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SUMMARY 

For a stationary flow In a cylindrical container of the 
Couette type In an outer radial zone, and of zero velocity In an Inner 
radial zone, the normal mode equations are derived. For negative wave 
numbers In the 8-dlrectlon, these equations are found to have a slgnu- 
larlty. 

The eigenvalues are calculated by Initial value methods em- 
ploying the Runge-Kutta-Glll Integration procedure. Values of the 
dependent function and their derivatives at the singularity are calcu- 
lated by linear extrapolation coupled with continuity requirements. 

Tables of eigenvalues for various slenderness ratios of the 
cylinder and various radial nodes are given for e-wave numbers of -1. 
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INTRODUCTION 

The object of the following investigation is to determine the 

eigenfrequencies of a viscous fluid, contained in a rotating cylinder, 

during the initial spin-up period.  In order to make the problem trac- 

table, an inviscid fluid is assumed and the fluid is divided into two 

zones; an outer radial zone in which a Couette type flow prevails and 

an interior zone which is static. The initial flow distribution, where 

the interface between the two zones is assumed to decrease from the 

outer radius to zero in a quasi-static manner, is assumed to be time in- 

dependent . 

FORMULATION OF THE EIGENVALUE PROBLEM 

In the following we are interested in the characteristic fre- 

quencies of an inviscid liquid contained in a cylindrical container. 

The liquid is assumed to have an initial stable motion of the Couette 

type for an outer radial zone whereas the interior is assumed to be at 

zero velocity. Thus, let the container be of radius a and height 2c. 

Then the stationary flow in the outer zone is given by 

u«0 a>r>b 
o —  — 

vo - aü)[(r/a) - (e
2a/r)]/(l - e2)  0 ^[e - b/a] £ 1 

w - 0 (1) 
o 

In the inner zone, 

ui-0 

v-0 blrlO 

wi - 0 (2) 

where b is the radius of the interface between t'ie static interior and 

the moving exterior; u, v, and w are the radial, longitudinal and axial 

components of velocity in a cylindrical coordinate system with the 

- 1 - 

THE FRANKLIN INSTITUTE RESEARCH LABORATORIES 



I 
! 

f 

F-B2294 

z-axis aligned along the axis of the cylinder.  The origin of the coor- 

dinate system Is located at the bottom of the cylinder so that the z- 

coordlnates of the end faces are given by 0 and 2c. The velocity 

components In the Inner and outer zones are distinguished by the sub- 

scripts 1 and o respectively. 

For convenience, we consider the two zones, namely, the exterior 

zone of Couette flow, and the Interior zone of zero velocity, separately. 

These are then coupled by boundary conditions Imposed at the Interface, 

where the radial velocities and pressures corresponding to the two regions 

are required to be equal. Considering the exterior zone first, the con- 

tinuity and momentum equations with the appropriate boundary conditions 

are: 

9u o      «i  P 
r-^ + (0 -V) u - v2/r - - |- R) 3t   ^o J    o        o      3r vp ^ 

^ + (Q -V) v + u v /r - - i |T (^) 8t   ^  o    J    o        oo     r 30 ^p ^ 

3w n  P 
-£ + (o -v) w - - f P) 9t   ^ o  ;  o    9z ^p ^ 

0.v = u l. + l£i- + w 1. 
-o    uo 9r   r 30   o 9z 

u   9u   i 9v   9w 
o .  o  1^ o   o  n ,^ 

The boundary conditions are 

r - a; u «0 o 

z « 0, 2c; w = 0 '     o 

Moreover, at the Interface, we have 

uof ' ulf; pof " pif (4) 

where subscript f refers to the Interface. 

- 2 - 

RIFTHE FRANKLIN INSTITUTE RESEARCH LABORATORIES 



F-B229A 

Substituting the following, 

u* « u /aw; v* - v /aw; w* - w /au o        oo        oo        o 

r* = r/at;   z* = z/at:   t* = wt;   8* = 9 

2 2 p*/p* = p/pa oo 

and dropping the asterisk,   the stationary flow is given by 

0 u 

v - [r - e2/r]/[l - e2] 
o 

w - 0 
o 

The boundary conditions now become 

1 > r > e 

(5) 

r = 1: u = 0 
o 

z « 0, 2c/a; w = 0 
o 

At the interface, they are 

u of Uif; V - pif 

(6) 

(7) 

Here u.f and p.f are the appropriate non-dimensional radial velocity and 

pressure prevailing in the flow field of the inner zone at the interface. 

From the non-dimensional form of Equation 3, 

where 

8P    2 
 o m  v__ 
9r " r 
ap 

3P 

Po-Po/p 

(8) 

[r - e2/r]/(l - e2) (9) 

Integrating, 

(vVy) dy + P, (10) 
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where P. is the equilibrium pressure at the interface. 

We now assume perturbations due to a radial displacement, n, of the in- 

terface from its equilibrium position corresponding to r = e. 

u « u1 
o   o 

v » V + v* 
o      o 

w « wf 

o 

p 
0 

^-^-dy + P1 + P, (11) y    o   1 
e  y 

Substituting the perturbations into the dimensionless Euler's equations 

of motion, and neglecting second and higher order quantities. 

3u'  .. 3U1   _       3P, 
o  V  o  2V  ,      o 

3t   r 36   r Vo ' ' 3r 

3vf     ,„  „ 3vf  u'V 
o   .dVV  o   o 

3t   uo dr  r 36    r 

- 3P, 
1   0 
r 36 

Sw1  „ 3W1    3Pf 
o  V  o      o 

3t   r 36 ~ ' 3z 

uf   3^'   - 3v,   3wf 
o+  o + l  o          o^ 

r   3r   r 36   3z   u 

The boundary conditions become 

r - 1; u* - 0 
o 

(12) 

z - 0, 2c/a; w^ = 0 (13) 

The boundary conditions due to displacement of the interface are obtained 

in the following manner: 

Let the interface be at 

r - e + n (14) 

Substituting into the last of Equations 11 and neglecting second and higher 

order terms, 

pof - pi + p;f (i5) 

- 4 - 
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At the interface, we have from 14 

u' « I* (16) 
o  9t 

where second and higher order quantities in the perturbations have been 

ignored. 

We now consider the interior zone.  The Euler's equations of 

motion and the equation of continuity are once again given by Equation 3 

in a non-dimensional form.  The boundary conditions are 

z - 0, 2c/a; w1 - 0 (17) 

r ■ 0; u., v4 and w. are bounded. 

At the interface, they are 

Uif ■ Uof 

Pif - Pof (18) 

We once again assume perturbations due to radial displacement, n, of the 

interface from its equilibrium position corresponding to r ■ e. 

Substituting in Equation 3, 

ul"tti 
vi" vi 
W     B  wf 

i        i 
p    ■ p» 
ri      ri + P1 

i 3, 

3u' 

3t 

3Pi 
3r 

3vi 
3t 

i3Pi 
r ae 

3t dz 

(19) 

u'  au»   av'  aw' 

- 5 - 
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The boundary conditions become 

z-O, 2c/a, w^ - 0 (21) 

r - 0; ui' v' and w' are bounded. 
At the Interface 

"1 
Plf 

at 

of   1 

NORMAL MODES 

(22) 

In accordance with the usual procedure of treating characteristic value 

problems, the perturbations are analyzed into normal modes.  In view of 

the boundary conditions, it is natural to suppose that the perturbations 

are given by quantities which have a (r, 8, z, t) dependence given by 

i(K t + ra 6) 
u*  = U (r)  cos   [h 7raz/2c]e oo o 

o o 

i(K t + m 6) 
vf  ■ B  (r)   cos   [h TTaz/2c]e o        o l  o J 

i(K t + m 8) 
w1  « W  (r)   sin  [h 7raz/2c]e oo '  o 

i(K t + m 0) 
P1  « R  (r)   cos   [h Traz/2c]e      0 0 (23) 

0 0 0 

Where K is a constant (which can be complex), m is an integer (which 

can he.  positive, zero, or negative) and h is the wave number in the z- 

direction (which can be 1, 2, 3, etc.). U , B , W and R are functions 
o  o  o     o 

or r only. 

In an analogous manner, for the interior zone, the perturba- 

tion quantities may be assumed to be of the form 

- 6 - 
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i(K t + me) 
u* - U (r) cos (h TTaz/2c)e  x    :L 

i(Kt+me) 
v' - B (r) cos (h iTaz/2c)e 

i(K.t + m,e) 
w* - Wi(r) sin (h 7raz/2c)e  

:L    :L 

i(K.t + m.e) 
?'±  - ^(r) cos (h1TTaz/2c)e  i    1 (24) 

where K , m , and h. are defined as before. U , B , W , and R are once 

again assumed to be functions of the radius r only. 

Substituting Equation 23 into Equation 12, we obtain 

l(K +m ^U --^B --P- K o        or^o  r  o    dr 

(^ + -)U + i [K + « ^B - -i m ^ ^dr  r-'o    ^o   or^o      or 

V      h 7ra 

[K + m -)W = - -2— i R 
^ o   o r-' o     2c    o 

(dU        U \ B        h Tta 

In a similar manner,  substituting Equation 24 into 20, we 

üi ~ ViL dr 

1 m± 

i K1    2c    Ki 

U        dU        im h ira 
— + T""^ + —~ B^ + -^— W    = 0 (26) r        dr r      i        2c      i v    y 

obt-' in 

Since 

of        if 

- 7 - 
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we have 

U.Ce + n) cos (h.iTaz/2c)e 
KK^t + m1e) 

i(K t + M ) 
U (e + n) cos (h TTaz/2c)e  ü    0 (27) 
o o 

Inasmuch as 6, z and t are Independent variables, we require that K , m 

and h, be equal to K , m and h respectively. Thus, the subscripts for 

K, m and h will be omitted in what follows. Equation 25 can be simpli- 

fied to the following 

R11   uH       A o 

22 
o  r  o dr ^  ; 

r R 
2ßm^ 

i R 

+ a 

where 

and 

Ü  « V/r 

a = K + mß 

In a similar manner. Equation 26 becomes 

2 

2 r   dr 
i 
K 

Ui = K dr 

The boundary conditions are 

U (1) « 0 o 

2,2 2 m        TT h a 

4c' 

U.(o) and R (0) are bounded 

(28) 

(29) 

(30) 

(31) 

(32) 

The interface conditions are obtained as follows:  Since P f is equal to 

P,f, from Equations 15 and 22, 

F1 rif P' of (33) 

- 8 - 
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Substituting for P*  and P!  from Equations 23 and 24 respectively, 

R (e) cos (h7raz/2cye 

R (e) cos (h7raz/2c)e 
o 

i(Kt + me) 
(34) 

where we consider n << e. 

dU   U . 

\dr 
r=e 

V(e)  « U.(e) 
o      1 

(35) 

(36) 

Thus, the characteristic value problem consists of Equations 28 and 31 

with boundary conditions 32, 35, and 36.  Since we are interested only 

in those motions which produce a couple on the casing, interest centers 

around values of h - (2j + 1), where j is an integer. 

f 

t 

? 

Axisymmetric Cases 

Setting m = 0 reduces Equations 28 and 31 to the following 

d2ü 

dr 

dV 

1 du 
^o      1^ o 
2        r dr 

1     L XT2      N    2U d 

r K 
r    dr  ^       ; U    = 0 

o 

dr' 

i      1 dUi      fl 2"! i + 7ir-L7 + NJui = 0 

XT2  „    2,2 2y/   2 
where N    = TT h a /4c 

The boundary conditions become 

uo(i) = 0 

Uo(e) - Ui(e); 

1^(0) - 0 

dUo(e) dU^e) 

dr dr 

(37) 

(38) 

(39) 

[ 

I 
I 

The axisymmetric case is of academic interest only. 

- 9 - 
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Case i. The Narrow Gap Approximation for m s 0 

In specifying ß, interest is in those velocity distributions 

which are realizable in a viscous fluid. Equations 9 and 29 determine 

the case of primary interest as 

fi - (l - e2/r2)/(l - e2) (40) 

However, as e ■* 1, an important simplification in the characteristic 

value problem given by Equations 37, 39 and 40 is possible provided that 

(1 - e) is small when compared with (1 + e)/2.  In this case. Equation 40 

may be expressed as 

(41) 

(42) 

fi = s 

s = (r - e)/(l - e) 

The first of Equation 37 may be expressed as 

r—               ""I 

d2   Id   1   „2 
, 2 ^ r dr " 2 " N 
dr         r 

U = - 
0 ".■-l[-f-°2]", (43) 

Using the transformation defined by Equation 42, consistent with the 

"narrow gap" approximation of small (1 - e), equation 43 becomes 

d2 2 
al 

2 
al  2e U = -   • .   s U 

o     2  1-e   o 

2 
a, 
i 

2 2 = (1 - e)V 

where 

By means of the following transformation, 

2/3 ,2/3 &-] 
where 

b2  = 2e/K2(l - e) 

(44) 

(45) 

(46) 

(47) 

- 10 - 
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Equation 44 may be expressed as 

d2U o 

U (xj = 0 (53a) 
o 1 

W = ui(Ne) (53b) 

dU    . ,  dU 

- d^r ■ 2/3"2/3drat«- v R"Ne (53c> 
a,   b 

f 

r 
F-B2294 f 

- x U « 0 (48) 
J 

2     0 
dx 

The general solution of Equation 48 may be given in terms of 

either Bessel Functions of order 1/3 or somewhat more conveniently in 

terms of Airy^ functions AI(x) and BI(x); thus, 

U = A AI(x) + B BI(x) (49) 
0    0 o 

where A and B are the integration constants. 

In order to determine U,, the general solution of the second 

of the differential Equation 37 may be obtained from 

d2ui   i düi  fi    1 

where R2 = N2r2 (51) 

The general solution of Equation 50 may be written as 

Ui = AiIl(R) + W^ (52) 
The boundary conditions in terms of the new independent variable x de- | 

fined by Equation 46 are 

I 
I 
I U1(o) = 0 (53d) 

- 11 - 
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where 

2/3 ,2/3 x1=a1      b &-] 
_    2/3 ,2/3^2 

x2 = a^'     b      /b 

From boundary conditions 53d, we have 

AiI1(o) + W(o) 0 

Therefore, 

B, 0 

(54) 

(55) 

Substituting the general solutions given by Equations 49 and 52 and the 

condition given by Equation 55 into the boundary conditions 53a, 53b and 

53c, we obtain 

A AKx.) + B BKxJ = 0 
o   1    o   1 

A AI(x0) + B BI(XJ = A.I^Ne) O     Z      O     Z      11 

(56) 

(57) 

2/3v2/3 

- -±  A AI' a1   [2° 
(x2) + BoBl'(x2) ] 

I, (Ne) 
Ai I h^ '    NT 

where the primes refer to differentation with respect to x.  A , B and 
o  o 

A may be eliminated from Equations 56, 57 and 58 to give the charac- 

teristic equation as 

(58) 

-1/2 AI'(x2)   BI(x1)  - BI'(x2)  AI(x1) 

^AKx^   BI(x2)  - AI(x2)   BIO^)       . 

I   (Ne)       . o 1 
I1(Ne)  " Ne 

From the definition of x  ,   and x2  in Equation 54,  we obtain 

1/2 x1 = x2 - N(l - e)/x2 

(59) 

(60) 

-  12 - 
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For given N and e, the values of x and x« which satisfy Equations 59 

and 60 simultaneously are the desired values.  However, not all pairs 
2 of x and x2 lead to admissible values of K .  From Equation 61 we ob- 

serve that since 

v2   2e      X2        2e     3/2 „^ K «  •  = r x9' (61) 
1  e  x2 " xl  N(l - e) 

2 
en.d  since K is a real number, first of all x« must be a positive number. 

Secondly, (x« - x..) must also be positive.  Thus, of all the values which 

satisfy Equations 59 and 60, we select only those pairs of x1 and x« 

values which satisfy the conditions that x« > 0 and that x« > X-. 

Case iit The Formal Solution for m = 0 

In case we wish to consider the complete range of e in 1 ^ e >^ 0, 

we must consider Equation 37 without making any approximation.  We then 

have 

d2U - dU  o . !_ o 
'2 r dr 
dr 

^2. 2 -2 + a 
r 

U « 0 (62) 
o 

where 
2 2 2 AN e 

V E1+ 2,    2,2 (63) 

^(l - e*y 

2  _ 2      4N2 .... 
a  = N ■ Tr 272 (64) 

KZ(l - e ) 

Equation 62 would need to be considered with the second of Equation 3'7 

and boundary conditions 39.  The general solution of Equation 62 is 

Uo - Äv(ar) (65) 

where £ is a general cylinder function of crder v.  The boundary condi- 

tions require 

expressed as 

tions require £  to vanish at r « 1.  The required solution may be 

- 13 - 
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Uo = M [J.v(cO Jv(ar) - Jv(x) J_v(ar)] 

where M is a constant. 

Defined in this manner, U clearly vanishes at r = 1. We have further 

at r = e. 

(66) 

l 
M[J-v(a) Jv(ac) - Jv(a) J.v(ac)] = A.I^Ne«) (67) 

Moreover, 

dJ 
 c 
dr r^c 

A^ 
I,(Ne) 

(68) 

The integration constants M and A,; may be eliminated from Equations 67 

and 68 to yield the characteristic equation. For arbitrarily assigned 
2 

v, one may compute K from the characteristic equation and Equations 63 

and 64 for given N and e. 

THE GENERAL CASE 

*, 

[ 

Consistent with boundedness of the solutions of U and R. at 

the origin Equation 31 has the following solution 

R^ = AI (Nr) 
1    m 

u « AR; = A - i + Ni .J 
i  K i    jj: m    m^-lj 

where A is any arbitrary constant.  Equation 28 may be rewritten as 

o      a 'V»2k + 7^r7uo 
u 

R' «.ir-i—u +BR1 GLl-  e2    0      r    0J 
+ aU 

o 

(69) 

(70) 

(71) 

(72) 

- 14 - 
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The boundary conditions become 

(73) Uo(e)  = | - I  (Ne) + NI em 

R (e)  = AI  (Ne) o                 m 

U  (1)  - 0 
0 

m + l
(Ne>J 

(74) 

(75) 

where R is redefined as -iR of equations prior to Equation 69.  The 

eignevalue problem now is the following: find those values of K for 

which the Equations 71 and 72, and the boundary conditions 73, 74, and 75 

are satisfied. 

Since Equations 71 and 72 are homogeneous, any constant times 

any solution that satisfies the boundary conditions will also be a so- 

lution.  Thus, in the eigenvalue problem, we can arbitrarily assign any 

value to the constant A.  For convenience, we set it equal to unity. 

NUMERICAL SOLUTION 

Since Equations 71 and 72 are too cumbersome for closed solu- 

tions, we employ numerical integration methods.  The numerical procedure 

for solving the eigenvalue problem is as follows: for an assumed value 

of K, we can compute the values of U (e) and R (e) for a given set of 

values of m, e, and N.  Using these as the initial values, we can inte- 

grate Equations 71 and 72 by numerical methods to yield U (1).  If this 

value is zero, then our choice of K is indeed the right one.  If not, 

we change our assumed value of k by a selected increment and recompute. 

In practice, since it is uneconomical, computer time-wise, to calculate 

a precise zero value for U (1), we arbitrarily say that if the absolute 

value of U (1) is less than a prescribed positive small number, then our 

choice of the k value is the right one. 

For negative values of m. Equations 71 and 72 have a singularity 

depending on whether or not the quantity 1 + (1 - e") K/m is real or 

- 15 - 
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complfr. If the quantity Is real, the singularity Is at a raduis given 

by 

Singular " e >  v/1 + ^ " ^ K/m (76) 

At this radius, the derivates of U and R cannot be computed from Equa- 

tions 71 and 72. However, from physical considerations,twe require that 

U and R be continuous at this point. oo r 

When a singularity exists, we employ the following procedure: 

We divide the two zones, e < r < r .  and r .,  < r < 1 into N- and N« —  — sing     sing —  —       12 
intervals, where N- and N« are selected to be such that the increments 

in radius for an interval is approximately equal in both zones.  Starting 

from r = e, we integrate the Equations 71 and 72 till we reach the last 

interval of e < r < r .  . We subdivide this into four smaller inter- -  - sing 
vals and integrate the equations to obtain the values of U , R and their 

derivatives at the three intermediate points shown in Figure 1. Using 

these values, by linear extrapolation, we estimate the values of U , R 

and their derivatives at the singularity.  Since we cannot use Equations 71 

and 72 at the singularity, using the estimated derivatives, we integrate 

numerically to the one-fourth point of the next interval. From here on, 

we revert to the conventional integration procedure using Equations 71 

and 72. 

The numerical integration procedure used in the computer pro- 

gram for calculating the eigenvalues is the familiar Runge-Kutta-Gill 

method. 

DESCRIPTION OF THE COMPUTER PROGRAM 

For computing an eigenvalue, the input data to the program is 

supplied by two cards. The input map for the program, describing the 

breakdown of the entries in the cards are shown in Table 1.  The third 

I-field on the first card of each set was originally intended to supply 

the value of n.  Since, this was subsequently generalized to be a 

- 16 - 
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Table 1 

INPUT MAP 

F-B2294 

Card No. 1 

Card No. 2 

Variable 

M 

MM 

NN 

NR 

IGEN 

NSTOP 

LC 

PLAO 

DPLA 

TRUNC 

CRAD 

Definition 

Run Number 

-m 

Enter zeros 

Number of integration 
intervals _< 50t) 

Number of Eigenvalues 
required 

If last set of data being 
read, should be entered non- 
zero.  Otherwise, enter zero. 

10 Ne £ 50 

Initial trial value of Eigen- 
value 

Increment of Eigenvalue 

Permissible truncation 
difference 

Format 

16 

16 

16 

16 

16 

16 

16 

E12.0 

E12.0 

E12.0 

F12.6 

IHTTH 
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factor in N (CAPN in the program). It may be filled in with a zero or 

any other number. This number wil? appear on the printout as the value 

of n (N in the program).  Since it has no other effect on the program, 

it may be ignored for all other purposes. 

The computer program, written in Fortran IV, is given in the 

Appendix: the first subroutine, NING(NRl) provides the ?.unge-Kutta-Gill 

integration method.  It also calls a subroutine, DER(Y, FM, C0N, CRAD, 

FK, AK) which provides the derivatives of U and R as given by Equa- 

tions 71 and 72. Subroutine NUESTI, called by the main program, provides 

a method for incrementing the eigenvalue on the basis of current deriva- 

tion in U (1) from the specified truncation error.  Subroutine RKGC0N 

(AIN, BIN, CIN) supplies the RKG constants to the main program.  Sub- 

routine BESC0N(AI, BI), called by the main program supplies the values 

of the modified Bessel functions.  If the program is to be run for any 

values of m other than -1, this subioutine will need to be changed to 

supply the modified Bessel functions of the appropriate order. 

- 19 - 
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RESULTS 

Table 2 shows the effect of various step sizes on the computed 

is.  Truncatioi 

value increment is .05. 

eigenvalues.  Truncation is of 10  , initial eigenvalue is 0.01, eigen- 

Table 2 

EFFECT OF STEP SIZE ON COMPUTED EIGENVALUES 

Lowest eigenvalue K for Lowest eigenvalue K for 
Ne = .2 Ne = .2 

Total No. of b/a = e = 0 .45 b/a = e = .1 
Steps m = - 1 m = -1 

100 .76079984 .35125716 
200 .75407226 .35046438 
300 .75447285 .35032046 
400 .75445469 .35025621 
500 .75479767 .35021697 

The results show that if 200 or more total number of steps are employed, 

the variation is in the fourth significant digit. 

Table 3 lists the results for various Ne and e values computed 

with 200 integration steps, an initial eigenvalue of 0.01, and an eigen- 

value increment of 0.05.  With this sweep procedure, the listed eigen- 

values were found to be the lowest.  It is possible that if the eigenvalue 

increment is lowered from 0.05 to some smaller value, other, ever lower, 

eigenvalues may be discovered; but this is considered to be extremely un- 

likely. 

In Stewartson s notation, we have 

a(2j -I- 1)  2N 

b/a = e 

T = K 

Stewartson, K., On The Stability of a Spinning Top Containing 
Liquid,   J. Fluid Mech., 5, 1959, pp. 577-592. 

- 20 - 
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*EOÜI 04/01/66 
MAIN       -  EFN   SOURCE STATEMENT  -  IFNCS)  • 

MAIN PROGRAM FOR THE DETERMINATION OF EIGENVALUES 310-82294-01 

nCOMMON FM.KMICON,DEL,NR.X(1,5015'2(1,501).FREOU(3)>DET(3),AIN(4), 
1B!N(4>,CIN(4),CRAD,DPLA,IDET,ILU,KLUE»UCO,RCO»RAD I US(501) 
DIMENSION AI(50)#BI<5o) 
NSTOP'O 
CALL RKüCON(äIN,BINICIN) 
CALL BESCONCAI.BI) 

20 IF(NSTOP.Nb.0)STCP 
RI5An(5,10)M,MM,NNiNR, I GEN » NSToP » LC# PLAO » DPLA , TRUNC , GRAD 

10 FPiRMAT(7l6/3El2.0.F12,6) 
MMs-MM 
FMsMM 

FN*NN 
FNRsNR 
FREOU(l>sPLAO G0000013 
BNC=LC 
FNC=dNC/10. 
CAPNxFNC/CRAD 
C0N=CAPN#*2 
ÄIM1SAI(LC)*EXP(FNC) 
A!M2sBI(LC)*EXP(FNC) 
IHET'l 00000014 
KKK=1 0000001^ 
WftITb(6l85) 

83 FORMATCIHI 3bHCURRENT VALUES OF INTEGRATION DATA //) 
W^ITb(6.Ö6)CAPN,LC 

86 FnRMAT(5X7HCAPN »   FlO,4,5X5HLC i 12) 
DO 30 IG«1.IQEN 00000016 
jrjouNT»! 00000017 

7 0 UC0=CFM#AIM1/CRAD*CAPN»AIM2)/FREQU(1) 
RC0=ÄIM1 
RADIUS(l)eCRAD 
x<i»i)«uco 
Zfl,l)sRC0 
CALL NING(NRl) 
DPT(1)»X(1,NR*1) 
WRITb(6i90)M,IG»FREQU(l)tX(liMR*l) 

90 F^RMAT( // 10X 13HRUM NUM 
tBPR s 13, 5X  5HIG = I2i 5X 16HTRIAL EIQENV, » El5,6, 5X 9H  U(l) 00000023 
2s El^.ö) 00000024 
IF(IÜET-2)17 0»17 0»1Ö0 000QO025 

170 DL r DET(l) 00000026 
AL = FREQüd) 000^0027 
GH TO 190 00000028 

180 ir(AL=FREQU(l))170,170I190 00000029 
190 AHET » ABS (DET(l)) 0000003G 

IF(AÜET»TRUNC)80i80»l0 0 000 00 031 
100 CALL NUfcSTl 00000032 

GO TO (80,110, 20),KLUE 00000035 
110 IHET « 1DET*1 00000036 

irOUNT«ICOUNT*l 00000037 
inICOUNT-50)70,70, 20 

80 WRITb(6,l) 
1 FORMATdHl 41X 32 I EIGENVALUES AND EIGENFUNCTIONS  ) 00000040 

Al 



MAIN tFN)   SOURCE STATEMENT IFN(S) 
04/01/66 

W«!Tk(6,2)MlMM,NN>IG,rREQU(1),CAPN,CRAD 
2   rnRMAT(//4dx 10HR IN NO. = 13/// 7X 6H M »    13,  5x 8H    N » 13 

1    t'X 12, 2X 13H^IÜENVALUE S E15.8 • 9X6HCAPN r Fl2,6,5x4Hr; « F6.2 
W^lTfc(6,3) 

J F^RMATC/Z/lBX 2H f? 4x 14H U MrjDE SHAPE 4X 14H R MOüE SHAPE 18X 2H 
^R 4X 14H U ^ODE S lA^E 3X lt>H  R MODb SHAPE  //) 
KPA = 1 
N^R=NR/2 
D^ 40 I«lfNRH 
IF (i=öt*KPA) 30,60.50 

60 KPA * KHM+I 
W^ITt:(6,l) 
WRITC(6,2>M.MMJNN»13,FRtQU(l),CAPN,CRAD 
Wf:<lTfc(6,3) 

50 K«NRKM 

WRlTt( ö,130) RADIUSM),X(1# I ),Z(1,I)»RAD1US<K)#X(1>K)IZ(1,K) 
130 FnRMAT(F20.4,  3X E15.Ö, 3X El5.8,F20.4,   3X E15.8, 3X E15.8) 

IF(I-NRR) 40.140I40 

140 K s ^^l 
WPITt(6,1^0) RADIUS(K),X(1,K),Z(1(K) 

150 F^RMäT(40X F20.4»3X El5fö, 3X E15.8) 
40 CONTlNUt 

FREOÜ(2)sAL 
D^T(^)  =DL 
FREQU(:)=AL*ÜPLA 

30 inET=2 
G^ TU 2Ü 
END 

) 

00000047 

00000048 
00000049 

00000051 

00000055 

00000057 
0 000 0 058 
00000059 

00OÜ0062 
00000063 
00000064 
00000065 
00000066 
00000067 
00000068 

A2 



I REDD! 05/02/66 
nOODY     •  EFN   SOURCE STATEMENT  •  ITNCS)  - 

. i 

i 

i 

I   SUBROUTINE NINQ(NRl) 
OCOMMON  rMlFN,CON,OBLiNRiX(li50l)if(lif01)fFREOü<3)iDET(S),A!N(4), 
Il8IN(4)-ClN(4)lCRAO,DPlA»lOET,lLU,KLUE.UC0.RC0iRADlUS(90l) 

DIMENSION   AK(3)iY(3),n(3).AM(5),BM(S) 
FK-FREQUd) 
YCD'CRAD 

rY<2)iUC0 
Ye3)aRC0 
QtDsO, 

f Q«2)«0. 
Q(3U0f 
AKd)«!, 
B!N08l.*(l.-(CRAD»«2))«rK/rM 
IF   (BINQ)S,3.1 
RSINQaCRAD/SQRT(8INQ) 
WRITE(6i2) RSING 

1  2 FftRMAT(//20X 14NR(S!NGULAR) = F9,f) 
!    GO TO 4 

3 WRITE(6i5) 
,  5 FORMATdOXSSHSINQULARTTY OUTSIDE INTEGRATION DOMAIN       ) 

4 BNRsNR 
1 NRl«BNR»(RSING-rRAD)/(l.-CRAD) 

NRM3NR-50 
I»r(NRl.LTP.50)NRl«50 

1   IF(NRI,QT;NRMJNRI«NRM 
NR2»NR-NR1 
FNRlsNRl 
FNR2sNR2 
DELa(RS!NQ-CRAD)/FNRl 

IDELl»<l.-RS!NÖ)/FNR2 
DFLTA»DEL/4. 
NAB«NR1*2 
DO 1000 LPIINAB 
Iir(L.GE.NRl)DPL«DELTA 

DO 100 JJP1I4 
CALL DERCY.FMiCON^CPAD.FK.AK) 

I    DO 50 I»l,3 
AIKN aAIN<JJ)*(AK( I)-BIN( JJ)*0(ni 
Y<I) « Y(I)*DEL*AIKN 

^0 Oil)   * 0(|)*3I#AIKN -ClN(JJ)tÄK(n 
1100 CONTINUE 

RADIJS(L*1)«Y(1) 
X(1,L*1)«Y(2) 

1000 2a»L*li»Y(3) 
CALL DERCY.FMfCON.CRAniFKiAK) 

ÖU«AK(2) 
BRiAK(3) 

I    YCDsRADIUStNAB) 
I    CALL DE«(Y,FMlCON»CRADiFK,AK) 

AU«AK(2) 
! AR»AKC3) 
!    AK<2)«2i»»U-AU 

AK<S)«2,«iR«AR 
Y(l)«RSINO 
Ye2)«2.*X(liNAB*l)'X(liNAI) 

A3 



«EPDI 
GOODV 

0f/0t/6« 

EFN   SOURCE STATEMENT IFNCS) 

«1 

82 

60 
90 

900 

RADI 
m. 
Z(li 
DEL6 

DO 8 
DO 8 
irci 
CALL 
DO 8 
AlKN 
YU) 
Of /) 
CONT 
RAOI 

zn, 
DFL» 
00 9 
im 
DO 9 
CALL 
DO 6 
A!KN 
Yd) 
Oil) 
CONT 
RADI 
X(l» 
Ztli 
RETU 
END 

«2.*Z(liNAB*l)-Z(l#NAPI) 
J$(MR1*1)«Y(1) 
NRl*l)»Y(2) 
MR1*1)«V(3) 
DELl/4, 
0 L"i,4 
0 JJ«1.4 
.EQ.nQO TO 81 
nERCV^MiCON^CRAniFKtAK) 

2   I>li3 
aAlNeJJ5t(AK(I)-BlN(JJ)«0(I)i 
« Y(I)*DEL«AIKN 
a   OdUS.tAIKN   -CIN(JJ)»AK(I) 

IMUE 
JS(NRl*2)»y(l) 
NRW)8Y(2) 
MR1*2>«Y(3) 
DELI 
00   L»NABiNR 
.EQ.NR)DELS1.-Y(l) 
0   JJ«li4 
nERCV.FM.CON^CRADffKiAK) 

0 I«l,3 
=AlN(JJ)A(AK(I)fRIN(Jj)«0(I)i 
» Y(!)*DEL»A1KN 
» 0(!)*3,»MKN 'ClN(JJ)«AKCn 
INUE 
ÜS(L*l>«Yel5 
L*l)«y(2) 
L*1UV(3) 
RN 

i 
A4 



REDD! 
DERlVfi 

09/r9/66 
EFN   SOURCE STATEMENT IFMS) 

SUBROUT 
ÜIMENSI 
R?sl./( 
ALPMA=F 
ÖETÄS2, 
OMEGAs. 
StGMArF 
AK(2)=( 
AK(3)=- 
RFTURN 
END 

INE DER(Y,FM,CON»CRAD,FK»AK) 
ON Y(3) .AKO) 
Y(l)#Y(in 
M«FM*R2*C0N 
/(l.-CRAD#CRAD> 
5#(l.-CRAO#CRAr)*R2)#BETA 
K*FH#OM£GA 
ALPHA#Y(3)+FM#QETA»Y(2)/Y(1 > )/SIGMA-Y(2 ) /Y(1) 
2,#0M£GA«(RETA»Y(2)>FM#Y(3)/Y(l))/SlGMAfSIQMA»Y{2) 

\i 

1 ! 

\( 

^1 

A5 



«Fnni 
PHI AR 

f)?/??/66 
-     FFN        SHURCE   STATEMENT     -      IFNCSJ      - 

^.URRriUTlNF   NUFSTT 
nrfMMON   FM,FN,rnN,nFl »NR.XC 1#501 ) •/«!# S01)fFRE0U(3)fr)FT(3)»ÄFNC4K 
lRINJ(4Kr. TNC4),rRAr)*nPl A»IOFT%ILUtKLUFtUCOtRCO«RADniSC50U 
riiJiIRi F   PRFCTSIflN  F3 ?1 ^21^ tFD. AFl •F?1,Fll .F 12 tDlF I • D2F?, O^F 3, AF 2. 
l^ M?.AFl,On*rC,SRKFF1tFF7 
IFIIDFT-?)      10*      20.      30 0^000123 

10   FRF0U(2l=FRF0lJf 1) noo00l24 
f-RFOtJ( 1 l=FRF0lJ(2l*f)Pl A 
l;FT( 2)=:nFT( 1 ) ooonoi2<s 
MCI UF- 3 00000127 
Gn in 40 0onnoi28 

20 cn^T = omn* nFTC2) 0000012^ 
s fi UF = 3 00000130 
IMOOFn 50, SO, 60 00000131 

AO II U - 2 00000132 
GU rn 70 OOonr>i3^ 

SP    IMI   =    I 00000134 
7r   FRF01U3)=FRF0UJ2J 0^000135 

rFT(3l    =   DFTm 00000136 
FRF0(H2t   =FRFOlJ(n 00000137 
DFTf?)   =   OFTdl 00000138 

qs r;n rn  (90.ioo).uu 00000139 
on   tkKJlU 1 ) = .5«CIFRF01H3KFRF0U(2))-((FR   OU(3J-FREQUC2))/(^FT(3l- 

x    DFn 2) ii4c(nFT(3unFTf 2in 
nn  rn 4n orocoi4i 

100   »-«FOIH 1 )«FRFQÜI2l*nPLA 
(;n rn 40 00000143 

' (,0 rnn io,i20). nu 00000144 
no r.opr = nFTm*DFTm 00000145 

It-<nOFT) 1 30 # 130,140 00C00146 
I >n NCI UF =1 0OC00147 

r,i) rn ) 50 O00G014H 
140 nnFT^DFK n^OFTM) 00000149 

fMf! UF = 2 OOOOOl'SO 
rF(OOFTI150.150,70 00000151 

1 SO fF(FRFOh(311 165,165,300 00000152 
ifs rn rn(i75,ifl5»,NrLUF 00000153 
17S FPFJIK 3|sFRF0UI II 00000154 

DFT«3)=nFT( 1) 00000155 
i;n  rn 95 00000156 

IPS   FRFQlii 2l=FRF0ür II 00000157 
fiFT(?l=nFTC 1 I 00000158 
r.r1 rn 95 00000159 

W:)   nF12 = ÄRS   (CFPF0U(n-FRF0lM2l)/FRF0UIUI 00000160 
On UARS   (CFRFOUCl I-FREOIK 3 ) )/FRFOU( 11) 00O0O16I 
nF2^ = Afl<;   nFRF0UI2l-FRE0lJC3n/FRE0U«2n 0000016? 
IFCHF12-.1F-04>312»312#313 00000163 

4M   mnFM-.lF-C4)312,312.3l4 00000164 
314   TFinF23-.lF-n413ri2,312t311 00000165 
31?   GO   ffK 165.50KFLU 00000166 
Mini-   OFTCl ) 00000167 

r?   -   nFT(2) 00000168 
03   =   r)FT(3) 00000169 
Fl    .   FPFOUm 00000170 
F2   =   FRFOUC?) 00000171 

A6 
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1^7 

400 

RO 
son 

A00 
700 

160 
170 

IflO 

im 

!90 

200 

^n 
710 

2?0 
1 

r JO 

R^nni 02/22/66 
PHI AR               -     fFN       SOURCE   STATEMENT     -     IFNISI     - 

Fl   «   FRFOIH^I 0^000172 
F171   «TF1-F7I/F1 00000173 
Fn?  =CFl-F^)/F? 00000174 
F713   x|F?-FlJ/F1 00000175 
FD        «   F3?l   ♦   F13?   ♦  F?13 00000176 
AF1     «ini«F17l   ♦  0?«Fn?  ♦   D3*F713I/FD 00000177 
F73     *   F7/F3 00000178 
F-n     = Fl/Ft 0000017^ 
F12     s   Fl/F? oooooiao 
OIFI * ni/Fi 000001R1 
07F? * n?/F? 00000182 
n^Fi s m/Fi 00000183 
AF7     «   iniFl*eF73-l.O/F23l*O2F2*IF3l-1.0/F3l)^O3F3«fFl2-l. i0/Fl?»l/00000184 

IFO 00000185 
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OP        ^      AFt/AF3 00000188 
CG        =     0.S*AF2/AF3 00000189 
rcD=r.c**?-Oi) 00000190 
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FF1      -   -CC+SRl 00000193 
FF2     =   -fX   -SRI ^0000194 
no Tncifio.Aon. itu 00000195 
nu « i 00000196 
FRFDMf 31   =   FRFT 00000197 
OF   f ->)         =   OFTi^l 00000198 
FRF0Ur7)  = FRFourn 00000199 
nFT(?l         =   OFTCll 00000200 

00000201 
IF(FF1-FRF01H3I 1500.500.600 00000202 
FRFOCJTTMFF? 00000203 
GO   TCI   40 00000204 
IFfFFl-FRFOUC71)700.700.500 00000205 
FRFOIHI |=FF1 00000206 
nn TO 40 00000207 
GH   TOI170.1801.NCLUF 00000208 
FRFairT^i=FRFOTnn 00000209 
nFT(3)      xOFTCU 00000210 
GO   TO   RO 00000211 
FRFOUm=FRFOlJl 1) 00000212 
OFTC?!    =nFTfii 00000213 
GO   TO   RO 00000214 
riOFT   =   HFII 11 ♦OFT 171 00000215 
rFinoFTii<?o.iso.?oo 00000216 
NCLUF   =   7 00000217 
IFfFRFOIH3n50.50.300 00000718 
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SUÖROüTINE RKGCON(AIN'BIN'CIN) 
DIMENSION AIN(4)»BIN(4)»CIN(4) 
ATN(l)sl./2. 
SRT=SORT(AIN(l)) 
AIN(2)sl,-SRT 
A!N(3)sl.*SRT 
AIN(4)5l./6. 
BIN(1)=2. 
8IN(2)S1. 
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RETURN 
END 
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1821076 
1804U9 
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1771244 
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1724502 
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BI (31 15.2385126 
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