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N

PREFACE

'he preface appearing in Volume 1 of the Handbook of Supersonic Aero-
dynamics defines the Handbook's purpose and also traces the sequence of events
leading to its undertaking. In accordance with the criteria established at that time,
the subject matter of the Handbook is selected on the basis of anticipated useful-
ness to all who are actively concerned with the design and performance of super-
sonic vehicles. Essential to this subject matter are the properties of fluids in
which a vehicle operates or is tested and the flight characteristics of the vehicle
itself. Each section of the Handbook therefore presents appropriate theory and
relevant data which are basic to supersonic aerodynamics and which conform to
the above criteria.

On the opposite page appears a complete list of the sections originally
intended to be included in the Handbook. Of these, fourteen have already been pub-
lished, two are presented herein, and the remaining four have for various reasons
been withdrawn.

Section 13 on Viscosity Effects and Section 14 on Heat Transfer Effects
have been prepar-ed by R. E. Wilson, Associate Technical Director, Aeroballhstics,
U. S. Naval Ordnance Laboratory, White Oak, Maryland. Since the effects of vis-
cosity and heat transfer are so closely allied, it wasdecided that the subject mat-
ter would be more readily accessible to the reader if the two sections were com-
bined to allow the pagination and decimal system numbering to be consecutive
through the volume.

An Appendix to this volume gives some of the thermodynamic and trans-
port properties of air at high temperatures. This material not only supplements
thatgiven inSection 15 of the Handbook, but corrects the errors that appeared there
.n gas properties at temperatures in excess of about 3000MK.

The Handbook is published and distributed by direction of the Bureau of
Naval Weapons, Department of the Navy. It is available for public purchase (see
rifle Page) and is also distributed without charge to an approved list of facilities
and institutions actively engaged in national defense research and development.
Correspondence relating to the distribution of the Handbook should be directed to:

Chief, Bureau of Naval Weapons
Department of the Navy
Washington, D. C., 20360

Correspondence relating to the subject maLerial should be directed to:

Editor, Handbook of Supersonic Aerodynamics
Applied Physics Laboratory
The Johns Hopkins University
8621 Georgia Avenue
Silver Spring, Maryland, 20910
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The Handbook of Supersonic Aerodynamics is made ready for printing
by the Handbook Staff; the justified typing and general layoutwork is done by Mrs.
Doris McCeney; Mrs. Carol Dick prepared all sketches and figures in addition to
many other tasks involved in processing a manuscript.

Ione D. V. Faro, Editor
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SYMBOLS

Only those symbols which are frequently used are defined here; all others are de-

fined where they are used.
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g, 2T(x/pL#juI)i, p. 9
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3y -1K 2(-1) p. 81

k coefficient of thermal conductivity; height (or characteristic dimen-
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M Mach number

m velocity exponent, p. 80

N momentum parameter, p. 81

n pressure gradient parameter, p. 80; velocity exponent, p. 41
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Re Reynolds number, Put/p (the characteristic dimension, t, is often in-
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v kinematic velocity
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P density

C normal stress; cone semi-angle; Mach number function, p. 30

T shear stress
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4 dissipation function, p. 5
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k roughness
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w conditions at the wall

C eddy conditions in turbulent flow

Superscripts

differentiation with respect to u,; reference value, p. 21; fluctuating
value, p. 13

o sharp cone conditions.

xxiv

-. ~~~~~0 - - . -. ý--,-



Introduction 1.1

SECTIONS 13 and 14: VISCOSITY AND HEAT TRANSFER EFFECTS

1. Introduction

Although the equations of motion for compressible flows under the ef-
fects of friction were derived long ago, mathematical difficulties stand in the way
of complete solution. In the last two decades, much intensive effort has been de-
voted to study of viscous effects in high-speed flows. Special cases and simplify-
ing assumptions have allowed theoretical analyses to be made which have been
favorably compared with experimental results. The technical literature contains
a great many papers reporting the results of such theoretical and experimental
investigations. Nearly two hundred papers are discussed in these sections and
are listed at their conclusion. Within these referenced reports, further bibliog-
raphies may be found. In addition to these somewhat limitnd studies, several ex-
cellent reference books have been written which give a more comprehensive treat-
ment of various aspects of the subject. Two of these books have already been us, i
as Refs. 2 and 122, others are listed in the order of their publication as Refs. 199
through 203. Since such literature is readily available, no attempt is made in these
sections of the Handbook to reproduce detailed theoretical treatments. Rather,
the emphasis is placed on the presentation of theoretical and experimental results
which can be used by the missile designer for the calculation of skin friction and
heat transfer.

1.1 Scope of Contents

Although theoretical derivations have been kept to a minimum, various
forms of the boundary-layer equations and momentum-integral equations are re-
produced for ready reference. These equations form the basis of the various theo-
retical results which are presented and are included so that the assumptions un-
derlying the specific cases considered in subsequent subsections may be readily
apparent. Boundary-layer growth and skin friction is first treated for the case of
smooth flat plates with laminar and turbulent flows of both real and perfect gases.
The flow over two-dimensional and axisymmetric bodies is treated next. The re-
sults obtained from theoretical considerations are substantiated wherever possible
by experimental data. Sample calculations are given in some instances.

Since the transition from laminar to turbulent flow has such marked ef-
fects on boun-ary-layer growth, skin friction, and heat transfer, an entire sub-
section is devoted to the current knowledge of transition. Since there is at pres-
ent no theory which can predict the onset and termination of the transition process,
the material presented is, of necessity, limited to empirical and experimental
data. Due to the large number of parameters which influence transition, correla-
tion of experimental results is difficult. However, an attempt has been made to
classify the limited data which are available and thus make them as fruitful as pos-
sible. In many cases no conclusions canbe drawnfrom thedata, but they are pre-
sented not only to show the lack of conclusive evidence but also in order that they
may be available for comparison with the results of future investigations. Methods
are given for determining the mean skin friction on surfaces with mixed flows. It
is shown that one cf the factors which has a large effect on transition is surface
roughness.



1.1 Introduction

In addition to affecting the transition from laminar to turbulent flow,
roughness can also have a marked effect on the characteristics of fully turbulent
boundary layer. The effect of roughness on the growth of turbulent boundary layer
is treated as fully as possible. Graphs are presented by which both the local and
the total skin friction coefficient on sand roughened insulated flat plates may be
determined for a wide range of Mach numbers and Reynolds numbers.

The somewhat detailed presentation of results on boundary- layer growth
and skinfriction allow the subjectof heat transfer tobe more briefly treated. The
cases for which the effects of heat transfer are presented parallel those for which
skin friction effects were treated, i. e., the flat plate, two-dimensional, and axi-
symmetric bodies with laminar and turbulent flows of real and perfect gases. In
addition, several subjects particularly significantwith respect tc heat transfer are
discussed. Among these are the effect of body angle of attack and the effect of
sweep on heat transfer, heat transfer rates in separated flows, and near protub-
erances.

The most recently available information on some of the thermodynamic
and the transport properties of air at high temperatures has been compiled by the
Handbook Staff and is presented in Appendix A (p. 253). The sources from which
further data may be obtained are listed in Tables A-2 and A-3.

2



Boundary-Layer Equations 2.1

2. Boundary-Layer Equations

In this subsection the general equations of continuity, momentum,
and energy are given for a compressible viscous fluid. These general equa-
tions may be re-expressed in many forms which either exhibit the flow prop-
erties under certain given conditions or are more amenable to certain required
operations. The forms of the equations given in this subsection are those which
will be used in the subsequent analyses of the boundary layer. By means of
simplifying assumptions, the general equations may be reduced for the case of
two-dimensional steady laminar flow over a flat or a simple curved surface.
By means of suitable transformations of the variables they may be applied to
Ilow along an axisymmetric surface or to flow in the (x, u) plane, or they may
be reduced to a form which is independent of the compressibility. If each ve-
locity component is assumed to be made up of a slowly varying average value
and an instantaneous fluctuation from the mean, it is shown that the general
equations may also be used to represent turbulent flow.

2.1 Continuity; Momentum, and Energy Equations in Viscous Flow

The equations of continuity, momentum, and energy which are pre-
sented here are based on the following assumptions or limitations:

1. The flow is unsteady, i.e., varies with time;

2. The gas is compressible;

3. It is Newtonian gas, i.e., the shear stress, r, and the viscosity,
M, are related to the velocity field by Newton's friction law:

du (2-1)

4. Body forces, i.e., forces such as gravity acting throughout the mass
of the gas, are negligible;

5. The gas is everywhere in chemical equilibrium and the state vari-
ables are not affected by diffusion.

The continuity equation which expresses the conservation of mass
is given by

Dpu- + P div W = 0 (2-2)

where

W = the velocity vector whose axial components are u, v, and w

D -- + u + V a+ w a
D 5t =-S~t + x Ty

and

div W au + "v +
ýx ýy ýz

3
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The three equations of motion which express the conservation of
momentum have been fully derived by Schlichting in Chapter mI of Ref. 1. They
are:

Du ( (xy)+b(T)P jj- Tx (x) +y XY -ý zx)

Dv + a 2 (Tx+ -I(T (2-3)-ý "b-Y Cy) 2-X (Xy) +z ' yz)

Dw'8 - (a) + - (rzx + -•(Ty

where

ax, ayP az = stresses normal to the yz, zx, and xy planes, respectively

r = shearing stress in the xy plane, parallel to the x axis, etc.zx

The normal stresses are given by

bu 2
a =-p+2WL 3-pdivW

y 'a+2 x 3 2

ydi (2-4)

bw 2
a =-p+ 2p 3-pdivW

and the shear stresses are

/2ýu av
yx xy =]y x

r =T y + bw+ (2-5)zy yz VBZ -ýy /

=7 . (-w buT =T =/ --

zx xz kx z

Subs: Atution of the above expressions for the normal stresses and the shear
strei.ses in Eq. 2-3 results in the following set of equations:

"" 3t ) by 3+

Dv p+ • a 2v -+ +• W+_ A +" Dt by 'y 2•- W) d3v bz -40 )x•l 11 Vu TV

, =- + T 2 divW +-2 +- +/ -2- - + ý

(2-6)

4
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These equations, known as the Navier-Stokes equations, form the basis of the
science of fluid mechanics. With Eq. 2-2 and the thermodynamic equation of
state, they define all isothermal processes. Where the process is not iso-
thermal, the energy equation must be added to the system.

Howarth in Ref. 2 (pp. 52-55) derives the enry equation, and pre-
sents it in several forms. In terms of the enthalpy Ch), the heat-conduction
rate per unit area (q), and the dissipation function (0), it may be written

Dh=p • (2qy)S 2- Dt b-x (qx) + (q) •-z (qz) + (2-7)
SUT :-Dt 2i y8

where
qx = k qT = T k q T

x ý-x y ,y qz z

with

k = coefficient of thermal conductivity

and

=(p + ax) L + (p + ay) L + (p + a)-

+7 u -vT - " -u -+r -v L_

yx ay xy Tx zx -z Xz+ x zyz yz 8y

=pdiv W +a Lu + v C +a-w_+ IT Ta T

x x y8y z z u xy yz zx

Where the vibcosity of a fluid is small its influence is virtually confined to a
thin layer adjacent to a body immersed in the fluid. Beyond this boundary layer
the flow may be considered nonviscous and, in the absence of shock waves,
isentropic. The thickness, 6, of the boundary layer is in practice fairly easy
to determine since the particle velocity rapidly approaches that of the free
stream. However, in theory the approach is asymptotic and the limiting value
of 8 has to be arbitrarily defined. It is often taken in experimental work as
the distance from the wall at which the particle velocity is 0.995 of its free-
stream value.

y

6

Ul u

5
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In the two-dimensional case, shown in the previous sketch, y is the distance
from the wall. When

y = 0; u =0 andr = gN(no slip at the wall)

and when

y =6; r =0 andu=ul (oru=0.995ul)

When these limiting conditions, together with those of surface shape, are ap-
plied to the general equations, specific equations for calculating the properties
of the boundary layer may be derived. Several forms of these equations will be
given in the following subsections and later they will be used in making boundary-
layer calculations for specific types of flow and various surface properties.

2.2 Two-Dimensional, Stead,, Laminar Flow

The simplest form of the compressible boundary-layer equations is
that for two-dimensional, steady, laminar flow along either a plane or a curved
wall where it is assumed that:

1. x is measured along and y normal to the surface.

2. The boundary-layer thickness, 6, is small in comparison with both
x and the radius of curvature of the wall.

In this case the continuity equation, Eq. 2-2, reduces to

b(Pu) + ý(v) =0 (2-8)
ax Sy

The relative magnitudes of the terms of Eq. 2-3 are then assessed. For a
full discussion of this see Young (Ref. 2, pp. 379-381). When all but the terms
of largest magnitude are rejected, the equations of motion reduce to:

,,UN vLU) =-ý+bx+

and (2-9)

0)by

where

yx 'xy= y

The energy equation, Eq. 2-7, becomes

~+ v-) =u + + Tr . (2-10)

where
q=qy =kb

6
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2.3 Axisymmetric, Steady, Laminar Flow

The boundary-layer equations for axisymmetric, steady, laminar flow
over a body of revolution are of wide practical interest. The assumptions upon
which they depend are the same as those of the preceding subsection with one
additional limitation, i.e., 8 is also small compared with r, the radius of the
body measured nornlal to the axis of symmetry (see sketch below).

In axisymmetric flow the equations of motion and energy are iden-
tical to Eqs. 2-9 and 2-10, but the continuity equation (Eq. 2-8) becomes

S(rou) + (rov) = 0 (2-11a)

Since r is a function only of x this may be reduced to

•-•~u) + -- €oy) + j1 a•r = 0 (2-11b)

The presence of the last term in Eq. 2-11b makes the solution of this set of
equations one step more difficult than that of the set of Eqs. 2-8 to 2-10. By
means of a transformation of variables suggested by Mangler (Ref. 3), the axi-
symmetric set of equations may be reduced to a form identical with the two-
dimensional set, thus permitting the use of the same solution.

The Mangler variables are

Xra r
x=f-dx, and- yr

01

where t is a reference length. It follows that,

ý6i) = pWx; i6'X, ') = h(x, y); T(x,'Y) = T(x, y); Wx p= , )

7.
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i i i all • m

•'(, I)=/(X, y); '(,y)=kxy); _r = ,; q"=k8'

by by

Equations 2-9, 2-10, and 2-11b transform to

- + 4 (nv) -0 (2-12)

bx ýy

M ýx by/ bx b
(2-13)

(0 by

Su-+v- =u- (2-14)
ax by ) X by ;y

which are of the same form as the two-dimensional equations (Eqs. 2-8 to 2-10)
and therefore have a similar solution.

2.4 Two-Dimensional, Steady, Laminar Flow in the (x, u) Plane

For the case of two-dimensional, steady, laminar flow, Crocco in
Ref. 4 reduced the equations of continuity, motion, and energy to two equa-
tions by taking x and u as the independent variables. With the transformation

x x
u u(x, y)

and making use of the relations

h = h(p, T)

and

Cp 1 p=const.

which hold both for a perfect gas and for a real gas in chemical equilibrium,
Eqs. 2-8 to 2-10 reduce to

ub b(+ar 0 (2-15)
bua bx b-u

8
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where

Pr = Cp = Prandtl number
k

The method of transformation is presented in detail in Ref. 4.

For the case of the flat plate (ap/ýx = 0) on which the enthalpy at
the wall, hw, is constant, the enthalpy profiles in the boundary layer and also

the velocity profiles are similar for all values of x. Under these conditions

h = h(u); o = p(h) = o(u); p =M(h) = (u);

and

Pr = Pr(h) = Pr(u)

Eqs. 2-15 and 2-16 then reduce to two ordinary differential equations (see
Ref. 4). In non-dimensional form they are given by:

g* g" + 2u, p, p. = 0 (2-17)
and

du 1 g hi - g* h1* + g, =0 (2-18)

where

j[01 XuI U

and
u, = u/u,; h. = h/hI; p, =p/pl; ju, = glix

The subscript 1 denotes conditions at the outer edge of the boundary layer, and
the primes denote diflerentiation with respect to u.. The boundary conditions
for Eqs. 2-17 and 2-18 are as follows:

when u, = 0; then g' = I and h, h /h, = 0
w

and when u* = 1; then g, = 0 and h, = 1

For the case of constant Prandtl number, Eq. 2-18 becomes

(h; + Pr !) g, + (1 - Pr) g, h' = 0 (2-19)

Given the thermodynamic and transport data for a gas (see Appen-
dix A), Eq. 2-17 with either Eq. 2-18 or Eq. 2-19 can be integrated numeri-
cally. The numerical solutions will yield velocity profiles, enthalpy profiles,
rates of heat transfer to the surface, and the shear stress on the surface.

9V
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When Pr = 1 and g, ý 0, Eq. 2-19 becomes

h" + i- = 0 (2-20)

Equation 2-20 is independent of Eq. 2-17 and can be integrated at once to give
the static enthalpy as a function of the velocity, i. e.,

= ( u, ) (2-21)h,=hw-(hw -21) ,+

where subscript w denotes conditions at the wall.

The total enthalpy is defined as

u 8

ht = h + •2

and thus

h, + F u,

ht* = h/ht =

In terms of the total enthalpy, Eq. 2-21 reduces to

ht. = ht*w + u*( - ht*w) (2-22)

For a calorificaily perfect gas, the enthalpy ratios in Eqs. 2-18 to
2-22 can be replaced by temperature ratios and in this case

U2I = ha, (2- 23)
2h, 2

2.5 The Momentum Integral Eauation

The boundary-layer equations so far derived have expressed the
conditions that exist from point to point throughout the viscous region. Their
solutions are cumbersome and time-consuming except under very special cir-
cumstances. On the other hand, the momentum equation or von Karman's in-
tegral condition as it is sometimes called, expresses an average effect of the
particle flows and satisfies the conditions of the differential equations at the two
boundaries of the viscous stratum, i.e., at the wall and at the transition to
the external flow. While the integral method furnishes fairly accurate infor-
mation on such properties as skin friction, heat transfer, and boundary-layer
thickness, it is not able to give velocity or temperature profiles or to explain
what happens within the friction layer itself. Since the momentum integral
equation is developed without the necessity of assuming a relationship for the
shear stress, the results may be applied to both laminar and turbulent flow.

10
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At this point it is helpful to define two further quantities: the boundary-layer
momentum thickness given by:

P 0 - u1 •-) d, (2-24)

0

and the boundary-layer displacement thickness given by:

(1- Uu ) dy (2-25)

0

The ratio 6*/9 is called the shape parameter and is usually written as H.

2.5.1 Axisymmetric Compressible Steady Flow

The momentum integral equation for flow over axisymmetric bodies
may be obtained easily from first principles or may be obtained by multiplying
Eq. 2-11b by (u, - u) and subtracting Eq. 2-9 from the product. Integration
across the boundary layer results in

8C

& d --O dy------+ _ _Lu dul Oud dr 8. +, 2L.rC (2-26)
d x PýI UI dx ul dx 01 U1  r dx ol u, dx -2 ol

0

where Cf is the local skin friction coefficient defined by"

C wcf =( o ul)

Aty =0: u=0 andr =r-w;

aty =8: u=u, andr = r,

Equation 2-26 is valid for both laminar and turbulent flow since it was unneces-
sary to assume a relation for the shear stress, r.

When ;u/ay = 0 at the outer edge of the boundary layer, then r1 = 0

and Eq. 2-9 becomes

P I Lu1 -I (2-27)

and Eq. 2-26 may be written as

dO 6 [(2 + *) 0u p] + dr Cf
d 1 01 - ur Tx T-- (2-28)
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For an isentropic external flow of a calorifically perfect gas this becomes

de o [H+2 M] dM1  9dr Cf (2-29)d-+•, IM,1M dx rd-2
I 2 M

The boundary-layer flow over a slender, slightly blunted cone will be discussed
in Subsec. 4 with the assumptions that the gas is calorifically perfect and adia-
batic outside the boundary layer and also that dp/dx = 0. With these assump-
tions Eq. 2-26 becomes

dO_ 6/8 -H dMI 9dr Cf T(+ L 2 : +M -,u (2-30)
dx J, d- x rdTx 2 - W,7iiu,

Given the flow cornditions outside the boundary layer and relations for Cf, H,

and 6/9, the above equations can be integrated along the surface to determine
the boundary-layer growth.

2.5.2 Two-Dimensional Flow

The momentum integral equations for two-dimensional flow can be

obtained immediately by putting ý dr = 0 in Eqs. 2-26, 2-28, 2-29, and 2-30.
r dx

2.5.3 Transformations of the Integral Momentum Equation

Two transformations of the momentum ilitegral equation are fre-
quently used. The first is the Mangler transformation (see Subsec. 2.3) by
which the axisymmetric equation may be reduced to the form of a two-dimen-
sional equation and thus more easily solved. The second is a transformation
evolved by Stewartson (Ref. 6) by which the compressible two-dimensional mo-
mentum integral equation is transformed into one which is identical with its
incompressible counterpart. Stewartson's method was modified by Cohen and
Reshotko (Ref. 7) who used the following transformations:

x yX=; a-----dx; y: a-J•[•d);

0 atj Pto a t I 0 t

u atj u
al

where a velocity of sound.

12
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The assumed viscosity law is given by

S-- = T (2-31)

The value of X in any particular case is determined from the Sutherland for-
mula in terms of Tw and Tt, i.e.,

JA /Tw,,/ ITt + T• Tw
w t--k = = (2-32)

Mw (T)3 [:,wx (2-32

Here Tk = Sutherland's constant = 198.60R for air. The transformed momen-

tum integral equation which is identical in form to the incompressible flow
equation becomes

L__ + - du(RI + 2)= 2 (2-33)dx u d

where ,+1

8= u (1- -dy=19

0

2y -12 -1~
•u Ttjý

•f •ti = 1VT

= t1  ) - Cf

2.6 Two-Dimensional Turbulent Flow

Turbulent motion may be represented by assuming that each velocity
component and each thermodynamic variable has a time-averaged value plus a
fluctuation, i.e.,

)u=u+u', v=v+ v', p=p+p', •=M+Mi', etc. (2-34)

137;
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where t+ at

U= J u dt (2-35)

and At is a tinge interval which is large compared with the period of fluctuation.
It is further assumed that

1. The mean flow is steady, i.e., ýi/ýt = 0

2. The averages of the fluctuations are zero, i.e., ul = 0, etc.,

3. The boundary layer is thin, and

4. x is measured along the surface and y normal to it.

The values from Eqs. 2-34 are substituted in the following form of the equa-
tion for the momentum in the x-direction:

- (Ou) + ýnU,• ) + ýy ýOUV) ýp - x -

The resulting equation reduces (see Ref. 1 or 5 for details) to the form

)U - u P ).-+(ov)'u' (2-36)Pu Tx + Ov T-y S- x + y - 'y O I

which may be seen to correspond to Eq. 2-9 if the viscous stress may be re-

garded as

(T- ( v) Yu')

The additional term, - (pv)' u', is known as the apparent stress or the virtual
stress of turbulent flow or more simply as the Reynolds stress. Then

- (v)' u'1 = j L- (2-37)

where

;AE is known as the eddy viscosity which unlike gi is not a property of the fluid.

The Reynolds stresses far outweigh the viscous term, which is usually neg-
lected, i.e.,

U- 0

The momentum in the y-direction reduces as before to

S~(
1y

14



Boundary-Layer Equations 2.6.1

The cumbersome transformation of the energy equation is given in detail in
Ref. 8. By means of the transformation the time-mean equation becomes

-- h - _ -_+ • • . '' U• +~ ý +v:f~ _ (k.-T) + j: L bN ov)' h, - b)u'•

(2-38)

and as before this is of the same form as the laminar equation if the heat flux
is taken to be

(kW (pv)' h'j

and the shear stress as T - (,,v)' u'. The latter has already been discussed;
the former leads to the definition of the apparent heat flux, i.e.,

q - (00), h' = k

where %4 is much larger than k(ýT/by), which term may then be neglected. The
coefficient k. is known as the eddy conductivity.

The two-dimensional turbulent boundary-layer equations thus become

+- (i-) + (v) =0 (2-39)

-P -U ýP+_2 0 " (2-40)

and
-- +h -- Lh -p b 6T au•'

OU x P byU x + Y y e T

These equations are of the same form as the laminar equations. The solu-
tions for the equations of the turbulent boundary layer on a flat plate will be
discussed in Subsecs. 3.3 and 3.4 for the cases of a perfect gas and a real
gas.

2.6.1 Two-Dimensional Turbulent Flow in the (xu) Plane

The Crocco transformation (see Subsec. 2.4) may also be applied
to the turbulent boundary-layer equations. With the transformation

x yx

U U i (x, y)

15
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Equations 2-39 and 2-40 reduce to

-x 7 u -9- ax)- i_ 0 (2-42)

eau• '6

and

where

PrE"EC

Equations 2-42 and 2-43 have the same form as Eqs. 2-15 and 2-16. For isen-
tropic flow over a flat plat6, ap/ax is zero and Th/ax nearly zero and hence
Eq. 2-43 becomes

+ +P )11  Pr f)f ". ie0 (2-44)

For Pr = 1, this reduces to

a2h+ 1 0 (2-45)

Integration of Eq. 2-45 gives the same variation of enthalpy with velocity as
in the laminar boundary layer (see Eqs. 2-21 and 2-22).

16
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Solutions to the Flat Plate Boundary-Layer Equations 3.

3. Solutions to the Flat Plate Boundary-Layer Equations

Although solutions to the general boundary-layer equations present
many difficulties, there are approximations and simplifications which reduce
them to forms that may be solved. One frequent simplification is that of zero
pressure and temperature gradients on the surface. For two-dimensional flow
this is the flat plate. This subsection will discuss laminar and turbulent flows
of both perfect and real gases over a flat plate.

The perfect gas is assumed to be both thermally and calorifically
perfect. In addition, the Prandtl number is taken to be constant. The perfect
gas assumptions hold only for a moderate range of temperatures. To be con-
sistent, expressions for the transport properties need to be accurate only in
the same temperature range. With the above assumptions, viscosity is the only
transport property required for the solution of perfect gas flow equations. Many
authors have assumed that viscosity varies linearly with temperature. Others
have taken it to be proportional to some fractional power of the temperature.
Since these representations are accurate only for narrow temperature ranges,
still others have used Sutherland's viscosity law. For air, this law gives ac-
curate values of viscosity over a somewhat wider range of temperatures than
that for which the perfect gas assumptions remain valid. Sutherland's law is
used for the perfect gas flat plate calculations discussed in this subsection.

For the real gas solutions, the gas is assumed to be in thermody-
namic equilibrium. The values of any two state variables, therefore, define the
thermodynamic state of the gas. However, no simple analytic equation of state
exists. The thermodynamic data must be taken from tables, from a Mollier
chart, or calculated from expressions which have been fitted to experimental
data. Furthermore, there are no simple analytic expressions for the trans-
port properties. These data must also be taken from tables or graphical pres-
entations based on experimental data. In the solutions of the real gas boundary-
layer equations, both viscosity and conductivity data are required. The values
of two state variables are required to specify values of the transport properties.
Tabulated values of the thermodynamic and transport properties of air at tem-
peratures up to 9000°R are given in Section 15 of the Handbook (Ref. 39). Sub-
sequent investigations have shown that the energy of dissociation used in these
tables is too low; consequently, the data are doubtful at temperatures above
about 3000°R. The gas properties are discussed further in Appendix A (p. 253)
of this Section. They are evaluated not only at much higher temperatures than
before but also in the light of recent experimental evidence.

3.1 Laminar Boundary Layer on a Flat Plate -- Perfect Gas

Crocco expressed the boundary-layer momentum and energy equa-
tions in the form given by EqF. 2-17 and 2-19. They ire

g, g'" + 2u, o. p. = 0

(h" + Pr g* + (1- Pr) g'* h1 = 0

h1'

17 I?.
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The Prandtl number must be assumed to be constant in order to write the energy
equation in the foregoing form, For a perfect gas, h, is of course identical
to T,. These equations were the basis of the theoretical and experimental in-
vestigations of the laminar flow of a perfect gas which are to be discussed in
this subsection.

If viscosity is assumed to be directly proportional to temperature,
then p, M, = 1. In this case, the momentum equation reduces to Blasius' equa-
tion and can be solved independently of the energy equation. However, it must
be integrated numerically. Results are given by Blasius in Ref. 8. If Pr = 1,
the energy equation is independent of the momentum equation -'nd can be inte-
grated at once to give the static enthalpy as in Eq. 2-21. For values of Pr
other than 1, the energy equation 'a not independent of the momentum equation
and must be integrated numerically. From his numerical calculations, Crocco
(Ref. 4) obtained the useful result that the solution of the energy equation is
essentially independent of the form of the viscosity-temperature relationship.
The solution of Blasius' momentum equation can therefore always be used when
integrating the energy equation. However, unlike that of the energy equation,
the solution of the momentum equation is dependent on the form of the tem-
perature-viscosity relationship. For cases other than p, A, = 1, the convenient
method of solution is first to integrate the energy equation as above. The value
of o* 1,, which is required for the integration of the momentum equation, can
be found when the temperature is known.

Crocco (Ref. 4) gives solutions to the equations for Pr from 0. 5 to
2, and shows the effects of the variations in the dependence of viscosity on
temperature. Table 3-1 (p. 53) lists the parameters of the figures which pre-
sent the results of Crocco's calculations. Note that the ratio S = Tk/T, from

the Sutherland law is used as a parameter, and the gas velocity is given in
terms of u&/hj; the results are thus not limited to air, but apply to all gases
for which the various parameters are realistic.

In 1952 Van Driest used the Crocco method for extensive calcula-
tions of the perfect-gas laminar boundary layer. His results, given graphically
in Ref. 9, are the most complete that are available at the present time. The
parameters of the figures given in Ref. 9 are listed in Table 3-2 (p. 54). Sev-
eral of these figures have been reproduced herein and will be discussed later
in this subsection. Van Driest used the Sutherland viscosity law by means of
which the ratio, 14., may be written

T, I•) f+ (TTIcT)]÷
1+ (TkT * I• [1 + (O/T,) 31

Van Driest uses p 0.505 in his calculations. For air, which has Tk = 198.7°R,

this value of 8 corresponds to an ambient temperature of 392.4°R, which is the
standard temperature of the isothermal layer between the altitudes of 35 and
105 K ft. For the free flight of slender configurations, where the tempera-
ture at the outer edge of the boundary layer is near the temperature of the at-
mosphere, this value of 0 will give reasonable results for all altitudes. The
variation of 0 with altitude is from about 0.3 to 0.5 as shown on the first sketch
on the following page. The second sketch shows that in a wind tunnel, • may
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have a much wider variation.

0.6
Free Flight

0.5

0.4 _

0.3 __ _ _ _ _ _ _ _ _ _ _ _ _ _ _

1 10 50 100 500
Altitude, K ft

3

Wind Tunnel

1 _.-- IO00R

-• -- • • 2500' R 10, 000Rý

0 1 2 3 4 ___
M1

Crocco determined the effect of 0 on the skin friction coefficient. The curves
in the following sketch have been made from cross plots of his computations at
Pr = 0. 725. Since they give the skin friction for an insulated plate, they rep-
resent an upper limit to the effect of #. The curves show that the free-flight
variation of 0 has a small effect on skin friction.

1.3

1.2 c; •-2.0o

.00.5-
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The assumptions of a perfect gas and the Sutherland viscosity law become less
accurate as the Mach number and temperature are increased. Within the limits
of the above basic assumptions, the errors in the skin friction coefficient will
be moderate. The differences will be seen by comparing the perfect gas re-
sults, to be discussed in this subsection, with the real gas results to be giv.ii
in the following subsection.

In examining the effect of wall temperature on the boundary-layer
characteristics, one case of interest is the insulated plate. At the surface,
qw = 0 and hence (OT/ay)w = 0. For this case the wall temperature is known

as the equilibrium temperature, T e, the adiabatic wall temperature, or the

recovery temperature. The ratio of the dynamic temperature rise to that which
would occur in frictionless adiabatic flow is called the recovery factor, r, i.e.,

r = (Te -T,)/(Tt - TI) (3-2)

or since in adiabatic flow

Y - 1 mT/T 1 =1+ +-j

then

To/T, =1 + r- M• . =M =T*e (3-3)

Crocco shows in Ref. 4 that for Pr = 0. 5 to 2. 0, the recovery factor is closely

approximated by

r = Pri (3-4)

In addition to the insulated wall case, calculations were made by Van Driest
for T.w = 0.25, 1, 2, 4, and 6. The sketch below shows the relationship be-

tween these values and those for the insulated wall. It may be seen that the
range of T~w includes both heated and cooled walls up to M, = 5, beyond which

only cooling is treated.

60 W Region Considered

"by Van Driest40 I "
Zero Heat Transfer

(Insulated Wall) _"
20 I

Heated Wl Cooled Wall
0 " "":"i:i"bdM. ".:. ° *;"'"•'"""

0 5 10 15 20
M,

20



Solutions to the Flat Plate Boundary-Layer Equations 3.1.1

Some of the very useful contributions made in Ref. 9 are the graphs
of the velocity and temperature distributions. After solving the momentum and
energy equations, boundary-layer velocity profiles in non-dimensional form are
readily obtained from the shear function, g,, by the following integration:U"

X VM =2 A. du,

0

Figure 3-1 reproduces the velocity profiles of Ref. 9 for M, = 0, 4, 8, 12, 16,
and 20, both for the insulated flat plate (Tw = T e) and for T = T 1 . The change

in shape of the velocity profiles and the large reduction in boundary-layer thick-
nes& associated with the high cooling rate is immediately evident.

Having computed (y/x) i'¶- in terms of u*, the solution of the energy
equation yields temperature profiles. Figure 3-2 shows the temperature pro-
files, T* vs (y/x) jfeI, in the laminar boundary layer for the same set of con-
ditions as the preceding figure. This figure clearly demonstrates that, while
boundary-layer temperatures at high Mach numbers are much greater than free-
stream temperatures regardless of cooling rate, they are still greatly reduced
when the wall is cooled. Thus, the cooler the wall, the higher the Mach num-
ber at which real gas effects may be neglected. This is further discussed in
Subsec. 3.1.2.

The local skin friction coefficient may be determined directly from
the solution, g*, of Eqs. 1-_-17a-nd -19. It is given by

Cf Vfi = (g*)w (3-5)

The mean skin friction coefficient, C F, is the average of Cf over the flat plate

and in a laminar boundary layer is given by

CF = 2Cf (3-6)

The solid lines in Fig. 3-3 give the local skin friction coefficient as a function
of Mach number for Tw = 0.25, 1, 2, 4, and 6 and for an insulated surface.

3.1.1 The Reference Temperature Method for Calculating Skin Friction

In 1949 Rubesin and Johnson (Ref. 10) devised an approximate method
for taking account of the effects of Mach number and heat transfer on laminar
boundary-layer skin friction. They'demonstrated that the incompressible, zero
heat transfer result for skin friction could be used with good accuracy for com-
pressible flow with heat transfer if the density and viscosity used in computing Cf

and Re were those associated with a reference temperature, T', computed from

, =T ' =T - = 1 + 0.032 M? + 0.58 (T.w -1) (3-7)

211*
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The method results in the following relation for the local skin friction coefficient:

Cv = W- o .664 (3-8)
Cff

since T' was chosen to make Cf Owl* equal to the incompressible value, i.e.,

to 0.664. As ov, and u' may both be expressed in terms of T1, the skin fric-
tion is completely determined when T1 is known.

Monaghan in Ref. 11 demonstrated that the constants in Eq. 3-7 are
very close to values which appear in the equation (Pr = 1) for an average tem-
perature computed in the following way:

T, = T/T1 = T, du, (3-9)

0

For a perfect gas Eq. 2-21, whicn holds for Pr = 1, may be written as

T, = T*w - (T*w - 1)u,+2•-j M• (u, -ut) (3-10)

from which one may easily obtain

Y I T*w - I

T1 = 2I + I --f-2 (3-11)

When y = 1.4, Eq. 3-11 becomes

T, = 1 + 0.0333 M1 + 0.5 (T~w - 1) (3-12)

It may be seen that this equation closely approximates Eq. 3-7 determined by
Rubesin and Johnson.

Wilson in Ref. 12 used the results of Van Driest's work to deter-
mine the dependence of T, on the Prandtl number. It was found that T. could
be closely approximated by

- r~r Pr* Pr~ 1 r Pr'lT,=1+ - Pr- -M + M 1 (T*w" -1) (3-13)

A comparison of T, with T1 computed from Eq. 3-8, by using Van Driest's
skin friction results for Pr = 0.75, led Wilson to adjust the coefficients of
Eq. 3-13 to give

T, =1 +AM' + B(T~w- 1) (3-14)

whereI

A = 1.08 IPr Pr Pri Y--1 (3-15)
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and

B =0.901 r 4 (3-16)

Values of A and B are shown in the sketch below. Equations 3-8 and 3-14 were
used with Pr = 0.75, y = 1.4, and $ = 0.505 to compute the skin friction co-
efficients which are shown by dotted lines in Fig. 3-3. The agreement with
Van Driest's results is generally better than 1. 5%.

0.6

0.5

S0.4- B-
0.3

0.2
0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0

Pr

In order to estimate the effect on Cf of both T1 and 0, Eqs. 3-1

and 3-8 were used to calculate Cf Viii for values of T1 from 0 to 50 and for

S= 0, 0.5, 1.0, 1.5, and 2.0. T he resultant curves are show n in F ig. 3-4 .
In order to use Fig. 3-4, it is necessary to relate 3 and T1 to the physical
properties of the flow. The values of f encountered in atmospheric flight and
in wind tunnels are given in the sketches on page 19. The value of T1 as a
function of M, and Tow is shown in the following sketch.

50

Insulated Plate

0 51
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3. 1.2 Comparison of Reference Temperature and Maximum Boundary-Layer
Temnperature

In order to examine more c •osely the validity of using perfect gas
propert '- in calculations of high Mach number flows, it is necessary to de-
termine te maximum temperature in the boundary layer under the given con-
ditions. In Fig. 3-5 the reference temperature, T., is shown as a function of
Mach number for zero heat transfer and for the case of a wall cooled to give
T*w = 1. Also shown (by dashed lines) is the maximum boundary-layer tem-

perature calculated by Van Driest (see Fig. 3-2). it may be seen that in the
zero heat transfer case there is a large difference between the reference and
the maximum temperatures, whereas the diff rence becomes less marked when
the walls are cooled. The difference increases with Mach number. It is sug-
gested that the reference temperature be used as a guide for determining the
region of validity of perfect gas assumptions, i.e., the region where the ref-
erence temperature is low enough to assure that real gas effects are negligible.

3.1.3 Bou___ry-Layer Thicknesm- and Shape Paraneter

The boundary-layer di.splacement thickness, 6*, is defined in Sub-
sec. 2.5 as

(* = (1 - pu) dy (3-17)

0

The momentum thickness was given by

6

* u, (1 u.) dy (3-18)

0

For a flat plate, i.e., dMj 'lx = 0, it can be shown by integrating Eq. 2-28
with respect to x thai

S=- C F (3-19)
3 2

The shape para ieter, H, is given by

x
6 _ 2 -

(I p~.)d(Y-V~e)(3-0
H=V CZVW

Values of H have been obtained by evaluating ýhe integral in Eq. 3-20 using the
boundary-layer velocity and tempt-ature profiles and the skin-friction results
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of Ref. 9. It has been found in Ref. 13 tLt the shape parameter can be ap-
proximated by

H -- 6.10 T - 3.51 (3-21)

where T1 is given by Eq. 3-14. The results of Ref. 9 can also bee used to
obtain values of 6/9. These values can be approximated (see Ref. 13) by

_ =6.10 T1 + 2.90 (3-22)

where 6 is taken as the value of y when u, = 0.995. Figures 3-6 and 3-7 show
that Eqs. 3-21 and 3-22 are excellent fits to the values crlculated from Ref. 9
for 0 s M, 5 20 and 0.25 ! Tw s 6.0. Figure 3-8 shows that the agreement

is not quite so good for the insulated flat plate case. Fortunately, the disagree-
ment occurs at Mach numbers greater than 8 where the wall temperatures are
much too high for practical interest. The above comparison was made with
Pr = 0.75. For Pr = 1, Eqs. 3-21 and 3-22 are in reasonable agreement with
the results of Ref. 7.

With Eqs. 3-6 and 3-19, the displacement thickness may be written

6"

= H Cf VKi (3-23)

and

C Viic V (3-24)x 9 f

Then Eqs. 3-8, 3-14, and 3-21 to 3-24 may be used to calculate (8*/x)Vi and
(8/x)V1/. Values obtained in this fashion are plotted in Fig. 3-9 as a function
of Mach number for the insulated plate and for T*w = 1. Figure 3-9 illustrates

the strong dependence of the thicknesses, 8 and 8*, on the free-stream Mach
number. Values of the boundary-layer thickness, (8/x)yfe, taken from Ref. 9
are shown in Fig. 3-9. At high Mach numbers it is evident that the displacr.-
ment thickness approaches the total thickness of the boundary layer even at low
surface temperatures.

3.2 Laminar Boundary Layer on a Flat Plate -- Real Gas

In the previous subsection, solutions of the boundary-layer equations
were obtained for ideal gases, i.e., those for which c and Pr remain vir-

tually constant and for which the viscosity may be found by Sutherland's for-
nmula. The current subsection presents and discusses solutions which take into
account realistic variations of the thermodynamic and transport properties of
the gAs, assumed to be in chemical equilibrium at each point in the boundary
layer.
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Solutions to Eqs. 2-17 and 2-18 have been obtained by Romig and
Dore (Ref. 14) and by Wileon (Ref. 12). In each case, the integration was
carried out by high-speed computers. Wilson's work will be summarized here
not only because it employs more recently evaluated air properties than those
of Romig and Dore, but also because the form of the results allows easy com-
parison with those of the perfect gas case.

There are two important prerequisites to the integration of the equa-
tions. The first is the choice of values for the air properties, a decision which
is by no means simple. From the best available information, which is presented
in Appendix A, it may be seen that there is still a great deal of uncertainty
and a wide discrepancy among the values calculated from different sets of basic
assumptions. Once a set of values has been chosen, the second prerequisite
is that the properties be expressed as functions of the enthalpy, with the pres-,
sure constant, in order that Eqs. 2-17 and 2-18 will contain only the two var-
iables, g. and h*.

For his calculations, Wilson chose the following: values of $ and
k at high temperatures computed by Green and Klein (optional values are given
in Appendix A); values of the compressibility factor, Z, from Ref. 15; and
values of c p/R and cv/R from Ref. 16. The value of R is based on the molec-

ular weight of cold, undissociated air. At lower enthalpies the values ."f U, k,
and c were taken from Ref. 17. The density..enthalpy relationship was ob-

tained from Refs. 15, 17, and 18.

Wilaon found that expressing p, Pr, and p in terms of h, while keep-
ing the pressure constant, was a major part of his work. A summary of his
method is given since it may be extended to a higher temperature regime or
used for new data that may become available.

1. By means of curves such as those given in Figs. A-2 to A-8, plots of
si vs Z for o/o. = 1.0, 0. 1, and 0.01 were made (p° = density of the atmo-

sphere at sea level). These plots are given in Fig. 3-10.

2. The coefficient of conductivity, k, could not be interpolated accu-
rately by this method. A set of curves, much easier to work with, was ob-
tained by plotting Rk/cv vs Z for the same three values of olo . Results are
also given in Fig. 3 - 1 0 .

3. Since the relative concentration of the various constituents of air
is essentially constant at constant Z, it was postulated that a formula of the
Sutherland form could be used for u and Rk/cv at each value of Z. The equa-
tions used were

a= T+b (3-25)

and

Pk _cTs/'

cT= d (3-26)
v
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where a, b, c, and d are functions of Z only and were evaluated by taking a
least squares fit to the data at various values of Z. The resulting values are
shown in Fig. 3-11 for values of Z from 1.0 to 1.8. Within this range of Z,
Eqs. 3-25 and 3-26 fit the original data to within 1%.

4. Since the interpolation of the Prandtl number proved impractical,
it was determined by calculation. Values of • and Rk/cv were found by means

of Eqs. 3-25 and 3-26; values of cv/R and c p/R were taken from Ref. 16.

5. Figure 3-12 gives the final plots of gs, k, cp, Pr, and 0 as func-

tions of the enthalpy for a constant pressure of 0.1 atmosphere.

An iterative procedure is required for the solution of Eqs. 2-17 and

2-18 since the boundary conditions are split. The conditions are:

g =0 and h,=h*w at u. 0(w (3-27)

g, =0 and h,=l at u,=l

A method which is convenient for machine computation is described in Ref. 12.
The integration is started at the outer edge of the boundary layer (u. = 1) and
proceeds towards the wall. The method is such that iteration is required to
satisfy only the condition g' = 0 at the wall. The wall enthalpy h*w is not

specified in advance but is obtained as a result of the computation. Where con-
ditions related to a specific wall enthalpy are required, they may be determined
easily by interpolation from a series of solutions giving a range of wall enthalpies.

3.2.1 Skin Friction Coefficient

In carrying out the solutions to Eqs. 2-17 and 2-18, the variation
of g. and h, with u* is obtained across the boundary layer. As irn the perfect
gas case, Cfi/ is obtained immediately from the value of g*w (Eq. 3-5). The

values calculated by Wilson (Ref. 12) for CfVyf as a function of h*w are shown

in Figs. 3-13 to 3-16 by means of circles for pi = 0. 1 ktmosphere and the fol-
lowing values of the other parameters:

Figure 3-13 3-14 3-15 3-16

h, BTU/slug 3,000 15, GOO 75,000 400,000

u2/2h, jo 10, 30, 80 0, 10, 30 0, 10 0

At low enthalpies the conditions represent those of A slender body traveling at
speeds up to 25, 000 ft/sec and the highest enthalpy is that which would be found
on the nose of a blunt body at speeds up to 25, 000 ft/sec.

The T' method discussed in Subsec. 3.1.1 may be extended logically
to the real gas case by using a reference enthalpy, h', in place of the refer-
ence temperature. Equation 3-14 thus becomes
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__ (Pr) 4I I1 _ _____

h, I + 0.90 - (h.w - 1) + 1.08 (Pr') -(P__

(3-28)

rhe Prandtl number, Pr', in Eq. 3-28, and the reference enthalpy, h', are in-
terdependent (see Fig. 3-12) and hence an iterative process is required in the
computation of h'. However, the coefficients in Eq. 3-28 are not very sensi-
tive to the variation of Pr' and the iterative process converges rapidly. Once
h,, has been determined, the corresponding values of o' and p' are read from
Fig. 3-12 and the value of Cf 1/fe computed from Eq. 3-8. The curves ob-

tained by this method are shown as solid lines in Figs. 3-13 to 3-16. It may
be seen that the agreement is, in general, very good between machine-computed
values of the skin friction and those determined by means of the reference en-
thalpy. The agreement is not quite as good at high values of h, for very low
air velocities over a cooled wall.

The real gas results of Figs. 3-13 to 3-16 may be compared easily
with the perfect gas results of Fig. 3-3 since values of h.w and ul/2h, cor-

respond to values of Tw and 2 -M respectively, in the perfect gas case.

Curves showing the comparison are given in Ref. 12. The real gas values of
Cf V/ii are greater than the corresponding perfect gas values, the difference in

the present range of parameters being always less than 15%. It should, how-
ever, be noted that although the non-dimensionalized form of the skin friction
does not appear to be changed greatly by real gas effects, the actual shear
stress, rw, may be appreciably changed when real gas values for the density

and viscosity are used.

3.2.2 Shape Parameter and Boundary-Layer Displacement

No velocity profiles were computed b) Wilson (Ref. 12), and hence
no values of the shape parameter, H, were obtained for the real gas case. How-
ever, it is suggested that the shape parameter may be estimated by rewriting
Eq. 3-21 in the form

6 6.10

-H -= 3.51 (3-29)

The density ratio oa corresponds to the real gas enthalpy ratio. h', which was
ootained from Eq. 3-28. Having computed H from Eq. 3-29, the value of the
displacement thickness can be estimated from Eq. 3-23 by using the value of
Cf 0 computed by the reference enthalpy method of the previous subsection.

In order to calculate 6/8, it is suggested that Eq. 3-22 be rewritten as

6 6110 + 2.90 (3-30)
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3.3 Turbulent Boundary Layer on a Flat Plate -- Perfect Gas

In Subsec. 2.6 it has been shown that the viscous stress in two-
dimensional turbulent flow may be written as

T =-(p-)=u (Eq. 2-37)

Prandtl in Ref. 19 (pp. 126-130) shows that this may be expressed as

dyu (3-31)

where I is known as a mixing length which is proportional to the distance from
the wall, i.e.,

= ) ýy (3-32)

In the similarity theory of von Karman, given in Ref. 19 as well as in Ref. 20,
the value of I is given as

S= L d - u d-/da- (3-33)

Assuming that r = constant = T in Eq. 3-31, these two mixing lengths resultS~w
in the same boundary-layer velocity distribution for incompressible flow. x is
a universal constant whose value has been experimentally determined (taken
herein to be 0.392). It is believed to be the same in both compressible and
incompressible flow. When the density variation across the boundary layer is
taken into account, the results of integrating Eq. 3-31 will depend on the choice
between the use of Eqs. 3-32 and 3-33.

Although many analyses have been made for the turbulent boundary
layer in the compressible flow of an ideal gas, only a few will be mentioned
here. Frankl and Voishel (Ref. 21) were the first (1943) to solve Eq. 3-31
and they chose to represent the mixing length by means o! Eq. 3-33. The nu-
merical results which are given in Ref. 21 for the incompressible case and for
high subsonic Mach numbers include the effects of heat transfer. However, if
the method is extended to higher Mach numbers, the accuracy decreases due
to the mathematical approximations employed. In 1950 Wilson also used the
von Karman mixing length with Eq. 3-31 to derive skin friction relations for
compressible flow with zero heat transfer and obtained good agreement with ex-
perimentally determined values over a moderate range of Mach numbers (1. 5
to 2.2). Van Driest in 1951 (Ref. .45) chose to use the Prandtl mixing length
in his solution of Eq. 3-31 but in 1954 he obtained a solution using the von
Karman expression and extended Wilson's results to include the effects of heat
transfer. Studies of von Karman's similarity theory made by Lin and Shen
(Ref. 22) and by Li and Nagamatsu (Ref. 23) indicate that the use of the von
Karman mixing length expression is preferable to that of Prandtl for compres-
sible flow analyses.
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Wilson's method of solution will be outlined briefly. Assuming that
T = constant = r w, Eqs. 3-31 and 3-33 combine to give

=--Ta/0)dyu (3-34 )

In order to determine a value of o to be used in the solution of Eq. 3-34, it

is assumed that Pr = 1. Equation 3-10 then holds true for turbulent flow and

1/o* is substituted for T,. It may be seen from Eq. 3-31 that (,rw/0)1 has

the dimensions of a velocity. When p = pw' this is sometimes referred to as

the friction velocity and represented by u , i.e.,

(w w) u (3-35)

If

u/u? = o and JW = 7 (3-36)

where 'P and 17 are non-dimensional forms of u and y, then Eq. 3-31 may be
written as

d [log (do/dn)] = - U I -\"-w]3 \ '1) (3-37)

where V Ma

a 2 1 (3-38)

1+ 2

Equation 3-37 may be integrated twice to give the relationship between ' and
it in terms of two constants of integration. In order to evaluate the constants
of integration it is necessary to examine the structure of the turbulent bound-
ary layer. A rational assumption, and one that is borne out by experimental
data, is that adjacent to the wall is a thin layer of laminar flow in which the
viscous stress (.u du/dy) is large and the Reynolds stress [Pta(du/dy)aJ is neg-
ligible. Above this is a turbulent layer in which the viscous stress is negligible
and the Reynolds stress is large. Between these two layers is a transition
layer (often neglected in mathematical analyses) in which the two stresses are
of the same order of magnitude.

Assuming that r = constant = rw and jA constant =w in the lam-
inar region, Eqs. 2-1 and 3-35 give

du

and after integration

u= Y (3-39)
JW
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From this it follows that at the edge of the laminar sublayer (see sketches below)

S= P = s (3-40)

Assuming that Eq. 3-32 holds true near the laminar sublayer and that in this
region p = constant = pw it can be shown that

(dt. = =1/Xs (3-41)

These two equations will be used as the boundary conditions in the solution of
Eq. 3-37. A model of the turbulent boundary layer (in terms of the physical
coordinates y and u as well as in the non-dimensional 77 and o) is shown by the
sketches below.

Y--U 17 TurbulentI -..WTurbulent 0'

ILaminjar 18 Lamina
7L16-,o u os-0

Equations 3-39 to 3-41 are strictly true only for incompressible
laminar flow with no heat transfer, but they are not greatly in error for com-
pressible turbulent flow in which the sublayer is very thin. The non-dimensional
thickness of the sublayer, s, is usually considered invariant. However, Harkness
has shown (Ref. 25) that its value varies with the heat-transfer rate and has
obtained the following relationship from the experimental data which is shown
on Fig. 3-17:

s = 11.5 + 6.6 (Te TeTw) (3-42)

where Te is defined by Eq. 3-3. When there is no heat transfer, Eq. 3-42

reduces to the better known value of s (i.e., 11.5) quoted by von Karman and
derived from incompressible flow data. Harkness derived skin friction rela-
tions based on Eq. 3-34 anti used the above result. His equations differ slightly
from those which will be given here due to the fact that somewhat different
mathematical approximations were made.

A single integration of Eq. 3-37 was used to obtain N/Bi7 which
yielded du/dy and hence an integral expression for the momentum thickness, 9.
For a flat plate the momentum integral equation, Eq. 2-26, reduces to

Cf/2 = d"
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which may be written as
d Re0

Cf/2 = dRe (3-43)
x

Equation 3-43 may be integrated and the constant of integration evaluated at the
leading edge of the plate where Re = 0 and Cf = 00. After several mathematical
approximations the final result is

in-' sin" t 1 = - 6.43 + 4.15 log.o (11s5 Mi CfRe) (3-44)
(sn' -si' f)v Te "Ow

i-cf
where T -T

2a e w2- T
e (3-45)

V4a( Te'T ) (Te-TwT

sCf Te -Tw2a sv! :C
T eTf = Te- - (3-46)

V4 a (I -e .T ) (Te eTw

It should be noted that the temperature distribution in the boundary layer was
based on the assumption of Pr = 1. However, in the subsequent development
it was assumed that the Prandtl number could be varied and hence that Te (de-

fined by Eq. 3-3) has now replaced Tt. Experimental evidence indicates that

in turbulent flow the recovery factor may be expressed as

r = (Pr)i (3-47)

For incompressible flow with no heat transfer, Eq. 3-44 reduces to von Karman's
equation, i.e.,

( = 1.7 + 4.15 logo CfR

rhe mean, or total, skin friction coefficient, C F' is given by

D

CF =P, u3 x (3-49)
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and may be obtained from the local coefficient by means of

Re

CF = L Cf dRe (3-50)

0

In incompressible flow, according to Schoenherr (Ref. 26), the equation for the
mean skin friction coefficient can be written in a form identical to that for the
local skin friction coefficient with the constants adjusted. This holds true in
compressible flow in which case CF for turbulent flow on a flat plate is given by

(sin-) - sin-' PF) 0.2 4 2  =_ 1.968 + logo(, --s-wCFRe) (3-51)

where
TwCF TTe - Tw

2o s e w (3-52)

T12 T e'F i•(1 Te-Tw)+(Te'Tw-)

For incompressible flow with no heat transfer, Eq. 3-51 reduces to the result
given by Schoenherr in Ref. 26, i.e.,

0.242 (F) 4 = 101 (CF Re) (3-53)

Equation 3-53 is comparable to von Karman's equation, Eq. 3-48, for Cfi.

Many authors preser t skin friction results in terms of the ratios
CF /C F. and Cf//Cf.. The mean skin friction coefficient, CF, has been com-

puted from Eq. 3-51 at Re = 10W, for a range of Mach numbers of 0 to 10,
for (Te -Tw)/Te from 0 to 0.95, using Eq. 3-1 for u1//lw A value of CF1i was

computed from Eq. 3-53 for Re = 10'. The ratio CF/CF so obtained is shown

as a function of Mach number in Fig. 3-18. Since the value of 0 in the viscosity
law was taken as 0.505, the conditions outside the boundary layer are those in
the standard isothermal altitude range from 35, 322 to 104, 987 feet. When the
value of Re is varied, CF/CF. increases slowly with decreasing Re.

1
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If Eqs. 3-44 and 3-48 are used to compute Cf/Cf. it may be shown
Ithat for a wide range of M and Re, Cf/Cf • CF/CF. It follows that Fig. 3-18

may be used for either mean or local skin friction coefficient ratios at Re = 107 .

It is sometimes necessary to compute the Reynolds number of theflow with the momentum thickness, 8, as the characteristic dimension rather
than the more usual length, x, from the leading edge of the plate to the point
in question. For a flat plate the mean skin friction coefficient is given by

S Re0
CF =2• =2=- (3-54)F Re9

x

Therefore C F as a function of Re comes directly from Eqs. 3-51 and 3-5?,
i. e.,

in sin"1 ~) 0.242 = 1.968 + logc(3-1 Re9) (3-55)

For a given Re., a value of Cf can be calculated by the following tedius pro-
cess. Calculate CF from Eq. 3-55, then calculate the corresponding Re from
Eq. 3-54, and finally calculate the corresponding value of Cf from Eq. 3-44.
A simpler method can be derived as follows: the local skin friction coefficient
for a flat plate can be written

= d(CFRe) dC Re (3-56)
Cf dRe F dRe (-6

After differentiating Eq. 3-51 to obtain dCF/dRe and making use of Eqs. 3-55
and 3-56, Cf is given by

Cf = CF (- 1. 968 + Ql)/(- 1. 099 +') (3-57)

where

A= log,( 0 12-L Re) 0.242 sT -( e Te w

W (1 ~ ~ Te___ T__e

(3-58)
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For a given value of Re, Eq. 3-55 is used to calculate CF and Eq. 3-57 will

give a corresponding value of Cf.

It should be noted that care must be taken to specify which Reynolds

number is held constant, Re or Re9 , when giving skin friction ratios. This

will be demonstrated by estimatin6 (Cf/Cfi) Re from (CF/CF i) Re or (Cf/Cfi )Re.

The subscripts Re9 and Re indicate the Reynolds number which is held con-

stant. Equation 3-53 can be written

0.242~~i~ log, (CF Re) - log 10 (sC) (3-59)

'-F i' Re CF Fi Re

Now since (CF/C F)JR varies slowly with Re, assume that (C F/CF)J Re is con-

stant and differentiate Eq. 3-59 with respect to Re. Making use of Eqs. 3-54
and 3-56 leads to

(0.242)2 (CF/CF F )

C f CA(3-60)

0. 869 + log, o 2Re I log, o 2Re

Equations 3-54 and 3-56 are also valid for the incompressible case. Differ-
entiating Eq. 3-53 to obtain dCF /dRe, they give

(0. 242)2 (3-61)
Cf = 0. 869 + log 0 o 2Re9 ) log10 2Re0

From Eqs. 3-60 and 3-61

= f.C8F6 (0.869 + log1 o 2Re9 ) log 0o 2Re(= CF. CF - (3-62)

0.86 +log 1 ,, [2Re 0 (sC l~og, 0 [2Re 9

The ratio (C f/C f )Re,/(CF/CF,)Re isplotted oni Fig. 3-19 as a function of

(C F/CF ) Refor several values of log, 0 Re0.iRe ,ro

2.3. 1 A Reference Temperature Method for Turbulent Flows

Sommer and Short (Ref. 27) proposed that Eq. 3-53 be useu to com-
pute mean skin friction coefficients for compressible flow with heat transfer

3
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by means of values of CF and Re based on a reference temperature. For tur-

bulent flows they proposed a relation for reference temperature with the same
form as that given by Rubesin and Johnson (Eq. 3-7) for laminar flows but with
slightly different coefficients. When values of CF/CF. derived from the equa-

l
tions of Sommer and Short are compared with those on Fig. 3-19, there is good
agreement at zei-o heat transfer (Tw = T e) and at some of the higher values of

(Te - T w)/Te but the agreement is not good at moderate values of this parameter.

For the T' method, Eq. 3-53 is written as

0.242 =log,: (CF Re') (3-63)

where

C' C T'1 C
F -FT. CF

Re'= " Re- . Re0- UT T'

With these relationships, Eq. 3-63 becomes

0.242 ý CF log1 c (-CF Re (3-64)

where CF and Re are based on the density and viscosity at the outer edge of

the boundary layer. To fit a reference temperature method to Wilson's results,
it is necessary to find a relation for T'/T 1 such that values of skin friction
computed from Eq. 3-64 will agree with those computed from Eq. 3-51. Ex-
pressions for T'/T, have been found at Re = 10" and 0 = 0.505 such that the
agreement is good in two cases: 1) over a range of Mach numbers at zero heat
transfer, (Te - T w)/Te = 0, and 2) over a range of temperature ratios at zero

Mach number. The expressions for T'/Tj found for the two cases are:

For zero heat transfer:

T =1+ 0.100 M• (3-65)

and e

For zero Mach number:

(6 (Te Tw) 0.372(Tew (3-66)
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where the subscripts e and o denote zero heat transfer and zevo Mach number,
respectively. Sommer and Short give the following relation for T'/T, for all
combinations of Mach number and temperature ratio:

T= 1 + 0.035 MW + 0.-4 5 (3-67)

For Pr =0.7 andy = 1.4, Eq. 3-3 becomes

T I= 1 + 0. 178 M' (3-68)

Using Eq. 3-68, the Sommer and Short relation gives the following results for
zero heat transfer and zero Mach number:

(Te =1 + 0.115 M (3-69)

and

= 1 - 0 . 4 5  Tw) (3-70)

Equation 3-69 is in reasonable agreement with Eq. 3-65. However, Eq. 3-70
is quite different from Eq. 3-66 and gives different numerical results at low
and mc!,1-C VZý.1',,s (f 1'r - "1' " IT at (T - T )/T - (K92. they give the
same resulib,. ! W, e A, e

It has not been found possible to obtain an expression for T'/T1 such
that Eq. 3-64 would agree with Eq. 3-51 for all combinations of Mach number
and temperature ratio and at all Reynolds numbers. It is therefore recom-
mended that Eqs. 3-44, 3-51, 3-55, and 3-57 be used in calculating local and
mean skin friction coefficients.

3.3.2 Theoretical and Experimental Skin Friction Coefficients

Experimental measurements of skin friction have been made in many
ways. Boundary-layer profiles have been surveyed to obtain velocity and tem-
perature distributions from which the momentum boundary-layer thickness and
the mean skin friction coefficient may be computed. For the case of a flat
plate it has been shown (Eq. 3-19) that

20
C 2-

F x

Total drag measurements have been made in ballistic ranges and in wind tun-
nels. The friction drag is then computed as the difference between measured
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total drag and a computed pressure drag, i. e.,

DF =Dt- Dp (3-71)

The mean skin friction may then be obtained from

D F

C ý TF F(3-72)F o(,i u2 A)

where A is the total surface area. The local shear stress, r w9 has been ob-

tained experimentally by means of a skin-friction balance which measured the
drag on a small isolated surface element. Details of the design, construction,
and operation of skin friction balances may be found in Refs. 28 and 29. The
experimental local skin friction coefficient is then obtained by definition from

T

C K wCf 1( U,

At high Mach numbers it is possible to measure the velocity in the laminar
sublayer and thus determine the velocity gradient at the wall (du/dy) . The
local shear stress is then determined from Eq. 2-1, i.e.,

T'w = Aw d•)w

The local skin friction is then computed from r W. Measurements of the tem-

perature at the walls have been made to determine the temperature gradient
in the wall at the surface, thus giving the heat-transfer rate and the heat trans-
fer coefficient, h. The non-dimensional form of h is known as the local Stanton
number, defined as

St = h (3-73)

The local skin friction coefficient may then be deduced from the heat transfer

using the modified Reynolds analogy

C f=2(Pr) St (3-74)

It is not easy to substantiate or compare the various theories by
means of experimental data. Skin friction and heat transfer measurements are
difficult to make with a high degree of accuracy and hence there is a consider-
able scatter between different sets of data. Experimentally determined skin
friction coefficients have been selected from a few sources in an attempt to
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cover ranges of Mach number and temperature ratio as wide as possible. In
some cases good agreement is found between theory vad experiment, in some
cases the theoretical values are higher, and in others they are lower than those
obtained by measurement. Although comparisons are often made in terms of
CF /C F. they are presented here in terms of the absolute values of Cf or CF

I

in order that the actual test parameters may be included in the computed values
of the coefficients.

von Karman's equation (Eq. 3-48) for the local skin friction in in-
compressible flow was derived by fitting a straight line to six experimental
values obtained by Kempf (see Ref. 30). Recently KozLov (Ref. 31) obtained
fifteen measurements by means of a floating skin friction sensing device in flow
at Mach numbers from 0.32 to 0.58 and T w/Te from 0.94 to 0.98. His em-
pirical formula is

Cf = 0.085 Re- 0.29 + 0.01 logo Re (3-75)

Within the range of the Reynolds numbers of the test points, i.e., from 101
to 10', Eqs. 3-48 and 3-75 agree to within 1 ,. The experimental data and
the fitted curves are shown in Fig. 3-20 in terms of Cf-•/a vs log (Cf Re).

The next experimental results to be discussed are three sets of
superson.c data obtained at zero heat transfer. Wilson obtained mean skin
friction coefficients from boundary-layer surveys over a Mach number range
from 1.72 to 2.47 (Ref. 24). Jackson et al (Ref. 46) used both skin friction
balances and boundary-layer momentum surveys to obtain skin friction coeffi-
cients at Mach numbers of 1.61 and 2.20. The Reynolds numbers in this in-
vestigation were considerably higher than those of Wilson's tests. As shown
on Fig. 3-21, both sets of data are in good agreement with the theoretical re-
sults given by Eq. 3-51. The trend with Reynolds number variation follows
that of the theory more closely than does that with Mach number variation.
Coles (Ref. 32) made local measurements of shear stress by means of a skin
friction balance and also surveyed the boundary layer to obtain the momentum
thickness. The resultant data in terms of Cf and Re 9 are plotted on Fig. 3-22

for Mach numbers from 1.98 to 4.53. For comparison Cf is calculated from

Eq. 3-44 in terms of Re and expressed in terms of Re 0 by means of Eqs. 3-51

and 3-54. The agreement between the theory and Coles' data is very good.
Korkegi (Ref. 33), using the same techniques as Coles, made measurements at
M = 5.79. These data are also compared with the theory on Fig. 3-22 where
it may be seen that the experimental values are somewhat higher than those of
theory. Matting, Chapman, Nyholm and Thomas (Ref. 34) also measured the
local shear stress by means of a skin friction balance. Their data, in terms
of Cf and log Re, are shown in Fig. 3-23 together with the theoretical curve

from Eq. 3-44. Matting, et al, maCe the measurements in air at Mach num-
bers of 2.95 and 4.20 and in helium at Mach numbers of 5.21 and 7.70. The
latter data are comparable to those tiken in air at M = 6.7 and 9.9, respec-
tively. In contrast to Coles' results which agree with theory and those of Kor-
kegi which are higher than theory, the results of Matting are in every case lower
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than the theoretical values. In addition to the measurerients with a skin fric-
tion balance, Matting made boundary-layer surveys which gave a surface shear
stress gradient higher than that measured with the balance. The discrepancy
increased with increasing Mach number. Although the authors of Ref. 34 caution
against using the velocity profile data, the values of the skin friction coefficient
obtained from them would be above the curves shown on Fig. 3-23.

The skin friction measurements made under conditions of the highest
heat transfer rates are those reported by Sommer and Short (Ref. 27). Their
models were fired in a ballistics range and the skin friction drag was obtained
by subtracting the calculated pressure drag from the measured total drag. They
obtained the data over a Mach number range of 2.81 to 7.00 and a range of
temperature ratios, (Te - T w)/T e, from 0.572 to 0.820. Their results shown

in Fig. 3-24 indicate reasonable agreement with the theoretical values computed
from Eq. 3-51. Also shown on Fig. 3-24 are measured values obtained by
Kozlov (Ref. 31) at M = 2.9 with high Re and low heat transfer. The agree-
ment with the theory of Eq. 3-51 is very good.

The next data discussed also include the effects of heat transfer.
Winkler and Cha (Ref. 35) determined the local skin friction coefficient from
measurements of the velocity gradient at the surface and also using the Reynolds
analogy, deduced the skin friction from measurements of the heat transfer. The
measurements were made at a Mach number of 5.2 with (Te - Tw )/T varying

from 0.075 to 0.352. The data, in terms of experimentally determined values
of Re., are plotted in Fig. 3-25 in which it may be seen that the two sets of

data are in agreement with each other as well as in reasonable agreement with
the theoretical curve obtained from Eqs. 3-44 and 3-51.

3.3.3 Shape Parameter and Boundary-Layer Displacement Thickness

The boundary-layer displacement thickness and the momentum thick-
ness which were defined by Eqs. 3-17 and 3-18 may be expressed in non-di-
mensional form by

(1 - p. u,)d(y/8) (3-76)

0
and °I

S= to. u, (1 - u.) d(y/6) (3-77)

0

Assuming that the Prandtl number is unity, Eq. 3-10 may be used to give the
following expression for p.:

I + MaM1)[ + Tw u- (3-78)
t t
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Although it is pobsible to derive a theoretical veloýity distribution by integrating
Zq. 3-37, it has been found that the simple expression,

u, ='(y/O)1/n (3-79)

not only gives a better approximation to experimentally determined velocity dis-
tributions over a wide range of Mach numbers and heat transfer ratios but also
gives rise to more usable forms of the boundary-layer thickness equations.
Using Eq. 3-79 to change the variable of integration to u*, Eqs. 3-76, 3-77,
and 3-78 give

n
T (n +* (T1 Tt; -~ - du* (3-80)

at Tt
0

and

1 un (1 - u,) du(
6 1+ - 1 M 2 w+ T-t C" T W u. - au 2 (3-81)

0(1 ( T~+ T t T

The above integrals may be evaluated for any combination of M, and ' W/Tt.

It has been found from experiment that the index, n, increases slowly with in-
creasing Reynolds number. However, there are insufficient data to show the
effect of Re on n over a wide range of Mach numbers and terrperaturp ratios.
Tucker in Ref. 36 derives the following empirical relationship for n at the outer
edge of the boundary layer:

n = 2.6 (Re 1 , W)1/14 (3-82)

where the subscript 1, w indicates that the Reynolds number may be evaluated
at the wall or in the free stream. It is evident that for M > 1 the constant
should be adjusted to account for the difference in Re% and Re at any point.w

Wilson in Ref. 37 discusses at some length the relationship between
n and Re and derives the following semi-empirical formula:

CR 0. 2774(n+2)C-0. 943 (3-82a)Re =(n +2) 2 - e(38)

from boundary-layer measurements in the Mach number range from 1.5 to 2. 5.
Winter. et al (Ref. 38), made measurements at M = 2. 2 but at higher Reynolds
numbers. The next sketch compares the experimental results of both Wilson
and Winter with the above empirical equations. It may be seen that neither
of the latter compare well with the data over this range of Re. A nominal
value of n = 7 is satisfactory for nmost purposes.
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Wilson evaluated the integrals in, Eqs. 3-80 and 3-81 and from his
results derived the following empirical formulas for 6/9 and H :

6/ (n++ 1)T(n+ ]2) + 2 LLIM'(1.34+ 1.38 T /T) (3-83)2 w• e

and

H_0-/ n+ 2 T 2 i M(1+ 1.20T /Te) (3-84)a T6 n T - 2 w e
e

The temperature ratio, TTw/re, has been used in place of T w/Tt for conven-

ience in the calculations. For n = 7, a range of values of MW from 0 to 95
and of rw[Te from 0 to 1, the results of the numerical integration of Eqs. 3-80

and 3-81 agree with values obtained from Eq. 3-83 within 3% and from Eq. 3-84
within 1. 57.

Values of the displacement thickness, P/6, obtained from Eqs. 3-83
and 3-84 are shown in Fig. 3-26, and values of the shape parameter, H, de-
rived from Eq. 3-84 are plotted in Fig. 3-27.

Persh (Ref. 43), using Crocco's form of the temperature distribu-
tion rather than Eq. 3-10, has computed and tabulated values of 8*/6, a/A, anid
H for M, from 0 to 20, (Tw- Te)/r, from +10 to -10, and for n = 5 , 7, 9,

and 11. These tables are presented in Section 17 of the Handbook (Ref. 44).
In the limited region of overlap the agreement is good between the calculations
of Wilson and Persh.
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Solutions to the Flat Plate Boundary-Layer Equations 3.3.4

It should be noted that the laminar sublayer is neglected in both
calculations, i.e., it is assumed that the whole boundary layer is turbulent.

3.3.4 Laminar Sublayer Thickness

The thickness, 6t, of the laminar sublayer is of interest for several
reasons. In the first place, the theoretical calculations in this subsection are
dependent upon the assumption that the laminar layer is thin compared with the
total boundary-layer thickness. It is therefore necessary to examine the varia-
tion of 86/6 with Mach number, Reynolds number and heat transfer in order
to determine the range wherein the preceding theory is valid. It is also of
interesW to compare the thickness of the laminar layer with the mean height of
the surface roughness since it will be shown in Subsec. 5. that the surface
roughness has very little effect on the turbulent skin friction as long as the
mean height does not exceed the thickness of the laminar sublayer. The abso-
lute thickness of the laminar sublayer is of practical importance, since in some
flow regimes it may be sufficiently thick to permit investigation by means of
probes. It is of interest to define the Mach number, Reynolds number, and
heat transfer ranges in which such investigations may be possible.

In order to estimate the thickness, 6t, of the laminar sublayer,
Eqs. 3-35, 3-36, 3-40, and 3-42 may be combined to yield

1w 1.5+ 6 . 6 (TeTw)]
8I e (3-85)

TWw

Then Eq. 3-85 may be written as

61~ V ~ +.(Te -Tw)1Ji (3-86)_- V .5 + .6

Since

this may be expressed as

8~ V77 ~,[1.5+ 6 . 6 (Te.T ]
S= 'e - 3-87)

x ReV 0.247 (- 1.142 (387

(log Re?.b3  log Re/I( F/cFL
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From numerical calculations it has been found that the following equation ap-
proximates Eq. 3-87 with good accuracy:

x8.27 Re 0  * T 1. 15 + 6.6 Tee F (3-88)X W 8.27W Ce°

Values of 6,/x calculated from Eq. 3-88 for M = 5.2, Re from 106 to 6 W, 1 and

heat transfer ratios of 0.075, 0.166, and 0.352 are compared in Fig. 3-28
with the experimental data of Ref. 35. In the calculations, the value of CF/CF.

I
is taken from Fig. 3-18 (i.e., at Re = 10'), since it is considered to be rela-
tively constant for small variations of Re. The agreement between the experi-
mental data and theoretical values is reasonably good. The length, x, in the
experimental data is measured from an "effective" leading edge at which the
flow becomes fully turbulent. The location of the effective leading edge was
determined by extrapolating to zero the measured values of the momentum thick-
ness in the turbulent portion of the flow.

Figure 3-29 shows the calculated value of 6,/x at Re = 10W for Mach

numbers from 0 to 10 and (Te - T w)/Te from 0 to 0.95. From this figure it

may be noted that the thickness of the laminar sublayer increases with Mach
number but decreases with increasing heat transfer. At low Mach numbers
and high values of (Te - T w)/Te it becomes extremely small. This condition

corresponds in free flight to the flow over blunt bodies at high flight veloc ties.
It is evident from Fig. 3-29 that in considering the effect of roughness on skin
friction (see Subsec. 5.6. 1) both heat transfer and Mach number have a marked
influence on the allowable surface roughness.

If values of 86/9 are required, the use of

CF = = CF.

allows Eq. 3-87 to be written as

* 1.5 + 6.6 e w(3-89)
-8= e .0.247 111=• 1.14•VCF\3e(-9

It has been found from numerical calculations that Eq. 3-89 may be approxi-
mated by
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391 'e-0_ 7650 MA*W /i*[11.5+ 6.6(eT )( F) (3-90)

Values of 6,/"6 may be obtained directly from Eq. 3-90 by multiplying by 9/6

obtained from Eq. 3-83. Values of 6L/9 and 8I/6 computed from Eqs. 3-83

and 3-90 are shown in Figs. 3-30 and 3-31 for Re = 107, M, from 0 to 10,
and (Te - T w)/Te from 0 to 0.95.

3.4 Turbulent Boundary Layer on Flat Plate -- Real Gas

In Subsec. 3.1.1 it was shown that for laminar boundary layer a
reference temperature method could be used for calculating skin friction on a
flat plate in the flow of a perfect gas. It was shown in Subsec. 3.1.3 that this
temperature could be used in approximate expressions for the boundary-layer
displacement thickness and its total thickness. Real gas effects are taken into
account by replacing the reference temperature with a reference enthalpy (see
Subsec. 3.2). The method for calculating skin friction for the flow of such a
gas over a flat plate is discussed in Subsec. 3.2. 1. In Subsec. 3.2.2 it is
suggested that expressions for the boundary-layer thicknesses be based on a
density which corresponds to the reference enthalpy.

It was concluded in Subsec. 3.3. 1 that the reference temperature
method was not readily applicable for a turbulent boundary layer caused by the
flow of a perfect gas over a flat plate. Therefore, the technique of replacing
the reference temperature by the reference enthalpy is impractical for the real
gas case. The following rigorous procedure could be used to account for real
gas effects. Equation 3-34 is a second order differential equation for the ve-
locity profile in a turbulent boundary layer. The density used in Eq. 3-34 must
be expressed in terms of the velocity in order to integrate the equation. This
is accomplished in the perfect gas case by applying the equation of state and

then relating temperature to velocity by means of Eq. 3-10. For the real gas
case, the temperature can be replaced by enthalpy in Eq. 3-10. However, the
density must then be related to enthalpy by means of a Mollier chart rather
than by the equation of state. This is theoretically straightforward; its execu-

tion is more complex. Equation 3-34 could then be integrated numerically; the
remainder of the calculations could be performed as outlined in Subsec. 3.3.
This procedure would be laborious since it would have to be repeated every
time there was a change in any of the following parameters: the wall enthalpy,
the static pressure, and the velocity or ambient enthalpy outside the boundary
layer.

It is shown in Ref. 12 that the values of the laminar skin fric-
tion coefficients for a perfect gas can easily be made to agree within 15%
with those for a real gas. This agreement can be accomplished without re-
sorting to a reference enthalpy. It is necessary only to present perfect gas
results in terms of the wall enthalpy ratio instead of the wall temperature ratio
and then to replace [(y - 1)/2] M' by u•/2h1 . It is suggested that this proce-
dure be used to estimate turbulent boundary-layer skin friction with real gas
effects. In this procedure Eq. 3-42 and Eqs. 3-44 through 3-47, which were
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used for calculating the local skin friction coefficient in terms of the Reynolds
number (based on x). will now be replaced by:

s = 11.5 + 6.6 ( _ (3-91)

and

(sin`he sin f) - - 6.43 + 4.15 log, ( Cf Re

(3-92)

where

h -h
2a e 

(9w

Fh ( +(h - hwh)(3-93)h h
e w

2as he

h - h + e-hw

:/• -•-/(3-95)
crYI,(1u+ 1uh-

he + r 2-)hi (3-96)

and

r = (Prw)' (3-97)

Equations 3-51 and 3-52 for calculating the mean skin friction coefficient become

(sini ( - sin" 0. 242 (h-CF) =- 1.968 + logo C Pe
F Aw F)

where (3-98)

h e -3h- 

9

F 2as( h e - e (3-99)
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If a method for calculating the local skin friction coefficient in terms
of the momentum thickness Reynolds number, Ree, is required, Eqs. 3-55 and
3-57 may be replaced by the following:

(sin- • - sin" ) 0.242 h C 1.968 + logo 2 Re (3-100)

and

Cf = CF (- 1.968 + 0)/(- 1.099 +) (3-101)

where

(3-102)

As before, C F in Eqs. 3-100 and 3-101 is used merely as a parameter which
is eliminated during the process of numerical calculation.

It is possible to estimate the total thickness and the displacementthickness of the boundary layer by replacing (Te - Tw)/Te and [(y - 1)/21 M2
As (hbe - hw)/he and uq/2hs , respectively, in Eqs. 3-83 and 3-84. In order to

determine the accuracy of these estimates, Eqs. 3-76 and 3-77 should be in-tegrated numerically, taking due account of real gas effects.

3.5 Flat Plate with Transition

The laminof thuonar lay layer on a flat plate has been discuss[d in
Subsecs. 3.1 2, and the turbulent boundary layer in Subsecs. 3.3 and
3.4. In practice, the entire boundary layer over the plate is laminar only if

the Reynolds number is less than some critical value. A turbulent boundary
layer, when it exists, develops at some distance downstream of the leading edge
with an ill-defined region of transition separating it from the laminar flow. The
skin friction on such a plate will be found by a consideration oi both the lam-
inar and the turbulent conditions. The Reynolds number at which transition
occurs will be treated in detail in Subsec. 5, where it is shown that transition
takes place over a finite distance or region, whose length or extent is also dis-
cussed. In computing boundary-layer characteristics, it is often satisfactory
to assume that transition takes place at some station along the plate and is thus
associated with a single transition Reynolds number. This assumption will be
used here to compute the skin friction on a flat plate with transitional flow.

Relationships derived from the momentum integral equation will be
valid for both laminar and turbulent boundary layers. For the flat plate, the
momentum integral equation (Eq. 2-26), reduces to

de/dx = Cf/2 (3-103)
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Since conditions at the outer edge of the boundary layer are constant over the
plate, this equation can be written as

d Re0 Cf0 (3-104)
dRe 2

At the leading edge of the plate both Re and Re0 are zero and hence Eq. 3-104

can be written as

Re

Re0 = C CfdRe (3-105)

The mean skin friction coefficient is given by

x Re

CF =• Cfdx = I CfdRe (3-106)

0 0

Equations 3-105 and 3-106 can be combined to yield

Re0 2 (3-107)
F=2---=2-

F Re

which is independent of the character of the boundary layer.

In the laminar portion of the flow, the local skin friction coefficient
may be defined as

C f V =KL (3-108)

where KL depends on whether the gas is perfect or real as well ae on such

properties as the Mach number and the surface temperature. Various methods
for calculating Cf M are given in Subsecs. 3.1 and 3.2 and values of KL may

be read from figures such as Fig. 3-3. Equations 3-106 and 3-108 may be
combined to give the mean skin friction coefficient in laminar flow as

CF VRe = 2KL (3-109)

Integration of Eq. 3-105 after substituting Cf from Eq. 3-108 leads to the fol-
lowing relationship between Re0 and Re:

Re 0 = KL (3-110)

I"he local and mean laminar skin friction coefficients in terms of Re are then
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Cfesee 2 (3-11K)
f 9 L

and

C Re =2I1L (3-112)Fe L

When transition is assumed to occur at a point, the shear stress
makes a discontinuous change from a laminar value to a turbulent value. The
local skin friction coefficient is also discontinuous. Re derived from the in-

tegral form of the momentum equation is a continuous function of Re with an
abrupt change in slope at the point of transition. The momentum thickness, 9,
is a continuous function of x. The sketch below shows the relationship between
Re 9 and Re in flow where transition occurs.

-@-Retr ---- 0, S
Re P Turbulent

Laminar/

-- Reo 084 (Re - Reo)

Given a value of Retr' a value of Reetr can be calculated from Eq. 3-110, i.e.,

Re = K e (3-113)
Otr L tr

Downstream of the transition point, P, the boundary layer will grow according
to the laws of turbulent flow. This growth is identical to that which would exist
on a plate having a fully developed turbulent boundary layer originating at point
Q (see sketch above). The Reynolds number of this effective leading edge, Q,
is Reo. The value of Re for this hypothetical fully turbulent flow is (Re - Re )

whereas Re (P) has the same value for both cases. Since Retr is assumed

to be known, Re0 can be calculated. The required relation between Re0 and

Re can be obtained by putting CF = 2Re 9 /Re in the perfect gas relation given

by Eq. 3-51. For the real gas case, Eq. 3-98 should be used.

When Re > Retr and the Reynolds number in Eqs. 3-44 and 3-51 is

replaced by (Re-Re ), the skin friction coefficients for a plate with its leading

edge located at Re = Re (i.e., at Q on the previous sketch) will be obtained.

These coefficients will be denoted by Cf and CF . Although the values of Cf

may be applied directly to the plate with transitional flow, the mean skin fric-
tion coefficient must be corrected, i.e.,

Re-Re
CF Re 0 F (3-114)

0
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the procedure indicated previously may be used for the real gas
case when Eqs. 3-92 and 3-98 replace Eqs. 3-44 and 3-51. If it is possible
to express the turbulent skin friction as a simple function of the Reynolds num-
ber, a relationship between Cf and CF. can be obtained for mixed flow in terms

of the skin friction coefficients for fully laminar and fully turbulent flows. In
Ref. 30, Prandtl and von Karman obtained the following expression for fully
turbulent incompressible flow:

Cf Re'l/ = constant (3-115)

This equation is valid for a moderate range of Reynolds numbers. The expon-
ent 1/5 indicates that for the turbulent case the skin friction coefficient varies
slowly with Reynolds number. Curves of Cf vs Re, calculated by such equa-

tions as 3-44 and 3-92, are almost linear in log-log scalcs, and hence a specific
value of the exponent used in the Prandtl approximation may be chosen for the
Reynolds number range of interest. For compressible flow, it has also been
shown that the turbulent skin friction coefficient changes slowly with Reynolds
number. It is therefore reasonable to assume that Eq. 3-115 may be modified
to apply to compressible flow. Here the constant has been replaced by KT,

which is a function of such variables as the Mach number and surface tempera-
ture as well as the state of the gas (real or perfect), i.e., for a fully turbu-
lent compressible flow over a flat plate, let

Cf Rel/5 =KT (3-116)

From Eqs. 3-106 and 3-116

CF Re"/6=5KT (3-117)

Using Eqs. 3-105 and 3-116, one obtains

R1 (4 =(KT) Re'~ (3-118)

This equation allows both Cf and CF to be expressed in terms of Re and KTY
i.e.,

Cf Re9
1  = .( / K 4)(31

and

C Re1/4 =2 QKT (3-120)
F a

It should be noted that Eq. 3-119 for the local skin friction coefficient is valid
for any region where the flow is turbulent. However, the mean skin friction
coefficient given by Eq. 3-120 is valid only where the flow over the entire plate
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is turbulent, i.e., the hypothetical plate shown in the last sketch. Substituting
Eq. 3-119 in 3-104 and integrating the result gives

Re A Kr)' Re + constant (3-121)

This equation is valid in any turbulent region. At the transition point (Re = Retr
and Re8 = Re tr), Eqs. 3-112 and 3-121 combine to give

Rea5 - (K/L "tr /4+ KT)/ (Re- Retr) (3-122)

Substituting Re from Eq. 3-122 in Eq. 3-119 and making use of Eqs. 3-108

and 3-116, onebtains

C T Cf 15' (3-123)

={1 Re + (8C fC--• - /

A combination of Eqs. 3-107, 3-109, 3-117, and 3-122 yields

CC /4/,s

C= C !!_ + (FF )5/1} (3-124)

The subscripts L and T indicate values of the coefficients associated with a
particular Re for a plate with fully laminar or fully turbulent flow. Equations
3-123 and 3-124 are valid for Re ! Re tr" The values of the laminar coefficients

can be obtained by the methods given in Subsecs. 3.1 and 3.2. Although sim-
plified relationships between the skin friction coefficients and the Reynolds num-
ber in turbulent flow were used in the above derivation, the turbulent skin fric-
tion coefficients given in Subsecs. 3.3 and 3.4 can now be used in Eqs. 3-123
and 3-124. These equations are approximations which can be used for a quick
determination of the effect of varying Retr. It is of interest to note that, at

the transition point, there is a single discontinuity in Cf; its value jumps, im-

mediately becomes larger than that for fully turbulent flow and then rapidly
approaches the turbulent curve from above. This is illustrated below.

Cf Fully Turbulent

Fully Laminar

Retr Re
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On the other hand the mean skin friction coefficient makes an abrupt
change at the transition point and then gradually approaches the turbulent curve
from below as shown in the next sketch.

"Fully Turbulent

CF

.Fully Laminar

Retr Re
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Table 3-1

Graphical Information Presented by Crocco in Ref. 4

Dependent Independent Primary Secondary
Variable Variable Parameter Parameter

Cf vhi u2/h 1 or M h*w (TUh_)_ =0

C fV B u2/h, h~w

Cf VW h u2 /h, 8 , (•N) 0

h. u, Pr = 1 uf/h, = 0 and 10
Pr=0.725 hw - 0.3, 2.1 and 5.3
(ou const)
Fr = 0.725t

-U hw 0=0to6 u'/h = 0tol0 Fr=I

S* Pr = 0.725 (pu = const)

Pr = 0.725t

g,, y/6, h* u, .8 =0 ua/h =0 and 10

Ranges of Variables

u2/h, = 0, 0.4, 1.6, 3.6, 6.4, 10

M =lto5

0 = 0, 1/3, 1.3

h*w = 0.25, 0.5, 1, 1.5, 2

t Sutherland's law used for viscosity
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Table 3-2

Graphical Information Presented by Van Driest in Ref. 9

Dependent Independent Primary Secondary
Variable Variable Parameter Parameter

Ch V& M TIw

(8/x) V&

gu , M .T w

U,. T,, M, •f- MTw

u,, T, Y-x Re T*w M,

M, y/6 T~w M,

U~ T*PM Y e M, Pr = 1.0O,
-Ins~ulated PlateP

h~t X_ _ ____

Range of Variables

Pr = 0.75 or 1.0

-y = 1.4

T, = -67.6°F

3 = 0.505

y = 8 atu. =0.995

M, = 0 to 20

Tw ==0.25, 1, 2, 4, 6
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80

70 - ---- - Z e o H at T ansf r (T T e

T~w = 1.

J//

20 1 01.004.e
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10=2 #Ie/

/l 16

4, A.1

0 0.2 0.4 0.60.10

Fig. 3-1. Flat plate laminar boundary layer; (y/x) 49 vs u*; T = T e and T.,;

M, = 0, 4,8, 12, 16, and 20; Pr =0. 75; perfect gas, y =1. 4 ; 19=0. 5 05 .
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90JjI

80 \ %--- Zero Heat Transfer (TW = T e)
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Source: Ref. 9
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40A\
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4 4V0 .L .... ! _ _ _ _ _ _ _ _
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T*

Fig. 3-2. Flat plate laminar boundary layer; (y/x)kj vs T.; Tw = Te and T 1 ,

M2 =4, 8, 12, 16, and 20; Pr =0.75; perfect gas, y-1. 4 ;.8 = 0.505.
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0.1

0.__ - Cf4 from Eq. 3-8

9 = (198.70R)/T:

0.2

0.51 
.

0.4

0.3__ _ __ _

0.21
0 5 10 15 20 25 30 35 40 45 50

T'*

Fig. 3-4. Flat plate laminar boundary layer; Cf1 V- vs T•; B = 0, 0. 5, 1.0,

1.5, and 2.0; perfect gas, y = 1. 4 .
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Solutions to the Flat Plate Boundary-Layer Equations Fig. 3-6
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Fig. 3-5. Flat plate laminar boundary layer; comparison of maximum
temperature (Van Driest) and reference temperature as a function
ofM ;MI =0to20;T =T and T, ; perfect gas. y=1.4; Pr =0.75;
8 = 0.505. W e

100 1 1
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Fig. 3-6. Flat plate laminar boundary layer; shape parameter, H, vs MI;
M =0 to 20; T~w = 0.25, 1, 2, 4, and 6; perfect gas, y = 1.4;
Pr =0.75; T1 = 392.4'R.
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Fig. 3-7. Flat plate laminar boundary-layer thickness, 6/0 vs M1 ;0= 0 to 20; T = 0.25, 1, 2, 4, and 6; perfect gas, y = 1.4;

Pr = 0.75; T1 = 392.4°R.
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Fig. 3-8. Flat plate laminar boundary-layer thickness and shape
parameter vs M1 ; M, = 0 to 20; zero heat transfer; per-
fect gas, y = 1.4; Pr = 0.75; T, = 392.4°R.
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Solutions to the Flat Plate Boundary-Layer Equations Fig. 3-9
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Fig. 3-10. Variation of M and Rk/c vwith Z for air; Z =1.O0to 1. 8;

P/% =0. 01, 0. 1, and 1. 0.
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Solutions to the Flat Plate Boundary -Layer Equations Fig. 3-11
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Fig. 3-11. Variation of a, b, c, and d with Z for use in Eqs. 3-25

and 3-26; Z = 1. 0 to 1. 8.
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Fig. 3-12. Variation of u, k, cp,, p, and Pr with enthalpy for air at

p 0.1 atm.
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Solutions to the Flat Plate Boundary-Layer Equations Fig. 3-14
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Fig. 3-13. Real gas flat plate laminar boundary layer; comparison of
exact and approximate values of Cf 1V vs h~w; h~w = 0 to 140;

u2/2h, = 0, 10, 30, and 80; h, = 3000 BTU/slug; p, = 0.1 atm.
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_ h' Method (Eqs. 3-8 and 3-28)
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Fig. 3-14. Real gas flat plate laminar boundary layer; comparison of
exact and approximate values of Cf VIM vs hw; hw = 0 to 35;

u2/2h, = 0, 10, and 30; h, = 15, 000 BTU/slug; p1 = 0. 1 atm.
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Fig. 3-15. Real gas flat plate laminar boundary layer; comparison of

exact and approximate values of CfV vs h~w; h~w = 0 to 6;

u'/2h, = 0 and 10; h, = 75, 000 BTU/slug; p, = 0.1 atm.
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Fig. 3-16. Real gas flat plate laminar boundary layer; comparison of
exact and approximate values of Cf•i vs h~w; hw =0 to 1;

u2/2h1 = 0; h, = 400, 000 BTU/slug; Ih = 0. 1 atm.
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Fig. 3-17. Effect of heat transfer on laminar sublayer parameter, s.
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Solutions to the Flat Plate Boundary- Layer Equations Fig. 3 -18
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Fig. 3-19 NAVWEPS Report 1488 (Vol. 5, Secs. 13 and 14)
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Fig. 3-19. Flat plate turbulent boundary layer; (Cf/Cf)Re/(F/CF)Re

vs (CF/CF)Re ; (CF/CF)Re =Otol.6;logRe0 =2.5, 3.0, 3.5,

4.0, and 4.5; perfect gas,y = 1.4; Pr =0.70.
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Fig. 3-20. Flat plate turbulent boundary layer; comparison of experimental
and theoretical incompressible skin friction; 1/VCf vs log (Cf Re); per-
fect gas, -y = 1.4; Pr = 0.70; Re = 10' to 10'.
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Solutions to the Flat Plate Boundary-Layer Equations Fig. 3-22
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Fig. 3-21. Flat plate turbulent boundary layer; CF vs log Re; theory and

experiment; zero heat transfer; perfect gas, y = 1.4; Pr = 0.70.
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Fig. 3-22. Flat plate turbuilent boundary layer; C f vs log Re 19 theory and

experiment; zero heat transfer; perfect gas, y = 1.4; Fr = 0.70.
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Fig. 3-23. Flat plate turbulent boundary layer; Cf vs log Re; theory and

experiment; zero heat transfer; perfect gas, y 1.4; Pr = 0.70.
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Fig. 3-24. Flat plate turbulent boundary layer; CF vs log Re; theory and

experiment; various heat-transfer ratios and Mach numbers; r-jnect

gas, y = 1.4; Pr = 0.70.
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Solutions to the Flat Plate Boundary-Layer Equations Fig. 3-26
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Fig. 3-25. Flat plate turbulent boundary layer; C vs log Re; theory and
experiment; (Te - T w)/Te = 0.075, 0.166, aid 0.352; M, = 5.2;
perfect gas, v = 1.4; Pr = 0.70.
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Fig. 3-26. Flat plate turbulent boundary layer; 5*/5 vs M1 ; M1 = 0 to 10;
(Te - Tw)/Te = 0, 0.2, 0.4, 0.6, 0.8, and 1.0; perfect gas, y = 1.4;

Pr = 0.70.
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Fig. 3-27. Flat plate turbulent boundary layer; shape parameter H vs M1 ;
M, = 0 to 10; (Te - T w)/T = 0, 0 2, 0.4, 0.6, 0.8, and 1.0; perfect
gas, -y = 1.4; Pr = 0.70.
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Solutions to the Flat Plate Boundary-Layer Equations Fig. 3-28
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Fig. 3-28. Flat plate turbulent boundary layer; thickness of the
laminar sublayer, 6,/x vs Re; theory and experiment; M, = 5.2;
(Te T w re = 0.075, 0.166, and 0.352; perfect gas, y= 1. 4 ;

Pr = 0.70.
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Fig. 3-29. Flat plate turbulent boundiary layer; thickness of the laminar
sublayer, 6,/x vsM,; M, =0to10; (Te - T ) /T e= 0, 0.2, 0.4, 0.6,
0.8, 0.9, and 0.95; Re = 10; =0.505; perfect gas, y = 1.4; Pr = 0.70.
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Solutions to the Flat Plate Boundary-Layer Equations Fig. 3-30
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Fig. 3-30. Perfect gas turbulent boundary layer; laminar sublayer thickness,
6 1/9 vs MI; M, = 0 to 10; (Te - T w)/T e = 0, 0.2, 0.4, 0.6, 0.8, 0.9,
and 0. 95; Re = 107; 0 = 0505; perfect gas, y = 1. 4; Pr =0. 70.
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Boundary-Layer Growth on Bodies 4.1

4. Boundary-Layer Growth on Two-Dimensional & Axisymmetric Bodies

The boundary-layer growth on such two-dimensional bodies as wings
and on axisymmetric missiles or fuselages is of great practical importance to
the aerodynamicist. Methods of obtaining solutions to the partial differential
equations for the laminar boundary layer in the presence of either adverse or
favorable pressure gradients are discussed in this subsection. The associated
heat-transfer effects are included in the discussions. A step-by-step technique
is given (Subsec. 4.3) for computing the growth of turbulent boundary layer on
two-dimensional and axisymmetric bodies. The special cases of cones, spheres,
and cone-spheres are discussed in Subsecs. 4.4 to 4.6.

4.1 Laminar Boundary Layer: Finite-Difference Methods

Large, high-speed, digital computers make it feasible to calculate
the laminar boundary-layer growth using finite-difference forms of the appro-
priate partial differential equations. In recent years, the boundary layers on
two-dimensional and axisymmetric bodies have been investigated by several au-
thors. These investigations are significant since finite-difference methods ac-
count exactly (or at least to the accuracy of the numerical methods) for the
effects of pressure and temperature distributions along the surface. Thus, the
boundary-layer characteristics determined at any station reflect the complete
upstream history.

A complete description of finite-difference methods would be too long
for this volume; however, the status of several current investigations will be
discussed briefly and the reader directed to the references from which details
of the methods may be obtained. Smith and Clutter in Ref. 47 give an excel-
lent summary of the principal methods of solving the laminar boundary-layer
equations. They discuss the relative advantages of each method, the working
form of the equation upon which it is based, as well as the accuracy with which
the values of the shear stress may be determined. All investigators assume
constant entropy in the flow field outside the boundary layer. From this sum-
mary the four techniques which employ the method of finite differences have
been extracted and are shown in Table 4-1 (p. 111). For their own solutions to
the partial differential equations, Smith and Clutter (Refs. 47a, 47b, 47c, and
48) chose the Hartree-Womersley method (Refs. 51a, 51b, and 52) which can,
in a reasonably short time, produce results of high accurncy. The solutions
can be started simply and correctly and do not involve any problems of numeri-
cal stability.

For axisymmetric flow of thin boundary layers in thermal equilib-
rium, the method of Smith, et al, is based on the boundary-layer equations
(Eqs. 2-9, 2-10, and 2-lb). The continuity and momentum equations (Eqs. 2-9
and 2-11b) can be written as

Tx +- (pv) = 0 (4-1)

bu U u
v- VT + (4-2)
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Taking •p/•y = 0 and Mh/ýy = cp ýT/ýy, and denoting the toal enthalpy by ht,

where ht = h + u0/2, Eqs. 2-9 and 2-10 may be combined to yield the follow-

ing energy equation:

u h) + U (4-3)

The boundary-layer equations may be transformed by using

77 U o dy

It is also helpful to define a stream function, 0, and a dimensionless stream
function, f, such that

U -r (d-( r) and =[p. IA. u x1i f

An enthalpy ratio, g, may be defined as

g = ht

ht j

By means of these transformations, the momentum and energy equations can
be written as

I (C()+Q -f' is + I. + R) ffr - x + f' ' 0 (44)

and

C1ý_[-C~ 9 +-M0C(1 -- r f Q+ 1+R]f +xg
00 Pf ht I (4-5)

The primes in Eqs. 4-4 and 4-5 denote differentiation with respect to 77. The
other parameters are defined as follows:

0=qu ;P C JAI

01AI CO PxI A

x du. x dr
Q u(- R r dx
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Boundary-Layer Growth on Bodies 4.2

The continuity equation is satisfied by the definition of i. The definition of the
dimensionless stream function, f, is such that

V = u
ul

For impermeable walls on which the surface enthalpy distribution is specified,
the boundary conditions to Eqs. 4-4 and 4-5 are

when 7 = o: f(o) =o, f'(o) = o, and g(o) =gw

and at 77 - -: f '(77) -. 1, f"'(r) -. o, and g(r) -. I

When the x-derivatives in both the momentum and energy equations
are replaced by finite differences, Eqs. 4-4 and 4-5 take the form of ordinary
differential equations. This pair of equations is then solved simultaneously by
numerical methods for each station of interest along the surface. Since the
boundary conditions are split, an iterative procedure is necessary. The nu-
merical method used by Smith et al has several advantages. Being an implicit
formulation, there is no stability problem in the x direction. The integration
of the ordinary differential equations across the boundary layer can be accom-
plished by well-proven numerical methods. A disadvantage of this technique is
that the interval of integration across the boundary layer is unbounded. Baxter
and Fliigge-Lotz (Ref. 54) as well as Kramer and Lieberstein (Ref. 55) circum-
vented this disadvantage by using the Crocco transformation discussed in Sub-
sec. 2.4 (see columns 2 and 3 in Table 4-1). In this case, the boundary-layer
equations are transformed to the x, u variables and since u lies between o and
ul, it is always finite. The use of the Crocco equations presents a numerical
difficulty in that the velocity profile can exhibit an overshoot, i.e., u, be-
comes > 1 This can occur when the boundary layer is first heated by the
surface and then accelerated. The shear stress can then become a double-
valued function of u. For most high-speed problems of interest, the heat is
transferred from the boundary layer to the surface, rather than from the sur-
face to the boundary layer, in which case the velocity overshoot should not occur.

Blottner and Fliigge-Lotz (Ref. 56), Parr (Ref. 57) and several other
investigators solved the equations by replacing all partial derivatives by finite
differences.

4.2 Laminar Boundary Layer: Approximate Method

Using a correlation technique, Cohen and Reshotko (Ref. 7) derived
an approximate method for calculating the growth of a compressible boundary
layer with arbitrary pressure and temperature distribution along the surface.
The method, which employs the momentum integral equation, has been widely
used and gives good agreement with experiment. Lewis and Whitfield (Ref. 58)
recently have applied the method most successfully to the analysis of hyper-
sonic viscous effects.
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The transformation of the two-dimensional momentum integral equa-
tion, derived by Cohen and Reshotko, is given in Subsec. 2.5.3. The result-
ing equation, Eq. 2-33, is based on the following assumptions:

1. The gas is thermally and calorifically perfect.

2. The flow outside the boundary layer has constant entropy.

3. The Prandtl number is unity.

4. The viscosity is a linear function of the temperature.

Cohen and Reshotko define a shear parameter, A, and a correlation
number or pressure gradient parameter, n. The following equations define
n and 1: 2y-3 _-Y-3

at, du__ T duy ot-attN2 (TtT2(y-1) -dM (n= ___L d = _ t, =''-`• t- TI (4-6)

=--2  y- 3

ot ulOCf = (TtY-•-1 Cf = at,1 (at2tvt-) Cf
JZ t T k" = j =-T I- MT-• (4-?)

These equations, together with the preceding assumptions and definitions, allow
Eq. 2-33 to be written as:

"ul 7_ =2 [n(HI+2)+ dx d(4-8)

If the variations of n and t over a surface can be determined by solving the
momentum integral equation, the variations of 9 and Cf over the surface can
then be obtained from Eqs. 4-6 and 4-7.

4.2.1 Correlation Technique

For the case of incompressible flow with zero heat transfer, Eq. 2-33
can be integrated by the well-known Pohlhausen technique. It is assumed that
the boundary-layer profiles can be correlated in terms of a single parameter
involving only the local pressure gradient, i.e., the correlation is independent
of the history of the boundary-layer development. When the effects of heat
transfer are being considered, a second parameter related to the local wall
temperature must be included.

The correlation technique used by Cohen and Reshotko is based on
a Fallner-Skan type flow defined by

u= const (•)m (4-9)
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Boundary-Layer Growth on Bodies 
4.2.1

For the case of constant wall temperature, the boundary-layer velocity and tem-
perature profiles are similar at all points along a surface over which the ve-
locity distribution is described by Eq. 4.-9. The boundary layers thus form a
two-parameter family allowing n, L, and H to be written:

n ( Tw -Tt)

S£ (mT T- Tt)

H H i m (in T t)

From the above three relations it is clear thatT Tw- T)Tw'T t
i =( n, Tt, and H= H T t i)

Assuming that this correlation will hold at any point along a surface with arbi-
trary pressure and temperature distributions regardless of the history of the
boundary layer, Eq. 4-8 can be written as

- u• d.. - ( ni (n T W (4 -10 )

where N, a momentum parameter, is defined by

N (9 T wTt) = 2 [n (ft + 2) +

When integrating Eq. 4-10 it is unnecessary to use transformed co-
ordinates. In physical coordinates it can be written as

t~ t,•K T. -/t• dM • n Tw Tt,.)

-M , TTt ] A I n Tt-,T dx=N , it(4-11)

where

K 3 ,- 1 (4-12)
K2=-2(- 1)
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It is more convenient to use the Mach number in Eq. 4-11 than to use the
velocity.

To integrate Eq. 4-11 along a surface, it is necessary to specify
M, and (Tw - T )/T as functions of x. In addition, it is necessary to have

initial values of n and N and to specify N as a function of n and (Tw - Tt )/Tt.

To accomplish this, Cohen and Reshotko make use of the solutions to the Falkner-
Skan flow (see Ref. 59).

Figure 4-1 (taken from Ref. 7) presents.the momentum parameter,
N, as a function of the pressure gradient parameter, n, for four values of m
(see Eq. 4-9) and five values of (Tw - Tt )/Tt . The four values of m are

ý), 1/3, 1, and -, corresponding to a flat plate, the stagnation point of an axi-
symmetric blunt body, the stagnation edge of a blunt two-dimensional leading
edge, and the limiting case of an infinite velocity. It may be seen from Fig. 4-1
that for all values of (Tw - Tt,)/Tt, N = 0.44 when n = 0. This fact gives

an initial value of N that may be used for bodies with sharp tips or sharp lead-
ing edges.

Initial values of n corresponding to the stagnation point of blunt two-
dimensional or axisymmetric bodies can be obtained from Fig. 4-2 (also taken
from Ref. 7). The initial value of n (determined from Eq. 4-6) for a sharp
leading edge or tip is zero since 9 = 0 at x = 0. The relationship between N
and m at the stagnation point of blunt bodies is as follows:

N =m- I n (4-13)
sp m sp

For two-dimensional flow at a stagnation edge (m = 1), the initial value of N
from Eq. 4-13 is zero. For flow at the stagnation point of an axisymmetric
body (m = 1/3), Eq. 4-13 gives Nsp = - 2nsp.

As the integration proceeds over the surface, the variation of N with
n and (Tw - Tti)/Tti is obtained from Fig. 4-1. Figure 4-2 shows n P a

function of (Tw - Tti )/Tti with m as a parameter. Noting that the cc ant

temperature lines are almost linear on Fig. 4-1, Cohen and Reshotko sug&e.sted
that the relationship between N and n for isothermal walls is of the form'

N = A + Bn (4-14)

Since all lines pass through n = 0 and N = 0.44, this equation becomes

N = 0.44 + Bn (4-15)

The value of B as a function of (Tw - T t )/T t is given in Ref. 7 and repro-
duced here as Fig. 4-3.W t1  1
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Boundary-Layer Growth on Bodies 4.2.2.1

The four curves of B were derived from Fig. 4-1 by considering the
slopes of the following line segments of N = 0.44 + Bn for each value of the
heat transfer, (Tw - T t)/Ti :

1. For flow with a favorable pressure gradient over a two-dimensional
body, use the segments between P(0, 0.44) and the intersections
with the line m = 1.

2. For a favorable pressure gradient over an axisymmetric blunt body,
use the segments between P and the intersections with the line m = J.

3. For flow with small pressure gradients, use the slope of the lines
in the vicinity of P.

4. For flow with an adverse pressure gradient, use the slopes of the
line segments with small positive values of n.

4.2.2 Integration of the Momentum Equation for Two-Dimensional Bodies

4.2.2.1 Variable Wall Temperature

Equation 4-11 can be written in integral form as follows:

TK -1 -KN-
n =-( i dMLd ni, JM )i (d -T' - N dTx (416

The initial conditions, denoted by subscript i, are:

1. For a sharp leading edge:

x=0, N = N.0.44, n=n. =01 1

2. For a blunt leading edge:

x=0, N=N. =0, n=n.1 1

where n. is read from Fig. 4-2 for m = 1 and the appropriate value1

of (Tw - Ttj )/Tt .

Starting with these initial conditions, the integration is carried ;-t making use
at each step of the values of N determined as a function of n and (Tw - T )/Tt,
from Fig. 4-1.
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Cohen and Reshotko (Ref. 7) point out that it is sometimes useful
to have analytical relations to check the initial values of dn/dx. It can be
shown that

1. For a sharp leading edge:

_d) 0. 44 IdMI

2. For a blunt leading edge:

(dn n. (d2Mi/dX2)i
d I + (dN/"dn)"i (dM,/dx)i

1 1

where (dN/dn). is evaluated for the instantaneous constant wall temperature,
i.e., T =T

1

4.2.2.2 Constant Wall Temperature

When the wall temperature is constant, N is approximated by Eq. 4-15
and the integral form of Eq. 4-11 becomes

(TIK x -T K

nT20.44(T ) 7dMI M ( T, (4-17)

The appropriate initial values of n are given by Eq. 4-17 as x - 0, and the
initial values of N can be obtained from Eq. 4-15. These initial values are:

1. For a sharp leading edge:

x =0, N =N. =0.44, n=n. =0
1 1

2. For a blunt leading edge:

0.44
x=0, N=N. =0, n=n.4=

1 i B

where B may be read from Fig. 4-3 as a function of (Tw - T t)/Tt.

Since B (given by Fig. 4-3) is constant for any particular applica-
tion, evaluation of n along the surface is given by the straightforward integra-
tion of Eq. 4-17. Analytical expressions for (dn/dx)i are:
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1. For a sharp leading edge:

(dn) 0.44 (dM:\(•. = •-• dxli

2. For a blunt leading edge:

(dn) 0.44 (d2 M, /dx9)

i =- B(i + B) M l/d.7x) i

4.2.3 Integration of the Momentum Equation for Axisymmetric Bodies

Application of the Mangler transformation yields the following equa-
tion for axisymmetric flows:

(nra) - NE Tw -tT (4-18)

This equation corresponds to Eq. 4-10 used in the two-dimensional case. In
physical coordinates, Eq. 4-18 becomes

T K -1-/ Tw -Tt
{(TM) ddM 1 \ Tn (4-19)

T (dxJ IN T

4.2.3.1 Variable Wall Temperature

For variable wall temperature, Eq. 4-19 will have two integral forms:
one for ducted bodies and one for solid-nosed bodies.

For the ducted b case, the integral form is

n(TL K _ F 1xT -K

_1K- N (ti)Kdx (4-20)n=T,/ f-d irl (T•/I dx ni T\TM/

II

The initial conditions for the open body correspond to those of the two-dimen-
sional case. They are

1. For a sharp lip:

x=0, r=ri, N=Ni=0.44, n=ni=0,

2. For a blunt lip:

x=0, r=ri, N=Ni =0, n=ni
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where n. may be read from Fig. 4-2 for m = 1 and the appropriate1

value of (Tw - Tt )/Tt1.

As the integration proceeds downstream from the lip, values of N for use in
Eq. 4-20 are taken from Fig. 4-1. Initial values of dn/dx are given by

1. For a sharp lip:

(, dn\- 0. 44 (dM1,\

2. For a blunt lip:

x I '+ (dN/dni L (dM,/dx). r 1

where (dN/dn)i is evaluated for constant Tw = Ti.

For the closed body case with variable wall temperature, the in-
tegral form of Eq. 4-19 is

T K x 2 T -K

n /Tt\1 1 dM1  Nr It~j)
I F _x_ M,( T,(4-21)
0

The appropriate initial values of n are given by Eq. 4-21 as x - 0. The initial

values of n and N are

1. For a sharp nose:

x=0, r.=0, N =N. =0.44, n=n. =01 1 1

2. For a blunt nose.

x =0, ri=0, N=N =-2nh, n = n,

(read from Fig. 4-2 for m = 1/3 and required (Tw - T )/T )

As the integration proceeds downstream from the nose, values of N for use in
Eq. 4-21 are taken from Fig. 4-1. Initial values of (dn/dx)i are given by

1. For a sharp nose:

(dn)i 0.147 (dMz
\ dxN i
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2. For a blunt nose:

M Ani n1 [2 (d2 M, /dx2)i Wdrld•)e]

x)= 3 + (dN/dn)i (dM,/dx)i (dr/dx)i]

where (dN/dn)i is evaluated for constant Tw = Tw.
1l

4.2.3.2 Constant Wall Temperature

For constant wall temperature, N is approximated by Eq. 4-15 and

the integral form of Eq. 4-19 becomes

n=-A\T,/)(rM,) L f r3 M T( dx (4-22)

0

Equation 4-22 is valid for both open and closed bodies with values of B given
by Fig. 4-3.

For an open body the initial conditions are

1. For a sharp lip:

x=0, r=ri, N=N 1 -0.44, n=ni =0

2. For a blunt lip:
0.44

x=O, r=ri, N =Ni=0, n=n= -0.44

Analytic expressions for (dn/dx)i are

1. For a sharp lip:

dn)i 0.44 _dM

2. For a blunt lip:

(dn) = - 0.44 [(d• M 1 /dx)i 2 dr
d - B(I + B) L (dM 1/dx)i - T jx

For the closed body the initial conditions are

1. For a sharp nose:

x =0, r =0, N=Ni =0.44, n=ni=0
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2. For a blunt nose:

0.44
x=0, r=O, N=N. =-2ni, n =i=- B+4

Analytic expressions for (dn/dx)i are

1. For a sharp nose:

1 0.147 (dM1dx. = M - iV-d

2. For a blunt nose:

(!n•) =\ 0.44 [2 (d2 M,/dx2 ) . (d2 r/dxa)i1

= 1 (3 + B)(B + 2) (dMI /dx). (dr/'dx).J

4.2.4 Local Shear Stress

After integrating the momentum equation to obtain values of n, the
momentum thickness, 8, can be computed from Eq. 4-6; the shear parameter,
A, can be read directly from Fig. 4-4 (taken from Ref. 7). Using these values
of 0 and 1, the local skin friction coefficient, Cf, can be computed from Eq. 4-7.

The friction drag can, of course, be obtained by integrating the wall shear stress,
'w = * DI u2 CfV over the surface.

4.2.5 Boundary-Layer Shape Parameter and Thickness

The transformed shape parameter is given on Fig. 4-5 (from Ref. 7)
as a function of (Tw - Tt' )/T and n. Cohen and Reshotko give the following
expression for the shape parameter in the physical plane:

=-L-= + Ma (H + 1) (4-23)

The transformed total boundary-layer thickness is also shown on
Fig. 4-5. Reference 7 also gives the following expression for 6 in the physi-
cal plane:

=-+L M (H + 1) (4-24)

The above calculations are based on the assumption that when y = 6, u = 0.995 u1 .
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4.3 Turbulent Boundary Layer

The momentum integral equation (Eq. 2-29) holds true for both lam-
inar and turbulent boundary-layer flow over axisymmetric bodies. This equa-
tion assumes that the gas is thermally and calorifically perfect and that the
flow outside the boundary layer has constant entropy.

There are no experimentally verified compressible turbulent bound-
ary-layer theories that give the effect of surface pressure and temperature gra-
dients on the shape parameter, H, and on the skin friction coefficient, Cf. In

order to integrate Eq. 2-29, assume that H and Cf are given by flat-plate re-

sults and evaluated at the local flow conditions at each point along the surface.
An expression which gives Cf as a function of Re is necessary and may be

obtained by combining Eqs. 3-55 and 3-57. The shape parameter can be com-
puted from Eq. 3-84.

For specified pressure and temperature distributions over a surface,
numerical integration of Eq. 2-29 will give the variation of Cf, H, and 9 along

the surface. This method should give reasonable results for small pressure
gradients, especially for favorable gradients.

The equation for flow over two-dimensional surfaces is given by
putting (0/r)(dr/dx) = 0 in Eq. 2-29.

4.4 Boundary Layer on Cones

When the bow wave is attached to a sharp cone at supersonic speeds,
local conditions at the outer edge of a thin boundary layer can be assumed to
be constant and equal to those for inviscid flow over the same cone. When the
surface temperaturo is constant, certain of the skin friction values for a flat
plate can be applied to the cone. Three cases will be considered: fully lam-
inar flow, fully turbulent flow, and flow with transition. As in Subsec. 3.5,
the momentum integral equation will be used to derive relationships which will
be valid for all three types of flow. The following sketch defines the coordin-
ate system.
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Since for a cone,

r = x sin 0,

the momentum integral equation (Eq. 2-26) reduces to

dO +• ! =(4-25)

As conditions at the outer edge of the boundary layer are constant over the
cone, this equation can be written

dRe 1 Re 9  Cf

dRe +Re --2 (4-26)

or d~Cf
S( R Re (4-27)

Since both Re and Re are zero at the tip of the cone, this equation can be in-
tegrated to give

Re

Re9 = I Cf Re dRe (4-28)

0

The mean skin friction coefficient for a cone will be defined as

x

CF = f-- Cf 271 rdx

0
or

x Re
C iCxdx = 2 C• RedRe (4-29)CF f Cf dx=-- f

0 0

With this definition of CF, the friction drag of a cone is given by

D u= CF A cos a (4-30)

where A = rrx. From Eqs. 4-28 and 4-29

Re 9
CF =4Re x(4-31)
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Equation 4-31 is valid for both laminar and turbulent flows. This equation for
a cone is comparable to Eq. 3-107 for a flat plate, differing only by a factor
of 2.

4.4.1 Laminar Boundary Layer on Cones

The Mangler transformation described in Subsec. 2.3 may be con-
veniently applied to the case o! a cone with constant surface temperature. For
laminar flow along a cone, the non-dimensional forms of the velocity profiles,
temperature profiles, etc., are identical to those on a flat plate. Although the
Mangler transformation could have been used to determine the skin friction on
a cone, the momentum integral equation was chosen for this derivation since
it can also be applied to turbulent flow.

Since both Cf and Re6 depend on local boundary-layer profiles which

are identical for a cone and a flat plate, it fOllows tmat the relations between
Cf and Re in the two cases are identical. Therefore,

Cf Re = K' (Eq. 3-111)

is also valid for conical flow where KL has the flat plate value calculated by

the methods of Subsecs. 3.1 and 3.2 or read from graphs such as Fig. 3-3
(see Subsec. 3.5).

Equations 3-111 and 4-27 combined and integrated yield

Re = KL Ve_3 (4-32)

The constant of integration is zero since Rea = Re = 0 at the tip of the cone.

Combining Eqs. 3-111 and 4-32 gives the local skin friction coefficient for a
cone as

Cf Yi = VT KL (4-33)

Comparing this equation with Eq. 3-108, it may be seen that for the same value
of Re,

fcone plate

Equations 4-31 and 4-32 lead to the following expression for the
mean skin friction coefficient:

CF =- K r (2KL) (4-34)FL3F3 2LL3
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This equation may be compared with Eq. 3-109 for the same value of Re to
show

F cone = 3 C Fplate

Thus laminar skin friction coefficients calculated for a flat plate can be used
directly to obtain corresponding values on a cone. It is of interest to note
from Eqs. 3-110 and 4-32 that the boundary-layer momentum thickness on a
cone will be the same as that on a plate whose length is one-third that of the
cone.

4.4.2 Turbulent Boundary Layer on Cones

In order to express the characteristics of turbulent flow in a form
which is adaptable to a boundary layer with transition, it has been assumed that
Cf and Re on the cone bear the same relationship as on a fully turbulent flat
plate (see Subsec. 3.5), i.e.,

1/4 8 /\s/

Lf Re6 14= jKT)'4 (Eq. 3-119)

When Cf from this equation is substituted in Eq. 4-27, integration
of the latter gives

(Re6 Re)5/4 = 4 5 KT)s ) Re'"/ + constant (4-35)

Since Re = Re9 = 0 at the tip of the cone, the constant of integration is zero

and Eq. 4-35 may be written as

Re 1/4  Q ( KT)l /4 Re (4-36)

If the exponent of the Reynolds number in the basic equation (Eq. 3-116) is
taken as 1/n rather than 1/5, then as n -. o the factor 4/9 in Eq. 4-36 be-
comes 1/2, giving the same result as Van Driest obtained in Ref. 60. It may
be seen from Eqs. 4-36 and 3-118 that the boundary-layer thickness on a cone
is equal to that on a flat plate whose length is 4/9 of the cone's length.

An expression for the local skin friction coefficient obtained from
Eqs. 4-36 and 3-119 is

Cf (K Re) _ KT (4-37)

Comparing this equation with Eq. 3-116, it may be seen that for fully turbu-
lent flow,
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when Recone -= (9/4) Replate , then Cfcone = Cfplate

Thus the flat plate skin friction coefficients given in Subsecs. 3.3 and 3.4 can
be applied to cones by replacing Re by 4/9 Re.

The mean skin friction coefficient for a cone, obtained from Eqs. 4-31
and 4-36, is

9 4 CF(I Re) = 5 K (4-38)

This equation, together with Eq. 3-117, shows that 4/9 of the flat plate Re and
9/8 of the flat plate CF should be used to obtain the cone C The flat plate

relations for CF in Subsecs. 3.3 and 3.4 can thus be applied to cones.

4.4.3 Boundary-Layer Transition on Cones

The laminar relations given in Subsec. 4.4.1 are valid up to the
transition point, i. e., up to

Re = Re tr, Re. = Re tr

The relation between Re tr and Retr is given by substituting these values in
Eq. 4-32, i.e.,

Re K( 14-39)
Str L (IL )

For Re , Retr, the constant of integration in Eq. 4-35 may be evaluated for

the region between Retr and any other Re by eliminating Re tr from Eqs. 4-35

and 4-39. The result is

=(4 /L5 / 5 \4/(Re (Retr)Re + 45 KT)\/4 (Re/"j/ -- try/) (4-40)

Equations 3-119, 4-33, 4-37, and 4-40 may be combined to give the local skin
friction coefficient for Re > Retr on a cone, i.e.,

CfT

Cf= T (4-41)
Re f + CfTa
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Similarl3 the mean skin friction coefficient is obtained from Eqs. 4-31, 4-34,
4-38, and 4-40. For Re Ž Retr, it is

9/4 i~

C C r + L t .r(4-42)
FCF= (Re) +(CCF )(R)

The subscripts L and T in these equations have the came meaning as before
(see Subsec. 3.5), i.e., C C F Cf i and C are the cone values for,CL, CFL' fT FT

laminar and turbulent, local and mean skin friction coefficients. Methods of
determining these from the flat plate values have been given in Subsecs. 4.4. 1
and 4.4.2.

It nhould be noted that these derivations, as in the flat plate case
of Subsec. 3.5, are based on the assumption that the transition takes place at
a discrete point along each streamline. The variations of Cf and CF along the

cone will follow the same pattern as those of the flat plate which were illus-
trated on p. 51, i. e., at the transition point, P, Cf is discontinuous while CF
makes only an abrupt change.

4 5 Laminar Boundary Layer on Spheres

Tne perfect gas laminar boundary-layer growth on any blunt body
can be computed using the approximate method describl in Subsec. 4.2. The
method will now be applied to boundary-layer growth on the windward side of
a sphere with constant surface temperature. This case is of particular inter-
est, since bodies of many practical shapes are blunted by adding spherical tips.

The pressure gradient parameter, n, for a closed axisymmetric body
is givrn by Eq. 4-22 with A = 0.44. For a spherical body,

r=bsint and x=bý

as shown in the sketch below.

x

b
rt

Bow

Shock
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Using these expressions, Eq. 4-22 becomes

Tt B i C- dM, MB-1 (t• sn •d

n=- 0.44 [ (M sin dC I B t sin• d (4-43)

0

In order to compute n from this equation, it is necessary to ex-
press M, and T tI/T as functions of C. The modified Newtonian theory gives

a realistic pressure distribution over a sphere, i.e., the pressure coefficient
may be written as

Cp= Cpmax cos2 C (4-44)

where
pi -p., (pl/p.)-lCD = P . uit tyA

and
C (ptl/p.) -1

Cpmax =C

The pressure, pt,' at the stagnation point is given by the Rayleigh pitot equa-

tion. Assuming that the flow at the outer edge of the boundary layer is isen-
tropic, the local Mach number is given by

Y-i

=, ( )*[Pi (4-45)

which, in terms of C , is
Pmax

I! l•M•Cmax )--1

Thus, from this equation, the local Mach number, MI, may be found in terms
of C for specified values of M.. Using the isentropic temperature ratio

Tt• _ ,

TI 2

and Eqs. 4-43 and 4-46, n may be computed as a function of C, M,, and B.
The value of the exponent B may be taken from Fig. 4-3 for an axisymmetric
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body with a favorable pressure gradient. The exponent K is given by Eq. 4-12,
i.e.,

K3y-1
K= 2 (y- 1)

The momentum thickness, 8, may then be expressed in terms of the local pa-

rameters by combining Eqs. 4-6 and 4-43, i.e.,

y+ 1
(Tti astib 2 (B 1 ( T (4

(! =0. 44 2t1 J (MI -KM T siCC(-7Apt"- b) T, ) 1

0

where X is defined by Eq. 2-32. Evaluating Eq. 4-6 at the stagnation point
where x = = 0 and hence n = - 0.44/(B + 2) (see Subsec. 4.2.3.2, closed
body) one obtains

P ~ =0.44 (B+--2) (dM _ (4-48)
b) =.4 =01

Equation 4-47 may be readily integrated if the flow regime is re-
stricted to high Mach numbers and the zone of interest limited to the neighbor-
hood of the stagnation point. rhe first restriction limits M. to such values
that make (y/2) lM,, C "> 1. The second restriction specifies that 4 bePmax

small enough that (y/ 2 ) M2 C cos2 C >> 1. With these restrictions, Eq. 4-46

may then be reduced to max
S -2 (v-I ) I-

M, .2 [Cost) - (4-49)
L

and

(dM) (2/Y) (4-50)

The value of B given by Fig. 4-3 depends on the wall tem, rature. As the
Mach number increases, a high cooling rate at the nose will be necessary from
a practical standpoint, i.e., B = 3 may be considered as a representative value
for a high Mach number flow. At the nose (Q = o), Eqs. 4-48 and 4-50 com-
bine to give

t-t- ) = 0. 088 (y/2)* (4-51)
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Using the Reynolds number defined by

PtI ati 9 and R Pt a t b (4-52)
Re 9 t - aX n Rebt = (-t)

one has

Re 't tat t (4 -53)

(Rbt)i t

i.e., at the nose

Reat

(Rebt) = (0. 088)• (y/2)' = 0.2713

For small values of •, when B = 3, Eq. 4-47 becomes

y+1
Pt at b T•I = "4 TY-1• Ma ]Tt -K

titib (9) = 0.44 (M3 sinr )- M T sinr 4 d4 (4-54)

0

The ratio, Ret/(Rebt/i,_ has been computed as a function of • from Eq. 4-54

and is shown on the sketch below.
1.2

1.0

S0.8

0.6

0.4 ,

0. 2 L0 10 20 30 40 50 60 70 80

4, deg
Knowing the variation of Re 9 t/(Rebt)Y' over a portion of the sphere,

values of n can be computed using the definition of n (Eq. 4-6), since T t/Tj

and M, may easily be expressed in terms of C. Other parameters such as the
local skin friction coefficient, the shape parameter, and the total boundary-
layer thickness can then be computed by the methods described in Subsecs. 4.2.4
and 4.2.5.

The method described above will be used to compute the boundary-
layer growth over the tips of the sphere-cones in Subsec. 4.6. For the nu-
merical results given there, Eq. 4-46 was used to determine the Mach number

97
- - !



4.5 NAVWEPS Report 1488 (Vol. 5, Secs. 13 and 14)

distribution over the tip. The boundary-layer parameters given in the next sub-
section have been expressed in terms of the wall slope rather than /. The
conversion from the form given in Eq. 4-53 is easily made.

4.6 Laminar Boundary Layer on Sphere-Cones

The momentum integral equation for an axisymmetric body is given
by Eq. 2-27. Wilson, in Ref. 13, has simplified this equation for a thermally
and calorifically perfect gas flowing over slightly blunted cones by assuming:

1. A constant pressure on the conical surface which is equal to that on
a sharp cone in inviscid flow.

2. Adiabatic flow outside the boundary layer.

3. r I/plu << Cf/2.

The experimental results of Lewis (Ref. 61) show that, for hypersonic flow over
slender cones, the first assumption is reasonably accurate for points more than
five nose radii from the tip. rhe second assumption implies that the heat con-
duction and shear stress terms in the energy equation may be neglected in the
flow outside the boundary layer. The third assumption is shown by Ferri in
Ref. 62 to be valid for the relatively high Reynolds numbers at which the bound-
ary layer is thin. In that case the velocity gradient at the wall is high com-
pared to the velocity gradient in the variable entropy regime outside the bound-
ary layer, i.e., r I << r.

w

With the above assumptions, Eq. 2-27, the momentum integral equa-
tion, is expressed by Eq. 2-30. In this equation it may be noted that in spite
of the assumption of constant pressure along the surface, a term with Mach
number gradient appears. This term takes into account the variation of the
entropy normal to the streamline in the flow above the boundary layer. It will
be finite until the variable entropy layer has been completely swallowed or ab-
sorbed (point A) by the growing boundary layer, as shown in the sketch below.

Shock Wv

Slowryin h Relati'•'ely Constant
A Boundary

Streamln Reer

wh Varying

Raapidly

In order to integrate Eq'. 2-30, expressions must be found for the

boundary-layer parameters (Cf, 6/8, and H), for the Mach number (M.), and

for the Mach number gradient (dM1 /dx). The method developed by Wilson in
Ref. 13 will be followed.
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4.6.1 Boundary-Layer Parameters

The expressions for Cf, 6/9, and H will be taken from flat plate

results (Subsecs. 3. 1 and 3.2) and evaluated at the local flow conditions which
must be determined at each point along the body. The momentum integral equa-
tion for the flat plate, obtained by putting (9/r)(dr/dx) = 0 in Eq. 2-29, may be
combined with the Rubesin-Johnson skin friction relation given by Eq. 3-8 to give

C -
Tw (0.664)2 T, j4' = (0.664) (4-55)

f = t =Re•9  
T

1  Rea T

where

Re9 PU&

A Prandtl number of 0.75 will be used for the sample calculations, in which
case Eq. 3-14 becomes

T* = 1 + 0.076 (y - 1) M2 + 0.481 (T*w - 1) (4-56)

rhe ratio A*' in Eq. 4-55 can be obtained from Sutherland's viscosity law given
by Eq. 3-1 and re-written as:

S= (T t)3 12  + 198.7 R) / (T 19 + (4-57)

where T, is in degrees Rankine. With the assumptions of a perfect gas and
adiabatic flow outside the boundary layer, T, can be computed from the energy
equation

T ti,- 1Y •_..IMTt=+
T 1- + 2

Tte difference between 6/9 and H, which is required in the solution
of Eq. 2-30, it ;-btalned from Eqs. 3-21 and 3-22, i.e.,

86- H = constant = 6.41 (4-58)

Mangler's transformation (see Subsec. 2.3), demonstrates that the
velocity and temperature distributions through the boundary layer are the same
for a flat plate as for a sharp cone. It follows that Eqs. 4-55, 4-56, and 4-58,
which apply to the flat plate, will also apply to the sharp cone with constant
pressure gradient and wall temperature. It is now assumed that for a blunt-
nosed cone the above equations will apply if the flow conditions are evaluated
from point to point along the surface.
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4.6.2 Continuity Considerations

Expressions for Mi and dMI /dx to be used in the integration of
Eq. 2-30, are derived from two relations between M, and the local shock-wave
angle, w•. The first relation is obtained from a consideration of the contin-

uity of mass flow. Referring to the sketch below, it may be seen that the mass

Wave

i.e. ,

6

~c 1ud . =7r

2 u r (4-59)

0

In the evaluation of ws~, where experimental data are inadequate or non-existent,
elaborate flow calculations must be carried out. For the present calculations,
it has been assumed that the shape of the detached shock is the hyperbola sug-

gested by Moeckel (Ref. 63) and defined by

rs itanw(x 3 -x )1/

where the coordinate system is shown in the following sketch.

r S• e.

r r

SS

0 x

The shock-wave angle, whr approaches the sharp cone shock angle, w, as rn -eit.

Heybey in Ref. 64 gives am expression for the shock radius of curvature, a,
at r = 0. The values of a and t define the shape of the hyperbola. The re-

lation between r e and can be shown to be:
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ea=- tarwn - tan' (4-60)
r' s

At high Mach numbers, the equations of Heybey indicate a constant ratio be-
tween a and the radius of curvature, b, of the blunt-body nose. It is expressed
by

a 1. 5b (4-61)

rhis result holds for free-stream Mach numbers higher than about 4. It agrees
with experimental data and appears to be nearly independent of y and real gas
effects.

The sketch below compares the experimentally determined shock-
wave shape for a sleider blunt-tipped cone (a = 60) with that derived from
Eq. 4-60. The hyperbola is seen to be an excellent fit to the data for a large

20

Hyperbola0 Experiment

'4

0 40 80

Distance along Axis, x/b

portion of the shock wave. With the assumptions of a perfect gas and adiabatic
flow outside the boundary layer, Eqs. 4-59 and 4-60 may be used to obtain the
following relationship between MI and w:

a= 2r8 ~ H) (4-62)

where, as before, p, and MI are measured along the cone surface, just out-
side the boundary layer.

Zakkay and Krause (Ref. 65) give a method similar to the above for
relating the mass flow in the boundary layer to the flow through a stream tube
ahead of the shock. Their method assumes local similarity and makes use of
a mass-flow function given by Lees (Ref. 66). This mass-flow function includes
a parameter representing the boundary-layer growth along the surface. In the
present method the growth along the surface is obtained from the momentum
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integral equation (Eq. 2-30). The shock wave shapes assumed in the present
work and in Ref. 65 are somewhat different.

4.6.3 Expansion of the Flow Behind the Bow Shock

Although the layers immediately above the boundary layer may have
variable entropy, isentropic flow is assumed along each streamline from the
bow shock to the outer edge of the boundary layer (see sketch on p. 98). This
assumption, together with the oblique shock equations for a perfect gas, yields
the second required relationship between M, and w i. e.,

7-1

[I 1YMal 7+1 /
(4-63)

J(y +1) Msir? w. 2+ (y -1) he.]
2 [ + Y -1) hP sin3 w.]

4.6.4 Calculation of the Mach Number Gradient

Equations 4-62 and 4-63 can be used to calculate dM1/dx. Although
these equations do not require pi = constant, this assumption will now be used.
Taking into account Eq. 4-58 and differentiating Eqs. 4-62 and 4-63 with re-
spect to x, the result, after eliminating dwo /dx, is

2_9 _[2 + 1)( -I)M1- 6.41 1 dMM 4 9(dr
M 2 + (T -1f) MT F1  dx dx rdx

where

2 +- .(Z ) M2 -6.41
tanawssecaw [ZyMIsln"w s-(y-1)] [2+(v-1)M'sin2w
(tan w s- tan3 w) T) (M.sinw- W-)-

(4-65)

4.6.5 Integration of the Momentum Equation

Making use of Eq. 4-58 aald taking dMj/dx from Eq. 4-64, Eq. 2-30
can be written in the following form:

dO +dr Cf 1
& +dx = T(1+ F1 ) (4-66)

When F, = 0, Eq. 4-66 applies to an axisymmetric body with zero pressure
gradient and constant flow conditions outside the boundary layer. For the conical
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portion of the blunted cone, dr/dx = r/x. With this relationship aria Eq. 4-55,
Eq. 4-66 can be written as

2(Rexc Re.C dRe c (Rexc Rec)= F, (4-67)

where C ec)
0 cU cX Cn = c~c

Re - adRe =eXc = c ec Mc

Fe= (0. 664)2 9cCe fUL 1 1 (4-6)
Su•1  I1" I + M21 F1 /

acu M T r 18 70")/(1l 198.7R)-- = M c c T , + (4-69)

and

Tc +(y-1)MI 
(4-70)T,:- 2 + (,y 1) M

The values of x and 6 in the Reynolds numbers Re xcand Re 9C are local values

along the surface of the blunted cone; all parameters with the subscript c are
associated with the flow conditions on a sharp cone.

Starting the integration at the tangent point of the spherical segment
and conical section, Eq. 4-67 can be written

(Re x cRe 8C)

(ReX - Reinc) = fRe ) (Rexc Re c) d(ReXc Re~c) (4-71)

(ReX Re)(Rx 'c )n
where the subscript r denotes values at the tangent point. Equation 4-71 can
be put into a fo-in convenient to integrate by dividing.both sides by Re' , where

Reb = PcUcb/1c, and noting that Ren /Reb = Xn/b = cot a. Equation 4-71
b C c bc

thus becomes

1•bc -Coe = AdA (4-72)
3Rebb C )Re bc)I,. n Fad

n

where Re Re

Re ab c
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The nomenclature is illustrated by the following sketch.

ILI

RL .I
For known flight conditions, cone angle, and surface temperature, the param-
eters Fa and A in Eq. 4-72 are functions of M1 and w s only.

Making use of Eqs. 4-58 and 4-61, Eq. 4-62 may be written as

1 . 1 2 5  PzM M m ( _ + "1)

A~ sin a p 91M + (y 1) MI) (4-73)
6.41 (tan2 w 8 - tan2 w)

The integral in Eq. 4-72 can now be evaluated as follows. Equa-

tion 4-63 is used to compute M, as a function of w s" The value of w s ranges

from x/2 on the axis to w. Pairs of values of w and M, derived from Eq. 4-63

are then used to compute F2 and A from Eqs. 4-65, 4-68, and 4-73. Values
of Mc can be found in cone tables such as Refs. 67, 68, and 69.

It can be seen from the above equations that the integrand of Eq. 4-72
is independent of Rebc, i.e., independent of the nose radius, b. However,

Rebc does appear in the lower limit, An, to the integral in Eq. 4-72. The

value of this lower limit can be obtained by integrating the boundary-layer mo-
mentum equation over the spherical segment at the nose. For cases of most
general interest, the entropy outside the nose boundary layer can be assumed
to be constant since the streamlines near the cap all emanate from the normal
portion of the shock as shown in the sketch below.

Bow Shock
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Given the flight conditions, cone angle, and surface temperature, Cohen and
Reshotko (see Ref. 7 and Subsec. 4.5) show that

An = constant (Rebc (4-74)

Equations 4-72 "%nd 4-74, with a given value of Rebc, can be used to obtain

Reec as a function of Rexc. Having obtained a solution for one value of Rebc,

results for additional values are easily obtained since the parameters under the
integral in Eq. 4-72 will be unchanged. The evaluation of the integral, how-
ever, will start at a different lower limit associated with each value of Rebc.

Having determined the values of Re.t, the momentum thickness based
on local flow conditions is found from

Re Ie= (4-75)
91 icUci At 9 c

where P1uu is given by Eq. 4-69.
Pcuc At

For a sharp cone (superscript o), where T" =-- c and F, = 0, Eq. 4-68
becomes

F=(0. 664 T = constant (4-76)
T' - 0c

where T'/Tc and g'//Mc are given by Eqs. 4-56 and 4-57 with T, = rc and

M, = M . The boundary-layer growth over a sharp cone can be obtained by

putting Re nc and Rex cRe9O )n equal to zero in Eq. 4-71 which then reduces to

( F. Re xi
Re 9c =F- 3 (4-77)

4.6.6 Skin Friction and Friction Dr

After integrating Eq. 4-72 and determining values of Re @ from

Eq. 4-75, values of the local skin friction coefficient may be computed from
Eq. 4-55. In order to compare the results with those of a sharp cone, it is
convenient to define the local skin friction coefficient of a blunt cone as follows:

Cf w i u C (4-78)
c c c cuC
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where C is given by Eq. 4-55 and

Pc u2 Ma
cC C

The local skin friction coefficient on a sharp cone is obtained by re-writing
Eq. 4-55 as

Co =(0.664)2 cj (4C79)fc Re0  T' PC(
9c

where Re0  is given by Eq. 4-77. A comparison of C and C0 will show the
9C C c

effect of tip blunting on the local shear stress, since both coefficients are ref-
erenced to the same flow conditions.

If the skin friction on the nose is neglected, the friction drag on

the conical frustum is given by

L

D = f 27 cos ar wrdx (4-80)

x n

By definition, the skin friction drag coefficient is

D

CD D 2 IT u : (4-81)
DF

where R is the radius at the end of a finite cone. Equations 4-78, 4-80, and
4-81 combine to give

a cscao x I\
C sin 2a C -- dI (4-82)

4.6.7 Local Flow Cond-tions Far from the Tip

Far from the tip both Re and Re approach Re 0  The numeri-
c o

cal example of the next subsection shows that Re approaches Re faster than

Rec. Therefore, taking the value of Re from Eq. 4-77, far from the tip

(FRex)

Re r
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With this result and Eq. 4-75, the value of ReOc for the blunt cone is given by

Re;U (F2 Rexc

This may be re-written as

3 '(P l CRe xCRe8 02

Rex /Re41 u2 c c c (4-83)Rec bc CUc uAIH
c

When the flight conditions, cone angle, and surface temperature are
known, the value of Re /(Re' 1 3 ) far from the tip may be determined as a func-Xc bc
tion of M, only by means of Eqs. 4-63, 4-69, 4-73, 4-76, and 4-83. rhis
parameter makes it possible to estimate the effect of nose bluntness on the value
of M, far from the tip without integrating the momentum equation. If the point
at which the boundary layer swallows the variable entropy layer can be defined
by some value of M, < M C, then Eq. 4-83 indicates that Re at this point will

by directly proportional to eb3 C

4.6.8 Numerical Example

rhe example presented here may also be found in Ref. 13. These
calculations apply to free-stream flow at M = 14.9 over a blunted cone (o = 80).
The temperature of the surface is assumed to be the static temperature of the
free stream (530*R). Three values of the Reynolds number at the nose are
considered:

Re =5x 103, 5 x 104, and 5 x 105
b c

When M. = 14.9 the local Mach number, Mc, on a sharp cone is

10.0. For inviscid flow the Mach number at the tangent point on the blunted
cone can be shown, by a modified Newtonian theory, to be 3.02.

The behavior of (2A/F 3 ), the integrand in Eq. 4-72, is shown on
Fig. 4-6. It may be noted that Eq. 4-65 gives F1 = 0 for s = 7r/2 and ws = w.

It is of interest to note that, for the case considered, F, reached a maximum
value of 0.6 at w s• 30*. It can be seen from Eq. 4-66 that F 1 , and thus the

Mach number gradient dM, /dx will have a significant effecton the boundary-layer
growth. Near the tangent point, Fe given by Eq. 4-68 can be approximated by
taking Mi = 3.02 and F, = 0. Far from the nose, Fa can be approximated by
taking M, = 10.0 and F, = 0. Each of these limiting values of Fa gives a
linear variation of the integrand with the variable of integration (dashed lines
in Fig. 4-6). It can be seen from this figure that there can be three flow re-
gimes. Near the nose, the Mach number and the entropy outside the boundary
layer are almost constant and correspond to the flow through the normal por-
tion of the shock. Next there is the swallowing regime in which the Mach number
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and entropy are changing fairly rapidly. Finally, far from the nose, when the
variable entropy layer has been completely swallowed, the Mach number and
entropy are again almost constant and correspond to the flow through the coni-
cal portion of the shock.

It is necessary to define the lower limits in order to evaluate the
integral in Eq. 4-72. A modified NewtonLan pressure distribution was assumed
and boundary-layer growth over the nose calculated by the method of Ref. 7.
The result, in the same form as Eq. 4-74, is

A = 56 Re- (4-84)
n bc

The lower limits for each of the three nose Reynolds numbers are indicated on
Fig. 4-6. It has already been stated that the integrand represented by the solid
curve in Fig. 4-6 is independent of Re but the integration will begin at points

A, B, or C depending on which of the three nose radii is being used. A small
enough portion of the variable entropy layer is swallowed by the nose boundary
layer so that conditions corresponding to flow through a normal shock may be
assumed without much loss of accuracy. The effects of errors in these limits
(shown by the distances of points A, B, or C from the dashed curve for M = 3.02)
quickly become negligible as the boundary layer grows along the conical section.

Curves of Re and Re vs Rexc obtained from Eqs. 4-71 and 4-72

are plotted on Fig. 4-7. These curves are compared with the sharp cone re-
sults obtained from Eq. 4-77. Since the blunt cone Re values are based on

sharp cone local flow properties, the comparison shows the effect of blunting
on 6. These curves show that blunting can increase the value of 9 by an order
of magnitude. However, when the Reynolds number is based on local flow con-
ditions outside the boundary layer (Re91), the trend is reversed, i. e., the blunt-

ness reduces the momentum thickness Reynolds number.

Curves of M, vs Re , generated in solving Eq. 4-72, are plottedXc
on Fig. 4-8. As the bluntness is increased, its effect on the local Mach num-
ber is felt farther from the tip. For a cone of finite length, the bluntness
ratio (nose radius to base radius) must be very small before M1 , Mc near

the base. For example, Fig. 4-8 shows that for the smallest value of Re ,

i.e., 5 x 103, M, does not approximate M (10.0) until Re =1Yt. The blunt-c x

ness ratio given by Rebc/(Rex, sinca), for this case is only 0. 0b36.

For given flight conditions, cone angle, and surface temperature,
Eq. 4-83 can be used to obtain a curve of M, vs Re /Re"43 for the regime far

Xc be
from the tip. The curve obtained from the present example is plotted on the
sketch opposite. For any value of Rebc, the curve can be used to determine

the value of Re at which a particular value of M, will be reached.
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Values of Cf and Cf were computed from Eqs. 4-78 and 4-79 re-

spectively and their ratio is plotted on Fig. 4-9 as a function of Re • It can

be seen that bluntness significantly reduces the local shear stress. For a slender
cone at hypersonic speeds, a large fraction of the total drag is due to friction.
A slight bluntness will therefore significantly decrease the total drag. The
method given here for computing skin friction was used by Lyons, et al (Ref. 70),
in calculating the total drag of slightly blunted cones. Their results were in
excellent agreement with measurements obtained in a ballistics range.

4.6.9 Real Gas Effects

Real gas data for equilibrium air can be used directly in the blunt
cone computations. Rubin in Ref. 71 reworks the calculations of Ref. 65 in-
troducing real gas effects. In rrder to include such data in the method given
here, the solution to the inviscid flow over a sharp cone in equilibrium air is
required. From this solution one may obtain the pressure on the blunt cone,
the asymptotic value of the bow shock-wave angle, and the flow conditions at
the outer edge of the boundary layer far from the tip. Equation 2-27 holds for
the real gas case. However, without the assumption of a perfect gas, Ea. 2-30
must be re-written as

d9 29I 4 u [ 1 + ]dul Sdr f•H)]

d x u' 1 2p, dul 2 &_+-r- a+ r = 2f (4-85)

rhe density, P1 , and the velocity, u,, are related by the assumptions of con-
stant pressure and adiabatic flow outside the boundary layer. The reference
temperature method for calculating Cf from Eq. 4-55 must be replaced by the

reference enthalpy method (see Subsec. 3.2.1). Equation 4-55 must be re-
written as

Cf = (0.664)' ? m (4-86)
SRe P j1 JA
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where p' and p' correspond to the reference enthalpy given by Eq. 3-28. ' e
values of ie and H may be computed from Eqs. 3-29 and 3-30. The diffe,.-
ence, [(6/0) - HI, given by Eq. 4-58, will be unchanged. Equation 4-62 must
be replaced by

P0 WO___ _ WO 2re (4-87)P- Ul (tan 2 - tan

Differentiating this equation with respect to x yields

d9 ed el (, utd 2 tanwssece' w d A) 0  (4-88)

Equations 4-85 and 4-88 can be combined to obtain an integral equation of the

same form as Eq. 4-72. A second equation relating u, and w can be obtained

in the same manner as Eq. 4-63, but the inclusion of real gas data precludes
the expression of the relationship in an implicit analytical form.
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5. Boundary-Layer Transition

Transition from laminar to turbulent flow is of great practical im-
portance because of large changes which occur in the friction drag, heat trans-
fer rate, and flow separation. The stability of the laminar boundary layer in
the presence of small disturbances has been investigated theoretically by a num-
ber of authors. In spite of the multiplicity of these investigations, it is still
impossible to make an accurate prediction of the point at which laminar flow
breaks down and a turbulent flow begins, nor is it possible to predict the point
at which the turbulence is said to be fully developed.

An understanding of the transition process depends heavily on experi-
mental data which, unfortunately, do not form a well-ordered body of information.
The ambiguity arises from two principal causes. First, transition depends on a
great many parameters including Mach number, surface temperature, pressure
gradient, angle of attack, nose bluntness, sweep angle, surface roughness, stream
turbulence, and unit Reynolds number. Some of these parameters are inter-
dependent. The second reason for this disparity is associated with the fact
that different investigators have limited their measurements to different por-
tions of the transition region.

Transition does not occur abruptly at a well-defined point or, any
surface but takes place over an extended region. If the flow along a smooth
surface is investigated as a function of time, the extent of the laminar region
is found to be nearly constant along the surface. However, at some point in
the transition region, the flow may change character with time, e.g., the steady
laminar motion may become motion in which disturbances with a particular fre-
quency predominate, or it may change to motion in which random bursts of tur-
bulence appear. Farther downstream. the bursts of turbulence will occur more
frequently until, at some point, a fully developed turbulent flow exists. The
existence of a finite region of transition is demonstrated by the experimental
measurements of the temperature recovery factor made by Brinich and Sands
(Ref. 72), and is shown in the sketch below. At the onset of transition the re-
covery factor begins to increacp from the lower value associated with laminar

0.8

SM =3.1

0.846

3 5 7 9 II 13 15
x, in.

flow. Transition is probably complete when the temperature reaches its peak
or perhaps at a point just downstream of the peak temperature. It can be seen
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that the transition region is extensive when compared to the laminar region
which starts at x = 0. It has been shown by Potter and Whitfield (see sketch
below) that the Reynolds number based on the length of the transition region,
Ax, is greatly affected by both the transition Reynolds number and the Mach
number. The Reynolds number of transition should be clearly defined in each
instance since it could depend on the properties at the starting point, some
mean point, or the end of the transition region.

I Trans.

Laminar TRan Turbulent Moo 8
4 ,-Region

x X

S2
0

1-

Source: Ref. 73
0

0 1 2 3 4 5 6 7 8
Re x 10-6 at End of Transition

xl

Many techniques are used to detect the presence of transition. They
include the measurement of surface parameters such as the temperature along
insulated models or the rate of heat transfer to or from a surface, and the
pitot pressure at a small fixed distance from a surface. The local friction
drag may be found by means of a floating skin friction balance or the total drag
may be determined by means of a balance support arm. Optical techniques
such as schlieren and shadowgraph may be used or the sublimation of a surface
film may be observed. Hot wire anemometry may also be used. (Details of
these techniques may be found in Section 20 of the Handbook, Ref. 74.) When-
ever transition data are presented, it will be noted whether thp start or the
end of transition was measured. Two techniques which are must frequently
used are the measurement of the recovery factor (on insulated models) and the
use of schlieren or shadowgraph pictures. It appears, from eitperimental work
reported by Potter and Whitfield in Ref. 73, that both the peak recovery factor
and also the detectable change in the boundary-layer growth (shown on a schlieren
or shadowgraph) occur just upstream of the fully developed turbulent flow. These
techniques as well as sublimation methods are assumed to indicate the end of
the transition region.

The effects on transition of the various parameters will be discussed
in the following subsections. In many cases it is impossible to separate the
effects of several parameters. However, it is hoped that the experimental in-
formation presented here will give sufficient basis for estimating the transition
Reynolds number in many cases of practical interest.

120

,. . - -. -.. _ . • _ _ . . . ,,,.- -,-..,. _ • ,,.- - .. .,. . • " " . ... . •,..X •



Boundary-Layer Transition 5.1.1

It may be noted that the unit Reynolds number will not be considered
as a primary parameter mainly because there is no unambiguous correlation of
data from the various facilities. In some cases the unit Reynolds number has
little effect, while in other cases the transition Reynolds number increases with
unit Reynolds number, and in still other cases the trend is in the opposite di-
rection. However, it is possible to state that in most cases the transition Rey-
nolds number increases with increasing unit Reynolds number. Some typical
data given by Van Driest and Boison in Ref. 75 are shown in the sketch below.
In flow at Mach numbers of 1.90, 2.70, and 3.65 along a 10 degree cone, the
transition Reynolds number increases slightly with the unit Reynolds number
as the stagnation pressure is stepped up. The model was insulated and the
tunnel turbulence was 0.4%.

8
Ml6

01.90
a 2.70 Ref. 7_5_

='o 6 C)3. 65' - "- '

21
0.1 0.2 0.3 0.4 0.5 0.6 0.7

Reynolds Number of Transition, Re /in. x 10-6

5.1 Effects of Mach Number and Surface Cooling

The effects of Mach number and surface cooling are discussed in
Subsec. 5.1.1. Subsection 5.1.2 considers surfaces with zero heat transfer
since there is a large body of data in this category.

5.1.1 Cooled Surfaces y

In an attempt to isolate the effects of Mach number and surface cool- 7
ing, data have been collected for flow over smooth sharp models, including cones.
near zero angle of attack, plates and hollow cylinders, and in one case a body
with a variable surface pressure.

Figure 5-1 presents transition data for cones obtained from wind
tunnels (Refs. 75 and 76), ballistics ranges (Refs. 77, 78, and 79), and free-
flight tests (Ref. 80). The Reynolds numbers are all based on conditions at
the outer edge of the boundary layer (subscript 1) and the characteristic dis-
tance is measured along the surface. At the higher wall temperature ratios,
the wind-tunnel data (open symbols) show that for constant TTw/Tel the tran-

sition Reynolds number decreases with increasing Mach number, at least for
Mach numbers up to 3.7. It will be shown later that this trend is substantiated
by additional data for T w/T e = 1.0, but that the trend is reversed at higher
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Mach numbers. The data given by Van Driest and Boison (Ref. 75) should serve
as a standard for wind-tunnel results since they were obtained In a tunnel with
highly uniform flow and a known low level of turbulence. The difference be-
tween the M, = 3.0 data from Jack, et al (Ref. 76) and the M, =-2.7 data from
Ref. 75 may be due to the fact that the Reynolds number of one set is based
on the start of transition and the other on the end. At the higher temperature
ratios, a decrease in the wall temperature results in a marked increase in the
transition Reynolds number. For the experiments at M, = 3.0, the tempera-
ture was decreased until the flow over the cone was completely laminar. This
situation existed until the temperature ratio was decreased to about 0.25, at
which time transition was once more observed near the end of the cone. With
a further decrease in the temperature, the transition moved forward along the
cone. There has been no satisfactory explanation for this phenomenon. How-
ever, there is some speculation that it might be caused by the increased rough-
ness due to cooling but this seems unlikely.

The ballistics range data (solid symbols) were obtained at angles of
atU•ck of less than one degree. The purpose of the experiments of Lyons and
Sheeiz (Ref. 77) was to investigate this transition reversal. In the neighbor-
hood of T'w/Tel = 0.25 the range and wind-tunnel data at M, = 3.0 are in re-

markable agreement. For the range data at M, = 4.5, given by Sheetz in Ref. 78,
the transition reversal takes place at a lower rw /T and transition moves

forward until a temperature ratio of abou0 3.13 is reached. At thib point a
second reversal takes place and transition moves aft once more. This occur-
rence of a second reversal should definitely exclude roughness as the cause of
the first. It will be shown later that flat plate data also exhibit a second re-
versal. Witt (Ref. 79) gives one test point from a ballistics range at M, = 3.0,
where the flow was completely laminar at a Reynolds number of 21.6 x 10U
and Tw/Te = 0.42. The data of Refs. 76 and 77 indicate that high transition

Reynolds numbers can occur at such a temperature ratio.

The individual points for M1 = 1.6 to 3.4 from the free-flight data
(half-closed symbols) given by Rumsey and Lee (Ref. 80) are in the same Rey-
nolds number range as the wind-tunnel tests. However, their free-flight data
at M, = 3.7 appear high with respect to those of the wind tunnel. It should
be noted that the free-flight data points are obtained in the order of increasing
wall temperature. The symbols with arrows pointing down indicate that the
flow was turbulent at the measuring station. Later in time, the flow near the
tip became laminar with transition moving aft as the wall became warmer. Ref-
erence 80 shows that still later the flow again became fully turbulent. This
may be due to some unknown variation in the angle of attack with time, in which
case the four M, = 3.7 transition points could be on the windward side and thus
be higher than they would be at zero anvle of attack (see Subsec. 5.2).

It may be concluded that the data on Fig. 5-1 are reasonably con-
sistent. As cooling begins, transition Reynolds numbers increase until quite
high values are obtained. The maximum transition Reynolds number which can
be reached has not been established as yet. However, as cooling continues,
the transition reverses and quite low values can be obtained.
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Boundary-Layer Transition 5.1.2

Figure 5-2 presents data for flat plate and hollow cylinders. The
Mach number effect in this case is not as well defined as for the cones. Wind-
tunnel data of Brinich (Ref. 81) at M, = 5, and of Deem and Murphy (Ref. 82)
at M, = 10.2, show essentially no effect of wall temperature. This is not in
agreement with the cone data, nor is it in agreement with the flat-plate gun-
tunnel data taken by Richards and Stollery (Ref. 83) at M, = 8.2. The gas in
the gun tunnel is pressurized in a shock tube, released by a gun-operated pis-
ton and expanded through a nozzle which produces uniform flow. The data of
Ref. 83 can therefore be compared with wind-tunnel data. It is interesting to
note that these data exhibit the double reversal found for the cone data. Three
points obtained on gun-launched hollow cylinders have been taken from Ref. 84
by James. The two points at M, =3.9 and the point at M, = 7.0 may lie on
one of the very steep lines which occur during reversals.

Results from Refs. 85 and 86 for a body with variable surface pres-
sure are shown on Fig. 5-3. In this case the data are based on conditions in
the free stream rather than just outside the boundary layer. The points indi-
cate the maximum Reynolds number at which the boundary layer was completely
laminar over the entire model. It will be noted that here the transition is very
sensitive to surface cooling. These data at M, = 1.61 are consistent with the
cone data from Ref. 75 plotted on Fig. 5-1. The cone data at the lowest Mach
number (M, = 1.9) have a slope only slightly less than that of the data on Fig. 5-3.

5.1.2 Insulated Surfaces

Figures 5-4, 5-5, and 5-6 show how the transition Reynolds number
on smooth sharp models with zero heat transfer is affected by Mach number.
The data are all from wind-tunnel tests.

Figure 5-4 presents data for cones at zero angle of attack. It will
be noted that the data from Refs. 72, 75, 8-, and 88 are in quite good agree-
ment. It was pointed out previously that the data from Ref. 75 were taken in
a wind tunnel with smooth, uniform flow and a turbulence level known to be low.
The Retr from Refs. 89 and 90 appears to be low in comparison with that of

Ref. 75. This may be due in part to flow irregularities and high turbulence
levels. Furthermore, the unit Reynolds number used in Ref. 90 was based on
the properties of the flow at a point near the start of transition. The over-all
conclusion that may be drawn from this figure is that the transitioni Reynolds
number decreases with increasing Mach number, at least up to Mach numbers
of about four.

Figure 5-5 presents data f,- flat plates and hollow cylinders. In
this category, data are available at both high and low Mach numbers. Although
the data do not really present a consistent quantitative picture, there appear to
be two distinctive trends. At Mach numbers below about four, the transition
Reynolds number decreases with Mach number; at the higher Mach numbers, the
trend is reversed.

Limited data for bodies with variable surface pressure are given on
Fig. 5-6. Each point indicates the maximum unit Reynolds number at which
the flow was laminar over the entire model. The points for the three bodies,
A, B, and C, at M. = 1.6 are in the expected order. The cone-cylinder body,
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A, has an adverse pressure gradient aft of the shoulder and has the lowest
transition Reynolds number. The ogive-cylinder, B, has a slight adverse pres-
sure gradient aft of the ogive and is next. The third, C, is an NACA RM-10
body and has a favorable pressure gradient for the first 80% of its length. It
has by far the highest transition Reynolds number. Each of these three bodies
had some adverse pressure gradient. It is possible to determine the increase
in pressure coefficient which occurred on each before transition took place.
This increase, termed the critical pressure rise coefficient, is compared in
Subsec. 5.2 with subsonic data and with data obtained on supersonic bodies at
angles of attack. At M, = 3. 1, the data points for the other two bodies, D
and E, are in the expected order. Both models D and E have approximately
constant favorable pressure gradients over the greater part of the bodies. Model
D has a change in pressure coefficient, ACp = (p, - p.)/* P. ui, of about 0.12

from tip to base, which is about the same as for the RM-10 body, C, tested
at M, = 1.6. Model E has about twice the change in pressure coefficient, i. e.,
AC = 0.24. The transition points for C and D exhibit the expected trend withP
Mach number.

5.2 Effect of Body Angle of Attack

From a study of the bodies shown on Fig. 5-6, it was found that
transition at supersonic speeds is sensitive to the pressure gradient. This
general observation is consistent with subsonic experience. Since adverse pres-
sure gradients promote early transition, the onset of transition should move
forward on the sheltered side of slender bodies as the angle of attack increases.
Data from Witt (Ref. 79) and Jedlicka, et al (Ref. 97) plotted on Fig. 5-7, dem-
onstrate this effect. Although the transition on both the cone and the slender
ogive-cylinder is extremely sensitive to angle of attack, that on the cone is the
more sensitive. This may be expected since the cone pressure at zero angle
of attack is constant, and at small angles of attack each streamline within
any meridian plane from the tip to the base will be subject to an adverse pres-
sure gradient. On the other hand at zero angle of attack, the ogive-cylinder
has a favorable pressure gradient on the nose, which will remain favorable for
small angles of attack and thus assist in stabilizing the boundary layer. Al-
though adverse pressure gradients aft of the nose promote transition, the nose
gradients should counteract this effect to some extent aad reduce the sensitivity
to angles of attack.

The authors of Ref. 97 have calculated the patterns of the stream-
lines and the pressure distributions along them near the surface of the ogive
cylinder at angles of attack of 1, 2, and 3 degrees. At several stations along
the body the streamline was found which had the maximum pressure difference
from the minimum upstream pressure on the same streamline. When transition
occurred at a particular station, the pressure coefficient associated with the
maximum pressure rise, Ap/* pmu, was termed the critical pressure rise co-
efficient. A correlation of this coefficient with the transition Reynolds number
assumes that transition is caused by local laminar separation. The results
obtained from analyzing the angle of attack data at M. = 3.5 are compared with
subsonic data on Fig. 5-8. In addition, the pressure rise from the minimum
pressure point to the base has been computed for each of the three bodies tested
at M, = 1.6 and these values are also shown on Fig. 5-8. Additional supersonic
data, with and without heat transfer, are needed to substantiate the scanty super-
sonic data in Fig. 5-8 since the M = 1.6 data and that at Mm = 3.5 show
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considerable difference in the sensitivity of the transition Reynolds number to
the pressure rise.

5.3 Effect of Bluntness

A number of investigators have found that the transition Reynolds
number is quite sensitive to the relative bluntness of the body tip or of the
leading edge. Despite the fact that this effect is known to be significant, few
data are available for blunted models with heat transfer. Limited data pre-
sented by Brinich (Ref. 81) for hollow cylinders at M. = 5 are shown on Fig. 5-9.
The data arc .- ,' 'i free-stream conditions since local conditions at the outer
edge of the boundary layer along the surface vary with the bluntness (see Sub-
sec. 4. 6). rhe data for the sharp cylinder are also shown on Fig. 5-2 and
were discussed in Subsec. 5.1.1, where it was pointed out that these data do
not exhibit the more general effect of wall cooling. It is interesting to note
that the blunted cylinder data on Fig. 5-9 follow the general trend and show
increasing transition Reynolds number with decreasing wall temperature. It
can be seen that even a slight blunting causes a large increase in the transition
Reynolds number based on free-stream conditions. Several effects are involved.
First, there is a decrease in the local unit Reynolds number as a result of the
flow having passed through the bow shock. If the transition Reynolds number
based on local conditions were constant, blunting the tip would cause an aft
movement of transition. Secondly, nose blunting lowers the local Mach num-
ber which, depending on the Mach number range, might increase or decrease
the transition Reynolds number. Finally, the bluntness produces pressure gra-
dients which might have an appreciable effect on transition aft of the tip or the
leading edge.

Figure 5-10 presents the effect of leading-edge bluntness and Mach
number on the transition Reynolds number for smooth flat plates and hollow cyl-
inders with zero heat transfer. The data, taken from Refs. 72, 73, 82, and
92, are in good agreement. As the bluntness increases, the transition Reynolds
number increases steadily at first and then appears to remain constant as might
be expected. For small bluntness, the local conditions change continuously as
the entropy layer, due to the curved bow shock, is swallowed by the boundary
layer (see sketch on p. 98). As the bluntness increases, less and less of the
entropy layer is swallowed before transition takes place. When the bluntness
exceeds some critical value, transition will always occur close enough to the
leading edge that the local conditions are those of the flow through the normal
part of the bow shock. The onset of transition might then be expected to re-
main fixed. However, at still larger bluntnesses, the adverse pressure gra-
dient which occurs just aft of the tip may cause a forward movement of tran-
sition. This may explain the behavior (see Fig. 5-10) of the data at M. = 2.0
as the bluntness increases beyond the critical value.

Brinich and Sands (Ref. 72) covered a wide range of unit Reynolds
numbers in their investigations of flat as well as semicircular leading edges. A
few of their results are given on Fig. 5-11 in which it may be noted that some
of the transition Reynolds numbers for the flat leading edge at M, = 3.1 exhibit
the same characteristics as those of the semicircular leading edge at M, = 2.0
which are shown on Fig. 5-10. Increasing the leading edge thickness displaces
the transition point downstream, but beyond a critical thickness the trend is
reversed.
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Figure 5-12 shows limited data of the effect which changing the tip
radius of conical bodies has on the transition Reynolds number. These data
are not as consistent as those of the flat plate and hollow cylinder shown on
Fig. 5-10. However, it is interesting to note that the data obtained by Czarnecki
and Jackson (Ref. 98), for large bluntness, show decreasing transition Reynolds
numbers with increasing bluntness. Brinich and Sands in Ref. 72 give results
for flat as well as rounded tips over a wide range of unit Reynolds numbers.
These results are given on Fig. 5-13. The authors investigated many other
tip configurations such as blunt cones, rounded flats, spikes, cylindrical ex-
tensions, as well as step changes in the body diameter.

5.4 Transition eynolds Number Based on Momentum Thickness

In calculating boundary-layer growth over bodies with variable sur-
face pressure and temperature, it is necessary to specify values of the Reynolds
number, Re 0 , using the momentum thickness and the local flow properties at

transition. For the sharp cone, flat plate, and hollow cylinder data given so
far, it is a simple matter to compute values ot Re 9 from the values of Ret Xi

at transition. It is also possible to calculate the laminar boundary-layer growth
over blunted bodies and bodies with pressure gradients to determine values of
Re09 at the transition point. The authors of Ref. 98, using this method to get

Re at transition, have analyzed zero heat transfer experimental results for

sharp and blunted cones at four Mach numbers and three cone angles. The cone
blunting was accomplished by means of spherical, hyperbn'ic, and parabolic tip.s.
Their results are presented on Fig. 5-14 where the values of Re are plotted

as a function of the local unit Reynolds number. Transition in all cases oc-
curred downstream of the nose section so that the local Mach number can be
estimated from the ratio of the stagnation pressure and the static pressure on
a sharp cone. The stagnation pressure is taken to be that behind the normal-
shock portion of the bow wave. The tip radius in each case is assumed to be
large enough to ensure that transition occurs before the swallowing of the vari-
able entropy layer begins. It will be noted from Fig. 5-14 that neither the
unit Reynolds number nor the nose radius has, in general, a marked effect
upon the transition Reynolds number. This is to be expected since the blunt-
ness Reynolds number which is a product of the nose radius and the unit Reynolds
number Is shown in Fig. 5-10 to have little effect on Ret . The nose radius and

unit Reynolds number have the most significant effects when the Mach number is
low and the nose radius is large. The effect of very large radii is evidenced up to
a Mach number as high as 2.2 (see the third part of Fig. 5-14). In most of the
cases investigated in Ref. 98, the value of Re 9 at the end of transition lies be-
tween 900 and 1100.

Witt and Persh (Ref. 99) conducted tests on blunted cones and power

bodies described by r/R = (x 0/L)n (see following sketch) on a ballistics range.

Their results are presented in Fig. 5-15. Transition on the cones always oc-
curred after the blunted tip, i.e., on the conical section where the pressure
gradient may be taken to be zero. However, transition on the power bodies
always occurred where the pressure gradient was still favorable. Witt and
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x o

Persh, therefore, plotted Re at the end of transition as a function of the local

velocity (or pressure) gradient parameter, Re 1u d', to detect any effect
9 3 U3, dx'

of pressure gradient. Over the range of test Mach numbers (M, = 1. 5 to 2.2),
the value of Re91 varied from 315 to 750. There seems to be little correla-

tion with pressure gradient. These tests also showed very little correlation
between Re and any of the other parameters, M.., M1, and T w/T e (see Ref. 87).
The maximum transition Re09 on the cones, 750, is less than the maximum

cone value reported by Czarnecki and Jackson in Ref. 98 and shown on Fig. 5-14.

Buglia (Ref. 100) analyzes free-flight data on a cone (2a = 29°) with
a rounded tip at free-stream Mach numbers of 2.3 to 3.1. These data were
obtained at high heating rates and are therefore comparable to those for the
ballistics-range tests. Values of Re,, measured along the cone at the begin-

ning of transition, were found to be about 2000, whereas when transition oc-
cured on the rounded tip, Re69 varied from about 1300 to 800.

5.5 Effect of Sweep

Dunning and Ulmann in Ref. 101 present photographs of transition on
swept wings in supersonic flow. The luminescent lacquer technique was used
to reveal the fact that transition always occurred along a front parallel to the
leading edge, making it unnecessary to measure transition at more than one
spanwise station in order to determine the effect of sweep angle. In Ref. 102,
Chapman analyzed data from tests at M. = 3 and 4; his results are shown on
Fig. 5-16. The Mach 8 data of Deem and Murphy (Ref. 82) have been added
to this figure. It can be seen that as the sweep angle increases, the distance
from the leading edge to transition (measured in the streamwise direction) is
greatly reduced. Blunting the leading edge augments this effect.

5.6 Effect of Roughness

Transition data on smooth models were presented in Subsecs. 5.1
to 5.5. When it was known, the surface roughness was given for each model
since roughness can greatly reduce the transition Reynolds number. Even on
a highly polished surface, a certain random roughness remains. The dpta given
were usually in terms of a root-mean-square roughness and were obtained with
a profilometer. In this subsection the discussion is limited to those tests in
which the roughness size was controlled. The size will be given in terms of
the actual height, k, of either a three-dimensional or two-dimensional rough-
ness element. Since three-dimensional elements have the greater effect on
transition, they will be treated in mcre detail.
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5.6.1 Minimum Transition Reynolds Number: Three-Dimensional Roughness

Consider the effect of three-dimensional roughness elements located
at a particular station along a surface. Let the station be upstream of the
natural transition point. Elements which are less than a critical size will not
affect the location of transition. However, increasing the element size beyond
the critical value will cause transition to move forward. This effect will con-
tinue until a second critical size is reached, beyond which the forward move-
ment will cease, and transition will be stabilized downstream of this element
for a wide range of roughness size. This will define the minimum transition
Reynolds number for roughness located at that particular station. It has been
noted that after the first critical size is reached, a relatively sniall rn,.rease
will bring the transition Reynolds number to its minimum value. For a par-
ticular station, there are then these two critical roughness sizes: (1) the maxi-
mum size which will not affect transition, and (2) the size which will bring the
trmisition Reynolds number to its minimum value.

The roughness associated with the minimum transition Reynolds num-
ber will be discussed first. Van Driest and Blumer in Ref. 103 present and
analyze an excellent set of data obtained for spherical roughness elements on
a cone. For each experiment the roughness elements, with diameter k, were
located at one station along the cone. They were spaced at intervals of 4k on
a single line around the periphery. The wind-tunnel tests were conducted with
an insulated model. A typical set of data is reproduced in Fig. 5-17 and will
be used to illustrate the test procedure. With elements located at one station,
xk, the unit Reynolds number was varied by changing the supply pressure. This

•ukand caused the varia-varied the roughness Reynolds number, Rek Pi 11' n asdtevra

tion in the transition Reynolds number, Rex, pulux/su, shown by the dataxl

points on Fig. 5-17. The Reynolds number based on the distance from the tip
of the cone to the roughness element, Re = pjjU• k/A, varied linearly with

Re as shown on Fig. 5-17. What appears to be a variation with Re for

the smooth wall is actually a variation with unit Reynolds number. The smooth
wall curve in this figure shows an increase in the transition Reynolds number
with increasing unit Reynolds number as shown in the sketch on p. 121. The
first data point with roughness is the only point which actually falls on the smooth
wall curve. This point corresponds to the maximum value of Re which does

not affect transition and will be discussed later. Just after the data points de-
part from the smooth wall curve, they drop rapidly to a minimum Re . TheXl
value of (Re - Re ) then remains essentially constant as Re increases.

Tests for the same x k/k, but different xk and k, give the same results. Ex-

cept for small values of xk/k, experimental data at constant Mach number show

that (Rex1 - Re ) is independent of xk/k after the minimum transition Rey-xXk

nolds number is reached. The minimum transition Reynolds number wili move
to a smaller or larger Reki as xk/k is decreased or increased. The data thus

show that, for constant Mach number, the minimum transition Reynolds number
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for roughness located at xk can be written

Re1 = Re + constant (5-1)

The constant may be expressed as a function of the Mach number; thus Eq. 5-1
becomes

Re = Re + f(Mi) (5-2)
Xx Xk•

Van Driest and Blumer then derived an expression for Re inXkx

Eq. 5-2 in terms of Re at the minimum transition Reynolds number. It is

as-sumed that the roughness Reynolds number required to bring the transition
Reynolds number to its minimum value is a constant, i.e.,

k= constant (5-3)
A

where uk is the velocity in the boundary layer at the top of the roughness ele-

ment. The density, p, and the viscosity, A, are associated with some points,
not yet specified. Assume that the roughness element is contained within that
portion of the boundary layer characterized by a linear velocity profile. Then

'r wk ip, ullCfk
U = wk u =f - k (5-4)

wk k Aw Aw

Now, from Eq. 3-8 and Mangler's results for a cone

Cf -) = 1. 15 (' )W (5-5)

From Eqs. 5-3, 5-4, and 5-5 one obtains

PRe = constant (5-6)

When it was assumed that Pr = I and pj = constant, the experimental varia-
tion with Mach number could be matched to that derived from Eq. 5-6 by eval-
uating p at the outer edge of the boundary layer and M at the wall. Equation 5-6
then becomes

Rek constant (I+ Mlj Rel 1 t (5-7)

By fitting the data on a cone at M, = 2.71 to Eq. 5-7, the constant was de-

termined to be 32.8. This constant was found to hold for the data at M, = 1.90
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and M, = 3.67. The excellent agreement between Eq. 5-7 and the data is shown
on Fig. 5-18.

From Mangler's results, the equation for a flat plate is given by

multiplying the constant in the cone equation by 3•. Thus for the flat plate

Rek =43.2 (1+ )-• Ma) Re-)" (5-8)k, Xk

The constant in Eq. 5-3 may now be evaluated by putting p = pi and ;I = Aw

taking p = constant and Pr = 1. Using Eqs. 5-4, 5-5, and 5-7 one obtains

P = 619 (5-9)
low

For some unknown reason, this differs slightly from the value of 588 given in
Ref. 103, i.e., the roughness Reynolds number for a minimum Retr is - 600.

In order to facilitate the comparison of flat plate and conical data,
Van Driest and Blumer derived an expression for the Reynolds number of the
displacement thickness, Re,,, in terms ^ the Reynolds number of the local
length, Re x1. For a flat plate with zero heat transfer,

Re~ 1. 73 (1 + 7-I M2) Re-' (5-10)
X1

This equation and the data of Ref. 103 agree within 5% for 0 1 M, s 5. A
combination of Eas. 5-8 and 5-10 yields

Re,* = 1025 (1 YvI Ma) (k/8"T2; (5-11)
Equation 5-11 applies to any flow with zero pressure gradient as is demonstrated

by Fig. 5-19.

By means of Eq. 5-7 or 5-8, the transition Reynolds number, Retr,
for cones or for flat plates can now be calculated from Eq. 5-2 if f(Mj) is
given. rhe data presented on Fig. 5-20 show that f(M1 ) is constant and equal
to 0.5 x 10V when M, = 2.71. In the region where xk/k s 200, the roughness
element emerges from the linear portion of the boundary layer and thus f(MI)
is no longer constant since one of the basic assumptions (Eq. 5-4) of the theory
has been violated. Ignoring the region where (xk/k) is small, this technique

can be applied to each set of data to obtain a unique value of f(MI) for each
value of Mi,. Figure 5-21 shows a curve of f(MI) vs M, for several sets of
comparable data covering Mach numbers from 0 to 6.

It should be emphasized that all of the above data apply to the case
of zero heat transfer and zero pressure gradient. An investigation of the effects
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of various wall temperatures and pressure gradients is needed to extend these

results.

5.6.2 Maximum Three-Dimensional Roughness not Initiating Transition

In the preceding discussion, a constant value of a roughness Reynolds
number defined as p1 Ukk/Mw, was used to correlate the &ta for a minimum

Retr. A similar Reynolds number has not yet been found to correlate the on-

set of transition with the three-dimensional roughness size. The limited data
available will be presented in terms of a critical roughness Reynolds number,
defined as

Ret PU kk (5-12)

where subscript k denotes the flow properties at the top of a rough'ess element
of height k. The term critical is applied to Rektr to denote the value at which

transition is first affected by the roughness. Before presenting the data, ex-
pressions for calculating values of Re from given values of Rektr will be de-

rived for surfaces with a zero pressure gradient. Equation 5-12 may be written
as

Re ~ IXl g'k
ktr TkkU Re k (5-13)

Assuming, as before, that the roughness element is submerged in that portion
of the boundary layer in which the velocity profile is linear

u k _ • fuk w 2S Re (5-14)

Ul 14 w 2 k,

where Cf = T /wAplU. Equations 5-13 and 5-14 yield

C fRe = MML I ReL(5-1R)
"2 ktr T k "ik \-w R2k)

The ratio Tk/Tj may be approximated by using the temperature distribution

when Pr = 1, i.e., Eq. 3-10 may be expressed as

T k T w (T w 1uk '1lel alk Uk
( -uk k (5-16)

Incorporating Sutherland's viscosity law, Eqs. 5-14, 5-15, and 5-16 have been
used to compute (Cf//2) Reki as a function of (Cf/2) Rektr and the results are

plotted in Fig. 5-22. For given values of Rektr and Cf, these curves or the
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above equations can be used to compute Rek, and finally to determine the rough-

ness size. Although the expressions were derived for flows with zero pressure
gradient, they should give a good approximation when there is a small pressure
gradient if the appropriate values of Cf are used, i.e., those associated with
the local flow properties.

It was noted in Subsec. 5.6. 1 that the first data point :n Fig. 5-17

gives the minimum value of Re associated with transition. Several such values

of Re were read from the graphs of Ref. 103 and used to calculate the critical

roughness Reynolds numbers. The results, which are shown on Fig. 5-23, are
plotted in terms of Re"12 so as to be compatible with the results of Braslowktr
and Knox (Ref. 106). The latter data, also shown on Fig. 5-23, were obtained
by use of a hot wire anemometer mounted near the model surface slightly down-
stream of the roughness element. As the unit Reynolds number of the test was
increased, the bursts of turbulence indicated when the critical value of Rektr

had been reached. It may be noted that any effect of moderate cooling is masked
by the scatter of the data. The supersonic Rektr are, in general, well below
the constant subsonic value.

Lyons and Levensteins (Ref. 107) give an extensive set of graphs for
calculating roughness sizes. The boundary-layer profiles that they used include
a pressure gradient parameter. From an examination of available data they
conclude that a representative value of Rektr is 700. The data of Refs. 103
and 106 indicate that this value of Rektr may be too high.

5.6.3 Two-Dimensional Roughness

The investigations of Van Driest and Boison (Ref. 75) included tran-
sition caused by a single trip wire on a sharp cone. These results are shown
on Fig. 5-24 for three Mach numbers and several wall temperature ratios. The
transition Reynolds number, Rex , has been normalized by the use of (Re X)o'

the transition Reynolds number in the absence of the trip wire. Values of
(Rex ) are those from Ref. 75, plotted on Fig. 5-1. It can be seen from

Fig. 5-24 that, in terms of k/61, the trip-wire effect decreases with increas-
ing Mach number and decreases more rapidly with wall cooling. However, it
should be remembered that the ratio of P* to the total boundary-layer thickness,
8, increases rapidly with Mach number. The curves would look quite different
if k/6kwere plotted on the abscissa.

5.7 Effect of Stream Turbulence in a Wind Tunnel

Very few data are available concerning the effect on transition of
supersonic wind-tunnel turbulence. Van Driest and Boison investigated widely
varying turbulence levels in the supply stream. Their results are shown on
Fig. 5-25 for three Mach numbers and several wall temperature ratios. ['he
values of (Rex1 ) are the transition Reynolds numbers for the lowest turbulence
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level (see data from Ref. 75 plotted on Fig. 5-1). The transition Reynolds
number is inversely proportional to both the supply stream turbulence and the
wall temperature ratio. Both these effects decrease markedly as the Mach num-
ber is increased. It would be of great interest to determine the effect of vary-
ing the level of the supply air turbulence on the turbulence level in the pres-
ence of a model, as well as the turbulence associated with the sound field re-
flected from the boundary layer on the tunnel wall.

5.8 Lateral Spreading of Turbulence

Two types of lateral spreading will be considered: that due to con-
tamination from any surface to which a model is attached, and that in the wake
of a discrete roughness element. The effect of the former is of particular in-
terest at a wing-fuselage or tail-fuselage juncture. The limited amount of super-
sonic data available indicates that the angle at which turbulence will spread de-
creases with increasing Mach number, as shown on the sketch below.

10l I_ _ I I

Open Symbols: Sidewall Contamination
S~Closed Symbols: Roughness Element

4Uncooled Wall

S Cooled Wall Ref. 33
0Z Ref. 106*|,.Wall Cooled 0 Ref. 109

and Uncooled Zý Ref. 108
4 1..... L_....

0 1 2 3 4 5 6
MI

At low speeds, this lateral contamination starts at the leading edge and spreads
at an angle of about 9 degrees. At high speeds, however, it will start some
distance from the leading edge and spread at a smaller angle. The last data
point on Fig. 5-21 gives the transition Reynolds number on a plate supported
from the tunnel wall in flow at M, = 5.8 and represents the distance from the
leading edge at which the turbulent side-wall coniamination begins to spread on
to the plate (see Ref. 33 ). Since this point appears to correlate with the rest
of the data on the above sketch, it is suggested that Fig. 5-21 be used to de-
termine the lag at other Mach numbers from 0 to 5.8. In other words, the
Reynolds number at which spreading starts is givenby (Re - Re ) in Fig. 5-21.

Xi Xkl

In Ref. 106 the data on lateral spreading were obtained by measuring
the angle of the turbulent wedge behind a single roughness element mounted on
a flat plate. I'wo sets of data were obtained at Mach numbers of 1.61 and 2.01.
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In one case the plate was cooled and in the other it was at the adiabatic re-
covery temperature. The cooling had very little effect on the spreading angle
of the turbulence. Wedges of spreading turbulence on a flat plate (Ref. 108)
were caused by small nicks on the leading edge. The semi-angle of the spread-
ing due to these imperfections should be comparable to those from the single
roughness element. of Ref. 106. Accordingly, these data are also shown on the
above sketch. These few data, obtained under different circumstances, sug-
gest that side-wall contamination is less affected by Mach number than is the
spread in the wake of a single roughness element.
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Boundary-Layer Transition Fig. 5-1

Symbol Facility Ref. Re, /ft xl0"r Temperature Rough. Trans.

O Wind Tunnel 76 4.3-7.7 Tt=50-100F 12 Oin. Start
o 75 6.4 Tt=50-100*F 10 Oin. End*

& 8.0o 6.0

* Ballistics 77 12.3-17.2 T =75-610F 6 ain. End
* Range 78 18.9-31.4 6 min.
* 79 47 _ 3 _ _ in._
19 Free Flight 80 7.8-16.6 Tw=100-900F 4 Oin. Start

"Supply Air Parbulence = 0.4%

25 I-M, 3.0

20 1  3.4-

t-m,1 =2.9

+: Laminar Flow to Limit M1 =3.7
of Observation M = 1.9

. 4: Fully Developed Turbulence

*~10

M, 4. 5 1.

IC

=3.0-

4,M , 3.0

21
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

T w/T e

Fig. 5-1. Effect of Tw/T and M, on the transition Re ; smooth,

sharp cones; a = 50; c 0

135

.. I•=" M --- - I - A-



Fig. 5-2 NAVWEPS Report 1488 (Vol. 5, Secs. 13 and 14)

8 r~Iboi Facility 9ef. flb /ft T F IMsofh
___________(xl0")_ _ _ _

o Wind Tmmul 81 5.4 250 8 Oin.o_82 2.2 10 Uum.

C Ma T7aul 83 6.7 746-935 16 #in.
7.5
8.5 _

Gun TAmmheld 84 33.6 -- 25 #iin.03 Into M-2 Ts~i I

0 1Wl. RM 84 33.6 25 25um.

15 

I
*-M, = 7. 0 Open Symbols: Tunnel Data

Closed Symbols: Ballistics-Range Data

10 A_ _ _ A_ _ _ A_ 
_ _ __ __ 

A_#_A_

9 

•

{3 3 M, =3.9

1 1 ,- : Laminar Flow to Limit
"of Observation

M., = 8. 2
Flagged Symbols Refer to

6• 5 Start of Transition

Unflagged Symbols Refer
to End of Transition

3 7 N__¢
M, 5.0

21
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

Tw /Te.
Fig. 5-2. Effect of rw/Te and M, on the transition Re ;

smooth, sharp flat plates and hollow cylinders; cv = 0".
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Boundary-Layer rransition Fig. 5-3

30

0 \0

25

20 -!
Wind-Tunnel Data 0

M0  1.61 03
_T =1090F 00t

Supply Air Turbulence = 0.5 to 0.8%

SORef. 85 0
o Ref. 86

U 1 5.

0

0

0
%.4

00

S4.17 ft 0'

1oI I r
10

NACA RM-10 Body

Parabolic Arc Profile
9 Basic Fineness Ratio = 15

Pointed Stern Cut Off at 81.257 0
of Original Length

8 Roughness = 6 Aiin. -

71
0.6 0.7 0.8 0.9 1.0

w /Tt

Fig. 5-3. Effect of cooling on transition Re';, NACA RM-10 body,S=0*; Mae = 1. 1
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Symbol Ref. Re,/ftx10-6 2o Roughness Transition-

0 75 6.0-8.0 1IV 1Ouin. End*'
89 0.6 - 2 -- End

A 90 2 -8.7 10' Start
o 87 3.4 - 9.3 100 6,uin. End
o 72 1.1 -8.1 10" 8 uin. End
o 88 1.5 - 7.7 10 5/Ain. End
0 3.0 -8.4 27"
0 2.0 -8.1 450o 4.1 -8.4 60V_

*Supply air turbulence = 0.4 ý

9

'7 - Indicates Spread Due to- ---- Re,/ft at Constant M,

6_ _

5

-1
0

A A

2

0

1 1.5- 2o. . .

0g

133

A&

Az

2&
&A

1 1.5 2 2.5 3 3.5 4 4.5

Fig. 5-4. Effect of M1 on transition Re~ ; smooth, sharp

cones; a =0";T = T; wind-tunnel tests.
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Boundary- Layer Transition Fig. 5-5

10

9

Ref. Re/ft~O Roughness
8 24 7.3 --

82 2.2 10 gin.03.6 10 gin. :#

0 91 0.9-3.5 /
92 15 5-25 gin.

073 3.4 10gin.
3 -- L 3-

1193 3 \

5

0

3

2

SOpen Symbols: End of Transition

Closed Symbols: Start of Transition
Half-Closed Symbols: Mean Transition

0 24 6 8 10 12
M,

Fig. 5-5. Effect of M% on transition Rex, ; smooth, sharp flat plates

and hollow cylinders; T = ew; wind-tunnel tests.
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Fig. 5-6 NAVWEPS Report 1488 (Vol. 5, Secs. 13 and 14)

(All Models are Approximately to Scale)

Model A: Cone-Cylinder

Model B. Ogive-Cylinder

Model C: NACA RM-10 Body

Model D: dp/dx = -0.05 Model E: dp/dx =-0.10

Constant Pressure Gradient Bodie s

Model Re. X 10-6* Mo Length, Re,/ft Roughness Ref.
cc L, ft (Uin.)

2.6 1.61 4.17 6x10' 23 *5 95
B 4.8 1.61 4.17 to 6-12 95
C 11.5 1.61 4.17 8.9x108  6-12 95
D 3.99 3.12 1.58 0.83x10 6 96
E 59.2 13.12 1.33 to 10 1 6 96

For transition starting at base of model.

Fig. 5-6. Effect of pressure gradient on transition ReL ; =;

Te = T; wind-tunnel tests (see Subsec. 5.1.2).
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Fig. 5-8 NAVWEPS Report 1488 (Vol. 5, Secs. 13 and 14)

S I 1 I I I- I
0 Subsonic Airfoils and Flat Plates

0.16 - - (See Ref. 97)
0 a M. =M =I . 6, Insulated Wall, Re at

Start of rransition. Wind-Tunnel
- - Tests (Ref. 95) (see Fig. 5-6)

0 00 .M =3.5, T w/Tt =0.29, Re at End
0.12 - of Transition, Free-Flight Data, -

0 Ogive-Cylinder (Ref. 97)

0.03

0

O0
0.04 1 1 0*

0 -_, 0-

0 2 4 6 8 10 12
Re x 10-6 at Transition

X.
Fig. 5-8. Critical pressure rise coefficient as a function of transition

Re ;variousmodels;M =-0, 1.6, and 3.5.

9
8 -•ModelA.

0 5

4.1

co.4

to

0

x 3 Model A Model B Model C
x (blunted) (Flat) (Sharp)

ModelC
2 Ii 7Y Source: Ref. 81
0.3 0.4 0.5 0.6 0.7 0.8

TwiTt
Fig. 5-9. Effect of bluntness on transition Re ; cooled, smooth hollow cylinders;

M =5.0; roughness = 8 Ain. ; Re/ft = 5.4 10C; wind-tunnel data.
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Boundary- Layer Transition Fig. 5-10

Ref. Roughness Re A

10 A 821 - -
S72 10 l in. 6.5x106

O 731

9 0C 92 5-25 Ain. 15xlO(

M = 5.0

7

Ret = Reynolds Number Based
on the Thickness, t, of
the Leading Edge

5 001

3

Value atP.0 20-

1~ 2 4 6 103 2 4 6 1O 2 4 6 105 2
Ret.

Fig. 5-10. Effect of semicircular bluntness and M,,, on transition Re X
smooth, flat plates and hollow cylinders; T e T w, wind-tunnel tests.
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Fig. 5-11 NAVWEPS Report 1188 (Vol. 5, Secs. 13 and 14)

30 T' I _ _ _ _ _ _ _ _ _ _ _ _ _ _

Open Symbols: Flat Leading Edge
Closed Symbols: Semicircular Leading Edge
---- Curve Faired Through Data for

t 0. 0079 to 0.051 in.

15

I...b

6 ~ ~ O Ledig dg

10

7 .%

Thickness, t, in.

0 0.0007____

3 0 0.251

Source: Ref. 72,

0.8 1 2 3 468
Unit Reynolds Number, Re./in. x 10-"

Fig. 5-11. Effect of bluntness on distance to end of transit~on as a
function of Re./in.; smooth, hollow cylinder, 'r e T M, 3. 3,
roughness 10 uin.; wind-tunnel tests.e W.1
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Boundary-Layer Transition Fig. 5-12

tt
10 I 111 II " II

Ret = Reynolds Number Based -
on Tip Radius, t/2

-Arrows Indicate Values as - -

Ret."0 mo 2.2

I 2.0

1.8

._0

5.0

0

.4.

2_ _ 1 .6

08 -8 5 gin 27 2.0 ____- -

-. 85

0204 06 172 2sn 416310

1.85

1 --

e1  "

14
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15

10.000

0
LO0

1.5U

8 _

2 3' 4i68.

U0t.0nld01be,-ei. O

Fi.51.Efc fbutesondsac ocdo rniin
smo0.006 2'1;a¶ 0T;=.1r~h
nes0 u.;6 widtnnltst.eI
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Boundary-Layer Transition Fig. 5-14

1 1 - M ! -. , i
MM 1.61 MO

0 OA'A

7 ~Geometry Tip Radius,
t/2, in.

OSharp--
0 OHemispherical 0.247

6 Hemispherical 0.710
AHemispherical 1.234

Source: Ref. 98 2a7 27*

2. 01.01

0 :120

00

1.611.822.01 2.20 I-

M, (Blunt) 1.32 1.44 1.53 1.61 -

MI (Sharp) 1. 41'1: 59 1i.75.?1.92 M. __ __ - -2

13 5 7 9 2 4 6 8

Re, /ft x1-3

Fig. 5-14. Effect of tip blunting on Re at transition; smooth cone;

W ; T T wind-tunnel tests.
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Fig. 5-14 (cont'd) NAVWEPS Report 1488 (Vol. 5, Secs. 13 and 14)

13.50
Parabolic

Hyperbolic Noser

2.2.401

- ~5. 000" -

1 2 1 1 1 -
Geometry Sou Arce: IRef . 98

0Sharp 0,

11 _ Hyperbolic - -

0 Parabolic 0 -c'1

1  
21.5 27 "01.6

0
0 0

0 -

0 0

OC

CO =d mo . 61 Mao = 1.182

9-M 1"32-- M- = -

"246" 44 6

× 7

_M =2.01 eo _ = =2.20m7 = 1.53 M =1. 61

148

1-0o 0

2 4 6 8 2 4 6 8

Re, /ft x 10"•

Fig. 5-14 (cont'd)
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Boundary-Layer Transition Fig. 5-14 (cont'd)

ic0- - - - -T--

Source: Ref. 98

o D

0

8, 1001C

7 M=O2.01 -- M . =" 2."
S = 1.28 (Blunt) M 1 -l34(E lunt)

0
- M, = 1.50 (Sharp) - -- M , = .-64 (Sharpý

2a =45 2r =450
•p I I I - - --31 5 "7 91 3 5 Tip Radius

0 i0 Geometry t/2, in.0 ri-I- --
0- U 0OSharp -

o 0 (: 0 Hemispherical 0.500
- - Hemispherical 1.250

01 0 Hemispherical 1.345
A Hemispherical 2.000
0 Parabolic

Parabolic
7 -Nose

3.464"

6 • MW = 2.20-I
M M= 1. 10 (Blunt)
M, 1.38 (Sharp) -- __

5 1 3 5 7 9 3.00"

Re,/ft x 10-6

Fig. 5-14 (cont'd)
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Fig. 5-15 NAVWEPS Report 1488 (Vol. 5, Secs. 13 and 14)

Power Bodies, r/R = (xo/t)n

A n = 1/3

o n = 1/2

Blunt Cones, Tip Radius = 0. 125-0.75 in.

o 2a = 208
0 2a = 400

Roughness = 2 to 10 Lin., Mltr = 1.5 to 2.2

Re,/ft =5.0 to 51.3 x I08

-- r R = "

7 

T

0

"6 r

o ) A

4 0
Source: Ref. 99

3 1
0 0.01 0.02 0.03 0.04 0.05

9 du,

91 u1 dx

Fig. 5-15. Momentum thiclkness Reynolds number, Re 69, at transition;

smooth, blunt bodies, -. 0"; Tw/Tt =0.3 to 0. 56; Mo = 2 to 3.5;
ballistic s- range tests.
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Boundary-Layer Transition Fig. 5-16

Leading Edge Thickness, M. Rei/ft Roughness xA_0 , in. Ref.
in.

O Semicircular 0.001 3 15x106  5-25 Ain. 1.61 102"
*" 0.001 4 15x10 8 5-25 Ain. 2.09 92

1 0.002 8 3-3.7x108  10 Ain. 20.5-21.6 82

Flat 0.002 4 19.3xi0 5-3z3 Ain. 2.70 101O Fiat0. 003

ASemicircular 0.005 3 1 3x10OP 5-25 Ain. 2.42 100ý.
"A 0.005 4 15x10 3-25 Ain. 3.52 92
"0 "0.040 3 15x108 5-25 ;Apin. 3.19 102*

* 0.040 4 15x108 5-25 Oin. 3.99 92

Analysis of data from Ref. 92.

0.8

.0

'II

S0.4

0.2

Open Symbols: M = 3
-Closed Symbols: M = 4

Half-Closed Symbols: M =8

0 1____
0 20 40 60 80

Sweep Angle, A, deg

Fig. 5-16. Effect of sweep angle, leading edge thickness, and
Mach number on transition location; flat plate; T = T

e w
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Fig. 5-17 NAVWEPS Report 1488 (Vol. 5, Secs. 13 and 14)

3.0
Sharp Cone
2a = 10*
Surface Roughness = 10 gin.

4. ~ Supply Stream Turbulence = 0.4%
M, 2.71

Smooth
4.0 Wall

3.5 d
-4/

3.0

S2.5
•1ou znes s
? Location

2 . Or

SRe X1-Re

1.5 _ _-SRe~k

1.0 
0X/ 2

k = 0.00770"

Rexi xk = 4.813"Minimum

0.5

i Source: Ref. 103

0 1 2 3 4 5 6
Re l 0t-

Fig. 5-17. Effect of spherical roughness, Rek, on transition Re ;

sharp cone;T = T (see Subsec. 5.6.1).
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Boundary-Layer Transition Fig. 5-19

3
Sharp Cone, 2a - 100
Roughness = 10 uin.
Supply Stream Turbulence - 0.4%

x M, 
0

x Zý 1.90

1 0 2.71 Ref 1031/ 33.37' Eq. 5-7"

0.2 0.4 0.6 0.8 1.0 1.2 1.4
y -1 %¶)-'Re• (I + Y - I a)-× 10-3

Fig. 5-18. Roughnes6 location, xk, as a function of the rough-

ness heignt, k, normalized with respect to M1 ; sharp cone;
spherical roughness element; T e= Te1 W"

6 I I

M, Body Ref.
Z1.90 104

02.71 Cone 103
4 3 3.67 104

0 0 Flat Plate 105
x

I _ _ _ _ _ _.__ _

2

0.4 0.6 0.8 1.0 1.2 1.4 1.6

(k/8*) (1 + Y2 1 M)-

Fig. 5-19. Displacement thickness, Re_,, as a function of the rough-

ness size, (k/6*), normalized with respect to MI; cone and flat
plate; spherical roughness element; T = r .
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Fig. 5-20 NAVWEPS Report 1488 (Vol. 5, Secs. 13 and 14)

2.t 1. 5 1.0 0.9 0.8 0.75
.60

P- 4i

S Sharp Cone: 2a =100
Roughness = 10ogin. ()
Supply Stream Turbulence =0. 4%

0

0 2 4 6 to
xk/k x 10-;

Fig. 5-20. Effect of roughness size, xk/l: or k/6*, on minimum

transition Reynolds number, Re X1or Re x i; s~barp cone,

spherical roughness elements; T e= T .

0 Flat Plate* (Ref . 33)
0 Cone (Ref. 103)
Aa Cone (Ref. 104)

V4 0 Cone (Ref. 105)
x *Wind-Tunnel Wall

.4Contamination A, ReX Rexk

Source: Ref. 103 Rex = Minimum Transition
X1 Reynolds Number

0
0 1 2 3 4 5 6

Fig. 5-21. Effect of M, on (Re -1 Re x i); cones and flat plate;

spherical roughness elements; T el= T
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Boundary-Layer Transition Fig. 5-23

3 - -1 1 -1 !
Calculated from Eq. 5-15 |pa "

T, =392.4*R -- .--.

1.0T Tew 1  1 L,.",1 , . ,",I _AV "'0/ .,

1 0 .6 -6 1p ] ,, " "" -

6.42 6 0 44 6 0'
Crtia uge Ryod N 41

F.2 -2 eis b e •0s r Reke n n um k
0 101:: J: -,.ijll• kk

0.1~an Ree ku

2ktr

Ref. M, Configurtion _

o 103 2.71 Cone, 2a = 100 Insulated
o 106 1.56 Cone, 2 =10' Insulated
M f 1.56 Cone, 2a=i10 T IT =1.29
A " 1.94 Cone, 2a = 10° Intulated
A " 1.94 Cone, 2a = 100 T /T, = 1.447
0 " 1.61 Flat Plate InvIulated
o " 2.01 Flat Plate Insulated

30 - , , , , ,
Subsonic (Ref. 94a)

25A-

AN
20 

1I 0 n A

5 2 3o

Re x 10-5 at Transition
X1

Fig. 5-23. Critical roughness Reynolds number, Rektr; cones and

flat plates; three-dimensional roughness elements; heat transfer.
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Fig. 5-24 NAVWEPS Report 1488 (Vol. 5, Secs. 13 and 14)

E4~4_

.4.4 ,44 1 C4 i C4 vi

00* '40 c"0 I

00. -!

Oto>0I oIi 0

:m. i - c
CS 4040

o LO

CO 0

o(•x9-.) .,x o

cooaSO

0 050

o(IN al)/ 
jx
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Boundary-Layer Transition Fig. 5-25

1. 0

Insulated

0.4

1.0

= 3.5 Suscrit oIndicates

0.6 0 1.6II
0. 2) 41.87

0 1.0

be at 3 end ofta2to;.hr7oe;0 1 19,2.0 n .5
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Effect of Roughness on the Flat Plate Turbulent Boundary Layer 6.1

6. Effect of Roughness on the Flat Plate Turbulent Boundary Layer

During recent years several studies have been conducted on the effect
of roughness on the characteristics of supersonic turbulent boundary layers.
Roughness created by sand grains is treated in Refs. 110 to 113, and two-di-
mensionalV-groove roughness is treated in Refs. 113 to 115. Clutter, Ref. 112,
gives an excellent review of the theoretical and experimental results available
for computing the effects of sand roughness on turbulent skin friction. He carried
out a number of skin friction calculations and presented his results in the form
of useful charts. His work provides the basis for this subsection.

6.1 Incompressible Flow over a Roug Insulated Plate

The skin friction coefficient on a roughened plane surface with incom-
pressible turbulent flow was determined theoretically by Prandtl and Schlichting
(Ref. 116). Details of the method may also be found in Ref. 1 (Ch. 21) and
Ref. 19 (pp. 135-155). The turbulent velocity profile was represented by

u = A log y/k + B (6-1)

T

where

u = the friction velocity (defined by Eq. 3-3 5)

and

k = the roughness height (or characteristic dimension)

The values of A and B were determined by comparison with the experimental
data obtained by Nilkuradse for flow through rough pipes. The data for fully
rough flow are shown in the sketch below. From this sketch it may be seen
that the slope of the curve, i.e., the value of A, is about 5.75. It has been
found that if A is taken as 5.85 the calculated values of CF fit the experimental

results over a wide range of Reynolds numbers. The discrepancy in values of
the slope is attributed to the difference in the velocity profiles inside a pipe and
over a flat plate.

26

I i Eq. 6-
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The value of B as a function of log u k/v (where urk/v is often called

the roughness Reynolds number) has been plotted for the Nikuradse data and is
shown in the next sketch. These data were used by Prandtl and Schlichting in
making their flat plate calculations (Ref. 116). Before making calculations for
the supersonic boundary layer, Clutter (Ref. 112) recalculated the incompres-
sible case. He fitted straight lines to Nikuradse's data as shown on the sketch
and considered the transitional region as being composed of three sections rather
than a single region. It Is interesting to note that the value of u 7 y/P is about

11.5 at the edge of the laminar sublayer for a smooth plate (sce Subsec. 3.3).
Nikuradse's data show that the boundary-layer profile begins to depart from the
smooth case when u k/v > 4, i.e., when the diameter of the roughness grains
is about 35% of the sublayer thickness.

10Region I1 • -- •-o• V,

1 0

7-

00

moothk* Transitional - -' '- Completely Rough-
6_, II_ _ _• 1 , _ I I I I
0.2 0.6 1.0 1.4 1.8 2.2 2.6 3.0

log u rk/v

The parameters of the equations derived by Clutter to represent the
data in the different regimes are given in the following table:

Region Limits of u.k/v Value of B

Smooth - I 0 < u Tk/v < 4 5.56 + 5.85 log uk/v I

Transition - II 4 < urk/v < 7.95 8. 076 + 1. 672 log u 7 k/v

- HI 7.95 < uk/v < 14.46 9.58

- IV 14.46<u k/v <75.9 11.32 - 1.50log ik/v

Fully Rough - V 75.9 < Uk/v 8.5

The values of B from the above table are substituted in Eq. 6-1 together with
A = 5.85. After some manipulation the equation for each of the five regions
may be written in the form

u = a In b (yu/TI'v) = a In b77 (6-2)
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Effect of Roughness on the Flat Plate Turbulent Boundary Layer 6.1

V
where

r yu 7/1v (see Eq. 3-36)

a = 2. 54 in all cases

and

b has the values shown in the following table:

Region b u k/v

Smooth - I 8.92 0 < u k/v < 4

Transition - II 24.02 (ur k/v) -0 7 1 4 2  4 - ur k/v < 7.95

- III 43.41 (ur k/v)- 1  7.95 < urk/v < 14.46

- IV 86.11 (u k/v)- 1 . 2 5 64 14.46 <u Ik/v < 75.9

Fully Rough - V 23.38 (urk/v)"1  ur k/v >75.9

In order to make u = 0 when y = 0, Eq. 6-2 is written as

U. = a In (1 + Im) (6-3)
T

Since the values of b17 are very large over most of the boundary layer, i.e.,
greater than 200, Eq. 6-3 is a close approximation to Eq. 6-2.

Using the velocity profiles given by Eq. 6-3 with values of a and b
from the above table, the local and mean skin friction coefficients can be cal-
culated as functions of the Reynolds number. The method given in Ref. 116
makes use of the boundary-layer momentum integral equation. The application
of this method using the boundary-layer profiles for the regions I - V, described
above, is given in Ref. 112. The calculations are carried out by considering
a flat plate covered with uniform roughness grains. The momentum integral
equation is integrated along the surface starting from the leading edge. Care
must be taken that the appropriate boundary-.layer velocity profile is used at
each point along the plate. At the leading edge the value of u k/v is large and

the boundary layer is fully rough; the equations of Region V then apply. As the
boundary layer grows along the plate, the value of uK k'&, becomes smaller until

the transitional regime is reached. Regions IV, MI, and [I will then apply suc-
cessive!y until Region I. with its aerodynamically smooth flow, is reached. In
Region I the roughness elements are well within the laminar sublayer and no
longer affect the boundary-layer profile. This is evidenced by the fact that the
value of b in Eq. 6-2 for the smooth case is independent of k.

Clutter's mean skin friction coefficients. calculated for the incompres-
sible case. are shown in Fig. 6-1. The dotted curve on Fig. 6-1 indicates the
boundary between fully rough and transitional flow.
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6.2 Compressible Flow over a Rough Insulated Plate

For compressible flow on an insulated plate, Goddard (Ref. 111) found
experimentally that, just as in the incompressible case, the value of the skin
friction is first affected by the roughness when ur k/'vw is between 4 and 10.

This agrees with the experimental results of Lobb, Winkler, and Persh (Ref. 117)
which show that compressibility does affect the value of u y/Vw at the edge of

the laminar sublayer on an insulated surface. Goddard found that the effect of
compressibility on the mean skin friction coefficient was greater for fully rough
flow than for smooth flow. This is shown on the following sketch taken from
Ref. 111. The subscript "il indicates incompressible flow over both a rough
and a smooth surface.

0.8 
Smooth

0 0.038
u 0. 4 0.024

0. 0.0095 Fully • -••

O.~ 1 I I T Rough I3-

Source: Ref. 1110 •- . I

0 1 2 3 4 5

In analyzing his results, Goddard followed the suggestion made by
Liepmann (Ref. 119) that the drag must be directly proportional to Joel. This
is implied by the fact that for incompressible flow and constant I/k, the mean
skin friction coefficient is constant in the fully rough regime (see Fig. 6-1).
To extend this reasoning to the compressible case, the density should be eval-
uated at the wall. Thus,

Ci = CD nk J luo/P03eu (6-4)

and

C = CD nk %wU' /i lotui (6-5)CF Dk

where

CD = the drag coefficient of a single sand grain and is virtually independent of
both Re and M since the grain may be considered as a bluff body

n = number of sand grains per unit area

uk = velocity at y = k

and hence from Zqs. 6-4 and 6-5
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CF/CF. = ow/ps (6-6)

= Pe /p for an insulated plate

The ratio pe /p, is given by

Joe TLT. -I - I Ma-•
-= T= + r ! M1 (6-7)

e

Goddard replotted his data as a function of Pe /p as shown in the following sketch.

It can be seen that Eq. 6-6 is an excellent fit to the data for an insulated surface.

1.0- --II-

Eq. 6-6 e

pz20.6 - - -- - -

U
0.2

U 0 .2 L OOý 
I I

Source: Ref. 111
0 00*7 Li -I I I

0 0.2 0.4 0.6 0.8 1.0
De/

Clutter used Eq. 6-6 and the results given on Fig. 6-1 to compute
mean skin friction coefficients for fully rough flow on insulated plates. To cal-
culate skin friction coefficients for transitionak and smooth flow, he used the
following interpolation formula:

,'c\ log uk/vw - log (urk/vw)S 1 [/F /c(6-8
C Fi - log (u k/ )fr - log (u, k/vw)wsJ " T (6-8)

He assumed that the regions of smooth, transitional, and fully rough flow were
defined by the same values of u Tk/v as in the incompressible case. Taking the

values of ur k/v appropriate to the transitional region, Eq. 6-8 becomes

CF C~--i rOg u~k/vw - log 43 [•t C(C-- •r
-- =(C )" [log uk7/5. [og4 - (6-9)
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where

s = smooth values

fr = fully rough valh ?s

The application of Eq. 6-9 to compute values of CF using CF. from Fig. 6-1
1

is complicated by the necessity of evaluating u k/vw Clutter in Ref. 112 de-

scribes a method for obtaining these values. The values of (CF/CF) incor-

porate Van Driest's calculations (Ref. 120) which are in reasonable agreement
with Wilson's smooth plate -.esults given in Subsecs. 3.3 and 3.4 and Ref. 24.
Clutter's mean skin friction coefficients for an insulated flat plate are given on
Figs. 6-2 through 6-2 for Mach numbers from 0. 5 to 5.0 ana Reynolds num-
bers of 100 to W .

6.3 Compres~ibhe Flow over a Rough PlaLe with Heat Transfer

Clutter assumed that Eq. 6-6, using Dw instead of Pe, is valid for

fully rough flow with heat transfer. He calculated the mean skin friction co-
efficient using the method given in Subsec. 6.2. For flow calculations in the
transitional regime, the ratio (CF/CF) s which appears in Eq. 6-9 was obtained

from -1ef. 120 which gives the co.fficients in the presence of heat transfer. It
is further assumed that the values of uTk/v which define the smooth, transi-7~w
tional, and fully rough regions are unaffected by both heat transfer and com-
pressibility. Clutter admits that this assumption is open to question since the
experimental results of Ref. 117 indicate that heat transfer does have some ef-
fect on the laminar subayer thickness for a smooth plate. The first assump-
tion, i.e., that Eq. 6-6 remains valid even in the presence of heat transfer,
cc.rtainly ir, also open tr- question. When there is no heat transfer the density
is nearly constant near the surface and is thus virtually equal to the wall value.
This is no longer true for the heat transfer case in which the temperature and
density gradients at the surface are large. However, Clutter's method, in spite
of its uncertainties, may be used to inz" *ate the effects of roughness with heat
transfer. Additional axperimental work is needed to validate this extension into
the heat transfer regime.

Equation 6-6 can also be assumed to hold if CF/CF. is replaced by
1

/C I. in the fully rough region. Clutter apparently used this assumption to-

gether with a.i interpolation formula similar to Eq. 6-9 to calculate the local
skin friction coefficients in the transitional region.

Curves ior mean skin friction coefficients for Tw = T, are given on

Figs. 6-9 to 6-15, and the local skin friction coefficients are plRtted on Figs. 6-16
to 6-22. The figures cover the Mach number range from 0. 5 to 5.0 and Rey-
nolds numbers from 10 to 10'.
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Effect of Roughness on the Flat Plate Turbulent Boundary Layer 6.4

6.4 Transition from Laminar to Turbulent Flow on a Roughened Plate

In the preceding subsections it has been assumed that turbulent flow
originates at the leading edge. In practical cases a region of laminar flow may
exist ahead of the turbulent region even on roughened plates. Some idea of the
extent of this region can be obtained for most cases of practical interest from
the data of Subsec. 5.6. When the location of transition is known, the laminar
skin friction coefficient may be obtained and combined with the fully turbulent
values derived by the methods of this subsection. Clutter has made calcula-
tions for various assumed transition locations; his method will be outlined here.

In order to obtain the mean skin friction coefficient over the entire
plate, it is assumed that the turbulent boundary layer behaves as if it started
-it the point Q as shown in the sketch below.

E

ILaminar

• Xtr •

Since C = 28/x whether the flow is laminar or turbulent, at the point of tran-

sition, T,

2 tr=C x tr=C Ax (6-10)tr FLt = FT

and
_tU Axu. (6-11)

CF CFTLV -1

If the values of Ret and xtr/1 (where A is the total length of the plate) are known,

then Rextr and hence CFL can be determined. For a g~ven roughness size, 1/k,

u1 k/v can be calculated, and thus from Fig. 6-1 the required Reynolds num-
bers Axul/v can be found to satisfy Eq. 6-11. The mean skin friction coef-
ficient for the turbulent section (TE) can be read from Fig. 6-1 for the known
value of kul/v, where

Re T = -+ -Xtr1 Re' (6-12)

Finally the value of C F over the whole plate is given by

= + (6-13)
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Valueb of CF obtained from Eq. 6-13 are given in Ref. 112 for xtr/, = 0.1,

0.2, 0.3, 0.4, and 0.5 and Mach numbers from 0 to 5 and Reynolds numbers
from 10' to 10.

6.5 Roughness

The graphs and calculations that have been presented in this subsec-
Uon have assumed a sand-type roughness composed of spherical grains with di-
ameter k. In actual practice the surface roughness could be of many types and
of varying degrees of uniformity. If the roughness of any surface is uniformly
distributed and can be expressed in terms of an equivalent grain roughness, then
the extensive experimental results may be used to predict the skin friction for
that surface. Some experimentally determined values of the equivalent sand
roughness for a few types of rough surfaces are given in the following table
taken from Ref. 112.

Equivalent Sand
Type of Surface Roughness k (Li.)

Aerodynamically smooth 0

Polished metal or wood 0.02 - 0.08 x 10

Natural sheet metal 0.16 x 10.3

Smooth matte paint, carefully applied 0.25 x 10-3

Standard camouflage paint, average application 0.40 x 10.3

Camouflage paint, mass-production spray 1.20 x 10.3

Dip-galvanized metal surface 6 x 10.3

Natural surface of cast iron 10 x 10-3

Young, in Ref. 115, gives several suggestions for the experimental determina-
tion of the equivalent sand grain roughness of a surface, all of which require
a confidence in the existing relations among the properties associated with sand
roughness. Fenter (Ref. 113) describes a systematic test of V-grooves in which,
unfortunately, the height and width of the groove were maintained constant. The
following sketches summarize the results.

1.0 1 1 1 PTF 1 TT T1
k = Equivalent Gramu Diameter -
h = Peak-to- Valley Height of V-Groove

0.8 : P = Peak-to-Peak Spacing of V-Groove
A = Sweepback Angle -

0.6 P/h = 2 (Maximum Density)

0.2-
o o Experimental Data

0
0 10 2D 0 5 10 15 20 25 30 35 40

P/h A in deg.
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Heat Transfer 7.1

7. Heat Transfer

Methods are given in considerable detail in Subsecs. 3, 4, 5, and 6 for
calculating boundary-layer growth and skin friction for both laminar and turbulent
flows. It is therefore relatively simple to extend these results to provide methods
for calculating the rate of heat transfer to the wall.

7.1.1 Laminar Boundar Layer on a Flat Plate--Perfect Gas, Heat Transfer

Equations by means of which skin friction coefficients may be calculated
for a perfect gas laminar boundary layer on a flat plate are given in Subsec. 3.1.
Heat transfer rates can be computed from these equations by the introduction of
Reynolds' analogy. This analogy between heat transfer and skin friction is devel-
oped as follows. The local heat transfer rate, q, is given by

q= -k-i (7-1)

In the laminar boundary layer, the temperature and the velocity profiles each have
similar shapes atevery pointon a plate which has a uniform surface temperature,
i. e., both T and u may be considered as functions of y only. In which case

(~\ dT(u 1 (7-2)

Since rw = ( , Eqs. 7-1 and 7-2 can be combined to give

q =r rw (% (T (7-3)

The heat transfer rate is expressed non-dimensionally by the Stanton number de-
fined by

St Q (7-4)

pe w

By means of Eq. 7-3 the local Stanton number may be written in terms of T,, T*,
and the local skin friction coefficient, i.e.,

St( Tw (7-5)

w *e TW

where

Cf = w/*AP UT

Pr = c I/kP
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T, = T/T1, u. = u/u&, etc.

and

T1 = dT,/du,

Appropriate values of the variables in Eq. 7-5 are determined as fol-
lows: For the perfect gas case with constant Prandtl number, Prw = Pr. Integra-

tion of the momentum and energy equations, Eqs. 2-17 and 2-19, gives the shear
function, g,, and enthalpy, h,, as functions of u.. For the perfect gas case where
cp is constant, the temperature T, may then be obtained directly. Methods of de-

termining the skin friction coefficient for laminar flow over a flat plate are out-
lined in Subsec. 3.1 and numerical values are given in Fig. 3-1 as a function of
Mach number, Reynolds number and the temperature ratio T~w. The recovery

temperature, T e, is defined as the value of Tw when q = 0. From Eq. 7-1, this

requires ()T/ay)w = 0. Equation 7-2 shows that (aT/ay)w = 0 when (dT/du)w = 0

or, in non-direasional form, when (T) = 0. The ratio T*e can be expressed

in terms of the recovery factor, r, i.e., by

STrev-1)Ma (7-6)

T =*e 1 + M2 1

Crocco (Ref. 4) solved Eq. 2-19 numerically holding Pr constant. For values of
Pr from 0. 5 to 2.0, his results showed that the relationship between the recovery
factor and the Prandtl number can be closely approximated by

r = Pr• (7-7)

The results of Crocco's calculations also give a good approximation to Eq. 7-5,
i.e.,

Cf

St -f (7-8)

Figure 7-1 gives Crocco's values of 2St/Cf and r as a function of Pr and demon-

strates how good the approximations are in the range of 0.5 < Pr < 2.0.

The simple empirical formulas (Eqs. 7-7 and 7-8), together with values
of Cf given by the relationships of Subsec. 3. 1, may be used with the definition of

the Stanton number (Eq. 7-4) to obtain the heat transfer rate, q, when the wall tem-
perature and the flow characteristics just outside the laminar boundary layer are
known.

If the local skin friction coefficient, Cf, in Eq. 7-8 is replaced by the

mean value, CF, a meanStanton number is obtained. Using this meanStanton num-

ber in Eq. 7-4 will give a mean value of q which, when multiplied by the length of
the plate, x, will give the total heat transfer rate.
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7.1.2 Laminar Boundary Layer on a Flat Plate--Real Gas, Heat Transfer

Where real gas properties must be included in the calculations, it is
more convenient to use the enthalpy as the variable rather than the temperature.
Since the pressure is constant across the boundary layer, it can be shown that

= Ih (7-9)
a)y c byP

Equation 7-9 remains valid even for the case of variable cp and can be used with
Eq. 7-1 to give

q = (7-10)

The enthalpy gradient can be written

dh\Y (14h (74u-11)

Using enthalpy as a variable instead of temperature, Eqs. 7-3, 7-4, 7-5, and 7-6
now become

_ W _ 

(7-12)

St = q (7-13)u (h -Ih)

St = hrw• wl wW (7-14)

and

h
e. 1 + r (uI/2h) (7-15)

By integrating the momentum and energy equations (Eqs. 2-17 and 2-18)
for the real gas case, Wilson has obtained skin friction and heat transfer results
as a function of u4/2h, for a wide range of wall enthalpies and of gas properties
just outside the boundary layer. He found that these skin friction coefficients are
in good agreement with those computed using a reference enthalpy method (see Sub-
sec. 3.2). Wilson in Ref. 12 shows that the recovery factor can be approximated by

r = (Pr')t (7-16)
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when the prime in this case denotes the Prandtl number corresponding to the ref-
erence enthalpy given by Eq. 3-28. As an alternative value of Prandtl number,
one might consider Pr w. However, the following sketch from Ref. 12 shows that
at least for the cases calculated, Pr' is a somewhat better value.

1.2
hi, BTU/slug r/Pr2

"1.0 0 3,000 r/(Pr)•%1.o 4 1.0 0 15,00 oo -

0 () 3,000 r/PrAT 15, 0000.8 - --

0 10 20 30 40 50 60 70 80
uU/2h,

In attempting to find a simple approximation for Eq. 7-14, Wilson found that the
Crocco relationship gave reasonable results, but in this case the agreement is
better when the Prandtl number is evaluated at the wall rather than at the refer-
ence conditions (Pr'). Thus

St = Cf/2(Prw) (7-17)

The following sketches show that, except for a few cases, the simple
relationship, Eq. 7-17, agrees with the exact calculations to within five percent.

1.2 ,.2

h1 = 3000 BTU/slug ul/2h1I.I1 -PI/Po0 = 0.1I__{ 0

0 0 10
1 .0 30
09 l T0 o 80,
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h w/hL

S y 0 ul/2h, =0

"h = 400, OO0 BTU/slug

io. glP,/p = 0.1 0
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hw9/h
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t
It should be pointed out that the Prandtl number fluctuates with enthalpy (see
Fig. 3-12) and therefore it fluctuates across the boundary layer. Perhaps better
agreement between Eq. 7-17 and the exact calculations could be obtained if the
Prandtl number were averaged in some way acrossthe boundary layer. However,
since such a procedure would be extremely laborious it is suggested that Eqs. 7-16
and 7-17 be used.

Given the wall enthalpy and the flow conditions just outside the laminar
boundary layer, the heat transier is calculated as follows:

1. The reference enthalpy and the reference Prandtl number are calcu-
lated from Eq. 3-28 by iteration.

2. Using Eq. 7-16 the recovery factor is then computed from the reference
Prandtl number.

3. The Stanton numoer is computed from Eq. 7-17 using the skin friction
results of Subsec. 3.2 and the Prandtl number based on flow properties
at the wall.

4. The heat transfer rate is then calculated from Eqs. 7-13 and 7-15.

7.1.3 Turbulent Boundary Layer on a Flat Plate-- Perfect Gas, Heat Transfer

The definitions given by Eqs. 7-4 and 7-6 for the local Stanton number
and the recovery factor are valid for both laminar and turbulent flow. Since the
turbulent boundary layer has a laminar sublayer, the heat transfer rate to the wall
is given by Eq. 7-1 and the shear stress is given by rw = (Jsu/Wy)w. It follows

that the relationship between St and Cf given by Eq. 7-5 is also valid forboth lam-

inar and turbulent flow. In both cases, Pr must be computed using molecularw
transport properties. Therefore, calculation of the heat transfer rate for the tur-
bulent case will differ from that of the laminar case only in the expression for the
recovery factor and the appropriate approximation for Eq. 7-5. For low-speed
turbulent flow, Squire (Ref. 121) deduced the relationship

I

r = Pr' (7-18)

where Pr is based on molecular transport properties luf the gas as before and, in
this case, is taken as constant. Van Driest (Re. 122) has derived an elaborate
expression for r containing the molecular Prandtl number and also a turbulent
Prandtl number based on the eddy viscosity and the eddy conductivity (see Sub-
sec. 2.6). Actually, Van Driest uses experimentally determined values of the re-
covery factor to determine the turbulent Prandtl number since no reliable data
exist for the latter. He then assumes that this turbulent Prandtl number is con-
stant and uses it to calculate recovery factors at Mach numbers and Reynolds
numbers where no experimental data exist. Since Squire's result for low speeds
agrees within one or two percent with experimental results for air over a wide
range of Mach numbers, it is recommended that the recovery factor in turbulent
flow be computed from

r = Pri (7-18a)
w
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where Pr is the molecular Prandtl number corresponCa,.g to the wall tempera-

ture. The wall value is recommended since the molecular transport properties
can be the only significant properties in the laminar sublayer. Equation 7-18a is
compared with the experimental results of Brevoort and Arabian (Ref. 123) on
Fig. 7-2. The agreement is reasorably good over the Mach number range from
0.87 to 5.05. In general, the values of r derived from Eq. 7-18a are a little
higher than those derived from the test data. It is of interest to note that the test
data appear to show a slight downward trend as well as a greater spread with in-
creasing Reynolds number.

When transition from laminar to turbulent flow occurs, the recovery

factor rises from Pr to approximately Pr . In experimental data taken in the
transition region, a slight overshoot occurs. This is demonstrated by Fig. 7-3
which gives the recovery factor derived from the experiments of Brinich (Ref. 124)
at a Mach number of 3.12. The recovery factors given here for the turbulent re-
gion confirm the downward trend with Reynolds number shown by Fig. 7-2. The
data on Figs. 7-2 and 7-3 are considered to be typical examples of recovery fac-
tors, selected from the many papers dealing with the subject.

In addition to the relationship for recovery factor, Van Driest (Ref. 122)
derives an expression for a Reynolds analogy factor. This expression contains
both the molecular Prandtl number and the turbulent Prandtl number which was
determined from the experimental recovery factors as described above. Since
Eq. 7-5 is valid for both laminar and turbulent flow when Prw has the molecular

value corresponding to the wall temperature, it may be compared with Eq. 7-8.
*Hence, for the laminar case with constant Prandtl number

(T) w/(T.e - T*w)= Prt (7-19)

An evaluation of (T*)w/(T*e - T.w) for the turbulent case is necessary to deter-

mine the turbulent Reynolds analogy factor. If it is assumed that Eq. 7-19 also
holds for the turbulent case when the wall molecular Prandtl number is used, then
Eq. 7-5 for the turbulent case is

St = Cf/2Pr (7-20)

Figures 7-4 and 7-5 compare St/Cf (computed from Eq. 7-20) with

Seiff's experimental values (taken from Ref. 125). The agreement of the empiri-
cal value with the experimental is good enough to allow Eq. 7-20 to be used rather
than the more elaborate expression derived by Van Driest in Ref. 122. The ratio,
St/Cf, is plotted as a function of Mach number in Fig. 7-4 and as a function of
Reynolds number in Fig. 7-5. If Prw is assumed to be constant, then by Eq. 7-20

the ratio St/Cf must also be constant. On both Figs. 7-4 and 7-5 there is one set

of data points (Fisher and Norris - Station M) which are appreciably lower than
the rest. From the position of these points on Fig. 7-5 it might be concluded that
St/Cf decreases as the Reynolds number increases. However, this trend is not
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substantiated elsewhere. Since these data are associated with a favorable pres-
sure gradient, the drop in St/Cf might be attributed to this fact. However, it is

shown in Subsec. 7. 2 that a moderate pressure gradient does not affect this ratio.

In summary, the turbulent heat transfer rates may be calculated as
follows:

1. Skin friction coefficients are obtained fromthe equations given in Sub-
sec. 3.3.

2. The recovery factor and the Stanton number are then calculated from
Eqs. 7-18a and 7-20.

3. The value of q may then be calculated from Eqs. 7-4 and 7-6.

7.1.4 Turbulent Boundary Layer on a Flat Plate--Real Gas, Heat Transfer

A method for calculating turbulent skin friction for the real gas case
is given in Subsec. 3.4. To calculate turbulent heat transfer it is recommended
that the skin friction coefficients thus obtained be used with Eqs. 7-13, 7-15,
7-18a, and 7-20. This makes use of the enthalpy rather than the temperature.
The recovery factor and Reynolds analogy factor given by Eqs. 7-18a and 7-20 are
recommended for both the perfect and real gas cases, since the molecular Prandtl
number is the significant one in the laminar sublayer in either case. Thus, the
wall value which appears in Eas. 7-18a and 7-20 would be appropriate.

7.2 Heat Transfer on Two-Dimensional and Axisymmetric Bodies

7.2.1 Laminar Boundar Layer

Subsection 4.2 presents the method of Cohen and Reshotko (Ref. 7) for
calculating boundary-layer growth and skin friction over two-dimensional and axi-
symmetric bodies with arbitrary pressure and temperature distributions over the
surface. The method is based on the following assumptions:

1. The gas is perfect.

2. The flow outside the boundary layer is isentropic.

3. The viscosity is linearly proportional to temperature.

4. The Prandtl number has a value of unity.

When the constant in the linear viscosity relation is adjusted to give the
correct viscosity at the wall temperature, skin friction coefficients are obtained
which agree with experimental values at moderate Mach numbers. Using the same
assumptions, Cohen and Reshotko also derived a method of calculating heat trans-
fer rates which compared favorably with experimental data in the moderate Mach
number range. They derived a Reynolds analogy factor which is a function of both
wall temperature and surface pressure gradient. Their analogy factor can be re-
duced to (Cf/St)pr=l. From the work of rifford and Chu (Ref. 126), it has been
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found that when the Prandtl number is not unity, a good approximation is

-Cf t Cf Pr - 1

(t r=l- St(7-21)

where both a and the ratio (Cf/St)pr=l are functions of the pressure gradient.

Values of a recommended by Ref. 126 are listed below. The value for stagnation
point flows is taken from Squire (Ref. 127).

Pressure Gradient a

Large, favorable 0.5

Stagnation point flows 0.4

Small 0.3

Large, adverse 0.25

The values of (Cf/St)Pr=l, from Cohen and Reshotko, have been substituted in

Eq. 7-21 and the resulting analogy factor of Tifford and Chu is plotted on Fig. 7-6
as a function of Lte pressure gradient parameter, n, with (Tw - T )/T as a
secondary parameter.W t t

The heat transfer rate is calculated as follows:

1. rhe skin friction coefficient is determined by the method given in Sub-
sec. 4.2.

2. The Stanton number is determined from Fig. 7-6. If the Pr is not con-

stant, the wall value should be used.

3. rhe heat transfer is then calculated using Eqs. 7-4, 7-6, and 7-7.

It should be noted that the calculations of Cohen and Reshotko for Pr = 1
give no information on the appropriate value of the recovery factor, r. They rec-
ommend that Eq. 7-7 be used until definitive experimental data are available on
the effect of pressure gradient.

A special technique is required for calculating the heat transfer rate at
the stagnation point, i.e., where the velocity is zero. For the case of Pr = 1,
Cohen and Reshotko determined values of a stagnation point parameter which can

be expressed as q(h t - h ) "''(pwgw•*)•. In order to evaluate this parameter at

values of Pr other than unity, following the findings of Ref. 126, an equation simi-
lar in form to Eq. 7-21 may be written as

"_ w)q(ww8)tjpr=l (h= _ hw) ( -a (7-22)
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where
wh= d 

(7-23)

Equation 7-22 may be used to calculate stagnation point heat transfer rates when
Pr / 1. The values calculated by Cohen and Reshotko for the left-hand side of this
equation are plotted in Fig. 7-7 as afunction of the wall temperature for both two-
dimensional and axisymmetric stagnation point flows. Values of the right-hand
side of Eq. 7-22 when Pr = 0.7 are also plotted on Fig. 7-7. It can be seen that
Eq. 7-22 is a good approximation to the more exact calculations. When the flow
conditions and wall temperature are known, the stagnation point heat transfer rate
can be calculated with the use of Fig. 7-7. It is also necessary to evaluate the
parameter, 3.

For axisymmetric bodies a good approximation to 6 can be obtained by
assuming Newtonian flow, i.e., a pressure distribution given by

C = C cosVtP' Pmax

where t is the angle between the flow direction and the normal to the point in
question. For a spherical tip this will yield

w3D= [ )2 =-2 1) (7-24)

where

D = the tip diameter and the subscript - refers to conditions ahead of the bow
shock.

Equation 7-24 holds true for both perfect gases and real gases if the correct values
of stagnation pressure, pt•, and stagnation density, Ot, are used. If the equa-

tion is divided by u., OD/u®, is a function of Mach number for a perfect gas. A
comparison of the calculations with the experimental results from Ref. 128 is
shown on the following sketch. The agreement is excellent.

3i

0 04-)=
2 0

- Computed from Cp - COS 2

Pma~x

o Experiment

0 1 2 3 4 5
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The foregoing relationships between the parameters for bodies of sev-
eral shapes and for stagnation point flows give results in good agreement with test
measurements for moderate Mach numbers. High Mach number data for stagna-
tion point flows show that these simplified theories are not adequate to account
for the effects of real gas flows, Heat transfer rates obtained at stagnation points
by means of shock-tube tests made by Rose and Stark (Ref. 129) and by Rose and
Stankevics (Ref. 130) are shown on Figs. 7-8 and 7-9, respectively. The flight
velocities shown correspond to the total enthalpy in the shock tube. It can be seen
on Fig. 7-8 that the stagnation point theory of Fay and Riddell (Ref. 131) is in ex-
cellent agreement with the data. The theory given here approaches the experi-
mental data as the shock Mach number is decreased. It is interesting to i., '.e that
the perfect gas calculations give values which are too high. These calculations
were made using F'g. 7-7 and Eq. 7-24. The real gas values of pti and P ti were

used in Eq. 7-24. The data on Fig. 7-9 are compared with the theory of Fay and
Kemp (Ref. 132). At the very high velocities, even the real gas calculations are
above the experimental values. The perfect gas calculations can be expected to
give even higher results. For free-flight data, the agreement between theory and
experiment will improve with distance from the stagnation point and will be still
better where there is no stagnation flow.

The experimental heat transfer rates at a stagnation point show that the
perfect gas calculations of Cohen and Reshotko do not give satisfactory values at
high stagnation enthalpies. This will also be true though to a lesser extent at other
body stations at which the enthalpy is high. There are several theoretical inves-
tigations which can be applied satisfactorily not only to flow over the stagnation
area but also to entire bodies at hypersonic speels. For high stagnation enthal-
pies and highly cooled walls, Lees (Ref. 133)nkeglected the pressure gradient term
in the momentum equation, took Og constant through the boundary layer, and as-
surned local similarity for the boundary-layer profiles. Probstein (Ref. 134) pro-
posed that the pressure gradient term in the naomentum equation be retained but
that Ph be taken as constant through the boundary layer. Eckert and Tewfik in
Ref. 135 evaluated the product, ap, in Lees' theory at a reference enthalpy which,
for the flat plate (Subsec. 3.2), takes account of the variation in PjA through the
boundary layer. Kemp, Rose, and Detra (Ref. 136) assumed local similarity for
velocity and temperature profiles and solvpd the boundary-layer equations for a
fluid with variable thermodynamic and transport properties. Solomon (Ref. 137)
extended the method of Cohen and Reshotko, taking into account the effect of high
stagnation enthalpies by evaluating the gas properties at Eckert's reference en-
thalpy. The expression givenby Eckert in Ref. 138 for reference endhalpy results
in values which approximate those given by Eq. 3-28. Solomon's calculated heat
transfer parameters are in good agreement with the stagnation point calculations
of Fay and Riddell (Ref. 131) and also agree with the calculations and datafor heat
transfer over a hemisphere-cylinder and a flat-faced cylinder given by Kemp,
Rose, and Detra in Ref. 136. Since the results of Solomon's empirical method
are in good agreement with those of more complicated theories and also with ex-
perimental data, it is recommended that the method outlined in Ref. 137 be used
for calculations invr'Tving high stagnation enthalpies.

An approximate analysis by Eggers, Hansen, and Cunningham (Ref. 139)
appears to give excellent agreement with experimental data at velocities up to
27, 000 ft/sec. It should be noted that the analysis is limited to stagnation point
heat transfer.
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7.2.2 Turbulent Boundary Layer

In Subsec. 4.3 it is suggested that for small surface pressure gradients,
reasonably accurate values for the turbulent boundary-layer growth and skin fric-
tion coefficients can be obtained by integrating Eq. 2-29 after substituting the flat
plate boundary- layer characteristics associated with the point under consideration.
The same method could also be used to take into account small arbitrary tempera-
ture gradients. Once the local skin friction coefficient has been computed as de-
scribed in Subsec. 4.3, the heat transfer can then be computed using flat plate
flow characteristics. The recovery factor and Stanton number are calculated from
Eqs. 7-18a and 7-19, respectively, and q is then calculated using Eqs. 7-4 and
7-6.

The use of the flat plate Reynolds analogy, Eq. 7-19, is justified by at
least one set of experimental data. Pasiuk, et al (Ref. 140), describe experiments
in which heat transfer rates, as well as velocity and temperature profiles, are
measured in the boundary layer on a flatplate on which there is a favorable pres-
sure gradient. The plate extends from the throat to the test section in a two-di-
mensional wind-tunnel nozzle contoured to generate on the plate a turbulent bound-
ary layer witha constant Polhausen parameter. Figure 7-10 shows the Mach num-
ber distribution at the outer edge of the boundary layer on the plate. Figure 7-11
shows the distribution of temperature ratio, TTw/Tti along the plate for two heat

transfer rates which were achieved by cooling the plate surface. The data were
used to determine the Reynolds analogy factor in a turbulent boundary layer on a
surface with both temperature and pressure gradients. No skin friction coeffic-
ients were measured. However, values of L- were determined from the boundary-
layer surveys by integrating the momentum integral equation where

S, = x I-dX

Values of L2 were determined from measurements of the local heat transfer rate
where

x
'E 3{Pr Stdx

The resultantvalues of these two integrals are given as afunctionof distance along
the plate in Fig. 7-12 for both the high and low heat transfer cases. In reducing
the heat transfer data to obtain the Stanton number, a recovery factor, r, approx-

imately equal to Pr* was used. The value of x, is arbitrary, taken as 1. 28 ft in
this case. It may be noted from Fig. 7-12 that the two integrals have essentially
the same values. Thus the flat, ia t e Reynolds analogy givenby Eq- 7-19 is appar-
ently satisfactory for Mach number and temperature gradients of this test, i.e.,
those shown on Figs. 7-10 and 7-11. Three other definitions of Reynolds analogy
factors (propcsed by varijus authors) are also compared with the experimental
data in Ref. 140. With one exception, i.e., that of Rubesin (Ref. 141), the values
were not as good as the flat plate values. Cohen (Ref. 142) discusses briefly the
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various theories which have been proposed for predicting the heat transfer rate in
"a turbulent boundary layer on a surface with a pressure gradient. Cohen derives
"a method for computing the turbulent heat transfer to two -dimensional and axisym-
metric bodies in high-speed flow. His method utilizes a Stewartson-type transfor-
mation and the integration of the boundary-layer equations. He gives an exact so-
lution for certain arbitrary initial conditions and an approximate solution requir-
ing fully developed turbulent flow from the stagnation point or leading edge. The
techniques of Ref. 142 are recommended for bodies with large pressure gradients.

7.2.3 Cones, Spheres, and Sphere-Cones

Subsection 4.4 gives equations for finding the skin friction coefficients
for cones at zero angle of attackand constantwall temperature. Both laminar and
turbulent boundary layers are considered. The cone values are obta.ined from the
results of flat plate theories. Therefore, once the skin friction coefficients are
determined, the heat transfer rates can be computed using the methods given in
Subsecs. 7.1.1 and 7.1. 2 (laminar boundary layer) and Subsecs. 7.1.3 and 7.1.4
(turbulent boundary layer).

In Subsec. 4. 5, the approximate method of Cohen and Reshotko (Ref. 7)
is applied to the calculation of laminar boundary-layer growth on spheres. Al-
though skin friction coefficients are not actually derived, they can be obtained by
the technique outlined in Subsec. 4.2.4. Heat transfer rates can then be calcu-
lated using the method described in Subsec. 7.2.1.

When the tip radius of a sphere-cone is small compared to the length of
the conical section and the angle of attack is zero, the laminar skin friction coef-
ficient can be computed using the method of Wilson (Ref. 13) which is given in Sub-
sec. 4.6. This method has been extended to include the calculation of the turbu-
lent shear stress (Ref. 143). For both the laminar and turbulent boundary-layer
calculations, it is assumed that the pressure on the conical section is constant and
that the surface may be considered as aflat plate. However, local flow conditions
at each point along the surface must be used since, even with a slight bluntness,
the boundary layer on the conical section is in the process of swallowing the var-
iable entropy layer consequent upon the bow shock curvature. The heat transfer
rates can be calculated from the skin friction results using the flat plate formulas
given in Subsecs. 7.1, 7.2.1, and 7.2.2.

When the bluntness of the sphere-cones is large, there are two depar-
tures from the simple flow pattern just described. rhe first is that the blunting
of the tip will affect the pressures over a large part, perhaps all, of the conical
portion. Secondly, the conditions at the outer edge of the boundary layer are as-
sociated with the flow which has passed through the normal portion of the bow
shock, i. e., the variable entropy layer will extend further down the body. In this
case the flow at the outer edge of the boundary layer is isentropic. The heat trans-
fer characteristics for these large bluntnesses can be computed by the methods
described in Subsecs. 7.2.1 and 7.2.2.

7.2.4 Bodies at Angle of Attack

When a body is at an angle of attack, an approximate method for calcu-
lating the boundary-layer growth and skin friction coefficients can be devised by
integrating the momentum integral equation along streamlines. If it is assumed
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that the flow direction in the boundary layer corresponds to the flow direction at
the boundary-layer edge, the streamline pattern can then be obtained by consid-
ering only the inviscid flow. A method of calculation such as that described in
Ref. 144 may thenbe employed. The momentum integral equation for the axisym-
metric case given by Eq. 2-28 can be altered slightly and applied to the body at

8 dr 6 dan
angle of attack. It is necessary to replace the term j !j by a term -n A" where

An is the distance between two adjacent streamlines as shown in the sketch below.

An

x

The distance x is measured along a streamline. If the flow at the outer edge of
the boundary layer is isentropic, then Eq. 2-29 is used after replacing the term
9 drr a as described above. For the isentropic case, after replacing r by An, the

methods for calculating skinfrictionl given in Subsecs. 4.2 and 4.3 can be applied.
The heat transfer rate can then be computed by the methods of Subsecs. 7.2.1 and
7.2.2.

Several investi- , "ns of heat transfer on bodies at angle of attack are
reported in the literature. Julius (Ref. 145) gives the experimentally determined
Stanton number on a 20 deg cone in both laminar and turbulent flow. The values
of the Stanton number, based on local conditions at the outer edge of the boundary
layer, are plotted as a function of Reynolds number on Fig. 7-13 for the models
on which transition occurred. the cone tip was then roughened to give fully tur-
bulent flow; results for these models are shown on Fig. 7-14. The data shown on
Figs. 7-13 and 7-14 are for angles of attack of 0, 10, and 20 deg and measured
on the most windward surface generator, i.e., p = 0 deg. It can be seen from
these figures that the theories of Braun (Ref. 146) and Brunk (Ref. 147) forthe
turbulent and laminar heat transfer, respectively, are in excellent agreement with
experimental results. The theory of Van Driest (Ref. 120) is shown for both lam-
inar and turbulent flow with a = 0 deg. Using local values of the flow character-
istics in both St and Re tends to bring the curves together at all angles of attack.
It can be seen from the figures that there is some increase inStanton number with
angle of attack for both laminar and turbulent flow. This increase is associated
with the thinning of the boundary layer at increasing angle of attack. Reference 145.
also presents data on generators at 30, 60, 90, and 180 deg from the most wind-
ward generator. When the boundary layer is completely laminar or completely
turbulent, the maximum heat transfer rate is found on the most windward genera-
tor. When transition occurs, the generator along which the maximum heat trans-
fer occurs, moves around the cone and usually lies between the 30 and 60 deg
generators.

The measurements just discussed were made by Julius at Mach 4.95.
Burbank and Hodge (Ref. 148) present experimental data for al0 deg cone at Mach
numbers of 2.49, 2.98, 3.51, 3.96, and 4.65. Heat transfer rates were mea-
sured with the cone at 0, 7. 5, and 15 deg angle of attack. Data were obtained with
fully laminar flow and with transition.
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Heat transfer data on sphere-cone configurations have been given by
several investigators. For each experimental study which will be discussed here,
the bluntness was relatively large. The entropy at the outer edge of the boundary
layer is then constant and equal to the value on the stagnation streamline. Lam-
inar heat transfer data from wind-tunnel tests are given by Pasiuk in Ref. 149.
The ratio of the radii of the corical frustum of the sphere-cone was 0.19 and the
cone angle was 26.6 deg. Heat transfer data for the most windward generator are
shown on Figs. 7-15 and 7-16. The tests were run at Mach numbers of 3.2 and
4.8 and at three angles of attack: 0, 6, and 8 deg. The data are given in terms
of the ratio of local film coefficient, h, to the stagnation point film coefficient,
h sp The film coefficient is defined by

S= q/(Te - T)

Data for the generator which is 4 5 deg from the most windward generator are shown
on Figs. 7-17 and 7-18. Pasiuk shows that the theory of Beckwith (Ref. 150) is in
reasonable agreement with the experimental results. In addition to the results
shown here, Ref. 149 gives data at several stations around the body on generators
up to 150 deg from the most windward generator. The ratio T ./T t, varied from
0.7 to 0.8 during these tests.

Data on a20 deg sphere-cone with fully laminar flow andalso with tran-
sition are given by Van Camp in Ref. 151. These wind-tunnel results were obtained
at Mach numbers of 2.47, 3.58, and 4. 53 with the model at angles of attack of 0,
5, 10, 14, and l6deg. Measurements of turbulent heat transfer on a60deg sphere-
cone are given by Aeillo in Ref. 152. Aeillo used the shrouded model technique of
Ferri and Libby (Ref. 153) in which the shroud is designed to give a Newtonian
pressure distribution over the model at zero angle of attack. The tests were then
run with the model at a geometric angle of attack to provide a three-dimensional
flow. Although this technique does not precisely simulate that of a model at angle
of attack in an unconfined flow, high local Reynolds numbers canbe obtained. The
turbulent heat transfer data with three-dimensional flow can be compared with
theory. Aeillo found that the flatplate reference enthalpy method, based on local
flow conditions at the outer edge of the boundary layer, gave good agreement with
measured values. The Reynolds number used in the calculations was based on the
distance along an inviscid streamline measured from the stagnation point. Since
the skin friction coefficient and the Stanton number for turbulent flow a,-e rela-
tively insensitive to Reynolds number, some uncertainty in choosing the proper
Reynolds number will not greatly affect the calculations. These results tend to
confirm the suggestion made in Subsec. 7.2.2 that flat plate characteristics be
used for the turbulent boundary layer in the presence of small pressure gradients.

In addition to the cone and sphere-cone results, heat transfer data on
other bodies atangles of attackcan be found in the literature. Feller, for example
(Ref. 154), gives data for a modified Karman nose shape at a Mach number of
3.69 for angles of attack from 0 to 25 deg. These tests were conducted in a wind
tunnel with a smooth model which showed natural transition. The model was also
roughened to obtain fully turbulent flow. In Ref. 155, Sands and Jack give wind-
tunnel results for cylindrical bodies with cone tips and with parabolic noses. The
models were tested at a Mach number of 3.12 and angles of attack up to 18 deg.
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7.3 Heat Transfer on Yawed Cylinders

Wing leading edges are often blunted in order to reduce the heat trans-
fer rate at high flight velocities. Although the drag increase consequent upon the
blunting may at times be unacceptably high, it may be reduced by sweeping the
leading edge. The sweep can, in some cases, further reduce the leading-edge
heat transfer rate. A number of theoretical and experimental studies on yawed
cylinders have been carried out to investigate the effect on heat transfer of the
various parameters. The results of afew of these studies will be presented here.

Cunningham and Kraus (Ref. 156) compared several methods of calcu-
lating the heat transfer rate on the laminar stagnation line oZ a yawed cylinder.
The comparison is shown on Fig. 7-19 in terms of the angle of yaw or sweep, X.
It can be seen that the theories of Eggers, et al (Ref. 157), Reshotko and Beckwith
(Ref. 158), and Goodwin, et al (Ref. 159), give heat transfer rates that are in rea-
sonable agreement with one another. The ratio of the heat transfer rate at X. to
that at X = 0 is approximated by the curve of

qX/q.=0 = cosat 2 ,x (7-25)

At X = 60 deg, this yields a value of q. that is only 40% of the zero sweep value.

Eggers, Hansen, and Cunningham (Ref. 139) have derived an approximate theory
for calculating laminar heat transfer in the stagnation region. This theory takes
into account real gas effects. It was shown in Subsec. 7.2. 1 that the theory when
applied to blunt bodies is in excellent agreement with measured heat transfer rates
in the stagnation region. Calculations given in Ref. 139 for yawed cylinders moving
at satellite velocities are shown on Fig. 7-20. These calculations demonstrate
that, even with real gas effects, the trend of heat transfer rate with angle of yaw
is approximated by Eq. 7-25.

Figure 7-21 shows experimental results at Me = II which were obtained
by Cunningham and Kraus (Ref. 156) for yawed circular cylinders. The data are
given in terms of an average heat transfer rate, Q, defined by

rco dT

2 dt

where, for the cylinder

r = radius

c = specific heat per unit mass

P = density

and
T = temperature

It may be seen from Fig. 7-21 that the effect of sweep angle is in good agreement
with Eq. 7-25. It should be noted that the Reynolds numbers of thesedata are quite
small and that the flow over the cylinders was therefore undoubtedly laminar. Ex-
perimental results at M, = 9.8, given in Ref. 157, show a similar trend at sweep
angles up to 45 deg. At X = 70 deg the data in Ref. 157 fall above the curve of
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Eq. 7-25. The authors of Ref. 156 suggest that this discrepancy may be due to
interference from the model support.

Beckwith and Gallagher (Ref. 160) present experimental data taken at
much higher Reynolds numbers (1 x 10' to 4 x 10'). These measurements, made
at M. = 4.15 are show . on Fig. 7-22. It may readily be seen that the effect of yaw
on the heat transfer rate Is in sharp contrastwith that of the low Reynolds number
data shown on Fig. 7-21. As the cylinder was yawed from 0 to 40 deg, the stag-
nation line heat transfer rates increased by 100 to 180%. However, a further in-
crease in yaw angle from 40 to 60 deg resulted in a 40% reduction in heat transfer
rate. Atzero yaw angle, the heat transfer rate agrees with the laminar flow theory
of Beckwith (Ref. 161). This is also true at 10 deg yawfor the lower test Reynolds
numbers. However, as the Reynolds number is increased, the heat transfer at
10 deg yaw becomes considerably greater than that predicted by laminar flow
theory, indicating transition to turbulent flow. At yaw angles greater than 10 deg,
the heat transfer is always much higher than laminar predictions. It may be seen
that the 40 and 60 deg yaw angle results of Fig. 7-22 are in good agreement with
the turbulent flow theory of Ref. 160. Although this theory predicts zero heat
transfer at A = 0 and must therefore be in error at very small angles of yaw, it
still gives a reasonable qualitative prediction of the behavior of the heat transfer
at low angles of yaw. The heat transfer is predicted to rise to a maximum value
at X a 30 deg and then decrease with further increase in X. This is in contrast to
the behavior of the laminar heat transfer rate which has its maximum at X = 0 deg.
As the authors of Ref. 160 point out, the test Reynolds numbers of the data shown
on Fig. 7-22 are larger than typical values of full-scale leading edge Reynolds
numbers for most hypersonic vehicles. In view of this they suggest that the data
may be more profitably applied to bodies at reasonable angles of attack than to
wings of large sweep.

7.4 Heat Transfer in the Transition Region

Although no comment was made at the time, Fig. 7-13, discussed in
Subsec. 7.2.4, shows clearly the behavior of the local Stanton number in the re-
gion of transition from laminar to turbulent flow. The Stanton number is well-
behaved in the transition region and increases in the same way that the local skin
friction coefficient increases in that region. Figure 7-13 also shows that the values
of St overshoot slightly the curves for the fully turbulent flow. This overshoot cor-
responds to the overshoot of the local skin friction coefficient whichwas discussed
in Subsec. 3.5. In calculating the heat transfer rate, a conservative estimate can
always be obtained by assuming that transition occurs abruptly at a point and, fur-
thermore, that the point corresponds to the onset of transition rather than its ter-
mination.

7.5 Turbulent Heat Transfer on Rough Surfaces

The effect of roughness on turbulent boundary-layer skin friction is
discussed in Subsec. 6. The method used by Clutter (Ref. 112) for computing both
the local and mean skin friction coefficients is described. For fully rough flow,
Clutter makes use of the experimental results of Goddard (Ref. 111) who found that
for zero h at transfer, the ratio of compressible to incompressible skin friction
coefficients was equal to the ratio of wall to free-stream densities. Clutter as-
sumed that this relationship could also be used to calculate the skin friction co-
efficient when there was heat transfer to the plate. He recognized that some error
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Heat Transfer 7.5

might be introduced since, with heat transfer, the wall density does not represent
the average density of the flow to which the roughness is exposed. To compute the
skin friction coefficient for flows in the region between the smooth plate and the
fully rough one, Clutter makes use of the smooth flat plate theory of Van Driest
(Ref. 120) and derives an empirical interpolation formula. To calculate heat trans-
fer coefficients, Clutter suggests the use of smooth plate values of the tempera-
ture recovery factor and the Reynolds analogy factor.

In Ref. 115, Young reports the results of simultaneous measurements
of the local skin friction and the heat transfer rate on a flat plate in turbulent flow.
The experiments were run at a Mach number of 4.93 with two-dimensional V-
grooves as the roughness elements. Measurements were made at a single station
on the plate with constant tunnel supply pressure, Pt.' and constant plate surface

temperature, T w. The ratio of wall to free-stream teraperatures, T w/T, was

varied by changing the tunnel supply temperature. Values of the local skin fric-
tion coefficient and the local Stanton number are plotted on Fig. 7-23. The three
V-groove heights tested (h = 0.0025, 0.005, and 0.015 in. ) were respectively about
0.6, 1.2, and 4.0 times the thickness of the laminar sublayers. The values of Cf

on Fig. 7-23 show that when h = 0.0025 in., the plate is essentially smooth; when
h = 0.005 in., there is a small increase in CfS and when h = 0.015 In., there is a

large increase in Cf. It may also be seen from this figure that Van Driest's theo-

retical values of Cf are in reasonable agreement with the data. One calculated

curve using Clutter's method is shown for the case of sand roughness with a grain
size, k, of 0.015 in. The data point for h = 0.015 in. at T w/T = 5.1 (i.e., cor-

responding to zero heat transfer), is seen to be above the Clutter curve. Young
concludes from this that the values of h and k are not equivalent but rather that
k = 1.82 h. This relationship contrasts sharply with the results of Fenter (dis-
cussed in Subsec. 6.5) which give k = 0.6 h. At low values of T w/Ti, the Clutter

curve is above the experimental data, and Young concludes from this that the ratio
of wall to free-stream densities should not be used in calculating skin friction co-
efficients for a plate with heat transfer. When heat is transferred to the wall, the
average density of the flow to which the roughness is exposed is less than the wall
density. This is borne out by the differences between Clutter's calculations and
the test data.

The experimental values of Stanton number, St, plotted on Fig. 7-23

are well below the values of Cf. Although there is a marked increase in St when

h = 0.015 in., it appears smaller than the corresponding increase in Cf. Values

of Cf/2St have been computed from corresponding values of Cf and St plotted on

Fig. 7-23, and the results are plotted on Fig. 7-24. The smooth plate Reynolds

analogy factor, Prw, is shown for comparison. Essentially all the experimental

values, even those on the smooth plate, fall above Pr§. Although the experimental

values appear to increase with increasing roughness, it can be seen that all the

data fall between Cf/2St = Pri and Cf/2St = 1.0. It should be noted that Young

used the smooth-plate recovery factor in reducing the heat-transfer data since
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this value appears to be valid for the rough surfaces and the flow conditions under
which they were investigated.

In Ref. 162, Jones gives experimental turbulent heat transfer rates
on cones (10* half-angle) with several surface finishes. The tests were conducted
at a free- stream Mach number of 4.95. The largest roughness investigated was
about two or three times the height of the laminar sublayer. Very little effect of
roughness on the heat transfer rate was measured. This is in agreement with the
results of Young shown on Fig. 7-24.

In view vf the test results discussed above and the scarcity of addi-
tional data, it is recommended that heat transfer calculations for surfaces with
sand roughness be based on the skin friction calculations of Clutter given in Sub-
sec. 6. It is further recommended that the temperature recovery factor and the
Reynolds analogy factor for roughplatesbe computed as described inSubsec. 7.1.3
for smooth plates. It appears that this method should yield conservative results.

7.6 Heat Transfer in Separated Flows

Heat transfer in separated flows can be either greater or less than that
in attached flows. If the flow conditions at the leading edge of a separated region
are the same as those for an attached flow and both flows are laminar, the heat
transfer can be reduced by separation. rhis is also true if both flows are turbu-
lent. However, if the attached flow is laminar and the separated flow undergoes
transition to turbulence, the separated flow may produce higher heating rates.
High local heating rates may be produced by high pressures which occur at the re-
attachment point. With separated flows, the occurrence of several oblique shocks
produces higher pressures on reattachment and thus higher heat transfer rates
than if there is a single strong shock. Even if the pressure at reattachment is the
same in both cases, the flow downstream of the reattachment may have a lower
entropy when there are several oblique shocks and thus produce higher heat trans-
fer rates than in the case of a single strong shock.

Chapman (Ref. 163) predicts heat transfer rates to a surface which
forms the boundary of a separated region. He took as a model a two-dimensional
cavity and assumed that the region of recompression through the reattachment
zone was small. The pressure was thus taken to be essentially constant over the
separated region. It was further assumed that the boundary-layer thickness at the
onset of separation was zero and that the mixing zone was thin compared to the
depth of the region of separation. With laminar flow and Pr = 0.72, Chapman
found that the heat transfer rate for the separated flow was 56% of that for an equi-
valent attached flow. An equivalent attached flow is defined as one which has the
same Mach number and Reynolds number at the outer edge of the boundary layer
as those at the outer edge of the mixing region of the separated flow. The wall to
free-stream temperature ratio is also the same in each case. Chapman estimates
the heat transfer rates for the case of turbulent flow and concludes that at low
Mach numbers separation causes heat transfer rates to be several times as great
as the values for attached flow. However, this increase becomes less with in-
creasing Mach number. Measured heat transfer rates agree with Chapman's lam-
inar predictions but disagree with the turbulent values. This will be discussed
later.
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Tests on nose spikes used to reduce the drag of hemisphere-cylinders
showed that the flow which became turbulent after separation caused higher heat-
transfer rates than an attached laminar flow. Stalder and Nielsen (Ref. 164) give
experimental results which snow that, although the drag of a hemisphere-cylinder
is reduced by a nose spike, the total heat transfer rate to the hemisphere is dou-
bled. This was shown to be true for all spike lengths tested at the three test Mach
numbers of 1.75, 2.67, and 5.04. Crawford arn Rumsey (Ref. 165) showed, how-
ever, that the Reynolds number had a marked effect on the heat transfer rates.
Data for a Mach number of 6.8 are given in Fig. 7-25 which shows that at a high
Reynolds number the heat transfer over most of the hemisphere and all of the cyl-
inder is greater for the model with a spike. Schlieren photographs of the spiked
nose indicate that the flow in the separated region is turbulent. The total heat
transfer to the hemisphere, is doubled by the addition of the spike. At the lower
Reynolds number, the heat transfer rate over the hemisphere is decreased. The
total heat transfer is roughly one-half of the total heat transfer on the hemisphere
without a spike. The heat transfer on the cylinder is relatively unchanged. The
flow in this case was laminar in the separated region and also laminar over the
entire body. Crawford (Ref. 166) gives further information on the effect of spikes
on the heat transferred to a hemisphere-cylinder at the same Mach number (6.8).
The Reynolds number, Re-d based on free- stream conditions and cylinder diam-

eter was varied from 0. 12 x 10' to 1. 5 x 108. Spikes up tofour cylinder diameters
in length were tested. The effects of spike length and Reynolds number on the
shape of the separated region and on the location of transition within itwere deter-
mined. Heat transfer andpressure distributions were correlated with the separa-
tion point, the reattachment point, and the start of transition.

Crawford and Rumsey (Ref. 165) give interesting experimental results
for an ogive-cylinder with a stabilizing flare. The data are plotted on Fig. 7-26
which shows two cases: One with a high Reynolds number producing transition on
the body and attached flow at the cylinder-flare junction, the other with a low Rey-
nolds number giving laminar separation on the cylinder. Where there is no sepa-
ration, the laminar prediction agrees with the data. The predicted heat transfer
rate for the flare was computed on the assumption that a turbulent boundary layer
started at the beginning of the flare. Where there is separation, the predicted
heat transfer rate for the laminar portion ahead of the separation point agrees
with the test data. The curve labeled "attached laminar flow" (Fig. 7-26) which
lies above the data points taken in the separation region was computed for an at-
tached flow with an increased pressure corresponding to the separated flow. The
curve labeled "separated laminar flow" was obtained by taking 56% of the values
"along the attached laminar flow curve in accordance with Chapman's theory (see
Ref. 163). The separated curve so obtained is in reasonable agreement with the
test data in the separated region ahead of transition. The turbulent prediction on
the flare was made by assuming that a turbulent boundary layer started at the re-
attachment point. To check Chapman's estiwate of the effect of separation on the
heat transfer with turbulent flow, Crawford and Rumsey obtained data for a flat
plate with transverse stringers. The results are shown on Fig. 7-27. The tur-
bulent theory shown on the figure is in agreement with measurements made on the
plate without the stringers. Although there are high heat transfer rates on the
upstream faces of the stringers where the pressure is high, the heat transfer in
the region of separation behind each stringer is always lower than the smooth plate
value. This is in contrast to Chapman's prediction of an increase.
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Larson (Ref. 167) gives experimental results which are in agreement
with Crawford and Rumsey, i.e., the heat transfer in both laminar and turbulent
separated flows are lower than the equivalent attached flows. Sketches of the two
electrically heated, axisymmetric models are shown on Fig. 7-28 where values
of the average Stanton number, St are plotted. The heat transfer coefficient in
3t is an average of the measured values in the cross-hatched sections shown in the
sketches; the flow properties in St are those at the outer edge of the separated re-
gion. The Reynolds number, RelL, is based on the length L shown on the sketch

and conditions at the outer edge of the separated region. In the separated laminar

flow, St is proportional to Re L1/2 just as it is in the attached laminar flow.

Chapman's figure of 56% closely predicts the reduction in level due to separation.
It can be seen that in turbulent flow also, separation causes a large reduction in
the heat transfer. For the attached turbulent flow, the Stanton number ispropor-

tional to Re 1 L . For the separated flow the Stanton number is much more sen-

sitive to Reynolds number, being proportional to Re1 L At a constant Rey-

nolds number, the reduction in heat transfer for the turbulent case was found to be
essentially independent of Mach number for values of M, from 0.3 to 4.0. Al-
though for both the laminar and turbulent cases separation reduced the average
heat transfer, Larson made measurements which showed that the local heat trans-
fer rates in the reattachment zone near the end of the cavity were quite high. The
ratio of local heat transfer rate to the average rate, q/q is shown in Fig. 7-29 as
a function of distance along the model. Larson also presents transition data for
the separated flows. These data are necessary in order to determine whether
separation will decrease or increase the heat transfer rates. The Reynolds num-
ber of transition Retr is plotted as a function of the free-stream Mach number on

Fig. 7-30. The transition Reynolds number appears to be ba3ed on free-stream
conditions and the length V of the laminar separated region shown on Fig. 7-30.
The value of .' is found by determining the cavity length for which transition will
be just downstream of the reattachment point. Figure 7-30 displays two very in-
teresting features. Firstly, it may be seen that the transition Reynolds number
increases very rapidly with Mach number. This indicates that laminar separation
is quite significant at high Mach numbers. Secondly, it may be noted that cooling
the wall below the adiabatic temperature steadily decreases the transition Rey-
nolds number. This is in contrast to the behavior for attached flows where, at
least for some range of wall temperatures, the trend is the opposite.

The reduction in heat transfer with turbulent separation has also been
noted in free flight at Mach numbers up to 8. 5 (see Ref. 168). The increase in
heat transfer at reattachment has also beendetected by a number of investigators.
In fact, the use of cavities to promote separation has in some cases been found to
increase the total heat transfer even when the flow remained laminar. This is due
to the high local rates in the reattachment region. Figure 7-31 from Ref. 169
shows the effect of separated flow on a cavitated conical nose. At the lowest wall
temperature the boundary layer was attached to the cavity ard the total heat trans-
fer was approximately equal to that on the straight cone. At the higher wall tem-
peratures, the flow separated and the heat transfer rates were very high at the
reattachment point just ahead of the shoulder. High local heating rates at reat-
tachment are also reported in Ref. 170 which states that streamwise pressure and
heating rate gradients are extremely large just prior to reattachment and lead to
exceptionally high pressures and heating rates downstream of attachment on trail-
ing edge flaps in hypersonic flow.
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Holloway, Sterrett, and Creekmore (Ref. 175) investigated at a Mach
number of 6 the heat transfer associated with separated regions caused by wedges
(10, 20, 30, and 40 deg) as well as forward and rearward facing steps on a flat
plate. The trends of their heating rates in the laminar, transitional, and turbu-
lent regions of separation substantiate those already discussed.

In discussing heating rates in separated regions, mention should be
made of the pressure rise or pressure gradient required to induce separation.
This information is required in order to determine whether an attached or sepa-
rated condition is to be dealt with. Data on this subject are given in Refs. 171 to
173. A very comprehensive review of the information available at that time is
given in Ref. 174.

7.7 Turbulent Heat Transfer Near Protuberances

A protuberance causes changes in the local static pressure, the re-
covery temperature, and the heat transfer rate. The temperature recovery fac-
tor near a single cylindrical protuberance is shown on Fig. 7-32. These data are
wind-tunnel test results reported by Wisniewski in Ref. 176. The protuberance
was mounted 14 in. from the conical tip (20 deg total angle) of a cone-cylinder
model 1.75 in. in diameter and 18 in. in length. For these tests transition was
fixed between 2 and 4 in. from the tip of the cone by means of sand blasting. At a
Mach number of 3.12 and the test Reynolds numbers of 4.5 x 10' and 8 x 10' per
foot, the protuberance shown on Fig. 7-32 was immersed in the boundary layer.
Without the protuberance, the recovery factor would be approximately 0.89. The
data show that the recovery factor is increased for several protuberance diam-
eters upstream of the protuberance location and decreased for several diameters
downstream. Data for recovery factors near two-dimensional protuberances are
given by Brinich in Refs. 124 and 177, and data on 20 different protuberance con-
figurations (listed in Table 7-2) are given by Burbank, et al in Ref. 178.

The effect on the heat transfer rate of the single cylindrical protuber-
ance discussed above is shown on Fig. 7-33. The ratio of the film coefficient with
and without the protuberance is plotted. The data show that for a protuberance
immersed in the boundary layer, the heat transfer data is increased by a factor
of up to 1. 5. The effect of the protuberance on the heat transfer, like its effect on
the recovery factor, extends for several diameters upstream and downstream of
the protuberance. It is interesting to note that the heat transfer rate is increased
at all measuring stations along the 0 deg generator on which the protuberance is
located. The 22.5 deg generator also shows increased heating rates, but on the
45 deg generator there is no appreciable change.

Figure 7-33 should be compared with Fig. 7-34 which gives the heat-
transfer ratio for a protuberance whose height is greater than the boundary-layer
thickness. The data in Fig. 7-34 were taken from the wind-tunnel tests of Burbank,
et al (Ref. 178). The protuberance in these tests was a cylinder 12. 5 in. high,
mounted on a flat plate. The measurements were made for three nominal bound-
ary-layer thicknesses, 0.7, 1.5, and 6.0 in. The two smaller thicknesses were
achieved by mounting the plate at two different places in a supporting structure
and, for the 6 in. boundary layer, the plate was mounted on the wind-tunnel wall.
Figure 7-34 shows that the heat transfer rate just in front of the protuberance can
be increased by a factor of 7 or 8 at the test Mach number of 3.51. Downstream
of the cylinder it is increased by a factor of two. Figure 7-35 gives more infor-
mation on the effect of the cylinder in the 6 in. boundary layer. It shows:
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1. Contours of constant h/h on the plate in the vicinity of the protuber-

anc- for M =3.51 and Re/ft = 2.76 x 10'.

2. The eifect of unit Reynolds number (1.6 x 10', 2.76 x 106, and 3.96
x 10') along the center line of the plate in the direction of the flow at
M = 3.51.

3. The effect of Mach number (2.65, 3.51, and 4.44) at a Reynolds num-
ber of 2.76 x 10' per foot.

Figures 7-36 and 7-37 give similar information on the effect of sweeping the pro-
tuberance forward and aft, respectively. With a 45 deg forward sweep, the heat-
transfer rate in front of the cylinder is increased. At the highest test Mach num-
ber the heat transfer rate is twice the rate for the unpwept cylinder. When the
cylinder is sweptaft, the heat transfer rates are greatly decreased. Figures 7-38
and 7-39 from Burbank, et al show heat transfer ratios in the neighborhood of sim-
ulated stiffeners, 2 and 4 in. in height, mounted transverse to the flow. Both the
sdtffeners have finite spans of 24 in. and were tested in boundary layers with a
nominal thickness of 6 in. Both stiffeners were immersed in the boundary layer.
It can b. seen in Fig. 7-39 that the stiffener with the greatest height causes the
largest increase in the heat transfer rate. This is consistent with the effect of
the cylindrical protuberances.

The results of tests on several protuberance configurations are re-
ported by Wisniewski in Ref. 176 and a large numberby Burbank, et al in Ref. 178.
In addition to these, heat transfer data are given by Bloom and Pallone in Ref. 179.
These configurations and the conditions under which they were investigated are
listed in Tables 7-1, 7-2, and 7-3.
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Table 7-1

Protu.berance 2onfigurationb rested by Wisniewski (Ref. 176)

',I-- 14"_ __ Protuberance
I.-- 4" .: / Location

Trip- 1 •! 1.7 5"

H-- 4. 95"-- dia

' 18.00" '

Protuberance A Protuberance B

0. 442" 40 046

0.342" dia
0.343" dia

Elbow Protuberances C, D, E

Sadia

dia el- " \ x i Support at

/" x "--trear of Model

Model x, in. y, in. e, deg

C 0.345 0.096 90
D 0.498 0.091 90
E 0. 342 0.090 45

Test Conditions and Measurements

Recovery Heat
Model M® Re./ft x 10-L Factor Transfer

A 3.12 4.5, 8 Yes Yes
B,C,D,E 3.12 8 No Yes
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Table 7-2

Protuoarance Configurations rested by Burbank, Newlander, and Collins
(Rlef. 178)

Simulated Stiffeners (24" Span) 2"

Flow "4 
4TE

1"h- • '- 2" 2" +--4

A B C D

Single Circular Cylinders ,2.8" dia

Flow H - Swept Back
12.5"• I - Swept Forward

1" 12. 12. 5"

450

1. 4" dia m-oq 2.8" dia

E F and G (G with End Plate)

1No-Cylinder Configurations

Flow Plan View

Flow ox\

Model Ht, in. D, in. 9, deg I

J 12.0 1.4 0 6.4D
K 12.0 1.4 26.5 6.4D
L 12.5 2.8 0 3.2D
M 12.5 2.8 0 6.4D
N 12.5 2.8 26.5 3.2D
0 12.5 2.8 45 3.2D
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rable 7-2 (Cont.)

Simulated Cableway (24" Span)

Flow IM 1"t

-8.7"t

P

Simulated External Piping

7## ~22.3"v-s

Q (4 50 Fairing)

9,6t19.8" 11

R (260 Fairing)

S (Lox Line)

213



Table 7-2 (Cont.) NAVWEPS Report 1488 (Vol. 5, Secs. 13 and 14)

Table 7-2 (Cont.)

Test conditions were:

1. M, =2.65, Ma =3.51, andM 3 =4.44.

2. at =0.7, 62 =1.5, and 63 =6.0 in.

3. At each M and 8, three Reynolds numbers were used between 1. 25 and 4.7
millions per foot.

4. Pressures were measured on the supporting plate.

5. Heat transfer rates were measured on both the plate and the protuberance.

The table below itemizes the Mach numbers and boundary layer thickness used for
each model. Exceptions to the general condition of three Reynolds numbers at
each setting are noted in the end column.

Protuberance MW 6 Exceptions

A M%, M2  all 6 2 Re at'83
M3  86, 62 none

B*, C, D all M 83 *pressure at 1 Re only

E, K* all M 61, 82 *2 Re at 86

F*, I all M all 8 2 Re at 8 1 ;
*no hat Ma, 2

G allM 86, 82 1 Reat N, M, and M3;
2 Re all others

H all M all 6 2 Re at 61 , M, and MN;
at 82 , all M

J, Q. S* a 11M 62 *no h on model

L*, N*, P allM 8,, 83 *2 Re at.,

M all M 62, 63 2 Re at 8a, M, and M3;
1 Re at 6, Ma

0 all M 82, 83 2 Re at 62 , MI;
1 Re at 82, M2 and M3 :
no pressure at 82, M3

R Mx, Ma 62 2 Re
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Heat Transfer Table 7-3

Table 7-3

Protuberance Configurations Tested by Bloom and Pallone (Ref. 179)

All Models are Circular Cylinders of Stainless Steel

Wall Orientation
Height Diameter Thickness to Surface

Group (in.) (in.) (in.) (deg)
A , , 3/8 0.05 90

B 2,1 1 0.05 90

C 1 3/8 0.01 +45 0 and -450

Test Conditions

Ma = 6
Re/ft = 4.4 to 5.2 million

6-1.4 in.

Pt = 600 psia

Tt = 1460 - 1660°R

Heat transfer measurements made on the supporting
surface downstream of the protuberances
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Heat Transfer Fig. 7-1

1.6 71

0 Calculation (Crocco, Ref. 4)
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2St_ 1
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/ if -\
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0.-0.5 1.0 1.5 2.0

Pr

Fig. 7-1. Recovery factor and Reynolds analogy factor as a function of Prandtl
number; flat plate, laminar flow, perfect gas.
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1.0 _T=0
.r*1 M, =0.87

0. 9 0

0.9-- OQ t-o 0
T ... , olU d• 6• ý- ' "0.8 . _ _

0.2 111 I .V,, U0 1 0DI IOJXI .IOD D--1.6&2Oý1_

S M, = 2.06i7 w0 .P8 
-.

Source: Ref. 123°1.0 b
•,m M=3.0

0.7 LEF ___ -~y Zia
O .. 5 8 --__ _P r

0.8--9 ooIzI 
__- _'-

0.68 2• 4 6.910 20 0 60- 100

0.9 .•

0. 8 MI.= 5.05 -T[ P rw
0. 6 1 2 4 6 10 20 40 60 100

Re x 10-

Fig. 7-2. Recovery factor vs Reynolds number; flat plate,
turbulent flow, perfect gas; M, = 0.87, 2. 62, 2.06, 3.03,
3.90, and 5.05.
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Symbol 0 0 A Q 0
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Fig. 7-4. St/Cf vs MI; theoretical and experimental turbulent
flow, flat plate, perfect gas.
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Fig. 7-5. St/Cf vs Re; theoretical and experimental turbulent
flow, flat plate, perfect gas.
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Fig. 7-7. Stagnation point heat transfer; laminar flow, perfect gas.
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Fig. 7-10. Mach number distribution at outer edge of boundary
layer; flat plate with pressure gradient; turbulent flow.
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Fig. 7-11. Wall temperature distributions along a flat plate
with pressure gradient; turbulent flow.
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Fig. 7-12. Reynolds analogy factor along a plate with pressure gradient;
turbulent flow.
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Heat Transfer Fig. 7-13
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Heat Transfer Fig. 7-19
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Fig. 7-20. Effect of angle of yaw on heat transfer rate on stagnation lineof a cylinder; cool wall; laminar flow theory with real gas effects.
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Fig. 7-21. Effect of angle of yaw on mean heat transfer rate to a
cylinder; M, = 11, pa uJ/t = 4.0 x 10 4 /ft, Tt = 3660R.

235



Fig. 7-22 NAVWEPS Report 1488 (Vol. 5, Secs. 13 and 14)

9-1

8 X, deg X_=______"OO

0 60 C 2r0 0

7 03 _ _ _ _ _Ol

0 20

50 

0

0200

Souce Re.g6o-

1~eo - _ _ _ _ _ _ ,

Re X
-400 0 to 0

Fi.07-22 Efeto nl fywo 0a rnfrrt ln
stgnto n lie of yidr hoyan xeiet =Ov P60
Re ON 0 

wO

Soure: Rf 16 dO 0 
do00 d

236 0 her



Heat Transfer Fig. 7 -23
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Fig. 7-23. Local skin f ric tion and heat tranisfer data for two-
dimensional V-groove roughness; flat plate; turbulent
boundary layer; M, = 4. 93, pt= 255 psia, T w= 5550R,

x = 12. 5 in. (11 in. from start of roughness).
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Fig. 7-24. Effect of two-dimensional V-groove roughness on Reynolds
analogy factor; flat plate; turbulent boundary layer; M, = 4.93.
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Heat Transfer Fig. 7-25
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Fig. 7-28. Average values of the Stanton number; attached and
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Fig. 7-29. Comparison of local heat transfer rates for attached
and separated flows.
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Heat Transfer Fig. 7-30
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Fig. 7-31. Effect on the total heat transfer of a cavity on a
sharp cone; M =5.09, Re/ft = 1.2 x 10 ; Tw/Tt = G.25,
0.49, and 0.72.
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Heat Transfer Fig. 7-33
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Fig. 7-32. Turbulent recovery factor distribution in the vicinity
of a 900 Lylindrical protuberance mounted on a cone-cylinder;
MW =3.12.
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Fig. 7-33. Local turbulent film coefficients in the vicinity of
a 90° cylindrical protuberance mounted on a cone-cylinder;
M,= 3.12; Re =8 x 100/ft.
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Heat Transfer Fig. 7-35
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Fig. 7-3 5. Local turbulent film coefficients on a mounting plate in the

vicinity of a 90° cylindrical protuberance; 6 = 6.0 in.
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Fig. 7-36. Local turbulent film coefficients on a mounting plate
in the vicinity of a cylinder swept forward 45; 6 = 6 in.
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Heat Transfer Fig. 7-37
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Fig. 7-37. Local turbulent film coefficients on a mounting plate i, the vicinity
of a cylinder swept back 45%; 6 = 6 in.
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Fig. 7-38. Local turbulent film coefficients on a mounting plate in
the vicinity of a rectangular stiffener 1 x 2 X 24 11.; 6 = 6 in.

250



Heat Transfer Fig. 7-39
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Gas Properties Appendix A

A. Gas Properties

It is evident that any solution of the equations derived in Subsec. 2
will require a knowledge of the physical properties of the fluid concerned. At
the high Mach numbers and wide pressure ranges encountered today in free-
flight, wind-tunnel, and shock-tube applications, many of the fluid properties
change very rapidly in the boundary layer. Approximate solutions to the boundary
layer equations have been obtained by assuming that at least one of the gas prop-
erties remains constant through the boundary layer. Even under these circum-
stances it is necessary to have an accurate knowledge of the properties in order
to choose the constant value most appropriate to the given range of the variables
and also to be able to estimate the extent of the error involved in the assump-
tion of constancy.

The fluiu" properties usually are divided into two groups. The ther-
modynamic properties of the gas under equilibrium conditions include the entropy,
enthalpy, internal energy, specific heat at constant pressure and at constant
volume, the compressibility, and the speed of sound. The transport properties
express the ability of the gas to transmit energy, momentum, and mass where
there are small departures from equilibrium; they include the coefficients of
viscosity, thermal conductivity, and diffusion.

At moderate temperatures and pressures, both the thermodynamic and
the transport properties may be determined with accuracy by theoretical means
and verified by experiment. Tabulated values of the gas properties for air to-
gether with the methods by which they are obtained have been given in Section 15
of the Handbook (Ref. 39). As the temperature is increased the gas may no
longer be regarded as an ideal gas; however, the thermodynamic properties at
high temperatures may still be calculated with confidence provided the energy
levels of the gas particles are known at each stage of degeneracy. Most early
investigators, including Hirscbfelder on whose work many of the tables of Ref. 39
were based, used a low value (7.37 ev) for the energy of dissociation while re-
cent evidence points to a much higher value (9.759 ev). In consequence these
tables are invalid above about 30001R.

A. 1 Thermodynamic Properties

There are many reliable sources from which the thermodynamic _?rop-
erties of air (usually considered to be dry and free of argon) may be obtained.
Table A-I lists some of these sources and gives the ranges of the variables in-
cluded in them. Table A-2 gives the compressibility, Z, the enthalpy, h/RT,
and the pressure in terms of the density ratio, p/lo, for values of T from 2000

to 15, 000 *K. This table is reproduced from Ref. 187 by Hilsenrath and Klein.
Figures A-I, A-2, and A-3 present o, Z, and h vs T for various pressures.
The data on these figures were taken from Ref. 187. Figure A-4 gives the
relationship between log o and log h for several pressures.

A. 2 Transport Properties

The transport properties of air at high temperatures cannot be cal-
culated with the same degree of certainty as can the thermodynamic properties.
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Too little is known of the effective intermolecular potentials in the relevent tem-
perature or energy range. Many calculations have been made, based on several
different theories, but because of the difficulty in making direct experimental
observations at high temperatures it has been impossible to establish any norms
by which the validity of the various theories may be checked. A continuing study
of transport properties is being made by Liley at the Thermophysical Properties
Research Center. References 188 and 189 review work which has been and is
being done in this field and give a compreshensive bibliography.

Reference 190 includes a critical review of the status (1962) of the
knowledge of the high-temperature transport properties of air and its constit-
uents. The theoretical bases of the computations are described, the limitations
indicated, and preferred values recommended. Table A-3 gives some of the
readily available sources from which the transport properties may be obtained
together with the range of the relevant variables. Values of these transport
properties are tabulated in Ref. 17 (for relatively low temperatures) and in
Ref. 191 (which contains the values recommended in Ref. 190 in the tempera-
ture range above 14,000 °R).

Figures A-5 to A-12 (taken from Ref. 190) give the coefficient of vis-
cosity as a function of temperature for density ratios of ion (n = +1 to -6). The
author. of Ref. 190 recommend using the viscosity curves of Bade, Mason, and
Yun (Ref. 192), Bauer and Zlotnick (Ref. 193), and Stupechenko, et al (Ref. 194 )
for T < 14, 000 *R. At temperatures above 14,000 *R they recommend using
Hansen's results (Ref. 191). Liley suggests using the results of Green (unpub-
lished), Hansen (Ref. 191), and Baulknight (Ref. 195).

Figures A-13 to A-19 give the variation of the thermal conductivity
of air with temperature for the same density ratios as before. These values
represent the total coefficient, i.e., they are the monatomic values with the
Eucken correction plus the rcaction conductivity. The values recommended by
Ragent and Noble in Ref. 190 are those of Bauer and Zlotnick (Ref. 193) for
temperatures below 14, 000 °R and at higher temperatures, those of Hansen
(Ref. 191). The partial Prandtl number is plotted in Fig. A-20 and the total
Prandtl number is shown in Fig. A-21.

Hochstim's values of c p/R (taken from Ref. 16) are given in Table A-4

as a function of T and logp/p 0 (log P/p° = +1.6 to - 5.6 with A log P/00 = +0.2).

Figure A-22 gives selected values of c p/R vs T in order to show the trend of
the data.
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Table A-1 Appendix A

Table A-i

Some Sources cf Thermodynamic Data*

Independent Variables Dependent
Ref. Variable Range AVer. Variable Remarks

39 TOK 50-800 10 p, h -E T also given in 'R
800-3000 50 o Inaccurate at

3000-5000 100 T > 3000 OR
p atm 0.01, 0.1,

0.4, 0.7, 1,
4, 7, 10, 40,
70, 100

187 T1K 1500-15, 000 100 Z, h/RT, A new and extended
log P/po -7.0+2.2 0.2 log p version of AEDC-

TDR 63-161

17 T"K 50-800 10 Z, 0/00
800-3000 50

p atm 0.01, 0.1,
0.4, 0.7, 1,
4, 7, 10, 40,
70, 100

15 TOK 2000-5000 200 Z, h/RT,
5000-10,000 500 p atm ,1

10,000-15,000 1000
P/00 2 to -6 -0.2

16 TOK as above Z, h/E Also many deriva-
0/00 1.6 to -5.6 0.02 tives with respect

to p, p and T

18 h/RT 20-500 10 All these are dis-
TK 2000-5000 200 played on a large

5000-10, 000 500 Mollier diagram
10, 000-13,000 1000

Z 1-1.9 0.05
log p/p° 2 to -6 0.1

log p/p0  3.8 to -5 0.1

191 TK 500-15, 000 500 Z, Zh/RT,
p 10n, n=2to-4 An=1

p 10 ,n =2t-4 A =I Some graphs also.
197 T°K 1000-8000 1000 p atm A few values of p

12,000-24,000 6000 !t Pi, = 10"1/2'

P/o 10n, n=Itto-6 An=l 0/,0 ~~~~ 1-l3/_105/2

*Only the variables used in this section of the Handbook have been included. The
listed references do not represent a comprehensive survey of the field. 2255
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Table A-2

Thermoaynamic Properties of Air*

T - 2000 0 K

Log P/Po z h/RT log (p atm)

-7.0 1.11662 7.53433 -6.08721
-6.8 1.10047 7.04084 -5.89354
-6.6 1.08526 6.57597 -5.69958
-6.4 1.07144 6.15343 -5.50515
-6.2 1.05923 5.78019 -5.31012
-6.0 1.04869 5.45787 -5.11447
-5.8 1.03975 5.18443 -4.91819
-5.6 1.03228 4.95566 -4.72132
-5.4 1.02609 4.76635 -4.52393
-5.2 1.02101 4.61104 -4.32609
-5.0 1.01688 4.48448 -4.12785
-4.8 1.01352 4.38189 -3.92928
-4.6 1.01082 4.29908 -3.73U44
-4.4 1.00864 4.23247 -3.53138
-4.2 1.00689 4.17902 -3.33213
-4.0 1.00549 4.13622 -3.13274
-3.8 1.00438 4.10200 -2.93322
-3.6 1.00348 4.07469 -2.73361
-3.4 1.00277 4.05291 -2.53391
-3.2 1.00221 4.03555 -2.33416
-3.0 1.00175 4.02173 -2,13435
-2.8 1.00140 4.01073 -1.93451
-2.6 1.00111 4.00198 -1.73463
-2.4 1.00089 3.99502 -1.53473
-2.2 1.00071 3.98948 -1.33481
-2.0 1.00057 3.98509 -1.13487
-1.8 1.00046 3.98160 -0.93492
-1.6 1.00038 3.97884 -0.73405
-1.4 1,90033 3.97665 -0.53497
-1.2 1.0003i 3.97493 -0.33498
-1.0 1.00031 3.97360 -0.13498
-0.8 1.00036 3.97257 +0.06504
-0.6 1.00046 3.97183 0.26508
-0.4 1.00065 3.97134 0.46516
-0.2 1.00096 3.97111 0.66530

0 1.00147 3.97119 0.86552
0.2 1.00229 3.97165 1.06588
0.4 1.00360 3.97266 1.26644
0.6 1.00569 3.97446 1.46735
0.8 1.00901 3.97748 1.66878
1.0 1.01428 3.98239 1.87104
1.2 1.02263 3.99028 2.07460
1.4 1.03587 4.00284 2.28019
1.6 1.G5686 4.02279 2.48890
1.8 1.09012 4.05444 2.70236
2.0 1.14276 4.10462 2.92284
2.2 1.22601 4.18414 3.15338
2.4 1.35720 4.31010 3.39753

Source: Ref. 187
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Appendix A Table A-2

Table A-2 (cont'd)

T - 22000 K

log P/P 0  Z h/RT log (p atm)

-7.0 1.19147 9.33625 -6.01764
-6.8 1.18357 9.11939 -5.82053
-6.6 1.17328 8.83597 -5.62432
-6.4 1.16061 8.48634 -5.42904
-6.2 1.14596 8.08117 -5.23456
-6.0 1.13002 7.63997 -5.04064
-5.8 1.11365 7.18653 -4.84697
-5.6 1.09768 6.74348 -4.65325
-5.4 1.08272 6.32856 -4.45921
-5.2 1.06920 5.95316 -4.26467
-5.0 1.05730 5.62276 -4.06953
-4.8 1.04705 5.33824 -3.87378
-4.6 1.03838 5.09738 -3.67737
-4.4 1.03114 4.89621 -3.48041
-4.2 1.02516 4.72995 -3.28293
-4.0 1.02025 4.59369 -3.08502
-3.8 1.01626 4.'%274 -2.88672
-3.6 1.01303 4.39286 -2.68810
-3.4 1.01042 4.32035 -2.48922
-3.2 1.00832 4.26203 -2.29013
-3.0 1.00664 4.21525 -2.09085
-2.8 1.00529 4.17781 -1.89143
-2.6 1.00422 4.14788 -1.69190
-2.4 1.00336 4.12399 -1.49227
-2.2 1.00268 4.10494 -1.29256
-2.0 1.00213 4.08977 -1.09280
-1.8 1.0017] 4.07769 -0.89298
-1.6 1.00137 4.06809 -0.69313
-1.4 1.00112 4.06046 -0.49324
-1.2 1.00093 4.05441 -0.29332
-1.0 1.00081 4.04963 -0.09337
-0.8 1.00075 4.04587 +0.10660
-0.6 1.00077 4.04295 0.30661
-0.4 1.00089 4.04074 0.50666
-0.2 1.00116 4.03914 0.70678

0 1.00163 4.03814 0.90698
0.2 1.00242 4.03776 1.10732
0.4 1.00371 4.03811 1.30788
0.6 1.00578 4.03943 1.50878
0.8 1.00909 4.04211 1.71021
1.0 1.01437 4.04682 1.91247
1.2 1.02274 4.05467 2.11604
1.4 1.03602 4.06738 2.32164
1.6 1.05707 4.08774 2.53038
1.8 1.09043 4.12017 2.74387
2.0 1.14323 4.17168 2.96441
2.2 1.22667 4.25338 3.19500
2.4 1.35798 4.38272 3.43917
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Tible A-2 NAVWEPS Report 1488 (Vol. 5, Secs. 13 and 14)

Table A-2 (cont'd)

T - 24900 K
log P/Po Z h/RT log (p atm)

-7.0 1.20680 9.31789 -5.97430
-6.8 1.20539 9.28380 -5.77481
-6.6 1.20331 9.23314 -5.57556
-6.4 1.20028 9.15846 -5.37665
-6.2 1.19590 9.05018 -5.17824
-6.0 1.18977 8.89745 -4.98047
-5.8 1.18148 8.69012 -4.78351
-5.6 1.17081 8.42222 -4.58745
-5.4 1.15784 8.09542 -4.39229
-5.2 1.14299 7.72069 -4.19789
-5.0 1.12701 7.31649 -4.00401
-4.8 1.11074 6.90440 -3.81032
-4.6 1.09496 6.50440 -3.61654
-4.4 1.08028 6.13177 -3.42240
-4.2 1.06705 5.79601 -3.22775
-4.0 1.05545 5.50144 -3.03250
-3.8 1.04549 5.24840 -2.83661
-3.6 1.03708 5.03460 -2.64012
-3.4 1.03007 4.85629 -2.44307
-3.2 1.02428 4.70910 -2.24552
-3.0 1.01954 4.58857 -2.04753
-2.8 1.01568 4.49050 -1.84918
-2.6 1.01256 4.41109 -1.65051
-2.4 1.01005 4.34705 -1.45159
-2.2 1.00803 4.29557 -1.25246
-2.0 1.00641 4.25429 -1.05316
-1.8 1.00512 4.22125 -0.85372
-1.6 1.00409 4.19486 -0.65416
-1.4 1.00328 4.17381 -0.45451
-1.2 1.00265 4.15704 -0.25478
-1.0 1.00218 4.14371 -0.05499
-0.8 1.00184 4.13314 +0.14486
-0.6 1.00164 4.12479 0.34478
-0.4 1.00158 4.11826 0.54475
-0.2 1.00170 4.11324 0.74480

0 1.00206 4.10951 0.94496
0.2 1.00276 4.10698 1.14526
0.4 1.00398 4.10563 1.34579
0.6 1.00600 4.10561 1.54666
0.8 1.00927 4.10727 1.74807
1.0 1.01451 4.11122 1.95032
1.2 1.02287 4.11855 2.15388
1.4 1.03614 4.13098 2.35948
1.6 1.05720 4.15134 2.56822
1.8 1.09058 4.18410 2.78172
2.0 1.14341 4.23641 3.00227
2.2 1.22686 4.31954 3.23286
2.4 1.35799 4.45119 3.47696
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Appendix A Table A-2

Table A-2 (cont'd)

T - 26000 K

log P/Po Z h/RT log (p atm)

-7.0 1.20924 9.00839 -5.93866
-6.8 1.20885 8.99894 -5.73880
-6.6 1.20833 8.98707 -5.53899
-6.4 1.20761 8.97115 -5.33924
-6.2 1.20660 8.94881 -5.13961
-6.0 1.20515 8.91663 -4.94013
-5.8 1.20304 8.86974 -4.74089
-5.6 1.19999 8.80152 -4.54199
-5.4 1.19565 8.70346 -4.34357
-5.2 1.18960 8.56582 -4.14577
-5.0 1.18146 8.37936 -3.94876
-4.8 1.17098 8.13828 -3.75262
-4.6 1.15822 7.84347 -3.55738
-4.4 1.14357 7.50410 -3.36291
-4.2 1.12775 7.13637 -3.16896
-4.0 1.11157 6.75973 -2.97524
-3.8 1.09582 6.39258 -2.78143
-3.6 1.08111 6.04927 -2.58730
-3.4 1.06782 5.73897 -2.39267
-3.2 1.05615 5.46603 -2.19745
-3.0 1.04610 5.23108 -2.00160
-2.8 1.03760 5.03224 -1.80514
-2.6 1.03051 4.86618 -1.60812
-2.4 1.02465 4.72896 -1.41060
-2.2 1.01985 4.61649 -1.21264
-2.0 1.01594 4.52491 -1.01430
-1.8 1.01278 4.45073 -0.81566
-1.6 1.01024 4.39089 -0.61675
-1.4 1.00820 4.34277 -0.41763
-1.2 1.00658 4.30418 -0.21832
-1.0 1.00532 4.27332 -0.01887
-0.8 1.00434 4.24870 +0.18071
-0.6 1.00363 4.22912 0.38040
-0.4 1.00317 4.21361 0.58020
-0.2 1.00296 4.20142 0.78011

0 1.00306 4.19199 0.98015
0.2 1.00355 4.18491 1.18037
0.4 1.00461 4.17995 1.38082
0.6 1.00650 4.17708 1.58164
0.8 1.00967 4.17649 1.78300
1.0 1.01482 4.17870 1.98522
1.2 1.02311 4.18469 2.18875
1.4 1.03633 4.19617 2.39432
1.6 1.05734 4.21592 2.60304
1.8 1.09067 4.24844 2.81652
2.0 1.14344 4.30094 3.03704
2.2 1.22675 4.38480 3.26758
2.4 1.35752 4.51782 3.51157
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Table A-2 NAVWEPS Report 1488 (Vol. 5, Secs. 13 and 14)

Table A-2 (cont 'd)

T - 2800PX

log P/P 0  Z h/RT log (p atm)

-7.0 1.21091 8.74718 -5.90588
-6.8 1.21047 8.73222 -5.70603
-6.6 1.21006 8.71914 -5.50618
-6.4 1.20963 8.70703 -5.30633
-6.2 1.20916 8.69495 -5.10650
-6.0 1.20860 8.68177 -4.90671
-5.8 1.20788 8.66604 -4.70696
-5.6 1.20691 8.64582 -4.50731
-5.4 1.20558 8.61836 -4.30779
-5.2 1.20369 8.57981 -4.10847
-5.0 1.20101 8.52487 -3.90944
-4.8 1.19722 8.44657 -3.71081
-4.6 1.19194 8.33651 -3.51273
-4.4 1.18476 8.18589 -3.31536
-4.2 1.17538 7.98765 -3.11881
-4.0 1.16370 7.73940 -2.92315
-3.8 1.14995 7.44581 -2.72831
-3.6 1.13468 7.11875 -2.53411
-3.4 1.11867 6.77490 -2.34028
-3.2 1.10274 6.43188 -2.14651
-3.0 1.08758 6.10478 -1.95253
-2.8 1.07366 5.80433 -1.75812
-2.6 1.06128 5.53661 -1.56316
-2.4 1.05051 5.30375 -1.36759
-2.2 1.04134 5.10506 -1.17140
-2.0 1.03363 4.93806 -0.97462
-1.8 1.02723 4.79934 -0.77732
-1.6 1.02198 4.68520 -0.57955
-1.4 1.01769 4.59197 -0.38137
-1.2 1.01423 4.51626 -0.18285
-1.0 1.01146 4.45509 +0.01596
-0.8 1.00927 4.40585 0.21502
-0.6 1.00757 4.36637 0.41429
-0.4 1.00631 4.33484 0.61374
-0.2 1.00547 4.30979 0.81338

0 1.00506 4.29005 1.01320
0.2 1.00514 4.27472 1.21324
0.4 1.00587 4.26319 1.41355
0.6 1.00750 4.25508 1.61426
0.8 1.01045 4.25033 1.81553
1.0 1.01544 4.24925 2.01767
1.2 1.02358 4.25266 2.22113
1.4 1.03668 4.26215 2.42666
1.6 1.05758 4.28043 2.63533
1.8 1.09080 4.31197 2.84876
2.0 1.14342 4.36394 3.06922
2.2 1.22652 4.44779 3.29969
2_.4 1.35679 4.58129 3.54353
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Appendix A Table A-2

Table A-2 (cont'd)

T 30000K

log P/P 0  Z h/RT log (p atm)

-7.0 1.21537 8.63589 -5.87432
-6.8 1.21411 8.58884 -5.67477
-6.6 1.21308 8.55093 -5.47513
-6.4 1.21222 8.520rl -5.27544
-6.2 1.21147 8.49470 -5.07571
-6.0 1.21080 8.47324 -4.87595
-5.8 1.21016 8.45442 -4.67618
-5.6 1.20950 8.43696 -4.47642
-5.4 1.20876 8.41951 -4.27668
-5.2 1.20789 8.40046 -4.07700
-5.0 1.20677 8.37780 -3.87740
-4.8 1.20528 8.34885 -3.67794
-4.6 1.20325 8.30994 -3.47867
-4.4 1.20042 8.25612 -3.27969
-4.2 1.19649 8.18101 -3.08112
-4.0 1.19108 8.07697 -2°88308
-3.8 1.18381 7.93605 -2.68574
-3.6 1.17438 7.75192 -2.48922
-3.4 1.16271 7.52245 -2.29355
-3.2 1.14901 7.25185 -2.09870
-3.0 1.13385 6.95081 -1.90447
-2.8 1.11796 6.63443 -1.71060
-2.6 1.10215 6.31872 -1.51678
-2.4 1.08710 6.01748 -1.32276
-2.2 1.07329 5.74057 -1.12831
-2.0 1.06099 5.49365 -L.93331
-1.8 1.05030 5.27874 -0.73771
-1.6 1.04118 5.09525 -0.54150
-1.4 1.03353 4.94095 -0.34470
-1.2 1.02719 4.81275 -0.14738
-1.0 1.02199 4.70724 +0.05042
-0.8 1.01779 4.62106 0.24863
-0.6 1.01444 4.55111 0.44720
-0.4 1.01183 4.49466 0.64608
-0.2 1.00990 4.44934 0.84525

0 1.00860 4.41321 1.04469
0.2 1.00797 4.38467 1.24442
0.4 1.00812 4.36252 1.44449
0.6 1.00929 4.34590 1.64496
0.8 1.01187 4.33434 1.84610
1.0 1.01655 4.32783 2.04811
1.2 1.02445 4.32694 2.25147
1.4 1.03734 4.33304 2.45689
1.6 1.05805 4.34869 2.66548
1.8 1.09108 4.37823 2.87883
2.0 1.14349 4.42881 3.09921
2.2 1.22627 4.51178 3.32956
2.4 1.35596 4.64486 3.57322
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Table A-2 NAVWEPS Report 1488 (Vol. 5, Secs. 13 and 14)

Table A-2 (cont'd)

T - 32000 K

log P/P 0  Z h/RT log (p atm)

-7.0 1.22835 8.85130 -5.84167
-6.8 1.22450 8.71239 -5.64304
-6.6 1.22140 8.60130 -5.44411
-6.4 1.21891 8.51240 -5.24502
-6.2 1.21690 8.44113 -5.04574
-6.0 1.21525 8.38379 -4.84633
-5.8 1.21388 8.33736 -4.64682
-5.6 1.21272 8.29933 -4.44724
-5.4 1.21169 8.26759 -4.24761
-5.2 1.21073 8.24027 -4.04795
-5.0 1.20979 8.21564 -3.84829
-4.8 1.20877 8.19193 -3.64865
-4.6 1.20760 8.16717 -3.44907
-4.4 1.20616 8.13900 -3.24959
-4.2 1.20429 8.10440 -3.05026
-4.0 1.20180 8.05938 -2.85117
-3.8 1.19840 7.99881 -2.65239
-3.6 1.19377 7.91626 -2.45407
-3.4 1.18754 7.80452 -2.25635
-3.2 1.17936 7.65672 -2.05935
-3.0 1.16901 7.46836 -1.86318
-2.8 1.15652 7.23962 -1.66784
-2.6 1.14225 6.97667 -1.47324
-2,4 1.12681 6.69109 -1.27914
-2.2 1.11100 6.39728 -1.08528
-2.0 1.09555 6.10936 -0.89137
-1.8 1.08105 5.83869 -0.69715
-1.6 1.06792 5.59284 -0.50246
-1.4 1.05634 5.37568 -0.30719
-1.2 1.04636 5.18807 -0.11131
-1.0 1.03793 5.02883 +0.08517
-0.8 1.03090 4.89556 0.28222
-0.6 1.02515 4.78527 0.47979
-0.4 1.02054 4.69482 0.67783
-0.2 1.01693 4.62124 0.87630

0 1.01427 4.56182 1.07516
0.2 1.01252 4.51426 1.27441
0.4 1.01177 4.47665 1.47408
0.6 1.01220 4.44752 1.67427
0.8 1.01418 4.42589 1.87512
1.0 1.01839 4.41129 2.07692
1.2 1.02589 4.40392 2.28010
1.4 1.03844 4.40486 2.48539
1.6 1.05886 4.41641 2.69384
1.8 1.09162 4.44276 2.90707
2.0 1.14373 4.49088 3.12733
2.2 1.22612 4.57205 3.35754
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Appendix A Table A-2

Table A-2 (cont'd)

T - 34000 K

log P/P o  Z h/RT log (p atm)

-7.0 1.26139 9.73073 -5.80382
-6.8 1.25102 9.37651 -5.60740
-6.6 1.24266 9.09135 -5.41031
-6.4 1.23594 8.86232 -5.21267
-6.2 1.23053 8.67865 -5.01457
-6.0 1.22619 8.53148 -4.81611
-5.8 1.22268 8.41354 -4.61735
-5.6 1.21984 8.31887 -4.41837
-5,4 1.21751 8.24265 -4.21919
-5.2 1.21558 8.18089 -4.01988
-5.0 1.21394 8.13031 -3.82047
-4.8 1.21249 o 8.08810 -3.62099
-4.6 1.21114 8.05184 -3.42147
-4.4 1.20982 8.01923 -3.22195
-4.2 1.20840 7.98800 -3.02245
-4.0 1.20679 7.95565 -2.82304
-3.8 1.20482 7.91924 -2.62375
-3.6 1.20229 7.87511 -2.42466
-3.4 1.19897 7.81865 -2.22586
-3.2 1.19453 7.74416 -2.02747
-3.0 1.18862 7.64514 -1.82962
-2.8 1.18090 7.51505 -1.63245
-2.6 1.17111 7.34900 -1.43607
-2.4 1.15920 7.14575 -1.24051
-2.2 1.14544 6.90932 -1.04570
-2.0 1.13037 6.64895 -0.85145
-1.8 1.11471 6.37727 -0.65750
-1.6 1.09923 6.10750 -0.46358
-1.4 1.08455 5.85096 -0.26942
-1.2 1.07113 5.61566 -0.07483
-1.0 1.05922 5.40615 +0.12032
-0.8 1.04892 5.22399 0.31607
-0.6 1.04020 5.06861 0.51245
-0.4 1.03297 4.93808 0.70942
-0.2 1.02712 4.82979 0.90695

0 1.02256 4.74090 1.10502
0.2 1.01924 4.66868 1.30361
0.4 1.01719 4.61066 1.50273
0.6 1.01655 4.56479 1.70246
0.8 1.01767 4.52952 1.90294
1.0 1.02116 4,50385 2.10443
1.2 1.02808 4.48754 2.30736
1.4 1.04015 4.48128 2.51243
1.6 1.06016 4.48707 2.72070
1.8 1.09253 4.50882 2.93377
2.0 1.14425 4.55331 3.15386
2.2 1.22618 4.63162 3.38389
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Table A-2 NAVWEPS Report 1488 (Vol. 5, Secs. 13 and 14)

Table A-2 (cont 'd)

T - 36000 K

'loff P/P Z h/RT log (p atm)

-7.0 1.33319 11.7686 -5.75495
-6.8 1.30952 11.0035 -5.56273
-6.6 1.29009 10.3754 -5.36922
-6.4 1.27423 9.86328 -5.17459
-6.2 1.26136 9.44788 -4.97900
-6.0 1.25096 9.11230 -4.78260
-5.8 1.24256 8.84201 -4.58553
-5.6 1.23579 8.624.4 -4.38790
-5.4 1.23032 8.45028 -4.18982
-5.2 1.22591 8.31017 -3.99139
-5.0 1.22231 8.19748 -3.79266
-4.8 1.21935 8.10650 -3.59371
-4.6 1.21688 8.03252 -3.39460
-4.4 1.21475 7.97160 -3.19536
-4.2 1.21285 7.92037 -2.99604
-4.0 1.21106 7.87583 -2. 3668
-3.8 1.20925 7.83514 -2.59733
-3.6 1.20729 7.79542 -2.39803
-3.4 1.20502 7.75348 -2.19685
-3.2 1.20222 7.70559 -1.99986
-3.0 1.19866 7.64724 -1.80115
-2.8 1.19401 7.57302 -1.60284
-2.6 1.18793 7.47686 -1.40505
-2.4 1.18010 7.35274 -1.20793
-2.2 1.17025 7.19614 -1.01156
-2.0 1.15837 7.00586 -0.81600
-1.8 1.14469 6.78542 -0.62116
-1.6 1.12973 6.54309 -0.42687
-1.4 1.11422 6.29031 -0.23287
-1.2 1.09888 6.03917 -0.38900
-1.0 1.08433 5.80010 +0.15532
-0.8 1.07105 5.58059 0.34997
-0.6 1.05928 5.38494 0.54517
-0.4 1.04915 5.21471 0.74099
-0.2 1.04066 5.06946 0.93747

0 1.03377 4.94750 1.13458
0.2 1.02844 4.84649 1.33233
0.4 1.02468 4.76394 1.53075
0.6 1.02263 4.69747 1.72987
0.8 1.02257 4.64511 1.92985
1.0 1.02509 4.60538 2.13092
1.2 1.03121 4.57759 2.33350
1.4 1.04262 4.56199 2.53828
1.6 1.06206 4.56021 2.74631
1.8 1.09393 4.57586 2.95915
2.0 1.14517 4.61543 3.17902
2.2 1.22654 4.68978 3.40884
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Appendix A Table A-2

Table A-2 (cont'd)

T - 3800K

log p/p z h/RT log (p atm)

-7.0 1.46217 15.3529 -5.69136
-6.8 1.41838 14.0096 -5.50457
-6.6 1.38079 12.8571 -5.31623
-6.4 1.34907 11.8843 -5.12633
-6.2 1.32263 11.0736 -4.93493
-6.0 1.30080 10.4049 -4.74215
-5.8 1.28293 9.85742 -4.54816
-5.6 1.26837 9.41201 -4.35312
-5.4 1.25656 9.05125 -4.15718
-5.2 1.24700 8.76004 -3.96050
-5.0 1.23927 8.52546 -3.76320
-4.8 1.23302 8.33669 -3.56539
-4.6 1.22793 8.18472 -3.36719
-4.4 1.22376 8.06208 -3.16867
-4.2 1.22029 7.96257 -2.96990
-4.0 1.21735 7.88104 -2.77095
-3.8 1.21476 7.81311 -2.57187
-3.6 1.21238 7.75496 -2.37272
-3.4 1.21005 7.70306 -2.17356
-3.2 1.20761 7.65398 -1.97444
-3.0 1.20486 7.60411 -1.77543
-2.8 1.20159 7.54939 -1.57661
-2.6 1.19752 7.48515 -1.37808
-2.4 1.19234 7.40601 -1.17996
-2.2 1.18571 7.30617 -0.98239
-2.0 1.17730 7.18021 -0.78547
-1.8 1.16694 7.02445 -0.58931
-1.6 1.15463 6.83857 -0.39392
-1.4 1.14069 6.62668 -0.19919
-1.2 1.12567 6.39701 -0.00495
-1.0 1.11028 6.16032 +0.18907
-0.8 1.09523 5.92747 0.38314
-0.6 1.08112 5.70757 0.57751
-0.4 1.06835 5.50697 0.77235
-0.2 1.05720 5.32911 0.96779

0 1.04778 5.17507 1.16391
0.2 1.04015 5.04426 1.38073
0.4 1.03437 4.93505 1.55831
0.6 1.03057 4.84540 1.75671
0.8 1.02904 4.77326 1.95607
1.0 1.03032 -. 71694 2.15661
1.2 1.03542 4.67536 2.35875
1.4 1.04597 4.64840 2.56315
1.6 1.06468 4.63731 2.77086
1.8 1.09592 4.64535 2.98341
2.0 1.14655 4.67372 3.20303
2.2 1.22729 4.74799 3.43258
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Table A-2 NAVWEPS Report 1488 (Vol. 5, Secs. 13 and 14)

Table A-2 (cont 'd)

T - 40000 K

log P/P 0  Z h/RT log (p atm)

-7.0 1.64086 20.0395 -5.61901
-6.8 1.58052 18.2787 -5.43529
-6.6 1.52390 16.6267 -5.25113
-6.4 1.47261 15.1303 -5.06600
-6.2 1.42742 13.8122 -4.87953
-6.0 1.38848 12.6764 -4.69154
-5.8 1.35550 11.7146 -4.50199
-5.6 1.32793 10.9110 -4.31091
-5.4 1.30513 10.2466 -4.11843
-5.2 1.28641 9.70182 -3.92471
-5.0 1.27113 9.25788 -3.72990
-4.8 1.25871 8.89779 -3.53416
-4.6 1.24F63 8.60667 -3.33765
-4.4 1.24045 8.37175 -3.14051
-4.2 1.23380 8.18225 -2.94284
-4.0 1.22834 8.02914 -2.74477
-3.8 1.22381 7.90488 -2.54637
-3.6 1.21997 7.80317 -2.34774
-3.4 1.21662 7.71866 -2.14893
-3.2 1.21356 7.64669 -1.95003
-3.0 1.21060 7.58303 -1.75108
-2.8 1.20755 7.52363 -1.55218
-2.6 1.20419 7.46434 -1.35339
-2.4 1.20024 7.40068 -1.15402
-2.2 1.19544 7.32767 -0.95656
-2.0 1.18943 7.23985 -0.75875
-1.8 1.18189 7.13174 -0.56151
-1.6 1.17257 6.99871 -0.36495
-1.4 1.16133 6.83839 -0.16913
-1.2 1.14833 6.65196 +0.02598
-1.0 1.13396 6.44471 0.22051
-0.8 1.11884 6.22526 0.41468
-0.6 1.10369 6.00369 0.60876
-0.4 1.08918 5.78952 0.80301
-0.2 1.07585 5.59022 0.99766

0 1.06407 5.41062 1.19288
0.2 1.05411 5.25305 1.38880
0.4 1.04615 5.11795 1.58551
0.6 1.04038 5.00448 1.78311
0.8 1.03713 4.91120 1.98175
1.0 1.03695 4.83656 2.18167
1.2 1.04079 4.77940 2.38328
1.4 1.05028 4.73936 2.58722
1.6 1.06811 4.71741 2.79453
1.8 1.09856 4.71646 3.00674
2.0 1.14848 4.74241 3.22604
2.2 1.22849 4.80554 3.45528
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Appendix A Table A-2

Table A-2 (cont'd)

T - 42000 K

log P/P o  Z h/RT log (p atm)

-7.0 1.81225 24.0917 -5.55468
-6.8 1.75713 22.5574 -5.36809
-6.6 1.69711 20.8873 -5.18319
-6.4 1.63550 19.1727 -4.99925
-6.2 1.57538 17.5000 -4.81551
-6.0 1.51916 15.9360 -4.63129
-5.8 1.46837 14.5230 -4.44606
-5.6 1.42372 13.2810 -4.25947
-5.4 1.38530 12.2126 -4.07135
-5.2 1.35279 11.3090 -3.88167
-5.0 1.32563 10.5546 -3.69047
-4.8 1.30317 9.93137 -3.49790
-4.6 1.28473 9.42044 -3.30408
-4.4 1.26967 9.00406 -3.10921
-4.2 1.25740 8.66616 -2.91342
-4.0 1.24740 8.39267 -2.71689
-3.8 1.23925 8.17150 -2.51974
-3.6 1.23254 7.99243 -2.32209
-3.4 1.22697 7.84684 -2.12406
-3.2 1.22224 7.72748 -1.92574
-3.0 1.21809 7.62815 -1.72722
-2.8 1.21431 7.54344 -1.52857
-2.6 1.21065 7.46845 -1.32988
-2.4 1.20687 7.39851 -1.13124
-2.2 1.20272 7.32892 -0.93273
-2.0 1.19791 7.25469 -0.73447
-1.8 1.19211 7.17056 -0.53658
-1.6 1.18499 7.07109 -0.33918
-1.4 1.17625 6.95135 -0.14240
-1.2 1.16572 6.80796 +0.05370
-1.0 1.15342 6.64034 0.24909
-0.8 1.13963 6.45161 0.44387
-0.6 1.12488 6.24839 0.63821
-0.4 1.10986 6.03951 0.83237
-0.2 1.09526 5.83412 1.02662

0 1.08172 5.64008 1.22122
0.2 1.06972 5.46300 1.41637
0.4 1.05966 5.30611 1.61227
0.6 1.05188 5.17069 1.80907
0.8 1.04677 5.05664 2.00696
1.0 1.04494 4.96320 2.20619
1.2 1.04735 4.88951 2.40719
1.4 1.05561 4.83525 2.61061
1.6 1.07238 4.80122 2.81745
1.8 1.10192 4.79014 3.02925
2.0 1.15100 4.80761 3.24818
2.2 1.23018 4.R6363 3.47707
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Table A-2 NAVWEPS Report 1488 (Vol. 5, Secs. 13 and 14)

Table A-2 (cont'd)

T - 44000 K

log P/P0  Z .h/RT log (p atm)

-7.0 1.91821 26.0505 -5.50980
-6.8 1.88579 25.1875 -5.31720
-6.6 1.84408 24.0775 -5.12691
-6.4 1.79362 22.7351 -4.93896
-6.2 1.73640 21.2130 -4.75304
-6.0 1.67543 19.5912 -4.56857
-5.8 1.61401 17.9575 -4.38479
-5.6 1.55502 16.3888 -4.20096
-5.4 1.50056 14.9409 -4.01644
-5.2 1.45187 13.6463 -3.83077
-5.0 1.40940 12.5176 -3.64366
-4.8 1.37308 11.5529 -3.45500
-4.6 1.34249 10.7408 -3.26478
-4.4 1.31702 10.0655 -3.07310
-4.2 1.29600 9.50895 -2.88009
-4.0 1.27874 9.05352 -2.68591
-3.8 1.26464 8.68267 -2.49073
-3.6 1.25311 8.38162 -2.29471
-3.4 1.24366 8.13751 -2.09799
-3.2 1.23586 7.93933 -1.90072
-3.0 1.22934 7.77771 -1.70302
-2.8 1.22376 7.64470 -1.50500
-2.6 1.21884 7.53343 -1.30675
-2.4 1.21430 7.43788 -1.10837
-2.2 1.20985 7.35257 -0.90996
-2.0 1.20523 7.27222 -0.71162
-1.8 1.20012 7.19160 -0.51347
-1.6 1.19421 7.10533 -0.31561
-1.4 1.18715 7.00798 -0.11819
-1.2 1.17865 6.89447 +0.07869
-1.0 1.16847 6.76094 0.27493
-0.8 1.15660 6.60585 0.47049
-0.6 1.14322 6.43087 0.66544
-0.4 1.12881 6.24110 0.85993
-0.2 1.11402 6.04414 1.05420

0 1.09956 5.84846 1.24853
0.2 1.08612 5.66179 1.44318
0.4 1.07431 5.49004 1.63844
0.6 1.06466 5.33699 1.83452
0.8 1.05771 5.20454 2.03167
1.0 1.05416 5.09327 2.23021
1.2 1.05502 5.00316 2.43057
1.4 1.06192 4.93426 2.63340
1.6 1.07750 4.88749 2.83973
1.8 1.10600 4.86548 3.05106
2.0 1.15414 4.87367 3.26956
2.2 1.23241 4.92179 3.49806
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Appendix A Table A-2

Table A-2 (cont'd)

T - 46000 K

log P/P 0  Z h/RT log (p atm)

-7.0 1.96438 26.3283 -5.48016
-6.8 1.94997 25.9595 -5.28336
-6.6 1.92923 25.4299 -5.08801
-6.4 1.90050 24.6971 -4.89452
-6.2 1.86267 23.7324 -4.70325
-6.0 1.81568 22.5348 -4.51435
-5.8 1.76095 21.1399 -4.32764
-5.6 1.70113 19.6155 -4.14265
-5.4 1.63949 18.0450 -3.95868
-5.2 1.57916 16.5081 -3.77496
-5.0 1.52259 15.0674 -3.59080
-4.8 1.47137 13.7631 -3.40567
-4.6 1.42626 12.6148 -3.21919
-4.4 1.38737 11.6255 -3.03120
-4.2 1.35441 10.7877 -2.84164
-4.0 1.32683 10.0876 -2.65057
-3.8 1.30396 9.50834 -2.45812
-3.6 1.28513 9.03278 -2.26444
-3.4 1.26966 8.64443 -2.06970
-3.2 1.25698 8.32833 -1.87406
-3.0 1.24653 8.07130 -1.67768
-2.8 1.23786 7.86193 -1.48072
-2.6 1.23054 7.69044 -1.28329
-2.4 1.22421 7.54841 -1.08553
-2.2 1.21854 7.42853 -0.88755
-2.0 1.21320 7.32431 -0.68946
-1.8 1.20788 7.22974 -0.49136
-1.6 1.20226 7.13909 -0.29339
-1.4 1.19599 7.04668 -0.09566
-1.2 1.18873 6.94693 +0.10169
-1.0 1.18017 6.83467 0.29856
-0.8 1.17007 6.70578 0.49482
-0.6 1.15838 6.55818 0.69046
-0.4 1.14525 6.39269 0.88551
-0.2 1.13112 6.21333 1.08012

0 1.11661 6.02669 1.27451
0.2 1.10246 5.84049 1.46898
0.4 1.08944 5.66210 1.66381
0.6 1.07826 5.49742 1.85933
0.8 1.06964 5.35051 2.05585
1.0 1.06442 5.22372 2.25372
1.2 1.06370 5.11829 2.45343
1.4 1.06916 5.03509 2.65565
1.6 1.08345 4.97543 2.86142
1.8 1.11080 4.94207 3.07225
2.0 1.15790 4.94042 3.29028
2.2 1.23518 4.98004 3.51834
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Table A-2 NAVWEPS Report 1488 (Vol. 5, Secs. 1. and 14)

Table A-2 (cont'd)

T - 48000 K

log P/P 0  Z h/RT log (p ats)

-7.0 1.98204 25.8965 -5.45779
-6.8 1.97600 25.7457 -5.25912
-6.6 1.96700 25.5228 -5.06110
-6.4 1.95367 25.1950 -4.86405
-6.2 1.93440 24.7220 -4.66836
-6.0 1.90749 24.0625 -4.47444
-5.8 1.87163 23.1846 -4.28269
-5.6 1.82651 22.0806 -4.09328
-5.4 1.77323 20.7771 -3.90514
-5.2 1.71422 19.3335 -3.72084
-5.0 1.65267 17.8282 -3.53672
-4.8 1.59180 16.3398 -3.35302
-4.6 1.53423 14.9327 -3.16901
-4.4 1.48175 13.6500 -2.98413
-4.2 1.43526 12.5145 -2.79797
-4.0 1.39501 11.5320 -2.61033
-3.8 1.36076 10.6971 -2.42112
-3.6 1.33201 9.99729 -2.23040
-3.4 1.30810 9.41699 -2.03826
-3.2 1.28835 8.93951 -1.84487
-3.0 1.27208 8.54874 -1.65039
-2.8 1.25867 8.22991 -1.45499
-2.6 1.24755 7.96985 -1.25885
-2.4 1.23824 7.75710 -1.06210
-2.2 1.23028 7.58174 -0.86490
-2.0 1.22328 7.43514 -0.66738
-1.8 1.21687 7.30971 -0.46966
-1.6 1.21067 7.19860 -0.27188
-1.4 1.20435 7.09543 -0.07415
-1.2 1.19753 6.99413 +0.12338
-1.0 1.18986 6.88886 0.32059
-0.8 1.18102 6.77431 0.51735
-0.6 1.17078 6.64621 0.71357
-0.4 1.15907 6.50221 0.90920
-0.2 1.14605 6.34268 1.10430

0 1.13214 6.17097 1.29900
0.2 1.11798 5.99290 1.49353
0.4 1.10436 5.81553 1.68821
0.6 1.09212 5.64577 1.88336
0.8 1.08214 5.48936 2.07938
1.0 1.07542 5.35045 2.27667
1.2 1.07318 5.23182 2.47577
1.4 1.07719 5.13543 2.67739
1.6 1 .09015 5.06334 2.88258
1.8 1.11628 5.01867 3.09287
2.0 1.16227 5.00696 3.31040
2.2 1.23849 5.03773 3.53799
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Amendix A Table A-2

Table A-2 (cont'd)

T - 5000PK

log P/po Z h/RT log (p atn)

-7.0 1.98961 25.2744 -5.43841
-6.8 1.98671 25.1996 -5.23904
-6.6 1.98260 25.0979 -5.03994
-6.4 1.97659 24.9525 -4.84126
-6.2 1.96767 24.7395 -4.64322
-6.0 1.95451 24.4275 -4.44614
-5.8 1.93547 23.9781 -4.25039
-5.6 1.90887 23.3511 -4.05640
-5.4 1.87337 22.5154 -3.86455
-5.2 1.82860 21.4621 -3.67506
-5.0 1.77559 20.2155 -3.48783
-4.8 1.71672 18.8314 -3.30248
-4.6 1.65518 17.3849 -3.11833
-4.4 1.59420 15.9517 -2.93463
-4.2 1.53642 14.5944 -2. 75067
-4.0 1.48366 13.3555 -2.56584
-3.8 1.43687 12.2574 -2.37976
-3.6 1.39630 11.3064 -2. 19220
-3.4 1.36174 10.4974 -2.00308
-3.2 1.33268 9.81885 -1.81245
-3.0 1.30848 9.25557 -1.62041
-2.8 7.28842 8.79152 -1.42712
-2.6 '17183 8.41110 -1.23275
-2.4 5808 8.09990 -1.03747
-2.2 1.24658 7.84509 -0.84146
-2.0 1.23681 7.63537 -0.64487
-1.8 1.22832 7.46088 -0.44787
"-1.6 1.22066 7.31295 -0.25058
-1.4 1.21342 7.18387 -0.05316
-1.2 1.20623 7.06657 +0.14425
-1.0 1.19868 6.95449 0.34153
-0.8 1.19041 6.84150 0.53852
-0.6 1.18110 6.72215 0.73511
-0.4 1.17053 6.59214 0.93121
-0.2 1.15865 6.44906 1. 12678

0 1.14565 6.29310 1.32187
0.2 1.13197 6.12723 1.51666
0.4 1.11831 5.95673 1.71139
0.6 1.10553 5.78809 1.90639
0.8 1.09460 5.62773 2.10208
1.0 1.08667 5.48113 2.29892
1.2 1.08309 5.35252 2.49749
1.4 1.08574 5.24514 2.69855
1.6 1.09739 5.16197 2.90318
1.8 1.12230 5.10676 3.11293
2.0 1.16715 5.08535 3.32995
2.2 1.24228 5.10736 3.55704
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Table A-2 NAVWEPS Report 1488 (Vol. 5, Secs. 13 and 14)

Table A-2 (cont'd)

T - 5500°K

logf P/Po z h/RI log (p atm)

-7.0 2.00340 23.8997 -5.39402
-6.8 2.00044 23.8067 -5.19466
-6.6 1.99783 23.7275 -4.99522
-6.4 1.99538 23.6561 -4.79576
-6.2 1.99281 23.5864 -4.59632
-6.0 1.98983 23.5105 -4.39697
-5.8 1.98597 23.4183 -4.19781
-5.6 1.98062 23.2961 -3.99898
-5.4 1.97290 23.1244 -3.80068
-5.2 1.96161 22.8774 -3.60317
-5.0 1.94523 22.5220 -3.40681
"-4.8 1.92204 22.0212 -3.21202
-4.6 1.89047 21.3412 -3.01921
-4.4 1.84966 20.4632 -2.82869
"-4.2 1.79998 19.3952 -2.64052
-4.0 1.74325 18.1764 -2.45442
-3.8 1.68238 16.8694 -2.26986
-3.6 1.62068 15.5450 -2.08609
-3.4 1.56110 14.2668 -1.90235
-3.2 1.50582 13.0820 -1.71801
-3.0 1.45617 12.0188 -1.53257
-2.8 1.41266 11.0887 -1.34575
-2.6 1.37526 10.2912 -1.15740
-2.4 1.34355 9.61766 -0.96753
-2.2 1.31692 9.05516 -0.77622
-2.0 1.29465 8.58905 -0.58363
-1.8 1.27602 8.20451 -0.38992
-1.6 1.26035 7.88753 -0.19529
-1.4 1.24698 7.62531 +0.00008
-1.2 1.23532 7.40638 0.19600
-1.0 1.22483 7.22055 0.39229
-0.8 1.21500 7.05871 0.58879
-0.6 1.20536 6.91271 0.78533
-0.4 1.19549 6.77525 0.98176
-0.2 1.18504 6.64003 1.17795

0 1.17381 6.50207 1.37381
0.2 1.16177 6.35822 1.56934
0.4 1.14915 6.20767 1.76459
0.6 1.13652 6.05217 1.95979
0.8 1.12476 5.89564 2.15527
1.0 1.11508 5.74343 2.35152
1.2 1.10909 5.60135 2.54919
1.4 1.10894 5.47502 2.74912
1.6 1.11761 5,36988 2.95251
1.8 1.13954 o..29166 3.16095
2.0 1.18149 5.24763 3.37665
2.2 1.25378 5.24819 3.60244
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Table A-2 (cont'd)

T - 60000 K

log p/po Z h/RT log (p atm)

-7.0 2.03876 23.4575 -5.34863
-6.8 2.02897 23.1631 -5.15072
-6.6 2.02111 22.9272 -4.95241
-6.4 2.01477 22.7377 -4.75377
-6.2 2.00960 22.5845 -4.55488
-6.0 2.00531 22.4590 -4.35581
-5.8 2.00161 22.3536 -4.15S61
-5.6 1.99823 22.2610 -3.95735
-5.4 1.99485 22.1736 -3.75809
-5.2 1.99107 22.0827 -3.55891
-5.0 1.98639 21.9771 -3.35993
-4.8 1.98008 21.8420 -3.16131
-4.6 1.97116 21.6573 -2.96327
-4.4 1.95832 21.3967 -2.76611
-4.2 1.93995 21.0279 -2.57021
-4.0 1.91430 20.5163 -2.37599
-3.8 1.87994 19.8332 -2.18385
-3.6 1. 4 -631 18.9675 -1.99405
-3.4 1.78420 17.9348 -1.80655
-3.2 1.72580 16.7783 -1.62100
-3.0 1.66421 15.5596 -1.43679
-2.8 1.60268 14.3433 -1.25315
-2.6 1.54398 13.1839 -1.06935
-2.4 1.49003 12.1199 -0.88480
-2.2 1.44187 11.1723 -0.69907
-2.0 1.39984 10.3480 -0.51192
-1.8 1.36376 9.64372 -0.32326
-1.6 1.33312 9.04989 -0.13313
-1.4 1.30722 8.55371 +0.05835
-1.2 1.28534 8.14122 0.25102
-1.0 1.26671 7.79857 0.44468
-0.8 1.25062 7.51271 0.63913
-0.6 1.23641 7.27172 0.83417
-0.4 1.22347 7.06490 1.02960
-0.2 1.21125 6.88270 1.22524

0 1.19932 6.71682 1.42094
0.2 1.18737 6.56032 1.61659
0.4 1.17526 6.40787 1.81214
0.6 1.16316 6.25624 2.00765
0.8 1.15159 6.10456 2.20330
1.0 1.14152 5.95440 2.39949
1.2 1.13447 5.80944 2.59680
1.4 1.13262 5.67485 2.79609
1.6 1.13913 5.55681 2.99858
1.8 1.15861 5.46243 3.20594
2.0 1.19794 5.40041 3.42044
2.2 1.26752 5.38234 3.64496
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Table A-2 NAVWEPS Report 1488 (Vol. 5, Secs. 13 and 14)

Table A-2 (cont'd)

T - 6500P K

log P/Po z h/RT log (p atm)

-7.0 2 13429 24.8043 -5.29398
-6.8 2.10570 24.0032 -5.09984
-6.6 2.08266 23.3576 -4.90462
-6.4 2.06413 22.8388 -4.70850
-6.2 2.04925 22.4225 -4.51164
-6.0 2.03731 22.0887 -4.31418
-5.8 2.02770 21.8209 -4.11623
-5.6 2.01993 21.6052 -3.91790
-5.4 2.01356 21.4302 -3.71927
-5.2 2.00823 21.2859 -3.52042
-5.0 2.00357 21.1635 -3.32143
-4.8 1.99921 21.0541 -3.12237
-4.6 1.99473 20.9484 -2.92335
-4.4 1.98958 20.8352 -2.72447
-4.2 1.98306 20.7005 -2.52590
-4.0 1.97418 20.5256 -2.32785
-3.8 1.96167 20.2864 -2.13061
-3.6 1.94393 19.9528 -1.93455
-3.4 1.91921 19.4925 -1.74011
-3.2 1.88596 18.8769 -1.54770
-3.0 1.84347 18.0925 -1.35760
-2.8 1.79230 17.1496 -1.16982
-2.6 1.73444 16.0850 -0.98407
-2.4 1.67290 14.9540 -0.79976
-2.2 1.61095 13.8170 -0.61615
-2.0 1.55145 12.7266 -0.43250
-1.8 1.49642 11.7205 -0.24818
-1.6 1.44704 10.8204 -0.06275
-1.4 1.40370 10.0342 +0.12404
-1.2 1.36626 9.35988 0.31230
-1.0 1.33423 8.78890 0.50200
-0.8 1.30692 8.30942 0.69302
-0.6 1.28357 7.90823 0.88519
-0.4 1.26341 7.57205 1.07831
-0.2 1.24571 7.28829 1.27218

0 1.22982 7.04545 1.46661
0.2 1.21521 6.83331 1.66142
1.4 1.20150 5.64312 1.85649
0.6 1.18854 6.46785 2.05178
0.8 1.17652 6.30251 2.24737
1.0 1.16607 6.14445 2.44349
1.2 1.15841 5.99359 2.64063
1.4 1.15557 5.85233 2.83956
1.6 1.16065 5.72533 3.04147
1.8 1.17830 5.61932 3.24802
2.0 1.21550 5.54340 3.46152
2.2 1.28268 5.50986 3.68489
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Appendix A Table A-2

Table A-2 (contId)

T - 7000 0 K

log P/P o  Z h/RT log (p atm)

-7.0 2.34554 29.0378 -5.22080
-6.8 2.27838 27.2784 -5.G3342
-6.6 2.22298 25.8272 -4.84411
-6.4 2.17764 24.6396 -4.65306
-6.2 2.14076 23.6737 -4.46048
-6.0 2.11090 22.8918 -4.26658
-5.8 2.08682 22.2611 -4.07156
-5.6 2.06743 21.7538 -3.87562
-5.4 2.05183 21.3461 -3.67891
-5.2 2.03928 21.0186 -3.48157
-5.0 2.02912 20.7548 -3.28374
-4.8 2.02083 20.5410 -3.08552
-4.6 2.01392 20.3654 -2.88701
-4.4 2.00793 20.2173 -2.68830
-4.2 2.00243 20.0866 -2.48949
-4.0 1.99689 19.9627 -2.29069
-3.8 1.99068 19.8331 -2.09205
-3.6 1.98298 19.6826 -1.89373
-3.4 1.97270 19.4915 -1.69599
-3.2 1.95843 19.2348 -1.49914
-3.0 1.93848 18.8828 -1.30359
-2.8 1.91109 18.4049 -1.10977
-2.6 1.87489 17.7771 -0.91807
-2.4 1.82946 16.9924 -0.72872
-2.2 1.77580 16.0678 -0.54165
-2.0 1.71626 15.0437 -0.35646
-1.8 1.65400 13.9745 -0.17251
-1.6 1.59220 12.9156 .0.01095
-1.4 1.53350 11.9!22 0.19464
-1.2 1.47965 10.9951 0.37911
-1.0 1.43156 10.1802 0.56476
-0.8 1.38944 9.47162 0.75179
-0.6 1.35300 8.86499 0.94025
-0.4 1.32167 8.35102 1.13007
-0.2 1.29473 7.91784 1.32113

0 1.27142 7.55272 1.51324
0.2 1.25106 7.24324 1.70623
0.4 1.23306 6.97789 1.89994
0.6 1.21704 6.74659 2.09426
0.8 1.20290 6.54095 2.28918
1.0 1.19097 6.35473 2.48485
1.2 1.18217 6.18413 2.68163
1.4 1.17824 6.02811 2.88019
1.6 1.18209 5.88850 3.08160
1.8 1.19826 5.77013 3.28750
2.0 1.23367 5.68111 3.50015
2.2 1.29879 5.63348 3.72249
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falble A-2 NAVWEPS Report 1488 (Vol. 5, Secs. 13 and 14)

Table A-2 (cont'd)

T - 75000 K

log p/po z h/RT log (p Stu)

-7.0 2.71419 36.6516 -5.12744
-6.8 2.59253 33.6600 -4.94736
-6.6 2.48678 31.0591 -4.76545
-6.4 2.39659 28.8409 -4.58149
-6.2 2.32083 26.9774 -4.39544
-6.0 2.25795 25.4304 -4.20737
-5.8 2.20622 24.1579 -4.01744
-5.6 2.16398 23.1187 -3.82583
-5.4 2.12967 22.2748 -3.63277
-5.2 2.10192 21.5924 -3.43847
-5.0 2.07953 21.0422 -3.24312
-4.8 2.06149 20.5993 -3.04690
-4.6 2.04693 20.2427 -2.84998
-4.4 2.03512 19.9549 -2.65249
-4.2 2.02544 19.7209 -2.45457
-4.0 2.01731 19.5277 -2.25631
-3.8 2.01019 19.3634 -2.05785
-3.6 2.00353 19.2164 -1.85929
-3.4 1.99668 19.0744 -1.66078
-3.2 1.98885 18.9229 -1.46248
-3.0 1.97900 18.7440 -1.26464
-2.8 1.96581 18.5151 -1.06754
-2.6 1.94765 18.2089 -0.87157
-2.4 1.92270 17.7959 -0.67717
-2.2 1.88938 17.2499 -0.48476
-2.0 1.84686 16.5570 -0.29465
-1.8 1.79559 15.7248 -0.10688
-1.6 1.73748 14.7839 +0.07883
-1.4 1.67546 13.7823 0.26305
-1.2 1.61280 12.7729 0.44650
-1.0 1.55236 11.8022 0.62991
-0.8 1.49621 10.9041 0.81391
-0.6 1.44553 10.0980 0.99894
-0.4 1.40074 9.39115 1.18527
-0.2 1.36171 8.78167 1.37300

0 1.32798 8.26196 1.56211
0.2 1.29892 7.82132 1.75250
0.4 1.27387 7.44787 1.94404
0.6 1.25232 7.12986 2.13663
0.8 1.23396 6.85654 2.33022
1.0 1.21888 6.61880 2.52487
1.2 1.20771 6.40970 2.72088
1.4 1.20192 6.22491 2.91879
1.6 1.20415 6.06317 3.11960
1.8 1.21873 5.92666 3.32482
2.0 1.25244 5.82150 3.53667
2.2 1.31566 5.75852 3.75806
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Appendix A Table A-2

Table A-2 (cont'd)

T - 8000°K

log P/Po Z h /RT log (p atm)

-7.0 3.18722 45.8320 -5.02964
-6.8 3.03096 42.2123 -4.85148
-6.6 2.88046 38.7252 -4.67359
-6.4 2.74120 35.4973 -4.49512
-6.2 2.61640 32.6041 -4.31535
-6.0 2.50740 30.0766 -4.13383
-5.8 2.41410 27.9126 -3.95030
-5.6 2.33549 26.0892 -3.76468
-5,4 2.27008 24.5717 -3.57702
-5.2 2.21617 23.3210 -3.38745
-5.0 2.17208 22.2979 -3.19618
-4.8 2.13622 21.4660 -3.00341
-4.6 2.10717 20.7924 -2.80936
-4.4 2.08370 20.2486 -2.61422
-4.2 2.06474 19.8101 -2.41819
-4.0 2.04939 19.4561 -2.22143
-3.8 2.03685 19.1691 -2.02410
-3.6 2.02645 18.9338 -1.82632
-3.4 2.01753 18.7366 -1.62824
-3.2 2.00945 18.5646 -1.42998
-3.0 2.00151 18.4045 -1.23170
-2.8 1.99288 18.2417 -1.03358
-2.6 1.98248 18.0582 -0.83585
-2.4 1.96897 17.8323 -0.63882
-2.2 1.95069 17.5377 -0.44287
-2.0 1.92584 17.1459 -0.24844
-1.8 1.89274 16.6310 -0.05597
-1.6 1.85048 15.9787 +0.13423
-1.4 1.79940 15.1940 0.32207
-1.2 1.74129 14.3047 0.50782
-1.0 1.67906 13.3549 0.69201
-0.8 1.61594 12.3947 0.87537
-0.6 1.55484 11.4685 1.05863
-0.4 1.49788 10.6092 1.24242
-0.2 1.44632 9.83575 1.42721

0 1.40063 9.15555 1.61327
0.2 1.36078 8.56717 1.80073
0.4 1.32640 8.06362 1.98962
0.6 1.29703 7.63497 2.17989
0.8 1.27233 7.27029 2.37154
1.0 1.25222 6.95900 2.56462
1.2 1.23714 6.69197 2.75936
1.4 1.22829 6.46222 2.95625
1.6 1.22807 6.26565 3.15617
1.8 1.24054 6.10169 3.36056
2.0 1.27229 5.97408 3.57153
2.2 1.33349 5.89179 3.79194
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Table A-2 NAVWEPS Report 1488 (Vol. 5, Secs. 13 and 14)

Table A-2 (cont'd)

T - 8500PK

log P/po z h/RT log (p atm)

-7.0 3.59359 52.5778 -4.95120
A040 -6.8 3.46326 49.7246 -4.76724

-6.6 3.31657 46.5120 -4.58604
-6.4 3.16129 43.1096 -4.40686
-6.2 3.00567 39.6987 -4.22879
-6.0 2.85684 36.4354 -4.05084
-5.8 2.71989 33.4312 -3.87218
-5.6 2.59770 30.7502 -3.69214
-5.4 2.49134 28.4158 -3.51029
-5.2 2.40054 26.4224 -3.32642
-5.0 2.32418 24.7458 -3.14046
-4.8 2.26075 23.3526 -2.95248
-4.6 2.20852 22.2056 -2.76263
-4.4 2.16583 21.2681 -2.57110
-4.2 2.13112 20.5059 -2.37812
-4.0 2.10299 19.8887 -2.18389
-3.8 2.08022 19.3899 -1.98862
-3.6 2.06176 18.9867 -1.79249
-3.4 2.04670 18.6596 -1.59567
-3.2 2.03424 18.3918 -1.39833
-3.0 2.02361 18.1682 -1.20060
-2.8 2.01409 17.9747 -1.00265
-2.6 2.00488 17.7968 -0.80464
-2.4 1.99505 17.6190 -0.60677
-2.2 1.98344 17.4226 -0.40931
-2.0 1.96861 17.1852 -0.21257
-1.8 1.94883 16.8808 -0.01695
-1.6 1.92223 16.4814 +0.17708
-1.4 1.88722 15.9633 0.36909
-1.2 1.84302 15.3151 0.55880
-1.0 1.79021 14.5450 0.74618
-0.8 1.73080 13.6820 0.93152
-0.6 1.66777 12.7698 1.11541
-0.4 1.60439 11.8555 1.29858
-0.2 1.54343 10.9797 1.48176

0 1.48691 10.1711 1.66556
0.2 1.43597 9.44572 1.85042
0.4 1.39110 8.80887 2.03663
0.6 1.35232 8.25810 2.22435
0.8 1.31950 7.78633 2.41368
1.0 1.29262 7.38429 2.60474
1.2 1.27202 7.04238 2.79777
1.4 1.25875 6.75215 2.99321
1.6 1.25497 6.50739 3.19191
1.8 1.26454 6.30516 3.39520
2.0 1.29377 6.14682 3.60513
2.2 1.35262 6.03931 3.82445
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Appendix A Table A-2

Table A-2 (cont'd)

T - 9000 0 K

log P/Po Z h/RT log (p atm)

-7.0 3.82248 54.9668 -4.89956
-6.8 3.74938 53.4498 -4.70794
-6.6 3.65318 51.4526 -4.51923
-6.4 3.53388 48.9747 -4.33365
-6.2 3.39507 46.0899 -4.15105
-6.0 3.24345 42.9371 -3.97090
-5.8 3.08720 39.6866 -3.79234
-5.6 2.93420 36.5020 -3.61441
-5.4 2.79062 33.5123 -3.43620
-5.2 2.66049 30.8017 -3.25694
-5.0 2.54580 28.4114 -3.07608
-4.8 2.44690 26.3498 -2.89329
-4.6 2.36309 24.6021 -2.70842
-4.4 2.29301 23.1405 -2.52150
-4.2 2.23504 21.9313 -2.33262
-4.0 2.18747 20.9390 -2.14196
-3.8 2.14867 20.1297 -1.94973
-3.6 2.11714 19.4726 -1.75615
-3.4 2.09157 18.9404 -1.56143
-3.2 2.07080 18.5094 -1.36577
-3.0 2.05382 18.1591 -1.16934
-2.8 2.03972 17.8717 -0.97233
-2.6 2.02767 17.6310 -0.77491
-2.4 2.01681 17.4218 -0.57724
-2.2 2.00626 17.2286 -0.37952
-2.0 1.99492 17.0343 -0.18198
-1.8 1.98151 16.8191 +0.01509
-1.6 1.96442 16.5592 0.21133
-1.4 1.94181 16.2282 0.40630
-1.2 1.91181 15.7993 0.59954
-1.0 1.87303 15.2529 0.79064
-0.8 1.82513 14.5839 0.97939
-0.6 1.76920 13.8072 1.16587
-0.4 1.70769 12.9565 1.35050
-0.2 1.64378 12.0758 1.53394

0 1.18064 11.2084 1.71693
0.2 1.52085 10.3891 1.90018
0.4 1.46617 9.64070 2.08428
0.6 1.41763 8.97450 2.26966
0.8 1.37574 8,39258 2.45663
1.0 1.34081 7.89101 2.64546
1.2 1.31334 7.46271 2.83647
1.4 1.29436 7.09968 3.03015
1.6 1.28590 6.79491 3.22730
1.8 1.29161 6.54386 3.42923
2.0 1.31760 6.34600 3.63788
2.2 1.37354 6.20636 3.85594
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Table A-2 NAVWEPS Report 1488 (Vol. 5, Secs. 13 and 14)

Table A-2 (cont'd)

T - 95000 K

log P/P 0  Z h/RT log (p atm)

-7.0 3.91915 54.5340 -1.86523
-6.8 3.88604 53.8814 -4.66891
-6.6 3.83791 52.9318 -4.47433
-6.4 3.77051 51.6011 -4.28202
-6.2 3.68059 49.8246 -4.09251
-6.0 3.56729 47.5850 -3.90608
-5.8 3.43326 44.9336 -3.72272
-5.6 3.28446 41.9883 -3.54196
-5.4 3.12884 38.9060 -3.36304
-5.2 2.97447 35.8468 -3.18501
-5.0 2.82804 32.9434 -3.00694
-4.8 2.69416 30.2874 -2.82800
4.6 2.57531 27.9285 -2.64759

-4.4 2.47224 25.8820 -2.46533
-4.2 2.38450 24.1392 -2.28103
-4.0 2.31087 22.6764 -2.09465
-3.8 2.24978 21.4624 -1.90628
-3.6 2.19953 20.4638 -1.71609
-3.4 2.15846 19.6476 -1.52428
-3.2 2.12502 18.9838 -1.33106
-3.0 2.09784 18.4450 -1.13665
-2.8 2.07570 18.0077 -0.94126
-2.6 2.05753 17.6511 -0.74508
-2.4 2.04233 17.3569 -0.54830
-2.2 2.02917 17.1084 -0.35110
-2.0 2.01711 16.8893 -0.15369
-1.8 2.00510 16.6828 +0.04371
-1.6 1.99189 16.4702 0.24084
-1.4 1.97596 16.2297 0.43736
-1.2 1.95554 15.9362 0.63284
-1.0 1.92869 15.5630 0.82684
-0.8 1.89369 15.08e7 1.01889
-0.6 1.84961 14.4943 1.20866
-0.4 1.79683 13.7905 1.39608
-0.2 1.73721 12.9995 1.58143

0 1.67369 12.1597 1.76525
0.2 1.60959 11.3139 1.94829
0.4 1.54789 10.4998 2.13132
0.6 1.49088 9.74497 2.31502
0.8 1.44011 9.06507 2.49997
1.0 1.39667 8.46617 2.68667
1.2 1.36146 7.94744 2,87558
1.4 1.33573 7.50418 3.06730
1.6 1.32155 7.13053 3.26266
1.8 1.32247 6.82171 3.46296
2.0 1.34441 6.57608 3.67011
2.2 1.39677 6.39731 3.88670
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Table A-2 (cont'd)

T 1O00000K

log p/po Z h/RT log (p atm)

-7.0 3.95613 53.0375 -4.83888
-6.8 3.94182 52.7691 -4.64045
-6.6 3.92001 52.3597 -4.44286
-6.4 3.88740 51.7467 -4.24649
-6.2 3.83995 50.8538 -4.05182
-6.0 3.77344 49.6011 -3.85941
-5.8 3.68455 47.9255 -3.66976
-5.6 3.57234 45.8085 -3.48319
-5.4 3.43927 43.2960 -3.29968
-5.2 3.29117 40.4975 -3.11880
-5.0 3.13590 37.5613 -2.93978
-4.8 2.98152 34.6400 -2.76171
-4.6 2.83477 31.8616 -2.58363
-4.4 2.70036 29.3151 -2.40472
-4.2 2.58086 27.0497 -2.22438
-4.0 2.47709 25.0818 -2.04220
-3.8 2.38866 23.4039 -1.85799
-3.6 2.31438 21.9941 -I.67171
-3.4 2.25270 20.8232 -1.48344
-3.2 2.20192 19.8590 -1.29335
-3.0 2.16037 19.0704 -1.10162
-2.8 2.12649 18.4280 -0.90848
-2.6 2.09889 17.9058 -0.71416
-2.4 2.07632 17.4806 -0.51885
-2.2 2.05764 17.1319 -0.32278
-2.0 2.04181 16.8415 -0.12613
-1.8 2.02780 16.5920 +0.07088
-1.6 2.01453 16.3663 0.26803
-1.4 2.00076 16.1459 0.46505
-1.2 1.98502 15.9099 0.66162
-1.0 1.96556 15.6345 0.85734
-0.8 1.94043 15.2934 1.05175
-0.6 1,90775 14.8620 1.24437
-0.4 1.86624 14.3231 1.43482
-0.2 1.81580 13.6748 1.62292

0 1.75782 12.9339 1.80883
0.2 1.69501 12.1335 1.99303
0.4 1.63071 11.3144 2.17623
0.6 1.56819 10.5150 2.35925
0.8 1.51018 9.76525 2.54288
1.0 1.45879 9.08407 2.72785
1.2 1.41573 8.48053 2.91484
1.4 1.38272 7.95649 3.10459
1.6 1.36208 7.50979 3.29806
1.8 1.357tl 7.13726 3.49657
2.0 1.37455 6.83744 3.70201
2.2 1.42261 6.61347 3.91694
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Table A-2 NAVWEPS Report 1488 (Vol. 5, Secs. 13 an 14)

Table A-2 (cont'd)

T - 11000K

log pe/po Z h/RT log (p atm)

-7.0 3.97645 49.5483 -4.79526
-6.8 3.97338 49.4965 -4.59559
-6.6 3.96861 49.4156 -4.39611
-6.4 3.96121 49.2895 -4.19693
-6.2 3.94976 49.0939 -3.99818
-6.0 3.93223 48.7935 -3.80011
-5.8 3.90579 48.3392 -3.60304
-5.6 3.86678 47.6676 -3.40740
-5.4 3.81100 46.7057 -3.21371
-5.2 3.73454 45.3851 -3.02252
-5.0 3.63504 43.6642 -2.83424
-4.8 3.51304 41.5518 -2.64907
-4.6 3.37263 39.1179 -2.46678
-4.4 3.22070 36.4815 -2.28680
-4.2 3.06536 33.7833 -2.10827
-4.0 2.91411 31.1543 -1.93025
-3.8 2.77283 28.6961 -1.75183
-3.6 2.64518 26.4734 -1.57230
-3.4 2.53290 24.5169 -1.39114
-3.2 2.43620 22.8310 -1.20804
-3.0 2.35432 21.4025 -1.02289
-2.8 2.28586 20.2076 -0.83570
-2.6 2.22920 19.2183 -0.64661
-2.4 2.18261 18.4050 -0.45578
-2.2 2.14447 17.7398 -0.26343
-2.0 2.11326 17.1967 -0.06980
-1.8 2.08759 16.7524 +0.12489
-1.6 2.08619 16.3857 0.32042
-1.4 2.04785 16.0775 0.51654
-1.2 2.03134 15.8090 0.71303
-1.0 2.01534 15.5614 0.90960
-0.8 1.99836 15.3142 1.10592
-0.6 1.97863 15.0443 1.30161
-0.4 1.95417 14.7267 1.49021
-0.2 1.92297 14.3361 1.68922

0 1.88348 13.8529 1.88021
0.2 1.83518 13.2692 2.06892
0.4 1.77905 12.5946 2.25544
0.6 1.71760 11.8553 2.44017
0.8 1.65432 11.0875 2.62387
1.0 1.59302 10.3284 2.80747
1.2 1.53735 9.60913 2.99202
1.4 1.49073 8.95135 3.17865
1.6 1.45670 8.36794 3.36862
1.8 1.43956 7.86557 3.56348
2.0 1.44537 7.44842 3.76522
2.2 1.48283 7.12262 3.97634
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Appendix A Table A-2

Table A-2 (cont'd)

T - 120000K

log p/Po Z h/RT log (p atm)

-7.0 3.98071 46.4014 -4.75700
-6.8 3.97968 46.3835 -4.55712
-6.6 3.97824 46.3603 -4.35727
-6.4 3.97612 46.3271 -4.15751
-6.2 3.97289 46.2771 -3.95786
-6.0 3.96793 46.1999 -3.75840
-5.8 3.96027 46.0804 -3.55924
-5.6 3.94850 45.8958 -3.36053
-5.4 3.93055 45.6130 -3.16251
-5.2 3.90358 45.1862 -2.96550
-5.0 3.86391 44.5567 -2.76994
-4.8 3.80741 43.6573 -2.57633
-4.6 3.73023 42.4259 -2.38523
-4.4 3.63012 40.8257 -2.19704
-4.2 3.50778 38.8667 -2.01193
-4.0 3.36735 36.6146 -1.82968
-3.8 3.21572 34.1795 -1.64969
-3.6 3.06089 31.6902 -1.47112
-3.4 2.91034 29.2665 -1.29302
-3.2 2.76976 27.0007 -1.11452
-3.0 2.64278 24.9519 -0.93490
-2.8 2.53107 23.1478 -0.75366
-2.6 2.43486 21.5925 -0.57049
-2.4 2.35334 20.2737 -0.38528
-2.2 2.28514 19.1696 -0.19805
-2.0 2.22862 18.2541 -0.00893
-1.8 2.18207 17.5003 +0.18190
-1.6 2.14383 16.8818 0.37422
-1.4 2.11234 16.3743 0.56780
-1.2 2.08614 15.9556 0.76238
-1.0 2.06387 15.6049 0.95772
-0.8 2.04413 15.3024 1.15354
-0.6 2.02548 15.0284 1.34956
-0.4 2.00628 14.7617 1.54543
-0.2 1.98469 14.4792 1.74073

0 1.95864 14.1559 1.93499
0.2 1.92615 13.7674 2.12773
0.4 1.88572 13.2948 2.31851
0.6 1.83703 12.7310 2.50715
0.8 1.78138 12.0852 2.69379
1.0 1.72172 11.3824 2.87900
1.2 1.66222 10.6568 3.06372
1.4 1.60767 9.94374 3.24923
1.6 1.56321 9.27314 3.43705
1.8 1.53453 8.66764 3.62901
2.0 1.52846 8.14406 3.82729
2.2 1.55336 7.71854 4.03431
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Table A-2 (cont'd)

T - 13000PK

log p/p 0  Z h/RT log (p atm)

-7.0 3.98581 43.8076 -4.72169
-6.8 3.98378 43.7550 -4.52191
-6.6 3.98221 43.7181 -4.32208
-6.4 3.98079 43.6890 -4.12223
-6.2 3.97924 43.6618 -3.92240
-6.0 3.97725 43.6308 -3.72262
-5.8 3.97444 43.5895 -3.52293
-5.6 3.97029 43.5296 -3.32338
-5.4 3.96399 43.4390 -3.12407
-5.2 3.95437 43.3003 -2.92513
-5.0 3.93974 43.0878 -2.72674
-4.8 3.91766 42.7655 -2.52918
-4.6 3.88492 42.2848 -2.33282
-4.4 3.83759 41.5869 -2.13814
-4.2 3.77157 40.6099 -1.94568
-4.0 3.68368 39.3051 -1.75592
-3.8 3.57297 37.6571 -1.56917
-3.6 3.44176 35.6997 -1.38542
-3•4 3.29560 33.5150 -1.20427
-3.2 3.14207 31.2159 -1.02499
-3.0 2.98899 28.9200 -0.84668
-2.8 2.84305 26.7275 -0.66842
-2.6 2.70892 24.7096 -0.48941
-2.4 2.58928 22.9072 -0.30902
-2.2 2.48507 21.3349 -0.12686
-2.0 2.39596 19.9890 +0.05728
-1.8 2.32087 18.8534 0.24345
-1.6 2.25826 17.9058 0.43157
-1.4 2.20644 17.1212 0.62149
-1.2 2.16369 16.4745 0.81299
-1.0 2.12836 15.9417 1.00584
-0.8 2.09889 15.5002 1.19979
-0.6 2.07375 15.1290 1.39455
-0.4 2.05142 14.8075 1.58985
-0.2 2.03030 14.5151 1.78536

0 2.00861 14.2297 1.98069
0.2 1.98438 13.9275 2.17542
0.4 1.95555 13.5839 2.36907
0.6 1.92030 13.1760 2.56117
0.8 1.87766 12.6885 2.75141
1.0 1.82814 12.1191 2.93981
1.2 1.77417 11.4819 3.12679
1.4 1.72004 10.8045 3.31333
1.6 1.67144 10.1214 3.50089
1.8 1.63518 9.46729 3.69136
2.0 1.61893 8.87393 3.88702
2.2 1.62994 8.37461 4.08997
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Table A-2 (cont'd)

T - 140000K

log P/P o  Z h/RT log (p atm)

-7.0 4.01350 42.2242 -4.68649
-6.8 4.00189 41.9153 -4.48775
-6.6 3.99421 41.7134 -4.28859
-6.4 3.98908 41.5815 -4.08915
-6.2 3.98551 41.4939 -3.88953
-6.0 3.98282 41.4332 -3.68983
-5.8 3.98046 41.3869 -3.49009
-5.6 3.97798 41.3453 -3.29036
-5.4 3.97492 41.2999 -3.09069
-5.2 3.97070 41.2416 -2.89115
-5.0 3.96453 41.1586 -2.69183
-4.8 3.95531 41.0349 -2.49284
-4.6 3.94140 40.8476 -2.29437
-4.4 3.92053 40.5646 -2.09667
-4.2 3.88963 40.1427 -1.90011
-4.0 3.84491 39.5284 -1.70513
-3.8 3.78231 38.6638 -1.51226
-3.6 3.69844 37.5005 -1.32200
-3.4 3.59192 36.0174 -1.13469
-3.2 3.46445 34.2372 -0.95038
-3.0 3.32103 32.2288 -0.76874
-2.8 3.16891 30.0933 -0.58911
-2.6 3.01587 27.9406 -0.41061
-2.4 2.86883 25.8678 -0.23231
-2.2 2.73281 23.9464 -0.05341
-2.0 2.61079 22.2197 +0.12675
-1.8 2.50400 20.7057 0.30862
-1.6 2.41233 19.4038 0.49242
-1.4 2.33481 18.3011 0.67823
-1.2 2.26997 17.3775 0.86600
-1.0 2.21612 16.6101 1.05558
-0.8 2.17154 15.9750 1.24675
-0.6 2.13453 15.4491 1.43928
-0.4 2.10343 15.0105 1.63291
-0.2 2.07663 14.6378 1.82734

0 2.05249 14.3103 2.02226
0.2 2.02925 14.0062 2.21732
0.4 2.00501 13.7027 2.41210
0.6 1.97779 13.37.5 2.60616
0.8 1.94576 13.0010 2.79907
1.0 1.90776 12.5602 2.99050
1.2 1.86404 12.0450 3.18044
1.4 1.81692 11.4622 3.36932
1.6 1.77093 10.8342 3.55818
1.8 1.73261 10.1949 3.74868
2.0 1.70947 9.58577 3.94284
2.2 1.70383 9.06550 4.14141
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Table A-2 (conttd)*

T - 15000f

log P/P o  Z h/RT log (p atm)

-7.0 4.13453 43.1875 -4.64363
-6.8 4.08444 41.9232 -4.44892
-6.6 4.04942 41.0412 -4.25266
-6.4 4.02554 40.4420 -4.05523
-6.2 4.00952 40.0424 -3.85696
-6.0 3.99881 39.7789 -3.65812
-5.8 3.99155 39.6052 -3.45891
-5.6 3.98641 39.4886 -3.25947
-5.4 3.98241 39.4063 -3.05991
-5.2 3.97878 39.3418 -2.86030
-5.0 3.97484 39.2817 -2.66073
-4.8 3.96987 39.2141 -2.46128
-4.6 3.96297 39.1254 -2.26203
-4.4 3.95291 38.9988 -2.06314
-4.2 3.93798 38.8111 -1.86478
-4.0 3.91583 38.5307 -1.66723
-3.8 3.88330 38.1159 -1.47085
-3.6 3.83661 37.5159 -1.27611
-3.4 3.77177 36.6771 -1.08351
-3.2 3.68560 35.5562 -0.89355
-3.0 3.57705 34.1374 -0.70653
-2.8 3.44818 32.4462 -0.52246
-2.6 3.30420 30.5502 -0.34099
-2.4 3.15240 28.5451 -0.16141
-2.2 3.00044 26.5324 +0.01713
-2.0 2.85498 24.6006 0.19555
-1.8 2.72079 22.8140 0.37464
-1.6 2.60065 21.2107 0.55503
-1.4 2.49564 19.8059 0.73713
-1.2 2.40555 18.5981 0.92116
-1.0 2.32936 17.5744 1.10718
-0.8 2.26558 16.7160 1.29512
-0.6 2.21252 16.0011 1.48483
-0.4 2.16843 15.4073 1.67609
-0.2 2.13158 14.9125 1.86865

0 2.10029 14.4952 2.06223
0.2 2.07287 14.1346 2.25652
0.4 2.04758 13.8090 2.45119
0.6 2.02260 13.4962 2.64586
0.8 1.99606 13.1725 2.84012
1.0 1.96628 12.8145 3.03359
1.2 1.93225 12.4025 3.22601
1.4 1.89438 11.9261 3.41741
1.6 1.85515 11.3895 3.60832
1.8 1.81924 10.8151 3.79983
2.0 1.79155 10.2461 3.99317
2.2 1.75269 9.79390 4.16365

•Source: Ref. 187
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Table A-3

Transport Properties of Air*

Inependent Variable Dependent
Ref. Variable Rnge ' Var Variable Remarks
10 'TR 0-28, 000 Graph ), k, Pr Gives an analysis

0/00 I01 to 10"6 of data from many
sources

193 TOR 5400-14,400 Graphs M, k, Pr Recommended es-
T°K 3000-8000 (frozen re- pecially good up to

0/0 10" to 10"s action) 8, 000 +K, may be0 weak after that.

1500-15,000 500 U/0 , k/k Recommended for

p 10"4 to 10' by 10 S Pr T > 14,000

17 T0K 50-800 10 Cp/R, y, i 1 and Pr at I atm
(to 1900K) pressure

800-3000 50 k (to O00"K)
Pr (to 1000"K)

p 0.01, 0.1, 0.4,
0.7, 1, 4, 7, 10,
40, 70, 100

16 T"K 2000-5000 200 cp/R, ov/1 Y
5000-10,000 500

10, 000-15, 000 1000
log 0/p° 1.6-5.6 0.2

196 Nomographs for p, k; low density

39 T7K 50-800 10 c v, C, p , f, P and Pr only at
(also in 800-3000 50 p = Iatm. Also
OR) 3000- 5000 100 k, Pr1 l

p atm 0.01, 0.4, 0.7, 1, gives Pr*
4, 7, 10, 40, 70, Pr, Pr

100

Onl) the variables used in this section of the Handbook have been included. The
listed references do not represent a comprehensive survey of the field.
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INDEX

angle of attack flat plate
boundary-layer transition, effect on, 124, perfect gas, 29, 193, 218

141 real gas, 45
heat transfer, effect on, 200, 227, 228

axisymmetric conductivity
bodies, 85ff, 200ff coefficient of, 5, 26, 62
flow, 7, 11, 77, 91ff, 98ff, 102, 195ff eddy, 15, 193

cone
blunted cones, 12, 86, 88, 98ff, 101, 105, blunt, 12, 86, 88, 98ff, 101, 105, 118,

118, 147, 150 147, 148, 150
bluntness heat transfer, 202, 244

boundary-layer transition, effect on, 125, sharp, 90, 92, 147, 148, 153, 154, 200,
142 244

bodies transition, 93, 121, 154, 227, 228
axisymmetric, 85ff, 200ff continuity equation, 3, 6ff, 15, 77
ducted, 35 cooling
two-dimensional, 83ff, 195ff Cf, effect on, 32, 33, 57, 65, 66, 70

boundary layer
displacement thickness, 11, 24, 28, 40- transition, effect on, 121, 13742, 1, 1, 8, 9, 16,153critical pressure rise~ coefficient, 124, 142

42, 61, 71, 88, 99, 116, 153 Crocco transformation, 8, 15, 17, 53, 79,
equations, derivations of, 3ff 8,8

axisymmetric flow, II, 85 83, 85
solutions, 17ff, 77ff cylinders, at yaw, 203, 233ff
two-dimensional flow, 12, 83 displacement thickness of boundary-layer,

laminar, on 11, 24, 28, 40, 42, 61, 71, 88, 99,
cones, 91 116, 153flat plate dissipation function, 5f la platet gdrag, friction 105, 119perfect gas, 7, 189 ducted bodies, 85, 87

real gas, 25, 191
sphere-cones, 98 eddy
spheres, 94codciiy1519
sublayer, 31, 43, 66, 73ff, 160 conductivity, 15, 193

momentum thickness, 11, 24, 28, 34, 40, viscosity, 14, 29, 6, 193
61, 88, 96, 99 energy, equation of, 5, 6, 8, 15, 17, 78

shape parameter, 11, 24, 28, 40, 59, 72, enthalpy, 8, 27, 45
88, 99, 116 gradient, 191

thickness, 5, 28, 40, 60, 71, 99, 116 reference, 193
transition, 119ff, 193, 219 entropy, variable, 98

angle of attack, effect of, 124, 141 equilibrium temperature, 20
blunt bodies, effect on, 125, 142 Falkner-Skan flow, 80ff
cooling, effect of, 121, 137 film coefficient, 202, 209coolatipa, effect of, 4, 13 , 9 finite difference method, 77ff, 111flat plate, effect on, 47ff, 119ff, 2119 friction velocity, 30, 159
insulation, effect of, 123
Mach number, effect of, 121, 138, 139
Reynolds number, effect of, 121, 135 heat, conduction rate1 5
roughness, effect of, 127, 165, 204 flux, 15stream turbulence, effect of, 132, 157 heat transfer
sweam turbulefct , eft oangle of attack effect, 200, 227, 228sweep, effect on, 127 laminar boundary layer

turbulent, onbois19bodies, 89 bodies, 195
cones, 92 cones, spheres, 200, 244
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flat plate flat plate, 159ff, 165
perfect gas, 189, 241 heat transfer, effect on, 155, 164, 204,
real gas, 191 237

pressure gradient, effect on, 196, 225 three-dimensional, 128, 152, 154, 161
protuberance effect, 209ff, 245ff transition, effcct on, 127, 165, 204
roughness, effect on, 155, 156, 164, two-dimensional, 132, 237

204, 237 roughness types, 166
separated flow, effect of, 207, 242 rough plate, with heat transfer, 164
stagnation point, 223 insulated, 159
turbulent boundary layer transition on, 165

bodies, 199
flat plate separated flow

perfect gas, 193, 241 heat transfer, effect on, 207, 242
real gas, 195 shape parameter, 11, 24, 28, 40-42, 59,

72, 88, 99, 116
laminar sublayer, 31, 43, 66, 73ff, 160 shear parameter, 80, 115

stress, 3, 6, 29, 38, 88, 189
Mangler transformation, 7, 12, 91, 99, 129 shockwave shape, 101
mixing length, 29 skin friction coefficient
momentum equation, 4, 6, 17, 77, 102 axisymmetric bodies, 11
momentum integral equation cones

axisymmetric, 11, 85ff blunt, 12, 103, 105, 118
flat plate, 10, 31, 47 sharp, 90, 92, 147, i!-3, 200, 244
two-dimensional, 12, 83 laminar, 90

momentum parameter, 81, 113 transition, with, 93
momentum thickness of boundary layer, 11, turbulent, 92

24, 28, 34, 40, 61, 88, 96, 99 experimental, 37-39
motion, equation of, 4, 6, 8 flat plate

laminar, 21, 27, 57, 65
Navier Stokes equation, 4 turbulent, 32ff, 46ff, 62ff
Newtonian flow, 95, 197, 202 roughness effect, 163ff

sphere-cones, 99, 105
Prandtl number, 9, 16, 20, 23, 27, 38, 64, transition, with

189 cone, 93
pressure, critical rise, 124, 142 flat plate, 48ff

gradient parameter, 80, 113ff, 221 sphere, boundary layer on, 94
heat transfer, effect on, 196, 225 heat transfer, 202
transition, effect on, 140 sphere-cone, boundary layer on, 98, 147,

protuberances, effect on heat transfer, 209ff, 148
245ff heat transfer, 202, 229ff

spikes, nose, effect on heat transfer, 207,
real gas effects 239

blunt cone, 109 spreading of boundary layer tuibulence, 133
flat plate stagnation point flow, 197, 222, 224

laminar, 25-28, 191 Stanton number, 38, 189ff, 220ff, 227
turbulent, 45 stream turbulence

recovery factor, 20, 32, 119, 190, 199, 217 transition, effect on, 132, 157
temperature, 20 surface pressure

reference enthalpy, 193 transition, effect on, 123
reference length, 7 Sutherland's viscosity law, 13, 18, 20, 99
reference temperature, 21, 24, 27, 35, 59, sweep

99 heat transfer, effect on, 203
Reynolds analogy factor, 194ff, 217, 226, transition, effect on, 127, 151

238
pressure gradient, effect of, 196 temperature

Reynolds stress, 14, 30 equilibrium, 20
roughness profile, 21, 56, 131

critical, 131 recovery, 20
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reference, 21, 24, 27, 35, 59, 99
skin friction, effect on, 23

transition boundary layer, 47, 119ff, 193, 219
angle of attack effect, 124, 141
bluntness effect, 125, 142
cones, 93, 121, 147ff, 227
flat plates, 47, 121, 123, 154
heat transfer effect, 204
insulated surfaces, 123
Mach number effect, 121, 136, 139
Reynolds number effect, 121, 135
roughness effect, 127, 165, 204
separated flows, effect of, 208
sweep effect, 127

turbulence
boundary-layer transition, effect on, 132
lateral spreading, 133

velocity
distribution, 21
friction, 30, 159
profile, 21, 41, 55, 159

viscosity
coefficient of, 13, 18, 26, 62, 64, 99
eddy, 14, 29, 193
Sutherland's law, 13, 18, 20, 99

yaw
heat transfer, effect on, 203, 233ff
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