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ABSTRACT
BRL Report No., 1316 contéins a serious logical error. This
invalidates that Report's assertions about the ease with which examples
of 1-dimensional flows can be constructed. The present Report
(i) expurgates BRL Report No. 1316 ; (ii) describes the error; (iii) corrects
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1. INTRODUCTION

Our recently published report [lf contains a fundamental logical
error which invalidates our assertions about the ease with which certain
parametric representations of non-steady one-dimensional flows could be
constructed. Of course, this grievously restricts the prospects for
application of such representations.

In this note we shall (i) expurgate [1]; (ii} describe our error;

(iii} correct it ; and (iv) develop a family of correct examples of our
paramettric representations,

The following changes are required in [1]:

Section 1: Delete the last three paragraphs.

Section 4: Delete all material starting with the paragraph that contains

equation (4.9} and continuing to the end of Case 1.

Section 5; Delete the last paragraph.

Sections 6 to 8: Proposals to apply the method suggested in Section 4

are absurd and should be deleted.

The nature of our error can be summarized as follows, One dimensional
flows can be characterized by means of solutions of a family of Monge-
Ampére equations that involve a single non—constant coefficient, determined
by the equation of state and by the form of the distribution of entropy among
the various particle paths. By means of this coefficient we can subdivide
the set of one-dimensional flows into mutually exclusive subsets. If we
consider any two flows of the same subset we can identify the values of times,
geometrical coordinates, and flow functions that correspond to identical

values of the pressure, p , and of a Lagrangian variable , . The

¥Raferences in brackete may be jound on page £7.



mapping of one up~plane onto another, defined in this way, preserves area,.
A well-known representation of the general area-preserving in terms of two
parameters, ¢« and B , involves an arbitrary function I{®,f8). In
attempting to apply this result to the comparison of two flows in the same

subset, we determined a necessary condition that relates H{a, 8) to a

function z{p,¥) such that « = z.p and B8 = Zlb . We assumed, erroneously,

that H{e, 8) remains arbitrary in our application. A necessary and sufficient

condition, which will be developed in this note, restricts the permissible
function H(a, 8) to be any solutions of a certain quasi-linear, second order,
hyperbolic partial differential equation,

It is not easy to guess solutions for the equation that defines H.
Nevertheless, our representation retains a little value as a source of
novelties, since for an important class of equations of state, which
includes that of the perfect gases, we have been able to determine a family
of separated—variable soluticns of a suitably transformed version of the

equation for H.



2. THE FALI.LACY IN [ 1]

We s5hall require the following extract from the valid and relevant
parts of [1],

M. H. Martin [2] has developed the following formulation for the
equations of all one—dimensional flows, except for an easily discussed

special class. Let us define a Lagrangian variable, ¢ , by
dyp = pdx - pudt . (2. 1)
Then the specific entropy must be of the form

s = s(¥), (2.2)

and by the equation of state we can express the density in the form

p = p{p,s()) . (2.3)

Assume that p and  are functionally independent, and let

£(p. ¥) be any solution of

2 2
gPPEWb - EP‘J—' == A"(p,¥) , (2,4)

where

Ao, = - (1/6) # 0 | (2. 5)

Then the description of a one-dimensional flow is completed by

t=EP R uzgw s (2.6)

dx = A8+ (1/p)ad (2.7)

where t denotes time, u particle velocity and x an Eulerian

coordinate.



L
Now let us suppose E(p,¥) and £ (p,¥) are two different solutions
of (2.4) that correspond to the same A(p,y¢). The mapping of the

S
u t —-plane onto the ut-plane, defined by identifying points with identical

values of p and Y preserves area. Hence we must have

Ep:a+HB . &y =B-Hy ~ (2. 8)
::c_ g _
EPHa_HB ’ E{b:B-}NHO[ ’ (2.9)

for some function H{x, 8) of some parameters « and 8. Since
b ES %

we are actually interestedin t and u , rather than £ for its

own sake, it would suffice to determine an acceptable H, or even

just Hoz and HB . If we set
20(p,¥) = £+ £, 2w(p,¥) = £~ &, (2. 10)

then by (2. 8) to (2. 10)

o ==z s ﬁ:zd), (2.11)

H =

o —-ww, Hﬁ:w . (2.12)

If we eliminate w from (2.12) we obtain

)H(zp,z¢) -0. (2.13)

Up to this point in [1] all of our reasoning has been legitimate.

In (1] we assumed that H was arbitrary. This is incorrect since,

as we shall show in the following section, H(a, 8) must satisfy the quasi-

linear partial differential equation (3. 16).

10




3. ON THE DETERMINATION OF Hix, B).

Let us continue to assume that £(p,y) is a known solution of (2,4) for

a given A(p,¥) 7 0. Recall that by (2.6), (2.8), and (2.11) we have

EP(Psw):t:a']'HBs g‘b(Pszb):u:ﬁ—Ha ' (3.1)

and

R
i

ZP(P: ‘}J) ’ B = Z¢(p, ¢) P (3.2)

for some H(®,8) and z(p,¥). Since EP and Ew are functionally

independent by (2. 4), {3.1) implicitly defines

p=rpit,u) , ¢ =P(t,u) . (3. 3)

Since the functions {3,3) are the inverses of the functions {3, 1), we

must have

-1

£ op ] » P,
S Epu o\, v, )
Thus
P/ Bgy = U/ by = Py = . h L, - (3.4)

By (3.1) and (3, 3) we can express p and ¥ as functions of «
and 8, Since we have assumed that p and ¢ are independent, then
¢ and § must also be independent. Now let us make the Legendre

transformation defined by (3. 2) and
Z(@,B) =pz +yzy -z =ap By -z . (3.5)

11



Then we must have
=Zs ,
¥ =2Zg (3. 6)

and now by (3. 5) and (3, 6)
Z(p,l})):aza-l-ﬁzﬁ-Z:Cép-l-Bl,b—z a (3.7)

Furthermore, by a well-known property of Legendre transformations

2p’ 288 =~ P! Zag = Fpy/ Zon - (3.8)
By (3.1) and (3.6) we have
EP(Za, ZB) = o+ Hﬁ ,
(3.9)

Ew(za: ZB) = B - HG{ a

For a known £(p,{) let the pair H(wx, 8), Z{o, ) be any solution of the
system (3.9). Define p and ¥ by (3.6) and z(p,¥¢) by (3.7). Then
(3.2) follows from the Legendre transformation (3.6) and (3.7). Finally,

(3.9) and (3.6) imply (3.1). Thus (3.1) and (3.2) are equivalent to (3, 6) and

(3.9).

If we eliminate H from (3.9) we obtain
(Ep-a)a+(€¢—3)3=0 , (3.10)

which is equivalent to

Eppzaa+zgp¢ ZaBJ“E;btszﬁ:Z’ (3.11)

12




where the arguments of spp’ Epd’ , and Eww have been replaced by
the expressions (3.6). In general, (3.11) is a non-linear partial differential

equation for Z{a, ). By (2.4) it is of hyperbolic type,

If we let Z(a, 3) be any solution of (3. 11) such that Za and Zﬁ are
independent, and if we define p and ¥ by (3.6), then (3, 11) is
equivalent to (3.10). This, in turn, implies (3.9) for some H{o,f8). A

possiblé H(w, B) could be defined by
(e, f) = J (6, - )aB - (& - Braa | . (3. 12)

If we know a solution Z(a, ), we need not actually determine H(a, ).

For, by (2.8), (2.9), and (2.11)

£ (0, ¥) = 22(p, V) - E(p, ¥) . (3. 13)

£
To determine £ (p, ), it would suffice to find z(p,¥). But the
latter can be defined by (3,7).
Instead of eliminating H from (3.9). let us solve for fo and

ZB to obtain

Za:p(a+HB, B—Ha) ,

{3.14)
Z = a + H Fl - H ]
g= b+ Hy, f-HY
in terms of the inverse functions p and ¢ defined by (3.3). If we
eliminate Z from (3. 14) we obtain
2 _ B _
Y: Bu = 0, (3.15)

13



or in expanded form
ptHBB + pu(l—Haﬂ) - wt(l+Haﬁ) + :,buH(m =0
By (3.4) this becomes
“pplac t 2RpyMag * By Tgg = (3.16)

If we replace the arguments of Epp’ Eplb , and E?M’ by the right
members of (3.14), (3.16) becomes a quasi-linear partial differential
equation for H{&, 8). All steps from (3.14) to (3.16) are reversible.
Hence, for any solution H of (3.16) there exists a Z(a, 8) which
satisfies (3, 14}.

The problem of constructing a new solution ﬁ*(p,qb) of (2.4) {rom
a previously determined solution £(p, ) has been transformed into
that of solving the quasi-linear equation (3. 16). For most equations of
state (3.16) will still be non-linear. Thus nothing has been gained unless
we can at least guess some solutions H{g, 8). This will be done in
Sections 4 and 5 for an important special class of flows.

In our discussion up to this point we have assumed £(p, ) is known.
As a by—product we have discovered the parametric representation (3. 1),
(3.6) for t, u, p, ¢ in terms of suitable functions Hg, B8) and Z{g, 8).
Prior knowledge of £(p, ¥) is not really essential for this parametric
representation, since we can determine a system of partial differential
equations for H and Z that does not depend on §. First, note that by

(2.4) we must have

14




3(6 .€)
S s A O(p, )
S, By - A PR g

By (3. 1) and (3. 6) this is equivalent to

2 2 2
H H -H + 1 ==A"(Z ,Z,)Z Z - Z 3.17
oo 88 ~ Mg Zor 281 % 00 28 ™ “op) (.17
On the other hand, if we eliminate £ from (3.1), we obtain
- - =0.
(o + Hg)y = (B-Hy) ,
In expanded form this becomes
1+H o, +H +H o -(1-H =0,

(1 + Hygloy * Haghy + Hopp = (1~ Hoglhy
whence by (3. 2) and (3, 8)

ZBBHOA& - ZZaBHaB + Z(mHBB =0 . (3.18)
Thus, in the present case the pair H, Z must be a solution of the
system (3.17), (3.18).

To complete our parametric representation note that by (2.7),

(3.1), and (3. 6).
x =(B-H)(1+H )+ -1y
o a ng’ TP af ’
(3.19)

-1
XB = (B—Ha) Hﬁﬁ+ p ZBB

It might be worth mentioning that for H = constant (3. 18) is

certainly satisfied. By (3.1) we have

15



a=t=£§& , ﬁ:u:gd). (3. 20)

£ = (3.21)
and (3. 6) becomes
Z{t,u) =pt+ Bu-£ . (3.22)

Then (3.17) reduces, as one would expect, to the equation that
would be obtained from (2.4) under the Legendre transformation

(3.20), (3.22).

16



4, FLOWS ASSOCIATED WITH £ = K(p) + L{)
Equation (2.4) will have the solution
€ =K(p) + L) (4. 1)
if
- A%(p,3) =K' (PIL' () (4.2)

where primes denote differentiation with respect to the appropriate

argument, and by {2.5)
K'(p) L") # 0 . (4.3)

By (2. 5) this choice of Az corresponds to
p = I/IK (pIL" (@) + M@) ] (4. 4)
where M(Y} is an arbitrary function of ¢ . If

Y =P(s) (4. 5)

is the inverse of the function s(¥} mentioned in (2. 2), then (4. 4)
and (4, 5) define an equation of state. The equation of state of a perfect gas,

-s/c
/o, =e P (p/po)l/y ,

is in the class defined by (4.4) for M =0.
By (4. 1) equation (3. 16) assumes the form

K”(P)Haa + L”(Z/))Hﬁﬁ =0, | (4. 6)

where by (2. 8)

K'(p) =a+ Hg, L'9) = - Hy. (4.7)

17
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By (4. 3) equations (4.7) uniquely define
p=pla+tHg), =0B-H,) . (4. 8)

Since (4. 6) is non-linear we cannot hope to find the general
solution for arbitrafy choices of K” and L”. However, we can

develop some particular solutions, as follows,

First, it will be convenient to make one of the transformations

XizaiHﬁ, Y =gtH (4. 9)
75 - 2egFH)-P Q (4.10)
P =BT H, Qi=a¢HB , (4.11)
Then
5P=K(P)=Xs€¢=L($)=P,EP:Q,E¢=Y (4.12+)
for + superscripts, and
i -_ 1! _ * » o _
EP:K(P)"Q: gw*L(w)*Y:EP'XJ£¢‘P (4"12' )

for — superscripts.

In the sequel we shall assume that one of the pairs x* , Y+ or
X, Y is functionally independent. The exceptional case in which
both pairs are functionally dependent will be discussed in Section 6,
For convenience we shall omit the superscripts hereafter.

It can easily be verified that dZ = PdX + QdY, so that

18



and then

dpP

1§

ZXXdX + ZXYdY R

(4. 13)

Z d¥X + Z dy

dQ XY YY

From (4.9) to (4. 12} we obtain
- t = ==
1= HozB t HaB) ZXY ZX}J{ HBB ZYYHaa

Eliminate Haa and HSﬁ from the latter of these equations and

(4, 6) to find either

K" (p(X))Zyye + L@(P)NZyy = 0 (4. 14 3)
for + superscripts, or
K (p(QNZyy + L @(YNZyy = 0 (4.14-)

for - superscripts.

19



5 SEPARABLE SOLUTIONS

Now let us try to find solutions of (4.14-) of the form

Z(X, YY) = k(X)L (Y) . (5. 1)

As we shall eventually discover, this will impose a strong, but
acceptable, restriction on the permissible functional forms for

K(p) .

By (5. 1)
P=k'(X)4(Y), Q=k(X)L'(Y) . (5. 2)

By (4.7) and (4.9) for - superscripts
K'pp=0 , L'®=Y , (5. 3)

whence

p=p(Q , ¥=9(Y) . (5. 4)
Now (4. 14 -) yields

K’ (p(Q)K” (X)4(Y) + L @(Y)k(X)L"(Y) = 0 . (5. 5)

Next, we may assume Q and X are independent, For, if
they were not, then by (4.12~) and (2. 6) Ep and Ep would be dependent.

e

Since t = g; must not be constant, we would have E; = G(EP) for

some non-constant function G. Hence
* ’
=G =0
£ou (Ep) -
* * * ) )
by (4.1). Hence £ =K {p)+ L (§). Since solutions of this form have
been considered in [1], this requires no further discussion.

Incidentally, if Q and X are independent, then by {5.2) k ¢’ # 0,

and hence k £ # 0, in general, Then we can rewrite (5.5) as

20




. k" (X) LY @(yne"(yy
K (p(Q)) k (X) T (wﬂ((\g) =0

Differentiate the left-hand member of (5.6) with respect to

and use (5,2) to find

Kfﬂ(p)p’(Q)Q o k!xl Iz_]_og —};T—%—% = C],
K" (p) k(X)L i

By (5. 3)

K'(p)p'(Q) =1 , L7(0)p'(Y)=1 .

Thus (5.3) and the outer members of (5.7} yield

K"(p)/K"(p) = ¢, K"(p)/K"(p) ,

whence

" /1
K'(p) = ¢,K* * (p} .

CASE 1: Ifc, =1, then (5. 9) implies

P
K(p) = c3 e te, o

whence

p 2
Ki(p}=c

2 ¢3¢ :czK'(p)zczQ ,

3

and then

_l 9
p=- log

2 €23
Now (5. 5) vields

L W)z (Y) c

YY) - " ok K=

2 5

Then by (5.8%8) and (5.13) k and £ must satisfy

X,

(5.8)

(5. 10)

{5.11)

(5.12)

(5.13)



C
2—-C5 XZ +c
2

k{X) = - X+c

6 77

g%w=c¢%wﬂww%m,

where Y(Y) is defined by (5.3) .

Note that although the choice of K(p) is restricted by (5.10),
the choice of L({) is arbitrary. Any solution of {5.15) with
4" # 0 can be multiplied by any polynomial (5.14) with cg # 0
to form a product solution Z of (4.14-).

#*
enable us to constructa £ that differs from £ in the following

important respect. By (4. 1)

=0

$pi
On the other hand, by (4.12-) and (5. 2)

As

K
£

E¢:P=k%mszML

By (5.2) and (5.3)

K'(p) = Q = k(X)£ (L' (1)) .

Then (4. 12 -) will

(5. 14)

(5. 15)

(5. 16)

Since by (5.8) K # 0, then by (5. 14) with g # 0 this actually suffices

to define a function X(p,{) such that Xp # 0 . But then

* T : 2
£y, = K ML @)X # 0

in contrast with (5.16). Thus E is not a completely trivial

modification of £ .

22




CASE 2: Now suppose Cy #1. By (5.9)

2—c1
1 T ].""Cl
K(p) = WL(I*CI)CZ(P-I-C?’)—’ + €y - (5.
B 1
) _ - 1—(:1
Q=K (p)= (I-c))e,{ptey) - (5.
p 1
K (p} = <, Q . ' (5.
Now (5.2),(5.5), and (5, 19) yield
" H c,—-1
et SRS S ¢ SR -, (5.
qv)e’ 1(y)
Then by (5. 8) and (5. 20) we obtain
l-c
KX =-cle kX, (5.
i r IC].
£°(Y) = c5lb (Y)L(Y)L (Y). (5

Equation (5. 21) can be solved by quadratures, of course.

Again, the choice of K(p) is restricted, this time by (5.17),
but L() is still arbitrary. The restriction on the form of K(p) is not
too serious, if we note that for c3 = 0, cp =+ 1, M(®)} =0, and
arbitrary L(y), (5.18) and (4.4) lead to the equation of state for a
perfect gas.

. 3%
By the argument presented at the end of Case 1, E!bp # 0 again.
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All of the discussion in this section has dealt with (4. 14~). A similar
analysis of separable solutions could be developed for (4. 144). All that
we really require are the analogs of equations (5, 10), (5. 14), and (5.15),
or of (5.17), (5.21), and (5,22). These can easily be written by
interchanging X and Y; kand £ ; Kand L; and p and . Now, of
course, it becomes possible to choose K{(p) arbitrarily, but then L{¥)
is restricted., This situation seems to have less physiczal interest than

the one we have just discussed at length,

24




6. BOTH X', vt AND X~ ., Y ARE FUNCTIONALLY
DEPENDENT

If both X+ , Y+ and X , Y are functionally dependent, then in
accordance with (4. 9)
da Hg . B+ Ha)/'a(a,B) = 0. Thus

2

(1+Hg)" - Hy Hgg =0,
These equations are equivalent to
Hyg = 0 (6. 1)
Hooflgg = 1 - (6. 2)
By (6. 1)
H(a, 8) = fla) + g(B) . (6.3)

for some f(o) and g(B) . By (6.2) ' (a)g"(B) =1, whence

fll =C1, gfl :l/Cl
Thus
1 2
fl) = 5 C o 00t eg (6. 4)
1 2
8(B) = 5o BTregBtcy. (6. 5)

By (2.11) we can rewrite (2. 8) in the form
‘ 1
(£ - Z)p=HB=g (8) =CT (Z+C1C4¢)¢ )

‘ c2
(E-Z)¢=—Ha=-f(a)=—c1(Z+C—1—P)p

25



Hence
C
(6. 6)

E—z+i(z+?§—p+clc4w):f(§)

where £({) is an analytic function of the complex variable

C=pticy (6. 7)

Thus
-2

Epp+cl EIM,:O.

If we demand that £ be of the form (4. 1),then

K’(p) = - ch L") = ¢, - Thenby (4.1) and

(2.4) to (2.7)

0

X ==C

2 r
6P¢+C6C10P+‘J M(@)dy .
This corresponds to a class of flows with straight particle paths on which the

velocity is constant (though it varies from path to path).

J. k. GIESE
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