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ABSTRACT 

L On derivatives and double differences. Let F, <p, denote reul functions 

defined in a neighborhood of the origin on the positive real half-line, and suppose, 

for small positive values of the variables, that (i) <p is Borel measurable, 

\\i is continuous and monotone increasing, and </>(C) «if'ÍO) = 0 ; (ü) u<v implies 

v“1^) < 2u"V(u) and v"1^ v) < Zu'^u) ; (iii) /u"V(u) diMu) converges 

at 0; and moreover that (iv) |F(h+k)-F(h)-F(k) + F( 0)| < h) ^ ( k) . Then 

F'( 0) exists, and an estimate is given for the error in replacing it by a finite 

difference ratio. 

2. Stieltjes Integrals without bounded variation. The generalized Stieltjes 

integral / fdg (where f , g are supposed of period one for simplicity and inte¬ 

gration is over a period) is defined as the derivative F'(0) of the convolution 

F(x) = /f( t )g(x +t)dt. It is shown to exist (and an estimate for the error in 

replacing it by a finite difference ratio is given) provided that 

1 
/ [ f(x + h) -f(x)][g(x) - g(x - k)]dx < <p(h)iMk) 
0 

where are subject to ( i) (ii) (iii) in the abstract of _1 . 

3. Remark on stochastic integrals. A definition of stochastic integral similar 

to that of 2 is given. 



THREE NOTES ON DERIVATIVES AND INTEGRALS 

L. C. Young 

I. ON DERIVATIVES AND DOUBLE DIFFERENCES 

1. Introduction. We discuss in this note an inequality which connects 

a derivative with double differences, or more precisely, with two auxiliary 

functions 4>,4j, termed estimate-functions, which play, for double differences, 

a part similar to that of moduli of continuity for a single difference. This was 

originally machinery devised for defining a Stieltjes integral without bounded 

variation [ 2, 4], a topic to which we return in a companion note [5]. As first 

presented at an invited address [3], the inequality involved derivation along the 

binary sequence 2 V ( ^ = 1, 2, ... ). M. Riesz and J. G. van der Corput suggested 

at the time that it be reformulated to include a criterion for the existence of an 

ordinary derivative, but a later refinement actually involved derivation along a 

still more sparse sequence [4]. Here we show that the reformulation can, never- 

theless, be effected even in the more refined case. This reformulation has been 

partly influenced by a recent note of Beurling [!]• We give also a theorem on 

term by term derivation. 

Sponsored by the Mathematics Research Center, United States Army, Madison, 
Wisconsin under Contract No. : DA-11-022-ORD-2059, and in part by 
NASA Contract No.: 144-6184, and NSF Contract No.: 144-4773 . 



2. Estimate-functions. We consider in this section a pair of functions 

<p(u) , i^u) (0 < u < 1) which vanish for u = 0 and are otherwise positive, 

and which are subject, for 0<u<v<l, to the inequality 

Wv)< flüL Mil <2^21. 
* \ v__u’ V“U 

In addition, we suppose continuous and monotone increasing, and <p Borel 

measurable. Further , we denote by {h} a decreasing sequence h^ ( v = 1,2,... ) 

with limit 0, whose terms are less than an initial number h = h^ < 1, and we 

wri a 

s{h} = hv1'p(hv)+( Vl* - 
V -1 

S(h) - J d^(u) , 
0 

S = S( 1) . 

We say further that {h} is subject to the condition (c^), if, for each v, the 

ratio h ,/h is an integer expressible as a power of 2, and to the condition 
v-1 v 

(c2), if 

2^(hv) < • 

The pair of functions will be termed estimate-functions if S < °o . The following 

lemma provides alternative forms for this condition: 

(2.2) Lemma, (i) The following conditions (a), (b), (c) are all equivalent: 

(a) S < 00 ; (b) S{h} < «> for some {h} ; (c) < 00 for some {h} subject 

to (Cj) and (c2). (ii) We have, for any {h}, 
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(2.3) s<ho>±2S{h) : 

and moreover, for any {h} subject to (c.) and (c^) , 

(2.4) hj^lhjtM^) < 16S( hj) , 

(2.5) S{h} < 128 3( hj) . 

Proof. We write for short 

s 
V 

?(u) 

u 
di|>( u) ; s* = h“V(h )’Mh , ) . 

V V V v-1 

By ( Z. 1) for , 

- Whv)] > 

hv+l > Í • 

1(( 

From the first of these relations we derive s^ < Zs^ , and so ( Z. 3). From uhe 

second, by successively using the first and second inequality of (c^) with v+1 

in place of v, and then the second inequality of (c¿) itself, we find that 

2sv+l > hv1^hv^(hv+l) lhvl^hv)^^hv)/S -8v/64 * 

Evidently ( Z. 4) and ( Z. 5) follow from these relations. 

To establish (i) it will now suffice to show that there exists an {h} 

subject to (c.) and (c ). For this purpose, we attach to any h, where 
1 £ 

0<h<l and h* in the same interval such that \\>(h) = 8iJj(h ); for definiteness 

ÿ >1« 
we take h to be the smallest such number: h clearly exists and is < h, 
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since v|i is continuous and monotone increasing. We now denote by fi the 

smallest number of the form h2 (k=l, 2,...) suchthat h^h . Clearly 

¿jc ^ >jc 

4j(h)>iHh ) =^(h)/8. Further h < 2h and so, by (2.1) for we find that 

i|i(h) < (h/h*)• 24>(h*) < 4i(j(h*) =. iJj(h)/2. Hence, by setting hQ = h, ^ = h, 

and generally h^ = h^ we define by induction a sequence {h} subject to 

(c.) and (c ), and this competes the proof. 
X Cd 

3. Double difference identities and inequalities. We denote by 

F(x) ( 0 < X < 1) a continuous real-valued function, and if necessary we shall 

suppose it extended suitably to the interval (° < x 5. 2), although we shall 

really only be concerned with its values for small x. We write A^F for the 

expression 

F(h + k) - F(h) - F(k) + F(0) 

where 0<h<l, 0<k<l, so that A^F is a function A¿F(h,k) symmetric 

in h,k. We say that F, or more precisely its double difference A^F , admits 

the estimate-functions if the latter are subject to the conditions of the 

preceding section and we have 

(3.1) |A2F| < ?(h) «MM • 

We write further for short, if N is an integer > 1 and 0 < Nh < 1, 

a(N,h) 
F( Nh) - F( 0) _ F(h) - F(0) 

Nh ’ h 

and we note, substantially as in [4], that 
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a( N, h) = [F( Nh) - NF( h) + ( N-1)F( 0) ]/( Nh) 

N-l 
= E[F((^ + l)h)-F(Hth)-F(h) + F(0) ]/(Nh) 

H=1 

N-l 

= ~ Z h"1 A F(p.h, h) , 

and hence that 

(3.2) |a(N,h)| <h ^(hJiMNh) . 

Finally, given the sequence {h}, we term derivative along this sequence, 

and we denote by F1^ , the limit for h = hv, of [ F( h) - F( 0)] / h . If 

we set h . = N h and suppose {h} subject to (c.) and (c ) of the preceding 
v-1 V V ic 

section, we have then 

F(hj-F(0) « 

F'{h}=-s—+ v?1a(N'',hJ ’ 

and hence, by (3. 2) and ( 2. 2), F1^ then exists and satisfies 

F(h0)-F(0) 

0 
{h} 

< 128 3(^) . (3.3) 



4. Existence of the derivative F'(0). We first prove the existence of a 
- V 

binary derivative, i. e. of a derivative along any binary sequence h • 2 . We 

denote such a derivative, which may possibly depend on the first term h, by 

F1 V 
To this effect let {h} be a sequence subject to (c^ and {cj, and let 

-n 
h = hQ be its first term. We denote by h any number of the form h2 , where 

n is a positive integer. There will then exist an integer v such that 

h < n* < h , and an integer N, which is a power of 2, such that Nh^ - h . 
v — v-1 

We shall suppose N # 1 since the excluded case is trivial, and we then have 

mVm, -. 
« h ’ v 

h v 

-1 This is in absolute value at most h ?(h H(Nh ) and therefore at most 

h“*<o(h )ú>{h ,), and this last quantity tends to 0 as v °o . It follows at 
v v v-1 

once that F,1 exists and has the same value as ^ ^ follows further from 

(3.3) that 

(4.1) 
F( h) - F( 0) 

h ‘ h 
< 128 8(h) . 

It only remains to prove that is independent of h. To this effect, 

we first consider the difference where k is a rational multiple p/q 

of h. We write h = qô, k = p6 , h2”v = h , k2 v = k , 62 . Then 

F(h ) - F( 0) F( 6 ) -F(0) 
= a(q, 6v) 
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where, by (3.2), (2.1) for +, and (2.4), the right-hand side Is In absolute 

value 

iMqÔ ) Mô ) 
<q^(6v)—Tg—<2q?(6v)—£- < 32 q 8(6^) . 

^ V V 

By making v -oo, we derive - FJ. = 0. Similarly Fj. - F¿ = 0, and therefore 

F1 = f; . 
h k 

Hence, if we substitute in (4.1) for h a rational k, and we make k tend to 

an irrational h, we see, by continuity of F , that there is a number 

independent of h such that 

|F(h)-F(0)_ . x| < 128 8(h) . 
h — 

Clearly this requires X = F'(0), so that this derivative exists. Incidentally we 

find that 

(4.2) |F(h) F'(0)1 < 128 8(h) . 

We thus have the following result: 

(4.3) Theorem. Let F(x) admit the estimate-functions Then the 

derivative F'(0) exists and satisfies (4. 2). 

At the same time we can derive the following passage to the limit theorem: 

( 4.4) Theorem. Let <r(u) (0<u<l) denote a monotone increasing function, 

continuous at 0, and let p(u) be a Borel measurable function, which takes 

positive values < + for 0 < u < 1, and :;or which u p(u) is Lebesgue-Stieltjes 

#677 "7" 
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integrable with respect to <r(u). Further let Fn(x) (0 5x£l) be functions 

which tend to a limit fu* ~tion F(x) as n for each sufficiently small x, 

and suppose that F admits estimate-functions <p , where y < p, and 
n n n n — 

where, for every interval ( a, b) in (0,1), b) - ^( a) < c (b) -<r(a). Then 

the derivative F'(0) exists and we have 

F'( 0) = lim F'(0) . 
n 

Proof. If X denotes any limit of a subsequence of the numbers 

we find, for fixed small h, by taking limits in (4. 2) applied to the corresponding 

F , that 
n 

|F<h>-F<°> - x| <128 dff(u) . 
h o u 

Here the right-hand side is arbitrarily small with h, and therefore X = F'(0). 

This completes the proof. 

In a number of applications, is a function \\i independent of n, and 

we can set a = ip • 
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IL STIELTJES INTEGRALS WITHOUT BOUNDED VARIATION 

5. Introduction. This brief note consists of a few remarks, which con¬ 

stitute, as the numbering of the sections indicates, a sequel to the note [¿2] 

on derivatives and double differences, and which indicate the connection between 

the machinery there treated and Stieltjes integrals without bounded variation. 

Such integrals were first introduced more than thrity years ago [18] and the 

machinery of double differences originated from their study [2]. They are related 

to such topics as fractional integration, convergence of Fourier series, stochastic 

integrals. In addition to the papers [1-6] cited in the previous note [22], we 

list consecutively [7-23] a number of further relevant papers at the end of this 

note. The theorems of the preceding note enable us to give a slightly simpler 

form to a generalized Stieltjes integral introduced in [4], and to show that it 

includes a definition recently proposed by Beurling [1]. 

6. The generalized Stieltjes integral. We denote by f,g two real-valued 

functions of period one on the real line, such that the convolution 

1 
F(x) = / f(x + t)g(t)dt 

0 

exists. The periodicity assumption, which amounts to subtracting suitable 

linear functions, represents no real loss of generality. By the generalized 

Stieltjes integral J(f ,g) over the unit period, we shall mean the quantity 

-F'(O), where F'(0) is the derivative at 0 of the function F, considered for 

small positive x. It is shown in [2] that this definition includes, as special 

-10- 
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cases, the classical Riemann-Stieltjes integral J*fdg , and also the Lebesgue 

integral of fg' when g' is the derivative of an absolutely continuous g and 

the functions f, g' belong to conjugate Lebesgue classes. 

In [ 2] and [3], the above definition was then modified by interpreting 

-V 
derivation in a special manner, as derivation along a binary sequence 2 , or 

along a still more sparse sequence. This slight artificiality can now be removed, 

since it turns out that, in the cases there considered, the ordinary derivative 

exists. 

Our definition allows us to apply the machinery of the preceding note. The 

double difference can now be written 

1 
- J [f(t + h) - f(t) ][g(t) - g(t - k) ] dt 

0 

and we therefore suppose that there exist a pair ^ estimate-functions, 

such that 

i 
(6.1) 1/ [f(t + h)-f(t)][g(t) -g(t-k)]dt I < <p[h) \\>{k) . 

0 

Under these circumstances, it then follows that J(f, g) exists. We recall, 

however, that <p, to satisfy the conditions of section 2 of the preceding 

note, and in particular the condition 

(6. 2) / diMu) < 00 • 
0 

The conditions for the existence of c9(f , g) can be specialized by attaching <p, 

in some particular manner to f, g. Thus if g is continuous, we can choose 

#677 -11- 



<p,\\i to be the moduli of "continuity" of f, g, provided that ( 6. 2) then holds. The 

corresponding definition of *9(f,g) then agrees with a definition of Beurling 

[1], except that Beurling supposes f continuous as well as g. 

Beurling's definition seems at first quite different, and we shall not repeat 

it here. What is relevant here is simply that his integral is the limit as « 0 

of a classical Stieltjes integral ff(dg, and therefore of our ,g) , where 

f is a specially constructed approximation to f, consisting of a function which 
€ 

is monotone in each of a finite number of parts of (0,1), and which possesses a 

modulus of continuity ^ not exceeding the modulus of continuity (/> of f. In 

this case, theorem (4.4) of the preceding note clearly shows that ^(f^ ,g) tends 

to J(f, g), and this ensures that Beurling's integral coincides with J(f,g). 

More general sufficient conditions for the existence of the generalized 

Stieltjes integral J(f,g) are obtained as in [ 2,20 , and 4], by choosing, subject 

to an interchange of f and g if preferred, the functions <p(h), 4/(k) tobe, for 

instance, the suprema for 0 < u < h and 0 < v < k of the expressions 

(/ lf(t + u)-f(t)|pdt)1/P , ( / lg(t)- g(t-v) |q) 1/q , 
0 0 

where p,q are conjugate indices in Holder's inequality ( i. e. where p Vq *=1). 

The functions are then again supposed to verify (6. 2). 

Interesting questions arise from the connection of our integrals with 

pseudo-measures [1] and also with stochastic integrals. 
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III. REMARK ON STOCHASTIC INTEGRALS 

7. Introduction. In this brief stochastic postscript to the preceding notes 

[iii iv] we continue to use the language of analysis rather than probability, since 

we merely wish to point out how stochastic integrals can be introduced (in the 

spirit of those notes, but without the material there developed), as derivatives 

of corresponding convolutions. However, these derivatives are understood, 

not as in classical analysis, but in a sense which is natural in a stochastic 

context, as limits in the mean. Moreover, the stochastic integral, considered 

here, is the special type of integral, which goes back in effect to Wiener, and 

which is attached to a "stochastic process with orthogonal increments" [ b, 

Chap. IX], A more general concept, although highly desirable, has yet to be 

formulated in a conclusive manner, and our remarks do not concern it, except 

in so far as they may prove helpful in its formulation. 

8> Background. We shall now be dealing with complex-valued functions, 

and z denotes the conjugate of the complex value z . Moreover, the same 

symbol A will be used for an interval (a,b) on the real line, and for a 

difference operator Af = f(b) - f(a) on a function f. Finally, given any such 

interval A, we shall denote by 6 in this note the characteristic function 6( X.) 

of A, defined to be 1 for a < X. < b, and 0 otherwise. 

On the Cartesian product T X ft of a real line T (time axis) and a set ft 

(probability space), we consider a fixed complex-valued function x = x(t,u>) 

(termed stochastic process), and we attach to Œ a fixed unit measure d^ 

(termed probability) defined on a suitable Boolean cr -ring of subsets. Differences 
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of the form Ax = x(b, u) - x( a, u) will be supposed square integrable in du>. 

The function x will be said to have orthogonal increments, if, for each 

pair of non-overlapping intervals A^,A^ of T, we have 

(8.1) /( AjXM A^xjdw = 0 . 

It is a well-known consequence [ii,Chap. II §10] of this relation, that there 

exists an increasing function fi = |j.(t) on T , such that, for an arbitrary pair 

of intervals A , A on T, the left-hand side of (8.1) has the value 
x £ 

A^i = n(b) - n(a) , 

where A = (a,b) is the intersection of A^ and A^. This strengthened form 

of (8.1) may therefore conveniently be taken as the definition of the property of 

having orthogonal increments in the sequel. It then follows that, if the end points 

of A , A avoid the at most countable set of discontinuities of n on T, we 
1 2 

have 

(8.2) /(A^JiA^xJdw = /ô^ X. )6^( X)dn(k) . 

This exclusion of discontinuities could be avoided at the expense of considering 

neutral intervals, instead of open ones, and interpreting 6^, b¿ as place- 

functions, in the sense of Carathéodory [ i ] . In this type of context, there 

is always a slight artificiality in the notions of sets of points and real functions, 

which is a little unpleasant. However the formula (8. 2) in the form stated above, 

is sufficient for our purposes. 

-16- #677 



9. The basic Identity. We shall suppose that x has orthogonal incre¬ 

ments and we fix a corresponding monotone increasing \i. Further, by sub¬ 

tracting x( 0,w) from x if necessary, we shall suppose that x(0,w) =0 and 

therefore x is now square integrable in dw. In addition, we shall suppose that 

x is locally integrable in the Lebesgue measure dt. (We are not trying to set 

up a minimum system of assumptions under which the formula to be established 

is valid. However we return to this question below. ) 

We denote further by y a complex-valued function y(t), t € T , of which, 

for the moment, we suppose that it is bounded, Borel measurable, and of compact 

support, and we write tyU) for its indefinite integral. We now fc.m the con¬ 

volution 

3(t,o) = J y(u)x(t + u,w) du 
T 

and we fix two positive real numbers h, k . We shall verify the identity 

S' 

V» 

It will clearly suffice to prove, for arbitrary real h > 0, k > 0 the identity 

of the expressions 

G(h,k) = /{3(h,u))-3(0, u)} {3( k, u>)-3(0, w)} du> 
n 

and 
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We write 

B(h,k) = /{li(X.)-^(X-h)}{U(X)-V(k-k))dn(M . 
T 

A , A* for the intervals (t,t + h), (t ,t +k), and 6h>^i. for the 
h’ k n K 

characteristic functions, of a parameter X , of these intervals. The functions 

6 ,6* depend also on t, t* respectively, and we note that the expressions 
h K. 

(9.2) /y(t)6h(X)dt, /7(t*)ô£(X) dt* 
T T 

— * * 
are the integrals of y(t) , y(t ) on the intervals X-h < t < X and X-k<t < X , 

and therefore have the values 

4(X)-l¿(X-h) , í¡(x)-i¡U-iO . 

This being so, we write G(h, k) in the form 

(9.3) ///y(t)7(t*)UU*dtdt*dw , 

where U = A x, U* = A x . By Fubinl's theorem, we may integrate first in u . 
h k 

$ 
In so doing we shall ignore a countable set of t, t (depending on h or k) 

and we can then apply ( 8. 2). We find that 

/uU*du> = J 6^( X ) 6*( X ) dn( X ) . 

Consequently, when we multiply by y(t) y(t ) and integrate in dt dt , we obtain, 

by another application of Fubini's theorem, the integral in dn( X) of the product 

of the expressions (9. 2) and therefore the integral ß(h, k). This completes the 

proof. 
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It also follows, of course, that, for instance, 

(9 4) j|g(h,^)-g(o^|2d^^j|MjübMl±I|2d,(x) . 
U T 

Moreover, the function y(^), ^ « T, is clearly the limit in mean square, with 

measure dfx, of the sequence of difference ratios k X ) - -k)} > as k 

describes a sequence tending to 0 . It follows at once from (9.1) that the 

corresponding limit in mean square in of the difference ratios 

g(k,u)-g(0,co) 

k 

exists and has a value J(w) independent of the choice of the sequence of k. 

Moreover 

(9.5) 
a 

r |UUOÜih) .y(M|¿d(l(x) . 
_ h 

V. 

The quantity e5(w) is the stochastic integral 

f y(t) dx (t, w) , 
T 

and we see that it is thus the derivative (in t at t = 0) in mean square (in Œ) 

of the convolution 31 . 

This definition of the stochastic integral is here subject to unnecessarily 

restrictive hypotheses as compared with the standard definition, which goes 

back to Wiener. Local integrability in t of x(t,w) is there not required,and 
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the assumption that y(t) be bounded and of compact support is replaced by that 

of square integrability in dn(t). This, however, would not allow us to define 

the convolution directly, but at best only as a limit in the mean, which would 

detract from the simplicity of our definition. It is sometimes useful to look for 

an alternative formulation at the expense of secondary restrictions, with the 

ultimate object of achieving greater generality ( "Reculer pour mieux avancer"). 

At any rate, it would be interesting to see whether a combination of our definition 

with the methods of the preceding notes could lead to a more generally applicable 

concept of stochastic integral. 
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