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o1utiore for the problems of f—ee surface
waves . were found by Kelvin éle?) and Michell (1898), theoretical |

Since the linea

and experimental research on the improvement of ship forms by the

applicatlon Qf the linear theory has been conducted by many naval

hydrodynam1eists; and meny fruitful results have been obtained

f'severe f&mitations Yet, the higher order wave
iface ships<\being inherently difficult, has developed
S G Recently, because of the easler avail-
ability‘and‘improvement of the computing speed of high speed com-
puting machines, this complicated by highly necessary theory has
become more and more attractive. Wehausen (1963) considered the
VSystemetic development of higher order ehip wave theory. Sesov
(1961) formulated the second order wave resistance. Yim (1966),
considering‘the free surface condition more carefully, iInvesti-
gated the higher order potential and the wave resistance., This
author also Investigated the effect of the line integral on the
free surface, among many other higher order effects (Yim, 1964),
unfortunately with some computational error.

In thls report another attempt on the investigation of the
line integral on the free surface 1s now made, with a parabolic
shi~ form and by a much simpler method of computation. As before,
the influence of the line integral on the asymptotic wave height
is calculated.
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It has 1ong beenkknown that a pressure point moﬁing on -
the free surfacé produces a peculiaf flow field along its path,.
Lamb (1945), Ursell (1960). Although a pressure point is known
to be equivalent to a doublet point, not much 1hformation is
available about the properties Qf general singularities on the
free surface. However, due to the recént development of slender
ship theory, Vossers (1962), Tuck (1963), Maruo (1962), Joosen
(1963), and the higher order shlp wave theory, the lmportance » ‘
of the singularity on the free surface inéreaéed rapidly. Thus"~ R ‘ {
the author has devoted his attention to obtain as much infor-
mation as possible abou. the behavior of singu;arities on the - . ' ’
free surface - before calculating the line integral due tc a

singularity distributlon aldng é line on the free surface.

SINGULARITIES ON THE FREE SURFACE

We locate an origin of‘the'rectangular right-handed co-
-ordinate system on the undisturbed free surface (or a mean free
surface) with the directions of three axes as shown in Fig-
ure 1. If we consider é pressure point at the origin moving
with constant velocity -V on the free surrace, the flow fleld
satlsfles Laplaces equation ‘

v2 = © [1])

with the free surface boundary condition

;
z
!

Sex * KOx t o =0

(k, =g/ (2]
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on. z = 0, except at the singularity, and with the proper
boundary conditions at infinity. The solution 1s well known
(Wehausen, 1960; Peters, 1948; Ursell, 1960).

~

P
)

- - ——

Te
)

[v/e zkosecae

P (X,y,2) a8 sec®8 e cos (kox sech )

X cos (koy sec®® sin 6)

1/2r
desecGJ{ dk ~——————— sin(kxcos8 jcos(kysind)
k-k sec 8

+

vapV
£3]

This 1s exactly the same as the limiting case ~f zero submer-
gence cf the poterntial due to a point doublet with its direc-

tion -V,

The pressure point being naturally thé limiting‘caée of
zero submergerice of the 1lift element, this fact can be seen.
easily from the f{ree surfac boundary condition outside the.
singuiarity, ' ' .

Peg + kO, =0 onzs0 ¢  (5]
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If we consider a point singularity at a point (%, yi, O) and
the flow which satisfies [4] at a point (x, y, O) we can re-
wrive [ 4]

wxl X (x). » 1 ,O;X,y,O) + kOCle (xl 21 :O;X:Y:O) =0 [5]

since

. = ®, O =D, G =+ (6]

referring to the Green's function (see,e.g.,Lunde (1951)) which

represents a potential due to a point source. Then from (5]

™
@x (O,y;,O;x,y,O) = k ljﬂw (XIJYlQOSXJYIO)dxl [7]
b o) F4Y i . ,
o !

This means. that the flow on z = 0 due to a point doublet located
on the free. surface is the same. everywhere onz = 0 as that due
 to a vortex element on uhe free surrace. Thus the ‘two flows are.

identical everywhere in the fluid. | ‘

A point source located on the frec surface can *lso be cone -
sidered in a similar manner as the point doublet on the free
} fsurrace. Since a Jint source at the orlgin may be considered
 as a line distri .lon of doublets on the positive x axis, &
point source on the free surraee can be interpreted as the uni-‘
;form pressure dlstribution elong the x axis._-
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The wave helght { due to the pressure point 1is, accoraing
to the dynamic relation,

h:d

X

€ = . (8]
o

and Equation [3] with some changes of variables, can be ex-

pressed (see Ursell (1960)) as,

C(x,y) = € (x,¥) + Ca(x,y)

. . -le| 1/2 2 {
o1 ik e dm sin'm cos(ky cos m)
» pV? : kg '+ kosin'm
0

P k

. —s si’gn’(*) 1im ﬁlw’ ) exﬁ[iko(xod.\;'} Vv 1+u’] g

Vi’-‘g 2""0..
| x eiﬁ- {-kdz‘-(ii_:ﬁ-' u’l)} du - R 3 £9]

weere {, 13 the local disturbance which decays rapidly with
,SﬁéreAs-l.zig 1xl. and ¢y 13 ;_he“r’egglsrk cave, The regular wave
s far tenind the pressure point can be decomposed into two
" par': tne trarsverse wave and the divergent wave,

L o
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If the pressure 1s distributed on a finite area, there
exists no singularity in the velocity field (Stoker, 1957, or
Ursell, 1960). However, Equation [9] has an innate singular-
ity at the pressure point and near its path such that the wave-
length is infinitely decreasing and the wave height is in-
finitely increasing as y - O (Lamb, 1945; Ursell, 1960), although
the wave helght on y = O or the flow in z < QO is finite, The
singularity near the path arises from only the divergent wave,
while the transverse wave has a finlite amplitude except at the
origin. Tne wave resistance due to the pressure point also
blows up. If we follow exactly the same prccedure as in
Ursell's paper (1960), 3t is obvious that the flow field due
to a point source on the free surface has exactly <he same kind
of.sidgular phenomena witnh a siightly-weaker-éivgularity. In
général, a line doublet distribation or the .ree surface also
ras the eame Kind of sinsular phenomena. ;r the diszr‘buticn’. »’
.cf doutlet strength near the ena points sroo;ns Sufficiently
t0 zaro, the fl@w fleld behavec nicely The source distr&ba-'_' 
' ;t1nr along a «tra;gﬁt line paralleltc v, in 4eneral has neivher' -

rinite wave *esletance ‘nor t'*ite ﬂave he!gﬁg e the path, un-
less the end distribeticn 1s smcétr enough, - However. it the »
. lire nnere the scurces are dlstrlbated 1s sdcoth aﬁd not parnl--'
lel to V, the rlow may behave well, These results mentiored
'above cer be easiky obtained, 1f we agply the m&thoa of szeepeef
“uescenta to each expr@#siom using the result in the case or tne
pressure polnt in Ursell's paper {(1960) nnd having Havelock's
'}rarmula for tne»wavé-reaistance‘(Havelack,193h)‘1n mird,
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' The singular behavior in the actual flow never arises,
Even 1f we just consider the surface tension (Wehausen,1963),
the divergent wéﬁe helights have ﬁo singulér behavior anywhere,
Thus, in the case of point singularities on thé free surface
considered above, the wave height near the path of singular-
ities may well be consl. 2red as smooth to the finite theoreti-

cal value at y = O,
FLOW FIELD DUE TO A SHIP AND THE LINE INTEGRAL

From the Green's formula, the potential @ can be written

using the Green's furctioniG(%:ﬂ;C;x,y,z)~which'SatiSfies;

oy o o
% =-f G on¢=-0 Lo
o] .
_ Outside the ship,
A(G‘-‘%-)= 0 1nzso [11]
— ."\ ‘ i ’ ‘ . N
where s
o= (x -8R +(y =) 4z -/ |
and

G=0 for |r| == inz<0

s w—"r—— -
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? = 5=

0 —

j[¢(gsn:C )Gn(§,ﬂ,C,x,‘y,Z) "q-)nG] dS S ‘;:12] '

where n is the normal into the fluid, and S consists of the

ship surface SS and the free surface SF since the 1ntegra1
from infinity 1s null.

From the free‘surrace‘lnteéral,

f [an -9 G]ds ff[epcr ] d%dc

| - El- {ga-g- (CPG ) - -'g-"(égG)}déd‘n .

where 4 is the intersectton of the ship surface and the z =0

plane.» This line integral on the free surface has . been
1unasua11y neglected 1n Michell's ship theory. A numerical

computation of the effect from this line integral to the bow
‘wave on the centerplane far behind the wedge ship was con-
"sidered (Yim,1964) ~ Now we consider a parabolic forebody with

a parallel midsection represented by a source distribution on .
y = 0, zs 0 " ‘
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nisa»o‘(l-x)- in 0<x<1
m=0 in 1< x<a ’ {14]
xm:=‘ao(a1 - x) in a; < x<a +1
By Michell's approximation
1 4 m :
Frax TV L]

so that:thé‘corresponding'wéterliné Can;be,represented by

o TR I o N
- 3 = . - - m—— . . . - < <
Y 2wao X -3 ’ | ‘ | in 0<x<1 o
= . 1< x<a :5[16] :
=2ra lax - |+ ma (1l -a®) in & x<a+

2

:“cFor simplicity, the case of 1nf1nite draft is considered here,i
~ since the wave helght on the ship hull and the perturbation ‘

potential which 1s zero at infinity can be. calculated easily
1n that case ' )

To evaluate the effect of the line 1ntegra1 I on the wave .

‘height we write ;
: 1

Iy = Zm f(“’ng "%Gx), 3t d5 ~ t17]
e}
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Since

we have '

b=
5
i
Y
w omaad
o
p:3
5
Qla
TR =Y
Q:::::\
{
o
(‘ -
T
(]
“g
uw
, 01
Uy
S
o
& |%
© |y
Q,
un

1
= ;ﬂz [- ®(0)G_(x,0) - 2[wa§(1 -°§r) dg
.
- a(x,1)9 (1) + G(x,0)®(0) +f ngdg] L )
3 | |

 neglecting the higher ofder terms. The first term repreéenfs
the wave helght due to a boint source. This is singular as we
'have,seen‘in‘ouf prévicus section. This phenomenon is familiar
to hydrodynamicistsespecially concerned with higher order prob-
lems, Tné singularity usually becomes more severe whén>the ‘
ordér tecomes higher. Thus, the rellability of the higher |
.orde: theory in most problems in hydrodynamics may be Judged
through experiments only. - '

R T - . C b e e e A o 4 8
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~ We consider here the wave helght on y = 0O far behind the
ship where the theoretical wave helght has a definite value if
we consider that the divergent,waves are continuous everywhere

because of surface tension or for other easons.

‘ Using Wigley's notations (1931) and Havelock’s.ef%mple
(1932), we can write the total wave height in 0 < x < 1

Qd(ko*>;+ Qo(kéa; frx>;f1j:

ot s et TR e E TR

+ @ (ka1 -x+1 »)} -4 [Po(kox) -‘El- PO"§ (-kox)] ) £'19l.;
, kg |

where.

TR

. : a ;1'
q (a) =; f{HO(t) - v (t)} dt

H (t) : Struve function of order zero

Y (t) : Neumann function of order zero

Q& (a) =f'aC.:'.o(u)‘du
(o}
a
p(a) = - -'-2'~f Y (v) at |
o) ;

P} (a) }[apo(t) dt |  [20]
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This value of { is plotted in Figure 2, In x < O

Pa IR B
o et _1_ 1 T4 »
»+ Qo(koa1 - X + 1) + l—(]-;— {Ql (koa} - X) - Q (koag_ -x+l)}]
| ) Lo
_ where x' = =X

- The potential is unique with the condition at infinity o -0
which 1s necessary to get the Green s formula (see,e. g.,Kellog,
1953 ), a“d at the origin

o} v}

®(0) =[¢gd§ = ko[c as
2ao 1 ° 1 koa; |
=éE;- Q;(koa1+l +E-fQ1 du+;—; Q,,(u)du' {22]
k, KOET$1
Similarly
1
®(1) = 9(0) +f cpgdg on z =0 [ 23]

can be obtained,
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Considering the kasymptotic value of the Green's function

ony='O

d .
G, ~ -bmk ? S (t) l A

_t=ké(x-€)

G ~ -47rkoY1{ko(x -8)1

- )y [24]
~ a-)+1rko \/W;a:—g-y sin {ko(x - 8) -%’- v}

Gx ~ -lmkoa ‘\/m cos {ko(x -8) - T "T}
- /

we can now evaluate I, in (18] ony = 0 x >>1, substituting
Equations [19] - [24], and (8] in (18], than integrating numer-
ically. We obtaln

;s-;?-za"\le A(k_) cosfk %v
€ kg ) Tk X of COS|K X -

+ B(ko) sin (kox - % TI')}

= Ay sin(kox + ﬂ'— + b) {25)

with the numerical values A(ko), B(ko) or Ay, B as functions
of k . The wave height in x > 1 due to the front source
distributed in 0 < x < ] 1is
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82, | N (RPN p—
€1 = T(;' -Po(kox) - E{PO (KOX) - P (kox - 1)}
2, [ 1 | ' R
- TE;_ LQO(kOx) - E; Q;(Kox) - Q,l(kox - 1)}] [ 26]

By application of the method of statlonary phase and
neglecting the local disturbance |

8ao rr‘, / 2 ~ T 1 T
C1 ~ " 3 X sin(kox + F’+ e cos(kox + T
o) o) o)
| 1 T

E; cos(kox -1+ F)}
l'wrao 5 sin ko T

k, V'n'kox {(1 - kg ) sin (kox + TI)

‘ cos k .
1 1) T :
(r - T‘”) cos (ko* + rr)}
0 (9]

T
= A, sin (kox+,;+6)»

+

for x > > 1 | S b (end
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Then the total wave height Ct will be

')
-f
i

(&

i + Ce

T
Axsin(k X + 4 + 6) + Agsin(kox +3t B

(]

™
Aasin(kox + T + 06 + 6)

where

in (B - 6)
A;egigncos (B -9)

5 = tan *

A = (MY + A% + 2 A A cos (B - 6)}é
As and b are piotted in Figures 3 - 5.
DISCUSSION'

‘The calculated result shows thac the 11n 1rtegral erfect :

on the wave heignt due to the fore body of ‘the parabolic ship
_’witn parallel mid body appears as an ircrement of the anpli-.ff =
© tude ard a rerward shirt of the wave phase.,'The oercéntage'is"»

more An lower Froude numbers. Thus, the discrepancy between
the experiment and theory may be ascribed to higher order ef—

fects and especially to this line 1ncegra1 effect. The 1mpor-  :. ’?

tance cf this effect can ‘also be shoun by tne following approach.1 f
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We conslider a double model ship with uniform speed -V 1in
the infinite medium, where z < O correspond to the case of zero

Froude number. Then the pressure P, on z = 0 will be

P = pf(ﬂh) ~ Vp¥ix

vhere p 1s the density of water énﬂw¢; is the potential due to
the double model ship. Here we consider on z = 0, Kelvin's
pressure source distribution -P, which satisfles

Ry |
Paxx + kopgz . — on 2 =0

pU
where 93 1s the potential in z € O}due‘to KelVinfs pressure
_distribution. If we consider the ship 1s'aymmetr1c‘w1th're-
spect toy = 0 plane. R 18 also symmetric with respect to
X axie. Thus ‘

_If we superpose the two tloﬁQﬂl;:V
v -v; +Oa

vnill exnctly aatisfy Laplnee's Enuation [1]: the rree aurrace ;j"’ B

conditlon on z = 0 lnd the llnear bounuary condition ot the
thin ship surface on yo=0. Thus L2 ulll be exactxy the aane

as the chnell's aolut:on. ;'  ; _ : : L
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If we want to consider the problem more accurstely, we have
to first notice the fact that the free surface is limited to the
regior outside of the ship. The pressure inside the dcuble
model ship on z = O is most strong, and the effect on the ship
surface due to the Kelvin's pressures located outside cof the
ship is not too large because of the symmetry of the pressure
distrivution with respect to y = 0. Thus, Michell's theory
which neglects the strong extra pressure inside the ship can te

expected to lead tu a sizatle error on that account.

Al Goraiisi e Zs it o I i L. N Tew e T K . . - -
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