possible, combined with low fog level and rea-
sonably fine grain. Even then, a considerable reduction in the size of the
image was necessary in order to produce useable interferograms. However, the
reduction in size (from approximately 4" x 3-1/4" to 1-3/4" x 1-1/2") did not
prove too serious in terms of the accuracy with which measurements of fringe
shift could be made on the plates. However, even with the reduction in size,

* Latest triAls have indicated that Kodak 2475 emulsion, donated by Eastman
Kodak, Rochester, may offer significant improvement.
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this was a great improvement over the magnesium spark plus Kerr Cell combination,
where it proved to be impossible to record on film under any circumstances.

In general, it was found that a number of things had to be
watched carefully. One of the main sources of trouble was feedback from the
discharge through the trigger spark generator to the oscilloscope, and particu-
larly to the second delay generator. This feedback was of considerable magni-
tude and would cause the second delay generator, and thus the Kerr Cell, to
trigger prematurely. It was this feedback, plus the fact that the second delay
generator required a pulse of about 100 volts to trigger consistently, that
forced the use of the control -ystem shown in Fig. C.7, where the output of
the first delay generator was used to fire a pulse generator which provided a
secondary trigger pulse. This secondary trigger had to be attenuated before
being used to fire the trigger spark generator, but the same attenuator also
cut down any feedback coming from the discharge to the point where' it would
not affect the remaining instrumentation. Originally, it had been hoped to
fire the second delay generator from the discharge itself, an arrangement which
would have nullified any jitter in the triggering of the main discharge. As it
stands, in the configuration shown in Fig. C.7, there is a small amount of
jitter, about 0.3 microseconds, in the triggering of the discharge. However,
as seen in Figs. C.2 and C.9, the peak of the intensity curve is broad enough
that this amount of jitter can be tolerated. In addition, the synchronization
between the Kerr Cell and discharge was monitored with every shot, so that minor
drifts in the triggering levels of the various components could be spotted and
compensated for.

Figure C.11 shows a typical oscilloscope trace taken to check
synchronization. The discharge is monitored (as mentioned earlier) by a photo-
diode placed inside the interferometer and considerably closer to the source
than was the case in Figs. C.2 and C.9. Hence, the electrical pickup from the
discharge is much worse. The traces shown in Figs. C.2 and C.9 were taken with
the photodiode placed in the position normally occupied by the camera, something
which is, of course, not possible when taking interferograms. The upper trace,
as shown in Fig.,C.11, records a sample cf the 35,000 volts pulse which operates
the Kerr Cell. This pulse too is much dis:torted by pickup.

C.5 Conclusion

In conclusion, it may be said that the exploding wire light
source has been developed into a very useful and reliable piece of equipment.
Used in conjunction with a Kerr Cell, the exploding wire source has been the
means of substantially improving the time resolution of the interferograms
taken with the UMIAS 9" Mach-Zehnder interferometer. Sample interferograms
taken with the exploding wire source are shown in Figs. 2 and 3b, and the im-
proved time resolution is apparent when Figs. 2 and 3b are compared with Figs.
1 and 3a.
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Upper: 5 volts/div.

I psec. /div.
Lower: 2 volts/div.

0.5 usec./div.

FIG.Cl - INTFNSITY IPROFILE OF LIGHT FROM MAGNESIUM SPA.K
[LIGIT' SoUl('F - TAKEN WITTI FG&G SD-100 PHOTODIO..E

Upper: 20 volts/div.
5 usec. /div.

Lower: 10 volt /div.
2 usec. /div.

FIG.C2 - INTENSIT'Y P-OVILF OF LIGHT FROM EXPLODING WIRE
LIGHT SOJRCF - TAKEN WITH EG&G SD-100 PHOTODIODE
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a) 4680A Hor: I psec./div.
Ver: 100 mv/div.

b) 5210A Hor: 1)us:,c./div.
Ver: 100 cAv/div.-

c) 5675A Hor: lpsec./div.
Ver: 500 mv/div.

FIG. C9 - MONOCHROMATIC INTFNSITY PROFILES OF LIGHT FROM
FIX PLODING WIRF SOURCE, TAKFN AT VARIOUS WAVELENGTHS
(Differences in output reflect variations in spectral sensitivity of

the phothdiode and in the transmission of the interference filters)



a) Spectrogram of light from exploding wire source viewed directly,
with Kerr- Cell removed. Variations in intensity in the spectrum
reflect variations in spectral sensitivity of the film as well as
variations in the spectral content of the light.

b) Spectrogram of light from exploding wire source viewed through
the Kerr Cell with the Kerr Cell cocked open. showing the cutoff
due to the Nitrobenzene of the Kerr Cell.

c) Spectrogram of light from exploding wire source viewed through
Kerr Cell, with Kerr Cell operating, i.e., open for
200 nanoseconds onlv.

pIG. cIOu - SI'ECTjROGRANMS OF" LIPTROM 1ý XPEODING WIRE SOURCE
UJNDERI VARIOUS C'ONDIT'IONS
(Taken with a Hilger %Tedium Quar-tz Spiectrograpih using

Wlord III-S F'ilmn. ('alibratin-g 'iIunis Mercury
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Upper: I psec. /div.
10 volts/div.

Lower: lpsic. /div.
500 mv/div.

FIG.CII - TYPICAL OSCILLOSCOPE TRACE USED TO CHECK SYNCHRONIZATION
BETWEEN EXPLODING WIRE AND KERR CELL
Upper trace: Sample ( 30 volts approx.) of 35kv pulse which operates

Kerr Cell -
Lower trace: Output from photodiode placed inside interferometer

housing to monitor light output from exploding wire source

I
S i

•t

i I [i l n l -" l. . -i ll I iI... l 1 I i i1 1 -1 • i m 1 : - il i [Il ri •i •i l•i-"'



Security Classfication
DOCI ET CONTROL DATA. RD0

(80uNov .Iasaeficaleim of liD. be& of 064060 Wonleatimi kdoamo nstolaianaD Sowb enteod when am0 saren eporut Is clooessshE)
IORfIMNA TIN@ 4ACTIVITY (COOaPa~af suthet) 20. "CO@A? SRCUMITV C LASSIFICATIONF ntiue for Aerospace Studies Unclassified
University of Toronto, Toronto 5, Ontario 26 GROUP

3 flE9PORT TITLE

An Experimental Determination of the Gladstone-Dale Constants for Dissociating
Oxygen.

* ogscmgpifvg NoTes (7"M a uoft anON inclsiave dates)
Scientific Interim

6 AUTHOR(S) (&aLI 0-hs name. Rm orn. Unw)

Anderson, J.H.B.

March, 1967671

Ca CONTRACT ont GRANT NO. 90. ORIOINA VOR'S asP..? NUMUEN(S)
AP-AP8R-365-.66 UT.IAS Technical Note No. 105

PR@J94T NO. 9783-01

61445014 a W "'N()(m 90 mno 91mpS oio

d. 681307 AFOBR 67-0336
to AVA MARILITY&LIMITAION NOTICCES

1. Distribution of this document is unlimited.

11. SUPPLEMEUNTARY NOTES 12. SPONS@RINSN161LITARY ACTIVITY
Air Force' Office of ScetMM~sac

TECH, OTHE 1400 Wilson Bouleviard
Arlington, Virginia 22209

13 ABSTRACT
An experimental determination of the Gladstone-Dale Constants for dissocia-

ting oxygen has been carried out. The result obtained for the specific refrac-
tivity of the oxygen molecule was in good agreement with available room-tempera-
ture datal, Indicating that the Gladstone-Dale constants do niot appear to change
with temperature. The result obti.ned for the specific refractivity of the oxygen
atom was in agreement with the work of Alpher and White (Ref.7) but the present
work was considered to be more reliable in view of a much lower experimental error
and the removal of the assumption of a value for the Gladstone-Dale constant for
the oxygen molecule.* A theoretical analysis was also carried out in which ex-
pressions for the index of refraction of dissociating and ionizing gases were de-
rived. These results were used. in an anlysis of the formation of monochromatic
and white-light interference patterns in a lMach-Zehnder interferometer. An
appendix is included giving a brief summary of as yet uncompleted experimental
work to determine the Gladstone-Dale constants for ionizing argon. Another
appendix gives details of an exploding wire light source, which was developed to
allow the use of a Kerr cell unit to improve the time resolution of the interfero-
grams.

DD IA 1473 _ _ _ _ _ _ _

Security Classaification

4:~- - ______________________________________



Unclassified ____

14KYWRSLINK A LINK 9 LinK C
6101.6 WTI OLE I ? W 3001.9 WT

1. Gladntone-Dale constants at high tempera-

3. Shock Waves
4. Shock Tube Flows
5. Interl'erometry

the REORT SEUETINSTRUCTIATONS

1. ORIGINATING ACTIVITY: Enter the name and eddress imposed by security classification. using standard statements
of the contractor. subcontractor. grantee. Department of Do- such ar.
fens& activity or other Organisation (corpbate auttor) isun (1) "Quaalified requesters my obtain copies of this
2s. EaterEUIY LSIFCTON o the eve"~ (2) "Foreign announcement and dissemination of thisall -security classification of* the l reot ladicatea whether reor by DDC Is not authorized."o"Restricted Data' is included -Marking Io to be in accord-
once with appropriate security regulatioons. (3) 11U. S. Government agencies may obtain copies of

this report directly fhom DDC. Other qualified DDC2b. GROUP: Automatic downgrading is specified in DoD Di- users shall request throughrective 5200. 10 and Armed Forces Industrial Manuel. Enter
the group nunmber. Also. wman appticable, show that optional
markings have been used for Group 3 and Group 4 as author. (4 11U. &. military agencies may obtain copies of thisised. repor directly from DDC. Other qualified users
3. REPORT TITLE._ Enter the complete report title in all shall request through
capital letters. Titles in all cases should be miclaasifledo t
If a meaningful title cannot be selected without classifica.
tion, show title classification in all capitalst In parenthesis (S) "All distribution of this report is controlled. Qual.
immediately following the title. iflied DDC users shall request through
4. DESCRIPTIVE NOTES: Uf appropriate, enter the type of ______________

report. e.g.. interim.-prttgress. summary, annual, or finda. If the report hat been furnished to the Office of Technical
Give the inclusive dates when a specific reporting period is Servies,. Department of Commerce. for sale to the public, indi.
coversd, Cote this fact and enter the price, if known.
S. AUTHOR(S): Enter the name(s) of author(s) as shown on 1L SUPPLEMENTARY NOTE&: Use for additional explana-ot in the~ report. Enter tost name, first name, middle Iittial. tory Motes.
If m~ilitary, show rank and branch of service. The name of
the principal .'thor is an absolute minimum requireet 12. SPONSORING MILITARY ACTIVITY: Enter the name of

the departmental project office or laboratory sponsoring (par6. REPORT VAT!-* Enter the date of the report as day, ing for) the research and development. Include rA&essemonth, year: or month. year. If more than one date appears
on the report. use date of publication. 13 A1NSTRACT: Enter an abstract giving a brief and factual

summary of the document indicative of the report, oven though7&. TOTAL NUMBER OF PAGE&: The total page count it [Bay also appear elsewhere in the body of the technical re-should follow normal pagination procedures, i~e., enter the port. If additional space is required, a continuation sheet shallaumber of pages containing infiormation. he attached.
7b. NUMBER OF REFERENCE& Enter the total number of It is highly desirable that the abstract of classified reportsreferences cited in the report. b e unclassified. Bach paragraph of the abstract sh -alled with
So. CONTRACT OR GRANT NUMBER: If appropriate. entw an indication of the military -security classification of the in-1the topplicable number of the contract or greant under which fncmation In the paragraph, represented as (TsI. (s). (c). or (U).
the report was written. There is no-limitation on the lI*"t of the abstract. How-db. ac, & Sld. PROJECT NUMBER: Enter the appropriate ever, the suggtsted length is from ISO to 225 words.
rfaitir-*y department idmntifica~tion. such as project number.
subproject number, system numbters, task number, etc. 14. KEY WORDS: Key words are technically meaningful toeen

Or Short Phrases that characterize a report and may be used as9 a. ORIGINATOR'S REP*ORT NUMER(S: Enter the offi- index entries for cataloging the report. Key words must he
deal report rumber by which the document will be identified selected so that no security classification is required. Identi-, ' arnd controlled by the originating activity. This number must flets. such as equipment model designatlon,_ trade name, militaryhe unique to thi& report. project code name, geographic location, may be used as key

4- 9h. OTHER REPORT NUMBER(S): If the report has been words but will be followed by an indication of technical con.
assigned any other repcrt numbers (either by thre originator text. The assignment of links, rules, slnd weights is optional.
or bt the sponaor). also enter this number(s).
10. AVAIL ABILITYi LIMITATION NOTICE&: Enter any lisa.

otdtions on turther dimssmination of the report, other than those

SeuIlty Ctm"Ification


