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A NOTE ON RECURRENCE RELATIONS BETWEEN EXPECTED
VALUES OF FUNCTIONS OF ORDER STATISTICS

By '1. I{. KitIUIINAIAI1 AND) M. IIASEF11 lHIzv0

-4crosj lIescarch Laboratories, llrrj-i/g)atte)erson. AlFB

1. Summary.Fln this note, sonie recurrence relhttions are derived between
the expected vwlues of fulzttions of order statistics from any arbitrary distribu..
tion with eonltinuous cumulative distribution function (da). 'rlhese recurrence
relations zire closely related to soine re-tults obtained by Srikautan [2].

2. Some recurrence relations. Suppos.e X has an arbitrary distribution with
a continuous edf '(x) and h( ) is it specified function such that Eh(X) exists.
Let X,,. denote the kth (1 g k :9 n) order statistic in a raidonl sample of
size n from the distribution with cdf F(x). Then we have the following theoreni:

THEOREM. For I j k 5 m 5 it,

(2.1) Elh(X•,,,)l (t) ,o (- l)/(k - i))[(:)/( m -'+

0 iS k - 1,
anl also

EIh(Xk..m)

(2.2) (') L 0 (-1)*(k/(k + s))(()/("+)lh(X .. ,m ,)1,

0 _- j 9 m k.

PRooF. Let G(u) = I - F(u) for all u and let f denote the integral over the
entire reai line. Then for I = k_< m __ i and 0 (5 i < k - 1,

EIh(X,..,)}= k(47) f h(u) I - G(it); I I - G( )W k-G-(;-(u) dF(u)

(2.3) k(-) ,.o - 1)(.) J A(ut, '(i) I - ,(.u)rk- dF(u)
=(~')•[,(-l)'(k/(k .i))[(G)/( W.-,)1l'•h(XA• ... m.)....,.

Also, for I _g k _< in < n and 0 j :- ni -

EIh(Xk..,) = k('1) f h(-u)e-'(u) 1 - b(u1)jj I - F(u)r-k-j dF(u)

(2.4) k(,') -( - I)'() f h(u)b" '(u) [* 1 - F(u) } '- di,'(u)
=(Z)•._,(-1)'(A/(k, + s))f(.),('"+4 )iJ~th(Xi,+ ..-..,+,)1.

It should be mointed out. that fornaull" (5) and (6) of Srikantan [21 are equiv-

ialent respectively to (2.1) with i = I and (2.2) with j = m.- k. The recur-
rence relations between the niOtnetits, between the inonient generating functions
:id between the characteristic functions of the order statistics can he obtained
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from -. i n d (2.2) by setting h(u) 7= 11 (r = I, 2, h(u) exp Itul, (I
real) and h(u) -- exI( - 1)•i•u}, (t real) respectively. Similarly by letting h(u)

I if i v (- oo, x) and h(u) - 0 otherwise, (2.1) and (2.2) yield recurrence
relations between cdf's of order statistics. lhese in turn lead to resulls con-
nect ing pdf's (provided densities exist). Srikantan 121 makes some similar re-
marks for his results. He also discusses the interrelation between the results like
(2.1 ) and (2.2) and those available in the literature. For the problem of gmanima
order sta•istics, (2.2) was proved in Ill when h(u) ý u'.
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