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ABSTRACT

A programmed multi -pulse optical radar range finder is analyzed.
An experimental multi-pulse laser has been developed and its character-
istics are described.

If the target is optically 'smooth", or is well resolved by the
receiver, the multi-pulse range finder has an effective power gain slightly
less than its output energy gain when the noise level is low and the detection
probability is high. The useful energy gain of a ruby laser due to muiti-
pulsing was experimentally measured as about 8 dB.

Under the conditions of geodetic satellite ranging, the target is
generally optically ''rough’ in the extreme; then the multi-pulse range
finder has a power gain of from 10 dB toc over 25 dB, depending on the
reiative transmitter efficiencies and the acceptable detection probability.
This significant increase in the advantage of t:e multi-pulse system
results from the detection statistics that are valid when signal scintillation
due to the target is present.
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SECTION 1
INTRODUCTION

1.1 PURPOSE

The work described in this report is directed toward improving
the performance of pulsed ruby lasers used ic measure the range of
geodetic satellites over distances that are often greater than 1000 km
Two characteristics of ruby lasers which singularly impair or resirict
their range measurement capabilities zre: (1) a very iow Q-switched

_ ; mode efficiency, generally about 0. 1%,; and (2) a susceptibility to damage
== at high peak-power outputs of the magnituce 10~ watts. It had been anti-
]

cipated that both of these limitations could be significanily lessened by
programmed multi-pulsing of the laser, that is, by generzting several
giamt pulses at precisely timed intervals during a single pumping pericd.
cfficiency should be improved by depleting the inverted population at
relatively short intervals so that incocherent fluorescence iosses are
minimized. The peak power required for a given range should be reduced,

since each of the multiple output pulses wcuid have equal or less enerzy
tnan a single pulse

The only known analysis that compares mulii-puise and singie-
pulse systems, prior to the work described herein, is based on a Gaussian
mocel approximation of the noise statistics wherein the rms value of the
¥ average noise energy, Ng. is equal to'V X, . In this situation, the signai
energy (or power) is increased by MK for 2! puises of magnitude K times

‘i

/

“i’ a singie pulse, and the rms noise is increased by‘\/;\—! due to the-M sam-
L plings. The net energy gain for a given signal-to-noise ratic is then
# KVAl. This approximate model may be reasonably accurate when
Ng > 20, but it is ot satisfactery if the noise level is reiatively small,
- i.e., N_ < 1, or wher: Gaussian statistics zione zre not applicabie at any
N noise level. Both of these conditions are of particular interest.
\? 1.2 SCOPE

This report summarizes the work performed by EG&G, inc.. under
Contract AF 12(628)-5515, item 2. Tnis item inciudes a "...theoretical
and experimental sateliite laser ranging study to determine the feasibilily

#Averaged over the sampling time, which 15 gererally equal 19
the signal pulse duration.
-1-




of generating and using several (optimum number to be determined) pre-
cisely controlled pulses in order to code the laser output for signal iden-
tification, The receiver (study only) shall accept only pulses in the
preselected code, thereby eliminating the requirement that the signal
return must exceed the noise. This technique shall allow less pz2ak power
for a given range without increasing the "false-alarm' or "no-range"
probability. This stuay shall include, but shall not necessarily be limited
to, the following:

(1) Study of maximum peak power and energy output for a
sequentially Q-switched laser oscillator; one to many output
pulses in approximately 10°3 second pump period.

(2) Study of signal-processing methods tc optimize accuracy and
reliability of range measurements.

(3) Theoretical and experimental determination of typical noise
conditions,

(4) Experimental determination of the optim'un pulse length and
pulse spacing compatible with current laser technology for
ranging identification. "

In the performance of this task, an analysis of the multi-pulse
range finder was made, assuming the Poisson probability distribution of
signal and noise that is applicable to specular targets and the negative-
binomial signal statistics applicable to optically "'rough' targets.”™ The

single-pulse system was treated as a special case (M = 1) for comparison.

This work is described in Section 2 of this report. An experimental
multi-pulse range finder and results of experimental noise measurements
are described in Section 3.

*Goodman, J.W,., "Some Effects of Target-Induced Scintillation
on Optical Radar Performance, "' Proc. IEEE, 53, November 1965, 1688-
1700.
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SECTION 2
THEORETICAL STUDY

2.1 FUNCTIONAL MODEL OF A MULTI-PULSE RANGE FINDER

Figure 1 is a functional diagram of a multi-pulse range finder.
The modulator cf an electro-optical (Q-switch) shutter is triggered with
a series of M pulses which are developed by a digital-clock-controlled
programmer. The modulator output pulses are spaced so that the M
number of Q switched laser pulses generated during each pumping period
have approximately the same energy and waveshape. In the elementary
oscilloscope-detection method illustrated, the M pulses are precisely
delayed for a period equal to the estimated minimum range time. The
delayed M pulses (D pulses) trigger the range oscilloscope sweep which
has a time duration T, equal to the time interval in which the range is in
doubt. During the period between D pulses, the oscilloscope beain is
caused to move vertically by an appropriate increment so that the range
detector output is Cisplayed as shown in Fig. 2. If various pulse-delay
uncertainties (jitter) are less than the resolvable time interval v, and the
received signal pulse duration is < v, the intervals v which can contain
both signal and noise are in a single column of the display ensernble
consisting of M (T/7) elements; elements that can have only noise energy
are randomly distributed.

It will become evident from the following analysis that this choice
of functional model is convenient and does not restrict the generality of
the resulis. As a practical matter, this multi-pulse detection method
is relatively simple and inexpensive, particularly when the D pulses are
synchronously d ‘layed reproductions of.the M pulses; it ig capable of
range accuracies to less than 10 meters i T is not more than a few
microseconds and T/v is equal to o less than approximately 200.

2.2 DETECTION ANALYSIS FOR RESOLVED AND SPECULAR
TARGETS

It has been established, theoretically and experimentally, that
photoemission is accurately described by Poisson statistics. * When the

*Mandel, L., "Fluctuations of Photon Beams; The Distribution of
Photoelectrons', Proc. Phys. Soc. (London), 74, No. 475, 1959.
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SIGNAL AND NOISE
(IN ONE COLUMN)

-p——————— SWEEP NO.!I

- NO. 2

-p————— NO.3

Fig. 2. Range data display of multi-pulse laser range finder.




incident energy on the photodetector is known, by measurement or in
principle, the probability that S or more photoelectrons will be emitted
by the detector can be evaluated as

P(S) = X7~ ©XP [-N] (1)

where
N = Jn 2)

is the average number of photoelectrons emitted, J is the incident energy
in number of photons, and n is the quantum efficiency of the detector.

Background illumination, the principal source of noise undze
nighttime satellite ranging conditions, is readily measured.™ Then, the
probability of S or more phstoclectrons due to noise in the interval t is

o0

N
P(ST) = Z XI; exp {-ﬁn] (3)

X=5

where ﬁn is the average noise phctoelectron count in the interval +; and
the probability of S or more noise photoelectrons during the range obser-
vation time, T, is

(T/+ - 1)
P(S) - 1-[1—P(ST)] (42)
or
T>+
P(S.) =~ (T/t - [P )], P(S_) <<< 1 (4b)
T H
P(ST)<< 1

T is the interval over which the predicted range is in doubt.

*Section 3. 3.
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If the target is optically "smooth™ (specular), such as an optical
{flat or a single precise cube corner, or if it is well resolved by the
receiver, * the received signal energy can, in principle, be predicted
and the probability of S or more photoelectrons in the interval + is

o

®_+ N L
| (Ss) = X1 €Xp [- (NS + Nn)} (5)

X=S

Ns is the average number of signal photoelectrons during the interval r.

When statistically independent random functions which have a
Poisson distribution are added, their sum will be a random function with
the same distribution. It follows that photoelectrons emitted in any group
of discrete intervals of = in the display ensembl: (Fig. 2) may be added,
and the resulting random function is described by Poisson statistics.
Therefore, the probability of S or more photoelectrons being emitted in
one or more of the (T/+ - 1) columns of M7 intervals which have only
noise energy is

T o (T/r - %)
MN _
P(FA)=1-/1- =1 exp {- MNn} , M=1 (6a)
_X =S
or
0
‘] g .X
(M o _
P (FA) N1 (T/T - 1) —T—_ exp[- MN’l}’ ((\t‘)
X=8S
M=21
P(FA)<< 1

*For example, if the individual cube corners in an array can be
resolved.
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The probability of S or more photoelectrons in the one column of M T
elements that contains signal and noise is

P (D) =L SX! L exp [—M(NS-!-Nn)J, M=21 (N~
X=S

The value of S in Equation 6 must be such that for a given magni-
tude of noise, MN_, P (FA) will be acceptably small; S is commonty called
the receiver "threshold” and P (FA) is the probability of ambiguity, or
one or more 'false alarms'. The magnitude of M {Ng + N ) in Equation 7
must be such that, for the same value of S, P (D) }s acceptably close to
unity; P (D) is the probability of signal detection. ™  Note that Equations
6 and 7 apply either to the multi-pulse range finder or the single-pulse
system, where M = 1, '

*Note that the parameter M (Ng + N_) in this equation can be
expressed more generally as

M

\ @ _ _

? (N) + MN
S - n
J

=1

That is, the total average signal energy due to M transmitted pulses is
important; it is not necessarv that the transmitted pulses be equal in
energy or have any particular relationship. If the energy per pulse is
not transferable, it is desirable, of course, to have a significant amount
of signal energy in each of the M pulses, since noise energy is aiso being
summed M times.

**The probabilities P (FA) and P (D) are neither statistically inde-
pendent or mutually exclusive; for these reasons a single figure of merit
for detection cannot be evaluated in a reasonably simple manner. A
figure of merit such as "signal/noise ratio" is meaningful under high
background noise conditions, when N > 20 and the approximation of a
Gaussian distribution is valid.




Solutions to Equations 6 and 7 have been computed with the aid
of Poisson distribution tables™ over a range of average noise levels from
ﬁn = 0to N, = 10. P (FA) can be normalized with respect to the number
of intervals v in a range observation period T, 3o that

P (FA) = % P (fa) (8)

P (fa) is kept close to 1072 in the results tabulated in Table 1 and plotted
in Fig. 3.

Tabie 1. Comparison of single- and multi-pulse detection
for speciilar and resolved targets (m = ).

N, 7 51 Ny Ny R=Ng, /N
0 1 1 1 7 7
0.01 4 3 1.77 . 11 6.3
6.05 6 4 2.31 13 5.6
0.10 7 5 2.65 14 5.3
0.50 15 7 3.75 17.5 4.7
1.0 22 8 4.64 19.5 4.2
5.0 64 17 6.70 24.5 3.7
10.0 109 27 10.6 36 l 3.4
P (fa) < 1072 P (D) ~ 0.9990
S7 = Threshold for multi-pulse radar (M = 7), in number of photo-
electrons.
S1 = Threshold for single-pulse radar (M = 1), in number of photo-
electrons.
:575 Average signal per pulse required, in number of photoelectrons,
when M = 7.
ﬁsl = Average signal energy required, in number of photoelectrons,
when M = 1.

*General Electric Co., Defense Systems Dept., Tables of the Individual
and Cumulative Terms of Poisson Distribution, D. Van Nostrand Co., Inc.,
Princeton, N.J.
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PROBABILITY OF DETECTION

0.999

0.99

0.9

0.5

0.01

P(ta) < 10~3

SINGLE-PULSE {(M=1)

(ENERGY/PULSE = SINGLE-
PULSE ENERGY)

Ng= 7 Jy (PHOTOELECTRONS)

Fig. 3. Comparison of single- and multi-pulse detection
for specular and resclved targets.
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A few interesting aspects of the results are quickly apparent.

Note that the "power advantage ratio," R = Ng;/Ng7, is equal to M when
ﬁn = 0, and diminishes steadily as Np increases. This is a consequence
of having to multiply the noise in each element v by M in Equation 6; it

is evident that splitting a given amount of energy into M parts is actually
a disadvantage when N > 0. For the tabulated values of R to be valid,
the energy (and peak power) of each of the M pulses mus* be equal to that
of the single pulse; the value of R changes proportionally to the extent
this condition is not met. Apparently R is approaching “,/FI as Np, gets
large, as predicted in paragraph 1.1.

It should be noted that the division of the data display ensemble
into discrete intervals, 7, excludes an analytical evaluation of range
resolution within this period of time. Actually, v may be about 30 nano-
seconds which is equivalent to less than 5 meters of range. This is not
a significant limitation, considering the geodetic satellite ranges are of
magnitude 1000 km and an acceptable range error is + 10 meters; the
simplifyirg assumption of discrete observation cells is welil justified
under such conditions.

2.3 DETECTION ANALYSIS FOR OPTICALLY ROUGH TARGETS

It has been shown= that when the target is optically rough and is "ot
well resclved by the receiver, the receiving aperture intercepts some r..m-
ber, m = 1, of spacial correlation cells into which the reflected energy is
distributed. Each correlation cell is a statistically independent random function
of the reflected sigual energy (Bose-Einstein distribution) whose average
value is the signai energy that would be expected if the target were specular.
The magnitude of m is determined by the transmitter wavelength-and the
ranging system gecmetry (see page 12). In general, signal plus noise detec-
tion is described by a negative bincmial distribution, so that the probability
of S photoelectrons due to signal and noise is {for a singie pulse)

m = S
p(s) -|{—2 exp N, Z (S+ m - X - 1)
r m+ﬁs m -1 X! (S -XxX)
X=0
i:’: \S'X
L B (9)
\m+ Ns]

*Goodman, J. W., op cit, p. 2. In Goodman's notation: m—M
S—k X—j L—R
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and the probability of S or more photoelectrons (detection probability)
is

o0
(Dr) = Z P (Sr) (10)
X =S

Noise due to background illumination is accurately described by the
Poisson distribution, as before, so that

o0
N _
P (fa) = —xi— exp [-ME ] Mz 1 (11)

D

X=8
See paragraph 2.2
In the extreme case of target roughness , when the receiving

aperture intercepts only one correlation cell (m = 1), the negative-
binomial distribution reduces to Bose-Einstein statistics and (for a single

pulse)

At the other exireme, when m = %, the receiver intercepts zll the spacial

correlation cells , Equation 3 reverts to the Poisson distribution, and

the analysis in paragraph 2.2 for signal plus noise detection is valid. ™

Goodman has formulated 2a approximate calculation for m based on

geometric parameters of the ranging situation,

1 5 11 % -2

m = 2[ (1 - y) sinc” ° T dy

A L v
o

{13)

———

*Evaluations of Equation ¢ show that the Poisscn distribution is
reasonably accurate when m 2 10.
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1, and 1, are the widths of square target and receiver apertures, 1 is
the transmitter wavelength, and L is the range. The soluticn ¢f Equation
13 is plotted in the cited paper, and in Fig. 4, for m vs the normalized
range:

AL

=11
o

Represeatstive geodetic satellite ranging parameters are:

o
L = 10 mreters,

»
i

-5 .
0.62 x 1% meters,

ot
1]

$.2 meters,

= .2 meters

For these values the normalized range is 5.5 asd m = 1. Therefore,
Equation 12, the Bose-Einstein detection statistics, is of principai
interest.

Detection statistics basea on the Base-Einstein disiribution has
been generalized te ianclude the muiti-puise case; this is descrited in
some detail in Appendix A. The mixing of noise with the signal was
negiected {N  assumed = 0); under these conditions,

- <]
t_‘ .a! H - nx
I-agl] % I =®_ 3
1 - : 5! = H 3 H -
PlDl?\iO? - > i sii - ; i° — i (143
' R LA BRI LN
X=8 =
az:
N_ =0
1 _ {-A1) {-7f-1j- - - {-2M1-S#1)
-m; = S,
Sij -
'351 = 1, by definition.
| 0]
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The subscript 1 MO indicates the event detection for m» = 1, M pulses.
and 0 noise. Equation 14 is a good approximation when N, < 1 (nighttime
operation) and gives a conservative result with respect to multi-pulse

performance at any finite value of noise.

Equations, 11 and 14 have been evaluated for s few conditions of
special interest. These results are summarized in Table 2. They
show a considerable advaniage for the multi-pulse technique, particularly
when the probability of detection is high. The difference between the
multi-pulse and single-pulze systems is evidently affected much more
by the probability of detection than by the noise level; this is in contrast
to the situation when Poisson statistics are valid.

Before ~oncluding this section, it should be noted that this
analysis is concerned with the phenomenon of target scintillation and dces
not consider the effect of atmospheric scintillation; these results, then.
are only valid when the atmospheric influence on signal statistics is
small by comparison. Other assumptions concerning the polarization,
spectral, and temporal characteristics of the transmitter appear to be
valid for the type of equipment that is generally used for satellite range
finding.

2.4 SUMMARY AND DISCUSSION Of ANALYTICAL RESULTS

When the target is optically smooth, or is well resolved by the
receiver, the multi-pulse ruby laser range finder has an energy (or
power) advantage over the same range finder when single-pulsed. This
advantage is a consequence only of the additional erergy output that can
be obtained from the laser transmiiter by multi-pulsing. It amounts to
approximately a 7 to 8 dB power gain, based on the experimental results
discussed in Section 3, and assuming typical nighttirne background
illumination levels.

Under the usual conditions of geodetic satellite ranging, where
range distances are large and the target reflector consisis of assembiies
of numerous small cube corners, deiection must be considered in the
presence of target scintillation. The target is optically rough in the
extreme, and only one of many spacially distributed signal correlation

*The evaluation of Equation 14 involves the solution of very
high-order quadratic equations as Nn, and therefore S, becomes large.
The results for N = 0.05 and 0.1 were obtained with an electronic
computer.

-
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Table 2. Comparison of singie- and multi-pulse detection
for optically rough targets (m = 1).

Nn P (Dr) S7 Sl Ns7 Nsl R
0 0.999 1 1 1.68 999 595
e 0.99C 1 1 0.93 99 10¢
0 0.970 1 1 0.55 32.3 49.17
0.01 0.999 4 3 3.89 } 2,998 771
0.01 0.990 4 3 2.317 298 125
0.01 0.970 4 3 1.79 98 54.7
0.05 0.999 6 4 5.26 | 3,998 760
0.05 0.990 8 4 3.26 397.5 122
0.05 0.97¢0 6 4 2.50 130.5 52.2
0.10 0.999 7 4 5.93 3,998 £74
0.10 0.990 7 4 3.70 397.5 107
0.10 0.970 7 4 2.85 130.5 45.1
P(fa) < 10°°
P (Dr) = Propability of detection, rough target (m = i). See Table 1
for definition of other terms.

cells is intercepted by the receiver aperture. The statistics of signal
detection are then markedly changed, and the average signal energy
required for a single-pulse measurement may be 1 to 3 orders of mag-
nitude greater for a given detection probability of let us say greater than
0.970, than when target scintillation is not present (Takle 2). A multi-
pulse sysici:, witlh M - 7, requires only a doubling of signal energy for

a detection probability of 0.9990, and less than this at lower precbabilities.
Under these conditions, the multi-pulse range finder may have a power
advantage of from 15 dB to over 28 dB, depending on the acceptable
detection performance and assuming it has 8 dB more energy output.
Evidently there will be a significant advantage for the multi-pulse system,

-16-
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even if its total energy output is less than that of the single-pulse range
finder. A number of statistically independent observations per range
event is particularly advantageous in the presence of target scintillation.

The rough target phenomenon can explain a number of otherwise
anomalous experimental results. For example, when geodetic satellite
range measurements are made with a laser operating in the normal mode,
or with a randomly multi-pulsing Q-switched laser, there is generally
little correlation in the magnitudes of corresponding transmitted and
received pulses. Lehr and associates have reported that actual returned
signal energy was 20 dB less than expected in a number of satellite
ranging experiments. * This is in reasonably good agreement with what
the target scintillation theory predicts, if unambiguous detection probability
during these observations was approximately 0. 970 under low background
noise conditions. Judging from the limited data available on the returned
signal photons and the noise, it appears possible that this was the circum-
stance during many of the experiments reported. '

The average received energy per pulse required for a desired
detection performance, Nsmr can be computed from Equations 11 and
14 for cases where m=1, M21, and N_ < 1; these equations have
been evaluated for a limited number of conditions and the results appear
in Table 2. —ﬁsm can be divided by the quantum efiiciency of the photo-
detector to determine the required energy per pulse in photons. The
necessary transmitted erergy is then computed from the range equation,
making appropriate allowances for systematic and measurable (in
principle) phenomena such as velocity aberration, which may not be
considered in the equation. ¥*

The theory of signal detection in the presence of target scintillation
will be extended to include photcgraphic detection with a normal-mode
1aser iliuminator in AFCRL Scientific Report No. 3 (Contract No.

AF 19(628)-5516), to be published shortly.

*Lehr, C.G., Maestre, L.A., and Anderson, P.H., "Measure-
ments of Satellite Range with a Ruby Laser," Special Report No. 211,
Smithsonian Inst. Astrophys. Obs., May, 1966.

**AFCRL Scientific Report I-5. 1 (Contract No. AF 19(628)-5516).
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SECTION 3
EXPERIMENTAL STUDY

3.1 DESCRIPTION OF EXPERIMENTAL MULTI-PULSE LASER
(EML)

Figures 5 thru 7 are photographs of the EML head, which is
largely of conventional design and which comprises the following major

ccmponents:

. (1) Crystal - 60° Kuby, 0.05% Cr concentration by weight.
5 1/2-in. diameter x § in. long. Plane ends, flat to A /10
] and parallel within 2 arc-seconds. Back coating for 99. 9%
g reflectance at 6933%. Front coating for 0.002% reflectance
at 6943%. Body surface polished, ground.*

(2) Flashtube - EG&G Type FX-81-6B (See Fig. 8.)
(3) Pump reflectors - Cylindrical (split). 3-1/4-in. ID.
0.010-in. thick silver plate, over 5 micro-in. surface

finish.

(4) Q-switch shutter - 25 x 15-mm aperture Kerr cell.

. S

(3) Q-switch polarizer - 15 x 15-mm aperture Glan-Thomson

prism.
;: {6) Front mirror=~ - (2) Quartz etalons, or (2) sapphire etalons,
i or (1) multi-layer dielectric reflector, 50% reflectance at
4 6943A.
The integral {lashtube-anode connector design (Fig. 8), and a
- front mirror support (Fig. 10) that uses a spherical bearing to achieve
\“% stability and ease of adjustment are the only features of the EML head

*Both types of crystal body tinish have been used; no significant
difference in performance that can be attributed to crystal-surface finish
has been observed.

*=:Optimum front mirror reflection depends on crystal, if cavity
losses per pass, cavity, geometry, and pulse shape remain constant;
measurements on this laser indicated the value of this reflection is not

very critical. -15-
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that sre perhaps unique, The flashtube-connector assembly is designed
for safe operation in excess of 5 kV dc (30 kV peak), and can be con-
venientiy and quickly mounted into the laser without comp: ~mising the
dust wnd moisture seal of the housing. The spherical bearing suppert
for the front mirror has three degrees of freedom in rotation, and is
virtually incapable of any other motion with the loads that are normally
applied. It permits angular adjustment about two orthogonal axes with
negligible crogo-coupling at small angles, and is rugged, compact,
simple, and inexpensive compared to a two-axis gimbal mount,

The Kerr-cell modulator schematic and its physical appearance
are shown in Fig. 11, A vacuum-tube modulator is used because it is
the only type that operates reliably at the fast switching rates anticipated
(up tc at least 50 kHz). The principal disadvantage of this type of modulator
is its relatively high impedance, of the order of 100 ohms compared to a
fraction of an ohm for some thyratron and spark-gap switches. The
maodulator output waveshape across the Kerr cell, shown in Fig, 12, has
a rise time of about 85 nanoseconds. The laser Q-switching time is
considerably less than this because of the non-linear relationship between
the transmission of a Kerr cell and its operating voltage. The shutter is
more than 75% open when the bias voltage has dropped 50%, so that the
Q-switching time is believed to be less than 45 nanoseconds.

The programmer used to trigger the EML modulator develops
1 to 5 pulses, as programmed. The output pulses of the programmer are
+120 v peak with a rise time of 0.1 microsecond; the delay between the
first pulse and the fiducial trigger pulse® can be varied from 50 to over
1000 microseconds, and that between successive pulses can be varied
from 7 to over 200 microseconds.

The energy-storage network used with the EML is a lumped
transmission line as shown schematically in Fig. 13. The pulse shape
across the flashtube is approximately rectangular and is about 460 micro-
seconds in duration. The laser is normally operated at a storage network
voltage of 3 kV, or 2200 joules of stored energy; losses due to dissipation

in the network inductors, transmission cable, and connector are estimated
to be 15%.

*Normally, the programmer fiducial trigger also fires the pump
flashtube.
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3.2 PERFORMANCE CHARACTERISTICS OF THE EML

3.2.1 Normal Mode Energy Output

All the data discussed in this sub-section were taken at a storage
network voltage of 3 kV, that is, 2200 joules of stored energy and approxi-
mately 1800 joules of flashtube energy. Energy measurements were
made at various times with three different instruments: an EG&G Model
580-22 Radiometer, ™ an EG&G Model 560 "Lite Mike", ™™ and an IT&T
Corp. Type F114-A Biplanar Photodiode (S-20 surface) plus integrator, **

The measurements made with these instruments agreed within 20%.

The normal-mode ouiput of the EML under a number of different
conditions is summarized in Table 3. The results shown are in agree-
ment with more than 90% of many measurements made over a period of
several months. These data show that the laser output was increased
33% when a polished-silver reflector surface with a 3-microinch finish
was substituted for a specular aluminum surface in the cylindrical
pumping confizuration used. Polished silver has about a 16% higher
reflectance than aluminum™*¥ in the pumping spectrum. The Kerr cell
and polarizer caused a 40% drop in normal-mode laser output. The
normal-mode efficiency of the laser itself is about 0. 6% near rcom
temperature with the Q-switch installed, and is about 1.0% without it.
The overall efficiencies (i.e., with respect to the stored energy) are
about 0.48% and 0. 80% respectively.

Normal-mode lasing generally occurred over a period of about
300 microseconds, or 6§6% of the pumping period. Figure 14 (a thru e)
shows a number of oscillograms of normal-mode energy measurements.
In this series, the Kerv-cell bias voltage is increzased from 0 to the \ /4
retardation voitage of 26 kV. Note that the bias has little effect on the
output until it is greater than about 10 kV, or almost one-half of the
\ /4 retardation voltage.

*Laser beam directly incident on radiometer diffusing aperture.
**Laser beam reflected from diffuse target; see AFCRL Final
Report (Contract AF 19(628)-5515), to be published.
*xWith ""Alzak" specular finish. (Note: all rezults discussed in
the remainder of sub-section 3.2 were obtained with silver-plated

reflectors.)
- 29 -




{a) (d) IR < S S Sl

0.1 MSEC/CM 0.1 MSEC/CM
5 V/CM 2 V/CM
KERR-CELL BIAS =0 KERR~CELL BIAS = 20KV

SIS ST T

0.1 MSEC/CM 0.1 MSEC/CM
5 V/CM 2 v/CM
KERR-CELL B!AS =3 KV KERR-CELL BIAS = 26 KV

{f)

O.1 MSEC/CM 0.1 MSEC/CM

5 v/CM £ V/CM
KERR~CELL BIAS =10 KV 4 SHOTS, SPACED 42L SEC APART

STORED ENERGY = 2200 JOULES
VERTICAL CALIBRATION=0.83 JOULE/V

Fig. 14. Normal-mode energy oscillograms.
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Table 3. Normal-mode output of EML.

Average Energy
Conditions Output (joules) Spread

Specular aluminum reflectors,
without Kerr cell or polarizer 13.5 +20%

Specular aluminum reflectors,
with Kerr cell and polarizer 8 +10%

Silver-plated reflectors, without
Kerr cell and polarizer 18 +20%

Silver-plated reflectors, with
Kerr cell and polarizer 10.5 +20%

Stored energy = 2200 joules.

n
#‘

Estimated inductor, line, and connector losses =~ 1

A number of measurements were made to determine how the
normal-mode output drops due to the temperature rise caused by a num-
ber of shots spaced 4 seccads apart without cooling. The average per-
centage drop in output (referenced to the output of the first shot) is 8%,
13%, 22%, and 33% for shot numbers 2, 3, 4, and 3, respectively.

Figure 14f is an osciliogram of one output vs temperature run. (Similar
measurements were made of the giant pulse outpui energy vs temperature.
See paragraph 3.2.2.)

3.2.2 Giant Pulse Energy Output

The output energy of Q-switched pulses was measured in the
same manner and with the same equipment as the normal-mode output.
Relative values of these measurements are therefore expected to be more
accurate than the absolute values of either. Typical giant pulse output
energy oscillograms with 1 and 5 giant pulses in a single pumping period
are shown in Fig, 15(b) and 15(c); the corresponding normal-mode output
is shown in Fig. 15(a).

Table 4 is a summary of measurements made to experimentally
determine what part of the normal-mode output is extracted in one or

-31-
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fig. 15. Giant pulse energy oscillograms,
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Period Between Average Total Cuimd Spread in
Giant Pulses | Max No. ; Energy/Pulse Energy | Energy/Pulse
(10°% sec) of Pulses {ioules} (joules) i ijocules)

- i 1 1.7 1.7 1.5i01.8
G ; 4 1.6 8.4 1.3101.7
47 6 1.6 .5 1,3t0 1.7
10 7 ‘ 1.5 10.5 1.4t01.6
27 10 1.1 1.5 i.0t01.23
18 i3 0.8 12.0 0.5t0 1.1
g8 30 6.4 i2.0 0.21t00.7

Normal-mode output ~ 12,0 joules.

Lasing perivd ~ 300 microseconds.

Pumping period ~ 460 microseconds.

Stored energy = 2200 joules.

more giant puises, and the energy per pulse. The outputsof 1to S
giant pulses were measured direcily; the values for the total number of
puises and the total energy ouiput are extrapolated when the interval
between pulses is less than 60 microseconds. Fig. 15 {d toe) are records
of data taken in this run. These data are plotted in Fig. 16 in normalized
form. It is significant that the efficiency of the laser increases with the
number of giant pulses developed during a pumping period, and particularly
that the energy per giant pulse remains almost constant up to about 7
pulses when over 80% of the normal-mode output has been extracted.
Although this data was taken with z particular laser, it is believed that
the normalized results apply to Q-switched ruby lasers in general when
operated at or near room temperature. In a general way these results
are physically reasonable. The apprcach t¢c normal-mode output as the
number of pulses becomes large can be expected, since this condition
is akin to synchronizing the normal-mode spikes. The spread in the
output energy per pulse (Tablc 4) can also be expected to increase as the
interval between pulses decreases, due to the statistical nature of the
changes in state involved (sufficient data was not taken to experimentally
determine the statistical distribution cf the energy per pulse.)

-33-
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Over 80% of the giant pulse energy measurements made during a
period of several months are within 1.3 (220%) joules with 5 or less
properly phased pulses generated per pumping period. For reasons that
are not clear, this value dropped to 1.0 (£20%) joules toward the end of
the experiments.

A number of measurements were made to determine how the giant
pulse energy changes with the temperature rise resulting from a number
of closely spaced shots. The shots were spaced ¢ seconds apar:; no
cooling was used, and the crysial was initially at a room temperaiure of
about 800F. After five shots, the energy in a singie giant pulse (per
pumping period) increased from 10% to 20% of its initial value. Refer to
Fig. 17(a). After 5 such shots, the total energy in 5 giant pulses (per
pumping period) decreased less than 10%. Refer to Fig. 17(bj. This is
a considerably smaller drop than the 33% change in the normal-mode
ouiput under the same conditions (paragraph 3.2.1!). The inverted
population losses between pulses and the laser efficiency during a pulse
are both functions of the fluorescent eifficiency of the crystal. The
fluorescent efficiency decreases with rising temperature”, and it is
assumed that the resulting drop in population losses compensates, or
more than compensates, for the lower laser gain. It can be expected
that this stabilizing mechanism will be considerably less efiective as
the muiti-pulse energy output approaches more closeiy that of the normal
mode; insofar as temperature stabilily is concerned, it may be desirable
to keep the multi-pulse outputr energy to less than 80% cf the normal-
mode outpul. Figure 17(c) shows the disproportionate loss of energy
in the {irst and last pulses as the temperature rises and the threshold
energy increases; this can be avoided or greatly reduced by proper
phasing with respect to the pumping cycie. These measurements indicate
that cooling the laser crystal wculd probably not have a significant efiect
on giant puise output energy during a burst of several closely spaced
shots, assuming any appreciable cooling could be achieved under such
transient conditions.

3.2 3 Giant Pulse Power Gutput

In the analysis of optical radar using energy detection {Section 2),
a fundamental quantity is the received energy within the resolvable iime
imerval, v. The assumptions concerning r are that the receiver cannot

*Ackerman, Sumner, "'Design Study of Advanced Geodetic Laser
System, " AFCRL Scientific Report No. 1 (Contract No. AF 19{628)-5516),
pp 18 and 21.
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resolve z photoelectiron count in a smaller iime incremeni and thai only
the transmitied energy within this time interval will contribute to the
signal.®™ A practical requirement is that v is also a satisfaciory limit
on range resoluiion. Under these conditions, the distiribuiion of the
energy within -, i.e., power as z funciion of time, is 1rrelev¢m (at
leas? io a first order approximation). In pariicular, the "pezk power"

{ the pulse can be z misleading criterion, it has meaning only io the
extent that the power waveshape is simple, is known, and thereiore has
an unambiguous relzationship with the energy conien: of ithe pulse and
the puise guration. Ii is easy o posiulaie examples where this may not
be the case, and some of these will be shown. A more fundamenial and
useful quantity for describing ithe pulse gualiiy for range deieciion is
J-, the totzal energy of ithe pulse within the time interval v, where v may
take appropriatie values, usually of the order of 16~ -8 seconds; + will be
expressed here in nanoseconds. -dditional subscripts can be used to
indicaie iransmiiied energy, received energy, €ic. Power measuremenis
will be used here largely for evaiuating J; by integratien™ ; any other
use of power, or reference 0 ceak power, is in deference io cusiom.

Aboui hali of the ouipui power measurements were made with an
IT&T Corp. Type F114-A Ri-planar Photodicde, using the bias and out-
put circuits recominended by the manufacturer, 7 - *% and a Tektronix. Inc_,
Model 385A Oscilioscope. The toial rise time of this combinaiion is 3
nancseconds. {(Other power measurements were made with a Tekironix,
Inc., Model 355 Oscilloscope having a rise iime of 12.5 nanoseconds,
but these data are not used herein.)

Some typiczal output measurements are shown in Fig. 18. MNote
that the peak power output of the pulses in Fig. 18{c) and 1&{e: iz sign:fi-
cantly higher than that of the pulses in Fig. 18{(a) and I8{bj, mu z
have 2 higher energy, J30. Ifr = 30 <108 seconds, the lowsy pesk
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50 x 10 "SEC/CM 50 x 10 YSEC/CM

2v¥/CM (7.3 MW/ V) 5 V/CM (7.3 MW/V)
7/8/6¢

;o) ~—'~'4ﬂ—oo~r#0v~6‘4;—t—;>0i.ﬂ‘4‘0¢;~006 ; f e . (d)

' .
LI
! :

Jsp = 0.80 JOULE J30 =0.91 JOULE
Jgo = 0-86 JOULE Jso = I30
P, (PEAK POWER}: 47 MW P, = 65MW

7/8/6¢8 7/8/%6

(»)

Jgo =0.86 JOULE Jgo = 0-77 JOULE
Jgo =0.9C JOULE Jgo = V30
Pp =49 MW P, =62 M

7/8/66 7/8/66

(c)

Jgo= 0.64 JOULE Jgo 20.77 JOULE
Jgo = 0.92 JOULE Jgo 0.88 JOULE
P, 58.5 MW P, =55 MW

Fig. 18. Ciant pulse power wavelorms.

-38-




In general, thv giant pulses had 0.8 * 20% joule in a 30 x 10-9
second period when measured by integration of the power output waveform
and had 1.1 £ 20% joules by direct integration of the photodetector out-
put. The difference may be caused by a number of things, including
measurement errors, distortion of power waveshape with respect to that
normally expected, and after-pulsing which does not show on the pulse
power records. The effect of distortion is shown particularly in Fig. 18(c),
18(e), and 18(f), and shows to a lesser extent in Fig. 18(b). The small,
high-frequency modulation that appears on tnese oscillograms is believed
due to electrical noise pickup and/or line reflectionis. The gross shapes
of the curves are believed to accurately show the giant-pulse behavior of
the laser within the time resolution of the measuring equipment. This
distortion is probably due to the relatively slow Q-switching time of 45
nanoseconds. Judging from the marginal performance now experienced,
if this time is reduced to less than 30 nanoseconds®, the giant pulse power
output is expected to be more consistent and symmetrical and to almost
always contain over 80% of the pulse energy within a period of 30 nano-
seconds.

Perhaps the best way to measure and monitor the giant pulse
or*put is by electronic integration of the photodetector output, using an
in.egration circuit capable of reproducing the fast outrut step function
without serious distortion. If a 93-ohm coaxial line is used for signal
transmission, the integrating capacitor at the detector can be about
0.005 w F. An output voltage of the order of 10-1 to 1 volt will be obtained
if the permissible detector peak current is approximately 10-1 ampere,
The detector and oscilloscope rise time should be less than 5 nanoseconds;
if the rise time i. much more than this, the circuit may be used to
monitor the relative performance of the laser.

The oscilloscope was triggered externally by the input trigger
pulses to the moculi.tor when taking the oscillograms shown in Fig. 18.
The total delay between the trigger and giant pulses averaged close to
350 nanoseconds and the time jitter js within = 15 nanoseconds, even
though no special effort was made to minimize timing uncertainty. Jitter
should he reduced io less than = 10 nancseconds when the rise time of
the modulator input trigger is reduced, the modulator itself is carefully
designed loward this end,and the Q-switching time is reduced to «bout
half its present magnitude.

*By using a lowe: -capacitance, lower-operating-voitage Pockels
cell.
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3.2.4 Beam Divergence

Three different crystals were used with the EML. The beam
divergence of only one of these was measured; this crystal has a rough-
ground body surface, is of standard grade, and is probably the poorest
of the crystals, optically.

The far-field beam of this crystal is roughly elliptical, with a
total divergence at half-intensity points of about 10 milliradians by 14
milliracians. The beam spread was measured by two methods; the
beam reflection from a distant, diffuse target was photographed, ¥ and a
series of energy measurements were made with successively smaller
aperture masks covering the beam reflection. The results obtained by
the different techniques agreed reasonably well.

It is expected that the total beam divergence obtained with crystals
of superior quality will be less than 10 milliradians, as is generally
reported for laser configurations similar to that of the EML. Relatively
little aitention was given to the beam characteristics of the EML quanti-
tatively because o{ the expectation that the muilti-pulse laser is not
peculiarly differeni in this regard to conventional single-pulsed Q-switched
lasers.

3.3 NOISE MEASUREMENT

The noise energy, 1—\In, has been defined as the average number
of photoelectrons emitted by the detector photocathode in an interval of
time r. N, is easily measured through its relationship to the average
(i.e., d-c) anode current of the photodetector. The number of photo-
electrons emiited by a photocathode is equal to

rs
L

i dt
el

e

=Y
e

*AFCRL 65-67i, pp. 52-60.
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where e is the charge on the electron (1.592 x 10_19 coulombs) and i is
the photocathode current in amperes. Therefore,

T o19

107 T

= - e . - )
Nn L__——I.SQZ GJ i photoelectrons (15)

G is the current gain of the (photomultiplier) detector ax:d?a is its
average anode current. '

Figure 19 shows oscillograms of photomultiplier outputs at
different average anode currenis due to a range of iow to high background
iilumination levels. The current gain is about 107, so that for v =
30 x 10”9 seconds,

g'n = 1R, 8x 103 —ia photoelectrons (16)

Most photomql:;’piiers cannot develop an average anode current much
higher than 107% ampere without becoming fatigued or permanently
damaged. For this reason alone, a value of N much greater than 20
cannot generally be tolerated. Under usual nightiime conditions, i, will
be of the order of 10-% ampere, so that N, will be of the order of 10-2.
Note that, because of the Peisson distribution of photoelectron en.ission,
the average number of noise pulses over a period T is closely equal to
N, (T/=), when N, <<1.

Background noise can be predicted, of course, if the speciral
radiance of tiie background is known. Spectral radiance, Ny . is usualily
expressed in units of watts/m2/ster/&, so that the incident nower on the
detector is

= N A r 7

Pw i\'\ ARQR \ €. wattg (17}
where
. 2

AR = receiver aperture (m )
9 R receiver field (steradians)
AN = receiver optical bandwidth (.—“3)
€ = optical efficiency of receiver
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(c) a
{a) ‘

10 7 SEC/CM 5xi0 ' SEC/CM
10 MV/CM 20 MV/CM
T, =6 x 10 "AMP , Ny= O.11 Ty = 10 AMp, i =1.9

(b)

5 x 10" 'SEC/CM 5 x 10 SEC/CM

10 MV/CM 20 MV/CM

T, 350 x 107 AMP, N, =0.95 Ty 0.75x 10 AMP, N, = 14.1
ANGDE LOAD =50 § 10 T =30x 10 SEC

Fig. 19. Photoelectric Receiver noise with
various background :lluminations.
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Then,
1()19 X
Pp = Pw 3 87 photons/sec at 6943 (18)
N = n P 71 electrons (19)
n p

where n is the quantumn efficiency of the detector{at 6943 R in this case).

Combining Equations 17-19, and expressing all the quantities in
the units customarily used,

1]

— T 2 1019
Nn = 7 N)\ AR (z- Gr J A < Tl a7 electrons (20)

Br is the total receiver field in radians.

Representative parameter vrlues for a typical geodetic satellite
ranging system are”™

0.03 {S-20 surface at 6943 R)

n -

- -2 £
AR 2x 107“ meter
6 = 10" 2 racian
a, = 15 &
€ = 0.3
T -9
T = 30 x 10 second

A relatively high value of N, for nighttime conditions is 107° watt/ mzl'
ster/R .** Using these values,

I—\In ~ 0.073 zlectirons (in interval )

*AFCRL Scientific Report No. 1 (to be published), paragraph 1.2.
(Contract No. AF 19(€28)-5516).
#xAFCRL-35-671, pp. 119-124.
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SECTION 4
CONCLUSIONS

The technigue of programmecd multi-pulse range measurement has
significant advantages over the single-pulse method, particularly at
large range distances and when the target is optically ''rough'’; such
conditions are generally prevelant when measuring the range of satellites
from terrestrial stations.

These advantages are due partly to increased transmitter efficiency
(in the case of Q-switched ruby lasers), and partly to a reduction in the
peak power required per pulse, but most generally and importantly to
the statistics of detection in the presence of severe signal scintillation
due to the target. The multi-pulse system can have a power gain of
from 10 dB to over 25 dB with respect to a single-pulse range finder
under such conditions and when the probability of detection is reasonably
high, i.e., approximately 97% or better.

When the target is specular, or is well resolved by the receiver,
the multi-pulse raage finder has a power advantage slightly smaller
than the output energy gain due to this mode of operating the laser. For
a ruby laser, gperating at or near room temperature, the useful energy
gain due to muiti-pulsing is appreoximately 8 dB.

In some cases, the multi-pulse range finder may be the only type
of puised cgptical radar that is practical, such as when the peak power
required of s single-pulse device would cause immediate damage to
the jaser.




SECT.ON 5
RECOMMENDATIONS FOR FUTURE WORK

The following programs are recommended as a course of future
work:
a. Fabrication and evaluation of a multi-pulse range-finder
system as described in this report and in AFCRL Scientific
Report No. 1, Contract No. AF 19(628)-5516.

b. Experimental verification of the range detection theory
discussed in this report.

NOTE

The aforementioned experiments could be
conducted on the basis of the relative statis-
tical perforiiance hetween single- and multi-
pulse range detection. 5o ithat the magnitudes
of numeroci:s pa rqmofazs ihat would be diffi-
cult zvaiuate accuraieiy need ot be known.
iistance *erre tr;:& Yz

-z 7 - - -
ATL. ‘.ﬂacua 2il, ’-'rmceh;.-:, Mzss. may be
P b A . . — - PO F N
:sed A single cube corner zad an assembly

b

Gf ithern woda (,0';-5:21‘ ;ie g specu} :r and

opticzily "reugh’ target ':-‘3‘

SHIL, with necessary prugramm g accesgaries,

<
simultaneausly. Perhap: the most difficult
aspaet of such experiments wiil be the elimi-
nation of significant saintiliation duz to the
zimesphere, particulariy over a terrestrial
range that is well pepujated and indusiralized,
&3 5 the one suggesied A different localion
would ke gz's-ff_-i'ahie, hut there is z fair lirel:-
hood that reasonably stulle airnispreric

a a
conditicns wiil he exgerisnced at tines ovaer

this range.

*For example, atmospheri
other deterministic charsacieristics o:‘ the refiecisrs, and ihe ir
energy ouipui from shoi io shot.




A theoretical study of scintillation phenomena due to the
atmosphere and the target, toward a unified model of range
detection when both these effects are present. Atmospheric
conditions which contribute to signal scintillation should be
characterized, just as the conditions for scintillation due to
the target have been.

Computation of multi-pulse detection in the presence of
target scintillation for a wider range of the parameters m,
M, P(D;), and Ng (paragraph 2.3). This work is done on a
high-speed electronic computer; programs are available
for a wide range of cases.

Study of alternate methods of processing muiti-pulse range
finder data in addition to the oscilloscope presentation
described herein. The end product of this study would be
detailed descriptions of one or more techniques for auto-
matic range measurement and display using multi-pulse
data, and the relative performance and cost expectations
for each apprnach. Part of this study can be devoted to
visual aids or automatic methods for determining tne range
from the visual oscilloscope range display.
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APPENDIX A

MULTI-PULSE RANGE FINDER DETECHON IN THE
PRESENCE OF TARGET SCINTILLATION

A.l SINGLE-PULSE GETECTION™

If the exact energy of a return can be calculated, at least in
principle, the signal photoelectron statistics can reasonably be taken to
be Poisson. That is, in the time interval v, given that the received
energy is Jg, the probability that X signal photoelectrons are emitted is
given by

(R’S)X N
- Ns
P (X!Js) X e

(A1)

wnere _ﬁs is the average number of photoelectrons emitted during the
signal interval 7, and Ng = Jg nn; n = detector quantum efficiency.

However, if the signal energy is known only statistically, the
resulting photoelectron statistics must be found from an ensemble average
of Equation Al. The probability that X signal photoelectrons are emitted
is then given by

0
P(X) = [P(X!Js)p(Js)dJs (A2)

0

where p (Jg) is the probability density function of the total energy incident
during the pulse. For a deterministically polarized return, the signal
photoelectron statistics are found to be negative binomial. That is, the
probability that X signal photoelectrons are emitted is given by

o_rxem  fo,m| [ LT
P 0 = —REIm {1.§ } {HmJ (A2)
s

*Op cit, p 2.
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where m is the number of spacial correlation cells of energy density
intercepted by the receiving aperture. When m = 1, that is, when 2
single cell is observed, the negative-binomial distribution reduces to a
Bose-Einstein distribution (geometric distribution),

= X
J
1 I\s

\
— | (A4)
1+N_ \1+N_]J
s S

P (X) =

The noise photoelectrons are taken to have a Poisson distribution. During
the time interval v in which both signal and noise photoelectrons occur,
the probability distribution of the total numbter of photoelectrons is given

by
X

P xy =

s+n

[ m m exp (-Nn)
i {m - 1)1

m+ N
\ s

{(X+m -3- I {N

T (X - !

|
o

m+N
S

where N, is the average number of noise photoelecirons emitted during
the time 7.

Pe-~formance curves are shown in the referenced work for the
single-pulse case. In the limit of m = %, the target is specular, and the
signal photoelectrons have a Poisson distribution. When the expression

-

for m is evaluated™  for geodetic catellite ranging conditions, m = i.
The notation herein differs from that used by Goodman as follows:
X—sk

m—a M
J —W
=1

*Op cit, p.2
**Paragraph 2.3
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A2 MULTI-PULSE DETECTION

totd range observcnon penod T . ﬂ:e sum of the 3 random varizbles

each represeniing the number of phioiselecirons emiited, is defermined,

Since the noise is taken zs Poisson disiribuied, the probability
distribution of the sum of M random variabies represeniing the noise is
also Poisson distribuied, so thai,

R _
P{X) = X7 XP {-MXN_} {AS5)

For m = 1, and neglecting XN,, in comparison fo Ng, Equation 3
describes the distribution of signal n%:c. oelecirons for a2 s.pgxe pul._-.
The generating function for this distribution is given by~

,l

D .
F_.(z} = ——— , {p+g=1) (A7}
};( 1-az Pvq
where
1
2 =
1+ N
s
P
. s
g =
i+ N
s
In multi-pulse detection we regquire ihe probability disiributicn of the

sum of M random variables, and thereiore the generaimo function of the
sum is obtained by muitipiying the generating functions for each rzrndom
variable. Thus, the generating funciion of the sum is given by

P M

——

: z) = ‘3 8
iz = |2 (A8)

.,-n--—o.. .

*Feller, W_, An Introduciion to Frobabilily Theory and its
Applications, Vol. I, Joha Wiley & Sons, Inc. New York, N.V., 19857
{2nd Edition), p. 232.
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This expression has the same fi)rrn as the generating function for the
negative binomial distribution.™ Thus the probability that X signal -
photoelecirons are emitted is given by™

- M X
f(X;M, p) = (%)p (-q) (A9)

-M) _ (M) (-M-1) - - - (-M-X+1)

| X X!
-Mj _ . eps
Lol ° 1, by definition.

To use the notation established in the preceding reference, one notes

o that Equation A3 is of the same form as Equatiorn A9 with the following
correspondences:
3 M—m
:? p— —2— = p_ (A10)
3 m+ N
: S
o ﬁs
q— - = q (A11)
m+ N
g S
1 - )]
f (M)(_I)X T (X +m)
X rX+1r (m)

For m correlation cells, and stili neglecting N in comparison to
Ns, the probability that X signal electrons are emltted for a single pulse
is given by Equation A3. This equation can be equivalently written as

ey % Al2
where p, and q, are given by Equation A10 and All
*Op cit, p. 51, (See page 353.)

PS (X) f (X; m, po) =
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The generating function for this probability distribution.is of the form
similar to Equation A8, that is,

' po m
FX (z) = TW— (A13)

For multi-pu_se detection, the generating function for the probability
distribution of the sum of M random variables is thus given by

Mm
T Po
(z) = ( ) (A14)

F
- 1=
qQZ

X

Therefore, the probability that X signal photoelectrons are emitted is
given by

f* (X; M,m,po) = (— - | P (—qo) (A15)

A.3 NUMERICAL EXAMPLE

In this example, m = 1, and the average noise energy is sufficiently
small so that it may be neglected by comparison with the aver.ge signal
energy.

LetN, = 0.01, M =1 and 7, and the desired false-alarm” and
detection probabilities be 5 x 109 and 0. 9990, respectively.

A.3.1 Single Pulse (M = 1)

The probability of false-alarm in each T interval, P (fa), is
computed from Equation AS6,

)" _
P (fa) = T exp [—Nn]
X=8S

ats
-~

From Poisson distribution tables, w3

P(faj ~5x 1079, when S = 2

#for each of T/t intervals.
¥*General Electric Co., op cit, p. 9.
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The probability of detection, P (D), is comput:d from Equation A4,
00

P (D) = Ps (X)
X=3

It is easier to solve for the probability of no detection, P (D), where

1
P(MD) = 1-P(D) = 0.001 = P_{X)
X=0
Therefore,
N
0.001 = ——— + L. S
1+N 1+ N 14+ N
S S S
and
N = 1999
S
A.3.2 Multi-Pulse (M = 7)
co
X
7) (0.01
P (fa) = [( );! )] exp (-0.07)
X=S

From the referenced Poisson distribution tables,

P({fa) ~ 5x 10-5, when S = 3
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From Equation A9, the probability of no detection is

2
P (D) = f X;M, p)
X=0
that is,
_ -7 7 -1 7T, -T2 7
O.OOI-(O)p +(l)p(q)+(2}(q)p
0.001 = p7+7p7q+28p7q2
1 Ns st \
0.001 = —— i+7 — + 28 3 }
(1 +N)) 1+N (1+N))
s s [

The solution to this equatior, obtained by the use of an electronic
computer, is
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