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ABSTRACTY

‘Exact solutions for the transient temperature distribution and
the stored enérgy in an infinite plate of finite thiclness are presented
for the case of different convective environments at each face of the
plate. The solution is general and contains numerous limiting cases,
1ncluding that of steady state. Eigenvalues are given for many .
combinations of the system Biot numbers for the initial response period.
An example 1s pregented to illustrate the application of the solution
to the practical problem of a rocket engine diffuser.
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SECTION |
INTRODUCTION

The transient regponse of an infinite flat plate of finite
thickness has been analyzed for many cases (Refs. 1 through 5). However,
the most general solution for convective enviromments (different surface
heat-transfer coefficients and thermal enviromments on each side of the
plate) is not available, slthough the possibility of the solution is
mentioned in Ref. l. The transient response of a plate subjected to
unsymmetrical boundary conditions is very important in many analyses.

For example, the transient time is the prime period of interest in
evaluating the behavior and application of structures subjected to
unsymnetrical boundary conditions, such as exhaust gas diffusers for
simulating the high altitude environment of rocket engines, rocket engine
nozzles, ejectors, tumnel walls of high tempersture short run time test
facilities, nozzles of intermitiently operated rockets, and components of
aircraft and missiles in high speed flight. In many of the above cases,
the engineer is ultimately interested in predicting coolant flow rates
necessary to keep the wall within structursl and materiasl temperature
limits. It is reasonable to expect that the coolant rate necessary

for a short time test or exposure may be of a reasonsble magnitude,
vhereas the coolant rate necessary for steady-state operation may be
completely unreasonable in some of the above applications.

This analysis presents an exact solution for the temperature
response in a solid bounded by two parallel planes with unsymmetrical
boundary conditions. Implicit in the solution is the capability of
predicting a coolant flow rate necessary to keep an exposed wall within
structural and temperature limits.

SECTION I
ANALYSIS

2.1 PHYSICAL SYSTEM

The physical system considered in this analysis is shown in Fig. 1.
An infinite plate of finite thickness 2 is initially at a uniform
temperature f(x) throughout. At time t = o, the face at x = o is exposed
to a high temperature convective enviromment at temperazture vl. Similarly,

for time t = o, the face at x = £ is exposed to a lower temperature
convective environment at temperature v2. Assume that the surface heat-

transfer cocefficients h1 and h are uniform and constant at x = o and
2

x = £, respectively. The thermal conductivity and thermsl diffusivity
are given by k and K, respectively, and are assumed to be independent
of temperature and position.
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2.2 MATHEMATICAL MODEL

A basic energy balance on the plate shows that the partial.
differential equation degcribing the temperature distribution in the

late is given by :
P & i".:}{é.a.". (1)
Jt dx2

This eguation is subject to the following boundary conditions:

kh—h(v-v)=0 at x = 0
ox 1 1

.ka—vi-h(v-'v)
x 2 2

0 at x = £

and the initial condition:

<
n

flx) att=0

The above system of equations can be solved by many different
techniques. However, the principle of superposition is especially
convenient for this problem. Assuming that the solution can be expressed
as

v(x,t) = u{x) + w(x,t) (2)

where u(x) is the steady-state contribution to temperature and w(x,t)
ig the transient contribution, then u{x) must satisfy the differential
equation

2
du_ 4y og=x=g (3)
de .

subject to the following boundary conditions:

du
k—-h -V =0 at =0
ax 1(“ 1) *

du
K3

1§
b

+h(u-v)=0 atx
2 2
The function w(x,t) must then satisfy the partial differential equation

M _ k& o=y o=y ()

at ox®
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subject to the following boundary and initial ¢onditions

k%—hv=0 at x =20
Ox 1 N

k—+hw=20 at x = £
x 2

w=f(x) -u et t =0

It may be readily shown that the solution to the system of Egq. (3) is

HH (v -v )x+Hv (L+H & +H~v
R - 1 13 2 22

(5)

E +H(1+H48)
1 2 1

lag

h
where H = Tl and H =2
1 i =3 k

It may be shown thet by using the product-type solution, the
solution to the system of Eq. (4) is

W = Z Zn(x) e F ﬂi‘t j Zn(x') [f (x') -u (x')] ax’ {6)

ns1 0
where
3
[e(si + Hz)] [Bncos (an) + H1 sin (an)]

Z (x) = -
’ {(5;“1 + H2) [z(ai +H2) + H2] +E (62 + Hz)}

1 (7)

where 5n are the positive roots of

(87 - HH_) sin (B,£) =B (N +H) cos (B 2) (8)

Therefore, the solution to Eq. (1), using the assumption of Eq. (2), -
is the sum of Egs. (5) and (6), or:

HH(v -v)x+Hv (L+H2)+Hv
v{x,t) = &2 1 11 2 22

H +H (1 +H &)
i 2 1

5 =X Bit £
+ 2 Zn(x)e S Zn(x') [f(x') - u(x’)] ax’

n=1 P
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It is beyond the scope of this work to prove that Eq. (2) represents
the unique solution to the system of Eq. (1) and that Eq. (2) is a uniformly
convergent solution; uniqueness and uniform convergence may be shown readily.

‘For simplicity, let the general solution (Eq. [2]) be modified by

_ assuming that
f(x) = £ (¥) = V = initial plate temperature (9)

Substitute Eq. (9) into Eq. (2) and integrate to obtain

(v -v)[H +HHx]
2 1 2 12

v -V =
1 H +H(1+H28)
1 2 1
2 2 i
o (B2 + Hz) |_Bn cos (an) +H sin (an)] Hl(V - vl) + (H2+ Hleﬂ)(V -\;)
_ 2 2 2 2 2 2
n=1 (Bn + Hl) [z(an + H2) + H2] + Hl(Bn + Hz) B O+ H2(1 + le)
BH(v -v) H VEH 4(v_-V)+(H +H)v -7)
12 =2 1 sin(B _4) + o~ {222 L R cos(B_2)
BZ[H +H(l+H.¢):| m Py H +H(1+H2) ’
nln 2 1 1 2 1
-8 %
H (Vv-v)e ®
. g 1 (10)

Equation{(10)will be more convenient to work with in a dimensionless
form. Using the dimensionless temperature ratios 8, 5, v, NB1 baged on

hl, NB2 based on hz, and the dimensionless parameter o and € , Eq. (10)

may be written

6 =t {1 +NBl(x/2)}

l+ot+1\IBl
2 .
i) € X N € X
1 + Bz cos . +—}—3isin -
3 NB €, 2 €n )/
N G
n=1 €n = 2 2
- hf N N N_ - N
{1+(———fl)}{en[l +<——-é32) ]+—€}32 + 21 [1 +(———2B
n n n € €

e . N .
{N— [0‘ v (1 o+ NBl)S] - —eh} sin (e ) - {NBl 5 + (1 +a) \If} cos (e ) + v (1+o+m,)

Bj n

e K |
e T4 (11) |
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The equation for the eigenvalues, Eg. (8) in dimensionless form becomes

e (W, + )
tan (en) =,._E__B1_.lil-B__ (12)
- ¥g,¥g, :

en
Equations {11) and (12) ere sufficient to determine the dimensionless
temperature distribution in en infinite plate of finite thickness exposed
-to unsymmetrical boundary condltions.

In addition to checking Eq. (11) for uniqueness and uniform
convergence, one may also show that 1t reduces properly to various
"special cases". The Heisler or Croeber-type solution (face st x = O

insulated or NE =0, and NB finite) available in most textbooks on heat

transfer is readily obtained by letting N = 0 in Eq. (11). Other
cases, such as both faces insulated (N By = NB = 0}, zero thermal
resistence at x = 0 (h B, = ©), and N, Es finite (or vice versa), and
zero thermal resistance at both faces (NB = NBg = »), are all readily
obtained by proper reduction of Rq. (11) For the steady-state case,
Eq. (11) reduces to :
1+ 0, (x/2)
e B2
o (x) =-—77 e (13)

The total energy stored in the plate per unit area Q, in time %,

is given by

3
o8 %
Q=k("2"’1)s {gg =2 'é';'c|‘x=oEdt (1k)
Q

The maximum energy stored in the plete per unit area is defined as
Q =pcz(v2—v1) (15)

0 =

Substituting Eq. (11) into Eq. (14), dividing by Eq. (15), and
performing the indicasted operations gives the ratio of the total heat
flow into or out of the plate in time t, to the maxlmum.energy of the
plate, as

R Y [ Y e
™) + — lcos (e ) - - sln (¢
Q 2 -1 “n E[ o n}
et 2 (0) LN e
B O R O R R
n : n n n 1

€ N
{ﬁ;—l IEIW + {1 + NBl) t‘:] - -%} sin (en) - {NBl 5 + (1 +a)w} cos (en) +v¢ {(l+a+ NB;_)

1 e - 2 L . ' (16)



AEDC-TR-66-166

Equations (11), {12), and (16) ere sufficlent to determine the
temperature-time history and the total heat flow into or out of the
plate as functions of time, the system Biot numbers, the envirormment
temperature at the faces of the plate, and the initiel temperature of
the plate.

SECTION I
RESULTS

3.1 GENERAL

The eigenvalues € were calculated from Eq. (12) by computer for
a wilde range of characteristic Biot numbers NBl and NB . The Tirst ten
2

pesitive roots were calculated for each combination of Nﬁl and NBg’

€ach root being accurate to four places. Table I lists values of €n
for all possible combinations of the following:

N, =0, 0.1, 0.2, 0.3, 0.4, 0.5, 1.0, 2.0, k.0, 6.0, 8.0,
1 10.0, 20.0, 100.0, c.
Nﬁe =0, 0.1, 0.2, 0.3, 0.4, 0.5, 1.0, 2.0, 4.0, 6.0, 8.0,

10.0, 20.0, 100.0, .

The series in Eq. (11) and (16) converge rapidly with ten or
fewer roots of Eq. (12) for all values of Kt/42 = 0.01.

Unfortunately, in Eq. (11) it is not possible to obtain only the
system temperature terms on the left side of the equation and only the
Biot and Fourier numbers on the right side of the equation. This '
eliminates the possibility of a general dimensionless plot of Eq. (11).
Hewever, if it is assumed that the initial temperature of the plate V
equels the enviromment temperature v_, then the dimensionless temperature
parameters © and ¥ become O and 1, respectively. The right side of

Eq. (11) then becomes a function of N> N, _, and Kt/£2 only. This is
2

& reasonable assumption for some of the typical applications that were
mentioned. With this assumption, the quantitative effect of varying
conditions of surface heat transfer, plate thickness, run time, and
material properties on the temperature response of the plate can be
determined. It should be emphasized that the application of these
equations is not restricted to any one material, environmental tempera-
ture difference, heat-transfer coefficient, or run time because of the
dimensionless character of the solution.

3.2 [LLUSTRATIVE EXAMPLE

The solution can best be appreciated by considering a typicsl
provlem. Consider the case of an exhaust gas diffuser for simulating
the high altitudes necesssary to evaluate the perfarmance of rocket engines.
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It is desired to know the temperature response of the diffuser wall
because the response must be limited to maintain the structural
integrity of the diffuser. The wall is initially at temperature V,
cooled by a consteant temperature Vé = V water reservoir at x = £, and

at t > 0 1s subjected to a high temperature gas flow at temperature vl

at x = 0. For this example let N be 0.3 and NB 0.6, the wall be

of 3/8-1n thick mild steel, the cooling water temperature be TO F, and
the hot gas temperature be 4 O00°F. Determine the length of time for
the wall at face x = 0 to reach 800° F, which will be assumed to be the
1imiting structural temperature.

8= - vl/ve- V.= 1260-4460/530-4460 =-3200/-3930 = 0.814

Referring to Fig. 2, which has example femperature response curves
plotted for the face at x = 0, gives a Fourier number Kt/£2 = 0.4 for

NBl = 0.3 and N = 0.6. The thermal diffusivity K for mild steel isg
= 0.49, Substitutlng glves
0.49 t _

@

0.4 (9.766 x 107%) = 7.972 x 10™* = 0.000797 Hr

- 0.59

or t = 2.8B7 sec

This 1s one example of the use of the curves. For a given run
time, the plate temperature could have been determined just as readily.
For other given conditions the plate thickness, coolant water temperature,
or coolant side Biot number can be found. Figure 3 gives example surface
temperature response curves for the face at x = 4. From Figs. 2 and 3,
it can be seen that the magnitude of Nﬁe may be critical in reducing the

surface tempersture response of the wall. For example, consider the
curve NB1 = NBg = 0.2 in Fig. 2. PFor a given material wall thickness

and run time, this curve represents the temperature response of a wall
with equal heat-transfer coefficients at x/£ = 0 and x/4 = 1. If all
conditions remain the same except that the heat-transfer ccefficient at

x/ﬂ = 1.0 is quadrupled, the new response curve-has the Biot numbers
NBl = 0.2 and N = 0.8, Depending on the magnitude of the Fourier

number, the reductlon in the temperature response of the wall may or may
not be significant. For instance, if Kt/zz = 1.0 the difference in

the response of the curves with Biot numbers NBl = NB2 = 0.2 and
NB1 = 0.2, NBg = 0.8 1s about four percent; however, at steady state

the difference is about 35 percent. Figure 3 shows that the wall
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temperature at x = £ responds at a slower rate than the wall temperature
at x = 0, as one would expect. Also, the temperature response decreases
with increasing N, for a fixed N, .
B2 Bl
Figure 4 gives example heat storage curves for various combinations

of NBl and NB2 as a function of the Fourler number Kt/f2.

SECTION 1V
CONCLUSIONS

Through the use of Egs. (11), (12), and (16), general temperature-
time plots and energy-stored plots can be developed to cover all cases
of interest for a given situation. For design purposes the temperature
distribution in a wall is of importance in determining thermal stresses,
structural integrity, and peak surface temperatures. For the example
considered, it is shown that the ratio of NB2 to NBl can be of significant

importance in reducing the temperature response of a wall. For s

gpécific problem, the equations may be used to determine the most economical
coibination of wall material, wall thickness, and coolant flow rate and
temperature; or even if it is feasible to limit a given wall to an acceptable
temperature response.
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Environment at
Temperature %3

Environment at
Temperature.v2

Fllg. 1 Plate with Unsymmetricol Boundary Cenditions
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TABLE |

FIRST TEN POSITIVE ROOTS OF THE TRANSCENDENTAL EQUATION (¢2 -~ Ng1 Np2a) TAN {en) = (Ngj 1 MNg2a) ey
FOR VARIOUS BIOT NUMBER COMBINATIONS

€1 €s €a. €4 €g €¢ € €y €a €10

.1 ¢3111 3.1731 6.2991 9.4354 12.5743 15.7143 18,8549 21,9957 25.1367 28.2779
22 o432 3,2039 6£.3148  9.4459 12,5823 15.7207 18,8602 22,0002 25.1407 28.28l4

«2  .5218 3.2341 643305 9.4565 12.5902 15,7270 18.8655 22.0048 25.1447 28.2849
L+% 45932 3.2636 __6.3461 9.4670 12.5981 15.7334 18.8707 22.0093 25.1486 28,2885
«5 46533 3.2923 6.3616 9.4775 12.6060 15.7397 18,8760 22.0139 25.1526 28.2920

Jel_ «B603  2.4256  6.43732  9.5293 12.6453 15,7713 18,9024 22,036% ¢5.1724 28.3096

C 1.07&9 2.6436 6.5783 9.56296 12.7223 15,8336 18.9547 22.08l> 25,2119 2B.3448

o0 1.2646_  3,9352 6,8140 99,8119 12,8678 15,9536 19,0565 22.1697 25,2296 26.4142
. 1.3496 4.1116 6.9924 9.9667 12.9988 16.0654 19.1531 22.2545 25.3650 28.4320
BaC _1.3978__ 4,2264_.7.1263.10.0949 13,1141 16,1675 19,2435 22.3351_25.4374 28.5476
<0  1442B9 4.3058 7.2281 10.2003 13.2142 16,2594 19.3270 22.4108 25.5064 2B.6106

20.C . 1.4961 _ 54,4915  7.4%54 10,5117 13.5420 16.5864_1%.6429 22.7131 25.7923 28.4400

0 1.5552 4.6858 7.7764 10.8871 13.9981 17.1093 20.2208 23.3327 z6.4450 29,5577

_ INFY 1.5708 4.7124 77,8540 10.9956 14,1372 17.2788 20.4204 23.5619 26.7035_29.545]

ol L4435 3,2040 6.3149 9,4460 12,5823 15,7207 18.8602 22.0002 25.1407 28.2814%
«2 L5389  3.2343  6.3200 9.4565 12.5902 15,7270 18.8655 22,0046 25,1467 25.2849
«3 L6130 3.2639 €.3462 9.46T0 12.5981 15.7334 18,8708 22.0093 25,1686 28.2385
o4 JHTBB  3.2928 6.3¢17  9,4775 12.606C 15.7397 18,8760 22.0129 25.1526 2&.2920
e5  JTIZT 343211 &.3771 9.4880 12.6139 15.7461 18.8813 22.0184 25,1566 28.2933
e9293  3,4525  6.4524  9,3397 12,6531 15,7776 18,9077 22.0410 25.17¢4 _76.3132.

o » o o & & (& & o o

I.(\

2.0 1.1402 3.6680 6.5929 G.6397 12.7301 158399 19,9599 22.0860 25.2129 28.34E3

4.0 143260 3,957¢  5.8278 9.3217 12.B754 1549598 19,0516 22,1741 25.2932 28,4177
He0 144107 4,1233 7.0057 9S.9763 13.0063 16,0715 1941583 22.2%89 25,3589 23.4854
8.0 1.4%89 4,247E 7.13294 10.1044 13.1215 1641735 19.2486 22.3355 25.4413 28.5510
«0 1.4899 4,3271 7.2411 10.2095 13.2215 16.2653 19.3321 22.4152 25.51035 23.6140

«C_1.5572 4,5126 7.5082 10,3208 13.5691 16.5922 19.6489 22.7174 25,7961 28.8834

«0 l.6164 4.56869 T,7R9]1 (0.8962 14.0052 17.1151 20,2257 23.3370C 26,4488 29.5611

INFY 1.6320 4,7335 7.8467 11.0067 14.1442 17.2845 20.4252 23.5662 26,7073 29,3485
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