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ABSTRACT

The calculations presented herein are based on a first-collision
model which allows collisions between the free-stream meclecules and
the molecules which are re-emitted from the surface of the body, The
net effect of these collisions is to partially shield the body from the free
stream, reducing both the drag and heat-transfer coefficients from the
corresponding values experienced in free-molecule flow, Free-stream
Mach number is taken to be essentially infinite and the molecules are
assumed to be re-emitted from the body surface at the most probable
velocity, instead of possessing a velocity distribution, These assump-
tions enable the distribution of flux to a given body to be expressed as a
function of the degree of rarefaction, as represented by the appropriate
Knudsen number, This Knudsen number is composed of a2 characteristic
body dimension and the mean free path of the re-emitted molecules rela-
tive to free-stream molecules, The integral equation expressing the
incident flux distribution on a general body is developed, and solutions
are presented for the disk normal to the free stream and for sharp cones
of various apex angles, at zero angle of attack. These flux distributions
are then integrated to give drag coefficients ratioed to the corresponding
free-molecule values,

iii



CONTENTS
Page
ABSTRACT. . « . v v v v v v v v v e e e e e e e e iii
NOMENCLATURE., . . . . « + ¢ &« o v v v v o o o o v
1. INTRODUCTION . . . . . . . . . . . . 1
11, ANALYSIS
2.1 General Axisymmetric Bodies . 2
2.2 Flat Disk Normalto Flow . . . . . . . . . . 6
2.3 Sharp-Nosed CONES . v v v v v« o + o o + . 9
II1. DISCUSSION AND CONCLUSIONS. 12
REFERENCES . . . . . . . . .. 14
APPENDIXES
I. ILLUSTRATIONS
Figure
1. Flux Distribution to Normal Disk . . . . . . . . . . 17
2. Flux Distribution to Sharp Cone. . . . . . . . . . . 18
3. Incident Flux Distribution on a 10-deg Cone . . . . . 19
4. Drag Coefficient for SharpCones . . . . . . . . . . 20
D, Incident Flux Distributions by Two Methods e e e 21
II. TABLES
1. Tabulated Values of Incident Flux Density. . . . . 22
II. Incident Flux Density in Plane of Disk . . . . . . 23
NOMENCLATURE
A Area
man Total shielding of point located at m resulting from a unit
flux density re-emitted from a concentric ring of radius r
b Nondimensional distance from point S;1 to point S in
plane of disk
C Constant in Eg. (1)

AEDC-TR-67-26



AEDC-TR-67-26

Cp Drag coefficient

D Diameter

DA Total shielding of point located at m resulting from
incremental element of area located at S

d Distance along cone surface from apex to S

dy Distance along cone surface from apex to S1

En Exponential integral of order n

G Factor defined in Eq. (21)

Kn Knudsen number

2 Length defined in Section 2.1

M Total number of incremental areas used for calculation

M, Free-stream Mach number

m Denotes particular point for which the flux density is
desired

n Denotes particular point from which molecule is
re-emitted

P Point defined in Section 2.1

p Pressure

Q Total heating rate

4 Heat-transfer rate per unit area

R Characteristic body dimension

r Radial location of point S

r Radial location of point Sj

Re, Free-stream Reynolds number

S Location on body from which molecule is re-emitted

Sq Location on bedy which is shielded by molecule
re-emitted from S

T Temperature

U, Free-stream velocity

X Distance defined in Section 2.1

Shielding of point at origin of a circular segment due to
the presence of the circular segment of area
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XL Minimum value of x from which S can be ''seen"
Yy Ratio of density striking body to free-stream density
z R/A 2

zZ Length defined in Section- 2.3

3] Angle defined in Section 2.2

~ Ratio of specific heats

] Molecular number density

4 Number density surviving to strike body surface
B Cone half-angle

A Mean free path

[ Density

c Angle defined in Section 2, 1

T Shear

¢ Angle defined in Section 2,1

¥ Cellision number density per unit time

w Angle defined in Section 2, 3

SUBSCRIPTS

FM Free molecule

1 Inviscid

W Wall

@ Free stream
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SECTION |
INTRODUCTION

This paper is addressed to the calculation of the interaction of a
gas flow with a body in the transition flow regime between continuum
and free-molecule flow, Several attempts have been made to extend
continuum-flow calculations into the transition regime, the best known
of which are perhaps by Van Dyke (Ref. 1) and Cheng (Ref. 2). Cheng
has solved exactly a set of simplified equations which approximately
describe the flow field. The model used becomes less appropriate as
higher Knudsen numbers are approached, but the results obtained
approach the correct limit for free-molecular flow. Van Dyke's second-
order theory is valid for some portion of the transitional regime, close
to continuum flow, but becomes progressively more inaccurate as the
flow becomes more rarefied. In principle a ""third’ or higher order
theory could be proposed to extend the region of validity to higher Knudsen
numbers, but the formulation of these higher order terms becomes very
unwieldly and then there is no assurance that they would tend to converge,

All of the aerodynamic forces acting on a body, as well as the gross
heating effects, are given by the summation of the local interactions of the
flow with the body surface. . These local interactions can be examined from
the microscopic point of view as local collision processes between the wall
and the molecules of gas in the vicinity of the wall. If the velocity distribu-
tion and the interaction potential between the molecules are known, the
local flux of momentum and energy to the wall can be determined.

The problem with this approach is that the state of the gas molecules
in the vicinity of the wall is not known and cannot easily be determined
except in the special case of free-molecule flow. In this report the solu-
tion to the problem is formulated in such a manner that the transition
regime is entered from the free-molecule flow regime.

The solution presented herein is based on a first-collision model,
developed in Ref. 3, which allows collisions between the free-stream
molecules and the molecules which are re-emitted from the surface of
the body. After a collision, the participating molecules are considered
lost, in that subsequent events are disregarded, so the net effect is a partial
shielding of the body from the free-stream molecules by the molecules
re-emitted from the surface.

The effectiveness of this shielding is a function of the degree of rare-
faction of the flow which iIs expressed in terms of an appropriate Knudsen
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number. This Knudsen number is based on the mean free path of the
re-emitted molecules relative to collisions with the free-stream mole-
cules, This single mean free path value is determined by assuming
that all incident molecules are re-emitted from the surface at the most
probable velocity instead of possessing a velocity distribution,

Once the distribution of incident free-stream molecules on the sur-
face of a body is determined, the pressure distribution and heat-transfer
distribution can be found. These distributions can then be integrated to
yield drag coefficient and total heat flux to the body in near-free-molecule
flow,

For any experimental data a problem arises concerning the deter-
mination of the effective Knudsen number, Kn, which evolves naturally
in the theory. Reference 3 gives the result

Kn = Cy* M_/Re, (1)

where Kn is the Knudsen number, M is the free-stream Mach number,
Re, is the free-stream Reynolds number, and C is a 'free constant’
which is chosen to correlate the experimental data with theory. This
approach yields a curve which passes through the data, whose shape has
theoretical justification, and whose value has an experimental basis.
While this approach is not completely satisfactory from a theoretical
viewpoint, its justification can be argued on the basis that this constant
is necessary to account for the uncertain force field which exists between
the actual molecules. For example, for billiard ball molecules this con-
stant has a theoretical value of C = 1, 26 when calculating free-stream
Knudsen number, Kn,. In Ref. 3, which deals with hypersonic spheres
in near-free-molecular flow, it was found that C = 2. 4486.

The results presented herein are given in terms of the rarefaction
parameter, R/x, where R is a characteristic body dimension and XA is the
mean free path of the re-emitted molecules in the uniform free stream.
These results are strictly applicable only for small values of R/A. How-
ever, the theory gives the proper limit for flow with large R/X in the case
of a blunt body.

SECTION I
ANALYSIS

2.1 GENERAL AXISYMMETRIC BODIES

The following development assumes that the free stream is composed
of molecules having a common direction and velocity, which is equivalent
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to assuming an infinite Mach number. Consider the general body immersed
in such a stream as sketched below,

Locus of

p L G
UM — 2 dA,S
- /
/

Normal to
Surface at S

For a streamwise tube of unit cross-sectional area terminating at the body
surface centered on point Sj, the difference in number density of free-
stream molecules entering the tube and the number density of molecules
actually surviving to strike the surface of the model is given by

o~

[1. - 7,65 U, = [ va (2)

o]
where n, and nj (S;) are the number density of molecules at infinity and
the number density striking the surface of the model, respectively, and
¥ is the collision number density per unit time atP. To find ¢y, consider
the contribution of the events at dA on the surface to the events at the point
P. Then one sees that

dv = U_#n(8) . cosa dA L S aFm 1 (3)
The significance of the various quantities is as follows:

U,_7,(8 = number flux impinging on dA (ni(S) is the number
density striking the surface at location S.)

cos o dA = unit frontal area

Coj’¢ = probability that a molecule is re-emitted
along 2 (diffuse reflection)
“;T = decrease in density at P caused by spherical
spreading of re-emitted molecules
72

"

probability of surviving passage to P without
suffering a collision

X probability of collision per unit length at P

(=9
RN
i

collisions per unit volume per unit time
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¥ is then given by integration over the portion of the body surface which
can be "'seen” from P. Thus,

arca of hady x=m

[ = i8] U, = = cos o U7 (%) l;f’ S e (@)
Vos é=0
Defining y = #,/n,, then
area of hody  x=os
v(S) =1 ~ ,—:1.\ ¥(S) cos o m;d) e A gx da (5}
Cos =0

where S denotes the location on the body surface from whence the mole-
cules are emitted and S denotes the location on the body from which the

X vector is drawn, that is, the location on the body surface which is partly
shielded from the free stream by collisions between molecules from S and
the free stream.,

Equation (5) is valid for any body configuration, and the solution gives
the flux density which impinges on the point S1 on the body surface. The
inner integral is a function of particular body geometry and the location
of S1 and S. This equation is a nonhomogenous Fredholm linear integral
equation of the second kind (Ref, 4). The solution was obtained by dividing
the forward-facing surface of the body into small increments of area such
that y(S) over each small area could be taken to be constant. This allows
y(S) to be moved outside the integral and Eq. (5) can be rewritten as

A A(n) X =00

M
y(m/M) = 1 ~ L E y(n/l\'ﬂf cos o cosh /A dx dA (6)
A £
n=0

cos $=0

where M is the total number of area increments used, and n and m denote
the particular area increments. If ,a, is defined by

AA(T\) X =o0
min = :lx cos @ —c%f—(ﬁ e L/ dx dA
cos =0

then the equation can be expressed as the following array:
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y(OM) =1 ~ oo y (0D - 0?1 y(1AD ~ 089 v{(2/0) - 0?3 y3M ..o a, y(D)

y(LAD =1 — 8, y (0D — 12 y(1'M) - 12s y(2/M) - ag y(3/M) . .. = y (1)

1

¥() = 1 - M0 y{0.'M) —~ w21 yi1:M) ~ 22 v(2/M) - v®3 v Mb. . My y (1)
or,
(1 - OHO) }'(O'M) + LN y(l, M) + %o v(2M) - 023 }‘(3"1\111 + v e 02M y(l‘b =1
%0 y{O/MD) + (l + lal) y(L/M) + 129 yU2AD 4 e 123 y(1) =1
LN y (O + R LM (1 + ‘\iﬂl\]) y(1) =1
Thus the solution is given by
1
1
X 1 (7}
v (1} / .. -
T M0 | ME2 (1 MaM) L

In principle the solution could be obtained in this manner for any body
geometry, but practically the number of points is limited by the size of
the M by M ,,a, matrix to be inverted,

The a's actually represent the influence of the n location on the m
location on the body. For both free-molecule and continuum flow, the off-
diagonal elements are zero., This is because in free-molecular fiow only
an insignificant number of re-emitted molecules suffer a collision in a
finite distance from the point, while at the continuum limit, R/A— =, all
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the significant interactions occur in the immediate vicinity of the point.
Thus, ,a, goes uniformly from zero at R/A—~0 to unity at R/A— =, giving,
for any body geometry, y—1.0 for free-molecule flow and y—0. 5 for
R/h_.’wo

It is obvious that the largest coefficient will come from the considera-
tion of the effect of an element upon itself. That is, when m and n coincide.
In this situation, £—x and cos ¢ —~cos o, and taking cos o dA as the incre-
mental normal area, dAy, the contribution to nay, becomes

AAn X-

l e—x/)\
=y cos o = dx dA
0

in which the integral is unbounded for x—0. The remedy is to choose a
coordinate system for dAp such that dAg—0 at the point in question, A
cylindrical coordinate system with the origin at the point in question satis-
fies this requirement and gives a finite result for ja .. For a more com-
plete discussion, the problem must be expressed in a particular coordinate
system.

2.2 FLAT DISK NORMAL TO FLOW

The coordinate system used for this case is cylindrical, with the axis
shifted to the point S at which the flux density is desired so that the incre-
mental normal area, dAp, approaches zero as S and Sj coalesce, Using
the local nondimensional radius, r1/R for S; and r/R for S, the equation
to be evaluated is

Normal Area %0

y(rn /R = 1 - LA y (/R SOEE B gy a4, (8)

T 8

cos d=0

with the symbols defined by the sketch below.
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For this body shape the following relations may be found:
cos¢d dn = df
dA, = R'bdbdB

and as cos ¢—0, x—0 and £ = Rb, Using these relations and assigning
the appropriate limits of integration, the problem becomes the solution of

il b= ;{ "osﬁ + \jl - (r“'")2 s-mzﬁ
aR? ‘
S R . yir R)b

,B:O b=0

—2/A
x e dg db 48

ﬂz

i=Rb (9)

where

(/R) = '\/(r,/’ﬂ)z £ b - 2(r,/R) b cos B

Now considering the innermost integral, one finds

-/ .
ej'hcm:L _e__A__Ez_dzzLB,(_R_b)
g2 Rb 2? Rb A

1

where Ep denctes the exponential integral of order n., Using this result,
Eq. (9) becomes

(/R =1 -2 R
(e /R) 7oA

7 3
fr b=(r, /R) cos 3 ~ ‘\!1 - {r,/R) sin 8

y(e/RYE, (TR b) db dB

then
b,%b__ (R/A) (bT "2")
f v (r/R) E, (“ b) db~y(c/R) | A fr:,(x)dx
b~ A ' v (R/A) (hu-'ﬁ—b)
2 2

- yl/RY |, A }E, [——)\“— (b - AT')] - E, [_';_(b . ;_)]é (10)
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The contribution of area dA, = R2 b db df located at S to the shielding
of point 51, is given by

(/R DA = 2 AR y(/R)g 3&‘, [(n/;\} (b - ’32")] - E, [{Rm (b + %)]‘ (11)

k)

which defines DA.

Letry;/R =57 =0.1m and r/R =8 = 0. 1n, where n and m are integers
which vary between 0 and 10. (This assumes that the disk is divided into
ten concentric rings on each of which y(s) = constant.) The coefficient
mé&n can then be defined as

W = Z DA (12)
with
r = conslant = 0.1n
r, = constant = 0.1m

This nomenclature is clarified by the following sketch:

The frontal area of the disk is covered by small units of area as
shown, which are defined by a cylindrical coordinate system with the
origin located at S;. The corresponding DA is calculated and its con-
tribution is credited to the proper ay,. The location of §3 is then
changed, so that a complete set of na, coefficients is obtained, with
m and n taking values from zero to ten, This gives an 11- by -11 matrix,
the inversion of which yields the flux density impinging on the body at
eleven evenly spaced radii,
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A simple extension of the calculation has been included to give the
influence of the presence of the disk on the fluid flow in its plane beyond
the edge of the disk,

2.3 SHARP-NOSED CONES

For this configuration, a cylindrical coordinate system is used, with
the coordinate system centered on the cone axis. This arrangement is
suitable for all cases in which the points S and S1 do not coalesce, When
the points S and S; do coalesce, the origin of the coordinate system is
shifted to the point itself, but only for the calculation of the influence of
flow interactions in the immediate vicinity of this point. That is, after
this particular DA is calculated, the coordinate system origin is immedi-
ately shifted back to the cone axis, and the calculation proceeds. The
pertinent geometry is shown below.

P - ’//,\\
- )‘/

N = Normal to
i Surface at S

Here, S1 denotes the location of the point at which the shielding is
desired because of the influence of the area dA located at S. The angle
¢ is the angle between the normal to the surface (at S) and £, the path
of particles emitted from dA which may collide at P with free-stream
particles. The quantity XL is the lower limit on the x-integration (for
x—XL, Si can no longer ""see" S). When cos ¢ =0, x = XL.
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Taking the cone half-angle as 6., the necessary quantities are as
follows:

2 = [x = cos 6. (4, - d) Y o+ sin® 6c (4,° + d° - 2dd, cos w)
XL = d, cos 8. {1l - cosa)
cos ¢ = sinf, [x - dy cos 6, (1 - cos w)] (13)

£

where w is the angle between the plane through the cone axis containing
S1 and a plane containing both S and the axis. These relations in Eq. (13)
are used to yield

Normal Area sa

—/A
y(S) =1 ~ - f y(S) f cos § = dx dA, {14)

A L?
XL

where
dA, = d sin 8; dw d{d sin 8.)

It is convenient to nondimensionalize Eq. (14) by the cone base radius,
R, which is given by R = Syjax sin 8.. Using this result and retaining the
previous Symbols for the new nondimensional quantities, the equation for
DA becomes (when S and Sy do not coalesce)

-(R/A)2
DAg x5y = =0 o2 (@) 4d cos ¢ L——nn dx (15)
o A £
XL

This integral can be evaluated numerically with reasonable accuracy using
a computer, provided the integration is performed over an appropriate
interval. The procedure used was to calculate approximately the appropri-
ate interval, integrate the function through this interval and then check to
see if further integration was required, Finally, the value of the integral
from this upper limit to infinity was approximated, using

cos @ = sinf, dx = d4

and
~{R/A)} ~(R/A)4 . ={(R/A)2 Eypper
cosée—-—z—dxz sin@ce———d,Q:-—s-ﬂ ha dz
)2 2?2 1 I
upper
X 1
upper upper

- __s_1_r_19_c E, [(R/J\) fuppel‘] {16)

upper

10
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Thus,

\upper

2 R Rl URERY: cin @ )
Ao o= — VN {—) d (D O, QR T LI T S
D\lb £ 8) . \e (,\) d (\d cus @ " dv ; (" (}\ Quppel‘) (17)

i upper
XL

When S and S, coalesce, the shielding of the point by its own re-
emitted molecules is computed by assuming the element of normal area,
dA,, is actually oriented normal to the free stream. This unit of area
is subdivided into smaller units as shown in the sketch, which shows an
axial view of the cone. A cylindrical coordinate system is used with the

f=— Locus of S1

origin at the points § and S31. The angle 3 is varied between 0 and 180 deg
by equal increments of A3, the appropriate z is calculated, and the local
contribution to DA for each value of 3 is calculated using the expression

- 2 - R
XI = - Ag |:O.a - E, (7 z):l (18)
where the factor 0,5 = E3g (0). The factor DA is then given by
180°
DAg_ sy =% A8 = [o.5 - E,(2)
B=0 (19)

11



AEDC-TR-67-26

These DA's are next summed, as previously done for the disk,
to give the [ a, quantities, viz,

a = % DA
m n
with
S = constant = 0.ln
S, = constant = O.1lm

Once these are found, the solution for y(Sj) is given by the matrix inver-
sion technique used for the disk,

SECTION lI
DISCUSSION AND CONCLUSIONS

The results of the disk calculation are shown in Fig. 1, Also shown
for comparison are the flux densities for free-molecule flow (R/A—=0)
and continuum flow {(R/A—). As would be expected, the greater shield-
ing occurs at the axis of the disk, and decreases with distance from the
axis. One interesting result is that the shielding at a given distance
beyond the edge of the digk is a maximum for a particular value of R/A
which depends upon the distance from the disk.

A typical result of the cone calculation is shown in Fig. 2 for
R/A =5.0. The validity of the flow model used for the calculation is
probably questionable for this relatively high value of R/x, but this
particular result is used to illustrate the main features of the calculation.
The most important result is that the point of the cone does not experience
a free-molecule flux density except in the case of a vanishingly small cone
angle. Also, except for the region adjacent to the base of the cone, the
incident flux level is identical for any cone length in terms of x/X, This
indicates that most of the shielding of a point on the cone is attributable to
molecules re-emitted from the body upstream of the point. Finally, the
lesser shielding of a point by all locations aft of that point is related to
the sudden increase in flux density near the aft end of the cone. Also

shown for comparison is the corresponding result for the normal disk
(8. = 90 deg).

Figure 3 shows the effect of varying R/A for a particular cone angle,
As would be expected, the incident flux density decreases uniformly as
R/A increases.

12
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The results obtained for all the calculations are tabulated in Table 1.
The disk is taken as a cone of 6, = 80 deg. Table II gives the results
for the influence of the disk in the plane of but beyond the edge of the
disk,

It is of interest to interpret these results in terms of quantities use-
ful in aerodynamics. Since in free-molecule flow, pressure, shear
stress, and heat transfer are proportional to free-stream density, the
tabulated quantity, local ni/nm, may be interpreted in those terms, viz,

TiTle = P Ppy = 4 4py = Ty

The drag coefficient ratio is given by

Normal Area

CD CDI'r\'l = 1"4“ nl':‘nao dAn (20)

which is also equal to Q/Qyp. the total heating rate ratioed to the free-
molecular value. These results are shown in Fig. 4 as a function of R/X.
It is noted that as R/A—a, CDlCDFM—-O. 3, which is approximately
correct for a blunt body.

Comparison of these results with experimental data requires that
the mean free path of the re-emitted molecules be defined. In Ref, 3 it
is shown that

A=A G where G = 2 for M 2 6.0
8y Tm (21)

Also, Knudsen number, A D = Cy ) Re
where C is a constant and D = 2R. This gives

fay T
Rex L+ “Do o7 T,

w

!
!
1,'

2 Cy "~ M V2

An experimental value of C = 2. 446 is given in Ref. 3 for spheres in a
hypersonic, high-enthalpy nitrogen stream.

It is of interest to compare the present results with similar calcula-
tions by Kogan and Degtyarev published in Ref. 5. Their results are
based on an approximate solution of the Boltzmann equation by the Monte
Carlo method, and allow the existence of a molecular boundary layer as
Kogan previously postulated in Ref. 6. A compariscn between their cal-
culations and the present results is shown in Fig. 5,

13
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