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A COMPARATOR CALIBRATION METHOD 

P~STRACT 

A method is described for calibrating precision comparators by 

using grid plates which have been calibrated by means of a triangulation 

method based exclusively on distance measurements. The method used for 

calibrating the grid plate provides measurements of the x, y coordinates 

for selected grid intersections to an accuracy better than + l ~. 

Using calibrated grid plates, the comparator may be calibrated to 

determine instrument constants such as: 

l. Overall scalers of the measuring screws. 

2. Non-orthogonality between the x andy movements. 

3. Translation and rotation between grid and comparator 

coordinate systems. 

The results of a number of calibrations are shown. 
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I. INTRODUCTION 

The Ballistic Research Laboratories (BRL) decision to develop an 

optimum photogramrnetric triangulation system led to an increased effort 

in basic research in analytical photogrammetric methods and the associated 

development of precision instrumentation. Theoretical research resulted 

in the development of an analytical method for data reduction, while 

instrument research led to the development of a precision measuring system, 

which includes the BRL sponsored Ballistic Camera System (Wild BC 4) and 

a precision coordinate measuring instrument, the Wild STK-1 Stereo­

comparator. 

The Wild-Stereocomparator is a highly precise coordinate measuring 

instrument based on the principle of parallax measurements. It is 

adjusted by the manufacturer to meet a particular level of accuracy when 

used in accordance with the manufacturer's specifications. However, by 

proper calibration of the instrument it is possible to achieve additional 

accuracy in the measurements. 

We decided to perform the required calibration in two steps: first, 

to calibrate precision grid plates by a zero method, second, to calibrate 

the comparator using the calibrated grid plates as a standard. The first 

step results in a set of Cartesian coordinates for a number of selected 

grid points, while the second step gives values for overall scales of the 

precision lead screws for the non-orthogonality of the x-y and p -P-
x y 

movements respectively, and for the translation and rotation existing 

between the grid and the comparator coordinate systems. 

II. MEASURING METHOD 

Two procedures were used in these calibrations. 

Grid Calibration 

The method is based on the principle of trilateration. The sides 

and diagonals of a number of squares, f~rmed by selected grid line 

intersections, are measured. These measurements are compared with a 
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calibrated glass scale. Since only difference measurements are introduced, 

personal and environmental systematic errors are practically eliminated 

and the method becomes a null method. By treating various combinations 

of squares, the final point coordinates are obtained with standard errors 

which are less than those inherent in the individual length measurements. 

On the grid plat~ whose grid measures 23 x 23 em, 25 grid line inter­

sections located symmetrically with respect to the center of the grid 

plate occupy a square of 20 em side length. This square is subdivided 

into 9 overlapping squares of 10 em side length and again subdivided 

into 16 squares of 5 em side length (Figure 1). It should be noted that 

a squru~e with maximwu side length of 21 em could be readily subdivided to 

point distances of 3 em, as compared to the presently obtained 5 em and 

still allow a reliable numerical solution when using large scale computers. 

The use of a larger number of adjusted control points on the grid would 

certainly increase the reliability of the comparator calibration, but 

would have little effect on the accuracy of the grid calibration. From 

the standpoint of economy it is doubtful that the additional effort could 

be justified. 

Each distance 1n ~~y of the squares is derived from coordinate 

differences; therefore, the coordinates of the endpoints of the distance 

must be determined. Because of the "uncleanness" in the engraving of 

the grid lines at their intersections, four auxiliary points around the 

intersection are used, within about 100~ of the intersection (Figure 2a). 

The point of intersection is then computed by using Cramer's rule. The 

grid lines are nominally ten microns wide so a ten micron dot is used, 

as a measuring mar~ which,with a 40 power magnification prcvides a 

setting precision of ~0.3~ for an average of 10 measurements. Th~s 

precision is somewhat affected by the slightly varying width and bla.ckness 

of the grid lines. 

Calibrated glass scales of 20 em length are used as standards and 

serve to eliminate the comparator error. The calibration of the glass 

scales was performed by the Federal Bureau of Measures and Weights, 

Switzerland, with an accuracy of ~0.5~ for any of the graduation lines. 
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This amount was considered small enough to be negligible in the least 

squares adjustment procedure. The scales are m&iufactured of the same 

material as the grid plates, with a graduation from zero to 20 centimeter 

in one-centimeter steps and in /2- - steps. The graduation lines have 

the s&ue nominal widths as the grid lines, and a center line is engraved 

to produce intersections with the graduations, so that a scale distance 

can be measured the same as a grid distance. The glass scale is mounted 

on the grid plate, approximately parallel to the grid line under 

observation (Figure 2b). A misalignment of 100~ for a distance of 20 em 

introduces an error of only 0.025~. 

The initial position of the grid plates on the comparator stages was 

such that the serial number was on the right side and the "peg and pin" 

closest to the operator. Then, point No. 1 is in the lower left-hand 

corner with point No. 5 in the lower right-hand corner. 

Each grid and scale distance is measured independently. The sequence 

of the measurements is shown in (Figure 3a). Considering the first line 

in the X-(left-right) direction from point No. 1 to point No. 5, the 

measuring procedure for the first two distances is: point No. 1 grid, 

No. l scale, No. 2 scale and No. 2 grid. This completes the first distances. 

The next distance between points No. 2 and No. 3 starts again with point 

No. 2 grid, No. 2 scale, and then proceeds to No. 3 scale and No. 3 grid. 

All dist~nces are measured in this fashion (Figure 3b). To measure the 

five lines in theY-direction, the grid plate is turned clockwise 90°, so 

that point No. 25 will be positioned at the lower right-hand corner. The 

measurements for the diagonal lines are made with the plate rotated back 

to its initial position (Figure 4). 

In routine operation the comparator coordinates, to the nearest micron, 

are recorded automatically on a typewriter ~nd punched on a card. However, 

in the calibration procedure it is necessary to read the dials of the 

measuring spindles to one tenth of a micron and to manually punch the results 

on a card. These additional coordinate readings will be used in the later 
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* computations as indicated by Wooten. Ar~ additional check assures 

that the fractional readings lie within a tolerance indicated by the 

smallest interval of the automatic read out. 

Comparator Calibration 

the calibrated the calibration of the comparator is 

performed by measuring the coordinates of each adjusted grid point directly. 

The grid intersections representing the points are determined in the same 

way as in the grid calibration phase, i.e., four auxiliary points around a 

specific intersection are used. The computer program provides for multiple 

settings on each point. Also, the grid can be rotated in 90° steps and 

the calibration repeated. 

During the calibration, the comparator coordinates of a single reading 

must be recorded to the nearest tenth of a micron. A one-micron read-out 

in combination with multiple settings will provide sufficient precision. 

The grid plates and the glass scales must be stored in the temperature­

controlled comparator room. 

III. ADJUSTMENTS 

Adjustments must be made for the Grid and the Comparator Calibration. 

Grid Calibration 

First, the comparator coordinates of the grid line intersections and 

the corresponding scale line intersections are computed by intersecting 

the two lines represented by the four measured auxiliary points, using 

Cramer's rule for intersecting two straight lines. 

The equations for two straight lines can be written as 

a
1

x + b
1

y = r
1 

I , \ 
\ .J... ) 

* Roberta A. Wooten, '~ FoPast ProgrQm For Sterecomparator Grid Calibration 
and Comparator Calibration" BRL Men·or>andum Report No. 16 00 ~ October> 196 4. 
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Solving the two equations for x andy, respectively, one obtains 

where: 

I r 1 bl I 
jr;b; I 

=1a1b 1 I 
X = 

a2b2 
I I 

alrl 

a2r2 
y 

aL a 1 

a2b2 

al = y 3- y 1 

-(x - x ) 3 1 
!:1 -...r. - v '-'-2 "4 "2 

b2 -(x4 x2) 

b2rl 

alb2 

alr2 

alb2 

rl xly3 - x3yl 

- blr2 

- a2bl 

- a
2

r 

- a b 
2 

Second, the distance between the computed intersections of the 

corresponding points are obtained from coordinate differences: 

£ = (~x2 + ~y2)1/2 

(2) 

( 3) 

Each computed grid distance must now be corrected for the comparator 

error which can be assumed to be equal to the difference between the 

computed scale distance £
8 

and the corresponding calibrated scale distance 

1
8

• Therefore, the corrected grid distance becomes 

( 4) 

Introducing for numerical convenience an idealized, nominal grid, denoted 

by superscript 0, Equation (4) may be written 

( 5) 

-.' 
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and substituting Equation (4) into (5), one obtains 

~~ = ~ - ~ + LS - LGo G S ( 6) 

For all distances involved in the measuring procedure, the terms 

( 1 - 1° ) t d d t t d t t 1 t h S G are compu e an rea e as cons an s as ong as e same scales 

are used. 

Any adjusted distance on the grid, LG' can be expressed as 

EG = LG + v = (~X2 + ~Y2)1/2 (7) 

where ~X and ~y are the corresponding coordinate differences between the 

endpoints of the line under consideration. Introducing as approximation 

values the aforementioned nominal grid coordinates X0
, Y0

, we may write 

(Equation 7), applying the Taylor expansion and neglecting second and 

higher order terms: 

where 

Rearranging Equation (8) and with Equation (5) and (6), one obtains 

~Xo ~Yo 
V = --;::;-- ~X + -- ~y + ~Q, 

L~ 1° 
G G 

Thus, the observational equations TOr the distances in the X,Y and 

diagonal directions, respectively, are: 

fiX 
v !J.x + ~£, 

X 10 X 

G 

~y 
v !::.y + 6£ y 10 y 

G 

~X 1\ ~y 
~£ v - _x +- /:,.v + 

x,y 
L~ 

L o -oJ x,y 
u G 
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The following numerical values are used for the nominal grid: 

Square size 
( M) 

.05 X .05 

.1 X .1 

.2 X .2 

D. X 
( M) 

.05 

.1 

.2 

D.Y 
( M) 

.05 .0025 .0025 

.1 .01 .01 

.2 .04 .04 

.005 

.02 

( *) 

With the D.£'s known, observational equations are formed for the 158 

distances: 

Distance in 

X - direction 

Y - direction 

Diagonal 
directions 

No. of Eqn. 

50 

50 

58 

The coefficients of the normal equation system for the 50 unknowns (i.e., 

25 D.x's and 25 D.y's) of the 25 selected grid points are found in the 

usual way from the coefficients of the 158 observational equations. 

In addition, three geometrical constraints are introduced such that 

the variance-covariance matrix for the 50 unknowns expresses a symmetrically 

arranged error distribution field, relative to the central point of the 

grid, (actually relative to the gravity center of the adjusted coordinates). 

These constraints are: 

cl Lf::.X = 0 

c2 Lf::.y = 0 

5 
l:llx~i + 'i.D.y 'i.!:::.y 6 0 c3 l:D.x- -1 5,10,15,20,25 1, ,11,16,21 

c
1 

and c
2 

control the translational components while c3 relates to a 

rotational component. 

(lla) 

( llb) 

(llc) 

These equations are added to the original normal equation system 

and its quadratic form is reestablished. Because these additional 

constraints have to be enforced rigorously, zero terms appear on the 

* Not used because of limited scale length. 
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corresponding diagonal elements of the matrix. In order to avoid numerical 

complications during the inversion of the normal equation system, the column 

equations of c
1 

and c
2 

have been exchanged with the columns associated 

with 6x
1 

and ~y 1 , respectively, and the column equation of c
3 

with ~y
25 

correspondingly (Figure 5). It should be mentioned that the equation c3 
could be expanded to include more points. However, such an expansion 

affects only the determination of the K angle in the comparator calibration 

phase. The K angle represents the rotational component between the grid 

system and the comparator system and depends mainly on the alignment of 

the grid with the comparator axes, and is only of limited physical 

significance. With the inversion of the 53 x 53 normal equation system one 

obtains the ilx's and ~y's. The square roots of the corresponding diagonal 

terms of the inverted system are used to compute standard errors of the 

adjusted grid coordinates. The final grid coordinates are computed with 

X = X0 
+ D.x 

y = yo + ~y 
( 12) 

0 0 h . l 'd d. t where X , Y are t e nom1na grl coor 1na es. 

To obtain the residual v for each distance and to compute the mean 

error of unit weight, the 158 distances are recomputed from the ad,justed 

grid coordinates and the v's determined by 

v = (~X2 + ~Y2)1/2 - L 
G 

with LG as found in Equation (5). 

The mean error of unit weight before adjustment is then 

m = ( L PvvJl/2 
n-u ) 

A weight of P = 1 was used because the precision of the setting 

procedure was found to be uniform over the entire grid. 

n = total number of measured 

u = 2p- 3, where p is the 
number of points and "3" 
denotes the number of 
introduced geometrical 
contraints. 
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Fig. 5 Normal Equation System 
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The mean errors of the adjusteu grid coordinates are 

~ = m · IQxx and IIly = m . ~ ~ (15) 

where the Q values are the diagonal terms of the inverted normal equation 

matrix. 

Comparator Calibration 

The comparator calibration serves to determine specific comparator 

constants which are: 

1. Overall scale factors of the measuring screws 

2. Non-orthogonality of the coordinate axes 

3. Translation and rotation between grid and comparator 

coordinate systems 

First, comparator coordinates of the 25 adjusted grid points are 

measured by the method described in section II, above. Then, these 

point coordinates are transformed into the adjusted grid coordinates. 

A least squares adjustment is used to obtain the comparator constants. 

where 

The transformation formula used reads as follows: 

X = [ ( ~x - a) ( 1 + t.s ) + (£ - b) ( l + !1s ) a J COS K 
X y y r 

r. . ,l 
+ L ( £y - b) ( 1 + {].sy) J sin K 

Y = I ( £x - a) ( 1 + t.s ) + ( £ - b) ( 1 + 
L ·- X y 

!::.s ) a l (-sin K) 
Y r 

+[(\-b) (1 

X, Y = calibrated grid coordinates 

£ £ = measured point coordinates 
v' v 
.<>. oJ 

- _j 

+ 11s y ~ cos K 

a,b = translations in x andy, respectively 
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~s , ~s = increments of the scale factors of the x, y measuring 
X y 

screws 

a non-orthogonality between the coordinate axes (in radians) 
r 

K = rotational angle between the grid and comparator coordinate 

systems. 

The observational equations are obtained by linearizing Equation (16) 

with the Taylor series, neglecting again second and higher order terms. 

Introducing approximation values, one obtains 

X
0 = [ (£ - a

0
) (1 + ~s 0 ) + (£ - b

0
) (1 + ~s 0 ) a

0
] 

X X y y r 

+ [ (ty - bo) ( 1 + 6s;)] 

r 
( Q, 

o, 
( l + f..s 

o, 
+ ( Q, 

- 0\ ( l + 
o, ol 

L a J X) b ) !::.s ) 
a~ J X y y 

+ I ( £ bo) (l + 6s;)l 
y 

L .J 

where 

L.s L.s 
0 66.s 

0 6a + a a + 
X X X 

~s = [).s 0 
+ ~[).s b = bo + ~b 

y y y 

a - a. 
0 

+ ~a. K - K 
0 

+ ~K 
r r r 

0 
COS K 

sin 
0 

K 

n, 
(-sin K-) 

0 
cos K 

( 17) 

The corresponding coefficients of the unknowns ~~s , ~~s . ~a. , ~a, x y r 

Ah ~Dd 6K are thus the partial derivatives of Equation (17) with respect 
~~' -
to the unknowns. These coefficients are denoted in the manner listed on 

the following page. 
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ax 
a~s 

X 

aY 
a~s 

X 

ax 
a~s 

y 

aY 
a~s 

y 

ax 
a a. 

aY 
a a. 

ax 
a a 

ay 
a a 

ax 
ab 

ay 
db 

ax 
dK 

aY 
dK 

= 

= 

= 

= 

= 

= 

= 

a = 
X 

a 
y 

b 
X 

b = y 

c 
X 

c y 

d = 
X 

d = y 

e = 
X 

e = y 

f = 
X 

f = y 

( £ 
0 0 - a )cos K 

X 

-(9. 0) . 0 
a s1n K 

X 

( Q_ - bo) (a.0 cos 0 sin Ko) K + 
y r 

( £ - bo) (cos 
0 0 sin Ko) K - a 

y r 

( £ bo) (1 + ~s
0
)cos 

0 
K 

y y 

( Q_ bo) ( 1 + ~so) (-sin K0
) 

y y 

-(1 + 6s 0 )cos 
0 K 

X (18) 

(1 + ~s
0
)sin 

0 
K 

X 

-(1 + ~so) (a.0 cos Ko + sin Ko) 
y r 

(1 + ~so) ( 0 . 0 Ko) a. Sln K - cos 
y r 

Yo 

-Xo 

Unless known from previous calibrations, all approximations may be 

set equal to zero. The absolute terms 6£ which during the iteration of 

the solution converge towards the residuals v, are computed with 

X - X
0 = -~£ = v 

y ,,0 
r 

X X 

-D£ - v y y 
(19) 

where X, Y are again the adjusted grid coordinates as obtained from the 

grid calibration. 
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Assuming equal weights, the mean error of a single coordinate measure­

ment before adjustment is 

with 

I ... \., /r. 

m = ( L vv ).1.1 c:. 
\ 2n - u 

n = number of points 

(20) 

u = number of unknown comparator constants. 

The square roots of the diagonal terms of the inverted normal equation 

matrix are used to compute the st~~dard errors of the ~~knowns. 

IV. RESULTS 

In Figure 6, a map displays the distribution pattern of the weight 

coefficients of the adjusted coordinates associated with the 25 grid 

points. The pattern is symmetric, concavely shaped, and the Y-pattern 

is rotated 90 degrees against the X-pattern, as cru1 be expected from the 

geometric conditions introduced by the measuring procedure. 

Figure 7, shows a plot of coordinate differences which were obtained 

by subtracting the nominal grid coordinates from the adjusted grid 

coordinates. The results of four grid calibrations were used. Some 

detailed information on the four calibrations is given below. 

1. Each calibration was performed by a different operator, 

in fact, calibration number 1 was conducted by two operators, taking 

turns. Calibration number 4 was executed by the most experienced 

operator. The RMS error for this operator was 1.03 micron while in 

calibration number 1, the RMS error was almost twice as large. Calibration 

number 1 was also biased by an imperfection of the observing optics which 

was corrected later. Calibration number 2 and number 3 were performed by 

equally skilled operators. 

2. Scanning the plot horizontally and vertically, a certain 

trend pattern emerges which seems to reflect a bias in the manufacturing 

process. The large differences at points number 21 and number 25 seem 

to indicate a deformation of the comparator base structure at extreme 

measuring positions. This is not reproducible. 

23 



\ 

•• ,._,_Ill nlll 1'10 ~~ 
66~ \ ~ ~~ ~ ~~ an an . . . . . . . . . . 
r 

' L I 
I I 

I 

~ \ I 
...... ......._.n 010 "'an ~~ 

~~ 
.~-~ 

~ 
(!)(!) (j)ii; 

~~ ~(") ~~ . . . . . . . . • • 

Fig. 6 Map of the Weight Coefficients Q and Q Given by 
X y 

Thin and Heavy Lines, respectively 
24 



I\) 
Vl 

- --
~~ .. ' 

', 

-·-·--·----

-- -~ --- 21 

~ 
I . 
. 

~ 

I 

, , \ I 
... \_~ 
\\I 
\\ 

\ 
'. \ 

-~, 

Pl<)t of cc~ordinate dif~ferencczs: Adjusted- nomina II 

/ / 

' --~·-·- .•. 

.... , 

'~ 
:\ 
~. \ 

,~/ 

:~; 

I 

--~ 

I 
I 

' ·,, 

~ -~ ::._ .::: 

~ 
. , .. -::-::- ..._ 
' . 

/ 

t:.. .. 

;I\ 

.{~: 'l 
II 

~\\.·. 
I \·' . ."­
! 

) ~ .. \'-. I \\, 

/ :'-. I' ; ., 
I 

I 

f
~ 
I 

!J ! 
II 

I i 

·,, / ., ' 

'·,·~----
25 

I , //'' 

/~,_;// 
I :--p 

I / 
i ~~ 
~~,' 

' I 
\//" 
'~--------

5 r, 
I '· 
I 
I 
I 

fig. 7 Coordinate Differences Obtained from Four Grid Calibrations 

Cali lbration No. 
1 
2----
3 -------
4 -·---·-· 

1tJ 
"'----' 



3. Finally, a plot of the residuals v of five successive 

comparator calibrations is shown in Figure 8. The heavy dots spaced 

equidistantly represent the geometric location of the adjusted grid 

points averaged from four grid calibrations. The circles drawn about 

the average of thev's from five comparator calibrations have a radius 

of one micron. Except for points, 23, 24 and 25, the individual v's 

fall well within a + l micron spread. 

4. The five calibrations ~ere made over a period of three 

days and conducted under varying illumination conditions for stage and 

dial lights. Temperature gauges were placed at vital parts such as 

measuring screws, counters, stage lights, ~1d at the base and the top 

of the observing optics. 
0 Temperature gradients up to 3 C and a 

0 chimney effect at the observing optics, causing a 3 temperature 

difference, were observed. However, the effects of this difference 

appeared to be insignificant. 
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