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SUMMARY

For a stationary flow in a cylindrical container of the
Couette type in an outer radial zone, and of zero velocity in an inner
radial zone, the normal mode equations are derived. For negative wave
numbers in the 8-direction, these equations are found to have a signu-
larity.

The eigenvalues are calculated by initial value methods em-

. ploying the Runge-Kutta-Gill integration procedure. Values of the

dependent function and their derivatives at the singularity are calcu-
lated by linear extrapolation coupled with continuity requirements.

Tables of eigenvalues for various slenderress ratios of the
cylinder and various radial nodes are given for 6-~wave numbers of -1.
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INTRODUCTION

The object of the following investigation is to determine the
eigenfrequencies of a viscous fluid, contained in a rotating cylinder,
during the initial spin-up perjod. In order to make the problem trac-
table, an inviscid fluid is assumed and the fluid is divided into two
zones; an outer radial zone in which a Couette type flow prevails and
an interior zone which is static. The initial flow distribution, where
the interface between the two zones 1s assumed to decrease from the
outer radius to zero in a quasi-~static manner, is assumed to be time in-

dependent.

FORMULATION OF THE EIGENVALUE PROBLEM

In the following we are interested in the characteristic fre-
quencies of an inviscid liquid contained in a cylindrical container.
The 1liquid is assumed to have an initial stable motion of the Couette
type for an outer radial zone whereas the interior is assumed to be at
zero velocity. Thus, let the container be of radius a and height 2c.

Then the strtionary flow in the outer zone is given by
u = 0 ' a>r>hb
Uy aw[(r/a) - (eza/r)]/[l - ez) 0 <[e = b/a] <1
v, o= 0 (1)

In the inner zone,

w, =0 i (2)

where b 18 the radius of the interface between the static interior and
the moving exterior; u, v, and w are the radial, longitudinal and axial

components of velocity in a cylindrical coordinate system with the

-1 -
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2z~axis aligned along the axis of the cylinder.
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The origin of the ccor-

dinate system is located at the bottom of the cylinder so that the z-

coordinates of the end faces are given by 0 and 2c. The velocity

components in the inner and outer zones are distinguished by the sub-

scripts 1 and o respectively.

For convenience, we consider the two zones, namely, the exterior

zone of Couette flow, and the interior zone of zero velocity, separately.

These are then coupled by boundary conditions imposed at the interface,

where the radial velocities and pressures corresponding to the two regions i

are required to be equal. Considering the exterior zone first, the con-

tinuity and momentum equaticas with the anpropriate boundary conditions

are:
ou ’
o 2= -3 (0
ot + (Qo V) Yo T Vo/r N or )
ov P !
0 139 0 :
Yol (Qo V) v, + uovo/r =-<33 (p ] |
ow P ;
0 d 0 '
et (0,7 v, = - 55 (5%) i
v |
= L, 03 a :
Qo s Yo or + r 36 + Yo 3z ‘i
u, auo 1 avo awo
Tt tree T O 3)
The boundary conditions are
r=a;u =20
o
z =0, 2¢c; wo =0
Moreover, at the interface, we have
(4)

Uor ™ Yif’ Pos = Pyg

where subscript f refers to the interface.

-2 =
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Substituting the following,
R = . X = . -
u* uo/aw, vk volaw, wg wo/am
r* = r/at; z* = z/at: t*¥ = pt; 6% = 0
p*/p* = p/pa2w2 (5)
and dropping the asterisk, the stationary flow is given by
u =0
o
2 2
v, = [r - e /r]/[1 - 7] 1>r>e
w =0
0
The boundary conditions now become
r=1:u =20
o
z =0, 2c/a; w, = 0 (6)
At the interface, they are
Yof = M1f} Pof T Py ™
Here Use and P s are the appropriate non-dimensional radial velocity and

pressure prevailing in the flow field of the inner zone at the interface.

From the non-dimensional form of Equation 3,

aP 2
-9 .y
or r
BPO
36 -0
BPO
5 =0 .(8)
where
P = po/D
2 2
va={[r-e/r]/(1=2¢e") (9)
Integrating,
r 2
P = J (vi/y) dy + P, (10)
e

-3 -
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where P1 1s the equilibrium pressure at the interface.

We now assume perturbations due to a radial displacement, n, of the in-

terface from its equilibrium position corresponding to r = e.

W =W
o o
r 2
P =J Y& gy 4p' +p (11)
c y ) 1
e
Substituting the perturbations into the dimensionless Euler's equations
of motion, and neglecting second and higher order quantities,
' ] '
Mo ¥ v, %
ot r 96 r o or
! ] ¢ [
_B.Y.Q.,.uvﬂ.,,ii‘i‘?._,_i’z:_l&
ot odr r 96 r r 96
w' ow' ) 3
0 +.! o ___0O
ot r 36 0z
ué aué 1 Bvé aw;
Tt tree ta n O (12)
The boundary conditions become
r=1; u' =0
o
z =0, 2c/a; wé =0 (13)

The boundary conditions due to displacement of the interface are obtained
in the following manner:

Let the interface be at

r=e+n , (14)
Substituting into the last of Equatioms 11 and neglecting second and higher

order terms,

P_=P +P'
o

of 1 (15)

f

-4 -
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At the interface, we have from 14

Ll 6
Y T ot L8
where second and higher order quantities in the perturbations have been

ignored.

We now consider the interior zone. The Euler's equations of
motion and the equation of continuity are once again given by Equation 3

in a non-dimensional form. The boundary concitions are

z = 0, 2c/a; w, =0 (17)

and w, are bounded.

r=0; U, vy 1

At the interface, they are

u = u

if of
| Pie=P (18)
We once again assume perturbations due to radial displacement, n, of the
interface from its equilibrium position corresponding to r = e.
= 1]
Y15 Y
VLR
S
wy =Wy
- 1]
Pi Pi + Pl (19)
Substituting in Equation 3,
] 1
aui . aPi
at ar
' '
avi o ;.api
ot r 96
' 1
awi . api
ot 9z
u! du' av!  ow!
i i, 14 i,
r + or + r 96 + 0z 0 (20)
-5 -
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The boundary conditions become

z =0, 2c/a, wi =0 (21)
= 0 1 ' '
r =0; ugs, vy and w, are bounded.

At the interface

i
Y
Pl =P .- P (22)

NORMAL MODES

In accordance with the usual procedure of treating characteristic value
problems, the perturbations are analyzed into normal modes. In view of
the boundary conditions, it is natural to suppose that the perturbations
are given by quantities which have a (r, 6, z, t) dependence given by

i(Kt+m?8)
! Uo(r) cos [hoﬂaz/Zc]e °

e
]

i(Kot + m 6)
Bo(r) cos [honaz/Zc]e °

<
n

. i(Kot + m 8)
Wo(r) sin [honaz/Zc]e °

£
n

i(Kot + m 8)
Pé = Ro(r) cos [hoﬂaz/Zc]e ° (23)

Where Ko is a constant (which can be complex), m is an integer (which
can be positive, zero, or negative) and ho is the wave number in the z-
airection (which can be 1, 2, 3, etc.). Uo’ Bo, WO and R° are functions

or r only.

In an analogous manner, for the interior zone, the perturba-

tion quantities may be assumed to be of the form

-6 -
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i(Kit + mie)

ui = Ui(r) cos (hiwaz/2c)e
i(Kit + miB)

vi - Bi(r) cos (hiwaz/2c)e
i(Kit + miB)

wi = Wi(r) sin (hiﬂaz/ZC)e
i(Kit + mie)

' =
Pi Ri(r) cos (hiﬂaz/2c)e
where Ki’ L and hi are defined as before. Ui’ Bi’ wi, and Ri

again assumed to be functions of the radius r only.

Substituting Equation 23 into Equatien 12, we obtain

dR
i(K +n Sy -Hp =2
o or’ o r 0 dr

dv \'/ \') Ro
(d—+—)u +1(K +m =)B =-im —

r r’ o o or’o or

h ma

(K +m Yy =-—2— 1R

o or’ o 2¢c o

dUo Uo Bo hona
s—+—|+im —+——W =0

dr r or 2c¢ o

In a similar manner, substituting Equation 24 into 20
obts=1in

g i

i Ki dr
R S Y

i r Ki i
oo 1 hiﬂa o

i Ki 2c i
U dU im h,na
B S SU § i -
r Tar T Bt Wt g

Since

] - A {

Yof T Yif
-7 -
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(24)
are once

(25)
s We

" (26)




we have
i(X
Ui(e 4+ n) cos (hinaz/2c)e

Inasmuch as 8, z and t are independent variables, we require that Ki’ m

and hi be equal to KO, m and ho respectively. Thus, the subscripts for

K, m and h will be omitted in what follows.
fied to the following

dUo Uo m d ‘2
ol& ) 2% () |G
. dR
2 24 d 2
¢u_ - u o= (arf) 2m ==+ 0= |1
where
Q=V/r
and
=K+ nQd

In a similar manner, Equation 26 becomes

R RN s Gl I
r dr K 2 2 i
r be
g iR
i K dr

The boundary conditions are
Uo(l) = 0

Ui(o) and Ri(O) are bounded

The interface conditions are obtained as follows:

Pif’ from Equations 15 and 22,

' o D!
Pir = Yor

- ff =

|"irnzrnnnrun1nsnnnt'nanmncnlancnnxonms

i

t + mie)

i(Kt+M)
- Uo(e + n) cos (honaz/2c)e o o

Equation 25 can be simpli-

Since Pof is equal to

(27)

(28)

(29)

(30)

(31)

(32)

(33)




*- [ ]
Substituting for POf

Ri(e) cos (hmaz/2c)e

= Ro(e) cos (hmaz/2c)e

where we consider n <<

U
K (2 +
r

Thus, the characteristic value problem consists of Equations 28 and 31
with boundary conditions 32, 35, and 36.

in those motions which produce a couple on the casing, interest centers

and P'

if

e.

a,
dr

i(Kt + m6)

dUO UO m
R e
r

Uo(e) = Ui(e)

i(Xt + mo)

around values of h = (23 + 1), where j is an integer.

*
Axisymmetric Cases

Setting m = 0 reduces Equations 28 and 31 to the following

. 2.2 2

where N2 = 1t h"a /4c2

The boundary conditions become

u 1)

Uo(e)

U, (o)

0
Ui(e);

0

B 2
r K
 W—

dUo(e)= dUi(e)
dr dr

*
The axisymmetric case

d 2
-E(Qr ) U,

is of academic interest only.

=NoNe
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from Equations 23 and 24 respectively,

Since we are interested only

0

(34)

(35)

(36)

(37)

(38)

(39)

emng N

b |

-y |y

.
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Case i, The Narrow Gap Approximation for m = 0

In specifying 2, interest is in those velocity distributions
which are realizable in a viscous fluid. Equations 9 and 29 determine

the case of primary interest as

a=(1-e2/e%)/(1 - &) (40)
However, as e - 1, an important simplification in the characteristic
value problem given by Equations 37, 39 and 40 is possible provided that
(1 - e) is small when compared with (1 + e)/2. 1In this case, Equation 40

may be expressed as

Q=s (41)

(r-e)/(1 - e (42)

s

The first of Equation 37 may be expressed as

2 2
o ,ld 1 W2y oo N [0, 48 021y (43)
[- z r dr 2 o 2 dr o)
dr r K

Using the transformation defined by Equation 42, consistent with the

"narrow gap" approximation of small (1 - e), equation 43 becomes

% 2 ai 2e
2%t 2 Y (44)
s K

at = (1- i (45)

where

By means of the following transformation,

_ 23 2731
x=a;'" b [:bz %] (46)

b2 = 2e/K3(1 - e) (47)

where

- 10 -
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The general solution of Equation 48 may be given in terms of

either Bessel Functions of order 1/3 or somewhat more conveniently in

terms of Airy's functions AI(x) and BI(x); thus,

U0 = Ao AI(x) + Bo BI(x)

where Ao and Bo are the integration constants.

In order to determine Ui’ the general solution of the second

of the differential Equation 37 may be obtained from

2

ke T R T SR [
o R |2 1

The general solution of Equation 50 may be written as

where R2 = N2r2

Ui = Aill(R) + BiKl(R)

The boundary conditions in terms of the new independent variable x de-

fined by Equation 46 are
Uo(xl) =0

Uo(xz) = Ui(Ne)

AR .
dx ai/3 b2/3 dR
U, () =
- 11 -
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X =

X

25

R =

Ne

(48)

(49)

(50)

(51)

(52)

(53a)

(53b)

(53¢)

(53d)
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where

¢ 213 2/3[ ]

- 2/3 2/3
x, 3 ay (54)
From boundary conditions 53d, we have
AT, (0) + BK (o) = 0
Therefore,
- 55
B, =0 (55)
Substituting the general sclutions given by Equations 49 and 52 and the
condition given by Equation 55 into the boundary conditions 53a, 53b and
53c, we cbtain
= 6
A AI(x;) + B BI(x;) = C (56)
AOAI(xz) + BoBI(XZ) = Aill(Ne) (57)
ai/3b2/3
] ]
- ———;I——" AOAI (x2) + BOBI (x2)
Il(Ne)
= Ay | I (Ne) - 2 (58)
where the primes refer to differentation with respect to x. A_, Bo and
v
Ai may be eliminated from Equations 56, 57 and 58 to give the charac-
teristic equation as
1 - 1
x_l/z Al (x2) BI(xl) BI (XZ) AI(%l) ) IO(Ne) 1 _(59)
2 AI(xl) BI(xz) - AI(xz) BI(xl) Il(Ne) Ne
From the definition of X1 and X, in Equation 54, we obtain
2
x, = %, = N(L - e)/x3/ (60)
- 12 -
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For given N and e, the values of X and X, which satisfy Equations 59

and 60 simultaneously are the desired values. However, not all pairs

of X and X, lead to admissible values of Kz. From Equation 61 we ob-

serve that since

2 _ 2 M2 ___2e 32
2 %2

l-e X=X x1-e

end since K2 is a real number, first of all x

K (61)

9 must be a positive number.

Secondly, (x2 - xl) must also be positive, Thus, of all the values which

satisfy Equations 59 and 60, we select only those pairs of X1 and X,

values which satisfy the conditions that X, > 0 and that Xy > Xy

Case i1, The Formsl Soiution for m = 0

In case we wish to consider the complete range of e in 1 > e > 0,

we must consider Equation 37 without making any approximation. We then

have
d2Uo 1 dUo v2 9
2 +';E£_—— —2+a Uo=0 (62)
dr r
where
22
\)251+—2Ae—2—2' (63)
K (1 - e )
2
2 - NZ - - (N 5 (64)
K°(1 - &)

Equation 62 would need to be considered with the second of Equation 37

and boundary conditions 39. The general solution of Equation 62 is
u, =2 (or) (65)

where £ is a general cylinder function of crder v. The boundary condi-
tions require Qv to vanish at r = 1. The required solution may be

expressed as

- 13 -
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U0 =M [J_v(a) Jv(ar) - Jv(x) J_V(ar)] (66)

where M is a constant.

Defined in this manner, Uo clearly vanishes at r = 1. We have further

at r = e,

M[J_v(a) Jv(ac) - Jv(a) J_v(ac)] = AiII(Ne) (67)
Moreover,

di_ I, (Ne)

Ir = AiN Io(Ne) ~ Ne (68)

r=c
The integration constants M and Ai; may be eliminated from Equations 67
and 68 to yield the characteristic equation. For arbitrarily assigned
v, one may compute K2 from the characteristic equation and Equations 63

and 64 for éiven N and e.

THE GENERAL CASE

Consistent with boundedness of the solutions of Ui and Ri at

the origin Equation 31 has the following solution

Ri = AIm(Nr) (69)
U, =2R =A |21 +mN (70)
i K 7i r 'm m+l
where A is any arbitrary constant. Equation 28 may be rewritten as
2 U
Y O . W —m 1 --°
Uo = ( > + N R+ 2T UR - (71)
r l-e
R' = - 2| —2— 1y +BRr |+ ov (72)
ol - e2 o r o o

- 14 -
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The boundary conditions become

U_(e) =f€' L1 (Ne) + NI, (Ne) (73)
Ro(e) = AIm(Ne) (74)
Uo(l) = 0 . (75)

where R0 is redefined as -iR0 of equations prior to Equation 69. The
eignevalue problem now is the following: find those values of K for
which the Equations 71 and 72, and the boundary conditiomns 73, 74, and 75

are satisfied.

Since Equations 71 and 72 are homogeneous, any constant times
any solution that satisfies the boundary conditions will also be a so-
lution. Thus, in the .igenvalue problem, we can arbitrarily assign any

value to the constant A. For convenience, we set it equal to unity.

NUMERICAL SOLUTION

Since Equations 71 and 72 are too cumbersome for closed solu-
tions, we employ numerical integration methods. The numerical procedure
for solving the eigenvalue problem is as follows: for an assumed value
of K, we can compute the values of Uo(e) and Ro(e) for a given set of
values of m, e, and N. Using these as the initial values, we can inte-
grate Equations 71 and 72 by numerical methods to yield Uo(l). If this
value is zero, then our choice of K is indeed the right one. If not,
we change our assumed value of k by a selected increment and recompute.
In practice, since it is uneconomical, computer time-wise, to calculate
a precise zero value for Uo(l), we arbitrarily say that if the absolute
value of Uo(l) is less than a prescribed positive small number, then our

choice of the k value is the right one.

For negative values of m, Equations 71 and 72 have a singularity

depending on whether or not the quantity 1 + (1 - £7) K/m is real or

- 15 -
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comple., If the quantity is real, the singularity is at a raduis given
by

rSingular =e / \/1+ (1 - e2) K/m (76)

At this radius, the derivates of U0 and R0 cannot be computed from Equa-
tions 71 and 72. However, from physical considerations,.we require that

U0 and R0 be continuous at this point.

When a singularity exists, we employ the following procedure:
We divide the two zones, e < r < r and r <r <1 into N, and N
~ " — "sing sing — = - 1 2

intervals, where N, and N2 are selected to be such that the increments

1
in radius for an interval is approximately equal in both zones. Starting
from r = e, we integrate the Equations 71 and 72 till we reach the last

interval of e <r <r We subdivide this into four smaller inter-

vals and integrate th212§uations to obtain the values cof Uo’ Ro and their
derivatives at the three intermediate points shown in Figure 1. Using
these values, by linear extrapolation, we estimate the values of Uo’ Ro
and their derivatives at the singularity. Since we cannot use Equations 71
and 72 at the singularity, using the estimated derivatives, we integrate
numerically to the one-fourth point of the next interval. From here on,

we revert to the conventional integration procedure using Equations 71

and 72.

The numerical integration procedure used in the computer pro-
gram for calculating the eigenvalues is the familiar Runge-Kutta-Gill

method.
DESCRIPTION OF THE COMPUTER PROGRAM

For computing an eigenvalue, the input data to the program is
supplied by two cards. The input map for the program, describing the
breakdown of the entries in the cards are shown in Table 1. The third
I-field on the first card of each set was originally intended to supply

the value of n. Since, this was subsequently generalized to be a

- 16 -
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Table 1
INPUT MAP
Variable Definition Format
Card No. 1 M Run Number 16
MM -m + I6
NN Enter zeros 16
NR Number of integration I6
intervais < 500
IGEN Number of Eigenvalues 16
required
NSTOP If last set of data teing 16
read, should be entered non-
zero. Otherwise, enter zero.
LC 10 Ne < 50 16
Card No. 2 PLAO Initial trial value of Eigen- E12.0
value
DPLA Increment of Eigenvalue E12.0
TRUNC Permissible truncation E12.0
difference
CRAD e F12.6
- 18 =
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factor in N (CAPN in the program), it may be filled in with a zero or
any other number. This number wil! appear on the printout as the value
of n (N in the program). Since it has no other effect on the program,

it may be ignored for all other purposes.

The computer program, written in Fortran IV, is given in the
Appendix: the first subroutine, NING(NR1l) provides the Runge-Kutta-Gill
integration method. t also calls a subroutine, DER(Y, FM, C@N, CRAD,
FK, AK) which provides the derivatives of Uo and R0 as given by Equa-
tions 71 and 72. Subroutine NUESTI, called by the main program, provides
a method for incrementing the eigenvalue on the basis of current deriva-
tion in Uo(l) from the specified truncation error. Subroutine RKGC@N
(AIN, BIN, CIN) supplies the RKG constants to the main program. Sub-
routine BESC@N(AI, BI), called by the main program supplies the values
of the modified Bessel functions. If the program is to be run for any
values of m other than -1, this subioutine will need to be changed to

supply the modified Bessel functions of the appropriate order.
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RESULTS

Table 2 shows the effect of various step sizes on the computed
eigenvalues. Truncation is of 10_6, initial eigenvalue is 0.01, eigen-

value increment is .05.

Table 2
EFFECT OF STEP SIZE ON COMPUTED EIGENVALUES

Lowest eigenvalue K for -  Lowest eigenvalue K for
Ne = .2 Ne = .2
Total No. of b/a = e = 0.45 b/a=e=.1
Steps m= -1 m= -1
100 .76079984 .35125716
200 . 75407226 .35046438
300 . 75447285 .35032046
400 ' . 75445469 .35025621
500 . 75479767 .35021697

The results show that if 200 or more total number of steps are emplcyed,

the variation is in the fourth significant digit.

Table 3 lists the results for various Ne and e values computed
with 20C integration steps, an initial eigenvalue of 0.01, and an eigen-
value increment of 0.05. With this sweep procedure, the listed eigen-
values were found to be the lowest. It is possible that if the eigenvalue
increment is lowered from 0.05 to some smaller value, other, ever lower,
eigenvalues may be discovered; but this is considered to be extremely un-
likely.

*
In Stewartson's notation, we have

- c T
a(2j + 1) 2N
b/a = e
T =K

*
Stewartson, K., On The Stability of a Spinning Top Containing

Liquid, J. Fluid Mech., 5, 1959, pp. 577-592.
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20

10

86

70

90

170

180

1990

100

110

80
-

REDD!I ’ 04/01/66
MAIN < EFN  SOURCE STATEMENT = [IFN(S) =

MAIN PROGRAM FOR THE DETERMINATION OF EIGENVALUES 31G-B82294-01

nCAMMON FM,FV:CON00EL:NR!X(1p501):2(1'501):FRE0U(3)'DEY(3)|AIN(4)5
1{BIN(4),CIN(4),CRAD,DPLA,IDET, LU, KLUE,UCO,RCO,RADIUS(501)
DIMENS]ION AI1(50):.B1(50)

NSTOP=(Q

CALL RKGCONCAIN,BINsCIN)

CALL BESCONC(AI,BI)

IF(NSTOP.NE.D)STGP

READ(5,10)M,MM,NN,NR, IGEN,NSTOP,LC,PLAO0,DPLA,TRUNC,CRAD
FARMAT(716/3E12.0,F12,6)

MMz -MM

FMaMM

FN=NN

FNR=NR

FREQU(1)=PLAD

BNC=LC

FNC=8NC/10.

CAPN=FNC/CRAD

CON=CAPN#«2

AIMIEATI(LC)#EXP(FNC)

AIM2EB](LC)SEXP{FNC)

INETsY

WRITEt6,85)

5 FARMAT(1H1 35HCURRENT VALUES oF INTEGRATION DATA //)

WRITEC(6,86)CAPN,LC
FORMAT(SX7HCAPN =
pn 30 [G=1,1GEN
[CQUNT=1
Ueo=(FMeAIM1/CRAD+CAPN®AIM2)/FREQU(1)
REQ=AIML

RADIUS(1)=eCRAD

Xfill)‘UCO

2¢1,1)=RCO

CALL NINGENRYL)

DET(1)sx(1,NR+1)

WRITE(E,90)Ms IGHFREQU(LY»x(1,NR*1)
FORMAT(

F10,4,5X5HLC 3 12)

// 10X 13HRUN NUM

60000013

00000014
KMK=1 00000015

00000016
00000017

1BER =

13, 5X

2= E19,8)
[F(IUET=2)170,170,180
DL = DET(1)
AL = FREQU(1)
GO 70 190

IF(AL=FREQU(1))170,170,190

ABET =

GO TO
IRET =

5HIG 3 12,

ABS (DET(1))
[P(ADETeTRUNC)B0,80,100
CALL NUESTI

(80,110,
IDET«1

20),KLUE

[EQUNTsICOUNTeL
IF(1COUNT=50)70,70, 20
WRITE(6,1)

FARMAT(1H1 41x 32| EIGENVALUES AND EIGENFUNCTIONS

5X 16HTRIAL EIGENYV,

Al

£t E15,86,

)

ule) 00000023

00000024
00000025
00000026
06o0n002?
00000028
00000029
00030030
00000031
00090032
00020035
00000036
00000037

00070040




2 FARMAT(//48X 10HR IN N@,
2X 13HAIGENVALUE x E15.8,9XEHCAPN =

 FORMAT(///18X 2H R 4x 14H U MNDE SHAPE 4X 14H R MODE SHAPE 18X 2N
iR 4x 14n U vODE S IAPE 3IX 15k

60

59
130
140

153
40

30

REDUI

MAIN -

EFN

SOURCE STATEMENT

WRITE(6,2)M,MM,NN, IG,FREQU(1),CAPN,CRAD
13777 7X 6K M =

1 ax 12,

WRITE(6,3)

KPa=1
NRR=NR/?2
DA 40

1=21,N]R

[F (1=n12KPA) 50,60:50
KPA 2 KPa+l

WRITE(E,

1)

R MODE SHAPE

WRITe(6,2)MsMM-NN» IG,FREQU(1),CAPN,CRAD

WRITE(G,
KaNRF« |

3)

= JFN(S)

13, 5x

/7)

8H N s

WRITE(6,130) RADIUS(I),X(1,1),2¢1,1),RADIUSEKY,X(1,K),Z(1,K)

FORMAT(F
[F(1=NRR
K s K¢l

WRITE(6,150) RADIUS(K),X(I-K),Z(l.K’
FORMAT (40X F20.4,3x E15,8, 3X E15.8)

CONTINUE
FRECU(Z2)
DFT(2)
FREQU(1)
[NET=2
Gg® 170 20
END

20.4,
) 40,140,490

=AL
=pDL
SAL*DPLA

A2

Ix E15,8, 3X E15.8.F20.q.

3x E15.8,

3X E15.8)

04701766

13,
F12.6,5X4KHC = F6.2)

000C¢0047
0060048
000:0049

Gooc0051

00000055

00000057
00000058
000uV0059

000v006€2
00000063
00000064
00000065
00000066
00000067
00020068




REDD! 05/02/66
GO0DY « EFN SOURCE STAYEMENT < JFN(S) =~

l SUBRQUTINE NING(NRY) '
OCOMMON FM,FN,CON,DEL,NR,X(1,501),7(1,%04),FREQU(3),DET(S),AIN(4),
1B8IN(4),CIN(4),CRAD,DPLA, IDET,ILU,XLUE,UCO,RCO,RADIUS(30Y)
' DIMENSION AK(3),Y(3),0N(3),AM(3),BM(S)
FxsFREQU(Y)
Y(1)3CRAD
! Yt2)aUCo
Y(3)zRCO
Qe1)=0,
Q¢2’30.
QCS"Ol
AK(1)=1,
BINGzy,¢(1,=(CRAD®#2))8FK/FM
IF (BING)S,3,1
1 RSING3CRAD/SQRT(BING)
WRITE(6,2) RSING
FORMAT(//20X L4WMR(SINGULAR) = F9,5)
GO TO 4
WRITE(6,5) 4
FORMAT(10X38HSINGULARITY NUTSIDE INTEGRATION DOMAIN )
BNR=NR
NR1=BNR®(RSING-CRAD)/(1,~CRAD)
NRMaNR=50
IF{(NR1.,LT,50)NR1250
IF(NRL,GT ,NRM)INRY=NRM
NR2xNR-NR1Y
FNRY=NRY
FNR2=NR?2
DEL=(RSING=CRAD)/FNRY
DELL=(L,~RSINB)/FNR2
DELTAsDEL /4,
NAB=NR1+2
DO 1000 Lel,NAB
IF(L,GE.NR1IDELEDELTA
DA 100 JJel,4
CALL DER(Y,FM,CON,CRAD,FK,AKX)
on 50 1=1,3
' ATKN zAINCJJ)S(AK(1)=BINC(JJI®O(]))
YCI) 2 Y(1)eDEL®AIKN
50 Ot1) = O(1)a3,8AIKN ~CINC(JJ)RAK(])
‘100 CONTINUE
RADIJUS(Let)mY (1)
Xt1,L+1)8Y(2)
1000 Z(L1,L+1)8¥(3)
? CALL DER(Y,FM,CON,CRAN,FK,AK)
BlUesAK(2)
BREAK(J)
| Y(1)=RADIUS(NAB)
L CALL DER(V"N.CONICRAD'FK!AK’
AUzsAK(2)
{ ARSAK(3)
AK(2)22,0BU=AU
AK(3)x2,8BReAN
Y(1)sRSINGO
Y(2)32,8X( L NABeL)=X(1,NAB)

b |

|
& R N

]

aaul oy )

A3




81

32
a0

60
90

900

L

RENDI

GOODY - EFN  SQURCE STATEMENT

((3)32,42(1,NABeL)=Z(1,NAR)
RADIYS(NRiet)mY (1)

X(L/NR1*1)aY(2)

Z(1,NR1+1)3Y(3)

DEL=DEL1/4,

DA B0 L=y,4

DO 80 JJs4,4

IF(L,EQ,17G0 YO 81

CALL DER(Y,FM,CON,CRAD,FK,AK)

DO 82 I=1,3

ATKN sAIN(JJI)S(AK(1)=BIN(JIINO(T))Y
Y(1) = Y{(1)+DEL®AIKN

QC{) 3 Q(1)e3,®AlKN «CIN(JJ)®AK(])
CONTINUE

RADIUS(NR1+2)aY(1)

X{1/NR1#2)3Y(2)

J(1,NR1e2)2Y(3)

DEL=DELY

0f 900 LZNAB,NR
IF(L,EQ.NR)DEL=1,-Y(1)

Do 90 JJsi.4

CALL DER(Y,FM,CON,CRAD,FK,AK)

DO 60 1=1,3

AIKN SAIN(JI)S(AK(I)=RIN(JJI)@Q(]))
Y(I) = Y(1)eDEL®AIKN

Q1) = Q(1)e3,®AIKN <CIN(JJI®AK(])
CONTINUE

RADIUS(L*1)EY (1)

Xti, e1)ay(2)

2¢1,L+1)3Y(3)

RETURN

END

A4

IFN(S)

05/02/66




REDDI 09/F9/66
NERIVE - EFN SOURCE STATEMENT - IFN(S) -

SUBRQUTINE DER(YIF”JCQNFCQ‘D’FK"K’

DIMENSION Y(3),AK(3)

R221,/(Y(1)eY(1))

ALPHASFMeFM#R2+CNN

BETA=2,/(1,~-CRADCRAD)
OMEGA=,5#(1.~-CRAD#CRAN®R2)«BETA

SIGMA=FK+FM#*QMEGA

AK(2)=(ALPHA®Y (3)+FMuBETA#Y(2)/Y(91))/S1MA=Y(2)/Y (1)
AK(3)==2,80MEGA®(RETASY(2)+FM8Y(3)/Y(1))/SINMA+S]IGMARY(2)
RETURN

END

1

3(

A5

A




RENNIT nN2/22766

PNI AR - EFN SOURCE STATEMENT - [IFN(S) -~

SURRDUTINF NUFSTI
OCCMMIIN FMeFNeCONGDFL eNRoX( 165011 67(14501)FREQUI3INETIIIAIN{G),
TRIN(4)CIN(4)oCRADGDPLALIDFTJILUSKLUELUCO +RCOLRADIUSISNL)
PLOURLF PRFCTISINN F3214F2134FNeAFLeF234F314F12D1FL1eD2F?4D3IF34AF2Z,

FUIDFT=2) 10« ?20. 30 pennny1 23
10 FRFOUI?I=FRFOU( 1) nnennt2a
FREQUIII=FRFQUI(?2)+DPLA
CETL2)=NFETY(L) 0nNoen126
MOLUF= 3 neonnNol127
GO TN 40 nnnnp128
20 CDFT = DET(1)Y%® DFT(?) onno0Ni129
*TTUF = 3 coonn13n
IFEDNETY 50« 50, 60 onoen1 3l
A0 11U = 2 roono132
GUYO 70 ocNNNY133
YO U = ] nAnNnnNnN1 34
70 FRFQUI3IY=FRFQUI{2) nnonn13s
CFT(3) = DFT(?2: nnane136
FRFQUIE?2Y =FRFQUI1) NnoNNO137
NFTE?2)Y = NDETILY) nnNnNo138
S5 G0 TD (90.100), 1L U nnnnnyl 39
A0 FRFQUETY=.S&((FRFOUIIICFRFQUIZ2II-(IFR QU3 )I~-FREQUI?2)I/IDET{3)-
X DFTI2¥Y)MX(NETCIISDETL2Y )
GN TN 40 ' neNCoNlal
TCO FRFOUCT)I=FREFQUI2D)+NPLA
GNTN 40 nanNnnl143
YL TOCTI0120). 0L U 0NNN0144
110G UOFT = DETIL1)IEDFT(2)Y nOON014S5
[FINBFETIT3NG, 130,140 rOCN0146
140 NCLUF =1 eNCcoNt14ar
GO TN 1580 NN0GC01 48
140 DEFY=DFT{1)%RNDFT/3) nnNaN0149
NCLUF = 2 nonNO01S0
PFINNFTITS0.150,70 nNonNod1s1
150 IF{FRFOLIL3NILI65.165,4,300 sXalalelol ROV
165 00 TNETTS5.185)NCLUF onnentIsy
179 FREANEII=FRFQULT) 00000154
NDET(3Y=NFTLY) nnneolLss
Y 1) 9§ noonNN1LSe
125 FRFQUI?2I=FRFQUI(1) 0000157
HETE2V=NETCL) 00NNN15AK
GO TN 9§ - 00Nn0159
309 NF12=ARS ((FRFOU(TI-FREOQU(?2))/FREQU(1)) 00N00160
NF13=ARS ({FREQU(TI-FREOQU{3)I/FREQUI(L1}) Selals B R R
NF23=ARS ((FRFQUI?)~-FREQUI(3Y)/FREQU(2)) nnrool162
TFINF12-.1F-0N4)13124312.313 NNCNN1&3
313 1FCOF13-.1F=-04)3172,312,314 0NNn0N1 &4
314 TFINF?3-,1F-041717,312,311 nNDO0OO16S
317 GO TOU1RS.50), 1L U 00N00166
31V C1 = DFT(1) 0ononNn167
N2 = DFT(2) 00n00168
L3I = NDFTE3) 000N0169
FI = ¢FRFOU(L) 00000170
£? = FRFOQUL?) 00000171

I

E142.AF30D«CCoeSRLFFIFF?

A6




3497

400

80
500

600
7C€0

160
170

180

190

200

- 40
210

220

¢ 20

RFONT
P01 AR - FFN SOURCE STATEMENT -

02/22/66

F3 = FRFOUE3) onnono172
FI21 2TF3<F2¥/F1 n0000173
F132 =(F1-F3)/F? N0NNO174
F213 =(F2-F1)/F3 00000175
FD = F321 ¢+ F132 + F213 00000176

AF1 =(D1%F321 + D2¢F132 + D3I*F213)1/FD 00000177

F?23 = F2/F3 000N0178

FI1 = F3I/FY 00000179

F12 = Fl/F2 nooool18n

DIFY = DI/FY nnnonNi1Ki

N2F2 = N2/F2 000n0182

N3F3 = N3/F3 nnooo0183

AF? = (DIF1%(F?23-1.0/F23)+D2F2%(F31-1,0/F31)+D3F3*(F12-1.0/F12))/00N00018%

1FD , 0N0DO018S
AF3 = (DIF1%(1.0/F2-1.0/F3)+D2F2%(1,0/F3-1.0/F1)+D3F3#%(1.0/F1-1,000000186

1/F2))/FD 00000187
ap = AF1/AF3 N00001AR8

cC = 0.5%AF?2/AF3 00000189

CCN=CC*%2-04) 0N000190

IFICTNY312:.312, 397 00000191

SR1 = SORT (CCD) 00000192

FF1 = -CC+SR1 nN000193

FF2 = -CC -SR1 nC000194

GO TNL160.400). 11U nnnoo19s

Iy = 1 00000196

FRFOTT3) = FRFT onono197

NE t4) = NDETi o 00000198

FREOUI?2) = FRFOU(1} 00060199

NFT(2) = DFT(1) 00000200

00000201

IF(FF1-FRFOU(3))1500,500,600 00000202

FRFOUTTY=F<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>