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— ABSTRACT

The electric and magnetic field components produced by vertical and horizontal dipoles
(both electric and magnetic} are derived and preseated for the quasi-static, quasi-near, and
near-field ranges. The depth, h, of the transmitting dipole is less than or equal to zero; the
height, z, of the receiving antenna above the plane, conducting, homogeneous carth varies
from zero to some height, z, that is much less than the ionospheric reflecting height
{ionospheric effects are neglected). The horizontal separation, p, between the transmitting
and receiving antennas is comparable to the receiving anteana height, z. The derivations
are based upon the quasi-static and near-field approximations to the vector potentials for
the vertical and horizontal dipoles and upon application of the reciprocity theorem. The
surface-to-surface propagation equationsreduce to well-known expressions when |y, p| >> 1
and |y, p| << 1, as do the subsurface-to-air equations when p >> z.
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DEFINITIONS OF SYMBOLS AND ABBREVIATIONS

c The velocity of propagation in the upper half-space (free space); = 3 ~ 10"
(meters/sec)
dt The infinitesimal dipole length (meters)
dA The infinitesimal dipole atea (meters?)
iwt

The time factor assumed

The horizontal electric field component in the p direction {volts/metcr)

Eg The horizontal electric field component in the ¢ direction (volts/meter)
E, The vertical electric field component (volts /met2r)
G, Wait’s height gain factor for vertical polarization (valid for p >~ z);
=1+ yi z/y,
h The depth of burial of the transmitting antenna (h < 07) (meters)
H The height of the vertical loop antenna above the earth; = 1/y,
H, The horizontal magnetic field component in the p direction (amperes/meter)
Hy, The horizontal magnetic field component in the ¢ direction (amperes/meter)
I, The vertical magnetic field component {amperes/meter)
HED The horizontal electric dipole
HMD The horizontal magnetic dipolec
HGF The height gain factor; equal to the field strength at height z divided by
the field strength at height z = 0*
1y, P2 The modified Bessel function of the first kind, order zero, and argument N
ll(ylp/Z) The modified Bessel function of the first kind, order one, and argument Y,p'2
JO(AP) The Bessel function of the first kind, order zero, and argument Ap

K (y,p/2) The modified Bessel function of the second kind, order zero, and argument Y1P'2

K, (y,p/2) The modified Bessel function of the second kind, order one, and argument 7,0'2
mks Meier-kilogram-seconds, the unit employed

R The radial distance in a spherical coordinate system; = (p? + 2%

T 61K, + 4y p(1 K - 1K)) + yip?A K, - 1K)

v, (A% + yg)"’ (meters™!)

u, (A2 4+ yf) “ (meters!)

VED The vertical clecuic dipole

YMD The vertical magnetic dipol -

 § MK, =y /0K, - 1K)

z The height of the transmitting antenna above the plane conducting earth

(z 2 0*) (meters)
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The upper half-space (free space) propagation coustant (meters”!); = (-eopamz)"s

The lower half-space (the earth) propagation constant (the displacement
currents in the earth are assumed to be aegligible); ¥ (i wﬂoal)% (meters” )

The skin depth in the lower half-space (the earth); = (Z/wuvl)”
The permittivity of free space; ¥ 10°%/36 r (farads/meter)

The dummy integration variable

The wavelength in the upper half-space (free space); = c/f

The wavelength in the lower half-space (the carth); = 278

The permeability of free space; = 47 x 10°7 (henties/meter)

The radial Jistance in a cylindrical coordinate system; = (x%+ yz)u'
The conductivity of the lower half-space (the earth) (mhos/meter)
The azimuth angle in a cylindrical coordinate system; = tan"! (y/3)
The angular frequency; = 2 nf (radiens/sec)

The infinitesimal distance above the surface of the earth (meters)

The infinitesimal distance below the surface of the carth (meters)




SURFACE-TO-SURFACE AND SUBSURFACE-TO-AIR
PROPAGATION OF ELECI'ROMAGNETIC WAVES

The Derivation of Electric and Magnetic Ficld Components
for the Quasi-Static, Quasi-Near, and Near-Field Ranges

™TPODUCTION

Radiation from electric and magnetic dipole antennas in the air above a
plane, conducting, homogeneous earth has been ~ornsidered by many writers,
beginning with Sommecrfeld.’ Unfortunately, relatively little attention has been
paid to surface-to-surface propagation in the quacsi-static range « -, -
when v is allowed to be any value. (Definitions of the symbols appear in the
introductory pages at the front of the report.)In this report the theoretical work
that has been accomnlished for this range is summarized, and the electric and
magnetic field components that have rot been derived previously (to the author's
knowledge) are derived for the case in which - # o . Surface-to-air propa-
gation in the near-field range has heen considered by Norton, * who states, how-
ever, that some of his formulas are valid only for distances down to a free-
space wavelength (i.c. R -.,,). Subsurface-to-air propagation in the quasi-near
and near-field ranges has been treated by Moore, ° Wait, ' Banos and Wesley, '
and Banos* (among others) with the restriction that , > :  The field compo-

La. Soumerfeld, *‘On the Propagation of Wavex in %ireless Telegraphy,'’
Annalen der Physik, vol. B1, no. 25, 11 December 1926, pp. 1135-1153.
2

K.A. Norton, ‘‘The Propagation of Radio Waves Over the Surfare of the Larth
and 1n the Upper Atmasphere,'’ Proceedings of the Institute of Radio kngineers, vol.
25, no. Y, September 1937, pp. 1203-1236.

3 R.h. Moore, **‘The Theory of Radio Communication between Submerged Sub-
sarines,'” Ph. D. Thesis, Cornell University, 1931, (Revised in 1961 by R A. Moore
and % .E. Blair, ‘‘Dipule Radiation in a Conducting Half -Space,”* RS Journal of
RescarcheD. Radio Fropagation, vol. 6§53, no. %, November - llerember 1981,

PP 3975010

! J.R. %aju, "*Thke Flectromagnetic Fields of a Horivzontal Dipole in the
Presence of 3 Condurting HalfSpace,”* Canadian Journal of Phisies, val 160, 194],
pp. 10171028,

T A. Banoa. Jr., and J.R. Weslev, The Horizontal Flectese Dipole iu a Con.
durting Half-Spare, Parts | and 1, Reports Nos. 31-31 and 54-31, VMarine Phasacel
taborstory, Univeraity of Calgfornia, 193V, Q5%

% A BaWos, Jr., Mipale Radiat:ion in the Presence of o Conductaing Half-Npace,
Pergamon Press, (xford, tngland, J%as
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Fig. 1 - Dipole Orientations when h = ot

nents produced by subsurface dipole antennas that are valid for the quasi-near
Uy, - R. . ¢,y and near-field (R comparable to :,, ) ranges are pre-
sented in this report without the above restriction, lonospheric cffects are
neglected,

Four types of dipnle antennas will be examined: the vertical electric dipole
(VED), vertical magnetic dipole (VMD), horizontal clectric dipole (HED),
and horizontal magnetic dipole (HMD). The four antennas arce situated at the
origin of a cylindrical coordinate system (..4.2) and are assumed to carry a
constant current, I. The VED and HED are oriented in the z and x dircc-
tions, respectively; the axes of the VMD and HMD are oriented in the z and

_y directions, respcctively. The dipole orientations when h = 0* are shown in
Fig. 1, The earth occupics the lower half-space (z < 0); and the air, the upper
half-space (z >0). The units employed are meter-kilogram-seconds (mks); a
time factor of ¢ ! is assumed,

SURFACE-TO-SURFACE PROPAGATION IN THE
QUASI-STATIC RANGE

THE GENERAL RANGE

For the general quasi-static range (, << 7,,) and z =h=0%, the approxima-
tion that the propagation constant in air (v,) is equal to zero can be utilized in
the derivation of the field components, This is called the quasi-static approxi-
mation and was developed by Lien. It is valid for observation distances that
arce very small with respect to an air wavelength (distances < i, /20) and for
depths, h, much less than the observation distance.

.
'HH. Lien, '"‘Bodiation from a Horizontal Dipole in a Nemi<Infinite Disaie

pative Medium,'' Journal of Applied Physics, vol. 24, January 1953, pp. 1-4,




Several clectrie una magnetic ficld-component expressions for the gencral
quasi-static range have been determined previously, The E . and H, compo-
nents for the VED have been derived by Norton; ™ the £, compenent has heen
derived by Wait and -Campbell. ™ All clectric and magnetic components for the
VMD have been derived by Wait' and Gordon, " The HED E,, E,,and H
components also have been derived by Wait, '™ Martin has extended Wait's
results and has evaluated the HED H,, H,,and E, components.’ Further-
more, Wiait has determined the HMD mugnetic field components.'' These
expressions for the general quasi-static range are summarized in Table 1,

The reciproceity theorem (which applies to dipoles in the presence of any
lincar medium) states.that the voltage, V., induced in antenna 2 by the cur-
rent, I,, of antenna 1 is the same as the voltage, V,, induced in antcnna 1
by an identical current, I,, flowing in antenna 2, Applying the reciprocity
theorem, we can then determine the remaining field components for the general
quasi-static range. The HMD E, and E, components can be determined
from the 11ED H, and H, components; and the HMD E. component, from
the VED I, co.nponent, Expressions for these ficld components also arce in-
cluded in Table 1. Note that 47~ ¢ and .4 ~ 4 when ? and A are much
smaller than 7., and thp measurement distance, ..

8

Naorton, op. cit. (see footnote 2, abave).

? J.R. Wair and L.L. Campball, ‘'The Fields of an Electric Dipole in a Semi-
Infinite Conducting Mediunm,'® Journal of Geophysical Research, vol. 58, no. 1, 1933,
pp. 21-28.

1o J.R. Wait, **The Propagation of Electromagnetic Waves Along the Earth's

Surfare,’’ Electromagnecvic Waves, edited by N, Langer, University of Wisconsin
Press, 1962, pp. 213-290, :
11

A.N. Gordon, "*The Field Induced by an Oscillatory Magnetic Dipole Outside
a Semi-Infinite Conductor,’ Quarterly Journal of Mechanical and Applied Mathemat -

irs, vol. 4, rno. 1, 1951, pp. 105-115.
12 wait, op. ¢it. {see footnote 3, above),
13 A, Martin, RCA (aboratories, Princeton, N.J., private communication, 1963,

It )n. Wait, '‘loducticn " a Horizontal Oscillating Magnetic Dipole Over a
Conducting Homogeneous Farth,'' Transactions of the American Geophysical Union, vol.
34, noo 2, April 1953, pp. 185-188; and "*The Fields of an Qscillating Magnetic

Dipole Immersed in a Semi-Infinite Conducting Medium, Journal of Geophysical

Resesarch, vol. 58, no. 2, June 1953, pp. 187178,




SUBRANGE 7w <<l << v

For the quasi-static subrange in which v, << 1 << yp (i.€.,
hewenns o <" p < < ke },  Which is actually the quasi-near rangc, the modified Bessel
functions of Table 1 can be replaced by the first one or two terms of their
asymptotic expansions and the ¢~ ' terms approach zero. The resulting field-
component expressions are presented in Table 2,

For an HED antenna there is a diffused returr current in the earth corre-
sponding to the current in the horizontal wire. For this reason a horizontal
wire above the earth with the ends of the wire grounded is called a "ground re-
turn antenna." The current in the horizontal wire of length t and the ground
return current act as an HMD (vertical loop) antenna of height H = 1/y, above
the earth, This can be observed easily by comparing the HED and HMD field-
component equations in Table 2. That is, the magnitude of the effective area,
A, of this equivalent loop antenna is

A =t H :——!—-‘-: !§, (1)

where & is the skin depth in the earth. As a matter of interest, a "ground re-
turn antenna, " either buried or on the surface of a semi-infinite conducting
mediurn, is equivalent to a rectangular one-turn loop of length ? and height
H=1/yv, as long as » >> b,

SUBRANGE Yup <<l >> i

For the quasi-static subrange in which "v << 1 >> vip' (i.e.,
hoarts D> p & & bair ) the exponential and modified Bessel functions in Table 1
can be replaced by the first two or three terms of their series expansions. The
resulting field-component expressions are given in Table 3.

SOME VALUES OF THE FIELD-COMPONENT FUNCTIONS

Many of the equations in Table 1 contain modified Bessel functions of order
zero or one and argument v, 2. The magnitude of the function I K, versus
vie'2  is plotted in Fig. 2. For small values of the argument the function ap-
proaches the value of 1/2; for large values I, K, is approximately equal to
1/+v.». This asymptotic expansion may be employed for values of vip/2 | > §
The mugnitude of the function W versus Y '2 is plotted in Fig, 3. For
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Fig. 2- lllKl'; versus }ylp/.’.;

Fig. 3- {W/! versus i)’lp/Z",
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Fig. 4- | T| versus Iylp/Zl

small arguments this function also approaches 1/2; for large arguments it is
approximately equal to 2/vie, The magnitude of the function T versus !yip/2 |
is plotted in Fig. 4. For small arguments T equals approximately y,%2/4; for
large arguments (, > 75 ) the asymptotic expansion T ~ 6/y,, may be employed.

SUBSURFACE-TO-AIR PROPAGATION
THE QUASI-NEAR RANGE

For the quasi-near range (i.c.. b << R << hy ) With h=0" and z>0%,
the Lien quasi-static approximation applies as long as the observation distance,
R, isless than i, /20 and the depth, h, of the transmitting dipole is much
less than R. If the earth is a conductor and |y\R|>>1(R >>35), then
w = (R4 ")~ v, in the exact integral expressions, since the impor-
tant values of i are of the order of +v. . Therefore, the exponential attenua-
tion-with-depth term, """, may be removed from under the integral sign (in
the exact formulas for the field-component functions). By utilizing the above
approximations and ile integral

15 4. Erdélyi (editor), Tables of Integral Transforms, McGraw-Hill Book Com-
pany, Inc., New York, N.Y., vol. 2, 1954, p. 9.
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(where the P, (z/R) are the Legendre polynomials), we have calculated the
VED, VMD, and HED field components for subsurface-to-air propagation in
the quasi-static range. They are listed in Table 4.

The HMD field components can be obtained with the reciprocity theorem or
by a synthesis of the HED field components. They can be found simply by
differentiating the HED field components with respect to the depth, h. For
|vaR |>> 1 (R >> §) the depth factor is simply e,  Therefore, the HMD
components can be obtained by replacing d! with y,d4 in the HED equations.
The results of this method agree with those obtained with the somewhat differ-
ent explanation presented for surface-to-surface propagation in the quasi-static
subrange yw ! <<1<< v . The HMD field components also are listed in
Table 4,

An examination of the equations presented in Table 4 reveals that the E,,
E4, and H, components have substantial height gain factors. The height gain
factor is defined as the field strength at height z divided by the field strength
at height z = 0*. However, the E,, H,, and H, components are decreased
in magnitude when z>0. Infact, when : p=1/\’2,the VED E, component is
essentially zero (o a first-order arproximation)., Similarly, when : p=\/2,
the HED and HMD H, components approach zero; and, when = 1/2, the
VMD H, component is essentially zero (to a first-order approximation).

We note also that when h =0~ and z = 0%, the VMD, HED, and HMD
field-component expressions in Table4 reduce tothe expressions given in Table 3
(which are valid for the quasi-near range with z = h=0%. The VED com-
ponents in Table 4 will be compatible also with those in Table 3 if they are mul-
tiplied by the factor v:*/v.* (this is due to the shift from h =0~ to h = 0%),

THE NEAR-FIELD RANGE

For the near-field range (R comparable to ., ) wuh h--0" and z>0*,
the assumptions that the earth is a conductor (o, >> we ) that \R >> 1
(K >>d),andthat R >> h still apply. The restriction that (y»* v;)p» << | has
been assumed also. This limits the renge to small "numerical distances,' '
although v  may exceed unity. Also, the radiation field ( v >>1)
height gain factor for vertical polarization,

18 Norton, op. cit. (see footnote 2, above).




Ge=14+(ywy)z, 3)

is approximately equal to 1, The VED, VMD, and HED field components
for this range were evaluated on the basis of the above approximations and with
Sommerfeld's integral. '’

— Uyl .)’UR

f"e -’n(}»p)ldl‘ —_ e . (4)
0 Uy R

The components are listed in Table 5. The HMD field components (see Table 5)
were obtained from the HED field components by setting dt = v, dA (as was
done for the quasi-near range).

When viR << I, the near-field components (Table 5) reduce to the quasi-
static field components (Table 4). If the VED antenna is placed at the earth's
surface (h =0%), the field components will be identical with those previously
derived by Norton, " When » >>z the near-field components reduce to
well -known expressions; these are listed in Table 6, For example, the HED
equations are identical with those previously derived by Wait * except for the
following differences:

a. Wait assumed that z =0 when he derived the E, and E, components,

b. Wait's height gain factor for the E, component [1 + (vo*/v1)z] i8 neg-
ligible for the near-field range (r» comparable to i, ); therefore, it
was not included in Table 6,

When 'y.¢ << 1, the horizontally polarized componenis (E4, H,, and H,)
also are identical with Wait's. Therefore, the restriction that | (vs* v\ )pl << 1
is not required for these components,

17 Sommerfeld, op. cit. (see footnote l,above); and Erd€lyi, op. cit. (see
footnote 14, above).

18 Norton, op. cit. (see foothote 2, above).

19 wait, op. cit. (sese footnote 4, above).




SUMMARY

The electric and magnetic field components produced by vertical and
horizontal dipoles (both electric and magnetic types) were derived and pre-
sented for:

a, Surface-to-surface propagation in th: quasi-static range,
b. Subsurface-to-air propagation in the quasi-near range, and

c. Subsurface-to-air propagation in the near-field range.

When |yip|>>1 or |vipl<<1, the surface-to-surface propagation equa-
tions reduce to previously derived expressions, as do the subsurface-to~air

equations when p, >>:z. Also, when |y,R|<<'l, the near-field equations

reduce to the quasi-near field formulas. For additional information on the

derivation of the field components, see USL Reports Nos. 698, 701, 719, 720,

and 729.%

20 P.R. Bannister, The Quasi-Static Fields of a Horizontal Magnetic Dipole,

USL Report No. 698, 1 November 1965; P.R. Bannister, The Quasi-Static Fields of
DiEole Antennas, Part I, USL Report No. 701, 3 January 1966; P.R. Bannister and
W.C. Hart, The Quasi-Static Fields of Dipole Antennas, Parts 11 and II1, USL Re-
ports Nos. 719 and 720, 8 February 1966 and 23 February 1966; P.R. Bannister and
W.C. Hart, The Near Fields of Subsurface Electric Dipole Antennas, USL Report Ne.
728, 4 March 1966; and W.C. Hart and P.R. Bannister, The Near Fields of Subsurface
Magnetic Dipole Antennas, USL Report No. 729, 7 March 1966.
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