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ABSTRACT 

Exact solutions for the transient temperature distribution and 
the stored energy in an infinite plate of finite thickness are presented 
for the case of different connective environments at each face of the 
plate. The solution is general and contains numerous limiting cases, 
including that of steady state. Eigenvalues are given for many 
combinations of the system Biot numbers for the initial response period. 
An example is presented to illustrate the application of the solution 
to the practical problem of a rocket engine diffuser. 

ill 
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N Biot number, h^/k 

Q Energy stored in plate in time t, Btu/ft2 

t Time, hr 

V Initial plate temperature, F 

v Variable plate temperature,  F 

v Function of temperature 

x Distance from left face of plate, ft 

z Transient function of temperature 

a Ratio of Biot numbers, N_ /N„ = h /h 
ux   OQ       i a 

ß Parameter, l/ft (constant of separation) 

5 Temperature ratio, (V-v )/(v -v ) 
2     2  1 

£ Parameter, ßi 

9 Temperature ratio, (V-v )/(v -v ) 
1    2  1 

y Temperature ratio, (V-v )/(v -v } 
1    2  1 

SUBSCRIPTS 

o Refers to a maximum condition 
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2 Refers to face at x = J5 
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SECTION I 
INTRODUCTION 

The transient response of an infinite flat plate of finite 
thickness has been analyzed, for many cases (Refs. 1 through 5). However, 
the most general solution for eonvective environments (different surface 
heat-transfer coefficients and thermal environments on each side of the 
plate) is not available, although the possibility of the solution is 
mentioned in Ref. 1. The transient response of a plate subjected to 
unsymmetrlcal boundary conditions is very important in many analyses. 
For example, the transient time is the prime period of interest in 
evaluating the behavior and application of structures subjected to 
unsymmetrical boundary conditions, such as exhaust gas diffusers for 
simulating the high altitude environment of rocket engines, rocket engine 
nozzles, ejectors, tunnel walls of high temperature short run time test 
facilities, nozzles of intermittently operated rockets, and components of 
aircraft and missiles in high speed flight. In many of the above cases, 
the engineer is ultimately interested in predicting coolant flow rates 
necessary to keep the wall within structural and material temperature 
limits.  It is reasonable to expect that the coolant rate necessary 
for a short time test or exposure may be of a reasonable magnitude, 
whereas the coolant rate necessary for steady-state operation may be 
completely unreasonable in some of the above applications. 

This analysis presents an exact solution for the temperature 
response in a solid bounded by two parallel planes with unsymmetrical 
boundary conditions. Implicit in the solution is the capability of 
predicting a coolant flow rate necessary to keep an exposed wall within 
structural and temperature limits. 

SECTION II 
ANALYSIS 

2.1 PHYSICAL SYSTEM 

The physical system considered in this analysis is shown in Fig. 1, 
An infinite plate of finite thickness £  is initially at a uniform 
temperature f(x) throughout. At time t ^ o, the face at x = a is exposed 
to a high temperature eonvective environment at temperature v . Similarly, 

for time t > o, the face at x = £  is exposed to a lower temperature 
eonvective environment at temperature v . Assume that the surface heat- 

transfer coefficients h and h are uniform and constant at x = o and 
1     2 

x = £f  respectively. The thermal conductivity and thermal diffusivity 
are given by k and K, respectively, and are assumed to be independent 
of temperature and position. 



AEDC-TR-66-1Ö6 

2.2  MATHEMATICAL MODEL 

A basic energy balance on the plate shows that the partial. 
differential equation describing the temperature distribution in the 

plate is given by ^        ^ 

This equation is subject to the following boundary conditions: 

k HI _ h (v - v ) = 0       at x = 0 
dx        l * 

H— + h <v - v ) = 0       atx=< 

and the initial condition: 

v = f(x)  at t ^ 0 

The above system of equations can be solved by many different 
techniques. However, the principle of superposition is especially 
convenient for this problem. Assuming that the solution can be expressed 
as 

v(x,t) - u(x) + w(x,t) (2) 

where u(x) is the steady-state contribution to temperature and w(x,t) 
is the transient contribution, then u(x) must satisfy the differential 
equation 

^ = o  osx-i (3) 
dx2 

subject to the following boundary conditions: 

k^-h(u-v)=0  at x = 0 
as  l   x 

k^i + h(u-v) = 0  at x ■ £ 
dx   2 s 

The function w(x,t) must then satisfy the partial differential equation 

^ = K^  o^x^i (10 
at  ax2 
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subject to the following boundary and initial conditions 

k — - h v = 0  at x = 0 
ax   1 

k — + h w = 0  at x = i 
äx  a 

w = f(x) - u   at t so 

It may be readily shown that the solution to the system of Eq. (3) iß 

HH    (v    - v )x + H v    (l+H^)+Hv 
u _■    i g       g 1 il a £ g (5) 

K    + H (1 + H i) 
12 1 

h h 
where     H   = r±     and    H   = -£■ 

1 K £ K 

It may be shown that by using the product-type solution, the 
solution to the system of Eq. (k)  is 

CO £ 

w = £ Zn(x) e'K 0n* j" Zn(x') [f (x') - u (x')] dx'       (6) 

n = 1 0 

where 

z (>)    f^n + ^] 2kC°S (ßnx) + \ 8ln (ßnx)] / ?) 
{(ß£ + H") [J(p; + *> + EJ + H^ + H*)} 

where ß are the positive roots of 

(ß2 - H H ) 6in (Si) = ß (H -t- H ) COB (ß i) (8) 

Therefore, the solution to Eq. (l), using the assumption of Eq» (2), 
is the sum of Eqs. (5) and (6), or 

H H (v - V ) x + H V (l + H i) + H V 
v(»,t) = x « 2 i " s " (2) 

H + H (1 + H l) 
12        1 

-K ß?t I 
£ Zn(x)e   "  f ZQ(x') [f(x') - u(x')] dx' + 

n = l 
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It is beyond the scope of this work to prove that Eq,. (2) represents 
the unique solution to the system of Eq. (l) and that Eq. (2) is a uniformly 
convergent solution; uniqueness and uniform convergence may be shown readily. 

For simplicity, let the general solution (Eq. [2]) be modified by 
assuming that 

f(x) = f (x) = V = initial plate temperature (9) 

Substitute Eq. (9) into Eq. (2) and integrate to obtain 

(v    - v  )   |H    + H H x 1 
V   -   V      =   —S i L_g 12-1 

1 E    tE(HHi) 
12 1 

+ 2   V    (ßn + ffi   [Pn COS K^  + H, Sln (ßnx)] 
n =  1  (ß* + H2)   \t{ß* + Ha)  + H ]  + H (ß2 + H 

n        1    [_      n        2 2J 1    n 

H  (V - v  )  + (H + H H i)(v -v) 1 JL 1 2 12 2_ 

H    +H(HHl) 
12 1 

H2 H (v    - v  ) 
122 1  

ß2  [~H    + H (1 + H i)l 
n L 1        2 1   J 

H      IH H i(v    - V)  + (H    + H  )(v    - V) 
sin(ß  I)  +ffi     -U § i § i }cos(ß I) n '  ßv H + H (1 + H .e) 

12     1 

H  (V - v ) 
1      1 

-St 

(10) 

Equation (lO ) will be more convenient to work with in a dimensionless 
form. Using the dimensionless temperature ratios Q}  S, \|r, N  based on 

h , N  based on h . and the dimensionless parameter a and 6 ,  Eq. (lO) 
1  £2 2 n 

may be written 

9 ■ 1 + a\ NB     {1 + V(x/^} 

+ 2 

n = 1 x       ' 

,l"fe)l|-(¥R"ff)| 

ft Bi 

e      n£2 

a ijr + (1 + w    )B 

f»fe))Nhft)>«^hft) 
- -j-lj sin (en)  -    |HBi 5  + (l + a) A cos (en) + t (l+a+Ngj 

(11) 
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The equation for the eigenvalues, Eq. (8) in dimensionless form becomes 

tan (e ) 
n   -Hi -D2 

Equations (ll) and (l2) are sufficient to determine the dimensionless 
temperature distribution in an infinite plate of finite thickness exposed 
to unsymmetrical boundary conditions. 

In addition to checking Eq. (ll) for uniqueness and uniform 
convergence, one may also show that it reduces properly to various 
"special cases". The Heisler or Groeber-type solution (face at x = 0 
insulated or 1L, = 0, and N_ finite) available in most textbooks on heat 

transfer is readily obtained by letting HL = 0 in Eq. (ll). Other 
■PI 

cases, such as both faces insulated (1L. = N_ = 0), zero thermal Bl   Bg 
resistance at x = 0 (EL = *>), and H_ finite (or vice versa), and 

•D.i nz 
aero thermal resistance at both faces (K_ = N_ = «>), are all readily 

obtained by proper reduction of Eq. (ll). For the steady-state case, 
Eq. (ll) reduces to 

1 + N (x/i) 
e (x)  = 5i  (13) 

'    l + a + Kg K     ' 

The total energy stored in the plate per unit area Q, in time t, 
is given "by 

•■•<vvji£l..i- U|..o|-       (») 
o 

The maximum energy stored in the plate per unit area is defined as 

QO= pci (v2 - vx) (15) 

Substituting Eq. (ll) into Eq. [Ik),  dividing by Eq. (15), and 
performing the indicated operations gives the ratio of the total heat 
flow into or out of the plate in time t, to the maximum energy of the 
plate,  as 

i   a    vu\ I''Wife[""•'"] j 
- '--■ suf..ftJ(U-t.-«l.«*t.ftil n = 1 

)lT~ I« * * (1 ♦ T^j) e| - "T^t sin («n) - |NBI & + (1 + a)+\ cos (en) + * (1+a + N^) 

1     _e Ktv 

1--*■ ***) • (16) 
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Equations (ll), (12), ana (l6) are sufficient to determine the 
temperature-time history and the total heat flow into or out of the 
plate as functions of time, the system Biot numbers, the environment 
temperature at the faces of the plate, and the initial temperature of 
the plate. 

SECTION III 
RESULTS 

3.1 GENERAL 

The eigenvalues e were calculated from Eq. (12) by computer for 

a wide range of characteristic Biot numbers N  and EL . The first ten 

positive roots were calculated for each combination of FL and 1L, , 

each root being accurate to four places. Table I lists values of e 
for all possible combinations of the following: n 

N  = 0, 0.1, 0.2, 0.3, 0.4, 0.5, 1.0, 2.0, 4.0, 6.0, 8.0, 
1  10.0, 20.0, 100.0, co. 

N  = 0, 0.1, 0.2, 0.3,. 0.4, 0.5, 1.0, 2.0, 4.0, 6.0, 8.0, 
s      10.0, 20.0, 100.0, «. 

The series in Eq. (ll) and (16) converge rapidly with ten or 
fewer roots of Eq. (12) for all values of Kt/.22 2: 0.01. 

Unfortunately, in Eq. (ll) it is not possible to obtain only the 
system temperature terms on the left side of the equation and only the 
Biot and Fourier numbers on the right side of the equation. This 
eliminates the possibility of a general dimensionless plot of Eq. (ll). 
However, if it is assumed that the initial temperature of the plate V 
equals the environment temperature v , then the dimensionless temperature 
parameters 6 and \[r become 0 and 1, respectively. The right side of 
Eq. (ll) then becomes a function of H_ , K_ , and Kt/£2 only. This is 

a reasonable assumption for some of the typical applications that were 
mentioned. With this assumption, the quantitative effect of varying 
conditions of surface heat transfer, plate thickness, run time, and 
material properties on the temperature response of the plate can be 
determined. It should be emphasized that the application of these 
equations is not restricted to any one material, environmental tempera- 
ture difference, heat-transfer coefficient, or run time because of the 
dimensionless character of the solution. 

3.2 ILLUSTRATIVE EXAMPLE 

The solution can best be appreciated by considering a typical 
problem. Consider the case of an exhaust gas diffuser for simulating 
the high altitudes necessary to evaluate the performance of rocket engines. 
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It is desired to know the temperature response of the diffuser wall 
"because the response must "be limited to maintain the structural 
integrity of the diffuser. The wall is initially at temperature V, 
cooled by a constant temperature v = V water reservoir at x = i, and 

at t > 0 is subjected to a high temperature gas flow at temperature v 
l 

at X as 0. For this example let EL "be 0.3 and EL 0.6. the wall he 
1 2 o   ■ 

of 3/8-in. thick mild steel, the cooling water temperature be 70 F, and 
the hot gas temperature be it-,O00oF. Determine the length of time for 
the wall at face x = 0 to reach 800°F, which -will be assumed to be the 
limiting structural temperature. 

9 = v-v/v-v = ±26O-kk6o/530-hk60 =-32O0/-3930 = O.Sll* 
121 

Referring to Fig. 2, which has example temperature response curves 
plotted for the face at x = 0, gives a Fourier number Kt/ia = O.k  for 

EL =0.3 and EL =0.6. The thermal diffusivity K for mild steel is 
•t>i os 

O.kty.    Substituting gives 

2s52_t.0.* 

t _ O.k (9.J66 x. 10~4)  = 7.972 x 10"* = 0.000797 Hr 
o.kg 

or t = 2.87 sec 

This is one example of the use of the curves. For a given run 
time, the plate temperature could have been determined just as readily. 
For other given conditions the plate thickness, coolant water temperature, 
or coolant side Biot number can be found. Figure 3 gives example surface 
temperature response curves for the face at x = &.    From Figs. 2 and 3, 
it can be seen that the magnitude of 2L. may be critical in reducing the 

surface temperature response of the wall. For example, consider the 
curve N  = H_ = 0.2 in Fig. 2. For a given material wall thickness 

and run time, this curve represents the temperature response of a wall 
with equal heat-transfer coefficients at x/jl =  0 and x./z  = 1. If all 
conditions remain the same except that the heat-transfer coefficient at 
x/j? = 1.0 is quadrupled, the new response curve has the Biot numbers 
EL =0.2 and N_ =0.8. Depending on the magnitude of the Fourier 

D 1 Ba 
number, the reduction in the temperature response of the wall may or may 
not be significant. For instance, if Kt/^2 - 1.0 the difference in 
the response of the curves with Biot numbers NL = 1L =0.2 and 

Hi °2 
N_ = 0.2, N_ = 0.8 is about four percent: however, at steady state 

the difference is about 35 percent. Figure 3 shows that the wall 
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temperature at x = £ responds at a slower rate than the wall temperature 
at x = 0, as one would expect. Also, the temperature, response decreases 
with Increasing EL for a fixed EL . 

Figure k  gives example heat storage curves for various combinations 
of EL and EL as a function of the Fourier number Kt/,02. 

SECTION IV 
CONCLUSIONS 

Through the use of Eqs. (ll), (12), and (l6), general temperature- 
time plots and energy-stored plots can be developed to cover all cases 
of interest for a given situation. For design purposes the temperature 
distribution in a wall is of importance in determining thermal stresses, 
structural integrity, and peak surface temperatures. For the example 
considered, it is shown that the ratio of EL to EL can be of significant 

DS til ' 

importance in reducing the temperature response of a wall. For a 
specific problem, the equations may be used to determine the most economical 
combination of wall material, wall thickness, and coolant flow rate and 
temperature; or even if it is feasible to limit a given wall to an acceptable 
temperature response. 
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Environment at 
Temperature v. 

^k^iJ 

Environment at 
Temperature v0 

x = 0 x - £ 

Fig. 1   Plate with Unsymmetrical Boundary Conditions 
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TABLE I 

FIRST TEN POSITIVE ROOTS OF THE TRANSCENDENTAL EQUATION (ej - NB1 NB2) TAN (<„) 

FOR VARIOUS BIOT NUMBER COMBINATIONS 

(Nfll    I    NB2)<r 

N, 

C 
0 

N, B2 
,1 
.2 

.3111 

.432e 
3.1731 
3*2039 

6.2991 
6.314B 

9.4354 
9.4459 

12.5743 
12,592,3 

15.7143 
15.7207 

18.8549 
18.8602 

,0 
,0 
0 
,0 
,0 
c 

. ..« 
.5 

i.c 
2.C 
4.C 

.5218 

.5932 

.6533 
. .6603 
1.0769 
1.2646 

,G 
,C 
,0 
,0 
0 
0 

6.C 
...8..C. 
10.0 
20.C 

100.0 
IMFY 

1.3496 
1.39 78 
1.4289 
1.4961 
1.5552 
1.5706 

3.2341 
3.2636 
3.2923 
3.42 56 
3.6^36 
i«935_2_, 
4.1116 
4.22 64 
4.3056 
4.4915 
4.6658 
4.7124 

6.3305 
_6. 3.461. 
6.3616 
.6.4373_ 
6.5 783 
6.8140 

9.4565 
9.46.70 
9.4775 
9.5293.. 
9.6296 
9.3119 

12.5902 
12_. 5_98_1. 
12.6060 
12.6453 
12.7223 
12.8678 

15.7270 
15.7334 
15.7397 
15,7713 
15.8336 
15.9536 

6.9924 
7.1263. 
7 . 2 2 & 1 
4954 
7764 
8540 

. 1 
n 

* c 

.3 

.4 

.5 
i.c 

2 
.2 
2 

.2 

2.0 
4.0 
6.0 
3.0 

10.0 
20.C 

100 .0 
iNfV 

...2 
.3 
.4 

_j_L 
l.c 

.4435 

.5369 

.6150 

.6788 
,7337 
.9293 

1.1402 
1.3260 
1.4107 
1.45 89 
1.4899 
_i.s5572 
1.6164 
1.6320 
.6221 
.6912 
.7503 
.8019 

3.2040 
3.2343 
3.2639 
3.2928 
3.3211 
_3.ii5.ll. 
3.6630 
3.957t 
4.1333 
4.2476 
4.3271 
4.5126 

9.96b7 
_l„Qj. 0.949. 
10.2003 
10.51.17 
10.8871 
10.9956 

12.9988 
13.1141 
13.2142 
13.5420 
13.9981 
14.1372 

16.0654 
16,16 75 
16.2594 
16.5 364 
17.1093 
17.2788 

18.8655 
_1_8.8 707 
18.8760 
18.9024 
18.9547 
.19*0565 
19.1531 
1.9.24 35 
19.3270 
19.6439 
20.2208 
20.4204 

21.9957 
2 2.000 2 
22.0048 
22.0093 
22.0139 
22.036t 
22.081b 
22.1697 

c8 

25.1367 
25.1407 
25.1447 
25.1486 
25.1526 

2B.2779 
28.2814 

c 
25. 2119 

29.2849 
28.2685 
28.2920 
2 8.3096 
28.3448 
28.4142 

22.2545 
22.3351 
22.4108 
22.7131 
23.3327 
23.5619 

4.6369 
4.73 3 5 
3.2640 
3.2931 
3.3216 
3.3494 

3149 
33 06 
3462 
3617 
3 771 

_ 4324 
6.5929 
5.8278 
7.0057 
7.. 1394 
7.2411 
7_._5J)82_ 
7.7891 
7.8667 
6.3462 
6.3617 
6.3772 
6.3925 

9.4460 
9.4565. 
9.4670 
9.4775 
9.^880 
9.5 3 97 

12.5623 
12.5902 
12.5981 
12.606C 
12.6139 
12.6531 

15.7207 
15 ...12 70. 
15.7334 
15.7397 
15.7461 
15.7776 

9.6397 
9.8217 
9.9763 
10.1044 
10.2096 
10.5208 

12.7301 
12.8754 
13.0063 
13.1215 
13.22.15 
13.5491 

15.6399 
15.95 98 
16.0715 
16.1735 
16.2653 
16.5922 

.9899  3.4789  6.4675 

i0.9962 
11.0047 
9.4670 
9.4775 
9.4880 
9.4984 
9.5 500 

14.0052 
14.1442 
12.5981 
12.6060 
12.6139 
12.6218 
12.6610 

17.1151 
17.2845 
•15.73 34 
15.7397 
15.7461 
45.._75 24. 
15.7339 

28.4820 
2 6.5476 
28.6106 
28.8800 
29.5577 
29.6451 
28.2814 
26.2849 
2S.2865 
28.2920 
28.2955 
21.J1J2 
28.3483 
28.4177 
23.4854 
28.5510 
28.6140 
28.8834 
29.5611 
29.348i 
28.2B85 
2 8.2 920 
2e.2955 
28.2991 

18.9130   22.0455 .25.1804   26.3167 

18.8602 
.18,8655 
18.6708 
18.8760 
18.8813 
13.9077 
13.9599 
19.0616 
19.1583 
19.2486 
19.3321 
19.6489 

22.0002 
22.004t 
22.0093 
22.0139 
22.018^ 
22.0410 
22.0360 
22.1741 
22.2539 
22.3395 
22.4152 
2 2.7174 

20.2257 
20.4252 
18.87 08 
18.6760 
18.8813 
18.8866 

23.3370 
23.5662 
22.0093 
22.0139 
22.0184 
22.0229 

25.3650 
2 5.4374 
2 5.50 64 
25,7923 
2 6.4450 
_26,_703_5_ 
25. 1407 
25.14-47 
25.1486 
25.1526 
25.1566 
25.il ? t.4 
2 5.2159 
25.2935 
25.3689 
.25.4413 
25.5103 
2_5_._796i.. 
26.4486 
26.7073 
.25,. 1486 
25.15.26 
25.1566 
25.1606 

> 
m 

n 



TABLE I   (Continued) 

N 
Bi 

N, 
B2 e. •-10 

.2 2.0 1.1*570 3.6921 6.6074 9.6499 12.7378 15,8461 18.9652 2 2.0905 25.2198 28.3518 

.2 4.0 1.3819 3.9797 6.8415" 9.8315 12.8829 15.9660 19.0668 22.1786 25.2975 28.4212 

.2 6,0 1.4666 4.1548 7.0190 9.9858 13.0137 16.0776 19.1634 22.2634 25.372b' 2B.48Ö9 

.2 8.C 1.5149 4.2690 7.1524 10.1138 13.1289 16.1795 19.2537 22.3439 25.4452 28.5545 

.2 10.0 
20.C 

1.5461 
1.6136 

4.3432 
4.5336 

7.2540 
7.5209 

10.2189 13.2288 16.2713 19.3372 22.4196 25.5141 28.6175 
.2 10.5299 13.5562 16.5981 19,6539 22.7217 25.7999 28.8868 
.2 100. G 1.6730 4.7078 7.8018 10.9053 14.0122 17.1209 20.2306 23.3412 26.4525 29.5644. 
.2 INFY 1.6887 4.7544 7.8794 11.0137 14.1513 17.2903 20.4301 23.5704 26.7110 29.8518 
. 3 .3 .7558 3.3217 6.3772 9.4860 12.6139 15.7461 18.8813 _22. 01 84 25.1566 28.2955 
.3 .4 .8118 3.3496 6.3926 9.4984 12.6218 15.7524 18.8866 22.0229 25.1606 28.2991 
.3 .5 .8612 3.3772 6.4078 9.5089 12.6297 15.7587 16.8919 22.0275 2 5.1645 

25.1843 
28.3026 

.3 l.C 1.0438 3.5049 6.4825 9.5604 12.6688 15.7902 18.9182 22.0501 26.3202 

.3 . 2.C 1.2465 3.7159 6.6218 .9.660.0 12 ,74.5.6 15,85 24. .18,9 7 04 22.0950 25.2238 23.3553 

. 3 4.0 1.4331 4.0016 6.8551 9.8413 1 2.8905 15.9721 19.0720 22.1831 25.3014 2 8.4247 

.3 6.0 1.5181 4. 1761 7.0322 9.9954 13.0212 16.0837 19.1686 22.2678 25.3767 28.4924 

.3 S..Q 1.5666 4.290C 7.1654 10.1232 13.1362 16.1855 19.2588 22.3483 25.4491 28.5530 
_._?_ 10.0 1.5979 A.3690 7.2668 10.2232 13.2361 16.2773 19.3422 22.4240 2JL-51S0 28.6210 
,3 20.fi 1.6659 4.5543 7.5335 10.5391 13.5634 16.6039 19.6588 22.7260 25.8037 28.8902 
1 100,0 1.7257. 4.72 3 5 7.B144 10.9143 .1*. 0.193 17.1267 20.2355 23.3454 26.4562 2 9.56.7.8 

.3 INFY 1.7414 4.7751 7.8920 1 1.0223 14.1581 17.2961 20.4350 23.5747 26.7148 29.8552 

.A ,4 .3657 3.377*. 6.4079 9.5089 12.6297 15.7D87 16.8919 22.0275 25.1645 28.3026 

.4 .5 .9135 3.4044 6.4231 9.5193 12.6376 15.7650 18.8972 22.0320 25.1685 26.3061 

.4 1 .0 1.09 2 3 3.530^ 6,4974 9.5707 12.6766 15.7965 18.92 35 22.0546 25.1383 28.3237 

.A 2.0 1.2955 3.7393 6.6361 9.6701 12.7533 15.8586 18.9756 22,09~95 25.227?" 2 6,3588 

.A 4.0 1.4803 4.0232 .6.8687 9.3511 12.8981 15.9783 19.0772 22.1875 22.3053 26.4232 
. A 6. 0 1.5657 4.1970 7.0453 10.0049 13.0206 16.0898 19.1737 22.2723 25. 3306 26.4959 
.4 3.C 1.6145 4.3107 7.1783 10. 1.3.2 6 13.1436 16.1916 19.2639 22.3527 25.4530 28.36 14 
.4 10.c 1.6460 4.3896 7.279ö 10*2375 13.2433 16.2833 19.3473 22.4284 25.5218 26.6244 
.4 20.0 1.7145 4.5747 7.5461 10.5481 13,5705 16.6098 19.6638 22.7303 25.8075 26.8936 
.A 100.C 1.7747 4.7490 7.8269 10.9234 14.0263 17,1324 20.2404 23.3497 26.4600 29.5711 
• A IMFY 1.790 6 4.7^56 7.9045. .1.1.0.318 14.1654 17 . 3.0 19 .20,4399 23.5789 26.7185 29,6585 
.5 .5 .9602 3.4310 6.4382 9.5296 12.6454 15.7713 18.9024 22.0365 25. 1725 28.3097 
. 5 l.C 1.1362 3.5555 .6.5122. ... 9.5809 12.6 344 15,8028 18.9287 22.0591 25.1923 28.3273 
.5 2.0 1.3385 3.7623 6.6504 9*6801 12.7610 15.8649 18.9809 22.1040 25.2317 26.3624 
• -* 4.0 1.5239 4.0445 6.3822 9.3608 12.9056 15.9844 19.0824 22.1920 25.3092 28.4317 
.5 6.0 1.609 6 4.2177 7.0584 10.0144 13.0361 16.C958 19.1788 22.2767 25.3845 28.4994 
.5 8.0 1.6590 4.3311 7.1912 10.1419 .13.1509 JL6.1976 19.2690 22.3571 25.4569 28.5649 

n 



TABLE I   (Continued) 

NBX 
.5 
.5 
.5 
.5 

1.0 

NB2 
10. C. 
20.C 

100.0 
INFY 
l.C 

1.6908 
1.7599 
1.82 06 
1.B366 
1.3065 

_4.4099 
A.5949 

..<• • 76 92 
4.B15K 
3.6732 

7.2924_ 
7.5587 
7.8394 
7,9171 
6.5B46 

10.2467 
10.5572 
10.9324 
11.0408 
9.6317 

.13.2 5.06 
13.5776 
14,0334 
14.1724 
12.7232 

16.2 892 
16.6156 
17.1382 
17.3076 
15.6341 

19.3523 
19.6687 
20.2453 
20.4446 
18.9550 

22.4328 
22.7346 
23.3539 
23.5831 
22.0817 

l.C 
1.0 
l.C 
l.C 
1.0 
1___Q. 
1.0 
1.0 

2.C 
4.0 
6.0 
Ö.0 

10.0 
20.0 

,5094 
,7004 
,7902 
,8419 

1.8753 
1.9480 

3. 
4. 
4. 
4, 
4, 
4, 

8712 
14 58 
3164 
4288 
5073 
6919 

6.7202 
6.9485 
7.1227 
7.2544 
7.3550 
7.6204 

9.7299 
9.909.0 
10.0616 
10.18B3 
10.2926 
10.6022 

12.7993 
12.943 2 
13.0730 
1.3. 1873 
13.2867 
13.6129 

15.8960 
16.0151 
16.1261 
16.2275 
16.3169 
16.6447 

19.0070 
19.10 82. 
19.2044 
19,2944 
19.3775 
19.6934 

2.._Q_ 
2.0 
2.C 
2.C 
2.C 
4.0 
4.C 

100.C 
INFY 
2.0 
-4.C 
6.C 
 B.,iL 
10.0 
20.C 

100.C 
I M F Y 
4.0 
6.0 

2.0119 
2.02 8 3 
1.7207 
1.9262 
2.0246 

._i,03i_6_. 
2.1186 
2.1993 
2.2703 
2.2389 
2.1537 
2.2653 

4.8664 
4.9132 
4.0575 
4.3216 
4.4392 
4,6006 

7.9C10 
7.97B7. 
6.8512 
7.073 4. 
7.2443 
7.3741 

10.9771 
11.0355 
9.8264 
10.0025 
10.1530 
_L_L__2ZM- 

4.6787 
4.8639 
5.039fc 
5.0870 
4.5779 
4.7439 

7.473b 
7,737d. 
6.0184 
8.0962 
7,2872 
7.4535 

10.3618 
10.6 897 
11.0642 
11. 172 7 
10.1740 
10.3211 

14.0684 
14.2074 
12.8746 
13.0170 
13.1455 

21 
13.3576 
13.6823 
14.1373 
14.2764 
13.1567 
13.2531 

17.1669 
_17__ 3364 
15.9573 
1.6.07 56 
16.1859 
6.2B67 
16.3776 
1.6.7022 
17.22 38 
17.3932 
16.1923 
16.3013 

20.2697 
20.4692 
19,0587 
19^1394 
19.2551 
19.3447 
19.4275 
19.74.24 
20.3180 
20.517V 
19.2591 
J_9_--114JL 

22. 1265 
22,2143 
22.298S 
22.3791 
22.4546 
J-2___7_i___i 
23.3751 
23.6043 
22.1711 
2.2..Z&P6 
22.342b 
2 2__42:2.8 
22.4981 
22.7987 
23.4171 
23.6463 
22.3454 
2_2_t.42.9_U. 

4.0 
4.0 
4.0 
4.0 
4.0 
6 , 0 
6.C 
6.0 
6.0 
6,0 
6.0 
8.0 

i.O 
10.C 
20.O' 
100.0 
INFY 
6.0 

2.3306 
2.3731 
2.4664 
2.5486 
2.5704 
2.3849 

4. 
4, 
5. 
5, 
5. 

8559 
9351 
1244 
3054 
354C 

4.9113 

7.5810 
7.6793 
7.9425 
6.2246 
8.3029 
7.6175 

10.4442 
10.5461 
10.8516 
1 1.2261 
1 1.3343 
10.4659 

13.3949 
13.4924 
13.8145 
14.2688 
14.4080 
13.4079 

16.4010 
16.4910 
16.8133 
17.33 39 
17.5034 
16.4091 

19.4428 
19.5250 
19.83 80 
2 0.41.25 
20.6120 
19.44S1 

22.5085 
22.5833 
22.8825 
23,4997 
23,7289 
22.5121 

a.o 
10.0 
20.c 
100.C 
INFY 
8.C 

2.4554 
2.5015 
2.6029 
2.6928 
2.7165 
2.5292 

5.0251 
5.1060 
5.3005 
5.4875 
5.537P 
5.1409 

7.7440 
7.842 0_ 
8.1061 
8.39.10 
8.4703 
7.8703 

10.5874 
1.0.6884 
10.9926 
11.3630 
11.4773 
10.7081 

13.5184 
13.6150 
13.9352 
14..38.9 3 
14.5288 
13.6280 

16.5078 
16.5971 
16.9175 
17.4375 
17.6072 
)L6.6059 

25.5257 
25.8113 
26.4637 
26.7222 
_2_5__i!_12(_, 
25.2514 
25.3286 
25.4040 
25.4762 
25.5450 

..2-_V._63_.0_3_ 
26.4524 
26.7409 
25.2906 
25,3676. 
25,4428 

._2._L._5 L4J_ 
25.583^ 
2 5.86 81 
26.5196 
26.7761 
25.4446 
25.5191 
25.5908 
2 5.6590 
25.9425 
26.5929 
26,8514 
____1_J9_1_L 

28.6279 
28.8970 
29.5745 
29.8619 
-2«L-JL44 9. 

28.3799 
28.4492 
28.5168 
26.5622 
28.6451 
2_8..J_ 140 
29.5912 
29,8786 
26.4149 
28.4640 
23.5514 
2-8._41.__7_. 
2 8.6795 
26.9479 
29.6245 
29.9119 
26.5527 
26.6198 
28.6649 
28.7474 
29.01t8 
29.6904 
29.9778 
28.6867 

19.5362 
.19,6178 
19.92 92 
20.5026 
20.7024 
-L9.62?8 

22.5911 
22.6654 
22.9633 
23.5795 
23.8088 
22.6697 

25.6646 
25_,7325 
26.0148 
26,6643 
26.9228 
25.7355 

26.7514 
28.8137 
29.0B03 
29.7549 
30.0423 
_28_____1_59 

o 

8.C 
8.0 

10.0 
20.0 

2.5776 
2.6844 

5.2234 
5.4227 

7.9685 
8.2344 

10.8085 
11,1124 

13.7238 
14.0428 

16,6945 
17.0134 

19.7048 
2.0.0148 

22.7436 
23.0402 

25.8031 
26.0845 

28.3779 
29.1437 



n 
n 

TABLEI   (Concluded) 
.   ! 

NB1 NB2 

ei e2 .   e3 e4 
£5 £6 E7 ea S9 

8.C 100.0 2.7794.. 5. 6151 8.5227 11.4894 14.4974 17.5333 20.5879 23.6556 26.7331 .29.8175 
6.0 INFY 2.8044 5. ,6669 8.6031 11.5993 14.6374 17.7032 20.7877 23.8651 2 6.9917 30.1049 

10.0 10. c 2.6277 ,3073 8.0671 10.9087 .13.8192 .16.7827 19.7855 22.8173 25.8704 26.9397 
10.0 20.0 2.7383 5. ,5107 8.3351 11.2129 14.1375 17.1005 20.0944 23.1128 26.1509 29.2047 
10.0 100.C 2.8368 5. ,7075 8.6 269 11.5920 14.5930 17.6205 20.6672 23.7276 26.7988 29.8773 
10.0 INFY 2.8626 5. ,7606 6.7083 11,7027 14.7335 17.7908 20.8672 23.9574 27.0576 30.16^2 
20.0 20.C 2.3577 5. ,7255 . a.6116 1 1.5211 14.4562 17.4160 .20.4005 23.4054 26.42B4 2 9.4669 
20.0 100.0 2.9648. 5. ,93 54 8.9165 11.9i07 14.9190 17.94 09 20.9752 24.020i 27.07S2 '20. 1363 
20.0 INFY 2.9930 5. ,9921 9.001Ö 12.0250 ,15.0625 18. .1136. 21.1772 24.2516 27.3352. '30.4266 

100.0 100.0 3.0800 6. .1601 9.2405 12.3212 15.402 3 18.4840 21.5663 24.6494 27.7333= 3 0.8180 
100.0 INFY 3.1105 6. 2211 9.3317 12.4426 15.5537 18.6650 21.7767 24.8888 

25.1327 
28.0013' 31.i143 

INFY INFY 3.1416 6. .2832 9.4248 12.5664 15.7080 18.849t, 21.9911 28.2743- 31.H159 



Security Classification 
DOCUMENT CONTROL DATA ■ R8.D 

(Security classification of titte,  body ot abstract and indexing annotation must be entered when the overajt report is c lesstiied) 

I    ORIGINATING ACTI^I^Y (Corporate author) 

Arnold Engineering Development Center 
ARO, Inc., Operating Contractor     ; 
Arnold Air Force Station, Tennessee 

2a.    BCPOCt SECURITY    CLASSIFICATION 

UNCLASSIFIED 
2b   GROUP ROUP 

N/A 
J    REPORT  TITLE 

TEMPERATURE RESPONSE OF AN INFINITE FLAT PLATE WITH UNSYMMETRICAL 
BOUNDARY CONDITIONS 

4.   DESCRIPTIVE NOTES (Type oi report end inctusive dates) 

N/A 
5- AUTHORfS.) (Last name. Ifrst name, initial) 

Ybarrondo,   L.   J.   and  Smith,   F.   H.,   Jr.,   ARO,   Inc, 

6   REPORT DATE 

January 1967 
7ö-    TOTAL  NO.   OF    PACES 

22 
lb     NO.   OF   REF3 

S«.   CONTRACT  OR  «RANT  NO. 

AF40(600)-1200 
b.    PROJECT   NO        3058 

e- Program Element  62405184 

9«.   OHISINATOR'S   REPORT   NUMBERfS; 

AEDC-TR-66-166 

Si.  OTHER REPORT   N O(S) (A ny other numbers that may b» ** signed 
this  report) 

N/A 
10. A VAIL. ABILITY/LIMITATION NOTICES 

Distribution of this document is unlimited. 

It.  SUPPLEMENTARY  NOTES 

Available  in DDC 

12- SPONSORING MILITARY ACTIVITY 

Arnold Engineering Development 
Center, Air Force Systems Command 
Arnold Air Force Station, Tennessee 

13. ABSTRACT 

Exact solutions for the t 
the stored energy in an infini 
presented for the case of diff 
face of the plate. The soluti 
limiting cases, including that 
given for many combinations of 
initial response period. An e 
application of the solution to 
engine diffuser. 

ransient temperature distribution and 
te plate of finite thickness are 
erent convective environments at each 
on is general ,,and contains numerous 
of steady state.  Eigenvalues are 
the system Biot numbers for the 

xample is presented to illustrate the 
the practical problem of a rocket 

DD FORM 
I JAN 6 4 1473 

Security Classification 



Security Classification 

KEY WORDS 
LINK A LINK B LINK C 

temperature 

flat plate - 

energy 

diffuser 

~~ff-e^f^fA^t^€^^£i^t. 
X 

INSTRUCTIONS 

I.   ORIGINATING ACTIVITY:   Enter the name and address 
of the contractor, subcontractor, grantee, Department of De- 
fense activity or other organization (corporate author) issuing 
the report. 

2a.   REPORT SECUtaTY CLASSIFICATION:   Enter the over- 
all security classification of the report.   Indicate whether 
"Restricted Data" is included.   Marking is to be in accord- 
ance with appropriate security regulations. 

2b.   GROUP:   Automatic downgrading is specified in DoD Di- 
rective 5200,10 and Armed Forces Industrial Manual.   Enter 
the group number.   Also, when applicable, show that optional 
markings have been used for Group 3 and Group 4 as author- 
ized. 

3. REPORT TITLE:    Enter the complete report title in all 
capital letters.   Titles in all cases should be unclassified. 
If a meaningful title cannot be selected without classifica- 
tion, show title classification in all capitals in parenthesis 
immediately following the title. 

4. DESCRIPTIVE NOTES:   If appropriate, enter the type of 
report, e.g., interim, progress, summary,  annual, or final. 
Give the inclusive dates when a specific reporting period is 
covered. 

5. AUTHOR(S):    Enter the name(s) of authors) as shown on 
or in the report.    Enter last name, first name, middle initial. 
If military,  show rank and branch of service.   The name of 
the principal author is an absolute minimum requirement. 

6. REPORT DATE:   Enter the date of the report as day, 
month, year; or month, year.   If more than one date appears 
on the report, use date of publication. 

7 a.   TOTAL NUMBER OF PAGES:   The total page count 
should follow normal pagination procedures, i.e., enter the 
number of pages containing information. 

76.    NUMBER OF REFERENCES:    Enter the total number of 
references cited in the report. 

8a.   CONTRACT OR GRANT NUMBER:   If appropriate, enter 
the applicable number of the contract or grant under which 
the report was written. 

8b, 8c, & 8d. PROJECT NUMBER: Enter the appropriate 
military department identification, such as project number, 
subproject number, system numbers, task number, etc. 

9a.   ORIGINATOR'S REPORT NUMBER(S):    Enter the offi- 
cial report number by which the document will be identified 
and controlled by the originating activity.    This number must 
be unique to this report. 

9b. OTHER REPORT NUMBER(S): If the report has been 
assigned any other report numbers (either by the originator 
or by the sponsor), also enter this number(s). 

10.   AVAILABILITY/LIMITATION NOTICES:   Enter any lim- 
itations on further dissemination of the report, other than those 

imposed by security classification, using standard statements 
such as: 

(1) "Qualified requesters may obtain copies of this 
report from DDC" 

(2) "Foreign announcement and dissemination of this 
report by DDC is not authorized." 

(3) "U. S. Government agencies may obtain copies of 
this report directly from DDC.   Other qualified DDC 
users shall request through 

if 

(4) "U. S. military agencies may obtain copies of this 
report directly from DDC   Other qualified users 
shall reauest through shall request through 

(5) "All distribution of this report is controlled, 
ified DDC users shall request through 

Qual- 

If the report has been furnished to the Office of Technical 
Services, Department of Commerce, for sale to the public, indi- 
cate this fact and enter the price, if known. 

11. SUPPLEMENTARY NOTES: Use for additional explana- 
tory notes. 

12. SPONSORING MILITARY ACTIVITY: Enter the name of 
the departmental project office or laboratory sponsoring (pay- 
ing for) the research and development.   Include address. 

13. ABSTRACT:   Enter an abstract giving a brief and factual 
summary of the document indicative of the report, even though 
it may also appear elsewhere in the body of the technical re- 
port.   If additional space is required, a continuation sheet shall 
be attached. 

It is highly desirable that the abstract of classified reports 
be unclassified.   Each paragraph of the abstract shall end with 
an indication of the military security classification of the in- 
formation in the paragraph, represented as (TS), (S), (C), or (U). 

There is no limitation on the length of the abstract.   How- 
ever, the suggested length is from 150 to 225 words. 

14. KEY WORDS:   Key words are technically meaningful terms 
or short phrases that characterize a report and may be used as 
index entries for cataloging the report.    Key words must be 
selected so that no security classification is required.    Identi- 
fiers, such as equipment model designation, trade name, military 
project code name, geographic location, may be used as key 
words but will be followed by an indication of technical con- 
text.   The assignment of links, rules, and weights is optional. 

Security Classification 


