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Ii

THE NATURE OF FLOOD CONTROL BENEFITS

AND THE ECONOMICS OF FLOOD PROTECTION

INTRODUCTION

This paper is an attempt to extend and clarify several areas of

analysis pertaining to the economics of flood protection. More specif-

ically, it addresses the question of the correct measure of the benefits

from "land enhancement," and the question of the role of flood insurance

in an overall program of flood protection. The first chapter contains a

discussion of the nature of benefits from flood protection and the rela-

tion of the various types of benefits to five different measures for

coping with flood losses. Within this framework the effects of these

measures are assessed.

In order to gain insight into the nature of flood control benefits

a Land-use model is developed in the second chapter. This model incor-

porates the economic factors which determine the location of various

activities in competitive equilibrium. This framework is then used to

prove a number of theorems which concern the effects of perturbing an

equilibrium by adding or removing new activities and by increasing or

decreasing the supply of different types of land. These theorems

provide the theoretical framework with which to analyze the benefits from

land enhancement.
a

The third chapter contains an application of these results to the

problem of measuring the benefits from the introduction of flood control.

The correct measure of benefits from land enhancement is derived, and it

is shown that such benefits represent real economic gains and not simply

transfers of income. The correct measure of benefits from land enhance-



ment is then used to evaluate the methods employed by the Corps of

Engineers to estimate these benefits. Finally, the practical signif-

icance of land-enhancement benefits for the planning and justification

of flood control projects is discussed.

The final chapter of the paper contains a discussion of the question

of whether it is possible to eliminate the cost of risk-bearing through

a program of flood insurance. The question arises as to whether the

losses from flooding are s.±fciently indepecdernt for flood insurance

to be feasible. It is sometimes argued that there is a high degree of

interdependence between occu.rrences of flood damage, and that flood

insurance could be written only if a very large safety-loading charge

were included in the premium. It is demonstrated, however, that if

the assets subject to flood damage are a small fraction of the total

assets of the community, and that if the risks associated with flooding

are independent of other risks borne by individuals in the society,

then an insurance scheme can be devised wbere the charge for safety

loading is negligible and where everyone underwriting the insurance

is at least as well off as before the insurance ;rcgram was introduced.

This result holds, regardless of whether flood losses are interdependent.

Similarly, it is proved that if the risks of flooding are pooled among

all individuals in society, then the total cost of risk-bearing to

society is negligible.

The question of whether flood insurance is a reasonable substitute

for structural protection is also discussed in the final chapter. In

particular, it is noted that because flood losses are inflicted upon

individuals and businesses located cutside the flood plain, there may
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in practice be some difficulty in identifying these losses and therefore

in insuring against them. The problem of identification also arises

with respect to losses of income that occur as a result of the interrup-

tion of economic activity caused by flooding. Unless these losses can

be identified and measured, it will be impossible to develop a flood-

insturance program which will provide complete protection against the

losses associated with flooding.
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CHAPTER I

A SURVEY OF ALTERNATIVE METHODS

OF COPIM WITH FLOODS

The benefits of a flood-protection measure can be considered as

the reduction in the costs from flooding which would result if this

measure were implemented. For purposes of this analysis it is conven-

ient to divide these costs into four categories: (1) loss of property

and income, (2) risk taking, (3) intangibles, (4) opportunities for

use of the flood plain that are foregone because of flood hazards.

The nature of the costs in each of these categories is discussed in

relation to each of five types of measures for protecting against flood

losses. These protective measures are structural transformation of the

river bed which includes dams, levees, channel improvements, etc.;

flood insurance; flood warning and evacuation systems, flood proofing,

and flood zoning.

When floods occur, property in the flood plain is damaged and

economic activity is interrupted in firms and households in the flood

plain and in firms and households located outside the flood plain which

are linked with activity in the flooded area. The costs of flooding

include damage to property, losses in receipts and wages, and costs

of adjustment iuch as the expense of temporary housing, evacuation,

etc. [3, 117-138]. However, at any poixic in time or in any given year

these costs cannot be predicted with certainty, and it is asgumed that

flood losses are a random variable with a given distribution. This is

assumed for individual losses and for the sum of these losses. The

mean of this distribution, or the expected value of flood damage in a
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given period, is taken to represent the cost of flooding in that period.

Suppose a flood-protection measure is introduced which alters the

distribution of flood losses and in particular lowers the expected

value of flood losses. The benefits in each period from damage reduc-

tion are measured by the reduction in the expected value of flood losses

and the stream of such benefits is discounted to its present value and

compared with the present value of costs. This procedure raises some

interesting questions about the behavior of individuals under conditions

of uncertainty which will be examined in the final chapter in connection

with flood insurance. For the present analysis it suffices to accept

the reduction in the expected value of flood losses as the measure of

benefits from the reduction of property losses. This assumes that a

flood-plain occupant would willingly pay an amount equal to the reduction

in the expected value of his property losses for protection against these

losses.

Strictural flood-control measures such as dams and levees alter the

stream flov so as to charge the distribution function associated with

flood losses. Structural protection eliminates the smaller, more fre-

quent floods which account for a large part of total flood losses

and, therefore, reduces the expected value of these losses. Flood

proofing, on the other hand, does not alter the flood frequency, but

lowers the level of flood damage associated with a given level of

flooding and thereby reduces the expected value of losses [12, 1-32].

Similarly, flood warning and evacuation systems reduce the expected value

of flood damage because less property is left exposed to the hazards of

flooding. Thus, structural control systems, flood proofing, and flood
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warning and evacuation systems all produce benefits in the form of a

reduction in the loss of property and income due to flooding. Therefore,

they are alternatives to one another and should be considered as such

in the planning process although the optimum program may include a

combination of all three measures.

Flood insurance clearly does not reduce the expected value of losses

due to flooding and, therefore, does not produce benefits of the first

type. The case of flood zoning requires more careful analysis. If zoning

is to affect the pattern of development in the flood plain, and thereby

reduce the expected value of flood losses, it can do so only by prohibit-

ing some activities from locating in the flood plain which otherwise

could have profitably located there. Therefore, while the expected value

of flood losses would be decreased it would be at the cost of foregoing

uses of the flood plain that are of greater value than the losses that

were prevented. This reasoning can be illustrated as follows. Abstract

from risk by assuming that a given activity is operated so as to maximize

the present value of its stream of expected earnings. Then an activity

will locate in the flood plain only if the present value of expected

flood losses is less than the increase in the present value of expected

earnings that is obtained by locating in the flood plain rather than at

the best alternative location outside the flood plain. Therefore, to

exclude this activity from the flood plain is to cause a reduction in

the present value of its expected earnings which exceeds the present

value of expected flood losses.

This argiment implicitly assimes that the individuals who decide

to move activities into the flood plain are aware of the expected value

6



of flood losses. Recent studies of flood-plain occupancy have found

that ignorance of flood hazards is in some cases an important factor in

the choice of a flood-plain location [6]. Flood zoning may reduce flood

losss where property is exposed to the hazards of flooding only because

of ignorance. However, it is very likely that in practice flood zoning

will exclude some activities which could profitably locate in the flood

plain as well as some for which it would not be profitable.

Two alternativ ways of promoting informed and rational decisions

pertaining to the use of the flocd plain are programs of public informa-

tion and mandatory flood insurance. The difficulty with a program of

public information is that people may disregard it unless there has been

a recent flood to dramatize the situation. Mandatory flood iasurance

avoids this difficulty because the price of the insurance is incorporated

into the cost of operating in the flood plain, and therefore affects the

profitability of locating there. The drawback of such a program is that

there may be substantial transaction costs associated with a flood-

insurance program. Also, in order to make the program azceptable to

the insurer a safety-loading charge will have to be included in the

premium. Therefore, the premium for flood insurance may exceed by a

significant amount the expected value of losses; some activities which

would otherwise hare found it profitable to locate in the flood plain

may not find it profitable if they are required to buy an insurance

policy for a premium which exceeds the expected value of their losses.

However, before reaching any conclusions about the effects of a mandatory

program one must take !ts effects on risk into account.
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In considering the cost of flooding due to the loss of property and

income the expected value of these losses is used as the measure of

this cost. However, individuals in the flood plain may be interested

not only in the mean of the distribution of these losses but in other

properties of the distribution as well. For example, one may be very

concerned about the probability of sustaining very large losses and

be willing to pay a premium to insure against such a contingency. If

a flood-control measure removes this contingency, then it creates a

benefit equal to the value of this premium. These other properties

of the distribution of flocd losses with which one can associate a

monetary value will be referred to as risks. In the analysis of flood

protection the primary interest is in risks which are associated with

negative values, that is, where risk-bearing is considered a cost and

where an individual is willing to pay a premium in order to change the

distribution of his losses in such a way as to reduce or eliminate

certain risks. There are two properties of the distribution of flood

losses which appear to be particularly important for the analysis of

flood-protection systems. First, there is the probability of a catas-

trophe, which can be defined as losses above a specified level, and

secondly, the dispersion of flood losses as characterized by the

variance of the distribution. These specific risks will be referred

to in the following analysis of the effect of various flood-control

measures on risk.

Structural-flood control measures that elmiL.ate the possibility

of flooding also eliminate risk. However, few structural systems pro-

vide complete protection against flooding. Structural systems generally



eliminate the smaller, more frequent floods and reduce the level of

flooding in the case of larger floods. This leads to the conjecture

that such measures will reduce the probability of very large losses

and also reduce the variance of flood losses because the probability

of losses near zero is increased. if this is the case, then structural

measures reduce, but in general do not eliminate, both types of risk.

Flood proofing and flood warning and evacuation systems can also reduce

the probability of very large losses. For example, flood proofing can

reduce the probability of heavy losses that occur when structures are

washed downstrceam. A flood warning and evacuation system enables some

property to be evacuated from the flood-threatened area and allows

time for businesses and households to prepare for the conditions of

flooding. Therefore, these systems help to reduce the damage associated

with any level of flooding and in particular high levels of flooding.

Of the five types of flood-protection measures, flood insurance

is by far the most effective for coping with risks. Assume that a

flood-insurance policy which covers all economic losses caused by flood-

ing is offered at a price equal to the expected value of flood losses.

By purchasing such a policy the flood-plain occupant adds an amount

equal to the expected value of his flood losses to the cost of operating

in the flood plain. Therefore, the expected value of costs associated

with a flood-plain location is the sawe with the policy as without

it; however, with the policy these costs are known with certainty and

risk is eliminated. There are, however, transaction costs associated

with a flood-insurance program so that premiums will in general exceed

the expected value of losses. If the amount by which the premium
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exceeds expected losses is less than the cost of risk-bearing, the flood-

plain occupant will purchase the policy and there will be a net benefit

equal to the difference between the cost of risk-bearing and the price

of the policy. Therefore, when the effect of insurance on risk is taken

into account, the adverse effects of a mandatory flood-insurance program

are mitigated because the increase in the expected value of costs incurred

with the purchase of such a policy is in part or wholly offset by the

reduction in the cost of risk-.bearing.

Finally, flood-zoning programs can reduce the total cost of risk-

bearing by excluding activities from the flood plain. It should be

noted that flood zoning in no way reduces the risks of firms and house-

holds which actually locate in the flood plain. Flood zoning, by exclud-

ing certain activities from the flood plain that otherwise would have

located there, prevents these activities from assuming the risks

associated with flood-plain occupancy. However, as in the case of

expected flood losses, flood zoning prevents the costs of risk at the

even greater costs that result from prohibiting these activities to

locate in the flood plain. If an individual is aware of the risks of

locating in the flood plain, then he will move into the flood plain

only if the value of its advantages is greater than the cost of bearing

the risks of that location.

Again ignorance of the risks may justify some form of flood zoning;

however, a program of public education as to the hazards of flooding, or

a program of mandatory flood insurance which would eliminate risk, might

be less costly methods of coping with the problem of ignorance. Another

case for flood zoning is that society may choose to accept some



responsibility for catastrophic losses, and therefore is justified in

regulating individual exposure to the possibility of such losses. For

example, when a disastrous flood leaves people homeless and without a

source of income, society is often obligated to provide assistance.

This may be the case even when the victims of the flood understood the

risks and proceeded to occupy the flood plain in spite of them. If

society accepts an obligation to pay part of the costs associated with

the risks of flooding, and if the attitude of society toward risk differs

from that of a given individual, society may be justified in imposing

its preference with respect to risk-bearing on the individual. One

method of accomplishinf, this is to establish flood zoning regulations

which prevent activities from moving into the flood plain where the

risks involved are socially unacceptable. It should be noted, however,

that a program of mandatory flood insurance would achieve the same

objective, as any individual moving into the flood plain would be

requireri to purchase insurance, thus removing the possibility that

society would have to pay part of the losses in the case of a catastrophe.

It may be possible to deal with the problem of ignorance an to eliminate

the possibility of society having to reimburse individual losse, by

inaugurating a program of flood insurance that would insure against only

part of each individual's losses. Such a program could protect the

individual against disastrous losses and thereby remove the need for

government relief in cases of disaster. While the premium might be well

below the value of expected flood losses, the fact that people would be

required to pay a premium for this limited protection would probably

alert them to the hazards of flooding.



In concluding the discussion of risk it is appropriate to analyze

an argument that is often presented in support of proposals to build

larger structural systems than would be justified on the basis of

available benefit-cost information. The benefit-cost criterion dic-

tates that the design of a project should be such that the present

value of net benefits is maximized. Thus, an incremental increase

in the scale of a project should be undertaken only if the increase in

net benefits exceeds the costs of that increment. Because of the

practical difficulty of measuring the benefits from risk reduction,

these benefits are not usually included in benefit estimates. Properly

stated, the argument that the scale of structural flood-control measures

should be greater than that dictated by benefit-cost information rests

on the contention that (1) the increase in the scale of these flood

control measures will produce significant benefits by reducing risk,

and (2) that if these benefits were included in the benefit estimates,

the incremental benefits would exceed the incremental costs.

If one accepts the basic factual assumptions of this argument and

the validity of the benefit-cost criterion, then the conclusion follows,

provided there are no alternative ways to reduce risk. However, there

is an alternative way to reduce risk, namely flood insurance, which

will provide complete protection whereas most structural measures will

not. Assume that there are no transaction costs of insurance and that

the insurance premium i. -c-ial to the expected value of flood losses.

Then the costs of rlsk-bearing can be. eliminated without incurring any

additional costs, because the price of the premium simply replaces the

expected value of flood losses in the individual's cost calculation.
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In this hypothetical case benefits from the reduction of risk should

never be included in benefit estimates for flood-control projects since

these benefits can be secured without cost by a flood-insurance program.

Thus, the present procedure of omitting them from benefit estimates

would be correct if flood insurance were available. In practice there

are transaction costs that must be considered and the above statement

requires appropriate modification. If the flood-insurance program is

large enough to enjoy economies of scale, the transaction cost may be

negligible. This is one of the important questions that will have to

be investigated before such a program is established.

The third category of benefits is comprised of outputs of a flood-

protection system for which it is difficult to assign a meaningful mon-

etary measure. Thus, they are lumped together under the heading of

intangible benefits. Some of the items in this category that are

considered to be important by the Corps of Engineers are reduction of

the loss of life, enhancement of the security of the people, improvement

of sanitation, and protection against epidemics [3, 141). Of these,

only the prevention of the loss of life is probably considered by the

public at large as one of the primary objectives of flood control

although, in fact, only a small number of deaths have been caused by

flooding [3, 141-142]. The discussion that follows will be restricted

to the effectiveness of different measures in preventing deaths caused

by flooding.

It is sometimes argued, as in the case of risk, that the prevention

of deaths from large floods is justification for building very large

flood-control projects. It is argued, for instance, that a large dam

13



and reservoir system will eliminate certain floods and reduce the sever-

ity of others and thereby prevent deaths. On the other hand, when a

floodwall is topped, the rapid inundation of the flood plain may catch

the occupants by surprise. This, combined with the tendency of flood-

plain occupants to develop a false sense of security when protected by

flood control works, may offset the effects of the additional protection

[17, 229]. While some floods can b prevented by structural measures,

it is seldom economically feasibleto build a structural system that

will provide complete protection and, therefore, it is necessary for the

protection of life to provide a flood warning and evacuation system.

There may be some areas where it is not economically feasible to build

structural flood-control works, and where hydrologic conditions are such

that it is impossible to provide sufficient warning for the evacuation

of the flood plain. Such might be the case in a canyon which has a

history of flash floods. Under these circumstances flood zoning may

be required to prevent utilization of the flood zone that could result

in a substantial loss of life.

The fourth category of benefits, land enhancement, is both impor-

tant and controversial, and therefore will be analyzed in some detail.

Its importance stems from the fact that benefits in this category are

becoming increasingly important in the justification 02 flood-control

projects (8, 185-86]. There is also a question as to whether there

is any real economic gain associated with land enhancement, or whether

it only represents a diversion of activity into the flood plain from

other locations [8, 186]. Further, there are the questions of what

in fact is the correct measurement of benefits from land enhancement

14+



and what relation does the correct measure bear to measures used by

federal agencies.

In general there are firms and households which locate off the

flood plain because the costs associated with flooding more than offset

any possible advantages of flood-plain location. However, some of

these firms and households might find it to their economic advantage

to locate in the flood plain if the costs of flooding to the flood

plain occupants were reduced or eliminated. Assum that a flood-protec-

tion measure is introduced which reduces the costs of flooding and

therefore makes it profitable for some activities, which had previously

located outside the flood plain, to move into the flood plain. The

benefit from land enhancement attributable to that measure is defined

as the sum of the dollar values of the economic gain of firms and house-

holds which now find it profitable to move into the flood plain.

Implicit in this definition is the assumption that a firm or household

which would gain from a flood-plain location, given protection, would

willingly pay an amount equal to or less than the dollar value of this

gain in order to secure that protection.

It is clear that any public program which reduces the cost of

flooding to the flood-plain occupant can create benefits from land

enhancement. This is true whether the program reduces cost by ieducing

the expected value of flood loss, by reducing risk, or by reducing

intangible losses. Therefore, the introduction of almost any program

of flood protection can create land-enhancement benefits. There is

one notable exception, namely flood zoning. The creation of land-

enhancement benefits is critically dependent on the reduction of the

15



costs of flooding to firms and households which will actually occupy
the flood plain; since zoning reduces the cost of flooding only by
excluding the activities that would incur these costs, it cannot produce
benefits of this type.

There now remain the questions of whether land-enhancement benefits
represent real ecornomic gains or are merely a transfer of rents, and
whether the methods used by federal agencies to measure these benefits
are correct. In order to gain insight into the answers to these ques-
tions a model will be developed which incorporates the major economic
factors that determine flood-plain utilization. The model and the forth-
coming analysis make use of the following assumptions: (1) The condi-
tions of the competitive model are fulfilled; (2) there is a perfect
capital market so that borrowing and lending rates are the same and
equal the social rate of discount; (3) there is perfect foresight with
respect to future states of the economy. To simplify the analysis of
flood-control benefits it is further assumed that there are no intangible
costs associated with flooding and that each flood-plain occupant buys
an annual flood-insurance policy for a premium equal to the expected
value of his flood losses. This assumption removes from consideration
the cost of risk so that the only cost to the flood-plain occupant is
a cost equal to the expected value of his losses.
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CHAPTER II

THE THEORY OF RENTS

AND THE LOCATION OF ECONOMC ACTIVITIES

Before developing the analysis of flood-plain use it is necessary to

analyze in detail the economic factors that determine the rental value,

and therefore the price, of land. This is important for later analysis

because the cost of land is a significant factor in determining an activ-

it''s choice of location and because changes in land values are sometimes

used as a measure of benefits from flood control. Further, it will be

demonstrated that under certain conditions the rental value of a parcel

of land represents in some sense the social cost of occupying that parcel.

Begin by assuming there is a limited supply of homogeneous land which

is divided into n identical parcels. In addition, suppose there is a

set, X = x 1,...,x m], of activities which compete for the n parcels of

land. Each activity requires one and only one parcel, and is indifferent

as to which parcel it occupies. Further assume that the costs of an activ-

ity are variable, and that an activity can be initiated and terminated

instantaneously. As a result of this assumption, whether or not an activ-

ity is operated in a given year depends only on its earnings as compared

with the earnings of other activities in that year. The earnings of an

activity xi e X, denoted by S x, are defined as the total value of out-

put associated with the operation of xi minus all costs of production
i

except the cost of land. It is assumed that Sx (i = 1,...,m) is given

and is independent of whatever other activities are in operation.

17



Let the activities in X be ordered so that S x> ... > xn >
n+l m a n

Sx > ... > Sx > 0 and let m > n. Suppose the activities in X bid

against each other for the n available sites. If the bidding rises

above the earnings of a particular activity, that activity will drop from

the bidding for that year. The bidding will continue until there are

exactly n activities left, at which point it will stop. The bidding

will clearly continue until the bids reach Sxl, and therefore the

rental value of a unit of land which is established under this particular

n+lprocedure of bidding is equal to the earnings of activity x . Alter-

natively, suppose that rents are established in the following way: Each

landowner sets the rent on his parcel of land on a take-it-or-leave-it

basis, and he raises the rent if one or more activities are willing to

rent his parcel at the quoted rental value and lowers the rent if he has

no takers. Further, suppose this process continues until an equilibrium

is reached. Clearly, in any equilibrium the rent on all parcels of land

must be the same; otherwise, all activities which are still seeking land,

given the quoted rents, will attempt to locate on the parcel with the

lowest rent. This would drive the rent on that parcel up and the rents

on other parcels down. It is clear that the common rental value, p,
n

must equal Sx . Under both systems of bidding, an equilibrium is

obtained in which, given the rental value of the land, the demand for

land Just equals the supply. However, the rental values established

are not the same in both cases.

Now assume that m < n so that all ities can operate and have

parcels of land left vacant. If the first Lidding scheme were followed

and bids begin at zero, then there would be no further bidding because

18
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all activities can obtain a parcel of land, given p - 0. On the other

hand, if the second scheme were in operation, rents would also be zero

because there is always some parcel of land for which there is no taker,

and competition among suppliers of land will drive the rent to zero. Now

let m = n. Then under the first system of bidding, the equilibrium

rental value will be ero, and under the second system the rental value
m

established in equilibrium will equal Sx

The results of the preceding can be generalized as follows: Again
n+2 n

assume that m > n , and in addition assume that S x < Sx Let p be
n+l n i

any rental value which satisfies S < p < S so that Sx -p > 0
i

(i = l,...,n), and S - p < 0 (i = n~l,. .. ,m); i.e., given p,

activities x1,...,Xn can earn a profit, and activities x ,...,x

n W4
can only be operate• -t a loss. Therefore, given p, x ,...,x will

each demand one parcel of land so that any rental value p such that
n+l xn

S X < p < S is consistent with an equilibrium in the market for land,

and the set of operating activities is (x ,...,xn 3 . Now suppose that
n i i

p = S so that Sx - p > 0 (i - l,...,n), and S X-p < 0 (i = n+l,
n

... ,m). Sx - p =0 so that it is a matter of indifference whether xn

is in operation; however, if xn is not in operation, a parcel of land

will lie vacant and competition among suppliers of land will drive the

rental value of land down and induce xn to operate. Since an

arbitrarily small decrease in p will mean that xn earns a profit,

it is assumed that xn will demand cne unit of land and will operate,
n n

given p = Sx. Clearly, p = S is the maximum rental value consistent
n+l

with equilibrium in the market for land. Now suppose that p = Sx so
i i

that S - p > 0 (i = l,...,n) and S - p < 0 (i = n+l,...,m).

19



S xn+l- p - 0, so it is a matter of indifference whether or not xn+l

n+l
is in operation. However, if x demands a unit of land, then there

will be excess demand in the market for land, and competition among

renters will drive the rental value up and force x n+l out of the bidding.

Since an arbitrarily small increase in the rental value will mean that
n+l

"xn+l can only be operated at a loss, it is assumed that, given p = Sx

"xn+l does not demand a parcel of land and is not in operation, given
n+l

the equilibrium which obtains. Clearly, p = S x is the minimum rental

value consistent with equilibrium. To summarize, any rental value p
1n+l n

such that Sx < p < Sx is consistent with equilibrium, and from the

previous discussion it is clear that the minimum rental value consistent

with equilibrium will be obtained if the first system of bidding is in

effect and the maximum rental value is obtained if the second system is

operative. The set of activities in operation, given any equilibrium

rental value is (xI ...Oxn).
n n+l

Now suppose that Snx = Sxn then clearly the equilibrium rental
n n+lSx = x

value p is uniquely determined, and p = . Given p, some

of the activities including xn and xn+l will Just break even so that

it is a matter of indifference which of these activities actually operate,

provided that all n parcels are occupied. As a result, tie set of

activities which operate in equilibrium is not uniquely determined. This
1 n-1 ~n n+l n+2

can be seen as follows: Suppose Sx > ... > S > Sx = Sx > Sx >
m n n+i => x Tegvnp=SxSx

.00 > S - Then, given p = S S the set of activities in opera-
tincol b1ite xl .,n-1 n+l 1 .,n-l xn

tion could•be either (x 1...x ,x 3 or (x ,...,x ,x n. Notice
1htec e utcnanx n-1 th

that each set must contain x ,...,x ; however, the n parcel of land

may be occupied by either of the marginal activities xn or xn+l.



Therefore, the activities which operate in equilibrium are determined by

the conditions of equilibrium, except in the case of marginal activities

which may be assigned to either the set of activities in operation or to

the nonoperative set.

We have discussed the case where m > n in some detail; however,

similar results can be obtained in the cases where m = n and m < n.
m

First, assume that m = n. Then if 0 < p < Sx the demand for land

will equal the supply, since all m activities will demand one unit of
m

land. If Sx = 0, then p is uniquely determined and p = 0. Suppose

that m < n; then there is no rental value which will eliminate the

excess supply of land. As a result, competition among suppliers will

drive the rental value to zero. Therefore, we can conclude that, given

any number of activities, m, and any number of parcels of land, n, there

is a closed interval such that all rental values within this interval

satisfy the conditions of equilibrium. If this interval is degenerate,

the equilibrium rental value is uniquely determined.

Suppose we now introduce a new activity, z, to our set of activities

so that the new set of activities, X', is given by X' = XU z. In addl-
n-1 Sn xn+l

tion, assume that Sz > Sx > S > S . In the initial situation,

before the introduction of z, the interval containing rental values
n+l n

consistent with equilibrium is defined by S x < p < Sx , and the set

1 n
of operative activities in equilibrium is x l,...,xn), assuming m > n.

After the introduction of z, the interval containing rental values
n n-1

consistent with equilibrium is defined by Sx < p, < Sx ,and the set

of operative activities in equilibrium is (z,x 1...,x n- Note that

the maximum rental value consistent with the initial equilibrium equals
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the minimum rental value consistent with the new equilibrium as both are

xn nequal to S . When z is introduced, it displaces x , which is forced

to shut down; therefore, by introducing z an amount equal to Sz was

added to the total earnings of all activities in operation; however, there
n

is also loss of earnings equal to Sx . The net increase in total earn-

irgs or, in benefit-cost terms ,the net benefit attributable to the
n

introduction of z is S -S . It follows from the preceding discus-

sion that the cost of introducing z, in terms of the earnings foregone

because some activity is displaced, equals the maximum rental value

consistent with the initial equilibrium and the minimum rental value

consistent with new equilibrium. Therefore, if the mechanism by which

equilibrium is obtained is such that the maximum rental value obtains,

then the initial rental value of land is the correct measure of the op-

portunity cost of introducing z. On the other hand, if the minimum

rental value obtains, then the new rental value of land is the correct

measure of this cost.

Now suppose that the initial rental value, p, is uniquely determined,

which implies p = Sn = . In this case, p is the proper measure

of the cost of introducing z. This statement also holds if the new
Xn xn-1

rental value, p', is uniquely determined so that p' = Sx = S

From the above statements it follows that if both p and p' are

uniquely determined, then they are equal; i.e., in this case the introduc-

tion of z does not change the rental value of land. Even if Sx

n+l
S xn, any rental value which obtains In the initial equilibrium is a

n Sn+l
good approximation of the cost of introducing z if S - S is

small.



Similar results can be derived for the cases where m - n and

m < n. First, suppose that m a n and that a new activity, z, is
m-1 xm

introduced for which S > Sx > In the initial situation any
m

rental value, p. 0 < p < , is consistent with equilibrium. After

the introduction of z, there are more activities than parcels of land

,so that it corresponds to the case where n, > n; and therefore, the new
m sM-i m

rental valuf., p', must satisfy S x < p' < S . Since Sx is

displaced by z, the cost of introducing z in terms of its effect on
7D

the total earnings of all other activities is equal to S . This cost

again equals the maximum, rental value consistent with the initial equilib-

rium and the minimum rental value consistent with the new equilibrium.

The case where m < n can be broken into two subcases. First, assume

that m < n-l. Then even after the introduction of z there will be

unused land so that the rental value of land will be zero in both cases.

This accurately measures the cost of introducing z because no other

activities are affected. if m = n-l, then the initial rental value is

zerc; however, the new rental value p' must satisfy 0 < p, < S x.
-- ==

This is because after the introduction of z, the number of activities

equals the number of parcels of land. Since z does not displace any

other activity, the opportunity cost of introducing z its zero, and

therefore we get the desired result.

The preceding analysis has dealt with the conditions of equilibrium

in the market for land and the effects of perturbing the equilibrium by

introducing a new activity. Now suppose that there are m activities

competing for n parcels of land, m > n, and that the system is in
n+l n

equilibrium with a given rental value, p, Sx < p < Sx . Further
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suppose that the set of operative activities is Y * (x 1..x .n Let k

be a positive integer, k < n, and let Xl < 2 < ... < Xk < n be positive
X kI % k a

integers. Now suppose the set Y a (x ,...,x ) is withdrawn from the

initial set, X, so that the new set of activities is X' = X - Y. In

addition, suppose that k parcels of land are withdrawn from the system

so that the supply of land is n-k parcels. Then any rental value, p,

consistent with the initial situation is consistent with the new equilib-

rium,and the new set of operative activities is Y' = Y - 'Y , provided

the marginal activities in Y' are assigned to the operative set. What

this means is that if a number of parcels of land, along with the activ-

ities which occupy them, are withdrawn, then the remaining activities

which were initially in operation will operate in the new equilibrium.

However, the rental value of land may change. This can be seen as follows:
xn+l n i

Clearly, for any p, Sn < p < Sx) Sx p>0 for any index i (i=

Ii xi
l,...,n), such that x E Y', and S - p < 0 for any i (i =

n+l,...,m). There are n-k activities in Y' so that if each activity

in Y' occupies one parcel of land, then land is fully utilized. There-

fore, p is consistent with the new equilibrium, and since the set of

operative activities is determined except for the assignment of marginal

activities, we get the desired result. The minimal rental value consis-
n+l

tent with the new equilibrium is clearly Sx ; however, the maximum

rental value consistent with the new equilibrium is greater than or equal

to the maximum rent consistent with the initial equilibrium. In particular,
n-l n k

this is true if S > S and X = n , so that the earnings of all
i x n

activities in YV are greater than S • Therefore, the set of rental

values consistent with the initial equilibrJum may be a proper subset of
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the set of rental values which are consistent with the new equilibrium.

In the model where there is one type of land, an activity either

operates on that land or it does not operate. In general, however, there

are many types of land on which an actl.rity may locate, and an activity

which is bumped from one location may shut down or it may locate on

another type of land. While the general model of land use is more

complex, it turns out that most of the results derived for the simple

case of one type of land hold with only minor modifications in the

general case. For example, there is a minimum and maximum rental value

for each type of land which is consistent with equilibrium in the markets

for land. In addition, suppose that the system is in equilibrium and

that a new activity, z, is introduced which locates on a givren type of

land, thereby displacing some activity previously located there. The

displaced activity either shuts down or moves to a new location. If it

does the latter, then a second activity may be displaced, which in turn

displaces a third activity, etc., until a new equilibrium is attained.

It can be shown that the cost of introducing z, in terms of its effect

on the earnings of other acti-rities, equals the maximum rental value of

the land occupied by z which is consistent with the initial equailib-

rium. More precisely, if a new activity is introduced on a given parcel

of land, the maximum rental value of that parcel which is consistent with

the initial equilibrium represents the sum, taken over all other activ-

ities, of the changes in earnings which result from the movement to the

new equilibrium. Because the results derived from the land-use model

with one type of land hold in the general case where there are n types

of land, and because these results can be demonstrated more si'nply, the
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foregoing discussion, it is hoped, will clarify the discussion that

follows.

The general model can be formulated as follows: There are n types

of land, and each type consists of a finite number of identical parcels.

In addition, there is a set of activities, X, and each activity x e X

has a given level of earnings on the i th type of land denoted by Sitd

(i a l,...,n). Again it is assumed that S is independent of whatever

other activities are in operation and of the location of these other

activities. For convenience the set X is assumed to be finite; how-

ever, this assumption can be relaxed without changing the results of the

analysis. The activities in X compete freely for the use of land in a

given year, t, and the bidding process continues until an equilibrium is

established. Given an equilibrium, a rental value, pi (i = l,...,n), is

associated with each type of land, and the activities in X are divided

among n+l mutually exclusive sets, A,)...)An)C such that X =

Aj1UA 2 U... UAUnUC. An activity, x, is in Ai (i = l,...,n) if and only

if x operates on type i land, and x is in C if and only if x does

not operate. The conditions of equilibrium must be such that, given the

ordered set of rents p = (Pl,...*pn), there is no incentive for any

activity to move or to reopen the bidding, and in addition if a given

type of land is not fully utilized, its rental value is zero.

The conditions of equilibrium are the following:
x

(1.1) Pl = Si for any x e C (i = 1,...,n)

(1.2) pi < Si for any x e Ai (i = l,...,n)x x

(1.3) Si P > S - p for any x e Ai (i,j =

(1.4) P, >0 (i =n)
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and the equality holds if conditions (1.1) to (1.3) hold, and the number

of activities in Ai is less than the number of parcels of type i land.

Condition (1.1) states that in equilibrium it is not profitable for any

activity in C to operate, and (1.2) states that no activity in operation

is operating at a loss. Condition (1.3) states that, giver, the set of

equilibrium rents, it would not be profitable for an activity operating

on type i land to move to type j land, j A i. The last condition results

from the assumptions that a landowner will not pay someone to occupy his

land, and that there is price competition among suppliers of land which

will drive the rental value of any type of land not fully occupied to

zero. The set of equilibrium rental values, p, is restricted by

conditions (1.1) to (1.4), but is not in general uniquely determined by

these conditions. Therefore, there may be a number of sets of rental

values which are consistent with eqailibrium in the markets for land.

Similarly, given any set of rents which will maintain an equilibrium in

the markets for land, the location of the different activities is not

completely specified; i.e., the sets AI,...,AnC are not uniquely

determined. Suppose, for example, that p satisfies conditions (1.1)

to (1.4), given a pattern of location described by the sets Al,...,AnC.

Further suppose that Si = SY = p for some index i, and that x e Ai

and y e C. Then x Rnd y can be interchanged, and p will satisfy

conditions (1.1) to (1.4), given the new pattern of location. We get

another such example if instead we suppose that x e Ai and y c Ail
iJ, - = - and S - S - p. Again, if

the position of x and y were interchanged, the set of rents p would

satisfy conditions (1.1) to (1.4), given the new pattern of location.
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In both the above cases it is a matter of indifference from the point of

view of x and y as to which set they are assigned. An activity which

occupies some locationand which, given the set of rents, is either indif-

ferent between operating and shutting down or is indifferent between

operating at its present location or at some other type of location, will

be said to be marginal to the land it occupies, given these rents. If

the rent of any given type of land i s increased by an amount, e > 0, no

matter how small, the marginal activities either shut down or move to a

new location. Since e can be made arbitrarily small, it will in the

future be assumed that a marginal activity can be displaced by a supra-

marginal activity without effecting a change in the rent. This is impor-

tant for later analysis where the effects of perturbing an equilibrium

by introducing a new activity are investigated. It is also important to

note that a marginal activity may be earning a substantial profit. Such

an activity may be marginal to a specific type of land, given rents,

because it can earn the same profit at some other location.

For any given set of rents, the pattern of location is not uniquely

determined; however, for every set of rents consistent with equilibrium,

the patterns of location associated with each set are the same. This is

stated precisely in the following theorem:

Theorem 1. Let p = (pI..."Pn) be a set of rents which satisfies

the conditions of equilibrium with a pattern of location

described by A 1,...,A ,C. In addition, let p' =

(P',...,pn) be any other set of rents which is consis-

tent with an equilibrium in the markets for land. Then

conditions (1.1) to (1.4) are satisfied by p', given the

pattern of location described by AI,...,AnC.
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Proof: We can assunrc without loss of generality that the types of land

are numbered so that (a) p " p < P2 - < p -Pn'. From (a) it

follows that (b) pk Pj Pl " P3' k < J. From (b) and condition (1.3)

we get 0 < (S - P)- (S - Pk)<(S -P)-(S -P) for any
eX p, X'

x e A, and k < J; and therefore it follows that (c) Sk - qk Sj - Pý

for any x e Ak and k < J. If the inequality holds in (b), then it

also holds in (c). Equation (c) tells us that no activity in A1

(j a l,...,n) will find it profitable to move to a location with an

index k < J, given p'. This fact will be used extensively throughout

the rest of the proof.

Suppose that, given p', condition (1.1) is not satisfied; i.e., for

some x e C, p! < Si for one or more indices i. Now choose I such
x ' S - p o l If more than

that for this activity, x, S v - ! for all i.I

one index satisfies this condition, let 2 be the minimum of these.

Now suppose that, for some index i < 1, pi- P < pj-l - p;, and let

k be the maximum index for which this is true. Then it follows from (a)

and the definition of k that pk - Pi = Pk - P;, and since clearly

p; < p2 , it follows that pý < Pk From (a) we then get the result that

xxp• < pi k •j, so that Sx - pj >0 for any xe A, k<•J. Moreover,

S - PJ > s "- p! for any x e AP, k < J and i < k. This means that,

given p', the number of activities which demand land of types k,...,n

is greater than the number of activities in AkU ... U A n If the number

of activities in A1 (j = k,...,n) equals the number of parcels of typeý

J land, then, given p', there is an excess demand in one of the markets

for land so that p' would not be consistent with equilibrium. If the

number of activities in A is less than the number of parcels of type j
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land for some j > k, then by condition (1.4) we have p 0. However,

!U

p > pý, which implies that p' < 0 and this violates condition (1.4).

If we had assumed there was no index i < 2 for which pi-i " P2 <

- ' then it can be shown that p < p for all J, and a similar

argument leads to the same contradiction. Therefore, the assumption that

the set of rents, p', is not consistent with condition (1.1) leads to a

contradiction of the assumption that p' is consistent with an equilib-

rium in the markets for land.

Now suppose that, given p', condition (1.2) is not satisfied; i.e.,

for some index, i, S ' - p < 0 for some x e Ai. Let 2 be the max-ii
imum index for which this is true. Suppose there is an index i > I for

which p2 - pl < P - p!, and let k > I be the minimum index forwhic P Pi+l < P+l'-

which this holds. By the definition of k, p2 " Pk = pk, and since

P; > p. clearly holds, it follows that pi > Pk' From (a) we get the

result that Pl >Pi i < k, so S - p<0 for any x e C andX i

iSk. Further, Sp-p1 > -pifor any x e A, J > k, i < k,

and some activity in A will either shut down or demand type j land,

J > k, given p'. Therefore, the number of activities demaznding land

of types 1,...,k is less than the number of activities in Al11 ... UAk

so that, given p', there will be at least one parcel of land for which

there is no demand. If this set of rents is consistent with equilibrium,

some rent pl, i < k, must be zero. However, pj = 0 for some i < k

implies that pi < 0, which is not possible. If there is no index

i > 2 for which p• - pi1 < p; - p+l, then it follows that pi > P

for all i, and the argument and conclusions follow as before if we

let k a n.
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Now suppose that, given p', condition (1.3) is not satisfied; i.e.,

for some index 1, 01 - p< S - p for some x E A, and i < J. Now

divide the problem into two parts. First, suppose that for some index,

k, p• > pk and Si pi1< S- p for some x e Ak and k < J. Then

from (a) it follows that pj > pi for i < k and the rest of the proof

follows from the same argument used in the previous case where condition

(1.2) was violated. Now suppose that for every index i for which

S " - pt  for some x e Ail i < j, p < pi" Now let 2-1 be
i. i 1 < Pi

the minimum index for which the above holds, and let k < I be defined

as in the case where condition (1.1) was violated. The rest of the proof

is the same as for that case.

Since p' is assumed to be consistent with the conditions of

equilibrium, then condition (1.4) must be satisfied for every pattern

of location for which conditions (1.1) to (?.-3) hold. Therefore, by

assumption and by the fact that conditions (1.1) to (1.3) hold, given p'

and the pattern of location described by A1,...,AnC, it follows that

(1.4) also holds, and this completes the proof.

In the case where there was one type of land, the rental values

which were consistent with equilibrium in the markets for land were

contained in a closed interval. A similar result holds for the general

case as it can be shown that any set, p, of equilibrium rents lies in a

closed n-dimensional interval, although the points represented by these

sets of rents do not fill the interval as in the case with one kind of

land. However, the endpoints of this interval are sets of equilibrium

rents so that there is a maximal and minimal set of such rents. This

is stated in the following theorem:
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Theorem 2. There exist two sets of rental values, p 5

and • . ( gl"'"* n such that < p < B, where

p 0 (pl,...,pn) is any set of rents which is consistent

with equilibrium in the markets for land. In addition,

and p are consistent with equilibrium and will be referred

to as the minimal and maximal sets, respectively, of

equilibrium rents.

Proof: Let P i = (p) (i = l,...,n) be the set of rental values

for type i land such that each p i e P is contained in an equilibrium

set of rents p. Let pi = inf. PiY and let pi = sup. Pi (i = l,...,n)

so that CX',...,Fn) < (ply,...,pn) < .l'''"4n) for any set of rents

(pil...,pn) which are consistent with conditions (1.1) to (1.4). We

must now show that the maximal and minimal sets of rents satisfy condi-

tions (1.1) to (1.4) fcr any pattern of location described by Al,...,AnC.

Since by Theorem 1 all sets of equilibrium rents satisfy conditions (1.1)

to (1.4) for any pattern of location associated with equilibrium, we can

arbitrarily choose any such pattern and demonstrate that the maximal and

minimal rents satisfy conditions (1.1) to (1.4) with respect to this

pattern of location The proof will be carried out in detail only for

the maximal set of rents, as with minor modifications the same line of

argument can be used to show that the minimal set of rents satisfies

conditions (1.1) to (1.4).

From the definition of =i (i = l,...,n) ii• follows that B

satisfies condition (1.1). Now suppose that the maximal set of rents
X

does not satisfy condition (1.2); i.e., for some index i, pi > Si for

some activity x, in Ai. However, since pi = sup. Pi' it follows that
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there is a pe such that p>X which contradicts the assump-

tion that pi belongs to the ordered set of rents consistent with

equilibrium. Therefore, B must satisfy condition (1.2). From the
definition of and (1.3), it follows that S "- pi > Sx - p for

i i i = i Si

any x e Ai (ij = l,...,n) and any pi e P i From this inequality,
X -=- x fo

iiwhich h1.ids for all pl e P, it is clear that Xi- Si o

any x Ai (ilj = l,...,n) so that condition (1.3) is satisfied.

Since p > 0 for all pi e Pi' it follows that 0 >0, and if

type i land is not fully occupied, p = 0 for all p 6 Pi so that

pi = 0 by definition. Therefore, p satisfies conditions (1.1) to

(1.4), which completes the proof.

The, problem as it has been formulated is an integer programming

problem; however, this particular problem, known as the assignment

problem, can be solved by linear programming techniques as it happens

that there is always an integer solution to a linear assignment problem

[2, 316-22]. Assuming that the earnings of each activity at each loca-

tion are exogenously given and independent of the location of other

activities, we attempt to locate the activities so as to maximize the

total earnings of all activities. The patterns of location which cor-

respond to this maximum can be shown to be the patterns of location cor-

responding to a competitive equilibrium in the markets for land. There

are several advantages to this approach. First, it can be shown, using

well-known theorems of linear programming, that there is a set of rents
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consistent with equilibrium in the markets for land; second, that the

total earnings of all activities, given any pattern of location for which

there is a set of equilibrium rents, equals the maximum total earnings

attainable, given the conditions of the problem. From this it follows

that the total earnings of all activities are the same, given any pat-

tern of location associated with equilibrium in the markets for land.

The reasons for not formulating this problem as a linear programming

problem are,first, that using the present approach we are able to prove

some very strong theorems about the process of substitution when an

equilibrium is perturbed and, second, that it is not appropriate for the

purposes of this paper to interpret the conditions of equilibrium as the

result of the solution to an assignment problem. With regard to the

theorems which will be proved, I have not yet been able to derive the

results in the context of a linear programming formulation. However,

these theorems, including Theorem 2, must hold and would be interesting

from the standpoint of the assignment problem alone. I intend to explore

the relation between these theorems and the linear programming solution

to the assignment problem in a separate paper.

Before extending the formal model and investigating the effects of

perturbing a system which is in equilibrium, it is necessary for the

general relevance and applicability of this analysis to modify and

reinterpret the assumption that the earnings of each activity at each

type of location are known in advance of the bidding. If we consider an

economy where there are many types of land and a great number of activ-

ities, the earnings of any one activity at a particular location will,

in general, depend on both the location and the characteristics of other
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activities in operation. These factors will affect both the demand and

supply functions for the individual activity under consideration. How-

ever, assume that a process of competitive bidding takes place and that

after adjustment and readjustment an equilibrium is reached where, given

the prevailing rents, there is no incentive for any activity in operation

to move to another location and there is no incentive for any activity to

reopen the bidding. This equilibrium in the markets for land is part of

a general competitive equilibrium with which is associated a given set of

prices, and these prices are taken as given by the individual activity.

Given market prices, rents, and the technical characteristics of an

activity, its earnings and profits can be computed for each alternative

location. If we interpret S to be the earnings of activity x on the

ith type of land, given the prices which obtain in competitive equilibrium,

then conditions (1.1) to (1.4) must be satisfied, given this equilibrium.

This is because an individual activity takes market prices and rents as

given and will relocate only if it can increase its profits, given

current prices.

One cannot, however, be completely comfortable with this interpreta-

tion because it assumes that a competitive equilibrium exists and is

associated with a given pattern of land use. Beckmann and Koopmans have

demonstrated, however, that if tie locational interdependence among

economic activities takes a particular form, then there is no set of

prices, including rents, consistent with equilibrium in the markets for

land [7, 69]. That is, given any set of prices, including rents, it will

always be profitable for some activity to relocate. In terms of the
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present model this means that there may not be a competitive equilibrium

which satisfies conditions (1.1) to (1.4). While the results derived by

Beckmann and Koopmans suggest that there may not be a set of rents that

will sustain an equilibrium in the markets for land, given locational

interdependence among economic activities, these results are derived for

the very special case where the problem of finding the optimal location

of activities is a quadratic assignment problem (7,64-71]. Whether the

same results would hold, given the more complicated types of inter-

relationships found in the real world, is still a matter for conjecture.

For purposes of the present analysis it is assumed that a competitive

equilibrium exists in the markets for land.

One can either interpret this assumption as meaninp that the

analysis is applicable only to the case where locational interdependence

does not exist, so that the problem corresponds to a linear assignment

problem, or as meaning that in the real world the complicated types of

locational interdependence which exist are not incompatible with a

competitive equilibrium. In either case the starting point for the

analysis is an equilibrium which satisfies conditions (1.1) to (1.4).

In the analysis which follows, the effects of perturbing an equilib-

rium by introducing new activities or by changing the characteristics

of some type of land will be studied. When an equilibrium is perturbed

in this manner, a process of equilibrium takes place in which a num-

ber of activities may relocate and a new equilibrium will be estab-

lished with a new pattern of location. If the process of adjustment

involves a small proportion of the total number of activities in a region,
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it is reasonable to assume that prices other than land rents will remain

unchanged. Therefore, the earnings of a given activity at each alternative

location will be the same in both equilibrium situations; however, the

profit realized at each alternative location will be different if rents

change. In the analysis that follows it is only essential for the argu-

ment that the initial situation is a general equilibrium where, given

prices, the earnings of each activity at each alternative location are

known and where conditions (1.1) to (1.4) are satisfied in the markets

for land. Further, it is assumed that if the original equilibrium is

perturbed, the earnings of each activity at each location remain invariant

throughout the process of adjustment.

In the case where there was one type of land, the effects of introduc-

ing a new activity, z, were discussed. It was demonstrated that if z

operates in the new equilibrium, the opportunity cost of introducing z

in terms of the decrease in the earnings of other activities is equal to

the maximum rental value consistent with the initial equilibrium and the

minimum rental value consistent with the new equilibrium. A similar

result can be derived in the case where there are n types of land. It

will first be demonstrated that if z is introduced and locates on type i

land, then the cost of moving to the new equilibrium, in terms of the

total decrease in the earnings of all other activities which are forced

to relocate, equals the minimum rental value on type i land which is

consistent with the new equilibrium. It will then be demcnstrated that

this rental value is also the maximum rental value on type i land which

is consistent with the initial equilibrium.
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Suppose that the economy is in equilibrium with a given set ,f

prices, including P = (pP'' pn' the minimal set of equilibrium rents.

The set, X, of potential activities is, in equilibrium, divided among

n+l mutually exclusive sets, AI,...,AnC. A new activity, z, is

introduced so that the set of potential activities is now X' = XU z.

Associated with X' will be a new equilibrium in which a new minimal

set of rents, p', is assumed to obtain. All other prices are asstumed to

remain constant so that the earnings of any activity on any parcel of

land are the same before and after the introduction of z. In the new

equilibrium the activities in V will be divided among n+l mutually

exclusive sets, Ai,...,A',C'.

Suppose that in the new equilibrium z e C' so that z does not

operate. This breaks down into two subcases. First, if Si < Pi

(i = l,...,n), then z does not find it profitable to operate, given

the initial set of rents, and therefore the initial equilibrium is not

disturbed by the introduction of z. Now suppose that Si > Pi for some

i. In this case, z will start bidding for land and the initial

equilibrium will be upset. A new set of rents, p' > p, will be estab-

lished; however, given these new rents, z, by assumption, does not find

it profitable to operate./ In other words, z bids up the rental

value of land but does not succeed in bidding land away from any of the

activities which occupied land in the initial equilibrium. It can easily

be shown that A' = Ai (i provided we assume that activities

which are indifferent between two types of land, given both sets of rents,

p' > p means p > pi (i = l,..n) 3nd pp for at least one

value of i.
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remain in their initial location. Therefore, the only effect of introduc-

ing z in this case is possibly to raise the minimal set of equilibrium

rents.

Now suppose z e A! for some index i. Without a lcss of general-

ity we can let i = 1. If type 1 land is not fully occupied in the

initial equilibrium, and if S "- p1 > S "- pi (i - l,...,n), then the

initial minimal set of rents will obtain before and after the introduc-

tion of z so that p = p". Clearly, p = p, = 0, which is the

desired result since no activities are forced to relocate so that the

opportunity cost of introducing z is zero. Now suppose that

S "- p1 < S "- pl for some i. Then if z is to operate on type 1 land

in the new equilibrium, p > pi for at least one value of i, and there-

fore the new minimal set of equilibrium rents is such that p'> p. It can

be shown that p' is consistent with the initial equilibrium, from which

it follows from condition (1.4) that p' = 0. This is the desired result

since no activities are displaced by the introduction of z. In the new

equilibrium the location of some marginal activities may be changed, but

this does not affect the general result that the total earnings of all

firms other than z are the same in both equilibriums.

Suppose, however, that in the new equilibrium z occupies a type of

location which was fully occupied in the initial equilibrium. As a

result, a number of firms are forced to relocate, and some activity which

previously occupied a type of land which was fully utilized is either

forced to shut down or to move to previously unoccupied land. The fol-

lowing analysis will be devoted to the first case, although the case where

an activity moves to previously unoccupied land can be analyzed in an anal-

ogous manner with identical results.
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Without loss of generality we can assume that all land is fully oc-

cupied in the initial equilibrium. It follows from this, the conditions

of equilibrium, and the fact that a new activity has been added to the

set of potential activities that all land will be occupied in the new

equilibrium. Clearly, C C C' and since z, by assumption, locates on

type iI land, it follows that one and only one activity previously in

operation does not operate in the new equilibrium. It is intuitively

clear that z will replace some activity on type i1 land, that this

activity will in turn replace a third activity on i 2 , etc., until for

some k < n, an activity which formerly operated on type ik. land re-

places an activity on ik land which is shut down. If the above descrip-

tion of the effects of the adjustment process is correct and if, for

definiteness, we assume i 1 = 1,...,ik = k, then the sets Ai,...,An ,C

can be described as follows:
12 A1(1j ) x 2 k- k

(2) A{ (A1l z) - x, At = (A2 U xI) - .. *,Aý = (AkU xk'l)

k+lAki +l'".%'An =A C' = C U xk

i if
where x (i = l,...,k) is a given activity such that xi E Ai. If (2)

holds, then the total decrease in the earnings of activities previously

in operation that results from the adjustment to the new equilibrium is

k-l i i k
(3) E i- Si+l) +S

i=l

In order to prove that (3) equals Pl it will be demonstrated that:

i i
(4.1) S - (i = , -. ,k-l)

and
k

(4.2) x 1
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where p' is the new minimal set of rents satisfying the conditions of

equilibrium.

First, however, it is necessary to demonstrate that the new equilib-

rium is of the general form described by (2). Assume that in the new

equilibrium the following situation exists for k activities 2 < k < n:
iI iIi i

() x e A and x 1 Al x 2 A and x AeA,'
1i 2 2 3

X leA and x l A>. and x k A and x k A'.
i kl i kikiI

It can be shown that this assumption leads to a contradiction. t'o simplify

the notation again, assume that l 1-...)ik = k. By (1.3) it follows

that

i i(6.1) sx -sxi+ > p "Pl( ,.,-1

and
k 1

(6.2) x > x p1 .

However, from the same equilibrium condition for the new equilibrium it

follows that

i i
(7.1) PI - Pi+l ? Si - Si+1 (i = l,...,k-1)

and
k k

(7.2) P -Pj Sk - S1

Using (6.1) and (7.1), and summing over i = l,...,k-l, we get

k-l k-l i i k-i(8) (p! - pj.1) E (S (s- s~ii x > (pi " pi~
ill i=l i+l

and therefore

41



(9) p!. - pi . P1 " Pk"

From (6.2) and (9), it follows that

k k
(10) S:~ p1 - p(lO • 1 >M k - P-' >W P; - p!)

which is consistent with (7.2) if and only if equality holds for (6.1),

(6.2), (7.1), and (7.2). In other words, given either set of equilibrium
i

prices, x is indifferent between a type i and i+l location for

i - l,...,k-1, and xk is indifferent between a type k and type 1

location. Therefore, in either equilibrium situation these activities
i

can be located so that x operates on type i land or on type i+l

land. The total earnings of these k activities are the same, given

either pattern of location, because

k-l i i k k k-l
(11) s x 1 + ( X "si~ i+ Si - S, )!l + (P; Pi)

i=l i-i

k-1
S (pi - Pi+l) + (pk- p) 0

We can therefore assume, without affecting the results of our analysis,

that where this special case arises xi e A'.
i

The foregoing result can be used to show that the new equilibrium is

of the general form described by (2). Clearly, if z occupies type 1

land, there has to be a chain of adjustment that results in some activity,

which was previously in operation, shutting down. This follows because

all land is fully occupied in both equilibriums and because there is a

fixed number of parcels of land. However, the question remains: Is there

any other relocation that accompanies the adjustment to the new equilib-

rium? Suppose, in addition to the relocation described by (2), that somr
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1 1 x1
y e A 1 , y x is in a new location, say on type 2 land, so that

1 1 i 2 2 2
y e A'. Because y is on type 2 land, some activity y e A2 , y x ,

2 2-

is located on some other type of land, say type 3, so that y2 e A Since

there is a finite number of types of land, and since all land is occupied

in the new equilibrium, one can easily show by proceeding in this mariner

that at some point on this chain of relccation an activity will be

1
located on the parcel of land vacated by y . Therefore, these activities

that are relocated in the new equilibriim satisfy (5). which leads to a

contradiction except in the special case discussed. Therefore, the new

equilibrium may be assumed to be of the form described by (2), provided

the land types have been numbered so that z locates on type 1 land, and
i

x moves to type i+l land. The fact that the new equilibrium is of this

form will be used extensively in the proof that (4.1) and (f,.2) hold.

This proof will be ca.-ried out by constructing a set of rental values

p' which satisfies (4.1) and (4.2), and then demonstrating that this is

the minimal set of rental values satisfying the conditions of equilibrium.

k
First, let x e Ak be an acti-vitv such that

k kk

(12) Sx < SY for any y eAk.

k

Since by assumption some y k Ak does not find it profitable to operate
k

given p', it follows that pk > Sk because otherwise all activities
k!

in Ak would find it profitable to operate on type k land. Let pk =

k
, which is the minimum value consistent with the particular equilib-

Si k

rium assumed to exist. Also, from (1.1) it follows that Sx > soSk =- Pks
i

that P Pk > O. Now let x c Ai be such that

i i i ii

(13) S "X S- > SY+ - SY for any y c A.
Ii+l i
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Set pi so that

i+ + i

Since kis given, p (i - l,...,k-1) is determined by (14). In

order to understand the significance of this procedure it is helpful to
k-1

analyze the rental value,p-l, which is set so that -

k-1i;l, i p

:k1 - P;-l" P;-1  is set at the minimum value that is consistent with
k-i

the new equilibrium because if Pk-l were set so that Sk - P; <

xk-l 
k-l

6 -i - Pi-ly then it follows that no y e A k- would be in A,

contrary to our initial assumption about the new equilibrium. Since by
k-i xk-i

(13) "- pk < 3 l - pk-l' then

(15) P-l - Pk-l " k-1 . 7k = P- " Pk'

The same line of reasoning can be used to demonstrate that for any

i - l,...,k-l, p! is assigned the minimum value consistent with the

initial assumption about the characteristics of the new equilibrium. It

can also be shown that

(16) 7> 1 for i = .,...,k-l.

This last result can be loosely interpreted by saying the minimum rent

of land increases most for that land on which the new activity locates,

and less for each successive type of land involved in the chain of adjust-

ment.

In order that p' satisfy the conditions of equilibrium,

(17) Si - P1 Sj - p for any x e A (i,J = ...
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must hold. It will be demonstrated that the specified set of rents, p',

satisfies (17). First, however, it is necessary to show that the activ-

ities designated by xi in (2) satisfy (13) for i = l....,k-l, and (12)

for i a k. Suppose that the activity in (2) denoted xk does not sat-

isfy (12) so that x > SY for some ye A, xk y . Since it is

k Sk k
assumed that x does not operate in the new equilibrium, pk = Sk > Skk
Therefore, y does not operate on type k land in the new equilibrium,

contrary to our initial assumption. A similar line of reasoning can be

used to demonstrate that xi (i = 1,...,k-l) in (2) must satisfy (13).

To show that p' satisfies (17), first assume that i > j. Now let

i-ix e A' so that either x e A. or x = x . If x c Ai, we have by
x 1i

(1.3) and (16) that Si - p > Sj - Pj and p! " Pi <P P From

this it follows that

(18) S' - P1 > - p for any x e A. and i > j (i,j =

If x = xl, then it follows from (14) that

(19) Sx - p= - pý for j = i-l.

If j < i-l, we have the result that

(20) Si- - Pi- 1 >s - p,

which follows from (18). Combining (19) and (20) we get the desired

result that

(21) Si - p= S" p- for x = x and i > I (i,j = 1,...,k).

Now it must be demonstrated that (17) holds for i < J. Suppose for
some x e A' that (17) does not hold, so that

i
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(22) S i - p- < S" Pý for some x e All i < j (i,a ,

it will be shown that the assumption that (22) holds leads to a contra-

diction. Let P" m (p"" ""pn") be some set of rental values which

satisfies the equilibrium conditions associated with (2). Then

(23) S"- S. 1 > "-1 for any x e A (i = ... .

Now by (14) we have

1- i-i i-i

(24) -x ' _ for x e A()Si "Si-1 - Pi " i-iA

From (23) and (24) it follows that

(25) pf - pj-I > p" - pr.l (i- 2,...,k).

By using (25) and summing over the inequalities, it follows that

(26) pj - P1 > p" - P", i < j (ij- 1,...,k).

Since p" satisfies the conditions of equilibrium, we have

(27) S' - p" > S' - p" for any x e Ai;

and from (26) and (27) we get

(28) S -p S' - p for any x e Ai, i < j ij = .

which contradicts the assumption that (22) holds. This completes the

proof that (17) holds. If k = n, then it has been demonstrated that p'

is the minimal set of rental values consistent with condition (1.3),

given the pattern of location described by (2).
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However, consider the case where k < n so that the rents

Pn are yet to be specified. Now define pi+l to be the mini-

mum rental value which satisfies the following constraints:

(29.1) S' - pp for an x A (i -

(29.2) pkIl > 0

(29.3) P+ > +l for any x e C'.

Suppose that (29.2) and (29.3) are not effective constraints; then it is

easily shown that

(30)a lx . Ik+l > SiX - P for any x e Ak+l (i - 1,...,k)

so that, given (17), we have

(31) S- p PI > Sx - Pý for any x A i

Assume (30) does not hold, so that

(32) xx P! for some x e Aj+1  and some i < k.(2 Si+ kl i l-P

From (2) and condition (1.3) it follows that

(33) .- => SxYk - SY for any x e A+i and any y c A'Si+ -Si - k4-1 i

(i = l,...,k).

Therefore, if (32) holds, it follows from (33) that

( Sý) l " k+1 = S41 " Pk+l " i

for any y e A' (i -1,...,k).

This contradicts the assumption that Pk+l is the minimal rental value
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satisfying (29.1), and therefore (30) must hold. Now suppose that (29.3)

is the effective constraint so that q+1 is greater than the minimum

rental value which satisfies (29.1). Clearly, p; satisfies (29.1), so

to demonstrate that (31) holds we must show that also satisfies (30).

Let 4+1 - pk+I + (p; - pk) - pk+l + 7k. Then it follows from (14) and

condition (1.3) that (30) holds for Pk+l < Pk+l Since P;+l > Pk+l'

it also follows that pxl> S+i for any x e C. In addition, p 1 l >
kk
l because by construction and condition (1.3) 0 -=k

This gives us th re t tt p Sx for any x E C'. Tnerefore,Thi gies s te rsul tht P+I a Sk+l

if P;+l < P+ is the minimum value which satisfies (29.3) when (29.3)

is the effective constraint, thenp;+ also satisfies (31). Clearly, if

(29.2) is the effective constraint, (31) is satisfied. If we proceed by

defining 1+s 2 < S < n-k, so that pi 5  is the minimum value such

t - i > for any x e A' (i = l,...,k4Ps), Pk+s > 0,

and Pk 5 > + for any x e C', we derive a set of rents p' such

that

(35) S- Pi > Sx - p' for any x Ai = A .

By construction, p' is the minimum set of rents such that p' > 0

and such that p' satisfies conditions (1.1) and (1.3) with respect to

the pattern of location described by (2). There exists some set of rents

p" which is consistent with the equilibrium described by (2), and clearly

p" > p', and therefore p' satisfies conditions (1.2) and (1.4). There-

fore, P' is the minimum set of rents which satisfies the conditions of

equilibrium. By construction the set of rents p' satisfies (4.1) and

(4.2) which, when substituted into (3), yields the desired result. Thus,

the rental value pl equals the total decrease in the earnings of
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activities other than z that results from the relocation which accom-

panies the move to the new equilibrium. If the minimal set of rents

actually obtains in the new equilibrium, the increase in the total earn-

ings of all activities equals the profit of z.

It can now be shown that if a new activity, z, is introduced which

locates on type i land, then the cost of introducing z in terms of the

total reduction of earnings of activities other than z also equals

pi, where p" is the maximal set of rents consistent with the initial

equilibrium. Suppose z locates on land previously unoccupied. Then

no activity in operation is forced to relocate, so there is no loss of

earnings. Since the initial rent on the unoccupied land is zero, we get

the desired result. Suppose, however, that all land is occupied in the

initial equilibrium, and that z replaces some activity on type i land

so that a chain of relocation takes place, which results in one activity

shutting down. Without loss of generality, it can be assumed that the

new equilibrium is described by (2). Careful inspection of the proof

that the new equilibrium is of the form given by (2) reveals that this

proof depends only on the fact that the initial set of rental values and

the new set of rental values are consistent with their respective

equilibriums. This is satisfied by the maximal as well as the minimal

set of rents. Given the new equilibrium described by (2), the tctal de-

crease in the earnings of activities which are forced to relocate is

given, as before, by (3). To show that (3) equals P"> it is sufficient

to show that

i i
(36.1) Sx - sx " - " (i = 1,...,k-l)i "i+l = i "i+l =''

and
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k
(36.2) S: .;

where p" is the initial set of maximal rents.

To prove that (36.1) and (36.2) hold, it will be demonstrated that

(37) (P. - (Pj p;)

where p" now represents the maximal set of rents consistent with the

initial equilibrium, and p' represents the minimal set of rents consis-

tent with the new equilibrium. It has been demonstrated that p' sat-

isfies (4.1) and (4.2); therefore, if (37) holds, it follows that (36.1)

and (36.2) also hold.

First it will be shown that p' satisfies conditions (1.3), given

the pattern of location described by AI,.*.. An C. Suppose x e Ai for

some i = l,...,n; then if i > k, x e Ai; if i < k, either x e A'i

or x = x e A' +; and if i = k, either x E A or x = x e C'. If

x e A'. then because p' is consistent with the new equilibrium we have

x ! x

i(38) sx - Pj >sx - P (i'j--1,....,n).

If x = xi (i = l,...,k-1), then by (14) we get

i i
(39) sx - PI i+l Pj+j'

and from (38) it follows that

xi i
(40) Si -P1> Sx - p ( = ... ,n).

=k xIf X a X , then by the definition of p; we have Si- P; 0, and

because x e C' it follows that S' - 0' j 0 (= Therefore,
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(41) Sk - 0k > S - P3 (J .

From (38), (40), and (41) it follows that

(42) Sr - pi - S" - p' for any x e Ai (i,j l

Now clearly pý is the maximum rental value on type k land which

is consistent with the initial equilibrium. Given p, p'-l' can be

shown to be maximum rent on type k-1 land which is consistent with the

initial equilibrium. This can be seen as follows. Assume p" a pk

and that pk- > p;_l. Then it follows from (13) and (14) that for some

k 1x e Akl,

(43) Sx " < - pk'
kl " Pk- 'i -

which is contrary to the assumption that p" is consistent with the

initial equilibrium. Assume the equality holds; then by the previous

argument it can be shown thatP- 2 = pI 2" By proceeding in this
It I

manner we demonstrate that p p; (i = 1,...,k). Now let pi

(i = 1l,...,k); then (P it Prp) satisfies condition (1.3)(i~ ~ ~ ~ ~ " -P- = ].,) hn p,.,• k+l,...pnl

with respect to the initial equilibrium. Now assign to Pof the maxi-

mum value which satisfies both

(4.1) x f >1 " for any x E A+ (i = 1,. .. ,k),i+l" Pi+I-- si " i ""
and

(44.2) " - p > 0 for any x , Ak+l

Because (P",.. . .. •' .l ,) satisfies (1.3) and because p" 1 >

p;+l' it follows that
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(45) Sx - for any x e A~ (i lyo-)

Therefore, by (44.1) and (45) it follows that

(46) Sx - p" > Sý - p" for anry x e Ai (kj 1,...,k+l).

Now assign a value to pk+s (s - 2,...,n-k) which is the maximum value

that satisfies both

(47.1) " - p > sx - p" for any x e Aks (i -

and

(47.2) x - p" >0 for any xEA .Si+s" k+s =0 ornyx Ak+s.

It is easily shown by the argument used to derive (46) that

(48) SX - p" > Sx - p" for any x e A (i,j ... k+s).
i u.j J

Setting s = n-k, we see that p"(p",...,p") satisfies condition (1.3)

with respect to the initial equilibrium. Because p" > p' > p, where
= =:

p is the minimal set of rents consistent with the initial equilibrium,

it follows that p' satisfies condition (1.1). Also, careful inspec-

tion of the way in which p" was constructed will reveal that condition

(1.2) is also satisfied, and since by assumption land is fully occupied

in the initial equilibrium,condition (1.4) is satisfied. Therefore, p"

is consistent with the initial equilibrium and because of the manner in

which it was constructed, it is the maximal set. Further, by construc-

tion the components of p" satisfy (36.1) and (36.2), and by substituting

these expressions into (3) we get the desired result that

k-l i i k
S(Sx "- S ) - X it 5
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We can restate the previous results as follows:

Theorem 3. Assume there are n types of land, and a set of

activities which compete for the available land. In equilibrium

the activities of x are divided among the sets A,...,AnC.

Suppose a new activity, z, is introduced so the new set of

activities is x' = x U z and that the activities in x' are

divided among the sets A9$...,A',C', in the new equilibrium.

Further, suppose z e A;. Then the total reduction of the

earnings of activities in A I ... U A as a result of the

adjustment to the new equilibrium is equal to pi andP

where p" is the maximal set of rents consistent with t1_,

initial equilibrium, and p' is the minimal set of rents

consistent with the new equilibrium.

From a practical standpoint the significance of Theorem 3 would be

enhanced if the competitive mechanism by which rents are established in

fact insures that the maximal set of rents obtains. In this case the

rent which prevails on a parcel of land prior to the introduction of

some new activity on that parcel represents the opportunity cost of put-

ting that parcel to this alternative use. If the rents are uniquely

determined by the conditions of equilibrium in the initial situat on,

then the maximal set of rents.does obtain. Further, if rents are

uniquely determined in the initial equilibrium, and in the equilibrium

which obtains after the introduction of z, then we get the following

result:

Theorem 4. Assume the situation described in Theorem 3 exists.

Then if p' and p" are both uniquely determined, p' = p".
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Proof: It has been demonstrcted that p' is consistent with

the initial equilibrium. However, p" by definition is consistent with

the initial equilibrium, and since the set of rents consistent with the

initial equilibrium is uniquely determined, p' a p".

The question remains, however, as to whether the conditions of a

perfectly competitive economy are likely to produce a unique set of rents.

To gain some insight into this question, suppose that there are n types

of land, and that the number of available units of each type of land is
n

d,...,dnp respectively. Let d = E di; i.e., d is the total number
i=l

of parcels of all types of land. Suppose the set of potential activities,

x, is such that x = u x, where F is some index set, and that the
LeF

number of elements in x•, for any index LeF, is greater than d.

Further, suppose that if x and y are two elements in x, for
x

any index UeF, then x and y are identical in the sense that Si =

BY for any i = 1,...,n, and for any set of market prices. Now assume

that a competitive equilibrium is attained and that in this equilibrium

some activity x occupies type i land, for some i = 1, ... ,n, so that

x e A,. x e XA for some index AeF, and because the number of activ-

ities in X is greater than d, it follows that there is an activity

y e X A such that y e C. Because x e Ai and y e C, it follows that

0> SY - P= Si " P > U. Therefore, Si = P1  for any x e A. If

type i land is occupied by one activity, it is fully occupied by activ-

ities with identical earnings which just equal the rental valu( of that

land. If we take activities to be firms in a perfectly competitive

economy, we have conditions that are identical to those that may hold in
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a long-run competitive equilibrium where, because of free entry, profits

have been eliminated. The example outlined above makes use of very

strong assumptions in order to simplify the demonstration that rents are

uniquely determined. The result holds under much weaker assumptions,

and even when rents are not uniquely determined by the conditions of

equilibrium they may be determined within very narrow bounds by conditions

(1.1) to (1.4). In this case the initial rental value of a parcel of

land closely approximates the cost of introducing a new activity which

locates on that parcel. It is hereafter assumed that the initial rental

value represents this cost. This is important because the initial rental

value can be observed in advance of the initiation of programs which would

alter the pattern of land use, and the information it contains can be used

to evaluate whether such programs should be undertaken.

Before proceeding with further analysis, two numerical examples may

help to illustrate the content of Theorems 3 and 4. Assume there are two

parcels of land, types 1 and 2, and x = (x 1,...,x ). The earnings of

these four a:tivities, and of the new activity z, are set forth in

Table I.

Table I

type 1 type 2
Sx 20 19

2
Sx 10 7

3 8
4Sx

S3 1i
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Careful inspection will show that in equilibrium x will operate on

type 2 land, and x2 will operate on type 1 land. By the conditions of
1 1

equilibrium it follows that p2 > 8, p1 > 4, S> - p2 . x - PI' and

s P > s P2" Clearly,p the minimum set of rental values •cnzistent

with equilibrium is (9,8) and the maximum set of equilibrium rental values

is (10,9). Any pair of rental values (plp 2 ) such that (9,8) < (pIP 2 )

< (10,9) and p 1 > 1 will satisfy the conditions of equilibritum.

Now suppose that z is introduced; then in the new equlriur the set

of rental values is uniquely determined and equals (IC,9). z will locate
1 2

on type 2 land, x will move to type 1 land, and x shuts down. The

decrease in the earnings of x is 19 - 20 = -1, and the decrease in

the earnings of x2 is 10, so that the total decrease in the earnings

1 2of both x and x is 9. This is the desired result since 9 is the

maximum rental value on type 2 land consistent with the initial equilib-

rium and the minimum rental value consistent with the new equilibrium.

This example demonstrates the resul1t in Theorem 3. We can demonstrate

the result in Theorem 4 if we change the earning of activity x 3 on

type 2 land to 9. In this case the initial set of rental is uniquely

determined and is (10,9). The pattern of location associated with the

initial equilibrium may either have x located on type i land and x3

located on type 2 land, or x located on type 1 land and xI located

on type 2 land. It is easily verified that the opportunity cost of

introducing z is the same in either case. Also, the sets of equilib-

rium rents are the same in both situations in accordance with Theorem 4.

The analysis so far has dealt only with tne situation where the move-

ment to a new equilibrium is caused by the introduction of a new activity,
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z, wiich locates on some type of land. However, the analysis could h.ave

been -carried out with identi al res-i- if ,lntead .f .. trodcin. z

onto type l land, one unit of type I land had been withdrawn from the

system. A careful inspectin• of ;311 t-••i r -s l.v-is wil show the

maximal and minimal rents a-soc:ited -w-ith t re, .... ri.. wil be the

same in both cases. Tie one diff rer.cc n: F,/tt if a ';nit of tvpe 1 La;d

is withdrawn, A' = x' rather t •A,' =(A,1..i.. .. Uj z) -x ; however,

A.,...,An,C' are as ces-ribled. in (2) >. is -;icv-:o.s t-at t, h!s dif-

ferenze does not affect the sum gi'1en b7 (3), and the :ost,in terms of

earnings foregone beczause a unit of land 's withdrawn for some cther

use, equals the rental value of that land,

Now assume that a anit of type 1 land has been withdrawn from pri-

vate use and that an equillbriuni exists Consider this eu r.to

be the initial situ-ation in the following disc-ussion. Suppose a UnIt of

type 1 land is now added to the supply a-railable to the a,,ti."4ties in

the system, and that a new eq~uiibrium is attaiihed. Clearly. this

equilibrium corresponds to the i tia. eo::i ior' ; in. the previous

analysis, and conversely. Therefore, the change in the total earnings

of all activities is given, as before. by (3); howe-'er, in this case (3)

represents an increase in total earnings. Since the initial maximal and

minimal sets of rents in this model correspord to the new maximal and

minimal sets of rents in the prevjou.:.s model, and conversely, it follce4s

that in this model (3) is equal to the inial rents) valiue of type 1

land if the minimal set of rents ottains and is equal to the new rental

value of type 1 land if the maximal set of rents obtains. However, it

will be assumed, as before, that the eqllbritr.;. conditions given by (i,)
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to (1i.) sufficiently restrict the rental values so that the initial

rental value can be used to measure this gain. Further, as before,

exactly the same results are obtained if we consider an equilibrium

where z occupies type I land, and then consider the effect of

removing z from the set of potential aýtivities.

So far we have considered only the changes that take place when one

activity is added to or subtracted from t~e system, or when one parcel

of land is added to or subtracted from the available supply. Suppose*,

1 m
however, that m activities, z ,...,z , are introduced, which lccate

on type 1 land; or alternatively .uppose that m parcels of type 1 land

are removed from the system. What is the cost in terms o7 changes in

the earnings of activities forced to relocate? We can answer this ques-

tion by introducing the new activities one b,, one and applying the results

of the previous analysis. Suppose that in the initial equilibrium the

0 1
rental value of type 1 land is p1 . Further suppose that z is added

to the set of potential activities, and that a new equilibrium obtains
1

where z is located .n type 1 land and where the new rental value of

1 1 0 2type 1 land is pl, Y => i Now add z to the set of potential

activities and assume it locates cn type 1 land, and that an equilibrium

2 1 0obtains where the rental value of type i land is P1 > P1 > P1 . By

proceeding in this manner one :--n derive a sequence of reýnts on type 1

0 1 m
land, pl,,pl...,p, such that

(49) 0<1 11< 1
1=L

The set of potential activities associated with the mth equilibrium is

= XO) z U ... z m, where X0 is the set of potential activities

associated with the initial equilibrium.

58



V.

It follows from the preceding analysis that the cost, in terms of

the decrease in the total earnings of other activities, of introducing

1 2 m
z ,z ,...,z s

mn-i

(150) E p.
i=O

From (49) it follows that

0'm-1 I•

(51) T p_< E P < m pl.i=O

In words, the initial rental value of type 1 land multiplied by the num-

ber of new activities is a lower bound on the cost of introducing these

activities, and the new rental value of type 1 land multiplied by the

number of new activities is an upper bound on this cost. If there are a

large number of activities located on type 1 land in the initial equillb-

rium which are marginal to this land, then it is reasonable to expect

0 mn 0that p 1 PI" In this case, plm is a good approximation of the

opportunity cost of introducing the new activities.

This analysis remains valid if, instead of introducing m new

activities which locate on type 1 land, m parcels of type 1 land are

th
withdrawn from the system. Further, if we consider the m equilibrium

S1 m
to be the initial equilibrium, and withdraw z ,...,z one by one until

the equilibrium associated with YO is obtained, we car derive the in-

crease in the total earnings of activities in X that results from with-

1 m
drawing z ,...,z . Clearly, this increase is given by (50), and from

m(51) we get the result that the initial rental value of type 1 land, pI,

multiplied by m is an upper bound on this increase, and the new

equilibrium rental value of type 1 land, p0, multiplied by m is a lower

bound on this increase.
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be pWevious analysis deals with the effect of introducing or with-

draving a unit of land or a new activity from a land-use system which is

in equilibrium. and the results of this analysis will be used frequently

in the following analysis of the benefits from land enhancement. Also

Important for the analysis of land enhancement is the following theorem

which deals with the effect of simultaneously withdrawing a number of

activities and the land they occupy from a land-use system which is in

equilibrium. Theorem 5 is a generalization of the result that was

demonstrated for the case where there was one type of land.

Theorem 5. Assume there are n types of land and a set, X, of

activities which compete for the available land. In equilib-

rium the activities of X are divided among the sets

AI,.**..AnC. Suppose that A is a subset of Ai (i - 1..n),

and let Ii be the number of activities in Ai. Further,

n
suppose that the activities in y_, Ai are withdrawn from the

i=l
system, and that Wi units of type i land (i = l,...,n) are

also withdrawn. Given the new set of activities, X'= X -

n -
UiAi and the new supply of each type of land, there will be
i=l±

a new equilibrium with a pattern of location described by

•'.AC. Then any set of rents, p, which is consistent1n

with the initial equilibrium is consistent with the new

equilibrium, and given any set of rents which is consistent

with the new equilibrium, then this set satisfies conditions

(1.1) to (1.4) for the pattern of location described by

AtAi -Ai (i ul,...,n) and C' u C.
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Proof: Let p be any set of rents consistent with the initial
' "xi (i .. 1,...,n) adC

equilibrium. Then if we define A' a A -iand C-Ci

we get the result that, given this pattern of location, p satisfies

conditions (1.1) to (1. 4 ). This follows from the fact that p is

consistent with the initial equilibrium and the obvious fact that if

type i land was fully occupied by the activities in Ai, given the

initial situation, then type i land is fully occupied by the activitius

in A' in the new situation. Therefore, any oet of rents which is

consistent with a new equilibrium is also consistent with the new

equilibrium where A' - Ai - (i. 1,*.,n) and C a C'. From

Theorem 1 we get the desired result that any set of rents, p', which is

consistent with the new equilibrium satisfies conditions (1.1) to (1.4),

given the pattern of location described above) and that p is consistent

with the new equilibrium.

This theorem tells us that if a number of parcels of land are with-

drawn along with the activities which occupy them, then the pattern of

location of the remaining activities will be left unchanged. This, of

course, is subject to the qualification that it may be possible to re-

locate some of the activities that are marginal in the Lew equilibrium.

However, this relocation will not affect the total earnings of the activ-

ities in operation. Also the theorem tells us that any set of rents

consistent with the initial equilibrium is consistent with the new

equilibrium. Note that if all of one type of land is vithdrawn from

the system, then the rental value of that type of land is not defined in

the new situation. With qualification wo can state the following

corollary to Theorem 5:
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S:i;•••:+++ •ollay 1=Let the situation described in Theorem •eit

and let a and p be the maximal and minimal set of rents, respectively,

which are consistent with the initial equilibrium. Then "I > and

pt< P w,...n),where p' and p' are the maximal and minimal

sets of rents. respectively, which are consistent wita the new equilib-

rium. Furthern, the strict inequality may hold in either case. If pl,

the rental value of type i land in the new equilibrium, is not defined,

then a are not and therefore the above inequality

is not defined for that index i.

Proof: From Theorem 5 we have p consistent with the new

equilibrium if it is consistent with the initial equilibrium. By the

definition of it follows > ,and therefore

A similar argument will show that pi <p•."The fact that the inequality

can hold for the maximum rental values is demonstrated in the discussion

of the case where there is one type of land. To demonstrate that the

inequality can hold in the case of the minimum rental values, it suffices

to return to the previous numerical example and withdraw activity X1

and type 2 land from that system. In the initial situation the minimum

rental value on type 1 land, Pl, is 9 and the minimum rental value, given

the new situation, is ' 4.

Suppose that, given the new situation, we introduce a new activity

onto type i land; then from Corollary 1 and Theorem 3 it follows that the

opportunity cost of introducing this activity is greater than or equal to

the opportunity cost of introducing this activity onto type I land, given

the initial equilibrium situation. Similarly, the increase in the total

earnings of all activities that results from introducing an additional
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Iunit of type i land, given the new equilibrium, is less than or equal to

the increase in the total earnings of all activities that results if a

S unit of type i land is introduced., given the initial situation. These

implications of Corollary 1 are important for the analysis that follows.

Before proceeding to apply this model to the measurement of benefits

from land enhancement, it is important to examine the assumption that all

S costs are variable, and therefore that an activity will never operate at

a loss. Clearly, this assumption is true only in the long run. There-

forep in order for this model to be applicable to the real world we must

interpret Si to be the average annual earnings of activity x on the

thi type of land, and the initial equilibrium must be irterpreted to be

a long-run static equilibrium. When this equilibrium is perturbed the

process of adjustment leads us to a new long-run equilibrium. Given

this interpretation, all results of the previous analysis hold for the

changes that accompany the move from one long-run equilibrium to another.

The astute reader will notice that in the model which has been

presented some activities earn profits. The question arises as to

whether this is compatible with the competitive assumptions on which the

model is based. One can find in &ay basic text on price theory the

statement that competition in the long run eliminates profits. This

statement depends on the fact that any special factors of production

which allow one firm to produce at a lower average cost than another

firm are assumed to earn a rent equal to the difference. Thus, the

statement that profits are eliminated is a tautology. In general it is

not true that if we add up the costs which a competitive firm has to pay

for its inputs the total will equal the value of receipts, even in the

long run. The fact that one firm may be able to produce at lower average
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0 • -• P-,-••. -

0ost.than another may depend on the particular combination of inputs.,

including orgmizationj which characterizes that firm. If market prices

of these inputs equal their opportunity cost in some other firm, it is

very likely that total receipts will exceed total costs calculated at

"market prices. If this is the case. profits are compatible with a long-

run eagetitive equilibrium. Profits are eliminated only when a special

factor of product4on which is employed by one firm can be transferred to

another firm where it is equally productive. The classical case of this

ts where the special factor is high-quality agricultural land.
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CHAPTER III

ThE MEASUREMENT OF BENEFITS

FROM LAND ENHANCEMENT

The analysis in Chapter II provides an analytical framework with

which to analyze the benefits from land enhancement, end using the results

derived it is possible to answer the questions that have been raiked as

to whether such benefits represent real gains and: if so, as to the

proper measure of the benefits. Before proceeding with the analysis it

is important to note that benefits of the land-enhancement type come into

existence whenever some land is made economically more desirable. The

introduction of flood control is only one of many public programs which

produce such an effect. The introduction of a highway, utilities or

other public services, urban renewal prog'ams, etc., may all produce

benefits in the form of lard enhancement. Therefore, the analysis in

this paper, while related spccifically to the problem of floods, is

applicable to a much wider range of problems.

Begin by assuming that there are n+l types of land denoted by

l,...,n,f, and that there is a set of potential activities, X, which in

competitive equilibrium is divided among n+2 mutually exclusive sets

Al,...,AnAfC. Associated with this equilibrium is a set of market

prices including the set of rents, p = (Pl''''P:n'Pf). Land in the flood

plain, which is assumed to be unprotected from flooding, is denoted by f,

and the set of activities which operates in the flood plain, given the

existing equilibrium, Js Af. The cost of operating any activity in the
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flood plain includes tk.e cost of a flcod-insurance premium equal to the

expected value of the flood losses of that activity. This premium buys a

policy which covers the full cost of any losses from flooding so that the

risks of flooding are eliminated for the activity.

New, suppose a flood-control project is constructed which

protects the flood plain and reduces the expected value of flood losses

of any activity which locates in the flood plain. In effect, the flood-

control project has tirned type f land into a new type of land, denoted

by f'. Assuming that all market prices other than rents remain constant,

the earnings of any activityae determined at each alternative location,

and the earnings of any activity which locates in the flood plain will be

greater after the introduction of the flood-control project. More for-

mally,

( s2) , > Sx for any x e X.

Since the earnings of all activities at a flood-plain location have

increased, the introduction of the flood-control project may perturb the

initial equilibrium in the market for land and set off a process of adjust-

ment which will lead to a new equilibrium. The set of rents and the loca-

tion of activities associated with the new equilibrium may differ from

the rents and pattern of location obtained before the flood-control works

were constructed. Let the location of activities in X, given the new

equilibrium, be described by the sets Ai,...,AA, Af,, C', and let the

new set of rents be p' = (Pi,...,PnlPf,). All prices other than rents

are assumed to be the same in both equilibriums. Suppose that Aj =

Ap...,A' = An, Af = Af,p and C' = C; i.e., in both equilibriums each

activity occupies the same location, and the same activities are in
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operation. Clearly, the earnings of any activity, x e X, on type i land

(i = l,...,n) is the same in both equilibriums, and since A' = Ai

(i = l,...,n), it follows that the earnings of each activity located off

the flood plain are unchanged. Therefore, the total increase in the

earnings of all activities as a result of introducing flood protection

is given by the sum of the increases in the earnings of all activities

located in the flood plain. This corresponds to the case where the

benefits of flood protection take the form of a reduction in the cost of

flooding to activities which occupy the flood plain. Hovever, it remains

to be shown that the total increase in the earnings of flood-plain oc-

cupants is the proper measure of benefits from flood protection.

Assume that land is an intermediate good; i.e., individuals derive

no utility from land itself but only from goods such as ho'ising and

recreation for which land is an input. Since prices other than rents

are assumed to be the same in both equilibriums, the prices of all

consumer's goods are the same before and after the introduction of flood

protection. Therefore, there is a one-to-one correspondence between the

size of an individual's income and his level of utility. If an individ-

ual's income is greater after the introduction of flood protection by

Sdollars, then that individual will be as well off in the new situation

as he was originally if he pays a lump-sum tax equal to 0 dollars.

Therefore, assuming this individual seeks to maximize his utility, he

will willingly pay an amount less than or equal to 0 dollars to have

the project constructed. In benefit-cost terms the benefit of a project

accruing to the individual under consideration is 0 dollars. Similarly,

if an individual's income is • dollars less after the introduction of
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flood protection than it was in the initial situation, a lump-sum pay-

ment of a dollars would be required to make this individual as well off

as before. To this individual the introduction of flood protection imposes

a cost, or negative benefit, equal to the decrease in his income. There-,

fore, given the assumption that the prices of consumer's goods remain

constant, the benefits from flood protection equal the change in the total

income of all individuals.

Because prices of all factors of production except land are as-

sumed to be the same in both equilibriums, and because these factors are

fully employed in a competitive equilibrium, the income received by the

owners of these factors of production is unchanged by the introduction

of flood protection. This leaves us to consider changes in the income

from propv.rty and from the ownership of activities. The earnings of an

activity are defined as the total value of output minus all costs except

the cost of land. Suppose an activity operates on type i land, with

earnings S ; then the income accruing to owners of that activity isxi

Si " > O, and the rental income received by the property owner is

Pi# Therefore, the total income earned on that parcel of land equals

the earnings of the activity which occupies it. Suppose a parcel of land

lies vacant; then the rental value of that land is zero and there is no

income derived from the ownership of this land. As a result, it follows

that the total income of entrepreneurs and property owners, as a class,

is Just equal to the total earnings of all activities. If the total

earnings of all activities increase as a result of the introduction of

flood control-works, then the total income of property owners and entre-

preneurs increases by an equal amount. Given the assumptions of the
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problem, the income derived from the ownership of factors of production

other than land is unchanged, so that the total increase in income equals

the total increase in the earnings of all activities. Applying this

result to the case where flood protection reduces the cost of flooding

to activities in the flood plain, thereby increasing the earnings of

these activities, it follows that the total increase in income equals the

total increase in the earnings of activities located in the flood plain.

Given the assumptior that all prices other than land rents are

the same in both e libriums, it is clear from the foregoing discussion

that the change in tbe total income of all individuals equals the change

in the total earnings of all activities. Therefcre, by presenting the

analysis in terms of the change in the total earnings of all activities

the correct measure of benefits may be obtained. If rental values change

in moving to the new equilibrium, there is a transfer of income between

property owners and entrepreneurs; however, the amount of the gains just

equals the amount of the losses. By considering the total earnings of

all activities these transfers of income are automatically accounted for,

as all such transfers are cancelled out in the figure for total earnings.

By assuming that all prices other than rents remain constant, it follows

that all benefits accrue to producers or property owners in the form of

increased incomes. It will be subsequently argued that this case is of

the most practical importance in connection with flood control and other

projects that affect a small percentage of the land in a given region.

This is also the case that has been considered by federal agencies charged

with the responsibility of measuring the benefits from land enhancement.

However, there are important exceptions where benefits from flood control
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accrue to consumers in the form of a reduction in the price of a consum-

er's good, and this case will be analyzed in part subsequent to the case

where the prices of all consumer's goods are held constant.

Given the preceding discussion, we can now proceed to analyze the

measurement of benefits from the introduction of flood control in the

general case where there are benefits of the land-enhancement type.

Such benefits are created whenever activities which, in the absence of

flood protection, either locate outside the flood plain or do not operate,

find it profitable to locate on the flo d plain, given protection.

Associated with the relocation of these activities is a general reloca-

tion of activities that accompanies the move to a new equilibrium, and

the problem is to determine the effect of this relocation on the total

earnings of all activities. This problem can be solved by beginning with

the initial equilibrium and constructing the new equilibrium in steps,

and then by measuring the change in earnings at each step. This is done

by beginning with the initial equilibrium and constructing a sequence of

artificial equilibriums from which the new equilibrium may be obtained.
I

In order to carry the construction of this sequence it is necessary

to modify the notation. Let the pattern of location in the initial
0 0000

equilibrium be described by A 0...,A AfC , and let the set of rents

that obtains in the initial equilibrium be p0 = (pO 00

Further, let the pattern of location that is associated with the equilib-

rium which obtains after the introduction of flood control be described

4 4 44
by n,...,A, AfjC , and let the set of rents associated with this

4 4 .. 4 4equilibrium be p = (pl,',Pn', Pf,). Suppose, for definiteness and

simplicity, that x e AO is the only activity locating in the flood plain,

70



given flood protection, that would not have located in the flood plain

in the absence of flood protection. Since it can be demonstrated that

4
the number of activities in Af, is at least as great as the number of

0activities in Af, it follows ,rc:,. the foregoing supposition that at

most one of the activities in Af is not in ,. If the number of
0

activities in A0 eql.als the n'tber of parcels of land in the flood

plain, then, given the assu-rp-icn that x e Al and x c it follows
, f o

that one activity in A i• not in Ao,. Now we make use cf Thecrem 5.

If Af0 C As. we hypotheticallv withdraw al! the activities in Af and

the parels of land wh-cI they o-cýpy from the initial eouilibrium, and

in addition withdraw all ý-acant parcels of type f land except one. If

some activity in A is ot in Af 4 we then withdraw all activities in

Af n Aft and the parcels of land which they occupy, and in addition

withdraw all vacant parcels of type f land. From Theorem 5 it follows

that the initial set of rents, p , is consistei_, with the new equilibrium,
1 0 ,1

and the new pattern of location is described by A1 = A ,...,A 1
01I 0 4 1

An, Af -= A - Af,, and C= C It is impcrtant to note that Theorem 5

holds if a parcel of lan-d which is withdrawn is empty. Clearly,

- 0 =1 --1 =1
p < p < p , where P and p are the minimal and maximal sets of

rents, respectively, associated with the equilibrium with index 1. The

move to this equilibr!iun from the initial equilibrium is accompanied by

a decrease in total earnings equal to the earnings, in the absence of

0 4
flood protection, of the activities in Af A.

Suppose that the specified activity, x e A0 is now withdrawn from
1'-

type 1 land, and that a new equilibrium obtains with a pattern of location

described by 2 C 2, and with a minimal and maximal set of
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rents, p- and p. respectively. The increase in the total earnings of

all activities other than x which accompanies the move from equilibrium

-l 0
1 to equilibrium 2 is equal to p 1 <p; however, since x is removed

from the system, there is a decrease in the earnings of all activities
x --i

equal to S1 - p1. Now suppose, given equilibrium 2, that the one remain-

ing unit of type f land is now withdrawn from the system and a new

equilibrium is established with a pattern of location described by

A3  A3 A3 C3 . A3 = " and PAl, ... nA3' Af, C3 Clearly, A f Pf is not defined. The

decrease in the earnings of all activities which accompanies the move

=2
from equilibrium 2 to equilibrium 3 is equal to Pf. However, it was

demonstrated in Chapter II that p-2 = P1 < Po
f Pf = f

Let us now examine the final equilibrium which obtains after the

introduction of flood control. The set of potential activities is again

X, and the supply of each type of land is the same as in the initial

4 4 4 4situation. The pattern of location is described by Ai ". n, Aft, C I

and the set of rents which obtains is (P '"":n' Pf'). By Theorem 5 it

follows that if we withdraw all units of type f' land and the activities

which occupy this land, then the set of rents (pl4,...,pn4) will be1hin

consistent with the new equilibrium associated with the set of potential

activities, X-Af4,, and with supplies of land which are tne same as in the

initial equilibrium except that the flood plain has been removed from the

system. Careful examination will show thet this is identical to the

situation associated with equilibrium 3. By Theorem 1 it follows that

'4 4
(pl,...,pn) is consistent with equilibrium 3 so that we can assume4 -

I( 39.., 3=P '--'p4) At this point we take the equilibrium with

index 3 and perturb it by reintroducing the parcels of land in the flood
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plain, which are now assumed to be protected, along with the activities
S4 4

in A f. By definition, the activities in Af , locate on type f' land

and only these activities locate on this land. Since 3~ p 4~(~,.,)

we can assume A 3 (iL,....n), i.e., the introduction of the land in

the flood plain, which is now protected, along with the activities in Af,

does not cause any acti-vity outside the flood plain to relocate. There-

fore, the increase in the total of the earnings of all activities which

accompanies the move from eq:Iilibrlum 3 to the final equilibrium is equal

to the total of earnings of all activities which locate in the flood plain

after the introduction of flood protection.

We can get the change in the total of the earnings of all activities

which accompanies the mrove from the initial equilibrium to the final

equilibrium by s:.ming t'"e changes which accompany each step. Careful

inspection will show that this change in the total earnings equals the

total increase in the earnings of activities in Af 0nAf4, plus

(s ~(, - p - ). In other words. there is an increase in the

earnings of activities which locate in the flood plain before and after

the introduction of flood protection, and this increase is equal to the

reduction in the expected value of flood losses of these activities.

This component of benefits corresponds to the case diszussed previously

where all benefits took the form of a reduction in the flood losses of

activities located in the flood plain. The other component of the in-

crease in total earnings results from the fact that it is now profitable

for x to move to a flood-plain location, and this component of benefits

is equal to S - ) - (S - P'). In its present form this expression

is not very useful since Pf and pf cannot, in practice, be observed.
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However, if we assume that rents are restricted within narrow bounds by

-1 0 1 0
the conditions of equilibrium, then pf f p f and pl 1 Pip san we can

express this couronent of benefits as (Sf, - pO) 0 (S - pO). It also

follows that (SX, - p 0 X (s SX - -1 under the0 -1 08 -

alternative assumption that P Pf = P1  - 1  In words, the benefits

from land. enhancement associated with an activity moving into the flood

plain as a result of protection are equal to the difference in the eern-

ings of this activity in the two equilibrium situations plus the dif-

ference between the initial rental values of the land occupied by this

activity in the two situations. It is important that the only rental

values contained in this measure of land-enhancement benefits are rental

values which obtain in the initial equilibrium, and therefore they can be

observed in advance of flood protection and used to estimate the benefits

which would accrue if such protection were provided.

In the case just presented, one activity which was located outside

the flood plain in the initial situation moved into the flood plain when

flood protection was introduced. If, however, this activity had been in

0 0C instead of A.1, it can easily be demonstrated by eliminating step 2

from the procedure outlined that the land-enhancement benefits are equal

to Sf - p . Suppose, however, that when flood control is introduced,

k activities, which locate outside the flood plain in the absence of

this protection, move into the flood plain. Fu. ther, suppose that this

set of activities, A, is a subset of Ai. To construct the equilibrium

which obtains after the introduction of flood control we begin by with-

0 0drawing all the activities in Af Af,, along with the parcels of land

they occupy, from the initial equilibrium. Since the number of activities
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0
in A is no lese than the number of activities in A it follows thatf f

0 4~
at most k activities in Af are not in Af l Af,. If there are less

0 0 4f
than k activities in Af which are not in , it follows thatIt
there are some vacant parcels of type f land in the initial equilibrium.

We also withdraw enough of these vacant parcels so that there ere exactly

Ik parcels of type f land remaining in the system. A new equilibrium

will be established with a pattern of location described by 1, 1

11ý I
A 1 C . By Theorem 5, the set of rents which obtains in the initial

equilibrium satisfies conditions (1.1) to (1.4)., giLven the pattern of

location associated with equilibrium 1, and therefore i < p < i

Now withdraw the activities in A from the system and obtain a

2 2
new ejuilibrium with a pattern of location described by A1,. ..* An

22 =2 -1
A f C , and sets of maximal and minimal rents, p and p . respectively.

From the expression in equation (5i) it follows that the increase in the

-0 -1
total earnings of all activities in X - A is bounded above by plk <

0 0
pl k. Since the activities in A1 have been removed from the system

there is a decrease in the total earnings of all activities in the systemx 0

which is bounded above by E S - p0k. It should be noted that an
xeýl

exact expression for the increase in the earnings of the activities in

-0 -0
X - could have been obtained by withdrawing the activities in

one at a time, and by developing an expression analogous to (50). How-

ever, this would greatly complica'e the notation and would be of little

practical value because the rents associated with the artificial equilib-

rium situations involved can never in fact be observed.

Now withdraw k units of type f land from the system and obtain

equilibrium 3 where, as in the previous case, there are no parcels of
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"type f land in the system. The decrease in the total earnings which

.2acccnpanies the move is bounded from below by pik. It can be demonstrated

-2 -1 0 .2 -ethat pf . <p Pit sand by definition p~ f Pf. Therefore, if we assume

o -- 0that P f Pr,' then pik will be a lower bound on the decrease in the

total earnings associated with the move from equilibrium 2 to 3. Roughly

speaking, pk will be a lower bound on this value if the effect on the

rent of type f land of withdrawing k activities from type 1 land is

less than the effect of withdrawing k units of type f land. This

0condition appears reasonable. Even if pik is somewhat greater than

this decrease, it will presently be shown that this is to some extent

offset in the expression for the measure of benefits from land enhance-

ment.

The rest of the procedure for constructing the final equilibrium

is exactly the same as in the previous case. We reintroduce the activ-

ities of A 4, along with land in the flood plain, which is now assumed to

be protected, and it can be shown that the activities in operation in

equilibrium 3 remain in operation in the final equilibrium at the same

location. The increase in the total of earnings which accompanies this

move to the final equilibrium equals the total earnings of the activities

in A4f, on type f' land. The increase in the total of earnings which

accompanies the entire process of adjustanent involved in the move from

the initial equilibrium to the equilibrium which ob;ains after flood

control has been introduced is again made up of two components. The first

0 4component is the increase in the earnings of activities in Af r) A f

which represents the reduction in the expected value of flood losses to

activities which locate in the flood plain with and without flood
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protection. The second component represents the benefits from land

enhancement. There has been a change in the earnings of the activities

in A1 which is given by

(53)sE - s1)

and this expression represents part of the total change in the earnings

of activitier in X associated with the move to the new equilibrium.

In order to arrive at the benefit figure from land enhancement we must

0subtract from (53) an amount no less than p? and add an amount no

0greater than plk. Therefore,

0 0(54) E. (sx,- Sx) -P;k + plk
XeAj

is an upper bound on the benefits from land enhancement. This argument

0assumes that pi is less than the decrease in the total of earnings

which accorpanies the move from equilibrium 2 to 3. Even if this assump-

tion does not hold, (54) may still be an upper bound on the benefits from

land enhancement if p0k exceeds by a sufficient amount the increase in

the total of earnings of activities in X-A1 which accompanies the move

from equilibrium 1 to 2. In this case, (54) will more nearly approximate

the correct measure of benefits frowi land enhancement. The c'pression

given by (54) can be rewritten as

0) -S po)
xeA0 1

Therefore, to get ar upper bound on the measure of land-enhancement

benefits one would calculate for each activity that moves into the flood

plain the profit which that activity would earn if it moved into the flood
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plain, given flood protection and the initial rental value pf, and sub-

tract the profit that this activity earns in the initial situation.

In the previous analysis the activities which moved into the flood

plain were all located initially on the same type of land; however, in

general the activities which will move into the flood plain will come

from a number of different locations. This more general case can be

analyzed in an analogous manner with the result that, given assumptions

similar to those made previously, the component of benefits attributable

to land enhancement is bounded from above by the sum E(S ,.prO) - (Si.Pi)

taken over all activities x which move into the flood plain. For each

x, i represents the index of the initial location of this activity.

The point of departure in the foregoing analysis is a static equilib-

rium which we then perturb by changing the economic characteristics of

type f land. However, in many cases flood-control works are undertaken

in anticipation of r.-w activities moving into the area. This situation

can be represented by supposing that k new activities, z,...,ZkV will

be introduced into the system which will locate outside the flood plain

in the absence of flood protection and on the flood plain, given protec-

tion. We could handle this case by introducing the activities z ,...,z

without flood protectioa and then perturbing this equilibrium by introduc-

ing flood protection. The disadvantage of this procedure is that we can-

not in practice observe the rental values which would obtair if the set

S ... were introduced in the absence of flood protection,

and therefore the expression for the benefits from land enhancement would

be of little practical value.
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However, we can solve this problem as follows. Suppose that in the

initial equilibrium the activities in X are divided among the sets
0, 0 0 0 0

Alp....An Af•C , and the set of rents which obtains is p . Now suppose

that the activities in Z are introduced into this system and that in the

absence of flood protection these activities locate on type I land. It

follows that the resultant decrease in the total of earnings of all activ-

0 0 1 1ities in X, E1 , is bounded below by pik. If p1 f pl, where p1  is the

new rental value on type I land, then pl1k is a good measure of E .

Since the activities in Z have been added to the system, the increase

in the total of earnings of all activities is bounded above by

k Zj 0
(56) E(Si po).

J=l

Now we calculate what this increase will be if flood protection is

also introduced. Suppose that flood protection were introduced at the

same time the activities in Z were introduced into the system. A new

equilibrium would be obtained in which the activities in ZUX would be

4 444 4divided among the sets A• '*,A n, AjtC , and a set of rents p would

4obtain. By assumption, ZCAr ,. Now suppose we return to the initial

equilibrium and withdraw all the activities in Af0(Af4, along with the

parcels of land occupied by these activities, from the system. In addi-

tion we withdraw enough vacant parcels of type f land, if any exist, so

that exactly k parcels of type f land remain in the system. A new

equilibrium will be established with a pattern of location described by

A...A1nA, Af, CI. From Theorem 5 it follows that the initial set of
0

rents, p 0 is consistent with this equilibrium. Now we withdraw k units

of type f land from the system and obtain equilibrium 3. The decrease in
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the total earnings, E2 , which accompanies the move from equilibrium 1 to

equilibrium 3 is bounded from below by pik. At this point we reintroduce

the activities in Ail and the supply of type f' land into the system to

obtain the final equilibrium. The increase in the total of earnings of

all activities equals the increase in the earnings of the activities in

0 IA O 4, plus

k zi(57) Z - Es 2

The difference between the increase in the total of earnings when the

activities in Z are introduced along with flood protection, and the

increase when they are introduced without it, is equal to the increase

0 4 pl
in the earnings of the activities in Af (l Af plus

k Ji J
(E8 £(Sf -S1 ) +El E2.

If we assume that

(59) P0- El p 0- E20

then (58) is approximately

k z j + 0 0
(60) Osf,- )÷p1Pk-Pi.,

j=1

or equivalently

k zi o (szj o.
(61) E (sf,- Pf) 1- pl).

o =1

If Af Af, = i , then all the benefits are of the land-enhancement

type and are given by (61).

The question arises as to how this analysis can be applied. Further,

there are questions about the types of information which would be needed to
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carry out an actual cost-benefit study and about the particular advantages

of the present formulation. In order to calculate the benefits from land

enhancement, one would need fairly accurate information about what types

of activities would move into the flood plain if flood protection were

introduced, and in addition one would need to know the rental values of

the land occupied by these activities and of land in the flood plain.

Further, one would need information about the difference in the earnings

of each activity at :he two locations. Often this can be measured by the

difference in the operating costs, excluding the cost of land, which would

be realized at each location. In order to calculate the benefits from
Sx 00

land enhancement one would calculate (sf. - pf) - (Si - -i) for each

activity which would move into the flood plain, and sum over all such

activities. From the previous discussion it follows that this procedure

would give an upper bound on the correct measure of these benefits.

There are a number of cases where we may presume this measure is very

close to the correct measure. As we have seen, this is true when the

activities moving into the flcod plain are new to the system. Also, if

the number of activities inv'olved in the process of relocation is a small

percentage of the activit._cs on any given type of land, then the changes

in the rental values that accompany steps 2 and 3 will probably be small,

which will give us the desired result.

There are a number of advantages to this approach to the problem.

First, and probably most important, -,e model on which the present mess.

ure is based is a general equilibrium model, and all the effects of the

readjustment which takes place as a result of changing the economic

characteristics of type f land are accounted for. Second, the measurement
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procedure makes use only of rental values which obtain in the initial

equilibrium, which means that the needed information can be obtained in

advance of the introduction of the project, and therefore can be used in

the evaluation procedure. This eliminates the need to evaluate what

future rents would be given the project. Incidentally, if it were pos-

sible to accurately estimate the rents that would obtain after the system

was perturbed, then one could get a perfectly accurate measure of the

benefits from land enhancement, using the present procedure. This would

be done by carrying out steps 2 and 3 by withdrawing the activities and

parcels of land involved one at a time, and by making use of the results

summarized in (50). Finally, as a result of Theorem 3 and its extensions,

one does not have to calculate changes in land values, and therefore

profits, throughout the system. This relates to the previous point, as

all the necessary information is contained in the initial set of rental

values.

However, given the advantages of this approach, there remain a

number of practical difficulties. First, in order to estimate the bene-

fits from land enhancement one needs to know which activities would move

into the flood plain. This may be difficult to determine, and it could

be argued that before one could determine which activities would locate

in the flood plain, given protection, one would have to know the set of

rents which would obtain in the new equilibrium. If this were the case,

then the problem of determining the new set of rents in advance of the

project would still be with us, only under a different guise. While it

is true that the rental values which obtain in the new equilibrium are

intimately connected with pattern of location, in many cases one may be
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able to determine the genera! pattern of location without knowing the

precise set of rents that will obtain. For example, one may be able to

predict that an area will be used for apartments, offices, industrial

uses, etc., without being able to specify the precise rent that will

obtain. While the problem of land-use forecasting is difficult, I

believe it is less difficult than forecasting future land values under

these conditions.

Second, there is the problem of determining where an activity will

come from which moves into the flood plain. The ,uestion arises &s to

whether such an activity moved from s tyi•e i location or whether it is

new to the system. In practice one has no way of distinguishing between

these two situations; however, it turns out that this is not a serious

problem. In order to calculate the benefits from land enhancement, first

determine which types of actiritiLes will occupy the flood plain if flood

control is introduced. Then determine the difference between what the

earrings of these activities would be on the flood plain and at the

best alternative location outside the flood plain, assuming that the pres-

ent rents obtain and that there is flood protection. Then if we take the

sum of these differences we get the desired measure, which is the same

in both cases.

There are two cases where the expression for the measure of benefits

takes a particularly simple form. Consider the case where the activities

which will move into the flood plain if flood control is provided are new

to the system. In the absence of flood protection, these activities will

locate outside the flood plain at .-c.e alternaitive location. Suppose both

the land in the flood plain and land at the %Iternstlve location are

0 0
vacant, so that pf = P1  0. Then from (60) it fcllows that the benefits
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k 4Szj z
from land enhancement are given by r Sf, - S1  ; i.e., these benefits

J=l f1

are measured by the difference in the earnings of these activities if they

locate on the flood plain, given flood prctection, and their e3rnings at

the best alternative location. One can imagine such a situation arising

in cases where an urban area is grow.ing and the alternative is to build in

the flood plain or on the vacant land on the outskirts of the city The

second case is where, with flood prctectioL., the eaý-nirg5 cf the new

activities which would move into the flood paih, g'.-en flood. prc-tection,

are the same on the flood plain as at the best alternative 1ocation oAt-

side the flood plain; i.e., in equation (59), sf, S. C( i,..,k).
0 A

In this case the benefits from land enhancemvint are eovs2 to (P )k.

or, in other words, the difference betI-een the initial ren-tal v"lue of land

in the flood plain and the initial rental ;'al'•e of' land at the -aternative

location multiplied by the number of parcels cf lird that are i•";-c.•ed.

Since the price of a parcel of land Lnder co-petit!ve condlticni ii eqnýi

to the discounted value of the stream of rents, it follow,-: tht if tYe

benefits of flood protection accrue forever, then in the previous case the

present value of benefits is

(62) (pO f- 0

where p1 and pf are the current prices o.t type I a~id type f lnd, respec-

tively. Even if the apprcpriate time horizun iE t.ot in.finit-, it' the

benefits accrue over a sufficiently long perb, d of tir-e (62) give s C good

approximation of the benefits in this c3.ý-e.
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In practice, ho.!ever, there are some hazards involved with using

the price of land as the discounted value of the stream of rents. In our

model we assume that the rate of interest is the same in all markets and

is equal to the social rate of discount. In fact, rates vary in the

economy and are different for different individuals. As a result the

rate which a buyer or seller of a piece of property uses in determining

the value of that property may differ from the rate considered appro-

priate from a social point of view In addition, there is the difficulty

that the price of land depends on what people expect the rental value of

this land to be in the future These expectations may vary greatly and

may not reflect what the land will be worth if present conditions continue

into the future. For example, vacant land in a flood plain may be priced

on the basis of the expectation that flood protection will, in fact, be

provided in the future. From the previous analysis it follows that the

rental value of a parcel of a given type of land cannot exceed the earn-

ings of the least profitable activity which occupies this land, and this

may be a good surrogate in cases where the rental value cannot be observed.

Given the previous discussion and the theoretical framework developed

in Chapter II, we can now analyze the procedures which federal agencies

are instructed to use in measuring the benefits from land enhancement.

Senate Document 97, which contains the most current statement of federal

planning practices in the water-resources field, states that the "increase

in the net return from higher use of property made possible as a result

of lowering the flood hazard" should be included in the benefits from

flood control (14,10) An expanded version of this statement can be

found in the "Green Book," which is the predecessor of Senate Document 97.
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It states:

The benefit resulting from changes in use of property

made possible by flood control should be measured as the increase,

in excess of the estimated reduction cf flood damage, in the net

income of the affected property under conditions expected with

and without flood control.

As an alternative method, an approximation of the dif-

ference in net return from more intensive use may be made by

estimating the increase in market value of the affected property

and converting it to an average ann.ual basis by a;plying a rate

of return applicable to private investment in. the type cf activ-

ity involved, adjusted for flood reduction benefits.

Under either method, the associated costs (i.e., all

costs other than project costs) necessary tc increase the

net return of the property must be deducted to obtain the

amount of benefit attributable to the project.

When flood control results in both prevention of flood

damage and change in land use on the same piece of property,

care must be taken to avcid double ccunting of the benefit.

In such cases, the entire benefit may be measured as the

increase in net income from the property with and without

the project or part of the benefit may be measuired as flood

damage prevention and the remainder as a benefit of wcre

intensive use r13,39!.

From the preceding statements it is clear that the benefits from land

enhancement are to be measured as the " ncrease in the r~et income of

property in the flood plain. To arrive -it rhis figure, associated costs

are subtracted from the increase i. recti4*•s, where associLated costs

include all the costs of operating an activJtY excert the rental ,Alue

of land. Therefore, the -ind-enhancemýnt h-nef•t ssoCl.ted with a given
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parcel of land in a given year corresponds to the difference in the

earnings, exclusive of the rental value of land, of the activities which

would occupy that parcel with and without flood protection. If for some

[ reason the difference in net earnings cannot be measured directly, it is

suggested that the change in the rental value of the land is a reasonably

good approximation of the change in net earnings.

If an activity locates in the flood plain before and after the

introduction of flood control, then the correct measure of the benefits

from flood protection associated with the parcel of land which this activ-

ity occupies is the increase in the earnings of this activity. In most

cases this increase may be considered equal to the reduction in the cost

of flooding to the activity. With respect to this case, the present

analysis and the statement of federal procedures are consistent. Suppose,

however, that a given parcel of land is occupied by one activity before

flood control is introduced and by a second activity when flood control

is provided. The measure of benefits used by federal agencies would be

the difference between the earnings of the second and the first activity.

Suppose x is an activity which locates off the flood plain in the

absen:ce of flood protection, say on type 1 land, but which moves into

the flood plain when flood control is introduced. Further, suppose that

y is an activity which locates in the flood plain in the absence of flood

protection, but which is displaced by x when flood control is introduced

and either moves to a location outside the flood plain or shuts down.

According to federal practices, the benefits associated with activity x

moving into the flood plain and replacing activity y as a result of the

introduction of flood control is measured by Sf, - SY To get the total
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of benefits of the land-enhancement type, the sum is taken over all such

activities which move into the flood plain. It is easily shown that this

measure of benefits may be greater than or less than the correct measure

of the benefits from land enhancement. First, it is possible that

S , < S so that - Sy < 0. This is clearly incorrect, as it has
f f fi f

been demonstrated that there are positive benefits associated with land

enhancement. The foregoing result might arise where a very profitable

activity was displaced by a less profitable one because the more prof-

itable activity, y, is equally profitable at some alternative location.

This is analogous to the case where an activity may be marginal to a

given type of land and still be earning a substantial profit. The measure

of the benefits associated with an activity moving into the flood plain

which was developed previously is (s-, - p) (Sx - p0). Now
s•, -s > (SX, -op . (S-p) if, and only si" < s 0 -

There is no reason why this inequality could not hold so that theoret-

ically Sf, - SY could grossly overstate the benefits involved. Thus,

in general, the method for computing the benefits from land enhancement

which is suggested for use by federal agencies is simply incorrect. The

benefits may be understated or overstated, depending on the circumstances.

There is one important case where the measure suggested for use by federal

agencies is identical to the measure developed in the preceding analysis.

Suppose that the economy is in a long-run equilibrium and that, in fact,

all profits are eliminated. In this case, Sx " 0 = 0 and Sy- p0 = 0.
1 p1 = n f Pf=0x 0 0oFrom this it follows that Sf, pf) - (S - P Sx, - p0 = S S

f 1 f f1 -f Pf f? - f*

The alternative measure of benefits which is suggested for use by

federal agencies is the increase in the value of land in the flood plain,
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p4 0
i.e., (, - ), multiplied by the number of parcels of land. This

case is of particular importance because the change in the value of land

is often held to be the correct measure of benefits when, as zhe result

of some program, the economic properties of a given type of land are

improved. It can be easily demonstrated that in some cases this measure

will understate the benefits that accrue as a result of flood protection.

In other cases it will overstate the benefits. Suppose that, in the

absence of flood protection, land in the flood plain is not fully oc-

cupied. Further suppose that when flood control is introduced new

activities move into the flood plain and the earnings of activities

which remain located in the flood plain are increased. If we assume,

given the new equilibrium, that there are still vP.-nt parcels of land

4 0in the flood plain, then pff = Pf = 0. In this case, if the change in

land values is used as a measure of benefits, the benefits will clearly

be understated. Now suppose instead that there is only one type of land

in the flood plain, and that the activities in X = {xl,...,xml compete

for the n parcels of land, in > n. The earnings of each activity in
i

the absence of flood protection is given by Sf (i and
i n-l n

Sf x . >S = ... = ST. Clearly, in the initial equilibrium

fx x an
the total earnings of all activities equals (n-l) Sf + Sf and the rental

n

value is Pf •5x Ncw suppose that flood control is introduced and that
xI n-l- n

Sf, = ... ft= Si,. The new rental value, pf, , will
nx

tqual Sf,, and the increase in the total of earning of all activities

which accompanies the introduction of flood protection is equal to
xn n

S - S f - Pf. However, the increase in the rental value of land

is n(pf,- Pf), which grossly overstates the benefits.
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There is one important case where the increase in the earnings of

all activities equals the change in land values. Suppose all the activ-

ities which occupy the flood plain are identical and that Sx - p 0 0

for each activity, x, in the flood plain. Now suppose that when flood

control is introduced the same set of activities occupies the flood plain

and that each activity now earns Sf, > S . If, in the new equilibrium,

profits are eliminated, i.e., Sf,- pf, = 0, then S ,- Sf = Pf, Pf for

each x in the flood plain. If we take the sum, E(Sf1- s) over all

x which locate in the flood plain, we get the correct measure of the

benefits. This equals (pf,- pf) multiplied by the number of parcels

of land in the flood plain.

So far wQ have assumed that in moving from one equilibrium to another

all prices other than land rents remain constant. By structuring the

problem in this way all benefits accrue to the owners of activities and

property. It is interesting to note that the assumption of constant

prices is implicit in the procedure for calculating benefits suggested

in the "Green Book" and in Senate Document 97. There, benefits are to be

measured by the increase in the earnings of activities in the flood plain.

Clearly, this measure would be incorrect if a decrease in the price of

products produced in the flood plain offset the savings in costs which

resulted from flood protection. The assumption that prices other than

rents remain constant simplifies the problem of measuring benefits, as

the problem of measuring consumer's surplus does not arise. The question

which remains, however, is how well the assumption of constant prices

fits the conditions of the problem. If the activities which occupy the

flood plain sell their output in national or large regional markets, the
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effect of a change in their costs is not likely to change the price of

their output. Also, if these activities purchase their inputs in large

regional markets, any adjustment in the demand for factcrs by these

activities will have a negligible effect on factor prices. However,

there is one particularly important case where these conditions do not

hold, and a price other than rents can be expected to change. Th-is case

is exemplified by housing, where the price is significantly affected by

the value of land in any locality.

The problem of calculating benefits when a number of prices change

is exceedingly difficult because of the problem of dealing with the

substitution that takes place. One of the achievements of the foregoing

analysis is that the substitution effects in the markets for land are

accounted for in measuring the benefits from land enhancement. However,

in a number of cases we can reasonably assume that there are no substitu-

tion effects, and in such cases we get the same measure of benefits as

before. Suppose, Rs is the case with housing, that land is a variable

input in producing the given output. Further suppose that, given flood

control, activities relocate and rents change e:xi that, as a result of

the fact that the value of some land decreases, the price of a given

product also decreases. If we assume that the quantity purchased of this

product is the same in the new equilibrium as in the initial equilibrium,

then the saving to consumers Just equals the reduction in 'total earnings

below what they would have been if the price of the product had remained

constant.

If we assume that the increase in real income to the consumers who

benef•t from this decrease in price does not affect the prices of other

goods or the earnings of other activities, then the previous measure of
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benefits is the correct one. This would be the case if other commnodities

were produced at constant marginal cost within the relevant range. In

this case, the correct measure of benefits would be the total increase in

earnings of all activities. with the specification that the earnings of

each activity are calculated on the basis of the initial set of prices.

This takes care of the most important case where a price changes as the

result of the introduction of flood control. It is probably not unrea-

sonable to assume that the demand for a product such as housing is, in a

given area, fixed. Since the measurement of benefits is at best imprecise,

it does not seem that the foregoing assumption will introduce an intol-

erable amount of error into the process of measurement.
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CHAPTER IV

FLOOD INSURANCE AND

THE COST OF RISK-BEARING

In the preceding chapters it is assumed that each occupant of the

flood plain has the opportunity to purchase a flood insurance policy,

providing full coverage, for a premium equal to the expected value of his

flood losses. In addition, it is assumed that individuals are risk

averters and, therefore, everyone who locates in the flood plain pur-

chases such a policy. As a result of these assumptions, it is possible

to eliminate risk from the discussion in Chapters II and III. In addi-

tion, it is suggested in Chapter I that a program of flood insurance may

be an effective and relatively inexpensive method of eliminating the risks

associated with flooding. In this chapter we examine in some detail the

questions of how such an insurance scheme might be designed, and how the

total costs of risk-bearing would be affected. In addition, some of

the practical problems that might arise in connection with flood insur-

ance are discussed.

To begin, suppose that the flood losses of everyone affected by

flooding are independent random variables which are identically distrib-
2

uted, and let the random variable X, with mean p and variance a

represent the losses of any individual. Given these circumstances, the

amount of risk borne by any individual can be made very small by an

arrangement whereby the risks are pooled. Under such an arrangement the

cost of flooding to any individual in a given year would equal the total

of flood losses in that year divided by n, where n is the number of
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individuals participating in the pool. It is easily demonstrated that

under this arrangement the expected value of the cost of flooding to any
2

individual is ;.&, and the variance of this cost is . If n is large,

thensalthough the expected cost of flooding remains the same, the risk to

each individual is largely eliminated. In reality the losses of all

individuals are not identically distributed, and each individual's

contribution to the pool would be proportional to his expected losses.

Under such an arrangementrisk, for the most part, can be eliminated

without costs other than transaction costs. This arrangement would be,

in all essential respects, like a mutual insurance company, which differs

from a program where each individual purchases an insurance policy for a

fixed premium.

The effect of either pooling or insurance on the position of the

flood-plain occupant would be similar. Given either arrangement, the

expected value of the cost of flooding remains the same; the variance of

this cost to the individual is made very small by pooling, and is elim-

inated by the purchase of a policy providing full coverage for a fixed

premium. In the limiting case where n approaches infinity, the effects

of pooling and of insurance are the same from the point of view of the

flood-plain occupant.

It is assumed above that the flood losses of each individual are

statistically independent, and this assures that risk can be significantly

reduced th-'ough pooling. In reality, individual losses are not statis-

tically independent, and there may be high positive correlation between

the losses of any two individuals. For example, in any given flood

everyone in the flood plain is flooded. More generally, river-basin
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systems are interconnected, and flood losses in one part of the basin may

exhibit a high positive correlation with losses in other parts of the

basin. In cases where such a correlation exists it may not be possible

to significantly reduce the risk of each individual through a mutual

insurance company. More empirical research is needed to determine whether

such a program would be an effective way of coping with the risks of

flooding; at the same time it is important to investigate other types of

insurance programs which would be applicable even where flood losses are

highly corzlelated.

In thj 'case where flood losses are pooled, the only individuals

involved are those who bear the risks of flooding; therefore, such a

program imposes no costs on individuals outside the flood plain. Now

consider an insurance program providing full coverage of flood losses.

Under such a program, the individual flood-plain occupant bears no risk;

however, this risk is now transferred to the underwriters of the policy.

Assuming these are risk averters, they will voluntarily accept this risk

only if the premium equals the expected value of losses plus a loading

charge. The question investigated here is whether it would be possible

to construct a program of insurance where this loading charge can be

made very small, thereby eliminating risk-bearing for each flood-plain

occupant for a cost equal to the small loading charge. The risk is now

borne by the individuals underwriting the insurance; however, they are

fully compensated for bearing this risk.

One might consider an alternative program of insurance where each

policy is sold for a premium equal to the expected value of losses. In

this case, risk would be eliminated without cost to the flood-plain
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occupant; however, the individuals who underwrite this insurance now bear

the risk and costs associated with it. This situation might occur if the

government were to sell flood insurance for a premium equal to the expec-

ted value of flood losses and include receipts and claims in general

revenues and disbursements. One might suppose that the budget would be

balanced so that if claims exceeded receipts from premiums, taxes would

be raised; if receipts exceeded claims, taxes would be lowered. In this

case, each taxpayer would bear part of the cost of the risk. The

question investigated here is whether the total cost of risk-bearing will

become very small if the risk is spread among a large number of people.

It will be shown that if the number of people with assets subject to the

hazards of flooding is a small percentage of the total population, then

by spreading the risk among all individuals the total cost of risk-

bearing will be very small. Similarly, under these conditions it is pos-

sible to design an insurance scheme where the insurance can be under-

written for a premium which includes a small loading charge, and yet to

have the underwriters fully compensated for the risks they bear.

Suppose that each individual's utility is a function of his income

and is given by U(Y). Frther, assume that U is a bounded function

and is an increasing function of income so that U'(Y) > 0. Assume also

that, given a choice among alternatives, the consequences of which are

uncertain, the individual selects that action for which the expected value

of his utility, E[U(Y)], is maximized. In addition, we assume that the

individual is a risk averter so that U"(Y) < 0. The utility function

simply gives a preference ordering; however, it can be shown that the

utility function is defined only up to positive linear transformations,
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so that regardless of the particular function, U, selected to represent

this ordering of preferences, the signs of the first and second deriv-

atives will be the same.

Now suppose that an individual's income is a random variable, A.

In addition, suppose that X is a random variable, independent of A,

which represents the profits of an insurance company. The profits may

be positive or negative. Each individual is given the option of becom-

ing a stockholder free of charge, subject to the restriction that his

share of any losses can be covered by his component of income represented

by A. This assumption is not of great practical importance for this

case; however, it eliminates the difficult analytical problem of account-

ing for situations where individuals may default on their obligations.

The income of an individual can be written as Y = A + aX, where a

represents the percentage of the total stock of the insurance company

which the individual chooses to hold. The question arises as to the

circumstances under which a will be positive [1, 3 8-41].

Let W(s) = E[U(Y)] = E[U(A + aX)], so that by the assumption that

the individual seeks to maximize the expected value of his utility it

follows that he will choose a so that W(a) is maximized. Clearly,

W'(a) = E[U'(Y)XJ and W"(a) = E[U"(y)x 2 ]. Since U"(Y) < 0, it follows

that W"(a) < 0. W(a) has a maximum at a = 0 if, and only if.

W'(O) < 0. However, if a = 0, then Y = A and U'(Y) = U'(A), and

W'(O) = E[U'(A)X]. Since A and X are independent random variables,

W'(O) = E[U'(A)] E(XI, so a = 0 if, and only if, E(X] < 0. Thus,

unless the insurance company charges the insured a premium equal to the

expected value of their losses, plus a positive loading charge, no
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individual will choose to accept a share in the company. On the other

hand, if E(X) > 0, then a > 0. This says that if the value of receipts

exceeds the expected value of claims by any amount, however small, then

each individual will choose to hold some share in this insurance arrange-

ment. The exact value of a for a given individual will in general

depend both on his utility function and on the distribution of component

A of his income. If A were known with certainty) it could be shown

under reasonable assumptions that a increases with A. This model

might have been formulated more appropriately in terms of wealth rather

than income; however, the result is the same in either case.

This result can now be applied to the case of flood insurance.

Suppose that flood insurance is offered at a premium slightly greater

than the expected value of flood losses. Then the total of receipts will

be greater than the expected value of claims. It follows that each

individual whose income is not subject to fluctuations because of flood-

ing will accept a share in this insurance arrangement. If the number of

these individuals is large, and if their incomes are large, then the sum

of the a's will be greater than or equal to one. In this case, an

insurance arrangement can be worked out where the loading charge paid by

each policyholder is very small, and where the shareholders in the

insurance company are at lea3t as well off as before the company was

organized. Roughly speaking, such an arrangement is possible if the

number of individuals affected by flooding and the total of incomes

subject to the hazards of flooding are small relative to the total popula-

tion and the total of all incomes, respectively.

Now suppose that instead of charging an insurance premium greater

than the expected value of flood losses a premium is set which equals
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expected losses. In this case, E(X) = 0 so that no individual would

choose to hold any part of the risky asset X. From this it follows that

W'(O) a 0, or equivalently that

lim E!U(A) - U(A + aX)] = 0
a-eQO

1

Now let a = - , so that the previous expression becomes

lim nE[U(A) - U(A + 1/n X)]= 0•
n -#w

There exists a unique number, k(n) > 0, for each value of n, such

that

E[U(A + 1/n X)] = E[U(A - k(n)]

or, in words, an individual would be indifferent between paying an amount

equal to k(n) and accepting the asset represented by 1/n X; k(n),

therefore, is said to be the cost of risk-bearing associated with the

risk of holding the asset 1/n X. It can be easily demonstrated that

lir k(n) = 0

n -.

or, in other words, the cost of holding the risky asset goes to zero as

the amount of this asset which is held goes to zero. From the previous

results it follows that

lim nE[U(A) - U(A - k(n)] = 0
n--•

However,

lim E[U(A) -nUSA - k(n))] = E(U'(A)] > 0

n -#c k(n)

and, therefore, it follows that

lim n k(n) = 0.
n-.
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This result can be interpreted as follows: Suppose that all

individuals are identical in the sense that they have identical utility

functions and the same certain income, A. Suppose in addition that there

is a certain amount of risk represented by the random variable X,

E(X) n 0, which has to be borne by someone. The cost of risk-bearing

to any individual is defined above. Now suppose that the risk is

divided equally among n people; i.e., each individual holds the asset

1/n X. Then the total cost of risk-bearing is n k(n). It follows from

the result derived above that if n is large, then n k(n) is very

small. Therefore, given a certain amount of risk, the total cost of

risk-bearing can be made very small by spreading this risk over a large

number of individuals. This, of course, ignores the transfers of income

that will occur in the process of spreading the risk.

Again consider the case of a flood insurance plan where the govern-

ment sells flood insurance for a premium equal to the expected value of

flood losses. The risk is now transferred to the taxpayers so that the

effect of such a program is to take the risk borne by a few individuals

who face flood hazards and spread it among the whole population. It

follows that the total cost of risk-bearing becomes very small although

there has been a small transfer of income from the general taxpayer to

those individuals who buy flood insurance. However, for the purposes of

benefit-cost analysis this transfer can be ignored. Therefore, a program

of flood insurance sponsored by the government, where flood insurance is

sold for a premium equal to expected flood losses, would essentially

eliminate the cost of risk-bearing. If it were desired that any cost of

risk-bearing that remains be paid by the flood-plain occupants, then a
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small loading charge could be included in the premium.

The discussion to this point has assumed that in any pooling arrange-

ment or insurance scheme the losses of any individual affected by flood-

ing are fully covered. This assumption is necessary if the effect of

flood insurance on risk is to be comparable to the effect of structural

measures which completely eliminate flooding. In practice it may be

difficult to achieve this objective. In the first place, there is the

difficulty of identifying flood losses when they take the form of a loss

of income. In this case, there is the problem of estimating the income

that an activity or individual would have earned in the absence of

flooding. Related to this is the problem of estimating the losses incur-

red by individuals and firms outside the flood plain. In this case, there

is the problem of identifying the individuals and firms affected and then

estimating the loss of income which is the result of flooding. In this

paper these questions can only be raised, as it will take some experience

with such programs to determine the feasibility of providing full coverage.

Related to the problem of estimating losses is that of establishing

the correct premiums. In order to establish the correct premiums one

needs information about the expected value of flood losses. While one

can get fairly accurate information on the probability of floods of

various sizes, it is difficult to relate this to losses. Losses of

property caused by flooding may be reasonably easy to estimate, given

the knowledge that a flood of a certain size occurs; however, it is much

more difficult to estimate losses due to interruption of economic activ-

ities on the basis of this information.

In practice, any program of flood insurance will probably not provide

complete protection, and the premium will not bear exactly the desired
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complete protection, and the premium will not bear exactly the desired

relation to the expected value of losses. If one wishes to recapture all

the costs of providing the insurance-including a return to the individ-

uals who underwrite the insurance-then the premium will be set at a

level clearly above the expected value of losses. This is essentially

the procedure used by private insurance companies. Of course, the pre-

mium cannot be set too high or no one will buy insurance. On the other

hand, if the government runs the program, the premium might be set equal

to the most reliable estimate of expected losses, with the government

absorbing any difference between this estimate and the true value of

expected losses.

In the previous discussion it has been implicitly assumed that there

were no transaction costs associated with the provision of flood insur-

ance. In practice, these costs must be considered, as they may be a

significant part of the total cost of the premium. There is reason to

believe that if flood insurance is made mandatory, then the transaction

costs will be significantly reduced. First of all, if insurance were

mandatory, the costs associated with selling it would be greatly reduced.

Second, there are probably economies of scale in the estimation of flood

losses. The topographical and hydrologic information necessary for the

estimation of flood losses and, therefore, for the determination of

premiums has to be collected whether one hundred or several thousand

policies are sold. Thus, in addition to th.a reasons established in

Chapter I for making flood irsurance mandatory, the reduction in transac-

tion costs provides cause why this should be considered.
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