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THE NATURE OF FLOOD CONTROL BENEFITS

AND THE ECONOMICS OF FLOOD PROTECTION

INTRODUCTION

This paper is an attempt to extend and clarify several areas of
analysis pertaining to the economics of flood protection. More specif-
lcally, it addresses the question of the correct measure of the benefits
from "land enhancement," and the question of the role of flood insurance
in an overall program of flood protection. The first chapter contains a
discussion of the nature of benefits from flood prctection and the rela-
tion of the various types of benefits to five different measures for
coping with flood losses. Within this framework the effects of these
measures are assessed.

In order to gain insight into the nature of flood control benefits’
a land-use model is developed in the second chapter. This model incor-
porates the economic factors which determine the location of various
activities in competitive equilibrium. This framework is then used to
prove a number of theorems which concern the effects of perturbing an
equilibrium by adding or removing new activities and by increasing or
decreasing the supply of different types of land. These theorems
provide the theoretical framework with which to analyze the benefits from
land enhancement.

The third c;apter contains an application of these results to the
problem of measuring the benefits from the introduction of flood control.
The correct measure of benefits from land enhancement is derived, and it
is shown that such benefits represent real economic gains and not simply

.

transfers of income. The correct measure of benefits from land enhance-
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ment is then used to evaluate the methods employed by the Corps of

Engineers to estimate these benefits. Finally, the practical signif-
icance of land-enhancement benefits for the planning and justification
of flood control projects 1s dliscussed.

The final chapter of the paper contains a dlscussion of the‘question
of whether it is possible tc eliminate the cost of risk-bearing through
a program of flood irsurance. The question arises as to whether the
losses from flooding are sufficliently indeperdent for flood insurance
to be fessidble. It is sometimes argiued that there is a high degree of
interdependence between occurrences of flood damage, and that flood
insurance could be written cnly if a very large safety-loading charge
were included in the premium. If 1s demonstrated, however, that if
the assets subject to flood damage are a small fraction of the %ctal
assets of the community, and that if the risks associated with flooding
are independent of other risXxs bo;ne by indi-riduals in the society,
then an insurance scheme can be devised where the charge for safety
loading is negligible and where everyone underwriting the insurance
is at least as well off as befeore the insurance rrcgram was introduced.
This result holds, regardless cf whether flocd losses are interdependent.
Similarly, it is proved that if the ricks of flooding are pooled among
all indivicuals in society, then the total cost of riszk-bearing to
soclety i3 negligible.

The questior. of whether flood insurance is a reasonable substitute
for- structural protection is also discussed in the final chapter. In
particular, it is noted that because flood losses are infliéted upoun

individuals ard businesses located cutside the flood plain, there may




in practice be some difficulty in identifying these losses and therefore
in insuring against them. The problem of identification also arises
with respect to losses of income that occur as & result of the interrup-
tion of economic activity caused by flooding. Unless these losses can
be identified and measured, it will be impossible to develop & flood-
insurance progrem which will provide complete protection against the ﬁ

losses associated with flooding.




CHAPTER I

A SURVEY OF ALTERNATIVE METHODS

QF COPING WITH FLOODS

~ The benefits of & flood-protection measure can be considered eas
the reduction in the costs from flooding which would result if this
measure were implemented. For purposes of this analysis it 15 convens
ient to divide these costs into four categories: (1) loss of property
~and income, (2) fisk taking, (3) intangibles, (4) opportunities for
use of the flood plain that are foregone because of flood hazards.
The nature of the costs in each of these categories is discussed in
relation to each of five types of measures for protecting ageinst flood
losses. These protective méasures are structurel transformation of the
river bed which includes dams, levees, channel improvements, etc.;
flood insurance; flood warning and evacuation systems, flood proofing,
and flood zoning.

When floods occur,-property in the flood plain is dameged and
economic activity is interrupted in firms and households in the flood
plain and in firms and households located outside the flood plain which
are linked with activity in the flooded area. The costs of flooding
include damage to property, losses in receipts and wages, and costs
of adjustment such as the expense of temporary housing, evacuation,
etc. [3; 117-138]. However, at any point in time or in any given year
these costs cannot be predicted with certainty, and it is assumed that
flood losses are a random veriable with a given distribution. This is
assumed for individual losses and for the sum of these losses. The

mean of this distribution, or the expected value of flood damege in a
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given period,is taken to represent the cost of flooding in that period.

Suppose a flood-protection measure is introduced which alters the
distribution of flood losses and in particular lowers the expected
value of flood losses. The benefits in each period from damage reduc-
tion are measured by the reduction in the expected value of flood losses
and the stream of such benefits is discounted to its present value and
compared with the present value of costs. This procedure raises some
interesting questions about the behavior of individuals under coniitions
of uncertainty which will be examined in *he final chapter in connection
with flood insurance. For the present analysis it suffices to accept
the reduction in the expected value of flood losses as the measure of
benefits from the reduction of property losses. This assumes that a
flood-plain occupant would willingly pay an amount equal to the reductionv
in the expected value of his property losses for protection against these
losses.

Structural flood-control measures such as dams and levees alter the
stream flov so as to change the distribution function associated with
flood losses. Structural protection eliminates the smaller, more fre-
quent floods which account for a large part of total flood losses
and, therefore, reduces the expected value of these losses. Flood
proofing, on the other land, does not alter the flood frequency, but
lowers the level of flood damage associated with a given level of
flooding and thereby reduces the expected value of losses [12, 1-32].
Similarly, flood warning and evacuation systems reduce the expected value
of flood damage because less property is left exposed to the hazards of

flooding. Thus, structural control systems, flood proofing, and flood
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‘ Harning and evacuation systems all produce benefits in the form of a
~ reduction in the loss of property and income due to flooding. Therefore,

' they are alternatives to one another ani should be considered as such

in the planning process although the optimum program may include a
combination of all three measures.

Flood insurance clearly does not reduce the expected value of losses
'due to flooding and, therefore, does not produce benefits of the first
type. - The case of fiood zoning requires more careful analysis. If zoning
is to affect the pattern of develorment in the flood plein, and thereby
reduce the expected value of flood losses, it can do so only by prohibit-
ing some activities from locating in the flood plain which otherwise
could have profitably located there. bTherefore, vhile the expected value
of flood losses would be decreased it would be at the cost of foregoing
uses of the flood plain that are of greater value than the losses that
were prevented., This reasoning cen be illustrated as follows, Abstract
from risk by essuming that a given activity is operated so as to maximize
the present value of its stream of expected earnings. Then an activity
will locate in the flood plain only if the present value of expected
flood losses is less than the increase in the present value of expected
earnings that is obtained by locating in the flood plain rather than at
the best alternative location outside the flood plain. Therefore, to
exclude this activity from the flood plain is to cause a reduction in
the present value of its expected earnings which exceeds the present
value of expected {lood losses.

This argument implicitly assumes that the individuals who decide

to move activities into the flood plain are aware of the expected value
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of flood losses. Recent studies of flood-plain occupancy have found
that ignorance of flood hazards is in some cases.an important factor in
the choice of a flood-plain location [6]. Flood'zoning may reduce flood
losses where property is exposed to the hazards of flooding only because
of ignorance. However, it is very iikely that in practice flood zoning
will exclude some activities which could profitably locate in the flood
plain as well as some for which 1t would not be profitable.

Two alternativ ' ways of premoting informed and rationai decisions
pertaining to the use of the flocd plain are programs of public informa-
tion and mandatory flood insuranée. The difficulty with a program of
public information is that people may disregard it unless there has been
a recent flood to drumatize the situation. Mandatory flood liusurance
avolds this difficulty because the price of the insurance is incorporated
into the cost of operating in the flood plain, and therefore affects the
profitability of locating there. The drawback of such a program is that
there may be substantial trancsaction costs associated with a flood-
insurance program. Llso, in order to make the program azceptable to
the insurer a safety-loading charge will have to be inciuded in the
premium. Therefore, the premium fcr flood insursnce may exceed by a
significant amount the expected value of losses; some activities which
would otherwise have found it profitable to locate in the flood plain
msy not find i% profitable if they are required to buy an insurance
policy for a premium which exceeds the expected value of thelr losses.

However, before reaching any conclusions about the effects of a mandatory

program one must take its effects on risk into account.
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In conaidéring the cost of flooding due to the loss of property and
income the expected value of these losses is used as the measure of
thig cost, However, individuels in the flood plain may be 1hterested
not only in the mean of the distribution of these iosses but in other
properties of the disﬁribution as well. For example, one may be very
concerned about the probebility of sustaining very large losses and
be willing to pay a premium to insure against such a contingency. If
& flood-control measure removes this contingency, then it creates a
benefit equal to the value of this premium. These other properties
of the distribution of flocd losses with which one can assoclate a
monetary value will be referred to as risks. In the analysis of flood
protection the primary interest 1s in risks which aré associated with
negative values, that 1is, where risk-bearing is considered a cost and
where an individual is willing to pay & premium in order tc change the
distribution of his losses in such & way as to reduce or eliminate
certain risks. There are two properties of the distribution of flood
losses which appear to be rparticularly important for the analysis of
flood-protection systems. First, there is the probability of a catas-
trophe, vhich can be defined as losses above a specified level, and
secondly, the dispersion of flood losses as characterized by the
variance of the distribution. These specific risks will be referred
to in the following analysis of the effect of various flood-control
measures on risk.

Structural-flood control measures that elimi.ate the possibility
of flooding also eliminate risk. However, few structural systems pro-

vide complete protection against flooding. Structural systems generally

s bR



eliminate the smaller, more frequent floods and reduce the level of

flooding in the case of larger floods. This leads to the conjecture
that such measures will reduce the probability of very large losses
and also reduce the variance of flood losses because the probability
of losses near zero 1s increased., If this is the case, then structural
measures reduce, but in general do not eliminate; both types of risk.
Flood proofing and flood warning and evacuation systems can also reduce
the probability of very large losses. For example, flood proofing can
reduce the probability of heavy losses that occur when structures are
washed downstrcam. A flosd warning and evacuation system enables some
prorerty to be evacuated from the floocd-threatened ares and allows
time for businesses snd househoslds to prepare for the conditions of
flooding. Therefore, these systems help to reduce the damage associated
with any level of flooding and in particular high levels of flooding.

Of the five types of flood-protection measures, flood insurance
is by far the most effective for cecping with risks. Assume that a
flood- insurance policy which covers all economic losses caused by flood-
ing 1s offered at a price equal to the expected value of flcod losses.
By purchasing such a policy the flood-plain occupant adds an amount
equal to the expected value of his flood losses to the cost of operating
in the flood plain. Therefore, the expected value of costs associated
with a flood-plain location is the same with the policy as without
ity however, with the poiicy these costs are known with certainty and
risk is eliminated. There are, however, transaction costs associated
with a flood-insurance program so that premiums will in general exceed

the expected value of losses. If the amcunt by which the premium
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exceeds expected losses is less than the cost of risk-bearing, the flood-
plain occupant will purchase the policy and there will be a net benefit
equal to the difference between the cost of risk-bearing and the price
of the policy. Therefore, when the effect of insurance on risk 1s taken

into account, the adverse effects of a mandatory flood-insurance progrem

are mitigated because the increase in the expected value of costs incurred

with the purchase of such a policy is in part or wholly offset by the
reduction in the cost of risk-bearing.

Finally, flood-zoning programs can reduce the total cost of risk-
bearing by excluding activities from the flood plain. It should be
noted that flood zoning in no way reduces the risks of flrms and house-
holds which actuslly locate in the flood plain. Flood zoning,by exclud-
ing certain activities from the flocod plain that otherwise would have
located there, prevents these activities from assuming the risks
assocliated with flood-plain occupancy. However, as in the case of
expected flood losses, flood zoning prevents the costs of risk at the
even greater costs that result from prohibiting these activities to
locate in the flood plain. If an individusl is aware of the risks of
locating in the flood plain, then he will move into the flood plain
only if the value of its advantages 1s greater than the cost of bearing
the risks of that location.

Again ignorance of the risks may justify some form of flood zoning;
qowever, a program of public education as to the hazards of flooding, or
a program of mandatory flood insurance which would eliminate risk, might
be less costly methods of coping with the problem of ignorance. Another

case for flood zoning is that society may choose to accept some
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responsibility for cetastrophic losses, and therefore is justified in
regulating individual exposure to the possibility of such losses. For
example, when a disastrous flood leaves people homeless and without a
source of income, society 1s often obligated to provide assistance.

This may be the case even when the victims of the flood understood the
risks and proceeded to occupy the flood plain in splte of them. if
society accepts an obligation to pay part of the costs associated with
the risks of flooding, and if thre attitude.of socliety toward risk differs
from that of a given individual, society may be Jjustified in imposing
its preference with respect to risk-bearing on the individual. One
method of accoﬁplishing this 1s to establish flood zoning regulations
which prevent activities from moving into the flood plain where the
risks involved are socially unacceptable. It shculd be noted, however,
that a program of mandatory flood insurance would achieve the same
objective, as any individual moving into the flood plain would be
required to purchase insurance, thus removing the possibility that
society would have to pay part of the losses in the case of a catastrophe.
It may Le possible to deal with the problem of ignorance an to eliminate
the possibility of society having to reimburse individual losses by
inaugurating a program of flood irsurance that would insure against only
part of each individual's losses. Such a program could protect the
individual against disastrous losses and thereby remove the need for
government relief in cases of disaster. While the premium might be well
below the value of expected flood losses, the fact that people would be
required to pay & premium for this limited protection would probably

alert them to the hazards of flooding.




In concluding the discussion of risk it is approbriate to analyze
an argument that is often presented in support of proposals to build
larger structural systems than would be Jjustified on‘1.'.he basis of
available benefit-cost information. The benefit-cost criterion dic-
tates that the design of a project should be such that the present
value of net benefits i1s maximized. Thus, an incremental increase
in the scale of a project should be undertaken only if the increase in
net benefits exceeds the costs of that increment. Because of the
practical difficulty of measuring the benefits from risk reduction,
thege benefits are not usually included in benefit estimates. Properly
stated, the argument that the scale of structural flood-control measures
should be greater than that dictated by benefit-cost information rests
on the contention that (1) the increase in the scale of these flood
control measures will produce significant benefits by reducing risk,
and (2) that if these benefits were included in the benefit estimates,
the incremental benefits would exceed the incremental costs.

If one accepts the basic factual assumptions of this argument and
the validity of the benefit-cost criterion, then the conclusion follows,
provided there are no alternative ways to reduce risk. However, there
is an alternative wsy to reduce risk, namely flocd insurance, which
will provide complete protec%ion whereas most structural measures will
not. Assume that therw are no trensaction costs of insurance and that
the insurance premium i, ngial to the expected value of flood losses.
Then the costs of risk-tearing can be eliminated without incurring any
additional costs, pecause the price of the premium simply replaces the

expected value of flood losses in the individual's cost calculation.
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In this hypothetical case benefits from the reduction of risk should
never be included in benefit estimates for flood-control projects since
these benefits can be secured without cost by a flood-insurance program.
Thus, the present procedure of omitting them from benefit estimates
would be correct if flood insurance were available. In practice there
are transaction costs that must te considered and the above statement
requires appropriate modification., If the flood-insurance program is
large enough to enjoy economies of scale, the transaction cost may be
negligible. This is one of the important questions that will have to
be investigated before such a progrem is established.

The third category of benefits is comprised of outputs of a flood—-
Protection system for which it 1s difficult to assign a meeningful mon~
etary measure, Thus, they are lumped together under the heading of
intangible benefits. Some of the items in this category that are
considered to be important by the Corps of Engineers are reduction of
the loss of life, enhancement of the security of the people, improvement
of sanitation, and protection against epidemics [3, 141)}. Of these,
only the prevention of the loss of life is probebly considered by the
public at large as one of the primary objectives of flood control
although, in fact, only a small number of deaths have been caused by
flooding [3, 141-142]., The discussion that follows will be restricted
to the effectiveness of different measures in preventing deaths caused
by flooding.

It is scmetimes argued, as in the case of risk, that the prevention
of deaths from large floods is Justification for building very large

flood—control projects. It is argued, for instance, that a large dam
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and reservoir system will eliminate certain floods and reduce the sever-
ity of.others and thereby prevent deaths. On the other hand, when a
floodwall is topped, the rapid inundation of the flood plain may catch
the occupants by surprise. This, combined with tre tendency of flood-
Plain occupants to develop a false sense of security when protected by
flood control works, may offset the effects of the additional protection

(17, 229]. While some floods can prevented by structural measures,

it 1s seldom economically feasible fb‘build a structural system that
will provide complete protection and, thérefore, it is necessary for the
protection of life to provide a flood warning and evacuation system.
There may be some areas where it i1s not economically feasible to build
structural flood-control works, and where hydrologic conditions are such
that 1t is impossible to provide sufficient warning for the evacuation
of the flood plain. Such might be tﬂe case in a canyon which has a
history of flash floods. Under these circumstances flood zoning may

be required to prevent utilization 6f the flood zone that could result
in a substantial loss of life.

The fourth category of benefits, land enhancement, is both impor-
tant and controversial, and therefcre will be analyzed in some detail.
Its importance stems from the fact that benefits in this category are
becoming increasingly important in the Justification o> flood-control
projects [8, 185-86]. There is also a question as to whether there
is any real economic gain associated with land enhancemeht, or whether
- 1t only represents a diversion 6f activity into the flood plain from
other locations [8, 186]. Further, there are the questions of what

in fact is the correct measurement of benefits from land enhancement

14




e b e < am ¢ wgasnn - v e —— - FRp—
. - . . .
o 3 - S

and what relation does the correct measure bear to measures used by
federal agencies.

In general there are firms and households which locate off the
flood plain because the costs associated with flooding more than offset
any possible advantages of flood-plain location. However, some of
these firms and households might find it to thelir economic advantage
to locate in the flood plain if the costs of flooding to the flood
plain occupants were reduced or eliminated. Assume that a flood -protec=
tion measure 1s introduced which reduces the costs of flooding and
therefore mekes it profitable for some activities, which had previously
located outside the flood plain, to move into the flood plain. The
benefit from land enhancement attributable to that measure 1s defined
as the sum of the dollar values of the economic gain of firms and house-
holds which now find it profitable to move into the flood plain.
Implicit irn thils definition is the assumption that a firm or household
which would gain from a flood-plain location, given protection, would
willingly pay an amount equal to or less than the dollar value of this
gain in order to secure that protection.

It 18 clear that any public program which reduces the cost of
flooding to the flood-plain occupant can create benefits from land
enhancement., This 1s true whether the program reduces cost by iseducing
the expected value of flood loss, by reducing risk, or by reducing
intangible losses. Therefore, the introduction of almost any program
of flood protection can create landenhancement benefits. There is
one notable exception, namely flood zoning. The creation of land-

enhancement benefits is critically dependent on the reduction of the
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costs of flooding to firms and households which will actually occupy
the flood plain; since zoning reduces the cost of flooding only by
excluding the activities that would incur these costs, it cannot produce

benefits of this type.

There now remain the Questions of whether land-enhancement benefits

represent real ecoromic gains or are merely a transfer of rents, and

| whether the methods used by federsl agencies to me&sure these benefits

are correct. 1In order to g8in insight into the a8nswers to these ques-
tions a model will be developed which incorporates the major economic
factors that determine flood-plain utilization. The model and the forth-
coming analysis make yse of the following assumptions: (1) The condi-
tions of the competitive model are fulfilled; (2) there is a perfect
capital msrket so that borrowing and lending rates are the same and
equal the social rate of discount; (3) there is perfect foresight with
respect to future states of the economy. To simplify the analysis of
flood~control benefits it is further assumed that there are no intangible
costs associated with flooding and that each flood-plain occupant buys
an annual flood-insurance policy for a Premium equal to the expected
value of his flood losses. This assumption removes from consideration
the cost of risk so that the only cost to the flood-plain occupant is

8 cost equal to the expected value of hisg losses.
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CHAPTER II

THE THEORY OF RENTS

AND THE LOCATION OF ECONOMIC ACTIVITIES

Before developing the anelyslis of flood-plain use it 1s necessary to
analyze in detail the econcmiz fectors that determine the rental value,
and therefore the price, of land. This is important for later analysis
because the cost of land 1s 8 significant factor in determining an activ-
it:r's choice of locestion and because changes in land values are sometimes
used as a measure of benefits from flood control. Further, it will te
demonstrated that under certain conditions the rental value of a parcel
of land represents in some sense the socisl cost of occupylng that parcel.

Begin by assuming there is a limited supply of homogeneous land which
is divided into n identical parcels. In addition, suppose there is a
set, X = [xl,...,xm], of activities which compete for the n parcels of
land. Each activity requires one and only one parcel, and is indifferent
as to which parcel it occupies. Further assume that the costs of an activ-
ity are variable, and that an activity can be initiated and terminated
instantaneously. As a result of this assumption, whether or not an asctiv-
ity is operated in a given year depends only on its earnings as compared
wlth the earnings of other activities in that year. The earnings of an
activity x1 € X, denoted by Sxi, are defined as the total value of out-
put associated with the operation of x} minus all costs of production

i

except the cost of land. It is sssumed that S~ (i = 1,...,m) is given

and 1s independent of whatever other activities are in operation.

17
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1 n
Let the activities in X be ordered so that S*> ... > g* >

n+l m
Sx D > Sx 2 0 and let m > n. Suppose the activities in X bid

=
agalnst each other for the n available sites. If the bidding rises
above the earnings of a particular activity, that activity will drop from
the bidding for that year. The bidding will continue untlil there are
exactly n activities left, at which point it will stop. The bidding
will clearly continue until the bids reach an+l, and therefore the
rental value of & unit of land which is established under this particular
procedure of bldding 1is equal to the earnings of activity xn+1. Alter-
natively, suppose that rents are established in the following way: Each
landowner sets the rent on his parcel of land on & take-it-or-leave-it
basis, and he raises the rent if one or more activities are willing to
rent his parcel at the quoted rental value and lowers ihe rent if he has
no takers. Further, suppose this process continues until an equilibrium
is reached. Clearly, in any equilibrium the rent on all parcels of land
must be the same; otherwise, all activities which are still seeking land,
given the quoted rents, will attempt to locate on the parcel witﬁ the
lowest rent. This would drive the rent on that parcel up and the rents
on other parcels down. It is clear that the common rental value, p,
must equal an. Under both systems of bidding, an equilibrium is
obtained in which, given the rental value of the land, the demand for
land Just equals the supply. However, the rentai values established
are not the same in both cases.

Now assume that m < n so that all .ities can operate and have

parcels of land left vacant. If the first tidding scheme were followed

and bids begin at zero, then there would be no further bidding because




i K A e B N it

all activities can obtain a parcel of land, given p = O. On the other
hand, 1f the second scheme were in operation, rents would also be zero
because there i§ always some parcel of land for which there is no taker,
and competition among suppliers of land will drive the rent to zero. Now
let m = n. Then under the first system of bidding, the equilibrium

rental value will be ‘ero, and under the second system the rental value
m

established in equilibrium will egual §% .

The results of the preceding can be generalized as follows: Again

n+l b §1
assume that m > n , and in addition assume that Sx <8 . 1let p tbe
xn+l xn x;
any rental value which satisfies S <p<Ss so thet S -p > 0
i
({ =1,...,n), and s*-p<o(i-= n+l,...,m); i.e., given p,

activities xl,...,xn can earn a profit, and activities xn"'l,...,xm
* .

can only be operatew .t a loss. Therefore, given p, xl,...,xn wiil

each demand one parcel of land sc that any rental value p such that

n+l n
Sx <p< s® 1s consistent with an equilibrium in the market for land,

and the set of operatiné activities is (xl,...,xn}. Now suppose that
n . i i
P = s® so that Sx -p2>0 ({ =1,...,n), and Sx-p <0 (i = n+l,
n .
ves,m). s* - P =0 so that it 1s a matter of indifference whether O

is in operation; however, if x® is not in operation, a parcel of land
will lie vacant and competition among suppliers cf land will drive the
rental value of land down and induce x° to operate. Since an
arbitrarily small decrease in p will mean that x" earns a profit,

1t is assumed that x° will demand cne unit of land and will operate,

n n
given p = s* . Clearly, bp = s* is the maximum rental value consistent

n+l

with equilibrium in the market for land. Now suppose that p = Sx SO
i i
that 8¢ -p>0 (i =1,...,n) and 8% -p<O (i =n+l,...,m).

19
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xn+l nel
S -p=0, 501t is a matter of indifference whether or not x

*+1 demands & unit of land, then there

is in operation. However, if <
will be excess demand in the market for land, and competition among
renters will drive the rental value up and force xn+1 out of the bidding.

Since an arbitrarily small increase in the rental value will mean that

n+l
xn+l can only be operated at a loss, 1t is assumed that, given p = Sx ’
xn+l does not demand a parcel of land and is not in operation, given

n+l
the equilibrium which obtains. Clearly, p = S  is the minimum rental

value consistent with equilibrium. To summarize, any rental value P
n+l n

such that Sx 5 P 5 Sx is consistent with equilibrium, and from the

previous discussion it is clear that the minimum rental value consistent
with equilibrium will be obtained if the first system of bidding is in
effect and the maximum rental value is obtained if the second system 1is
operative. The set of activities in operatton, given any equilibrium

rental value is [xl,...,xn].
&8 xn+l :
Now suppose that S =S ; then clearly the equilibrium rental
n n+l
value p 1is uniquely determined, and p = Sx = Sx . Given p, some

of the activities including x" and xn+1

will just break even so that
it is a matter of indifference which of these activities actually operate,
provided that all n parcels are occupied. As a result, tte set of

activities which operate in equilibrium is not uniquely determined. This
1 n-1 n n+l n+2

can be seen as follows: Suppose Sx > 02 Sx > Sx = Sx > Sx >
0 B A =

+oe >8" . Then, given p=8" =8 » the set of activities in opera-

tion could be either {xl,...,xn'l,xn+l] or [xl,...,xn'l,xn]. Notice

that each set must contain xl,...,xn ; however, the nth parcel of land

mey be occupled by either of the marginal activities x" or xn+l.



Therefore, the activities which operate in equilibrium are determined by
the conditions of equilibrium,except in the case of marginal activities

which may be assigned to either the set of activities in operation or to

the nonoperative set.

We have discussed the case where m > n in some detail; however,

similar results can be obtained in the cases where m=n and m < n.
m

First, assume that m = n. Then if O : p < s* , the demand for land

|
will equal the supply, since all m activities will demend one unit of '

land. If Sxmz O, then p 1s uniquely determined and p = O. Suppose
that m < n; then there is no rental value which will eliminate the
excess supply of lend. As a result, competition among suppliers will
drive the rental value to zero. Therefore, we can conclude that, gliven
any number of activities, m, and any number of parcels of land, n, there
1s & closed interval such that all rental values within this interval
satisfy the conditions of equilibrium. If this interval 1s degenerate,

| the equilibrium rental value 1s uniquely determired.

Suppcse we now introduce a new activity, z, to our set of activities

so that the new set of activities, X', is given by X' = XU z. In addi-
n-1 n n+l

tion, assume that S° > 8% >8° >8° . 1In the initial situation,

before the introduction of 2z, the interval containing rental values
n+l n

consistent with equilibrium is defined by Sx 5 ho] : Sx , and the set
of operative activities in equilibrium is [xl,...,xn], assuming m > n.

After the introduction of 2z, the interval containing rental values
n n-1
p' < s* , and the set
n-

of operative activities in equilibrium is (z,x ,...,x 1}. Rote that

consistent with equilibrium is defined by §- <
1

the maximum rental value consistent with the initial equilibrium equals

21




the minimum rental value consistent with the new equilibrium as both are
equal to an. When 2z 1s introduced, it displaces xn, which 1s forced
to shut down; therefore, by introducing z &n asmount equal to S- was
added to the total earnings of all activities in operation; however, there
is also loss of earnings equal to an. The net increase in total earn-
ings or, in benefit-cost terms,the net benefit attributable to the
introduction of z is 8% - an. It follows frcm the preceding discus-
sion that the cost of introducing 2z, in terms of the earnings foregone
because some activity ls displaced, equals the maximum rental value
consistent with the initinl equilibrium and the minimum rental value
consistent with new equilibrium. Therefore, 1f the mechanism by which
equilibrium is obtained is such that the maximum rental value obtains,
then the initial rental value of land is the correct measure of the op-
portunity ccst of introducing z. On the other hand, if the minimum
rental value obtalns, then the new rental value of land is the correct

measure of this cost.

Now suppose thst the inpitisl rental value, p, is uniquely determined,

n n+l
which implies p = Sx = Sx . In this case, p 1is the proper measure
of the cost of introducing z. This statement also holds if the new
n n-1
X X

rental value, p', 1is uniquely determined so that p' =8 =8 .

From the above statements it follows that if both p and p' are
uniquely determined, then they are equal; i.e., in this case the introduc-
tion of 2z does not change the rental value of land. Even if an #
an+l, any rental value which obtains in the initial equilibrium is a
good approximation of the cost of intrcducing z if S*n - an+l is

small.
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Similar results can be derived for the cases where m = n and

m<n. First, suppose that m = n &and that & new activity, z, 1is
introduced for which s% > Sxm-l > Sxm In the initial situation any
rental value, p, O 5 P § Sxm, is consistent with 2quilibrium. After
the introduction of 2z, there are mcre activities than parcels of land
.80 that it corresponds to the case where nm > n; and tharefore, the new
rental value, ﬁ‘, must satisfy Sxm i p' i Sxm-l. Since sxm ise
displaced by 2z, the cost of intrcducing 2z 1r terme of its effect on
the total earnings of all cthar activities is equal to Sxm. This cost
agein equals the maximum rentzl value consistent with the initial equilib-
rium and the minimum rental value consistent with the new gqnilibrium.
The case where m < n csn be broken into two subcases. First, assume
that m < n-1l. Then even after the introduction of 2z there will be
unused land so that the rentasl value of land will be zero in both cases.
This accurately measures the cost of intrcducing 2z Dbecause no other
activities are affected. If m = n-l, then the initial rental value is
zerc; however, the new rental value p' must satisfy C < ' < Sxm.
This is because after the introduction of =z, the number cf activities
equals the number cf parceis of land. Since 2z does not displace any
other activity, the opportunity ccst of introducing =z Is zero, an@
therefore we get the desired result. |
The preceding analysis has dealt with the conditiouns of equilibrium
in the market for land and the effects of perturbing the equilibrium by

introducing a new activity. Now suppose that there are m =sactivities

competing for n parcels of land, m > n, and that the system is in
n+l n
equilibrium with a given rental wvaiue, p, Sx <p< Sx . Further
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1
suppose that the set of operative activities is Y = (x ,...,xn). let kK

be a positive integer, k < n, and let xl < xz < ..o < Ak 5 n be positive

integers. Now suppose the set Y = [xkl,...,xxk) is withdrawn from the
initial set, X, so that the new set of activities is X' = X - Y. 1In
addition, suppose that k parcels of land ere withdrawn from the system
8o that the supply of land is n-k percels. Then sny rental value, p,
consistent with the initial situation is consistent with the new equilib-
rium,and the new set of operative activities is Y' = Y - Y , provided
the marginal activities in Y' are assigned to the operative set. What
this means is that if a number of parcels of land, along with the activ-
ities which occupy them, are withdrawn, then the remaining activities
which were initially in operation will operate in the new equilibrium.
However, the rental value of land may change. This can be seen as follows:

n+l n i
Clearly, for any p, s* § p< s* ’ s* - P2 O for any index 1 (i =

1,...,n), such that < e Y', and Sxi -p<0 forany i (4=
n+l,...,m). There are n-k &activities in Y' so that if each sctivity
in Y' occupies one parcel of land, then land is fully utilized. There-
fore, p 1s consistent with the new equilibrium, snd since the set of
operative activities is determined except for the assignment of marginal
activities, we get the desired result. The minimal rental value consis-
tent with the new equilibrium 1s clearly an+l; however, the maximum
rental value consistent with the new equilibrium is greater than or equal
to the maximum rent consistent with the initial equilibrium. In particular,
this is true if an-l > an and Ak = n , s0 that the earnings of all
activities in Y' are greatér than an. Therefor2, the set of rental

values consistent with the ini‘ial equilibriuim may be a proper subset of
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the set of rental values which are ccnsistent with the new equilibrium.
In the model where there is one type of land, an activity elther
operates on that land or it does not operate. In general, however, there
are many types of land on which sz activity may locate, and an activity
which 1s bumped from one lccation mey shut down or it may locate ¢n
another type of land. While the general model of 1land use 1s more
complex, 1t turns out that most of the results derived for the simple
case of one type of land hold Qith only minor modifications in the
general case. For example, there is a minimum arnd maximum rental value
for each type of land which is consistent with equilibrium in the markets
for land. 1In addition, suppose thet the system i1s in equilibrium and
that a new activity, z, is introduced which locates on a glven type of
lard, thereby displacing some activity previcusly located there. The
displaced activity either snuts down or moves to a new location. If it
does the latter, then & second activity may be displaced, which in turn
disrlaces & third activity, etc., until a new equilitrium is attained.
It can be shown that the cost of introducing =z, 1in terms of its effect
on the earnings of other activities, equals the meximum rental valuz of
the land occupied by 2z which is consistent with the initial equilib-
rium. More precisely, 1f & new activity is introduced orn a given parcel
of land, the maximum rental value of that parcel which 1s consistent with
the initial equilibrium repressnts the sum, taken over all other activ-
ities, of the changes in earnings which result from the movement to the
new equilibrium. Because the results derived from the land-use model
with one type of land hold in the general case where there are n types

of land, and because these results can be demonstrated more simply, the
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foregoing discussion, it is hoped, will clarify the discussion that |
follows.

The general model can be formulated as follows: There are n types
of land, and each type consists of a finite number of identical parcgls.
In addition, there is a set of activities, X, and each activity x ¢ X
has a gliven level of earnings on the e type of land denotel by Sf
(L « 1,...,n). Again it is assumed that Sf is independent of whatever
other acfivities are in operation and of the location of these other
activities. For convenience the set X 1is assumed to be finite; how-
ever, this assumption can be relaxed without changing the results of the
analysls. The activities in X compete freely for the use of lend in a
glven year, t, and the bidding process continues until an equilibrium is
established. Given an equilibrium, a rental vslue, p, ({ =1,...4n), is
associated with eacﬁ type of land, and the activities in X are divided
among n+l mutually exclusive sets, Al""’An’c such that X =
AlL)AELJ...\JAnLJC. An activity, x, is in A, (L =1,...,n) 1if and only
if x operates on type 1 land, and x is in C 1if and only if x does
not operate. The conditions of equilibrium must be such that, glven the
ordered set of rents p = (pl,...,pn), there 1s no incentive for any
activity to move or to reopen the bidding, and in addition if a given
type of land is not fully utilized, its rental value is zero.

The conditions of equilibrium are the following:

(1.1) p, >5 forany xeC (1 =1,...4n)

(i = l,.co,n)

x
i
x
1 for any x € A

(1.2) p, <8 {

(1.3) Si-pi>8:-pj for any x € A, (1,J = 1,...,n)
(1.%) P, 20 _ (1 =1,...,n)
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and the equality holds if conditions (1.1) to (1.3) hold, and the number

of activities in A, 1s less than the number of parcels of type i land.

i
Condition (1.1) states that in equilibrium it is not profitable for any
activity in C to operate, and (1.2) states that no activity in operation
1s operating at a loss. Conditlion (1.3) states that, giver the set of
equilibrium rents, it would not te profitable for an acti;ity operating

on type i land to move to type J land, j # 1. The last conditicn results

from the assumpticns that 3 landowner will nct pay somecne to occupy his
land, and that there is price competitior among suppliers of land which
will drive the rental value of any type of land not fully cccupied to
zero. The set of equilibrium rental values, p, 1s restricted by
conditions (1.1) to (1.4), but is not in general uniquely datermined by
these conditions. Therefore, there may be & number of sets of rental
values which are conslstent with equilibrium in the markets for land.
Simllarly, given any set of rents which will maintain an equilibrium in
the markets for land, the location of the different activities is not
completely specified; L1.e., the sets Al,...,An,C are not uniquely
determined. Suppose, for example, that p satisfies conditions (1.1)
to (1.4), given a pattern of location described by the sets ApseeesAC,
Further suppose that Sf = Si = Py for some index i, and that x € Ai
and y € C. Then x and y can be interchanged, and p will satisfy
conditions (1.1) to (1.4), given the new pattern of location. We get
ancther such example if instead we suppose that x € Ai and y € AJ’

14#J, end that S; - p, = S - andSy—pi=Sy-p Again, if

1 =% 7Py 1 S

the position of x and y were interchanged, the set of rents p would

satisfy conditions (1.1) to (1.4), given the new pattern of location.
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In both the above cases it ig a mafter of indifference from the point of
view of x and y as to which set they are assigned. An activity which
occuples some location,and which, given the set of rents, is either indif-
ferent between operating and shutting down or is indifferent between
operating at 1ts present location or at some other type of location, will
be sald to be marginal to the land it occupies, given these rents. If
the rent of any given type of land is increased by an asmount, € > 0, no
matter how small, the marginal activities either shut down or move to a
new location. Since € can be made arbitrarily small, it will in the
future be assumed that & marginal activity can be displaced by & supra-
marginal activity without effecting a change in the rent. This is impor-
tant for later analysis where the effects of perturbing an equilibrium
by introducing a new activity are investigated. It is also important to
note that a marginal activity may be earning a substantial profit. Such
an activity may be marginal to a specific type of land, given rents,
because it can earn the same profit at some other location.

For any giveﬁ set of rents, the pattern of location is not uniquely
determined; however, for every set of rents consistent with equilibrium,
the patterns of location associated with each set are the same, This is

stated precisely in the following theorem:

Theorem 1. let p = (pl""’pn) be a8 set of rents which satisfies
the conditions of equilibrium with a pattern of location
described by Al,...,An,C. In addition, let p' =
(pi,...,pé) be any other set of rents which is consis-
tent with an equilibrium in the markets for land. Then
conditions (1.1) to (1.4) are satisfied by p', glven the
pattern of location described by Al""’An’C'

~O




Proof: We can assune without loss of generality that the types of land

- ' - ! e e - ,- a it
are numbered so that (a) P, - Pf <Py - Py < <p, - P, From (a)
follows that (b) Py - Py <py - pj, k < J. From (v) and condition (1.3)

X X X 1 X 1]
ve get 0 < (8) - py) - (S - p) g (8y - p;) - (8 - ) for eny
X

X
x €A, and k < J; and therefore it follows that (c) S = Px S sJ pj

3
for any x € A, and k < J. If the inequelity holds in (b), then it
also holds in (c). Equation (c) tells us that no activity in AJ

(3 =1,...,n) will find it profitasble to move to a location with an
index k < J, given p'. This fact will be used extensively throughout

the rest of the proof.
Suppose that, given p', condition (1.1) is not satisfied; i.e., for

some x € C, p£ < Sf for one or more indices i. Now choose £ such
X _
1 7P
one index satisfies this condition, let £ be the minimum of these.

that for this activity, x, sj -pl>8 for all i. If more than
- ! - 1

Now suppose that, for some Index 1 § 2, pi-l pz < pi-l pl, and let

k be the maximum index for which this is true. Then it follows from (a)

and the definition of k that P, - P, = pi - pk, and since clearly

p} < P, it follows that pé < p,- From (a) we then get the result that

Pj < PJ: k < J, so that Sj - pj >0 for any x € AJ, k < §. Morsover,
S; - p3 > Sf - p{ for any x € AJ’ k <J and i <k. This means that,

given p', the number of activities which demand land of types k,...,n
is greater than the number of activities in AkL)...L)An. If the number
of activities in AJ (J = k,...,n) equals the number of parcels of type
J land, then, given p', there i1s an excess demand in one of the markets
for land so that p' would not be consistent with equilibrium. If the

number of activities in AJ is less than the number of parcels of type J
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land for some J 2 k, then by condition (1.4) we have pJ = O. However,

J
If we had assumed there was no index 1 5 £ for which Py_q - pz <

pJ > pj, which implies that p! < O and this violates condition (1.4).

P;_y = P,» then it can be shown that p, <p, for all J, and 8 similar

J J
argument leads to the same contradiction. Therefore, the assumption that
the set of rents, p', is not consistent with condition (1.1) leads to &
contradiction of fhe assumption that p' 1s consistent with an equilib-
rium in the markets for land.

Now suppose that, given p', condition (1.2) is not satisfied; i.e.,
for some index, i, Sf
imum index for which this is true. Surpose there is an index i Z 4 for

- pi <0 for some x € Ai’ let £ bYbe the max-

- ' - ' ’ *
which pz pi+l < pz pi+l’ and let k : £ be the minimum index for
which this holds. By the definition of k, P, - Py = pi, and since
P, > P, clearly holds, it follows that p; > p,. From (a) we get the
result that pi > P, 1< k, so Sf - p{ <0 for any x € C and

X > S
i < k. Furtber, 8, -p,>8 By for any x € A

J J J’
and some activity in A, will either shut down or demand type J land,

>k, 1<Kk,

J >k, glven p'. Therefore, the number of activities demanding land

of types 1,...,k 1s less then the number of activities in‘ Alu ...UAk

so that, given p', there will be at least one parcel of land for which
there is no demand. If this set of rents is ﬁonsistent with equilibrium,
some rent p{, i < k, must be zero. However, p{ = 0 for some i § k
implies that By < 0, which is not possible. If there is no index

i > £ for which P < pé - P£+l’ then it follows that p{ > p,
for all 1, and the argument and conclusions follow as before if we

let k = n.




Now suppose that, given p', condition (1.3) is not satisfied; 1i.e.,
for some index 1, sf - p{ < S? - pj for some x € Ai and 1 < Jj. wa
divide the problem into two parts. First, suppose that for some index,

' X _pitegX. o
k, pk >~pk and Sk ph<'sJ pJ for some X € Ak and k < J. Then
from (a) 1t follows that p{ >p for 1 <k and the rest of ~he proof
follows from the same argument used in the previous case where condition
(1.2) was viclated. Now suppose that for every index 1 for which
X X _ , .

N 3 pJ for some x € Ai’ i<y, pi < Py - Now let £-1 Dbe
the minimum index for which the above holds, and let k < £ Dbe defined

- n!
8 Py <8
as in the case where condition (1.1) was violated. The rest of the proof

i3 the same as for that case.

Since p' 1is assumed to be consistent with the conditions of
" equilibrium, then condition (1.4) must be satisfied for every pattern
of location for which conditions (1.1) to (2.3) hold. Therefore, by
assumption and by the fact that conditions (1.1) to (1.3) hold, given p'
and the pattern of location described by Al""’An’c’ it follows that

(1.4) also holds, and this completes the proof.

In the case where there was one type of land, the rental values
which were consistent with equilibrium in the markets for land were
contained in a closed interval. A similar result holds for the general
case as it can be shown that any set, p, of equilivrium rents lies in a
closed n-dimensional interval, although the polnts represented by these
sets of rents do not fill the interval &s in the case with one kind of
land. However, the endpoints of this interval are sets of equilibrium
rents so that there is a maximal and minimal set of such rents. This
is stated in the following theorem:
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Theorem 2. There exist two sets of rental values, P = (Si,--~,5;)
and D = (51,...,Bn) such that p <p< P, where
P= (pl,.-.,pn) is any set of rents which is consistent
with equilibrium in the markets for land. In addition, P
and ; are consistent with equilibrium and will be referred
to as the minimal and maximal sets, respectively, of
. equilibrium rents.

Proof: let P, = (p,]} (1 =1,...,n) be the set of rental values
for type 1 land such that each p; € Pi is contained in an equilibrium
set of rents p. Let ;; = inf. P, and let 31 = sup. P, (f =1,...,n)
so that (Si,...,i;) < (pl""’pn) < (fl,...,ﬁn) for any set of rents
(pl,...,pn) which are consistent with conditions (1.1) to (1.4). We
must now show that the maximal and minimal sets of rents satisfy condi-
tions (1.1) to (1.4) fcr any pattern of location described by AjseesA,C.
Since by Theorem 1 all sets of equilibrium rents satisfy conditions (1.1)
to (1.4) for any pattern of location associated with equilibrium, we can
arbitrarily choose any such pattern and demonstrate that the maximal and
minimal rents satisfy conditions (1.1) to (1.4) with respect to this
pattern of location The proof will be carried out in detall only for
the maximal set of rents, as yith minor modifications the same line of
argument can be used to show that the minimal set of rents satisfies
conditions (1.1) to (1.4).

From the definition of B, (i = 1,...,n) it follows that
satisfies condition (1.1). Now suppose that the maximal set of rents
does not satisfy condition (1.2); i.e., for some index i, 51 > Sf for

some activity x, in A . However, since ﬁi = sup. P

,» 1t follows that
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there is a pi € Pi such that 1 > Sf which contradicts the assump-
tion that pi belongs to the ordered set of rents consistent with

equilibrium. Therefore, p must satisfy condition (1.2). From the

definition of B, end (1.3), it follous that S; - p; > sg - B, for

J
any X € A (i, = 1,...,n) and any p; € P,. From this inequality,
which holds for all p, ¢ P, 1t is clesr tmat Sj - B, > 8y - B, for

any x ‘Ai (1,3 = 1,...,n) so that condition (1.3) is satisfied.

i
Since pi Z 0 for all pi € Pi’ it follows that pi : 0, and if
type 1 land is not fully occupiled, Py = 0 for eall p, € Pi so that
51 = O by definition. Therefore, p satisfies conditions (1.1) to

(1.4), which completes the proof.

The problem &s it has been formulated is an integer programming
problem; however, this particular problem, known as the assignment
problem, can be solved by linear programming techniques as it happens
that tAere is alwsys an integer solution to a linear assignmen* problem
[2, 316-22]. Assuming that the earnings of each activity at each loca-
tion are exogenously given and independent of the location of other
activities, we attempt to locate the activities so as to maximize the
total earnings of all activities. The patterns of location which cor-
respond to this maximum can be shown to be the patterns of location cor-
responding to a competitive equilibrium in the markets for land. There
are several advantages to this approach. First, it can be shown, using

well-known theorems of linear programming, that there is a set of rents
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consistent with equilibrium in the markets for land; second, that the
total‘earnings of all activities, given any pattern of location for which
there is a set of equilibrium rents, equals the maximum total earnings
attainable, given the conditions of the problem. From this it follows
that the total earnings of all activities are the same, given any pat-
tern of location associated with equilibrium in the markets for land.

The reasons for not formulating this problem as a linear programming
problem are,first, that using the present approach we are able to prove
some very strong theorems about the process of substitution when an
equilibrium is perturbed and, second, that it is not appropriate for the
purposes of this paper to interpret the conditions of equilibrium as the
result of the solution to an assignment problem. With regard to the
theorems which will be proved, I have nct yet been able to derive the
results in the context of a linear programming formulation. However,
these theorems, including Theorem 2, must hold and would be interesting
from the standpoint of the assignment problem alone. I intend to explore
the relation between these theorems and the linesr programming solution
to the assignment problem in a separate paper.

Before extending the formal model and investigating the effects of
perturbing a system which is in equilibrium, it is necessary for the
gereral relevance and applicability of this analysis to modify and
relnterpret the assumption that the earnings of each activity at each
type of location are known in advance of the bidding. If we consider an
economy where there are many types of land asnd a great number of activ-
ities, the earnings of any one actiyity at a particular location will,

in general, depend on both the location and the characteristics of other
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activities in operation. These factors will affect both the demand and
supply functions for the individual activity under consideration. How-
ever, assume that a process of competitive bidding takes place and that
after adjustment and readjustment an equilibrium is reached where, given
the prevalling rents, there is no incentive for any activity in operation
to move to another location and there i1s no incentive for any activity to
reopen the bidding. This equilibrium in the markets for land is part of
8 general competitive equilibrium with which is associated a given set of
prices, and these prices are taken as glven by the individual activity.
Given market prices, rents, and the technical characteristics of an
activity, its earnings and profits can be computed for each alternative

}ocation. If wve interpret Sf to be the earnings of activity x on the
th

i type of land, given the prices which obtain in competitive equilibrium,

then conditions (1.1) to (1.4) must be satisfied, given this equilibrium.
This 1s because an individual activity takes market prices and rents as
given and will relocate only if it can increase its profits, given
current prices.

One cannot, however, be completely comfortable with this interpreta-
tion because it assumes that a competitive equilibrium exists and is
assoclated with a given pattern of land use. Beckmann and Koopmans have
demonstrated, however, that if tle locational interdependence among
economic activities takes a particular form, then there is no set of
prices, including rents, consistent with equilibrium in the markets for
land [7, 69]). That is, given any set of prices, including rents, it will

elways be profitable for some activity to relocate. In terms of the
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present model this means that there may not be a compeéitive equilibrium
which satisfles conditions (1.1) to (1.4). While the results derived by
Beckmann and Koopmans suggest that there may not be a8 set of rents that
will sustain an equilibrium in the markets for land, given locational
interdependence among economic activities, these results are derived for
the very special case where the problem of finding the optimal location
of activities is a quadratic assignment problem [7,64-71]. Whether the
same results would hold, given the more complicated types of inter-
relationships found in the real world, is still a matter for conjecture.
For purposes of the present analysis it is assumed that a competitive
equilibrium exists in the markets for land.

One can either interpret this assumption as meanins that the
analysis is applicable only to the case where locational interdependence
does not exist, so that the problem corresponds to a linear assignment
problem, or as meaning that in the real world the complicated types of
locational interdependence which exist are not incompatible with a
competitive equilibrium. In either case the starting point for the
analysis is an equilibrium which satisfies conditions (1.1) to (1.4).

In the analysis which follows, the effects of perturbing an equilib-
rium by introducing new activities or by changing the characteristics
of some type of land will be studied. When an equilibrium is perturbed
in this manner, a process of equilibrium takes place in which a num-
ber of activities may relocate and a new equilibrium will be estab-
lished with a new pattern of location. If the process of adjustment

involves a small proportion of the total number of activities in a region,
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it is reasonable to assume that prices cther than land rents will remain
unchanged. Therefore, the earnings of a given activity at each alternative
location will be the same in both equilibrium situations; however, the
profit realized at each alternative location will be different if rents
change. In the analysis that follows it is only essential for the argu-
ment that the initial situation is a general equilibrigm where, gliven
prices, the earnings of each activity at each alternative location are
known and where conditions (1.1) to (1.4) are satisfied in the markets

for land. Further, it is assumed that if the original equilibrium is
perturbed, the earnings of each activity at each location remain invariant
throughout the process of adjustment.

In the case where there was one type of land, the effects of introduc-
ing a new activity, 2z, were discussed. 1t was demonstrated that if =z
operates in the new equilibrium, the opportunity cost of introducing =z
in terms of the decrease in the earnings of other activities is equal to
the maximum rental value consistent with the initial equilibrium and the
minimum rental value consistent with the new equilibrium. A similar
result can be derived in the case where there are n types of land. It
will first be demonstrated that if 2z is introduced and locates on type 1
land, then the cost of moving to the new equilibrium, in terms of the
total decrease in the earnings of all other activities which are forced
to relocate, equals the minimum rental value on type i land which is
consistent with the new equilibrium. It will then be demcnstrated that
this rental value is also the maximum rental value on type i land which

1s consistent with the initial equilibrium.
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Suppose that the economy is in equilibrium with a given set .f
prices, including p = (pl,...,pn), the minimal set of equilibrium rents.
The set, X, of potential activities is, in equilibrium, divided among
n+l mutually exclusive sets, Al,...,An,C. A nev activity, z, is
introduced so that the set of potential activities is now X' = XU z.
Assoclated with X' will be a new equilibrium in which a new minimal
set of rents, p', is assumed to obtuin. All other prices are assumed to
remaln constant so that the earnings of any activity on any parcel of
land are the same before and after the introduction of z. In the new
equilibrium the activities in X' will be divided among n+l mutuslly
exclusive sets, Ai,...,Ai,c’.

Suppose that in the new'equilibrium 2 €C' so that 2z does not
operate. This breaks down into two subcases. First, if Sz 5 by
(1 =1,...,n), then 2 does not find it profitable to oéerate, given
the initial set of rents, and therefore the initial equilibrium is not
disturbed by the introduction of 2z. Now suppose that S; > Py for some
i. In this case, = will start bidding for land and the initial
equilibrium will be upset. A new set of rents, p' > p, will be estab-
lished; however, given these new rents, z, by assumption, does not find
it profitable to operate.:/ In other words, 2z bids up the rental
value of 1land but does not succeed in bidding land away from any of the
activities which occupied land in the initial equilibrium. It can easily
be shown that Ai = Ai (i =1,...,n), provided we assume that activities

which are indifferent between two types of land, given both sets of rents,

*
T/ P' > P means p{ >p; (i = 1,...,n) and p{ # p; for at least one
value of 1.
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remain in their initial location. Therefore, the only effect of introduc-
ing 2 1in this case is possibly to gaise the minimal set of equilibrium
rents.

Now suppose 1z € A£ for some index 1. Without a lcss of general-
ity we can let 1 = 1. If type 1 land is not fully occupled in the
initisl equilidrium, and if S - p; > S - p; (i =1,...,0), then the
initial minimal set of rents will obtain before and after the introduc-
tion of 2z 80 that p = p'. Clearly, pi = P, = 0, which is the
desired result since no activities are forced to relocate so that the
opportunity cost of introducing 2z 13 zero. Now suppose that
Si - pl < Si - pi for some 1i. Then if 2z 1s to operate on type 1 land
in the new equilibrium, p/ > p, for at least one value of i, and there-
fore the new minimal set of equilibrium rents is such that p'z p. It can
be shown that p' 1is consistent with the initial equilibrium, from which
it follows from condition (1.4) that pi = 0. This is the desired result
since no activities are displaced by the introduction of 2z. In the new
equilibrium the location of some marginal activities may be changed, but
this does not affect the general result that the total earnings of all
firms other than 2z are the same in both equilibriums.

Suppose, however, that in the new equilibrium 2z occupies a type of
location which was fully occupied in the initial equilibrium. As a
result, a number of firms are forced to relocate, and some activity which
previously occupled a type of land which was fully utilized is either
forced to shut down or to move to previously unoccupied land. The fol-
lowing analysis will be devoted to the first case, although the case where
an activity moves to previously unoccupied land can be analyzed in an anal-

ogous manner with identical results.
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Without loss of generality we can assume that all land is fully oc-

“cupled in the initial equilibrium. It follows from this, the conditions

of equilibrium, and the fact that a new activity has been added to the
set of potential activities that all land will be occupled in the new
equilibrium. Clearly, C C C' and since 2z, by assumption, locates on
type 11 land, it follows that one and only one activity previously in
operation does not operate in the new equilibrium. It is intuitively

clear that z will replace some activity on type i, land, that this

1
(.
activity will in turn replace a third sctivity on 12, ete., until for

some k 5 n, an activity which formerly operated on type ik-l land re-

Places an activity on 1, 1land which is shut down. If the above descrip-

k
tion of the effects of the adjustment process is correct and if, for

definiteness, we assume 1. = 1,...,1, = k, then the sets Ai,...,Aé C

1 k

can be described as follows:
: 1 K-
(2) A= (AU z) - <ty a5 = (AU =) - 5%, a0 = (U XT) -

k
4 =
Agar= Bygppreowhp = Ay €1 = CU X,

where x' (1 =1,...,k) is a given activity such that x> e A If (2)
holds, then the total decrease in the earnings of activities previously
in operation that results from the adjustment to the new equilibrium is

k-1 xi xi xk
(3) ifl (Si - Si+l) + sk .

In order to prove that (3) equals pi it will be demonstrated that:

i

(4.1) sf -5 (1 =1,...,k-1)

x 4 - H
141 =P ~ Py
and

B
(h.2) Sk = PQ:
Lo




where p' 1s the new minimal set of rents satisfying the conditions of

equilibrium.

First, however, it is necessary to demonstrate that the new equilib-
rium is of the general form described by (2). Assume that in the new

equilibrium the following situation exists for k activities 2 5 k < n:

il il i 12
(5) x " € A end xT €Al , x"ehA and x" €Al ,...,
1 2 2 >3

i
x &1 ¢ A and x *°1 ¢ A , and X kg A, and x ke Al .
k-1 X k 1

It can be shown that this assumption leads to a centradiction. Mo simplify

the notation egain, assume that 1, ~ 1,...,i, = k. By (1.3) it follows

1
that
14
(6.1) s; - sfﬂ 2p - P,y (L=1,..0k1)
and
k1

(602) s; - S; Z pk - pl'

However, from the same equilibrium condition for the new equilibrium it

follows that

i i
1! X _ oX _ _

and

k k
X

1 1]
(7.2) py - p] > 5 - 8]

Using (6.1) and (7.1), and summing over i = 1,...,k-1, we get

- k-1 k-1 1 xi k-1
Z (p) - p )>E(S ) > (p, = P;.q)s
1al 141 121 i +17 = 1.1 i i+l

and therefore
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(9) pl - w27 - By
Prom (6.2) and (9), it follows that

k
X

(10) 8%

X
=8 2P~ P 2P - Py

which is consistent with (7.2) if and only if equality holds for (6.1),
(6.2), (7.1), and (7.2). In other words, given either set of equilibrium
prices, xi is indifferent between a type 1 and 1+l location for
i=1,...,k-1, and xk is indifferent between & type k and type 1
location. Therefore, in either equilibrium situation these activities
can be located so that xi operates on type i land or on type i+l
land. The total earnings of these k activities are the same, given

elther pattern of location, because

k-l 2 i &5 KL
- - 1 L. 1
(11) = (s;-8;,)+ (s -587)= 2 (p/-p/ )+ (p) - )
1al 1=1 |
k-1
= B o Rg) r (B -pp) =0

We can therefore assume, without affecting the results of our analysis,
that where this special case arises xi € Ai.

The foregoing result can be used to show that the new equilibrium is
of the general form described by (2). Clearly, if z occupies type 1
land, there has to be a chain of sdjustment that results in some activity,
which was previously in operat;on, shutting down. This follows because
all land is fully occupied in both equilibriums and because there is a
fixed number of parcels of land. However, the question remains: Is there

any other relocation that accompanies the adjustment to the new equilib-

rium? Suppose, in addition to the relocation described by (2), that som=
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yle Al, yl # x1 ig in a new location, say on type 2 land, so that

yle A'!. Because yl is on type 2 land, some activity yze A2, y2 # x2,

2
is located on some other type of land, say type 3, so that y2s Aé- Since
there 1s a finite number of types of land, &nd since all land 1s occupied
in the new equilibrium, one can easily shcow by proceeding in this marnnrer
that at some pcint on this c¢hain of relccation an zctivity will be
located on the parcel of land vacated by yl. Therefore, these activities
that are relocated in the new equilibrium satisfy (5). which lesads to a
contradiction except in the special case discussed. Therefrre, the new
equilibrium may be assumed to be of the form described by (2), provided
the land types have been numbered so that 2z locates on *type 1 land, and
xi moves to type i+l land. The fact that the new equilibrium is of this
form will be used extensively in the proof that (4.1) and {%.2) hold.
| This proof will be carried out by constructing a set of rertal values
p' which satisfies (4.1) ard (4.2), and then demcnstrating that this is
the minimal set of rental values satisfying the conditious of equiliocrium.
First, let xk € Ak be an activity such that

k k

Yy k
: Sk for any y ¢ Ak.

Since by assumpticn some yk 3 Ak does not find it profitable to cperate
k
given p', it follows that pi > S: because otherwise all activities

in Ak would find it profitablle to operate on type k land. Let pﬁ =
X !

Si 5 which is the minimum value consistent with the particulaer equilib-
k

rium assumed to exist. Also, from (1.1) it follows that S; 2P, SO

z 0. Now let xi €A be such that

' -
that Py 1

Py
1 1 i i

X _ X Y oY . i
(13) Si+l S; >8j sy forany y ¢ Ai.
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Set pi' go that

i

st-pi' (i -l,oco,k‘l)-

1
(14) s 1

x - 1]
141° P14
Since p; 1is given, p/ (£ = 1,...,k-1) is determined by (14). 1In
order to understand the significance of this procedure it is helpful to
k-1
analyze the rental value, pﬂ-l’ which is set so that S; - pﬁ =
kel .
-p' .. t .
-1 pk-l pk-l is set at the minimum value that is cozfistent with
the new equilibrium because if pﬁ_l were set so that S; - pi <
k-1 :
X k-1 ,
Sk-l Py 1’ then it follows that no y "¢ Ak-l would be in Ak’

contrary to our initial assumption about the new equilibrium. Since by

xk-l k-1

b 4
(1.3) 8 - B S8y - By then
! - = = ! .
(35) Py - P =M 2% =P - B

The same line of reasoning can be used to demonstrate that for any
1=1,...,k-1, pi is assigned the minimum value consistent with the
initial assumption about the characteristics of the new equilibrium.b It

can also be shown that
(16) 71 5 71"’1 fOI‘ i = l,coo,k-l.

This last result can be loosely interpreted by saying the minimum rent

of land increases most for that land on which the new actiity locates,
and less for each successive type of land involved in the chain of adjust-
ment.

In order that p' satisfy the conditions of equilibrium,

(17) s - ) > sy - ]

3 for any x € A/ (1,3 = 1,...,k)
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must hold. It will be demonstrated that the specified set of rents, p',
satisfies (17). First, however, it is necessary to show that the activ-
ities designated by x  in (2) satlsfy (13) for 1 = 1,...,k-1, and (12)

for i = k. Suppose that the activity in (2) denoted <& does not sat-
N _

k
isfy (12) so that S; > Si for some yke A & # yk. Since it is
k

assumed that xk does not operate in the new equilibrium, pﬁ > S; > Si .
Therefore, yk does not operate on type k land in the new equilibrium,
contrary to our initial assumption. A simiiar line of reasonizng can be
used to demonstrate that x> (L =1,...,k-1) in (2) must satisfy (13).
To show that p' satisfies (17), first assume that 1 > j. Now let
i-1
xT .

X € A{ so that either x e A, or x =

(1.3) and (16) that s

If xe¢ Ai’ we have by

X

3%

ny

x .

| I [ .
i pi S and pi Py g pJ pJ From

this it follows that

(18) s* - p

i - pj for any x € A, and 1 > (1,3 = 1,...,k).

If x= xi-l, then it follows from (1L4) that

Xy oX .
(19) s; - p] = Sy - py for §=1i-1.

If J <i-1l, we have the result that

X X
(20) 8 ) - Py 28y-P),

which follows from (18). Combining (19) and (20) we get the desired
"result that

X _ i-1

(21) sy - @) > sy - B} for x=x and 1 >4 (1,3 = 1,...,k).

Now it must be demonstrated that (17) holds for 1 < j. Suppose for

some x € Al that (17) does not hold, so that
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(22) S: - pi < S: - pj for some X € Ai, 1 <3 (4,3 =1,...,k);

it will be shown that the assumption that (22) holds leads to a contra-
diction. Let p" = (p{,...,p;) be some set of rental values which

satisfies the equilibrium conditions associated with (2). Then

X X " " '
(23) 8y -8 ;2P -p/, forany x el (1 =2,...,k).

Now by (1L4) we have

i-1 i-1

(2v) s* -8

, 1-1
1 1.1 = Py

for X € A

1]
Pi.a
From (23) and (24) 1t follows that

! - " - " = e e e .

By using (25) and summing over the inequalities, it follows that

(26) Py - P2 P} -y 1< (1,3 = 1,...,k).

Since p" satisfies the conditions of equilibrium, we have

(27) Sf - p; > Sj - p3 for any x € A};

and from (26) and (27) ve get
(28) s - »

- pj for any x € A/, 1 < (1, = 1,...,k)

which contradicts the assumption that (22) holds. This completes the
proof that (17) holds. If k = n, then it has been demonstrated that p'
is the minimal set of rental values consistent with condition (1.3),

given the pattern of location described by (2).
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However, consider the case where k < n so0o that the rents
] ] ' -
pk+l""’pn are yet to be specified. Now define pk+l to be the mini

mum rental value which satisfies the following constraints:
> I R ‘(1 a
(29.1) S, - P 28, - P, forany xeAl (L =1,...,k),
'
(29.2) e,y 20

. 1 X 1]
(29.3) Pyy1 2 S,y forany xec'. v ¥
|

Suppose that (29.2) and (29.3) are not effective constraints; then it is

eagily shown that
> S X ,
(30) Sepl " P4y 25y - By forany x €A (1 =1,...,k)

so that, given (17), we have

(31) Sf - p{ > Sj - pj for any x € A{ (1,3 = 1,...,k+1).

Assume (30) does not hold, so that i

X - . b4 _ ' ,
(32) Se41l = Pryy <8y - pf for some x e Ay . and some i < k.

From (2) and condition (1.3) it follows that

X . oX h4 4 ' s
(33) sk+1 5, 2 Sk+1 8; for any x ¢ Ak+1 and any y e'Ai
(i =l,aoo,k).

Therefore, if (32) holds, it follows from (33) that
. y oo P x (e
(34) (8g,q - Pryq) - (87 - /) S(8,, - pp) - (s -p)<0

for any y € Ai (L =1,...,k).

This contradicts the assumption that p£+l is the minimal rental value

k7
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satisfying (29.1), and therefore (30) must hold. Now suppose that (29.3)
is the effective constraint so that pi+1 is greater than the minimum
rental value which satisfies (29.1). Clearly, p£+l satisfies (29.1), so
to demonstrate that (31) holds we must show that p , also satisfies (30).
Let p;+1 =Pt (pi - pk) = P,y + % Thenlit follows from (14) and
condition (1.3) that (30) holds for pi+l < p£+l. Since p£+l 3 RY
1tkélao follows that p£+l > S:+1 for any x € C. In adiition, p£+l >
S:}l because by construction and condition (1.3) O = S; -2 sk+l'p£+1’
This gives us the result that p£+l > S;+l for any x € C'. Therefore,
1f pyy < P§+1 is the minimum value which satisfies (29.3) when (29.3)
is the effectlive constraint, then p, , 8lso satisfies (31). Clearly, if
(29.2) is the effective constraint, (31) 1s satisfied. If we proceed by
defining pi+s, 2 <8< n-k, so that pﬁ+s is the minimum value such
that sf - p/ > s;‘% - P, forsny xeA! (1L=1,...ks), o) >0,
and p£+s > s§+8 for any x € C', we derive a set of rents p' such

that

(35) Sf -p 2 S§ - pj for any x € A/ (1,3 = 1,...,n).

By construction, p' 1s the minimum set of rents such that p' z 0

and such that p' satisfies conditions (1.1) and (1.3) with respect to
the pattern of location described by (2). There exists some setlsf rents
p" which is consistent with the equilibrium described by (2), and clearly
P" > p', and therefore p' satisfies conditions (1.2) and (1.4). There-
fore, p' 1is the minimum set of rents which satisfles thé conditions of
equilibrium. By construction the set of rents p' satisfies (hul) and
(4.2) which, when substituted into (3), ylelds the desired result. Thus,

the rental value pi equals the total decrease in the earnings of
48




activities other than 2z that results from the relocation which accom-
panies the move to the new equilibrium. If the minimal set of rents
actually obtains in the new equilibrium, the increase in the total earn-
ings of all activities equals the profit of z.

It can now be shown that if a new activity, z, is introduced which
locates on type 1 land, then the cost of introducing 2z 1in terms of the
total reduction of earnings of activities other than 2 also equals
p;, where p" 1is the maximal set of rents consistent with the initial
equilibrium. Suppose z lccates on land previously unoccupied. Then
no activity in operation is forced to relocate, so there is no lcss of
earnings. Since the initial rent on the unoccupied land is zero, we get
the desired result. Suppose, however, that all land is occupied in the
initial equilibrium, and that 2z replaces some activity on type i land
so that a chain of relocation tekes place, which results in one activity
shutting down. Without loss of generality, it can be assumed that the
new equilibrium is described by (2). Careful inspection of the proof
that the new equilibrium is of the form given by (2) reveals that this
proof depends only on the fact that the initial set of rental values and
the new set of rental values are consistent with their respective
equilibriums. This is satisfied by the maximal as well &s the minimal
set of rents. Given the new equilibrium described by (2), the tctal de-
crease in the earnings of activities which are forced to relocate is

given, as before, by (3). To show that (3) equals pf, it is sufficient

to show that
I S
(36.1) Sy - 81, =P - p;+l (L =1,...,k-1)

and

b9




x?
(36°2) sk - P; )

where p" is the initial set of maximal rents.

To prove that (36.1) and (36.2) hold, it will be demonstrated that

(37) (P;:--°:P£) = (Pi)'°°:Pi):

where p" now represents the maximal set of rents consistent with the
initial equilibrium, and p' represents the minimal set of rents consis-
tent with the new equilibrium. It has been demonstrated that p' sat-
isfies (4.1) and (4.2); therefore, if (37) holds, it follows that (36.1)
and (36.2) also hold.

First it will be shown that p' satisfies conditions (1.3), glven
the pattern of location described by Al,...,An,c. Suppose x € Ai for
gome 1 =1,...,n; thenif 1 >k, xe€A'!; 1if 1 <k, either x € A{
or X = xi € A/

141
x € Ai, then because p' 1s consistent with the new equilibrium we have

and 1f 1 = k, elther x € Ai or X = xk ec'. If

(38) si -] 287 -9, (1,0=1,...,n).

If x=x (f =1,...,k-1), then by (14) we get
o <
- p! = - n!
(39) s, - P =S;, ;- P 1>
and from (38) it follows that
1 i

(s0) s - B > sj -p) (3= 1,0.0,m).

If x = xk, then by the definition of pi we have S; - pi = 0, and

because x € C' 1t follows that Sj - pj : 0 (J=1,...,n). Therefore,




(b1) S5 - pL=0285 -2 (J=1,.0,n).

From (38), (40), and (41) it follows that

(42) SI -p = Sj - pj for any x € A, (1,3 = 1,...,n).

Now clearly pﬁ is the maximum rental value on type k land which
i3 consistent with the initial equiiibrium. Given pi, pﬂ_l can be
shown to be maximum rent on type k-1 land which is consistent.ﬁith the
initial equilibrium. This can be seen &s follows. Assume p£ P pﬁ

and that Pg-l > py_;+ Then it follows from (13) and (14) that for some
X € Ak—l

X 1 X [}]
(43) Sy - By <S¢ - Py

which is contrary to the assumption that p" 1s consistent with the
initial equilibrium. Assume the equality holds; then by the previous
argument it can be shown that pg_z = pé_z. By proceeding in this
manner we demonstrate that p; = p{ (1 =1,...,k). Now let pg = p{

(1 =1,...,k); then (pf,...,pg, pﬁ+l,...,p£) satisfies condition (1.3)
with respect to the initial equilibrium. Now assign to p£+l the maxi-

mum value which satisfies both

(44.1) s;+l- Py sf -py forany xehA . (1=1,...k),

-—
=

and

X -
(44.2) Syl = Pryy 20 forany xeA ..

1
pk+l' it follows that
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X, " X _on - )
(45) Sy - Py 28, - Pg,y foreny xeA (L =1,...,k)
Therefore, by (L44.1) and (45) it follows that

(46) S: -9 2 S? - pg for any x € A, (k,J = 1,...,k+1).

FNow assign a value to p£+s (s = 2,...,n-k) which is the maximum value

that satisfles both

(47.1) s;+s - p£+s 2 Sf - p;

and

x
(47.2) Sips " p£+s >0 for any x €A .

for any x € A (L =21,...,kes),

It is easily shown by the argument used to derive (46) that

X "

3 " P) for any x € A, (L, = 1,...,kes).

(48) s - 2] 28

Setting s = n-k, we see that p"(pf,...,pg) satisfies condition (1.3)
with respect to the initial equilibrium. Because p”" > p' > p, where

P 1is the minimal set of rents consistent with the initial equilibrium,

it follows that p' satisfies condition (1.1). Also, careful inspec-
tion of the way in which p" was constructed will reveal that condiﬁion
(1.2) is also satisfied, and éince by assumption land is fully occupied
in the initial equilibrium,condition (1.4) is satisfied. Therefore, p"
1s consistent with the initial equilibrium and because of the manner ina
which 1t was constructed, it is the maximal set. Further, by construc-
tion the components of p" satisfy (36.1) and (36.2), and by substituting

these expressions into (3) we get the desired result that

k-1 4 4 X
- - o ”"”
o (8y - 8,) -8 =»] -




We can restate the previous results as follows:

Theorem 3. Assume there are n types of land, and a set of
activities which compete for the available land. In equilibrium
the activities of x are divided asmong the sets Al,...,An,C.
Suppose a new activity, z, is introduced so the new set of
activities 1s x' = x\J z &and that the activities in x' are
divided among the sets Ai,...,AA,C'- in the new equilibrium.
Further, suppose 2z € Ai. Then the total reduction of the
earnings of activities in Alt) e U An as a result of the
adjustment to the new equilibrium is equal to p; and pi,
where p" 1s the maximal set of rents consistent with th2
initial equilibrium, and p' 1is the minimal set of rents
consistent with the new equilibrium.

From a practical standpoint the significance of Theorem 3 would be
enhanced if the competitive mechanism by which rents are established in
fact insures that the maximal set of rents obtains. In this cese the
rent which prevails on a parcel of land prior to the intr§duction of
some new activity on that parcel represents the opportunity cost of put-
ting that parcel to this alternative use. If {he raznts are uniquely
determined by the conditions of equilibrium in the initial situatd on,
then the maximal set of rents does obtain. PFurther, if rents are
uniquely determined in the initial equilibrium, and in the equilibrium
which obtains after the introduction of 2z, then we get the following
result:

Theorem 4. Assume the situation described in Theorem 3 exists.

Then if p' and p" are both uniquely determined, p' = p".

23




Proof: It has been demonstrcted that p' 1is consistent with

the initial equilibrium. However, p" by definition is consistent with
the initial equilibrium, and since the set of rents consistent with the

initial equilibriuwa is uniquely determined, p' = p".

The question remains, however, as to whether the conditions of a
perfectly competitive economy are likely to produce a unique set of rents.
To gain some insight into this question, suppose that there are n types
of land, and that the number of svailable units of each type of land is

n
dl""’dn’ respectively. Let 4 = 123d1; i.e., 4 1is the total number

of parcels of all types of land. Suppose the set of potential activities,

Xx,1s such that x = ) Xys where F 1s some index set, and that the
LeF

number of elements in Xy, for any index LeF, 1s greater than d.
Further, suppose that if x and y are two elements in Xy for
any index £eF, then x and y are identical in the sense that Sf =

Y
8%

that a competitive equilibrium is attained and that in this equilibrium

for any 1 =1,...,n, and for any set of market prices. Now assume

some activity x occuples type i land, for some 1 =1,...,n, so that

X € Ai' X € Xz for some index ALeF, and because the number of activ-

ities in XL is greater than d, 1t follows that there is an activity

Yy € Xz such that y ¢ C. Because x € Ai and y € C, 1t follows that

x—
1 =P

type i land is occupied by one activity, it is fully occupied by activ-

X

0> s{ - P, =8 - p 0. Therefore, S for any x € A,. If

ities with identical earnings which just equal the rental valuc of that
land. If we take activities to be firms in a perfectly competitive

economy, we have conditions that are identical to those that may hold in
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a long-run competitive equilibrium where, because cf free entry, profits
have been eliminated. The example outlined above mskes use of very
strong assumptions in order to simplify the ésmonstration that rents are
uniquely determined. The result holds under much weaker assumptions;
and even vhen rents are not uniquely determined by the conditions of
equlilibrium they may be determined within very narrow bounds by conditions
(1.1) to (1.4). In this case the initial rental value of & parcel of
land closely approximates the cost of ilntroducing a new ectivity which
locates on that parcel. It is hereafter assumed that the initial rental
value represents this cost. This is important because the initial rental
value can be observed in advance of the initiation of programs which would
alter the pattern of land use, and the information it contains can be used
to evaluate whether such programs should be undertaken.

Before proceeding with further analysis, two numefical examples may
help to illustrace the content of Theorems 3 and 4. Assume there ares two
parcels of land, types 1 and 2, and x = [xl,...,xh}.‘ The earnings of

these four a:tivities, and of the new activity 2z, are set forth in

Table I.

Table I

type 1 type 2
sx] 20 19

2
s 10 7
sx3 3 8
qu 4 5
5% 3 11
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Careful inspection will show that in equilibrium xl w111 operate on

type 2 land, and x2 will operates on type 1 land. By the conditions of
1 1

~

eduilibrium it follows that P, 2 8, P, 2 L, s* - P, 2 5" - Py» and

2 2
Sx - pl > Sx - p2. Clearly, the minimum set of rental values consistent
= . .

with equilibrium is (9,8) and the maximum set of equilibrium rental values
is (10,9). Any pair of rental values (pl,pg) such that (9,8) < (pl,pz)‘
< (10,9) and P, - P, 21 will satisfy the conditions of equilibrium,
Now suppose that 2z 1s irtraduced; then in the new equilisnrium the set
of rental values is uniguely determined and equaels {1C,9). 2z will locate

on type 2 land, xl will move to typs 1 land, and x2 snuts down. The

decrease in the earnings of x1 is 19 - 20 -1, &and the decrease in

the earnings of x2 is 10, so that the total decr=ase in the earnings
of both x° and x° 1is 9. This is the desired result since 9 is the
maximum rental value on type 2 land consistent with the initiasl equilib-
rium and the minimum rental value consistent with the new equilibrium.
This example demonstrates the result in Theorem 3. We can demonstrate

3

the reéult in Theorem 4 if we change the earning of activity x” on
type 2 land to 9. In this case ihe initial set of rental 1s uniquely
determined and is (10,9). The pattern of location associated with the
initial equilibrium may either have xl leccated on type 1 land and x3
located on type 2 land, or x2 located on type 1 land ard x1 located
on type 2 land. It is easi}y verified that the opportunity cost of
introducing z 1is the same in either case. Also, the sets of equilib-
rium rents are the same in both situations in accordance with Theorem ﬁ.

The analysis so far has dealt only with the situation where the move-

ment to a new equilibrium is caused by the introducticn of a new activity,




z, wnich locates on scme type of land. However, the analysis could rave

been carried cut with identi:al resuitsz i, Instead =2 introdicing 2
ontc type 1 land, cne unit of type 1 liand had teen withdrazwn froum the

system. A careful inspecticn of 3ll tre previcus analysis will show the

same in toth cases. The cne diffavence 15 tiat 1§ 5 wnit of tyre 1 =xud
1 : 1 .
is withdrawn, Ai = Al - %5 rather than A = (A, U z) - X ; hcwever,
- 4
din (2) v is otdzus trat tnis dif-

Aé,...,Aé,C‘ are ss cescrine
ferenze does rot affect tne sum given %y (3), &nd the :cst,in terms of
earnings forsgore because 2 unit of land Is withdrawn fcrbsome cther
use, equals the rental value of that land.

Now assume that & unit of type 1 land has been withdrawn from pri-
vate use and fhat an equilitrium exists. Consider this equilitrium to

be the initial situation in the fcllowing discission. Suppose 8 unit cf

type 1 land is now added to the supply aveilable tc the activities in

78}

the system, and that 2 new equilibri-m is attained. Clesrly. thi
equilibrium corresponds to the initial eouiliorium in the previous
analysis, and conversely. Therefcre, the change in the total earnings
of a1l activities is given, as befcre. by (3); however, in this case (3)
represents an increzse in total earnings. Since the initial maximal and
minimal sets of rents in this modsl correspcnd to the new maximal and
minimal sets of rents in the previcus mndel, srnd conversely, it follcas
that in this model (3) is equsl to the initiaﬁ rental value of tyre 1
lénd if the minimal set of rernts ottains and is equal to the new rental

value of type 1 land if the maximal set of rerts obtains. HKHowever, it

will be assumed, 8s before, that the equdlicrium conditicons given by (1.1)

27



to (1.%) sufficiently restrict the rental values so that the initial
rental value can be used to measure this gain. Further, as before,
exactly the same results are cbtained if we consider an equilibrium
where 2z occuples type 1 land, and then consider the effect’of
removing z from thg set of potential activities.

So far we have considered only the changes that taks place when one
activity 1s added tc or subtracted from tre system, or when cne parcel
of 1and is added to or subtracted from the availabls supply. Suppose,
however, that m activities, zl....,zm, are introduced, whizh lccate
on type 1 land; or alternatively suppose that m parcels of type 1 land
are removed from the system. What is the cost in terms o changes in
the earnings of activities forced to relocate? We can answer this ques-
tion by introduzing the new activiﬁies one by one and applying the results
of the previous analysis. Suppose that in the initial equilibrium the

rental value of type 1 land is pg. urther suppose tnat zl is added

to the set of potential aztivities, and that a new equilibrium obtains

1 ; .
Wwhere z is located vn type 1 land and wnere the new rental value of

~

type 1 land is pi, pi > pg. New add z© to the set of potential

activities and assume it lozates c¢n type 1 land, and that an equilibrium

2. 1. 0
12P 2P By

obtains where the rental value of type 1 land is p

proceeding in this manner one can derive a sequence of rents on type 1
lahd, pg,pi,...,p?, such that

(%)  »)<pl<p".

The set of potential activities asscciated with the mth equilibrium is
&= XOLJ zi U...U2zZ", where XO is the set of potential activities

-assoclated with the initial equilibrium.
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It follows from the preceding analysis that the cost, in terms of

the decrease in the total earnings of other activities, of introducing

21,22,...,zm is

m-1 i
i=0

From (49) it follows that

o ml g m
(51) o p; < T P, <mp;.
T 1=0

In words, the initlial rental value of type 1 lasnd multiplied by the num-
ber of new activities is a lower tound on the cost of introducing these
activities, and the new rental value nf type 1 land multiplied by the
number of new activities is an upper bound on this cost. If there are a
large number of activities located on type 1 land in the initial equilib-
rium which are marginal to this land, then it is reasonable to expect
that pg s p?. In this case, pSm is a good arproximation of the
opportunity ccst of introducing the new activities.

‘This analysis remains valid if, instead of introducing m new
activities which locate on type 1 land, m parcels of type 1 land are
wilthdrawn from the system. Further, if we consider the mth equilibrium
to be the initial equilibrium, and withdraw zl,...,zm one by one until
the equilibrivm associated with Xo is obtained, we can derive the in-
crease in the total esrnings of activities in XO that results from with-
drawing zl,...,zm. Clearly, this increase is given by (5C), and from
(51) we get the result that the initial rental value of type 1 land, p?,
multiplied by m 1is an upper bound on this increase, and the new
equilibrium rental value of type 1 land, p?, multiplied by m 1s a lower

bound on this increase.
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* The previous analysis deals with the effect of introducing or with-

. drtvihg a unit of land or & nev activity from a land-use system which is

in equilidrium, and the results of this analysis will be used frequently
in the following analvais of the benefits from land enhancement. Also

important for the analysis of land enhancement is the follbwing theorenm

" which deais with the effect of simultaneously withdraving a number of

activities and the land they occupy from a land-use system which is in
equilibrium. Theorem 5 is a generalization of the result that was
demonstrated for the case where there was one type of land.
Theorem 5. Assume there are n types of landvand a set, X, of
activities which compete for the available land. In equilib-
rium the activities of X are divided among the sets

Ajs.+e,A ,C. Suppose that A, 1is a subset of Ay (1 =1,...,n),

i
and let El be the number of activities in K;. Further,
n -
suppose that the activities in Ai are withdrawn from the
i=1

system, and that &, units of type 1 land (1 = 1,...,n) are
8lso withdrawn. Given the new set of activities, X'aX -

n-
;hiAi and the new supply of each type of land, there will be

a new equilibrium w;th a pattern of location described by
Ai,...,Aﬁ,C’. Then any set of rents, p, which is consistenﬁ
with the initial equilibrium 1s consistent with fhe new
equilibrium, and given any set of rents which is consistent
with the new equilibrium, then this set satisfles conditions
(1.1) to (1.4) for the pattern of location described by

Ai = A

i - Ki (1 81,.-.,3) 8nd. c' = Co
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Prcof: let p De any set of rents consistent with the initial

equilibrium. Then if we define Al =A -k (1 =1,...,n) and C'=C
we get the result that, glven this pattern of location, » satisfies
conditions (1.1) to (1.4). This follows from the fact that p 1is
conalstent with the initial equilibrium and the obvious fact that if

type 1 land was fully occupied by the activities in Ai’ glven the
initial situation, then type 1 land is fully occupied by the activitius
in Ai in the new situation. Therefore, any set ¢f rents which is
consistent with a new equilibrium is also consistent with the new
equilibrium where A/ = A, = Ki (L =1,...,n) 8nd C = C'. From
Theorem 1 we get the desired result that any set of rents, p', which is
consistent with the new equilibrium satisfies conditions {1.1) to (1.4),
glven the pattern of location described above, and that p is consistent

with the new equilibrium.

This theorem tells us that if a number of parcels of land are with-
drawn along with the activities which occupy them, then the pattern of
location of the remaining activities will be left unchanged. This, of
course, is subject to the qualification that it may be possible to re-
locate some of the activities that are marginal in the rnew equilibrium.
However, this relocation will not affect the total earnings of the activ-
ities in operation. Also the theorem tells us that any set of rents
consigstent with the initial equilibrium is consistent with the new
equilibrium. Note that if all of one type of land is withdrawn from
the system, then the rental value of that type of land is not defined in
the new situation. With qualification wz can state the following

corollary to Theorem 5:
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Gk Corollary 1: 1let the situation described in Theorem 5 exist,

G'lnct let § ana p be the maximal and minimal set of rents, respectively,

. vhich sre consistent with the initial equilibrium. Then B! > 5, and

. ;; < ;;‘ (1--‘1,...,n), where p' and P' are the maximal and minimal
aets of rants, respectively, which are consistent with the new equilib-
rriun. rurther, the strict inequality may hold in either case. If pi,
the rental value of type 1 land in the new equilibrium, is not defined,
. .then pi and p{ are not defined, and therefore the above inequality
. 1s not defined fbr that index 1.

. - Proof: From Theorem 5 we have p consistent with the new
equilibrium if it is consistent with the initial equilibrium. By the
definition of 5£ it follows that 5{ > 7, and therefore 5{ > ﬁi.

A similar argument will show that P{ <P,. The fact that the inequality
can hold for the maximum rental velues is demonstrated in the discussion
of the case where there is one type of land. To demonstrate that the
inequality can hold in the case of the minimum rental values, it suffices
to return to the previous numerical example and withdraw sctivity x-
and type 2 land from that system. In the initial situation the minimum
rental value on type 1 land, ;i’ is 9 and the minimum rental value, given

the nev situation, is 51 - b,

Suppose that, given the new situation, we introduce a new activity
onto type i land; then from Corollary 1 and Theorem 3 it follows that the
opportunity cost of introducing yhis activity is greater tran or equal to
the opportunity cost of introducing this activity onto type i land, given
the initial equilibrium situation. Similarly, the increase in the total

earnings of all activities that results from introducing an additional
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unit of type i land, given the new equilibrium, is less than or equal to
the incresse in the total earnings »f all activities that results if a
unit of type i land is introduced, given the initial situation. These
implications of Corollary 1 are important for the ahalysis that follows.
Before proceeding to apply this model to the measurement of benefits
from land enhancement, 1t is important to examine the assumption that all
costs are variable, and therefore that an activity will never operate at
a loss. Clearly, this assumption is true only in the long run. There-
fore, in order for this model to be applicable to the real world we must
interpret SI to be the average annual earnings of activity x on the
1th type of land, and the initial equilibrium must be irterpreted to be
a8 long-run static equilibrium. When this equilibrium is perturbed the
process of adjustment leads us to & new long-run equilibrium. Given
this interpretation, all results of the previous analysis hold for the
changes that accompany the move from one long-run equilibrium to another.
The astute reader will notice that in the model which has been
presented some activities earn profits. The question arises as to
whether this 1s compatible with the competitive assumptions on which the
model is based. One can find in aay basic text on price theory the
statement that competition in the long run eliminates profits. This
statement deperds on the fact that any special factors of production
which aliow one firm to produce at a lower average cost than another
firm are assumed to earn a rent equal to the difference. Thus, the
statement that profits are eliminated is a tautology. In general it is
not true that if we add up the costs which a competitive firm has to pay
rér its inputs the total will equal the vslue of receipts, even in the
long run. The fact that one firm may be able to produce at lower average
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. “ cost. than unother may depend. on the particular combination of inputs ’
- :lncluding organization, vhich characterizes that firm. If market prices
of thcle inputs equal their opportunity cost in some other firm, it 1is

‘ vvery nkely that total receipts vill exceed total costs ca:.culated at

H nrkat prlces. It thin is the_,case, profits are compatible with a long-

run ccnpeﬁtive equilibrium. Profits are eliminated only when a speciel |

‘ ftctor ot production vhich is employed by one firm can be transferred to
another firm where it 1s equally productive. The classical case of this

is vhérc the special factor is high-quality agriculturai land.
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CHAPTER III
THE MEASUREMENT OF BENEFITS
FROM LAND ENEANCEMENT

i The analysis in Chapter II provides an analytical framework with

which to analyze the benefits from land enhancement, end using the results

derived it 1s possible to answer the questions that have been raicved as
to whether such benefits represent real gains and; if so, as to the
proper measure of the benefits. Before proceeding with the analysis it

is important to note that benefits of the land-enhancement type come into

S S A S S ot i, i

exlistence whenever some land is made economically more desirable. The
introduction of flood control is only one of many public programs which
produce such an effect. The introduction of a8 highway, utilities or
other public services, urban renewal prog-ams, etc., may all produce
benefits in the form of lard enhancement. Therafore, the analysis in
this paper, while related spccifically to the problem of floods, is
applicable to a much wider range of problems.

Begin by assuming thet there arz n+l +types of land denoted by
l,...,n,f, and that there is a set of potential activities, X, which in
competitive equilibrium is divided among n+2 mutually exclusive sets
Al""’Ah’Af’c' Associated with this equilibriur is a set of market
prices including the set of rents, p = (pl,...,pn,pf); Land in the flood
plain, which is assumed to be unprotected from flooding, is denoted by f,
and the set of activities which operates in the flood plain, given the

existing equilibrium, is Ar. The cost of operating any activity in the
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flood plain includes tie cost of a flcod-insurance premium equal to the

expected value of the flood losses of that activity. This premium buys a

- policy which covers the full cost of any losses from flooding so that the

risks of flooding are eliminated for the activity.

Now, suppose a flood-control project is constructed which
protects the f£lood plain and reduces the expected value of flood lcsses
of any activity which locates in the flood plain. 1In effect, the flcod—
contrcl project has turned type £ 1land into a new type of land, denoted
by £'. Assuming that all market prices other than rents remain constant,
the earnings of any activityare determined at esch alternative location,
and the earnings‘of any activity which locates in the flood plain will be |
greater after the introduction of the flood-control project. More for-
mally,

(52) S:, > S; for any x € X.

Since the earnings of all activities at a flood-plain location have
increased, the introduction of the flood-control project may perturd the
initial equilibrium in the market for iand and set off a process of ajjust-
ment which will lead to a new equilibrium. The set of rents and the loca-
tion of activities assoclated with the new equilibrium may differ from
the rents and pattern of location obtained before the flood-control works
were constructed. Let the location of activities in X, given the new
equilibrium, be described by the sets Al""’A Af,, C', and let the
new get of rents be p' = (pl,...,pé,pf,). All prices other than rents
are assumed to be the same in both equilibriums. Suppose that A' = ¢
Al""’Aﬁ = Ah’ Af = Ayy, and C' =C; i.e., in both equilibriums each

activity occupies the same location, and the same activities are in

66




e e L o . Wk g L

operation. Clearly, the earnings of any activity, x € X, on type i land
(1 = 1,...,n) 1is the same in both equilibriums, and since Aiz- A

(1 =1,...,n), it follows ihat the earnings of each activity located off
the flood plain are unchanged. Therefore, the totni increase in the
earnings of all activities as & result of introducing flood protection

is given by the sum of the increases'in the earnings of all activities
located in the flood plain. Tnis corresponds to the case where the
benefits of flood protecticn take the fcrm of a reduction in the cost of
flooding to activities which cecupy the flood rlain. However, it remains
to be shown that the total increase in the earnings of flood-plain oc-
cupants 1s the prorer measure ¢f benefits from flood protection.

Assume that land is an intermedlate good; i.e., individuals derive
no utility from land itself but only from goods such as housing and
recreation for which land is an input. Since‘prices other than rents
are assumed to be the seme in both equilibriums, the prices of all
consumer's goods are the same before and after the introduction of flood
protection. Therefore, there is 8 one-to-one correspondence between the
size of an individual's income and his level of utility. If an individ-
ual's income is greater after the introduction of flood protection by
B dollars, then that individual will be as well off in the new situation
as he was originally if he pays a lump-sum tax equai'to g dollars.
Therefore, assuming this individusl seeks to maximize his utility, he
will willing'y pay an amount less than or equal to B dollars to have
the project constructed. 1In benefit-cost terms the benefit of a project
accruing to the individual under consideration is B dollars. Similarly,

if an individual's income is B dollars less after the introduction of
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flood protection than it was in the initial situation, a lump-sum pay-
ment of B dollars would be required to make this individual as well off
as before. To this individual the introduction of flood protection imposes
a8 cost, or negative benefit, equal to the decrease in his income. There~
fore, given‘the assumption that the prices of consumer's goods remain
constant, the beneflts from flood protection equal the chénge in the total
income of all individuals.

Because prices of all factors of production except land are as-
sumed to be the same in both equilibriums, and because these factors are
fully employed in & competitive equilibrium, the income received by the
owners of these factors of production is unchanged by the introduction
of flood protection. This leaves us to consider changes in the income
from prop.rty and from the ownership of activities. The earnings of an

'activity are defined as the total value of output minus all costs éxcept
the cost of land. Suppose an activity operates on type 1 1land, with
earnings Sf; then the income accruing to owners of that activity is
S: - P 2 0, and the rental income received by the property owner 1is
pi‘ Therefore, the total income earned on that parcel of land equals
the earnings of the activity which occuples it. Suppose a parcel of land
lies vacant; then the rental value of that land is zero and there is no
income derived from the ownership of this land. As a result, it follows
that the total income of entrepreneurs and property owners, as & class,
is Just equal to the total earnings of all activities. If the total
earnings of all activities increase as a result of the introduction of
flood control-works, then the total income of property owners and entre-

Preneurs increases by an equal amount. Given the agsumptions of the




problem, the income derived from the ownership of factors of production
other than land 1s unchanged, so that the total increase in income equals
the total increase in the earnings of all activities. Applying this
result to the case where flood protection reduces the cost of flooding
‘to activities in the flood plain, thereby increasing the earnings of
these activities, it follows that the totsl increase in income equals the
total increase in the earnings of activities located in the flood plain.
Given the assumptior thet a2ll prices other than lard rents are
the same in both e ‘%libriums, it is clear from the foregoing discussion
that the change in the total income of sll individuals equals the change
in the total earnings of all activities. Therefcre, by presenting the
analysis in terms of the change in the tctal earnings of all activities
the correct measure of benefits may be obtained. f rental values change
in moving to the new equilibrium, there is a transfer of income tetween
property owners and entrepreneurs; however, the amount of the gains Jjust
equals the amount of the losses. By considering the total earnings of
all activities these transfers of income are automatically accounted for,
as all such transfers are cancelled out in the figure for total eernings.
By assuming that all prices other then rents remain constant, it follows
that all benefits accrue to producers or property owners in the form of
increased incomes. It will be subsequently argued that this cese is of
the most practical importance in connection with flood control and other
projects that affect a small percentage of the land in a given regicn.
This is also the case that has been considered by federal agencies charged
with the responsibility of measuring the benefits from land enhancement.

However, there are important exceptions where benefits from flood control
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accrue to consumers in the form of a reduction in the price of a consum-
er's good, and this casé will be snalyzed in part subsequent to the case
where the pfices of all consumer's goods are held constant.

Given the preceding discussion, we can now proceed to analyze the
measurement of benefits from the introduction of flood control in the
general case where there are benefits of the land-enhancement type.

Such benefits are created whenever activities which, in the absence of
flood protection, either locate outside the flood plain or do not operate,
find it profitable to locate on the flood plain, given protection.

W
Associated with the relocation of these' activities is a general reloca-
tion of activities that accompanies the move to a new equilibrium, and
the prnblem is to determine the effect of this relocation on the total
earnings of all activities. This problem can be solved by beginning with
the initial equilibrium and constructing the new equilibrium in steps,
and then by measuring the change in earnings at each step. This is done
by beginning with the initial equilibrium and constructing a sequence of
artificial equilibriums from which the new equilibrium may be obtained.

In order to carry the construction!of thls sequence it 1s necessary
to modify the notation. Let the rattern of location in the initisal

equilibrium be described by AO,...,Ag, Ag,CO, and let the set of rents

1
that ob 0 0 0 b2
at obtains in the initial equilibrium bte p° = (pl,...,pn,pf).

Further, let the pattern of location that is assoclated with the equilib-

rium which obtains after the introduction of fiood control be described

L L4 4
by Al""’An’ Af,,c » 8nd let the set of rents associated with this

L

L 4 4 '
equilibrium be p = (pl""’pn’ pf,). Suppose, for definiteness and

0
simplicity, that x ¢ Al is the only activity locating in the flood plain,
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given flood protection, that would not have located in the flood plain
in the absence of flood protection. Since it can be demonstrated that
the number of activities in A;, is at least as great as the number of
activities ia Ag, it follows frcm the foregcing supposition that at

most ore of the activities in Af is not in At,n If the number of

(o)

O . . .
activities ir A, equals the zaiwmbzr of parcels of land in the flocd

f\

) 4 -

plain, then, giver tne assumpsicn that x ¢ AZ and x ¢ Ag,, 1t follcws
c b - Py

that one activity in AL is nct in A,,. Now we make use cf Thecrem 5.

i

If A?(: Aﬁ,, we hypothetically withdraw all the activities in AE and
the parcels of land which they ocoipy from the initial eguilibrium, and
in addition withdraw all wz:zant parcels of type f land except one. If

some activity in Ag ig not i A

8]

"

,» we then withdraw all activities in
Ag F\A;, and the parcels of land which thsy occupy., and in addition
withdraw all vacant parcels of type f land. From Theorem 5 it follows
that the initial set of rents, po, is consiste. ., with the new equilibrium,

and the nev pattern of lccaticn is described by A} = f,...,Ai =

Ag, Ai = Ag - Ag., and Cl = CO, It is impcrtant to note that Theorem 5
helds if a parcel of laad which is withdrawn is empty. Clearly,
51 < 50 < fl, where I and 51 are the minimal and maximal sets of

rents, respectively, associated with the equilibrium with index 1. The
move to this equilibrium from the initisl equilibrium is accompanied by
a decrease ir to*al earnings equal to the earnings, in the abtsence of
flood protection, of the activities in Ag f\A;;.,.

Suppose that the épecified activity, x € Af, is now withdrawn from
type 1 land, =2nd that = new equilibrium obtains with a pattern of location

described by Ai,...,Ai, A?, 02, and with a minimsl and maximal set of
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rents, 52 and 52. respectively. The increase in the total earnings of

all activities other than x which accompanies the move from equilibrium

1 to equilibrium 2 is equal to Si : pg; however, since x is removed

from the system, there is a decrease in the earnings of all activities

x
1

ing unit of type £ 1laad is now witndrawn from the system and a new

equal to 8, - Ei. Now suppose, glven equilibrium 2, that the one remain-
equilibrium is established with a pattern of location described by
8,83, A13,, ¢3. Clesrly, A= end p} is not defined. The
decrease in the earnings of a.l activities which accompanies the move
from equilibrium 2 to equilibrium 3 is equal to 5?. However, it was
demonstrated in Chapter II that 5? = Ei < pg.

Let us now examine the final equilibriuvm which obtains after the
introduction of flood control. The set of potential activities 1s again
X, and the supply of each type of land ig the same as in the initial

L
YAk, o

situation. The pattern of location is described by Ai,...,A
and the set of rents which obtains is (p?,...,pg, pg,). By Theorem 5 it
follows that if we withdraw all units of tyze £' land and the activities
which occupy this land, then the set of rents (pi,...,pg) will te
consistent with the new equilibrium associated with the set of potential
activities, X-A:,, ard with supplies of land whiéh are the same as in the
initial equilibrium except that the flood plain has been removed from the
system. Careful examination will show thet this is identical to the
situation associated with equilibrium 3. By Theorem 1 it follows that
(pt,...,pi) is consistent with equilibrium 3 so that we can assume

L L
(pf,...,pz) = (Pl”"’pn)' At this point we take the equilibrium with

index 3 and perturb it by reintroducing the parcels of land in the flood
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Plain, which are now assumed to be protected, along with the activities

in Ag,. By definiticn, the activities in A:, locate on type ' land
and only these activities locate on this land. Since pf = p: (i=1,...,n),
we can assume Af = Ai (i=1,...,n), i.e., the introduction of the land in
the flood plain, which is now protected, along with the activities in A:.,
does not cause any activity outside the flood plain to relocate. There-
fore, the incresse in the total of the earnings of all activities which
accompanles the mcve from equiliibrium 3 tc the final equilibrium is equal
to the total of earanings cf all activities which locate in the flood plain
after the introdaction of flzod protection.

We can get the change In the total of the earnings of all activities
which accompanies the move from the initisl equilibrium to the final
eguilibrivm Yy s:umming the changes which accompany each step. Cereful
inspection will shcw that this change in the total earnings equals the
total increase in the earnings of activities in Ag f\Ag, plus
(S?. - 5%) - (Si - Ei). In otker words, there 1s an increase in the
earnings of activitlies which locste in the flood plain before and after
the introduction of flcod prctection, and this increase is equal td the
reduction in the expected value of flood losses of these activities.

This component of benefits corresponds to the case dis:ussed previously
where all benefits took the form of a reduction in the flood losses of
activities located in the flood plain. The other component of the in-
crease in total earnings results from the fact that it is now profitable
for x to move tc a flood-plain location, and this component of benefits
is equal to S;, - 5}) - (ST - Bi). In its present form this expression

is not very useful since B} and 5} canaot, in practice, be observed.
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However, if we assume that rents are restricted within narrow bounds by

the conditions of equilibrium, then pi ~ pg and pi = p,, 80 ve can

. 0
express this component of benefits as (S;. - pg) - (S: - pl). It also

follovs that (S, - pg) - (s] - pg) = (83, - Si) - (s] - Si) under the
alternative assumption that pg - 5% = pg - Bi. In words, the benefits
from lani enhancement associated with an activity moving into the flood
plain es a result of protection are equal to the difference in the eern-
ings of this activity in the two equilibrium situations plus the dif-
ference between the initial rental values of the land occupied by this
activity in the two situations. It is important th2t the only rental
values contained in this measure of land-enhancement benefits are rental
Values which obtain iﬁ the initial equilibrium, and tnerefore they can be
observed in advance of flood protection and used to estimate the benefits
wvhich would acerue if such protection were provided.

In the case just presented, one activity wnich was located outside
the flood plain in the initial situation moved into the flood plain when
flood protection was introduced. If, however, this activity had been in
Co instead of Ag, it can easily be demonstrated by eliminating step é
from the procedure outlined that the land-enhancement benefits are equal
to S: - pg. Suppose, however, that when flood control is introduced,

k activities, which locate outside the flood plain in fhe absence of
this protection, move into the flood plain. Fu-ther, suppose that tais
set of activities, KS, is a subset of Ag. To construct the equilibrium
which obtains after the introduction of flood control we begin by with-
draving all the activities in AgﬂAg,, along with the parcels of land

they occupy, from the initial equilibrium. Since the number of activities
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in A:, is no less than the number of activities in Ag, it follows that

at most k activities in Ag are not in Aglﬂ A?,. If there are less

than k activitlies in Ag which are not in Ag/1<A¥,, it follows that

there are some vacant parcels of type £ land in the initial equilibrium.
We also withdraw enough of these vacant parcels so that there ere exactly

k parcels of type f 1land remaining in the system. A new equilibrium

will be established with a pattern of location described by Ai,...,Ai,

A}, cl. By Theorem 5, the set ¢f rents which obtains in the initial

b4

equilibrium satisfies conditions (1.1) to (1.4), glven the pattern of

location associated with equilibrium 1, and therefore 51 s po S 51.

Now withdraw the activities in Kg from the system and obtain a

new ezuilibrium with a pattern of location described by Ai,...,Ai,

‘&i c2, and sets of maximal and minimal rents, §2 and.Sl, respectively.
From the expression in equaticn (51) it follows that the increase in the
total earnings of all activities in X - Kg 1s bounded above by Eik <
pgk. Since the activities in Ag have been removed from the system
there is a decrease in the total earnings of all activities in the system
X 0

which is bounded above by L . S plk. It should be noted that an

=0 "1
exact expression for the inZiease in the earnings of the activities in
X - Kg could have been obtained by withdrawing the activities in Kg
one at a time, and by developing ar expression analogous to (50). How-
ever, this would greatly cocmplica‘e the notation and would be of little
practical value because the rents associated with the artificial equilib-
rium situations invclved can never in fact be observed.

Now withdraw k units of type f 1land from the system and obtain

equilibrium 3 where, as in the previous case, there are no parcels of
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type £ land in the system. The decrease in the total earnings which
accompanies the moﬁe is dounded from delow by Eik. It can be demonstrated

£ _=1 0 22 =2
that P, s P, 5 Pes and by definition P, z»pf. Therefore, if we assume

that pg ~ 5?, then pgk will be a lower bound on the decrease in the
total earnings associﬁted with the move from ecuilibrium 2 to 3. Roughly
speaking, pgk will be a lower bound on this value if tue effect on the
rent of type f land of withdrawing k activities from type 1 land is
less than the effect of withdrawing k units of type f 1land. This
condition appears reasonable. Even 1if pgk is somewhat greater than
this decrease, it will presently be shown that this is to some extent
offset in the'expression fcr the measure of benefits from land enhance-
ment.

The rest of the procedure for comstructing the final equilibrium
is exactly the same as in the previous case. We reintroduce the activ-
ities of A:, along with land in the flood plain, which is now assumed to
be protected, and it can be shown that the activities in operation in
equilibrium 3 remain in operation in the final equilibrium at the same
loéation. The increase in the total of earnings which accompanies this
move to the final equilibrium equals the %otal earnings of the activities
in A&, on type f' land. The increase in the total of earnings which
accompanies the entire process of adjustment involved in the move from
the initial equilibrium to the equilibrium which obsains after flood
control has been introduced is again mdade up of two components. The first
component is the increase in the earnings of activities in Ag F\A:.

which represents the reduction in the expected value of flood losses to

activities which locate in the flood plain with and without flood
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protection. The second component represents the benefits from land
enhancement. There has been a change in the earnings of the activities

in Kg which is given by

x X
(53) 2__0 (va' sl) ’

) xeAl
and this expression represents part of the total change in the earnings
of activitier in X associated with the move to the new equilibrium.
In order to arrive at the benefit figure from land enhancement we must

subtract from (53) an amount no less than pgk and add an amount no

greater than pgk. Therefore,

7w = e o BTl o MRS ¢ e & T S

1 (54) L, (3.~ 87) - p?k + pfk
xeAl

1s an upper bound on the henefits from land enhencement. This argument
assumes that pgk is less than the decrease in the total of earnings
which accompanies the move from equilibrium 2 to 3. Even if this assump-
tion does not hold, (54) may still be an upper bound on the benefits from
land enhancement 1if pgk exceeds by a sufficient amount the increase in
the total of earnings of activities in X-Kg which accompanies the move
; from equilibrium 1 tc 2. In this csse, (54) will more nearly aspproximate

the correct measure of benefits frow iand enhancement. The cvpression

e

given by (54) can be rewritten as

(55) Eo [(sg,- #p) - (5] - 1
1

Therefore, to get ar upper bound on the measure of land-enhancement
benefits one would calculate for each activity that moves into the flood

Plain the profit which that activity would earn if it moved into the flood
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plain, given flood protection and the initial rental value pg, and sub-
tracﬁ the profit that this activity earns in the initial situatlon.

In the previous analysis the activities which moved into the flood
plain were all located initially on the same type of land; however, in
general the activities wvhich will move into the f£lood plain will come
from a number of dlfferent locations. This more general case can be
analyzed in &n analogous manner with the result that, glven assumptions
similar to those made previously, the component of benefits attributable
to 18nd enhancement is bounded from above by the sum Z(S;.-pg) - (Sf-PS)
taken over all activities x which move into the flood plain. For each
x, 1 represents the index of the initisl location of this activity.

The point of departure in the foregoing analysis is & static equilib-
rium which we then perturd by changing the economic characteristics of
type f land. However, in many cases flood-control works are undertsken
in’anticipation of row activities moving into the area. This situation
can be represented by supposing that Kk new activities, ZyeeosZys will
be introduced into the system which will locate outside the flood plain
in the absence of flood protection and on the floéd plain, given protec-
tion. We could handle this case by introducing the activities zl,...,zk
without flood protectioa and then perturbing this equilibrium by introduc-
" ing flood protection. The disadvantage of this procedure is that we can-
not in practice observe the rental values which would obtair if the set
Z = {zl,...,zn} vere introduced in the absence of flood protection,

and therefore the expression for the>benefits from land enhancement would

be of 1little practical value.
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However, we can solve this problem as follows. Suppose that in the
initial equilibrium the activities in X are divided among the sets

Ao,...,Ag, Ag,co, and the set of rents which obtains is po. Now suppose

1
that the activities in Z are intrcduced into this system and that in the
absence of flood protection these activities locate on type 1 land. It
follows that the resultant decrease in the total of earnings of all activ-
ities in X, E;, is bounded below by pk. If pg ~ pi, where pi 1s the
new rental value on type 1 land, then pgk is a good measure of El’
Since the activities in 2 have been added to the system, the increase

in the total of earnings of all activities is bounded above by

k J 0
(56) J:::l<s§ - 2))-

Now we calculate what this increase will be if flood protection is
also int;oduced. Suppose that flood protection were introduced at the
same time the activities in Z were introduced into the system. A new
equilibrium would be obtained in which the activities in ZUX would be

divided among the sets Ai,...,Aﬁ, A:,,Ch, and a set of rents ph would

obtain. By assumption, Zc:Ag,. Now suppose we return to the inltial
equilibrium and withdraw all the activities in A?f\Ag,, slong with the
parcels of land occupled by these activities, from the system. In addli-
tion we withdraw enough vacant parcels ¢f type f land, if any exist, so
that exactly k parcels of type £ land remain in the system. A new
equilibrium will be established with a pattern of location described by
Ai,...,Ai, A;, Cl. From Theorem 5 it follows that the initial set of
rents, po, 1s consistent with this equilibrium. RNow we withdraw k units

of type f land from the system and obtain equilibrium 3. The decrease in
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? the total earnings, E2, vhich accompanies the move from equilibrium 1 to

equilibrium 3 is bounded from below by pgk. At this point we reintroduce

the activities in A:,

obtain the final equilibrium. The increase in the total of earnings of

and the supply of type f£' land into the system to

5 all activities equals %he increase in the earnings of the activities in
% Agl\ Ah. Plus
J

x 2z

The difference between the increase in the total of earnings when the

activities in 2 are introduced along with flood protection, and the

increase when they are introduced without it, is equal to the increase
in the earnings of the activities in Ag f\Ah, plus

(58) ng(szf - SiJ) +E, - E,.

If ve agsume that
0 0

then (58) is approximately

k0 J J
(60) Jx:l(s;, - s7) + 2% -
or equivalently
k J J
z 0 z 0

0. .4
If AN A, = @, then all the benefits are of the land~enhancement

type and are given by (61).
The question arises as to how this analysis can be applied. Further,

there are questions about the types of information which would be needed to
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carry out an actual cost-bereflit study and about the particular advantages
of the present formulation. In order to calculate the benefits from land
enhancement, one would need falrly accurate information about what types
of activities would move intc the flood piain if flood protection were
introduced, and in addition one woﬁld need to know the rental values of
the land occupied by these sctivities and of land in the flocd plain.
Further, one would reed information atout the difference in the earnings
of each activity &t the two locations. Often this can be measured by the
difference in the orersating costs, excludirg the cost of land, which would
be realized at each locaticn. In order to calculate the benefits from
land enhancement one would calculate (Sg, - pg) - (Sf - pg) for each
activity which would move into the flocd plain, and sum over all such
activities. From the previous discussion it fcllows that thls procedure
would give an upper bourd on the cofrect measure of these beneflts.

There are a number of cases where we may presume this measure is very
close to the correc*t measure. As we have seen, this is true when the
activities moving into the flcod plain are new to the system. Also, if
the number of activities involved 1n the process of relocation is a small
percentage of the activities on any given type of land, then the changes
in the rental values that accompany steps 2 and 3 will prcbably be small,
which will give us the desired result.

There are s number of advantages to this approach to the problem.
First, and probably mcst important, ..i.e model on which the present meas.
ure 1s based is a general equilibrium mcdel, and all th= effects of thé
readjustment which takes place as a result of changing the economic

characteristics of type f land are accounted for. Second, the measurement
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procedure makes use only of rental values which obtain in the initial
equilibrium, which means that the needed information can be obtained in
advance of the introduction of the project, and therefore can be used in
the evaluation procedure. This eliminates the need to evaluate what
future rents would be given the project. Incidentally, if it were poé-
sible to accurately estimate the rents that would obtain after the system
was perturbed, then one could get a perfectly accurate measure of the
benefits from land enhancement, using the present procedure. This would
be done by carrying out steps 2 and 3 by withdrawing the activities and
parcels of land involved one at a tim=2, and by making use of the results
sumsarized in (50). Firally, as & result of Theorem 3 and its extensions,
one does not have to calculate changes in land values, and tberefofe
profits, throughout the system. This relates to the previous point, as
all the necessary information is contained in the initial éet of rental
values.

However, glven the advantages of this approach, there remain a
number of practical difficulties. First, in order to estimate the bene-
fits from land enhancement one needs to know which activities would move
into the flood plain. This may be difficult to éetermine, and it could
be argued that before one could determine which activities would locate
in the flood plain, given protection, one would have to know the set of
rents which would obtain in the new equilibrium. If this were the case,
then the problem of determining the new set of rents in advance of the
project would still be with us, only under a different guise. While it
1s true that the rental values which obtain in the new equilibrium are

intimately connected with pattern of location, in many cases one may be
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able to determine the general pattern of locatiorn without knowing the
precise set of rents that will obttain. For example, one may be able to
predict that an area will be used for apartmeﬁts, offices, industrial
uses, etc., without being able to grecify the precise rent that will
obtain. While the problem c¢f land-use forscasting is.difficult, I
belleve it is less difficult than forecastirng future land values under
these.conditions.

Second, there 1s the protlem cf determining where an activity will
come from which moves irntc the flood plair. The cuestion arises &s to 1
whether such an activity moved from s tyre 1 location or whether it is
new to the system. In practice cre has no way of di stinguishing between
these two situations; however, 1t turns ouat that this 1s not a serlous
problem. 1In order to calculite the benefits from land enhancement, first
determine which types of activities will occupy the flood plain if flood
control is introduced. Then determire the difference between what the
earnings of these activities would be on the flood plair and at the
best alternative location outside the flcod plain, assuming that the pres-
ent rents obtain and tha+% there is flood protection. Then if we take the
sum of these differences we get the desired measure, which 1s the same
in both cases.

There are two cases where the expression for the measure of benefits
takes a particularly simple form. Consider the case where the activities
which will move into the flood plain if flood control is provided are new
to the system. In the absence of flcbd protection these activities will
locate outside the flood plain at scme altertative location. Suppose both
the land in the flood plain and land at the zlternstive lccation are

vacant, so that pg = pf = 0. Then from (6C) it fcllows that the benefits

83

44---------------IIIIIIIIIIIIIIIIIIIIIIIIIII



from land enhancement are given by é S;? - Sid 3 1.e., these benefits
J=1
are measured by the difference in the earnings of these activities if they
locate on the flood plain, given flcod prctection, and their earnings at
the best alternative location. One can imagine such s situation srising
in cases where an urban area 1s growing and the alternative ie¢ to build in
the flood pléin or on the vacant land on the cutckirts of the city. The
second case is where, with fiood protection, the earnings o
activities which would move into the flood piain, gziven flcod protection,
are the same on the flood plain as st the best alternative location out-
3

1
V‘j o
side the flood plain; i.e., in equation (59}, 8pr =Sy 0 (3= 1,...,k)

>

' In this case the benefits from land enhencement are =qusl to (po - pg)k,
or,in other words, the difference between the I2ftisl rental vslue of land
in the flood plain and the initial reatal val.ec of land 3t the alternative
location multiplied by the number of parceis cf land thit zre invclved.
Since the price of a parcel of lsnd under competitive conditicas ic equal
to the dlscounted value of the stresm of rents, it follcws *hat if the
benefits of flood protection accrue forever, then in the rrevicus case the

present value of benefits is
0 0
(62) (] = pplk,

where pl and pf are the current prices of type 1 aund tyre f land, respec-
tively. Even if the apprcpria‘e time horizon ie ros infirnite, 1% tha
benefits accrue over a sufficiently iong pericd of tire (€2) gives s gocd

approximation of the benefits in this caee.
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In practice, however, there are some hazards involved with using
the price of land as the discounted value of the stream of rents. In our
model we assume that the rate ¢f interest is the same in all markets and
is equal to the social rate of discount. In fact, rates vary in the -
economy and are differept for different individuals. As a result the
rate which a buyer or seller of a piece of property uses in determining
the value of that property mey differ from the rate considered appro-
priate from e soclal point of view. 1In addition, there is the difficulty
that the price of land depends on what people expect the rental value of
this land to be in the future These expectations may vary greatly and
may not reflect what the land will be worth if present conditions centinue
into the future. For example, vacant land in a flood plain may be priced
‘on the basis of the expectaticn that flood protection will, in fact, be
provided in the future. From the prevlious analysis it follows that the
rental value of a parcel of a given type cf land cannot exceed the earn-
ings of the least profitable activity which occupies this land, and this
may be a good surrogate in cases where the rental value cannot be observed.

Given the previous discussion and the theoretical framework developed
in Chapter 1I, we can now snalyze the procedures which federal agencies
‘are instructed to use in measuring the benefits from land enhancement.
Senate Document 97, which contains the most current statement of federal
planning practices in the water-rescurces field, states that the "incriase
in the net return from higher use of property made possible as a result
of lowering the flood hazard" should be included in the benefits from
flood control [14,10] An expanded version of this statement can be
found in the "Green Book," which is the predecessor of Senate Document 97.
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It states:

The Yenefit resulting from changes in use of property -
made possible by flood control should be measured as the ilncrease,
in excess of the estimated reduction cf flood damage, in the net
income of the affected property under condlitions exrected with
and without flood contrecl. . . .

As an alternative method, an approximation of the dif-
ference in net returr from more intensive use may be made by
estimating the increase in market value of the affected property
and convertihg‘it tc an average annuil %aslis hy arplying a rate
of return applicable to private ilrnvestment ix the type c¢f activ-
ity involved, adjusted for flood reduicticn benefits.

Under either method, the asscciated costs (i.e., all
costs other than project costs) necessary tc increase the
net return of the rroperty mist te deducted to obtain the
amount of benefit attributable to the project.

When flood control results in both prevention of flood
4damage‘and change In land use on the same plece of prcrerty,
care must be taker to avcid double counting of the benefit.
In such cases, the entire henefit may be measured &s the
increase in net income frcm the property with and without
the project or part of the berxefi+t may Le measursd as flood
damage prevention and the remainder as a benefit of more
intensive use [13,391.

From the preceding statements it is clear that the benefits from land
enhéncement are to be measured 3s the increase‘in the ret income of
property in the flood plain. To arrive it rhis figure, associated costs
are subtracted from the ircrease irn receirts, where associated costs

include all the costs of cperatirg an activity except the rental vralue

of land. Therefore, the lard-enhancemer* henefit associzted with & given
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parcel of land in a given year corresponds to the difference in the
earnings, exclusive of the rental value of land, of the activities which
would occupy that parcel with and without flood protection. If for some
reason the difference in net earnings cannot be measured directly, it is
suggested that the change Iin the rental value of the land‘is a reasonably
good approximation of the change in net earnings.

If an activity locates in the fliood plain before and after the
introduction of flood control, then the correct measure of the benefits
from flood protection associsted with the parcel of land which this activ-
ity occuples is the increase in the earnings of this asctivity. In most
cases this increase may be considered equal to the reduction in the cost
of flooding to the activity. With.respect to this case, the present
analysis and the statement of federal procedures are consistent. Suppose,
however, that a given parcel of land is occupied by one activity before
flood control 1s introduced and by a seéond activity when flood control
1s provided. The measure of benefits used by federal ;gencies would be
the difference between the earnings of the second and the first activity.
Suppose x 1s an activity which locates off the flcod plain in the
absence of flood protection, say on type 1 land, but which moves into
the flood plain when flood control is introduced. Further, suppose that
¥y 1is an activity which locates in the flood plain in the absence of flood
protection, but which is displaced by x when flood control is introduced
and either moves to a location outside the flood plain or shuts down.
According to federal practices, the benefits asscciated with activity x
moving into the flood plain and replacing activity y as a result of the

gy

' To get the total

introduction of flood control is measured by S?, -

87




. sy
R At NGNS, P N A R 20 D R i e s PRGSO R, TP A Ll e e B

of benefits of the land-enhancement type, the sum is taken over all such
activities which move into the flood plain. It is easily shown that this
measure of benefits may be greater than or less than the correct measure
of the benefits from land enhancemeqt. First, 1t 1s possible that

S:, < Sg so that Sx. - Sg < 0. This is clearly incorrect, as it has
been demonstrated that there are positive benefits associated with land
enhancement. The foregoing result might arise where a very profitable
activity was displaced by & less profitable one because the more prof-
itavle activity, y, is éqpally profitable at some alternative location.
This is analogous to the case where an activify may be marginal to a
glven type of land and still be earning a substantial profit. The measure
of the benefits asgociated with an activity moving int§ the flood plain

which was developed previously is (S?. - pg) - (Si - pg). Now

X
f'

There is no reeason why this inequality could not hold so that theoret-

0 0

. ay x _ .0 x _ 0 o ay X -
S Sp 2 (sf, Pp) - (S; - ;) if, and only if; Sp S 5] +Pp - By

X
7 - S}

in general, the method for computing the benefits from land enhancement

lcally 8 could grossly overstate the benefits involved. Thus,
which is suggested for use by federal agencies is simply incorrect. The
benefits may be understated or overstated, depending on the circumstanceg.
There ;s one important case where the measure suggested for use by federal
agencies 1s identical to the measure developed in the preceding analysis.
Suppose that the economy is in a loné-run equilibrium and that, in fact,"

b4 0 Yy 0

x .0 X 0 X 0 X y
From this it follows that Sg, - pp) - (S] - P;) = S; - P, = S, - S}

all profits are eliminated. 1In this case, §

The alternative measure of benafits which 1s suggested for use by

federal agencies is the increase in the value of land in the flood plain,
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i.e., (Pﬁ, - pg), multiplied by the number of parcels of land. This
case 18 of particular importance because the change in the value of land
is often held to be the correct measure of benefits when, as the result
of some program, the economic properties of a glven type of land are
improved. It can be easily demonstrated that in scme cases this measure
will understate the benefits that accrue as a result of flood protection.
In other cases it will overstete the penefits. Suppose that, in the
absence of flood protection, land in the flood plain is not fully oc~
cupled. Further suppose that when flood control is introduced new
activities move into the flood plain and the earnings of activities
which reuain located in the flood plain are increased. I1f we assume,

given the new equilibrium, that there are still ve:ent parcels of land

in the flood plain, then p:, = pg = 0. In this case, 1f the change in

land values is used as a measure of benefits, the benefits will clearly
be understated. Now suppose instead that there 1s only one type of land
in the flood plain, and that the activities in X = {xl,...,xm} compete

for the n parcels of land, i > n. The earnings of each activity in

the absence of flood protection is given by S;i ({=1,...,m), and

’f‘i = eee = s’;n-l> s’tfn = ... = S;. Clearly, in the initial equilibrium

the total earnings of all activities equals (n-1) S§l+ S?n and the rental
n

value 1is pf = S; . Ncw suppose that flood control is introduced and that
1 n-1 n
X

s’;, = eoee 3 sf’ = S;, 2 see = sﬁ,- The new rental Value, Pf' > Vill
n
- equal S;,, and the increase in the total of earning of all activities

which acconpanies the introduction of flood protection is equal to

n n
S:. - S; = Ppy = Pg- However, the increase in the rental value of land

5

is n(pf,- pf), which grossly overstates the benefits.
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There is one important case where the increase in the earnings of
all activities equals the change in land values. Suppose all the activ-
ities which occupy the flood plain are identical end that Sy - pg =0
for each activity, x, in the flood plain. Now suppose that when flood
control is introduced the same set of activities occuples the flood plain
and that each activity now earns S;. > S;. If, in the new equilidbrium,
profits are eliminated, i.e., S?,- Ppy = O, then S?.- S; = pf-‘ Pp for
each x in the flood plain. If we take the sum, I(Sy,- S3), over all
vx which locate in the flood plain, we get the correct measure of the
benefits. This equals (pf,- pf) multiplied by the number of parcels
of land in the flood plain.

| So far wu have assumed that in mdving from one equilibrium to another
all prices other than land rents remain constant. By structuring the
problem in this way all benefits accrue to the owners of activities and
property. It is interesting to note that the agsumption of constant
prices is implicit ir the procedure for calculating benefits suggested
in ?he "Green Book" and in Senate Document 97. There, benefits are to be
measured by the increase in the earnings of activities in the flood plain.
Clearly, this measure would be incorrect if a decrease in the price of
products produced in the flood plain offset the savings in costs which
resulted from flood protection. The assumption that prices other than
rents remailn constant simplifies the problem of measuring benefits, as
the problem of measuring consumer's surplus does not arise. The question
which remains, however, is how well the assumption of constant prices
fits the conditions of the problem. If the activities which occupy the

flood plain sell their output in national or large regional markets, the
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effect of a change in their costs is not likely to change the'price of
their output. Also, if these activities purchase their inputs in large
regional markets, any adjustment in the demand for factcrs by these
activities will have & negiigible effect on factor prices. However,
there 1s one particularly important case where these conditions do not
hold, and a price other than rents can be expected to change. This case
is exemplified by housing, where the price 1s significantly affected by
the value of land in any locality.

The problem of calculating benefits when a number of prices change
ié exceedingly difficult because of the problem of dealing with the
substitution that takes place. One of the achievements of the foregoing
analysis is that the substitution effects in the markets for land are
accounted for iz measuring the benefits from laad enhancement. However,
in a number of cases we can reasonably assume that there are no substitu-
tion effects, and in such cases we get the same measure of benefits as
before. Suppose, As is the case with housing, that land is a variable
input in producing the given output. Further suppose that, given flcod
control, activities relocate and rents change &x21 that, 25 a re;ult of
the fact that the value of some land decreases, the price of a given
product also decreases. If we assume that the quantity purchased of thig
product is the same in the new equilibrium as in the initial equilibrium,
then the saving to consumers just equals the reduction in ‘total earnings
below what theylwould have been if the price of the product had remeined
constant.

If we assume that the increase in real income to the consumers who

benefit from this decrease in price does not affect the prices of other

goods or the earnings of other activities, then the previous measure of
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benefits 1s the correct ome. This would be the case if other commodities
vere produced at constant marginal cost within the relevant range. In

this case, the correct measure of benefits would be the total increase in

- earnings of all activities, with the specification that the earnings of

each activity are calculated on the basis of the initial set of prices.
This takes care of the most important case where a price changes as the
result of the introduction of flood control. It is probably not unrea-~
sonable to assume that the demand for a product such as housing 18, in a
given area, fixed. Siace the measurement of benefits 1s at best imprecise,
it does not seem that the foregoing assumption will introduce an intol-

erable amount of error into the process of measurement.
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CHAPTER IV

FLOOD INSURANCE AND
THE COST OF RISK-BEARING

In the preceding chapters it is assumed that each occupant of the
flood plain has the opportunity to purchase a fiood insurance policy,
providing full coverage, for a premium equal to the expected value of his
flood losses. In addition, it is assumed that individuals are risk
averters and, therefore, everyone who locates in the flood plain pur-
chases such a policy. As a result of these assumptions, it is possible
t0 eliminate risk from the discussion in Chapters II and III. In addi-
tion, it is suggested in Chapter I that a program of flood insurance may
be an effective and relatively inexpensive method of eéliminating the risks
assoclated with flooding. In this chapter we examine in some detail the
questions of how such an insurance scheme might be designed, and how the
total costs of risk-bearing would be affected. In addition, some of
the practical problems that might arise in connection with flood insur-
ance are dlscussed.

To begin, suppose that the flood losses of everyone affected by
floocding are independent random variables which are identically distrid-
uted, and let the random variable X, with mean u and variance 62,
represent the losses of any individual. Given these circumstances, the
amount of risk borne by any individusl can be made very small by an '
arrangement whereby the risks are pooled. Under such an arrangement the
cost of flooding to any individual in a given year would equel the total

of flood losses in that year divided by n, where n 1is the number of
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individuals participating in the pool. It is easily demonstrated that

under this arrangement the expected value of the cost of flooding to any

2
individusl is u, and the varisnce of this cost is % . If n 1is large, x

then,although the expected cost of flooding remains the same, the risk to
each individual is largely eliminated. In reality the losses of all
individnqls are not identically distributed, and each individual's
contridbution to the pool would be proportional to his expected losses.
Under such an arrangement,risk, for the most part, can be eliminated
without costs other than transaction costs. This arrangement would be,
in all essential respects, like a mutual insurance company,which differs
from a program where each individual purchases an insurance policy for a
fixed premium.

The effect of either pooling or insurance on the position of the
flood-plain occupant would be similar. Given either arrangement, the
expected value of the cost of flooding remains the same; the variance of
this cost to the individual is made very small by pooling, and 1s elim-
inated by the purchase of a policy providing full coverage for a fixed
premium. In the limiting case where n approaches infinity, the effects
of pooling and of insurance are the same from the point of view of the
flood-plain occupant.

It is assumed above that the flood losses of each individual are
statisticaily independent, and this assures that risk can be significantly
reduced th.ough pooling. 1In reallty, individual losses are not statis-
tically independent, and there may be high positive correlation between
the losses of any two individuals. For example, in any given flood

3

everyone in the flood plain is flooded. More generally, river-basi&
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systems are interconnected, and flood losses in one part of the basin may
exhibit a high positive correlation with losses in other parts of the
basin. In cases where such a correlation exists it may rot be possible

to significantly reduce the risk of each individual through a mutual
insurance company. Morg empirical research 1s needed to determine whether
such a program Qould be an effective way of coping with the risks of
flooding; at the same time it is important to investigate other types of
insurance programs which would be applicable even where flcod losses are
highly correlated.

In thJ;Ease where flood losses are pooled, the only individuals
involved are thoée who bear the risks of flooding; therefore, such a
program imposes no costs on individuals outside the flccd plain. Now
consider an insurance program providing full coverage of flood losses.
Under such a program, the individual flood-plain occupant bears no risk;
however, this risk 1s now transferred to the underwriters of the policy.
Assuming theée are risk averters, they will voluntarily accept this risk
only if the premium equals the expected value of losses plus a loading
charge. Th? question investigated here 1s whether it would be possible
to construct a program of insurance where this loading charge can be
made very small, thereby eliminating risk-bearing for each flood-plain
occupant for a cost equal to the small loading charge. The risk is now
horne by the individuals underwriting the insurance; however, they are
fully compensated for bearing this risk.

One might consider an alternative program of 1nsura;ée where each
policy is sold for a premium equal to the expected value of losses. 1In

this case, risk would be eliminated without cost to the flood-plain
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occupant; however, the individuals who underwrite this insurance now bear

the risk and costs associated with it. This situation might occur if the

. government were to sell flood insurancg for a premium equal to the expec-

ted value of flood losses and include recelpts and claims in general
revenués and disbursements. One might suppose that the dbudget would be
balanced so that if claims exceeded receipts from premiums, taxes would
be raised; if receipts exceeded claims, taxes would be lowered. In this
case, each taxpayer would bear part of the cost of the risk. The
qQuestion investigated herelis whether the total cost of risk-bearing will
became very small if the ri;k is spread among & large number of people.
It will be shown that if the number of people with assets subject to the
hazards of flooding is a small percentage of the total population, then
by spreading the risk among all individuals the total cost of risk-
bearing will be very small. Similarly, under these conditions it is pos-
sible to design an insurance scheme where the insurance can be under-
written for a premium which includes a small loading charge, and yet to
have the underwriters fully compensated for the risks they bear.

Suppose that each inéividual's utility is a function of his income
and is given by U(Y). Further, assume that U 1is a bounded function
and is an incressing function of income so that U'(Y) > 0. Assume also
that, given a choice among alternatives, the consequences of which are
uncertain, the individual selects that action for which the expected value
of his utility, E[U(Y)], 1is maximized. In addition, we assume that the
individual is a risk averter so that U"(Y) < 0. The utility function
simply gives a preference ordering; however, it can be shown that the

utility function is defired only up to positive linear transformations,
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so that regardless of the particular function, U, selected to represent
this ordering cf preferences, the signs of the first and second deriv-
atives will be the same.

Now suppose that an individual's income is a randem variable, A.

In addition, suppose that X 1s a random variable,indeperndent of A,
which represents the profits of an insurance company. The profits may

be positive or negative., Each individual 1s given the ortion of becom-
ing a stockholder free of charge, subject tc the restriction that his
share of any losses can be covered by his component of income represented
by A. This assumption is not of great practical importance for this
case; however, it eliminates the dlfficult analytical problem of account-
ing for situations where individuals may default on their obligations.
The income of an individual can be written as Y = A + aX, where a
represents the percentage of the total stock of the insurance company
which the individual chooses to hold. The question arises as to the
circumstances under which a will be positive [1,38-41].

Let W(=s) = E[U(Y)] = E[U(A + aX)], so that by the assumption that
the individual seeks to maximize the expected value of.his utility it
follows that he will choose a so that W(a) is maximized. Clearly,
wW'(a) = E[U'(Y)X] and W"(a) = E[U"(Y)XQJ. Since U"(Y) < 0, it follows

that W"(a) < 0. Ww(e) has a maximum at a = 0 if, and only if,

w'(0) < 0. However, if a =0, then Y=A and U'(Y) = U'(A), and

W'(0) = E[U'(A)X]. Cince A and X are independent random variables,

w'(0) = E[u'(A)] E[X], so

@

= 0 if, and only if, E[X] < 0. Thus,
unless the lnsurance company charges the insured a premium equal to the

expected value of their losses, plus a positive loading charge, no
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individual will choose to accept a share in the éompany. On the‘other
hand, 1f E(X) > O, then a > 0. Tuls says that if the value of receipts
exceeds the expected value of claims by any amount, however small, then
each individual will choose to hold scme share in this insurance arrange-
ment. The exact value of & for a given individual will in general
depend both on his utility function and on the distribution of component
A of his income. If A were known with certainty, it could be shown
under reasonable assumptions that & increases with A._ This model
might have been formulated more appropriately in terms of wealth rather
than income; however, the result is the same in either case.

This result can now pe applied to the case of flood insurance.
Suppose that flood insurance is offered at & premlum slightly greater
than the expected value of flood losses. Then the total of receipts will
be greater than the expected value of claims. It follows that each
individual whose income is not subject to fluctuations because of flood-
ing will accept a share in this insurance arrangement. If the number of
these indlviduals is large, and if their incomes are large, then the sum
of the a's will be greater than or equal to one. In this case, an
insurance arrangement. can be worked out where the loading charge paid by
each policyholder is very small, and where the shareholders in the
insurance company are at least as well off as before the company was
organized. Roughly speaking, such an arrangement is possible if the
number of individuals affected by flooding and the totai of lncomes
subject to the hazards of flooding are small relative to the tctal popula-
tion and the total of all incomes, respectively.

Now suppose that instead of charging an insurance premium greater
than the expected value of flood losses 8 premium is set which equals
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expected losses. In this case, E(X) = O so that no individual would
choose to hold any part of the risky asset X. From this it follows that
w'(0) = 0, or equivalently that

EfU(A) - U(A + aX)] -0.
a

lim
a-+0

Now let & = % , so that the previous expression becomes

1im nE[U(A) - U(A + 1/n X)] =0 .
e

There exists & unique number, k(n) > O, for each value of n, such

that
E[U(4 + 1/n X)] = E[U(A - k(n)]

or, in words, an individual would be indifferent between paylng an amount
equal to k(n) and accepting the asset represented by 1/n X; ¥(n),
therefore, is said to be the cost of risk-bearing associated with the
risk of holding the asset 1/n X. It can be easily demonstrated that

lim k(n) = O

n - o
or, in other words, the cost of holding the risky asset goes to zero &8s

the amount of this asset which 1s held goes to zero. From the previous

results it follows that

[}
(@]

1im nE[U(A) - U(A - k(n)]

n-—-o

However,

1im E[U(A) Q(ESA = k(n))] _ gryr(a)] > o

n-oo
and, therefore, it follows that

lim n k(r) = O.
n-o
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This result can be interpreted as follows: Suppose that all
individuals are identical in the sense that they have identlical utility
functions and the same certain income, A. Suppose in addition that there
is a certain amount of risk represented by the random variable X,

E(X) = 0, which has to be borne by someone. The cost of risk-bearing
to any individual is defined above. Now suppose that the risk is .
divided equally among n people; i.e., each individual holds the asset
1/n X. Then the total cost of risk-bearing is n k(n). It follows from
the result derived above that if n is large, then n k(n) is very
small. Therefore, given & certain amount of risk, the total cost of
risk-bearing can be made very small by spreading this risk over a large
number of individuals. This, of course, ignores the transfers of income
that will occur in the process of spreading the risk.

Again consider the case of a flood insurance plan where the govern-
ment sells flood insurance for a premium equal to the expected value of
flood losses. The risk is now transferred to the taxpayers so that the
effect of such a program is to take the risk borne by a few individuals
who face flood hazards and spread it among the whole population. It
follows that the total cost of risk-bearing becomes very small although

there has been a small transfer of income from the general taxpayer to

those individuals who buy flood insurance. However, for the purposes of

beneflit-cost analysis this transfer can be ignored. Therefore, a program

of flood insurance sponsored by the government: where flood insurance is

sold for a premium equal to expected flood losses, would essentially

eliminate the cost of risk-bearing. If it were desired that any cost of

risk-bearing that remains be paid by the flood-plain occupants, then a
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small loading charge could be included in the premium.

The discussion to this point has assumed that in any pooling arrange-
ment or insurance scheme the losses of any individual affected by flood-
ing sre fully covered. This assumption is necessary if the effect of
flood insurance on risk is to be comparable té the effect of structural
measures which completely eliminate flooding. In practice it may be
difficult to achieve this objective. In the first place, there 1ls the
difficulty of identifying flood losses when they take the form of & loss
of income. In this case, there is the problem of estimating the income
that an activity or individusl would have earned in the absence of
flooding. Related to this is the problem of estimating the losses incur-
red by individuals and firms outside the flood plain. In this case, there
i3 the problem of identifying the individuals and firms affected and then
estimating the loss of income which is the result of flooding. In this
paper these questions can only be raised, as it will take some experience
with such programs to determine the feasibillity of providing full coverage.

Related to the problem of estimating losses is that of establishing
the correct premiums. In order to establish the correct premiums one
needs information about the expected value of flood losses. While one i
can get fairly accurate information on the probability of floods of |
various sizes, it is difficult to relate this to losses. losses of
property caused by flooding may be reasonably easy to estimate, given
the knowledge that a fiocod of a certain size occurs; however, it is much ;
more difficult to estimate losses due to interruption of economic activ-
ities on the basis of this information.

In prectice, any program of flood insurance will probably not provide
complete protection, and the premium will not bear exactly the desired 1
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complete protection, and the premium will not bear exactly the desired
relation to the expected value of losses. If one wishes to recapture all
the costs of providing the 1nsurance—-including & return to the individ-
uals who underwrite the insurance—then the premium will be set at a
level clearly ébove the expected value of lossea; This is essentially
the procedure used by private insurance companies. Of course, the pre-
mium cannot be set too high or no one will buy insurance. On the other
hand, if the government runs the program, the premium might be set equal
to the mos£ reliable estimate of expected losses, with the government
absorbing any difference between this estimate and the true value of
expected losses.

In the previous discussion it has been implicitly assumed that there
were no transaction costs associated with the provision of flood insur-
ance. In practice, these costs must be considered, as they may be a
significant part of the total cost of the premium. There is reason to
believe that if flood insurance is made mandatory, then the transaction
costs will be significantly reduced. First of all, if insurance were
mandatory, the costs associated with selling it would be greatly reduced.
Second, there are probably economies of scale in the estimation of flood
losses. The topographical end hydrologic information necessary for the
estimation of flocd losses and, therefore, for the determination of
Premiums has to be collected whether one hundred or several thousand
policles are sold. Thus, in addition to tt: reasons esta£lished\in
Chapter I for Aaking flood irsurance mandatory, the reduction in transac-

tion costs provides cause why this should be considered.
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