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ABSTRACT

Previous detection studies assumed that a "target" was either
present in a region of interest with a probability p, or not, with a
probability (1-p). Knowing the value of p, the "searcher" makes a
measurement of a random variable that has a probability density function
whi:h depends on whether or not the target is present and attempts to
make a decision regarding the presence of the target. In this paper
a more general point of view is adopted in that we agllow the
possibility of both target and non-target elements to be present in
any region of measurement. This provides an explicit consideration of
a third possibility, that of a mixture of target and non-target

elements.

The forms of the probability densities for the "mix" variate are
obtained for a variety of assumptions regarding the relationships
among the variates involved. A sequential decision problem is

extended to include the three value case.
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INTRODUCTION

During the last two decades, a well developed theory of detection
has been established, Detection theory is an adaptation of the
statistical theory of hypothesis testing to problems arising in pattern
recognition and radar, communication, and control engineering. A
pattern recognition device is said to consist of two parts: a receptor,
which generates a set of measurements of the physical sample to be

recognized, and a categorizer, which assigns each set of measurements

to one of a finite number of c¢lagsses.

The purpose of the present paper is to discuss a new problem in
detection theory. This problem aricses, among other ways, when one
attempts to detect a pattern in a two-dimensional optical display
(hereafter called picture). The picture is to be scanned using a
receptor of a fixed size and shape. For each positioning of the
receptor, one obtains a set of measurements from the "subpicture" being
sensed. Each measurement, x, can be thought of as a random variable,
and is sometimes called a local property of the picture. For pattern
recognition problems a discriminator (human or machine) may be assigned
the problem of determining whether x is a sample from one or another
class of inputs, say a "target scene' or perhaps a "non-target scene'.
The term "target scene'" (or "target") is defined to be an object of

primary interest to a decision-maker.

Previous detection studies [l], [2], [5], assumed that a target
was either present in a region of interest with a probability, p, or
not, with a probability 1l-p. Knowing the value of p, the searcher makes
a measurement of a random variable that has a probability density
function which depends on whether or not the target is present, and
attempts to make a decision regarding the presence of the target. In
this paper a more general point of view is adopted in that we allow the
possibility of both target and non-target elements to be present in any
subpicture. We shall therefore be concerned with classifying a

measurement as being a response from one of three sources, namely,

References in brackets may be found on page 27.
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l. a subpicture containing target elements only,
2. a subpicture containing non-target elements only,

5. a subpicture containing both target and non-target
elements.

The same problem arises [4] in certain analyses of radar
search systems. The procedure is to continually sample

a given range "bin" until a yes-no decision concerning
the presence of a target is made. One often wishes to
provide for the possibility of a target emerging into the
bin during the sampling process.

The three categories of subpictures will be called pattern classes,
and denoted by Rl’ RE’ and RB’ respectively. To treat the problem at
hand let p(x[Ri) be the probability of occurrence of the measurement,
X, given that it belongs to class Ri' We shall assume that p(xIRl) and
p(leo) are known and set, for our first task, the determination of
P(X|R5)- To facilitate the following discussion, we shall denote the
measurement x by r, s, or u depending on whether x is a measurement
from Ry, Ry, or R,, respectively. Furthermore we let fw(r) = p(r|Rl),

3 1
f2(s) p(sIRE), and h(u) = p(uIRB). The next section shall be devoted

to determining h(u) under various assumptions about the form of u.

n

1. DETERMINATION OF THE DENSITY FUNCTION, h(u)

1.1 Relationships Among the Random Variables.

We shall consider the determination of the density function h{u)
for the following proposed expressions relating the random variables r,
s, and u.

I. u = WT(W,Sl) + (l-W)S(l'W,SE)

II. u = vwr(w) + (1-w)s(w)
III. u = wr + (1-w)s
V. u = r(w,Sl) + s(w,Sg)

V. u = r(w) + s(w).



The first three expressions result when one conceives of x as
some average value taken over the subpicture. In picture processing x
could be an average value of some textural property, say average
intensity. One can think of the subpicture S as partitioned into two

parts, P. and PQ, where P1 contains target elements only and P

1
contains non-target elements only. Let Sl and S

2

5 be vector parameters

which somehow characterize the geometric shapes of Pl and Pg. let
w(= ) be the fraction of the subpicture containing target
area (9) = =

elements only. The first equation expresses u as a weighted average

of r and s. The measurement r is taken over P the measurement s is

l)
taken over Pg' In general the measurement r will be a function of
both w and Sl. Similarly s is a function of w and 82. As P2 is the
complement of Pl with respect to S, a specification of Sl also yields
SE' Therefore we can rewrite expressions I and IV in the form
I' us= wr(w,Sl) + (1-w)S(w,Sl) s
v u = r(w,Sl) + s(w,Sl) .

In expression II, r and s are deemed to be independent of Sl and

S In expression IIT, r and s are assumed to be independent of w and

S

o
1°
measurement x to be a count of the number of occurrences of a certain

Expressions IV and V arise naturally when one considers the

event in a subpicture (such as the number of edges, or perhaps, thc
number of closed contours). The ovder in which we shall discuss the

d
expressions will be IT, III, V, I', and IV'.
1.2 Case 1. u = wr(w) + (1-w)s(w).

In this case we have assumed that r and s are independent of Sl
and Sg. The quantities r, s, and w are random variables with densities
fl(r), fg(s), and k(w) respectively. Our objective is to derive an
expression for the density function, h(u), of the variate u. The

variate u is a monotonic function of s when r(w) and w are held constant.



To obtain the distribution of u we imagine that the two variates r(w)
and w are held fixed at some arbitrary value while s varies over its
possible range according to its distribution. The probability distri-
bution of u which then results is the conditional distribution of u
given r(w) and w. Moreover, u becomes a monotonic function of the
variable s although the equation relating u and s will contain the
parameters w and r(w). Hence the conditional density p(u|w, r(w)) can
be derived from fg(slw) by a univariate method giving

o(ulw, r(w) = = £, (A5=
Furthermore one can then produce the joint density function, g(u,r(w)|w),

of u and r{w) conditioned upon w by the expression

g(u,r(w)|w) = 2= £ (r(w)|w) £

l( 2( 1-w

One obtains the density of u (conditioned on w) by integrating the

function g(u,r(w)|w) with respect to r(w), taking pains to keep the

argument of the function f2 in the range of the variable s. One

obtains

h(ulw) = 1—%? ﬂ £ (r(w)|w) fg(“"l“:ww W) dr—\ .
LT (u,w) ]
In the above, the set T(u,w) = {r(w)]r(w) e R(w) and Ei%%iﬂl € S(W)} ,

where R(w) is the range of r(w) and S(w) is the range of s(w). If we
let R(w) = [c(w), da(w)], and S(w) = [a(w), b(w)], then

T(u,w) = {rlc(w) < r < d(w) and a(w) < 2 < b(w)} .

From the inequalities a(w) < $::r < b(w), we obtain

(1-w)a(w) + wr(w) £ u < (1-w)b(w) + wr(w). From Figure 1 we can

visualize the dependence of the limits of integration upon u and w.

10



FIGURE 1
“Z u = (1-w)b(w) + wr(w)

y or
u A -
r(w) = % u - 1w—““ b(w)
/2 —_ (1 ='\'.T\0(1.1\ + LW{'U\
u \L=Wja\w/ WA\ W)
or
1-w
J(W) = % - —;— Q(W)
-
r
Hence
U(u,w)
1 I ) u-wr(v)
(u]w) = T fl(L(M) W) f2( Tow w) dr,
L(u,w)
with
l {l-w» 7 AN\
L = max(c (u), = *-G—‘ b(w))
and
1 1-
U = min (; u - —;H a(w); a(w))

There are two cases to distinguish. If

(1-w)a(w) + wd(w) < (L-w)b(w) + we(w), then T(u,w) is
,[:(w), (1-w)a(w) + ul for (L-w)a(w) + we(w) £ w = (l-w)a(w) + wd(w)
(c(w), d(w)] for (1-w)a(w) + wd(w) < u = (L-w)b(w) + we(w)

[(1-w)b(w) + wu, d(w)] for (1-w)b(w) + we(w) < u < (1-w)b(w) + wd(w).

Uy LW/

If (1-w)a(w) + wd(w) = (1-w)b(w) + we(w), then T(u,w) is
), (1-w)a(w) + wu] for (l-w)a(w) + we(w) <u < (1-w)b(w) + we(w)

C(1=w)o(w) + wu, (1-w)a(w) + wul for (1-w)b(w) + we(w) < u < (L-w)a(w) + wd(w)

[(1-w)b(w) + wu, d(w)] for (1-w)a(w) + wd(w) < u < (1-w)b(w) + wd(w).

11



Finally, to determine h(u) we must integrate with respect to w; the

result is

h(u) = I k(w)h(u|w) aw
W

1.3 (Case 2. u = wr + (l-w)s.

In this case we have assumed that r and s are independent of w and
the shape vectors Sl and 32. As in Section 1.2 the objective is to
determine the density function, h(u), for the variate u. Before
proceeding to the general formulation we shall consider several special

cases.
1. Suppose

a. r and s are constants,
b. w is uniformly distributed on [o,m]; 0 <m <1,

c. T > sS.
Then u is uniformly distributed on [s, s + m(r-s].
2. Suppose

a. r is a constant,
b. s and w are statistically independent,
c. s has a uniform distribution, fg(s), on [a,b],

d. w is uniformly distributed on fo,11].

hat of Section 1.2,

~ i * z

@]
ot

We obtain, using rationale similar t

n() = | () (55 av

T(u)
(b-a)h(u) = I i%; aw
T(u)
where

12



T(u) = {w|0 SwsSlandas-—Xxg b} .
1l-w
We :onsider three subcases:
r < a. Then
[FE:B , b-u for r<u<a
iLa-r h-r
T(u) = 9 p)
|:O , b;—J for a<u<b
L b-1
and
[ b-r
ﬂn(g?— for rs<uc<a
(b-a)h(u) =
S b-1
L 2n(v_F) for a<u<b
The graph of this function has the form
A
(b-a)h(u)
- o
r a b >
ii. a < r <b. Then
r U=g
(o, —a) for a<u<r
T(u) =
(¢, b-u for r<uc<hb
D-T
and
: zn(zlé) for a <u<r
r-u
(b-a)h(u) = ® for u=r
zn(%f§) for r<u<b
whose graph has the form

13



\ )}\
(b-a)h(u) |
I
|

|

b u

iii. r > b. Then
T(u) = [la, min(u,b)] ,
and
pn(==2 for asu<b
r-u
(v-a)h(u) =
r-a
0= <
En(r_b for b<su<r

The graph of (b-a)h(u) has the form

A
(b-a)n(u)

e— > —

a r u

In deriving the general form for h(u), we choose to fix the
variables r and s at constant values initially. Again we see that u
behaves as a monotonic function of w when r and s are held constant.
Therefore the conditional density E(ulr,s) can be derived from the

probability density of w, k(w), by = univariate method, yielding

Moreover one can derive the joint density function g(u,r,s) from the

expression

1k



g(u,r,s) = f(r,s)ﬂ(ulr,s)

where f(r,s) is the joint density function of r and s. Finally the
density of u is obtained by integrating g(u,r,s) with respect to r and

s. Thus we have

s 1
n(u) = j J f(r,s) k(——EJ i;:gi dr ds (1.3.1)
T (u)
where
T(u) = {(r,s)|r e R, se 8, and %E% € W} ,
R = range of r ,
S = range of s
and

W

1

range of w.

1.7

s o r -1 . .
Letting R = Lc,d], S = [a,b], W = [0,1], and assuming that r,s,

and w are independent, we obtain the expression

d  B(uw)
f [ — v ou=sy ¢ 1 ) ds ar +
h(u) = J J fl(r)fg(s)k(;—g) (r <) ds ar
7(u) & (1.3.2)
rb PB'§u2 ‘f , \k,'Ll_-S\ , 1\ . -
‘J' ‘! l(r) 2(5) (r_s) (S-I') dr ds J
y'(u) ¢
where
B(u) = max {a, min(u,b)} , y(u) =min {a, max(c,u)} ,

B (u)

)

mex {c, min(u,b)} , 7' () = min {b, max(w,a)} .

The two integrals evolve as a result of partitioning T(u) into two

sets Tl(u) and T2(u), where

u=s
l(u) = {(r,s){r ¢R, s ¢S, r>s,and 0= === 1}

and

Tg(u) = {(r,s)lr €eR,seS, r<s, and 0= %15 < i} ,

15



or equivalently,

Tl(u) {(r,s)|[r ¢eR, s € S, and s S u<r},
and

{(r,s)lr €R, seS, andr £ uc= s}

T, ()
1.4 Numerical Example for Case 2.

Suppose

a. r, s, and W are statistically independent, uniformly

distributed random variables,
b. R =[c,d], S = [a,b], and W = [0,1] ,

c. for definiteness, 0 < c <a<d<b.

Then
(d-c)(b-a)n(u) = I;(u) + I,(u) ,
where
(O for u < g
Il(u) =9 ’
(a-a)en(da-a) + (y(u) - B(u))en(y(u) - B(u))
| -(a-B(u))n(a-B(uw)) - (7(u)-a)sn(y(u)-a) for u > a
and

T,() = (b-c)sn(b-c) + (7' (w) - B'(u))en(y' (0) - B'(w))
- (0-8' (0))4n(b-8" (u)) - (7' (w)-c)sn(y' (u)-c)

Furthermore

+ <y <
kg hl(u) for c <u<a

(d-c)(b-a)n(u) = { Ky - h,(u) for a<u

IN
oY

A
o’

k5 + h5(u) for d <u

where,

16



k, = (b-c)4n(b-c) - (a-c)én(a-c),

k, = (d-a)4n(a-a) + (v-c)én(v-c),

k5 = (b-c)dn(b-c) - (b-d)4n(b-d),

hl(u) = (a-u)in(a-u) - (b-u)sn(b-u),

h(u) = (d-u)4n(d-u) + (u-a)en(u-a) + (b-u)sn(b-u)
+ (u-c)n(u-c),

and
hB(u) = (u-d)4n(u-d) - (u-c)n(u-c).

Let c=1, a=2, d=3, and b=k. Then h(u) = n , and

kl = k2 = k5 =3 4In 3.

The graph o$ n(u) is given in the following figure.
h(u) .6}
S
Lk
St
2}
R
© i// é 5 0 u

We shall make use of this example again in Section 2.1.

1.5 Plausible Density Functions for the variable, w.

In this section we shall derive several plausible density
functions, k(w), for the random variable w. We shall describe the
circumstances which give rise to these functions and discuss the

importance of obtaining a catalog of such functions.

Consider the problem of scanning, horizontally a two-dimensional
optical display, such as a photograph or a television image with a
receptor (window).

17



Suppose,

a. the target in the display is rectangular-shaped

b. the window 1s square-shaped

c. the edges of both the window and target are parallel to
the corresponding edges of the optical display as illustrated,

b&————5S units ——=l

target =,

pe——SITUN J, ————f

=

window

d. each possible position of the window is equally likely.

Let the window be a unit square and let the target be S(> 1) units

long and T(> 1) units wide. Let w be the ratio,
area of overlap of_tggget and window . We wish to find the
area of window
probability density function, k(w), given there exists an overlap of

window and target. Assuming that each admissible position of the
window with respect t6 the target is equally likely we can derive
the expression

For S=T, we obtain,

K(w) = S - ls— n w ;0 <ws 1.

As either S or T approaches infinity, k(w) approaches a uniform

distribution on [0,1].

18



Suppose

a. the target and window are circular-shaped with radii of

R(> 1) units and one unit, respectively,
b. each possible position of the window is equally likely,

2. w(s) defines the ratio,

area of overlap of the target and window
area of window

Then
Sl(s) + Sg(s)
w(s) = =
where
% - [y(s}wl—yg(s) + Sin_l y(s)] for 0<y(s) =1
5,(s) =1 )
. 5 RTINS N
T [ 52s) + sn™y(s)l]]  for -1 =y(s) <0
2

and

The variable s is a random variable having a density function

a1
Z(S)=P-‘——————T2§ S o=<g<o2.

Estimates of the probability density function for w may be obtained
by computer simulation. One could sample s, many times, from a

discrete version of its cumulative distribution, evaluate w(s), and
construct a discrete approximation to k(w). The procedure could be

repeated for a family of R values.

For the discussion above, we selected two examples where the
variate w could range in the interval [O,l]. Another consideration

is motivated by Figures la. and lb.

19



&4 window

/ﬂ// window
target

il

la. 1b.

In Figure la the target is smaller than the window. In Figure
1b we see an elongated target, so that the target never completely

xamples show that the values of w might be

| B—
-

restricted to an interval, say, [O,m], where m < 1.

The computations of density functions for w for such cases,
and the implications with regard to Equation 1.3.1 will be given in

another paper.

Our purpose is to provide a catalog of plausible density functions
for the variate w. A function from the catalog could prove to be
in an application where a target shape is
not regular. Moreover, knowledge of the properties of the functions

might dictate the design of receptor shapes.

1.6 Use of Histogram Data in Conjunction with Equation (1.3.2).

In many pattern recognition problems, probability density
functions for r and s are approximated by histograms obtained from

sample sets, frequently called training sets.

With this in mind, let us define,

m
f , N _ v H/ \ ! - 7 =\
J(r) =) eallr-r), (1.6.1)
i=1
and
n
£.(s) = ) b H(s=s ) (1.6.2)
J=1
where

20



H(x) =
LO 5 x <0

We shall determine the function h(u) with fl(r) and fE(S) defined by

equations (1.6.1) and (1.6.2) and a uniform density function for w.

It follows from equation (1.3.2) that

n(u) = }; E: a;b, [T (5,50 + L(L,5w]

i=1 j=1
where
d B, (u)
.. _ u-s 1
Il(l,J,u) = i ) l k ;:E) T dsdr,
1 J
and
b B, (u)
o _ j j u-s, 1 oard
Ig(l,J,U) = Y (u> J k(r_s - S 5
2
and

7,(w) = min [, max(r ,u)],
52<u) = max [I‘i) mln(u)d>] )
() = ntn [b, max (2] .

For w uniformly distributed on (0,1], we obtain

I (5,5,m) = (@0 )n(ass ) + (rg () = By(a))only (w) -8 ()

- (a8, ())4n(a-8 (W) = (g (W) = 5 )0 () - 5))

and

I,(1,3,u) = (b-r )en(b-r.) + (7,(w) - B(w))en(y,(u)-8,(u))

- (b-B2(u))£n(b‘82(u)) - (72(u)-ri)ﬂn(72(u)'ri) .

21



1.7 Case 3. u = r(w) + s(w).
Proceeding as in the earlier sections, we obtain

h(u) = j k(w) [I fl(rlw) fg(u—r(w)) dr] dw
W T (u,w)

(0¢)
[@!

ase 4. u =wr(w,S,) + (1-w)s(w,S

l/

'__J
.

and u = r\w,Sl) + s(w,51)=

)
1
The computation of h(u) for these expressions seems to be very
difficult. One requires, initially, a characterization of Pl’ that
part of the subpicture containing target elements only. For complex
(say non-convex) target shapes and for arbitrary target orientations

within the subpicture this task appears to be extremely complicated.
1.9 Extension to a Set of Measurements.

Let us suppose that for each positioning of the receptor, one

obtains several measurements, X, ,X.,... X, Let X = (xl,...,x We
L < 198

d)'
are interested in determining p(X|Rl), p(XIRg) and p(X|R5). Let us
o and R5 the components of
X are statistically independent. This allows us to write

assume that for each of the classes Rl’ R

p(X|R.) = p(x;[R.) P(x,|R.) «ov p(x4IR)) 5 1=1,2,3

and the theory discussed in sections 1.1 to 1.8 is applicable.

2. CLASSTIFICATIONS OF PATTERNS
2.1 Bayes Analysis.

Here we use decision surfaces of our pattern classifier which are

defined by a set of functions gl(x), gg(x), and g,(x). These functions,

>
called discriminant functions are chosen such that for all x in Ri,
gl(x) > gj(x) for i,3=1,2,3, i # j.
The patterns in each of the three categories Rl’ RE’ and R5 are
|
random var

iables governed by the probability functions p(x|Ri) = fl(x),

p(x|R2) = f2(x), and p(x RB) = h(x). An additional set of values
which is needed in order to construct the discriminant functions is



the set of a priori probabilities, {p(Ri)}, i=1,2,3. The
discriminant functions will be expressed in terms of the p(xIRi) and

p(Ri). Our pattern classifier will be optimum in a Bayesian sense

(5], (6] if we let

)\,_l‘ 'R.\ ,R_\
(1]3) p(x] ;) B(R;),

where A(1]j), the "loss function" represents the loss incurred when
the classifier places a pattern actually belonging to the class Rj into
category Ri' Therefore the pattern classifier makes its classifications

by the following steps:
1. the measurement x is presented to the classifier.

2. the classifier computes Max [gl(x), gg(x), gi(x)] and
decides in favor of the category associated with the function yielding

the largest value.
A Joss function is said to be symmetric if it is of the form

A(ilg) =1 - 5.,

J
where
C if i # j
iy~
1 if i=3]
For such loss functions, the discriminant functions turn out to
be

g;(x) = p(x|R;) p(R;) ; 1=1,2,3.
If all of the classes are equally likely a priori, i.e,

n(R
o

)
l/

Il

1
(R) = ) = =
p(Ry) = p(Ry) =3
we need only compute p(xIRi) for i=1,2,3 and select the maximum, This

decision is called the maximum likelihood decision.
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Returning to the numerical example in Section 1.4, we shall
determine the maximum likelihood decision for each x in the interval

[1,4]. The results are

class Rl if X € [1,2]
decide in favor of { class R, if x e [2,3] .
[Class R2 if x ¢ [3,4]

2.2 Bequential Analysis.

The result of a measurement for the subpicture is the value x
which has the probability density function p(xIRl) or p(x|R2) or
P(XIR5) depending on whether the subpicture contains target elements
only, non-target elements only, or both target and non-target elements.
Following each measurement, the observer makes one of the following

four decisions:
D,: decide target is present.
D,: decide target is not present.
D,: decide both target and non-target elements are present.
W: wait for another measurement.

The decisions Dl’ DE’ and D, are terminal decisions, completing

5
the process. The losses of the searcher making decision Ri given Rj
is true are A(i}j). We shall assume that A(1]1) = A(2|2) = A(3]3) = O.
The decision W allows the process to continue at least one meore time

step (i.e. permits the observer to make at least one more measurement).
The loss incurred by £his delay will be assumed to be dependent on
which class Ri we are measuring. Let Wi equal the delay loss incurred
if Ri is truly the class being measured. The objective of the

searcher is to minimize the expected cost of a search. The decision
policy that achieves the minimum expected cost is called the "optimal"
policy. Following Pollock [2] we can write a functional equation

which will yield the optimal policy. The equation is an application
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of Bellman's Principle of Optimality [7]. Let £(p,,p,) be the
minimum cost of search obtained using an optimal policy where
p. = p(Ri) is the a priori probabilities associated with the occurrence

i
of the class Ri'

We are interested in determining the function f(pl,pE) which is

a function of the current information about probabilit

occurrence of Rl and R2. We are equally interested in determining
D(pl,pg) the decision that one should make as a function of p, and p,.
A more realistic problem arises when one considers that there exist at
most only n available observations remaining before a terminal

decision MUST be made. If the decision W is made, at the next decision
there will be only n-1 possible observations left. If n=0, then one of
the terminal decisions must be made. Letting fn(pl,pg) be the cost of
search using an optimal policy given there are n available observations

remaining before a terminal decision must be made, we get

4 . .
pgx(lle) + p5x(1|5) ; decision Dy
plx(zll) + p5x(2|5) ; decision D,
fn(pl’PE) = mln‘plk(5|l) + pgx(5|2) ; decision D5
- D
b+ pgiy + o+ | ) mp(xIR) £, (e1,0p) ax
; ©i=1
decision W.
For n=0,

pA(1]2) + pA(2]3) 5 D)

£ (pyspy) = mind pA(2[1) + pA(2]3) ; D,
pA(311) + 2 (512) 5 D,
Dl
If the decision is D2 respectively, the expected losses incurred due
D
)

to
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>

—~
[
n

~—
+

p5x(1I5)

+

terminal incorrect decisions are le(QIl) p5k(2l5) respectively.

+

If the decision is W, the expected cost is lel + p2w2 + p5w5 plus the
cost of continuing from that point on, having observed some value of x.
The probability of observing a value between x and x + dx is

+ .
[plp(x]Rl) pep(x|R2) + pBP(XIRB)] dx. Having observed the value x,

the probabilities

| p(x|R;) Py
Py = P(Rllx) = plp(XT§i7’+ pgp(x1R277+ p5p(xTR5) ’
and
p(x|R,) B
p, = B(R,|x) = 2

+ +
pip(x[R ) + pp(x[Ry) + pp(x[R;)
are obtained from Bayes rule.
Although the basic formalism of dynamic programming carries over
without change from the two class detection problem, we have introduced
an additional "state" variable into the functional equations. This

introduction causes some further numerical difficulties which may be

resolved by any one of several techniques recorded in [7].
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