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POREWORD

This report covers the last phase of the work carried out under Grant

EOAR 63-58. The earlier phases were reportsd in the following Scientific

Reports and Publications:-

SR 1 (TAZ 37) ~"General Instability of Conical Shells with Non-iUniformly
Spaced Stiifeners under Hydrostatic Pressure" - Published
in the Proceedings of the 7th Israel Annual Couference
on Aviation ard Astronautics, February, 1965,Academic
Press, Jerusglem, py 62-71.

SR 2 (TAE 42)-"Further Remarks on the Effect of Eccentricity of Stiffeners
on the Ganeral Instability of Stiffened Cylindrical Shells'

(To be published in the Journal of Mechanical Engineering
Science).

SR 3 (TAE 43)-"RBffect of Eccentricity of Stiffeners on the General Instability
of Stiffened Cylindrical Shells under Torsion" - Published in
the Proceedings of the 8th Israel Annual Conference on Aviation
‘and Astronautics, Pebruary, 1966, Academic Press, Jerusalem,
PP 144-154,

SR 4 (TAE 44)-"On the Stability of Eccentrically Stiffened Cylindrical Shells

Under Axial Compression".

"Buckling of Orthotropic Conical Shells under Combined Torsion and External

or Internal Pressure’ - Proceedings of the Sixth Israel Annual Conference on

Avistion and Astronautics, Feliruary, 1964, Academic Press, Jerusaiem, pp 175-

189.
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“"Equilibrium and Stability Equations for Stiffened Shells” - Published

In the Proceedings of the 6th Israel Annual Conference on Aviation and

Ry e iaant

Astronautics, February, 1964, Academic Press, Jerusalem, pp.117-124,

"Buckling of Unstiffened Conical Shells under Combined Torsion and Axiai
Coupression or Tension" - Published In the Proceedings of the 7th Isreel

Annual Conference on Aviation and Astronautics, February, 1965, pp.15-24,

"Buckling of Circular Conical Shells Under Uniform Axial Compression" -

Published in AIAA Journal, Vol. 3, No. 5, May, 1965, pp.985-987.

"Equilibrium and Stability Equations for Discretely Stiffened Shells"-
Published In the Proceedings of the 8th Israel Conference on Theoretical
and Applied Mechanics, June, 1965, Isrsel Journal of Technology, Vol. 3,
No. 2. pp.138-146,

"O£ the Bucklirg ¢f Unstiffened Orthotropic and Stiffemed Conical Shells"
Prec;nted at the VII Congres International Aeronautique, Paris,14-15 and
16 June 196%,pp. 1-22.

"Buckling of Clamped Conical Shells under Exterual Pressure’- Published

in AIAA Journal, Vol. 4, No. 2, February, 1966, pp.328-337.
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SUMMARY

Results of an experimental program on the inatability of unstiffened
aluainum-alloy concial shells under combinations of 3 loadings, axial com-
pression, torsion and external or internal pressure arc presented and
compared with linear theory. Improvements in experimental technique permit-
ted many repeated buckling tests on the same metal specimen without notice-

able damsge and yielded reliable interaction curves.

Some tests on Mylar conical ghells under similar combined loading, are
then discussed. Tests of the mechanical properties of.Mylar A sheets
revealed considerable anisotropy that casts some doubt on the reliabiiity

of results obtained with Mylar specimens.

The general instability of stiffensd cylindrical shells under com-
bined axial compression and exterral or interaal pressure is then discusaed

and design implications are considered.

The variation of stiffener spacing in stiffened conical shelis yields

an improvement in structural efficiency. Optimization studies tha:

investigate this improvement for ring stiffened cones in detail are presented.

Results of a continuation of an experimental program on the genersl in-
stability of ring-stiffened conical shells are presented. Tests on integrally
machined gteel specimens under torsion, axial compression and ccabined torsion

and axial compression are discussed and compared with theory.
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SECTION 1.
§ BUCKLING OF UNSTIFFENED CONICAL SHELLS UNDER COMBRINED LOADING AND AXIAL

COMPRESSION, TORSION, AND EXTERNAL OR INTERNAL PRESSURE.

Avraham Berkovits, Josef Singer and Tanchum Weller.
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J.1. INTRODUCLION

The buckling of cylindrical and conical shells under combined loading
has been the subject of meny investigations. At the Technion, the in-
stability of conical shells has in recent years been studied theoretically
and experimentally under combined torsion and external or internal pressure
{efs. 1 and 2) and under combined‘torsion and axial compression ( Ref.3).
Since only very little information has been published on triple-load inter-
action even for cylindrical shells (Ref. 4), the studies on conical shells
have now been extended to combinations of three loadings: axial compression,
t;tsion,and external or internal »ressure. The theoretical work is a
straightforward extension of the previous linear analysis and the emphasis in
the preseut program was the .fore or experimental techniques and experimental
results. Improvements in experimental technique permitted many repeated tests
on thc same mectal specimen with negligible damage, and yielded more-reliable

interaction curves.

The values for the theoretical interaction curves were calculated.frem
two sets of linear equations
zn: CnQ(n,m) + DnR(n,m) = 0

and

Z: DnQ(n,u)-CnR(n.m) = 0 (1.1)
o



e Ao e

where

an,m) = (D™ <22 - 16 (o)

m+n x2Y

+ Kacosza[(-l) 2

1]G2(n,m)

o alED™R G

1]G5(n,m)

mtn x2y4-1

t A[("'1) 2

1]G3(n,m)

RGam) = wl(-D)™ Y

- 1]G4(n,m)
n is an axial load parameter defined by

n = (P/E)(K*/2vha sina cosa)

A 1is a pressuve parameter defined by
4
A = K (p/E)(a/h)tana
and u 1is a torque parameter defined by

TR (Ka/E)(T/ZHaZh sinza) = (Kalﬂ);m‘x

(1.2)

(1.3)

(1.8)

(1.5)

(106)

Eqs. (1.1) and (1.2) are identical to Eqs.(59) and (60) of Ref. 1 except for
the axial load term added in Q(n,m) or to Eqs.(9),(10),(11) and (13) of Ref.
3, except for the lateral pressure term added in Q{n,m). Hence the method of

calculation is practically identical to that of Refs. 1 and 3.
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1.2. TEST SPECIMENS

The conical shells tested during this program were from the same
fabrication lot as shells used in an earlier investigation (Ref.3).
Thcse shells were of Alclad 2024-T3 aluminum-alloy'sheet of 0.4 nm, nominal
thickness, and had a cone angle of 40° and taper ratios of 0.500 and 0.678,

The radius at tha wide end of the conical shells was 140 mm.

1.3,TEST APPARATUS AND PROCEDURE

The load frame used to conduct the tests has been described in Refs.3
and 5. As shown schematically in Fig. 2a, the load frame, which was originally
equipped for applying axial compression and torsion simultaneously, was modified

to permit application of either internal or external pressure as well.

Internal pressure is applied to the specimen by allowing high-pressure
air to pass from u control valve tkrough a hole in the larger clamping
fixture and into the vessel formed by the specimen and the clamping fixtures.
External pressure is applied by partial evacuation of the vessel with a vacuum
pump substituted in place of the high-pressure air system. In either case
pressure on the specimen is measured by use cf a mercury manometer, which is
connected to the pressure vessel through a second opening in the large clamping

fixture.

Improvement in the alignment of the test specimens in the load frame was
achieved in the present program by uge of the specially constructed aligning
jig shown in FPig. 2b, Clamping the specimen to the smaller clamping fixture in

the aligning jig ensured that the edges of the shzll were parallel to each other
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and to the surface of the clamping fixture. This procedure resulted in im-

provement in the measured out-of-roundness (see Tables 1.1, 1.2, and 1.3) and also

in the test results.

Experizental technigue was improved in the present program by use of strain
gages to measure the onset of buckling. Up to 6 electric resistance strain-
gages wore attached around :he midsection circumference of the aluminum shells.
This permitted early detection of buckling and minimized inelastic effects at
buckling. The buckling load could also be more accurately ascertained when

external pressure was one of the lcads applied during the tests.

1.4 .EXPERIMENTAL RESULTS AND DISCUSSION

Results obtained from aluminum conical shells will be presented in the
following order: axial compression, torsion, external pressure, combined load-

ing with external or internal pressure. Experimental data will be compared with

calculated results in eaczh case.
' Material constants for the Alclad 2024-T3 aiuminum-alloy shells are:

Modulus of elasticity, E = 10,6 x 106 pei (7540 kg/-nz)

Poissons’' ratio, v = 0.33

1.4.1. Axial Compression

Values of maximum ioad obtained during axial compression tests are presented in

Table 1.1 and compared with calculated results. The calculated results were

determined by use of the buckling equation

- 2 2
Pcr 2n CE h” cos‘a 1.7)

B G MREE  natasn aa A
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of Ref. 6, and an empirical value of the constant C = 0,23 obtained from Ref.
7, as was used in the previcus reports, in place of the theoretical value.

The average compression buckling load obtained from tests in the present series
reached 95 percent of the load calculated from Eq.(1.7), 15 percent higher than
results of the previous tests series. This improvement is due to improved

test fixtures and clamping procedure.

1.4.2, Torsion

Results obtained in torsion buckling tests are presented in Table 1.2 and
compared with linear theory (Refs. 1 and 8). The average buckling load obtained
from iritial tests in torsion was 81 percent of the theoretical load. As in the
previous investigation, the torsion buckling load decreased with successive
applications of torque, due to undetectable inelastic deformations at buckling.
However, the use of strain gages during the present tests permitted earlier

detection of buckling and thus greatly diminished the inelastic deformatioms.

1.4.3, External Pressure

Buckling pressures obtained in external pressure tests are presented in
Table 1.3 and again compared with linear theory (Refs. 9 and 1). The average
value of buckling pressure obtained in tests under external pressure was 89
percent of the theoretical value. As with torsion, only initial tests were
considered in computing the average, since the buckling pressure was found to
decrease somewhat with successive tests on the same specimen. Compensation was
made for the decrease of buckling values in both external pressure and torsion

during datra reduction.of combined-load tests.




TABLE 1.1

COMPRESSION BUCKLING OF ALCLAD 2024-T3 ALUMINUM-ALLOY CONICAL SHELLS OF

CONE ANGLE 40°

SERIES A : ¢ = 0.678; SERIES B : y = 0.500

et e a s AT

A A A A+ Wb A1 VT 22

Spec:,imen h Test Maximum:Lcad | P /P Out-of-roundness
No. (mm) | No. P, (ke) croer ()
A24 41 7 835 .827 .20
A28 .40 29 840 .832 .50
A29 .40 12 880 .871 .21
A30 .40 35 835 .827 .16
A3l .4l 19 800 .792 .25
A32 40 17 840 .832 .24
B21 .40 13 1020 1,063 .26
B23 .39 8 900 .938 .16
; B26 Al 13 1012 1.054 .14
g B27 .39 13 1080 1.125 .15
| B28 .41 34 1110 1.156 .28
B29 .40 ] 122 975 1,016 .34
123 975 1.016

A

AP BRI e w
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TABLE 1.2

TORSICN BUCKLING OF ALCLAD 2024-T3 ALUMINUM-ALLOY CONICAL SHELLS OF CONE

ANGLE 40°

- -

SERIES A: ¢ = 0.678; SERIES B: ¥ = 0.500
Specimen h Test Maximum torque /T Out-of-roundness
No. (oam) No. T, (kg. m) ¢r cr (mm)
A24 .41 1 51.8 .770 .20
2 52.9 .786
3 48.6 .722
A25 .41 1 55.8 .829 .25
A26 .40 1 44.6 .663 .28
; 10 42.9 637 |
A27 .40 7 36.3 .539 .29
A28 .40 1 55.8 .829 .50
2 55.1 .819
.ol s02 .46
19 § 46.3 | .688
27 i 38.3 boose9
A29 .40 2 49.0 L .728 .21
3 | 47.1 . .09
11 36.5 ) L sa2
A0 .40 2 51.8 ! .770 i .16
| 3 51.8 L .770 }
i 29 ! a1s b Lewr §
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TABLE 1.2 ( Cont'd)

- e —— —

Specimen h Test Maximum Torque T,/ Tct Out-of~-roundness
No. (mm) No. T, (kg .m) . (mm)
A3l 41 2 53.6 .796 .25

3 54.0 .802
10 50.2 746
13 45.9 .682
A32 .40 2 50.6 . 752 .24
6 $0.0 .743
10 45.9 .682
12 42.4 .620
10 41.8 .621
B21 .40 4 84.4 .788 .24
6 94.1 .879
B23 .39 1 81.5 .761 .16
B24 .40 13 83.3 .778 .17
B2S .39 1 80.6 .753 .06
12 64.8 .605
B26 .41 2 91.5 .854 .14
B27 .39 2 83.3 .778 .15
5 77.8 726
11 77.4 .723

e aon = - e —

. ‘“@W{‘Q&"

—
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TABLE 1.2 ( Concl'd)

S

¢
Lpecimen h Test Maximum Torque T /T Qut-of-roundness
No. (mm) No. Tcr(kg.m) cr o (mm)
B28 .41 1 97.8 .913 .28
9 87.3 .815
33 87.3 .815
B29 .40 2 93.2 .870 .34
139 84.3 .787
141 85.1 .795
i 143 86.8 .810
B31 .40 i 1 ! 91.8 .857 .12
P ? 98.1 .916
B32 39 1 2 E 86.4 .807 .15
B33 .40 1 ? 99.7 .931 .30
Y i 89.5 .836
B34 .40 1 i 83.3 .778 .13
2 ; 84.3 .7187
) H

s v e e -
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TABLE 1.3

BUCKLING UNDER EXTERNAL PRESSURE OF ALCLAD 2024-T3 ALUMINUM-ALLOY CONICAL

SERIES A: ¢y = 0.678 ;, SERIES B: ¢ = 0.500

SHELLS OF CONE ANGLE 40°

Specimen h Test Buckling p /% Out-of-roundness
No. (mm) No. Pressure cr er (mm)
P (ne. Hg)
A25 .41 2 253 . 767 .25
A26 .40 2z 258 .782 .28
11 200 667
A27 .40 1 267 .809 .29
A28 .40 3 280 .848 .50
11 247 . 748
18 210 .636
28 160 485
A29 .40 1 254 .770 .21
A30 .40 1 272 L824 .10
28 196 . 594
30 193 . 585
All 41 1 264 .800 .25
A32 .40 1 260 . 788 .24
A33 .40 l 267 .809 .25
2 267 .809
A34 .39 1 244 . 740 .39
A35 .38 1 247 .748 .38
521 .40 1 190 .611 .24
2 190 .611
B25 .39 2 233 .749 .06
3 233 .49
B26 .41 1 270 .868 .14
B27 .39, 1 i 267 .859 .15
B28 41 2 320 1.029 .28
10 ' 256 .823
32 280 .900
B29 .40 1 307 .987 .34
%38 i 211 .678
140 | 222 714
142 ‘ 232 .746
B30 .41 1 367 . 987 .51
2 | 293 .542
] 8 i 255 .820
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1.4.4. Combined Axial Compression, Torsion and External or Internal Pressure

Experimental results obtained from a large number of tests under com-
bined axial compression, torsion and either external or internal pressure
are tabulated in Table 1.4, Note that internal préssures are pregented
as negative external pressures in the table for convenience of comparison.

Test data are compared with calculated resultsin Figs. 3 through 10.

Results of buckling tests under combined axial compression and torsion,
as shown in Fig. 3, appear to follow the empirical curve defined by the

relation

2

T P

(r ) + 53— = 1 (1.8)
cr cr

The pregsent results are thus in agreement with experimental resulta ohtain-

ed during the previous investigation (Ref. 3).

In Fig. 4 experimental results obtained under combined axial compression
and external pressure are compared with the theoretically determined inter-
action curve., The test results are in reasonable agreement with thecry for
both taper ratios. Note however that the data points were plotted relative
to the experimentally determined axial-compression buckling load (Pcr)’ which
differs considerably from the theoretical value. The results presented in

Fig. 4 are essentially similar to results reported on Mylar conical shells in

Ref. 10.
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TABLE 1.4

COMBINED LOAD BUCKLING OF ALCLAD 2024-T3 ALUMINUM-ALLOY CONICAL SHELLS OF

CONE ANGLE 40°

SERIES A: y = 0.678; SERIES B: y = 0.500

Speciaen Tast P(kg) T(kg.m p(mm.Eg.)
No. No.
=
A24 4 - 55.3 - 100
5 670 25.2 - 100
6 780 13.7 - 100
A23 3 183 49.5 -
4 183 41.9 62
5 183 32.9 114
6 143 26.8 150
7 183 18.0 187
8 183 12.6 200
9 183 8.1 200
10 183 - 200
A26 3 345 33.4 -
4 345 24.8 87
5 345 18.0 120
6 345 12.6 133
7 345 8.1 133
8 345 - 133
9 345 - 133
12 . 780 16.2 -
A2? 2 508 28.8 85
3 508 38.8 -
4 508 18.0 120
5 508 14.9 93
6 508 8.1 117
A28 A 508 - 150
5 508 31.1 53
6 508 22.2 93
7 508 - 133
8 508 133
9 508 34.7 -
12 508 30.6 -
13 508 28,8 '
14 508 23,0 33
15 508 16.2 80
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TABLE 1.4 (Cont'd)

Specimen Test P(kg) T(kg.m) p(mm.Hg.)
No. No. -

A28 16 508 - 113
(cont'd) 17 508 - 107
20 508 - 107

21 508 8.1 93
22 508 18.0 73

23 508 18.9 53

24 508 21.9 33

- 25 508 23.3 13
26 508 23.3 -

A29 § 345 - 160
5 345 | - 157

6 345 13,7 133

7 3%y [ 19.4 100

8 345 24.8 67

9 345 27.0 33

10 345 29.7 -

A30 4 183 - 223
5 183 19.4 191

6 183 26.3 153

7 183 32.9 120

8 183 37.4 87

9 308 32,90 53

10 508 33.8 27

11 508 35.2 -

12 508 27.4 53

13 508 18.0 120
14 508 - 153

15 508 - 153

16 508 - 153

17 508 16.2 120

18 508 21.9 87

19 508 2.0 60

20 508 30.6 33

21 508 33.8 -

22 508 30.6 33

23 508 25.9 . 60

24 508 23.0 87

25 508 14,9 120

26 | 508 - 147

27 @ 508 | - 147

n !os : - 187

2 4 183 i - 153

33 1 290 ; - 123

34 ! - 100

[ S .________.l.
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TABLE 1.4 (Cont’'d)

Specimen Test P(kg) T(kg.m.)
No. No.
4
A3l 4 - 21.4
5 - 29.0
6 - 36.0
7 - 42.9
8 - 5.3
9 - 49.1
11 - 52.0
12 - 54.5
14 78 41.6
15 183 36.5
16 290 30.6
17 398 244
18 508 18.7
A32 3 163 46.3
4 183 51.3
5 183 43,2
7 345 38.9
8 345 39.2
9 345 41.5
11 508 27.0
13 615 16.4
14 615 18.0
15 615 19.4
A33 3 1105 -
"A34 2 915 -
A35 2 885 -
321 3 - 32.5
5 - 33.5
7 110 84.4
8 295 73.4
9 450 64.8
10 120 63.8
11 330 54.0
12 470 43.3
B22 1 240 £0,3
2 430 45.2
3 600 27.8 .
4 660 15.4 -
5 610 23.0

-~

p(wm.Hg.)

80 -

o —

———— e

.,
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TABLE 1.4 (Cont'd)

Specimen Test P(kg.) T(kg.m) p{mm.Hg.)
No. No.
823 2 130 68.8 -
3 230 63.8 -
A 400 52.6 -
5 560 38.7 -
6 400 50.0 -
7 220 61.0 -
B24 1 - 68.9 114
2 - 65.0 114
3 75 62.0 115
4 153 57.5 114
5 153 58.5 114
6 237 55.0 115
7 156 58.0 115
8 75 61.8 114
9 315 45.7 114
10 315 47.8 114
11 400 42.0 114
12 472 26.0 114
14 540 25.0 115
i5 615 9.0 115
16 568 - 114
B25 4 - 32.5 183
5 - 39.0 155
6 - 43.0 135
7 - 47.5 112
8 - 49.5 88
S - 55.0 69
10 - 59.0 4
11 - 60.0 21
13 - 23.0 200
) 14 - 16.0 220
B26 3 - 75.0 8?
4 - 37.4 293
5 - 27.0 300
6 - 18.0 327
7 - 59.5 187
8 130 - 250
9 238 - 213
10 348 - 183
11 758 - 153
12 510 | - 133
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TABLE 1.4 (Cont'd)

Specimen Test P(kg.) T(kg.m p(mm.Hg.)

No. No.

B27 3 183 64.0 67

4 183 39.0 173

6 183 30.6 186

7 183 23.0 200

8 183 17.0 213

9 183 8.1 233

10 183 - 233

12 390 56.3 27

B28 3 39¢ 47.7 133

4 390 39.2 173

S 390 30.6 187

6 390 23.0 213

7 390 16.2 . 213

8 390 8.1 208

11 508 39.2° 107

12 508 23.0: 147

13 508 16.2 173

14 508 g.1 187

15 508 - 191

16 670 27.0 h§a 1

17 670 23.0 97

18 670 8.9 87

19 670 16.2 96

20 670 10.8 101

21 69C 8.1 S8

22 670 18.9 93

23 670 10.8 107

24 670 - 124

25 780 18.9 80

26 780 16.2 80

27 780 12.6 87

28 780 9.4 90

29 780 5.8 87

30 780 16.2 87

31 800 - 80

shav. e

oy
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TABLE 1.4 (Cont'd)

B S

Specimen Test P(kg.) T(kg.m.) p(m.ﬂg.)-i
No. No.

B29 3 345 76.9 -
4 345 54.0 101
5 345 27.0 177
6 345 - 199
7 45 27.0 178
8 345 56.0 107
9 345 76.2 -

10 345 54.0 103
11 345 27.0 178
12 345 - 193
13 345 54.0 107
14 345 27.0 176
15 345 - 194
16 345 27.0 175
17 345 54.0 107
18 345 76.2 | -
19 345 54.0 93
20 345 27.0 174
z1 345 - 193
22 345 27.0 173
23 345 54.0 106
24 345 74.7 -
25 345 56.0 93
26 345 7.0 171
27 345 - 191
28 345 27.4 170
29 U5 564.0 93
30 345 73.3 -
31 345 54.0 93
32 345 27.0 172
33 345 - 191
34 345 27.0 170
3 %5 54.0 97
% | s 74.0 -
37 345 54.0 99
B 345 27.0 in
39 345 - 192
40 343 27.0 171
41 345 54,0 | 93 !
42 345 5.5 - ;
| 43 s | $4.0 95

TR 1 TRt
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TABLE 1.4 (Cont'd).

| Specimen Test P(kg.) T(kg.m.) p(wm.Hg.)
No. No.
B29 44 345 27.0 168
(Cout'd) 45 345 - 190
46 345 27,0 168
47 345 54.0 104
48 345 75.6 -
49 345 54.0 97
S0 345 27.0 168
51 345 - 187
52 345 27.0 167
53 345 54.0 87
54 345 72.9 -
55 345 54.0 93
56 345 27.0 169
57 345 - 187
58 345 27.0 167
59 345 53.1 93
60 345 (74,7 -
61 345 54.0 99
62 345 27.0 169
63 345 - 187
64 345 27.0 168
65 345 54,0 98
66 345 *¢ 750 -
67 345 $4.0 97
68 345 27.0 167
69 345 - 185
70 345 27.0 165
71 345 54.0 107
72 345 75.6 -
73 #s 56.2 97
74 345 24.3 167
75 345 - 185
76 345 26.6 167
77 345 52.2 97
78 345 76.0 -
79 345 54.0 97
80 345 24.8 187
81 345 - 183
82 345 23.2 167
83 345 54.9 97
84 345 75,0 -




Specimen Test P(kg.) T(kg.wm) ‘p(mm.Hg.)
No. No.
. 329 85 %5 49.0 97
(cont'd) 86 %5 19.4 167
87 345 - 177
88 675 - 102
89 675 16.2 90
90 675 26.6 73
91 675 49.7 -
92 675 26.6 77
93 675 16.2 90
9% 675 - 100
95 675 16.2 90
96 675 26.6 80
97 675 48.7 -
98 675 26.6 78
99 675 16.2 93
100 675 - 100
101 675 16.2 92
102 675 26.6 78
103 675 48.7 -
104 675 26.6 80
105 875 16.2 91
106 675 - 103
107 675 16.2 93
108 675 26.6 78
109 675 48.0 -
110 675 26.6 73
111 675 16.2 91
112 675 i - 97
113 675 16.2 93
Mé 675 26.6 70
1158 675 47.5 -
216 675 26.6 78
117 675 16.2 89
118 675 - 39
119 675 16.2 95
120 675 26.6 77
121 675 43.4 -
124 345 - 1
125 345 27.0 149
126 345 4.0 7%
<27 345 66.8 -
128 | 345 | 54.0 n

4 --

+-

R T B
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TABLE 1.4 (Cont'd)

Specimen Test P(kg.) T(kg.m.) p(om.Hg.)
No., No.

B29 129 345 27.0 153
(COnt ] d) 130 3‘5 - 172
, 131 675 - 95

132 675 16.2 83

133 675 26.6 72

134 675 47.6 -

135 675 26.6 72

136 675 16.2 79

137 675 - 100

144 777 37.4 -

145 777 30.6 16

146 777 24.8 22

147 777 18.9 42

148 777 - 59

149 670 45.9 -

150 670 39.2 30

151 670 30.6 55

152 670 - 82

153 517 57.2 -

i 154 517 47.7 47
; , 155 | 517 47.7 &7
| 156 ! 517 - 127
. 157 | 410 63.5 -.

.. 158 ! 410 60.3 27

: 159 | 410 60.3 20

i ; 160 | 410 60.3 17
i 161 410 - 182

: 162 | 410 52.0 50

B30 - 3 | 183 - 260

: 4, 345 - 237

: 5 - 505 - 197

; 6 ! 670 - 153

' | 7 780 - 133
{ : 9 ., 1745 - -200
. B3l - 2 - 96.3 ~304
4 - 106.5 -304

: 5 - 108 8 =30
| 6 - 111.6 ~304
7 - 125.3 -304

. 8 345 109.4 -304

f 9 | 183 109.4 ~304

| 10 506 9.7 -304

~—-
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TABLE 1.4 (Comcluded)

Specimen Test P(kg.) T(kg.m.) p(=m.Hg.)
No. No.
B31 3 67C 81.9 -304
(Cont'd) 12 780 68.8 =304
13 1202 - -304
B32 1 - 104.9 -100
3 185 97.2 -100
4 345 80.0 =100
5 508 74.6 ~100
6 670 68.3 «100
7 780 59.4 ~100
8 508 78.2 -100
9 185 93.0 «100
10 1235 - -100
11 1275 - -100
B33 2 - 106.5 =200
3 - 108.1 -200
5 - 1190 =200
6 - 114.3 ~200
7 183 105.3 =200
8 505 85.5 ~200
9 670 62.1 -200
19 780 80.5 -200
11 505 74.0 =200
12 505 715.0 -200
13 1255 - -200
33‘ 3 - 108-0 -200
4 1823 105.0 -200
5 345 93.1 =200
6 505 83.7 -200
7 670 69.5 | =200
8 670 72.9 =200
9 780 61.2 | -~200
10 1128 - [ -200

* Minus sign indicates internal prassure.
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Buckling data obtained under axial compression, torsion and external
pressure combined are rzapared in Figa. 5 and 6 with theoretical results.
The theoretical interaction curves are presented as torsion agaimst external
pressure, with axial compression as a sarameter. .cr(P/Pcr) = 8 { that is,
zero axial compression) the experimental results are in good agreement with

the {n:oretical interaction curve, in accordance with results reported in

Ref. 2, .

For finite values of axial compression the interactibn curves were
modified to accommodate for the marked difference cf shape between theorstical
and experimental interaction curves for combined torsion and axial compression.
This difference has been observed in both cylindrical (Ref. 11) and conical
sheils (Pzfs. 3 and 6). The theoretical intexsction curve obtained by dse of
Eqs.(11) for each value of(P/Pcr) wvas modified by gultiplying the ordinstes
of the curve by a constsnt of proportionality. For esch ( P/P.. ) an
appropriate constant was chosen so that the modified intexaction curve was
made to intersect the ordinate axis (p/pcr = 0) in sccordance with the
empirical relation Eq.(1.8). This empirical modification is generally satisfactory
as may be seen from the reasonabie agreement of test results with the modified
curves tm Figs. 5 and 6. Por load combinations with dominant sxial comprsssion,
test data appear to fzll somevhat beiow the calculated curves in sone Ccsses.
Analysis of data obtained showed a mean deviation from calculated curves of 5

percent of the buckling load, with a standard deviation of 9 percemt.
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The interact’/on curves of Fig. 5 and 6 were plotted with axial load
(P/Pcr) as parameter, for convenience of comparisen with experimental
data. Croes-plotting of the interaction curves with (T/Tcr) and (P/Pcr)
as coordinates and external pressure (p/pct) as the paramcter leads to a
most significant resvit. The cross<plotted cusves are parabolic in form,
and are almnst identical to curves constructed independently of linear
theory by use of the empirical relation Eq.(1.8), with experimental values
of T and P corresponding to the given external presaure ratio (p/pcr)
substituted into the equation. Thus it appears that the experimentally
determined interaction curve at any given external pressure bears the same
relation to the corvesponding theoretical interaction curve as in the case
of zero external pressure. It is therefore concluded that the interaction
curve for combined axial compression and torsion, at any external pressure,
may be constructed by use of the theoretical results of Fig. 4 (’r/’l‘cr = Q)

and Figs. 5 and 6 ( for P/Pcr = 0) in conjunction with the empirical

relation Eq. (1.8).

Is 18 worthy of note that the order of load application did not effect
the buckling loads significantly. The difference in results obtained from
tests conducted under similsz load conditions, but in which the loading
2s cha: ;8d, was generdily in cthe neighborhood of Z percent, and never
greater than 5 percent of loads at buckling. The variation was therefore
well within the normal scatter band, which indicates that the bucklimg
behavior was essentially linear. However, the type of loading that was being

varied when buckling occurred generally determined the buckling wode. Thus
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if axial load and external pressure were held constant as torque was in-
creased, asymmetrical buckling occurred, If either axial load or extermal
pressure was increasing when buckling occurred, a symmetrical buckling mode
was obtained. In tests near the torsion (ordinate) axis in Figs. 5 and 6,
external pressure huckling occurred gradually, while at relatively high
external presaures buckling was instantaneous, causing an audible pov.
Typicel buckle patterns obtained during the combined ioad tests are shown

in the photographs of Pig. 7.

Results of buckling tests under combined axial compression, torsion and
internal pressure are presented tongether with theoretical interaction curves
calculated from Eq.(1,1) in Pigs. 8, 9 and 10. In the figures internal
pressure appears nondimensionally as (p/pcr)' where Per is the external
buckling pressure. Tests were conducted at increasing internal p- ssure
until the trend of results obtained was well established. Internsl pressures
used were thus limited to the order of magnitude of the external buckling

pressure or less.

In Pig. 8 experimentsl data obtained under torsion and internal pressure
are compared with theoretical results. Agreement between theory snd experiment
appears to be reasonable, and the results ure generally similar tc results
obtained on Mylar conical shells of Ref. 11. Data obtained under axial compression
and internal pressure are shown in Fig. 9. The experimental results indicate ‘an
increase in stability due to pressurization of the shell comparable to the increase
of axial buckiing load at relatively low intsmmnsl pressures reported for conical

shells in Ref. 12 and for cylindrical shells ir Ref. 13.
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Data obtained from triple-load tests including axial compression, torsion
and internal pressure sre shown as symbols in Fig. 10. The buckling behavior
was essentially linear as avident from the fact that order-of loading had
negligible effect on the buckling loads. The discrepancy between experimental
results and the theoretical ‘30lid) curves is immediately apparent in the
figures, as is the case vhenever axial load is involved. The dashed curves,
however, are in good agresmzui with the experimental data. The dashed curves
vere obtained from the empirical relation Eq. (1.8), after substitution of the
appropriate experimentaily obtained values of Tcr and Pcr’ corresponding to
the given value of internal pressure (p/pct). Thus, in the region investigated,
with internal pressure on the order of magnitude of the external buckling
pressure or less, the interaction curve for combined axial compression and
torsion is determined by use of the results of Pigs. 8 and 9 together with the

empirical relation 2q. (1.8), as in the case-of external-pressure.

In general it may be concluded that the empirical interaction curve for
axial compression, torsion,and either external or internal pressure is defined
by the empirical interaction curve for axial compressicn - pressure (T = 0),
the theoretical curve for tors!on-pressure (P=). sand the emnirviesl relseisn
for axial compression - torsion (p=0). For a given pressure ratio (p/pcr) the
appropriate buckling values of Pcr and '1‘cr are obtained respectively from the
two former curves, and are then substituted into the empirical compression-

torsion relation.

Such a procedure is possible because of the essentially linear buckling

behavior observed in the region of pressures investigated. Results presented
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in Ref. 12 indicate that a similar procedure may be suitable for higher
internal pressures, in the region where experimental data correspond with
the linear theory. The present method would also be expected to yield
satisfactory results for cylindrical shells, due to the similarity of inter-

action curves for conical shells to those for cylinders (Ref. 14).

1.4.5. Repeated Buckling.

Farlier work (Ref. 3 and 40 ) has shown that the scatter of resulis
obtained from repeated buckling of a single specimen is generally less than
scatter resulting from initial differences between distinct specimens. As already
mentioned in Section 1.3, a considerable number of combined-load buckling
tests could be carried out on each specimen in the present series, because the
use of many strain-gages permitted detection of buckling before any noticeable
plastic deformation occurred. The average number of tests conducted on each
specimen was 15, as compared with a maximum of 9 tests reported in Ref. 3,
vhere strain-gages were not used. In several cases the condition of the
specimen before the concluding test would have permitted many further tests
on the specimen. In the concluding test, however, a combination of axial com-
pression and internal pressure was applied, which slways resulted in severe

damage to the specimen,

Localized plastic deformation, as reflected in the decrease of buckling
torque and buckling pressure, was xuch less in the present program than in
Ref. 3. The average rates of decrease of buckling torque and buckiing pressure
in the present study were found tc be 0.8 and 1.2 percent per teast respectively,

The decrease was roughly proportiotial to the number of tests, and did not show
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the large drop during early tests on a giv:n specimen, that was observed
: Ref. 3.

Pesults obtained from specimen No. B29 have not been included in the
above average values. On this specimen 162 successful tests were carried
out. Without doubt further tests cculd have been conducted on the specimen,
had test No.163 not been the first test with internal pressure, in which
a bursting failure unexpectedly occurred. Rates of decrease of buckling
torque and buckling pressure for specimen No.B29 were 0.05 and 0.2 percent
per test respectively, an order of magnitude lower than the average for

other specimens.

The causes of the exceptional behavior of spetimen No. B29 are not
entirely clear. Out-of-roundness was similar to that of other specimens
and the general finish and quality of the specimen was also not different
te that of the others. Perhaps the success of this test series was due to
its occurance at the end of the external pressure test program, when

considerable experimental experience has been developed.

1.5. CONCLUSION

Theoretical interaction curves for buckling under combined axial com-
pression, torsion, and external or internal pressure loading of unstiffened
conical shells have been obtained by extension of the linear theory solutions

of two-load problems.

The significant conclusion to be drawn from the experimental program is
that for the range of pressures investigated, the interaction curve for com-

pression-torsion-pressure loading is defined by direct superposition of
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comprassica-pressure, torsion-pressure and compression-torsion behavior.
This is due to the linmar buckling behavior observed in the comical
shells. A similar relationship would be expected to hold im thz case of

cylindrical shells.

The use of strain-gages to detect buckling of the conical shells in

the present program permitted a iarge number of tests on each specimen,

with only small decrease in buckling loads. Fewer specimens were tharsfore

required, and the scatter of results obtained was reducad considerably.

B
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SECTION 2

MECHANICAL PROPERTIES OF MYLAR POLYESTER AND THE BUCKLING OF MYLAR

CONICAL SHELLS.

0. Ishai, T. Weller and J. Singer.
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2.1. INTRODUCTICN

In many recent experimental studies of the stahility of thin shells the
specimens were made of Mylar polyester sheets (see for example Refs. 15,10,16,
17) . Mylar was introduced for buckling tests mainly because it was commer-
cially available in very thin sheets of uniform thickness that made tests in
the high (R/h) range representative of large boosters possible with small test
specimens. Mylar has a low modulus of elasticity and a relatively high
proportional limit and yield point. Hence pure elastic buckling is usually
assured and large deflections can take place entirely in the elastic range
of the material, permitting repeated tests on the same specimen. Some of the
esrlier investigators had some doubts about the uniformity and isotropy of the
material (see for example Ref. 15), but after a few tests they concluded that
nonuniformity and anisotropy are only slight and need not be considered (for

example Refs. 17,18), provided E is measured separately for each specimen.

Though Mylar specimens are not very suitable if one wishes to obtain
empirical data to be applied later to metal shells, they are inherently suited
for verification tests of elastic stability theory and especially of theoret-
ical interaction curves. Hence a test program with Mylar conical shells was

planned to supplement the combined loading tests of Section 1.

Examination of the available date on the mechanical properties of Mylar
A, however, immediatel,; cast some doubts on the optimistic appraisal of the
likely non-uniformity uade by earlier investigators. The specificarions of the
manufacturer (Du-Pont) give a tensile Young's modulus of about 550000 psi for

Maylar A (Ref. 18), whereas Ref. 15 gives a value of approximately 700000 pai
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and Ref. 17 a value of 711000 psi (500 kg/mmz).

Hence it was decided to preceed the buck.ing tests of Mylar comes by care-

ful tests of.the mechanical properties. The results of these tests, described

below, are not very eucoursging, and indicate that tests results with Mylar
specimens have tc be interpreted with more caution than one would expect at

first sight.

2.2. MECHANICAL PROPERTIES OF MYLAR A

a. Dimensional Uniformity

A simple device was prepared for measuring and mapping the exact
thickness of a whole Mylar sheet (Fig. 11). The gheets were mounted on
a very flat and rigid plate above which a dial gage was fixed on a mcvable
arm. The dial gage is calibrated in 0.01 mm. divisions. Coordinates of
50 7 50 mm. spart were plotted on the she~t, and the measurements were

drawn as a respective topographic map.

Results have shown thet the thickness variations of the¢ four sheet
gages measured did not exceed 3% of the average, with the axception of
Mylar A-1400 which was characterized by s slight increase in thickness in
a narrow strip along the sheet edges. The average thickness obtained in

each case is givean in Table 2.1:
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TABLE 2.1

AVERAGE THICKNESS OF .MYLrLR A SHEETS.

Sheet Average Thickness
MYLAR 2 1
1409 0.35 om
1000 0.26 om
750 0.20 m
500 ’ 0.13 om

b. Young's Modulus

Two series cf tests were carried out on specimens of 20mm width and
100 mm gage length.

Static Tests: The samples were clamped at the uppe edge of a special

device (Pig. 12) and static weights were loaded at _..e lower edge,through

a similar clamp. Deflections at twc sides of the lower clamp were messured
by means of dial gages calibrated in 0.01 mm. divisions. Load was applied
by increments of 2 kg. up to 20kg. in the case of Mylar A-1400., (Maximum
tensiie stzess of about 3 kg/mmz) followed by similar unloading procedure.
Deflections were measured simultaneocusly., Two groups of 6 samples each,
which were takean along two perpendicular directions in the Mylar A~1400

sheet, were tested. Results obtained show that, while scatter within the
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group is reasonable, considerable variation of the average Young's

modulus occurs between two perpendicular directions. (Table 2.2.).

TABLE 2.2.

TENSILE YOUNG'S MODULUS OF MYLAR A-1400 SHEET

Elke/mm’} i

Sample No. Direction X Direction Y %

| i

1 |

i
1 396 355
2 383 354
3 400 333
4 414 336
5 408 326
6 415 360

The results in Table 2.1 are avidence of apparent anisotropy in the
L JEE
elartic properties of the sheet materisl. In ordev to investigate these
characteristics more thoroughly the following series of tests were carried

out by meaans of an Instron Universal Testing Machine.

Tests on Instron Testin, *‘achin2: In the Instron Universal Testing

Machine a constant rate of deformation, can be maintained, and this rate
was held at 0.0l min~ ' in the present tests. One of the drawbacks of the

machine, however, is that it measures the total displacement of the overall
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length between the two moving heads, including strains and displacements
produced within the clamped regions. As the use of strain gages is ruled

out in the case of very flexible thin samples because of the local stiffening
effects of the gage, the following proceduvre was developed: each sample
tested had its length cut down successively during the test to yield at least
4 gpecimens of similar properties byt differest lengthi. After each loading
cycle, the sample was released, cut shorter by 20 mm. and tested again. In
most cases.this procedure was begun at 100 mm. and continued until a gage
length of 40 mm. was reached. Curves of total deformation (under the same
load) versus initial gage length yielded straight lines in most cases, from
which average values of Young's modulus could be obtained without inclusion
of edge effects (Fig. 13). The inters;étion of the straight lines (Fig.13)
on the deflection axes give the part of the deformation contriﬂuted by the
clamped regions (zero gage iength). Four groups of 5-6 samples each,were
cut from each sheet along 4 directions (45° between each direction). 3 Mylar
sheets were represented, namely A~1400, A-1000, A-500 and 68 samples were
tested. The results showed little scatter within any group (of uniform
direction), and significant variations hetween differeat directions (exceed-
ing 25X in ertreme cases). Tables 2,3, 2.4 and 2.5 and Fig. 14 demonstrate
this anisotropy of the Mylar sheets tzsted. In the case of Mylar A-1400,
for example, the highest value of Young's modulus was found to bc 483 kg/mm2
and the lovest 270 kg/mm2 in fair agreement with the static test results.

As expected, values of E increased with decrease in sheet thickness (Fig.l4).
A similar trend wvas found in Ref. 19 (there, however, sampies were taken in

in one direction omly).
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TABLE 2.3,

TENSILE YOUNG'S MODULUS OF MYLAR A-1400 SHEET ALOMGC 4 DIRECTIONS

t » 0,35 mn

E (kg}mmz)
Sample No.
Direction Direction Direction Rirection
A B ¢ D
1 41§ 475 480
2 435 495 378 465
3 410 475 369 476
4 420 475 369 458 7
5 410 495 378 440
AVERACE 418 483 370 464

Mesn value Bm = 434 kg[unz
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TABLE 2.4.

TENSILE YOUNG'S MODULUS OF MYLAR A-1000 SHEET ALONG 4 DIRECTIONS

t = 0.26 om
2
E (kg/mm")
Sample No,
Direction Direction Directics Direction
A B C D

1 494 583 449 605
2 458 575 481 575
3 467 583 464 527
4 475 575 445 542
5 447 601 453 511
6 463 631 432 530
AVERAGE 467 591 454 552

Mean value E = 516 kg/mm

2
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TABLE 2.5.

TENSILE YOUNG'S MODULUS OF MYLAR A-500 SHEET ALONG 4 DIRECTION

t = 0.15 mm

E k
Sample No.
Direciion Direction Direction Direction
A B c D
1 521 ' 591 503 514
2 578 603 505 523
3 578 612 503 527
4 586 603 501 530
S 567 584 499 514
6 571 514 521
AVERAGE 566 598 504 520

c. Yield and Ultimate Tensile Strength

Mean value Em = 547 kg/mm

2

After the tensile modulus tests, the same samples were loaded up to
fracture in the Instron testing machine at a constant wmean strain rate of
-1 .

0.01 min ~ . Load deflection curves (Fig. 15) reveal four distinct regions:

a linear portion at low stresses, & curved section above the propo:stional
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limit which terminates with a clear yield point, a drop of stress after yielding,
and a fourth region that exhibits a steady increase in stress ("strain hardening'")
up to the ultimate value. In this last region the sample is subjected to significant
dimensional changes characterized by a considerable extension, accompanied by a
uniform lateral contraction. The specimens failed in a ductile type of fracture.
Typical values of proportional limit stress, yield stress and ultimate stress samples
from the different sheets and directions are given in Tables 2.6,2.7, and 2.8. The
scatter in this case is larger and the influence of anisotropy is less pronounced
but follows the same trend as in the case of Young's modulus (Fig.16). One may
note that whereas the anisotropy hardly influences the yield stress, the ultimate
stress is noticeably affected.

TABLE 2.6.

PROPORTIONAL LIMIT,YIELD,AND ULTIMATE STRESSES FOR MYLAR A-1400 SHEET ALONG
4 DIRECTIONS .

t =0.35mm
2
g _kg/mm
g Proportional o Yieid Nominal o Ultimate
Direction Direction Direction
A B C )] A B C D A B C D
4.3 3.6 4.3 3.6 9.9 9.9 9.0 9.9 12,1 13.8 10.0 12.8
3.6 4,3 4.3 9.6 10.1 9.0 9.7 13.3 13.2 11.0 13.1
3.6 3.6 3.6 4.3 9.4 10.0 9.0 9,6 12.6 12.1 10.9 13.1
3.6 3.6 3.6 3.6 9.9 9.3 9.4 i 14.9 11.4 12.8
2.9 10,0 14.3
Average
3.83 3.46 3.95 2,95} G6.63 9.98 9.08 9.65 12.7 13.68 10.8 13.0
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TABLE 2.7

4 DIRECTIONS

t = 0.26
2
c_kg/mm
N Z
cyield(xglmm ) Nominal o ultilate(ksll. )
Direction Direction :
A B C D A B c D
9.6 10.¢ 9.8 10.6 17.6 . 21.5 19.9 24.0
10.2 10.1 9.4 10.8 17.6 19.7 16.6 26,1
10.0 10.8 9.6 10.8 16.2 19.0 19.8 23,5
10.0 10.9 9.4 10.8 15.5 15.2 18.3 23.5
10.2 10.7 9.6 9.6 14.4 21.9 18.2 16.8
10.0 10.9 10.0 12,0 20.7 17.9
Average
10.0 10.8 9.6 10.4 15.5 19.7 18.6 21.8
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TABLE 2.8

YIELD AND ULTIMATE STRESSES FOR MYLAR A-500 SHEET ALONC

4 DIRECTIONS

t = 0.13 mm

a3

2 2
% 1eld (kg/mm”) Nominal o ;.. . 'e (kg/mm")
Direction Direction
A B c D A B c D
10.6 10.2  iG.i  10.2 15.4  23.2 18.4 16.5
10.6  10.6  10.1  10.2 17.6  25.6 18.0 17.8
10.6  10.6 *10.1  10.2 20.  24.3 21.8 23,3
16.6  10.5 10.1  10.1 18.8 31,6 23.7  26.3
10.5 10.2 10.1 10.1 21.2 28.6 24,8 24,7
10.5 10.1 18.5 18.9
Average
10.6  10.4 10.1  10.1 18.7 26,7 21,3 21.2

-
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The true ultimate stress for Mylar A-1400 Sheet is given in Table 2.9,

TABLE 2.9

TRUE ULTIMATE STRESS FOR MYLAR A-1400 SHEETS ALONG 4 DIRECTIONS

A =7,0 mmz
2

Aultimate (mmz) True %ultimate kg/mmz
T
Direction Uirection
A B c D A B c D
3.84 3.2 3.46 3,94 22.1 30.3 20.2 22.8
3.04 3.52 3.2 3.78 30.6 26.4 24.0 24.4
3.04 3.87 3.2 3.65 29.0 22,0 23.7 25.2
2.58 3.2 3.81 34.9 25.0 23.6
3.20 31.3
lAverage 27.2 28.9 23.2 24.0

2,.3. INFLUENCE OF STRAIN RATE

Tests with different strain rates in the Instron machine, ranging fron
4
0.1 mm/min up to 10 mm/min reveal almost no influence of strain rate on the

tensile Young's modulus. However, after yield, an increase in loading speed
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resulted in higher stresses in the strain hardening region, which did not

exceed 10X of the average yield value.

2.4 SHEAR SHT.ENGTH

Circular samples of Mylar A-1400 sheet were tested by wmesns cof special

device (Fig.l7) which was loaded on the Instron testing machine up to ultimate

values.

scatter which indicates fair uniformity of shear resistance.

TABLE 2.10

Results (Table 2.10) reveal the high shear strength aad the low

ULTIMATE SHEAR STRENGTH FOR SAMPLES OF MYLAR A~1400 SHEET

Average

kg/mm2

11.4

i1.2 11,5 11.3 11.4 10.7 10.9 10.8

11,1 kg/mm®

2.5 TIME-DEPENDENT PROPERTIES

a) Creep Samples taken from Mylar A-1400 sheet (0.35 x 20 x 100 =} were
clamped in the device used for static leading (Fig. 12) sand loaded over-
night with a static losd of 10kg.(s stress of approximately 0.14 ks/lﬁz)
at room tempersture (approx. 23° c}.

after a few hcurs, and does not exceed 2% of the inatsntansous elsstic

deformation (Fig.18).

b)Relaxation Tensile specimens of Mylar A-1400 gheet were losded in the

Instron testing machisz up to absut 0.3 of their yieXd value and wers f£ixed

Creep appsars to bacome stabilized
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at constant deformation. Stress relaxation was recorded for 10 minutes.

Almost 10 relaxation was observed during this period. It may be concluded

that Mylar sheet show negligible sensitivity to time effects.

2.6. BUCKLING TESTS ON MYLAR SHELLS

a. Purpose of Tests

The anisotropy of Mylar A sheets found in series of tests described

above casts serious doubts on the suitability of Mylar specimens for
buckling tests. Since Mylar specimens were, however, used in several
other studies, it was decided to test conical shells made of Mylar A
under combined loading of axial compression, pressure and torsion in
order to complemen” the experiments on aluminum cones reported in

Section 1,and by comparison of results to examine the influence of

anisotropy of the buckling behavior.

Fabrication of Specimens

Mylar A-1400 sheets were cut and glued to form three types of
conical sheils, with taper ratios y = 0.50, 0.68 and 0.80 (Fiz.19).
After extensive tests with different glues, the joints were glued
with Mylar adhesive No. 46950 (90%) aud R.C. 805 (10%) as a hardner.
This type of adhesive vas preferred to epcxy types, as it has
superior peeling strength, and a reasorable shearing strength. The
lap-joint was cold cured under pressure for 48 hours. EKach specimen

wvas tested at least 7 days after fabrication. Ten Mylar conical

r
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Test Anparatug and Procedure

The specimens were mounted in the test ring (Fig.20), which had
earlier been used for similar buckling tests on aluminum shells

described in Section 1.

For the tests on Mylsr shells, the lower part of the test fixture
that received. the small end of the coune, was made of aluminum. Axial
cowpression was applied by & hand-operated jack, and the force was
measured by means of a proof-ring of 0.5{. Air pressure and vacuum
vere measured with an alcohol manometer with an accuracy of ! 3Jmm of
alcohol, Torsion was applied by means of deadweight loading trans-
mitted thrcugh & string aad pulleys to a horizontal arm 50cm long,
which apply a couple tc the lower part of the shell. Two additional

disl gages were used to detect axial displacement and angle of twist.

Test Procedure

Fech shell was first ioaded to buckiing under a single load,
torsion, axial compreasion and external pressure, in order to determine

the critical reference vsiues Tcr’ P__ and Pey ° The critical load was

cy
determined visually as the lcad at which all buckling waves had appeared.
Since this point of complete huckling vaas not alwaye clesrly defined,the
sudden change in the axisl dispiscement, which was found to occur
simultianeously, was taken as the criterion of complete buckling. Neo
siganificant chinge in the buckline strength of the shell was noticed

after more thav 100 buckling cycles. After the critical values were

establisked, each shell was subjez: to the following loading cycles:

A Nl 2V SR i i 3 ¢
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Firat, tuorque was kept constant. Filve levels of torque were maintained,
namaly, 0, 0.2, 0.4, 0.6 and 0.8 of the critical torque. At each level
tie axial force was varied vhile the corresponding critical external
pressures wcre determined. In tests with internal pnressure, the pressure
was varied and the necessary axiel force te cause buckling was found.

At the end of such a series f tests, the direction of the applied torque
was reversed and the smme shell was subjected to a similar series of

tests in the cpposite-direction.
e. Order of loading

In severral series of tests, the order of loading wae changed in
order to examine the linearity of the buckling behavior under com-
bined lcad. The order of axial and pressure loading was changed, and
instead of the regular order the external pressure was varied and the
respective critical axial lcad was found. Results (see Fig. 21) show
that the critical values and the interaction curves are not influenced

by the order of loading, and hence non-~linear coupling of load effects

can be naglected.

2,7. TESTS RESULTS

The general behavior of the loaded shells up to buckling is characterized
by a gradual development of isclated waves, producing "prebuckling flats" in
the load displacement curves. Complete buckling occurred when all waves
{usuyally ?-10)a;;c27ed (see Fig. 22). The interaction curves for the three

taper ratios tested (Figs. 23.24,25) exhibit the following charasteristics:

i

————————
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The plots of (P/Pcr) versus (p/pct) are curved st gsmall values of T/‘!'cr
and tend to straighten out at larger (T/Tct)' At small T/Tcr values and
under amall axial compression the interactiom curves are very close lnd~
coincided or even intersected in many cases. At larger (T/Tct) the increase
in torque has a considersble influence on the interaction curves. With
internal pressure complerte " linzar behavior" was observed in most cases
contrary to the negligible effect of the change in the order of loading,the
reversal of the direction of torque influenced both the critical torsion snd
the ‘shape of interaction curves in msny cases (see Fig. 24). Even vhere the
ceritical torque did not change significantly, the interaction curves show a
definite change in shape (Figs. 23,25). It should be noted that the inter-
agcion behavior of the ssme shell when retested, following removal from and

reinstallation in the test apparatus.

The elastic modulus of specimens cut from the tested shells shows the
same high scatter and anisotropy observed on specimens taken from the

) corresponding Mylar Sheets.

2.8. DISCUSSION.

Tests results on Mylar conical shrells confirm the conclusions on materisl
properties arrived at the beginning of this Section. While the regligible

effect of change in order of loading indicates " linear behavior" up to bucklicg,

the change in shape ¢f the interaction curve, as well as the significant influsuce
of the direction of torque indicate anisotropic behavior of the shell. Comparison

with the interaction curves obtained with aluminum shells of the ssme taper ratios

BRI AT T e

chells (Figs. 26,27), demoustrates the peculiar buckling behavior of Mylar Shells.

Rt

The detailed comparison in Figs. 26 and 27 shows more pronounced discrepancies between
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alvainum and regular shells at zero or small tcrques than at large torques
vhen torsion dominates buckling. It may be poiated out that the comparison
was for torque acting in the same direction for both types of specimens. Due
to the appreciable change in buckling behavior of the regular shells when the
direction of torque is reversed, even more pronounced discrepancies would be
observed if the comparison were for torques acting in cpposite directions.
Comparison with linear theory (Fig. 28) shows that ssme Lasic heljavior as
observed in Section 1, fairly good agreement for all cases where torsiom or
external pressure is dominant and poor agreement when axial coapression
dominates. This is in accordance with the usual low experimental values
obtained under axial compression. Since no tests were carried out on similar
aluminum shells, no comparison could be meade but discrepancies siwilar to
those appesring in Figs. 26 and Z7 may be expected. .The empirical inter-
action curves for Mylar cones of taper ratio 0.80 shown in Fig. 28, shouid
therefore, be taken as approximations only, on account of the anisotropy of the

Mylar, and cannot be applied with certainty to metal shells of the same taper

ratio.

2.9. CONCLUSIONS

Mylar A Sheets are characterized by considerable anisotropy, especially
in Young's modulus. Hence some doubt is cast on the reliability of results
obtained with Mylar specimens. This is also evident from the strong influence
of the direction of torque on interaction curves for Mylar cones and from the
discrepancies observed between the interaction curves for aliminim and Mylsr

specimens.
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SECTICH 3

GENERAL INSTABILITY OF STIFFENFD CYLINDRICAL SHELLS UNDER

COMBINED AXIAL COMPRESSION AND EXTERNAL OR INTERNAL PRESSURE.

J. Singer, M. Baruch and O. Earari.
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During the mission of a launch vehicle or missile it is subject to combinatioms
of axial and pressure loads. The general instabiiity behavizr ‘of stiffened
cylindrical -shells under combined loads is therefore- studizd. The analysis
eaploys linear Donnell type equations and is an extension of that given in Refs.

20 and 21, For classical simple supports, ti 2 third stabiiity equngion, Eq.(18)

of {20], becomes for axial compression and ext.znal or iaternal pressure,

3.3 2 3
cl(-n 8 'n) + cz(-Z: - bnt )

2.2

4 2 . 4
+ (2 + Ny t “:2)“ B8t as+ noz)t

4
+ (1 + nol)n t

+ 12/ + up) (L + b t) + vaga ]

'&5n282/2) - AP[(n282/2) + tZ] - 0 (3.1)

where

3
A. - (PR/%D) and xp = (R"/D)p (3.2)

n are the number of axial half waves, t the number of circumferential waves, Vi

Bas No1s Mo20 Me1 and .o 8re the changes in atiffnesses due to stringers and

rings Xys  Xps Cl’ and Cz ave the changes in stiffnesses caused by the eccentricity
of the stringers and rings, as in (20}, and a and b are given by Eqs.(16) of [20].
When one of the load parameters, --y“x. is given, the second, say A, is calculated

from Eq. (3.1). Note that in Eq. (3.2) positive p represents external pressure and

negative p internal pressure.

Computations have been carried out for many typical shell covering s wide range

of shell and stiffener geometries. The relative sfficiency of stringers snd rings
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and their position is investigated for five typical shells, with (R/k) = 250,

1000 and 5070, (L/R) = 0.5, 2.0 and 4.0, and a stiffeners weight ratio (ratio

of total weight of the stiffened shell to that of the unstiffened shell)

(h/h) = 1.5 and 2.0 where h is the equivalent thickness of the stiffened shell

and h 18 the wall thickness of the unstiffened shell
(th/h) = [1 + (A;/bh) + (A,/ah)] (3.3.)

The interactios curves for combined axial compression and external or
internal hydrostatic pressure consist essentially of two straight lines that
represent two different buckling modes, one with one longitudinal half wave
n =1, and one with many logitudinal waves n ¥ 1. Unstiffened cylindrical shells
under {ie same combined load exhibit a similar behavior. There the transition
Etom the n = 1 mode to the n ¥ 1 mode occurs very near the zero pressure axis
(it is sometimes assumed that this transition occurs exactly at the zero pressure
axis, whereas actually it occurs at a small positive presgure -~ see Ref 22 -
but still very near the zero pressure axis). In stiffened cylindrical shells, on
the other hand, the transition appzars at different places along the pressure axis
depending on the stiffener geometry (see Figs.29, and 31 to 35)Hence the inter-
action curves for stiffened and unstiffened sheils diffcr considerably in shape
and nature, and one cannct assume that the same interaction applies to both types
of shells, as fur example in Ref.23 ,

In Fig.29 for example the weight ratio (h/h) = 1.5 is kept constant and inter-
action curves arc shown with different fractions of the stiffener area allocated
to rings and stringers. The nost effective distribution of stiffener material
for uniformly spaced and con:tant sres rings and stringers can be found from Fig.29

for any combination of axial load and pressure. There is an interplay detween the
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stiffening contribution of stringers and rings. The longitudinal stiffening
of stringers postpone the n # 1 buckling mode. Since higher critical axial
loads correspond to the n = 1 mode than to the n ¥ 1 mode, the interaction
curve i3 raised, or in other words for a certain pressure a higher axial
buckling load is attained. On the other hand, since increase in stringer area
decreases that of the rings, and therefore the resistance to lateral pressurs
is reduced, the interaction curve shifts to the left. Along the pressure axis,
the conclusions of Ref.24 that rings are the moat effsctive stiffeners under
hydrostatic pressure is reconfirmed, and along the axial compression axis a
combination of about half the stiffener area allocated to rings and half to

stringers is found to be most effective. ( A similar conclusion is arrived at

in Ref. 25).

It should be recalled here that the superiority of rings alone for
stiffening against hydrostatic pressure does not always hold. Since hydrostatic
pressure is actually a combination of axial compression and lateral prassure,
the same two modes appear in buckling under hydrostatic pressure (see also Ref.24).
Hence for certain values of Z, for which the n ¢ 1 buckling mode would appear
with rings only, the addition of stringers of very small area may suffice to cause
transition to the n = 1 mcde and result in considerable increase in buckling pressure.
Por example, in Fig.25, allocation of 2.5% of the total weight to stringers(inside
rings and outside stringers) raises the buckling pressure by 47%, and in Fig. 33
allocation of 1.3% of the total weight to stringers(rings inside and stringers out-
side) raises the critical pressure by 42%. It may be recommended therefore, that,
when the modified stiffened shell parameter Z < 65, stringers be added to a ring

stiffened cylinder under hydrostatic pressure even at the expense of the ring area.
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If the shell is stabilized by internal pressure, stringers are found
to be the most efficient stiffeners, This is clearly seen at the left
hand side of Figs. 29,33:and 35, where the interaction curves for stringers
only rise very rapidly with internal pressure and exceed those for stringers
and rings. This is not surprising, since the internal pressure stabilises
the shell mainly in the circumferential direction, and hence additional

longitudinal stiffening is more important.

The influence of the position of the stiffener on the interaction curves
is shown in Figs. 30 and 33. The curves shown are envelopes of the interaction
curves for different weight distributions betveen stringzrs and rings for a
constant stiffener weight ratio (h/h) = 1.5. These envelopes represent the
maximmn axial buckling load that can be atta}ned with a given weight of stiffened

shell for any hydrostatic pressure below the critical. The most efficient con-

figuration for most of the range of combined loads is that with both stringers and

rings on the outside. This could be expected from the behavior of stiffened shell
under separate loads (Refs.2l and24 ). Stringers are the main stiffeners against
the axial load component, and outside stringers are more effective than inside ones
over the entire practical geometry range. For rings, on the other hand, which are
the main stiffeneas against the lateral load component outside rings are more
effective only in shell with small Z, and the eccentricity effect inverts as Z
increases. Hence the conclusion that both outside rings and stringexs are most
efficient holds for the entire range of combined loads only in short shells (sees
for example Pig.33, where Z = 13,6), whereas for long shells inside rings ard

outside stringers are more efficient at the pressure end of the interaction curves.

T et e s Vo s s .
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Figs. 31 and 32 represent shells with the same (L/R) and (h/h) as Fig.29
but with different values of (R/h). The interaction curves are very similar,
except that with internal pressure atringers are more effective for thicker
shells, and for external pressure nnly rings are more efficient the thinner
the shell. Figs, 29, 33 and 34 study the influence of length of shell. The
interaction curves are sgain very similar and stringers are more effective
in short shells. Heavier sti:ieners(Fig. 35) alisc yield very similar inter-

action curves.

It should be pointeu out that the eccentricity effects for combined

stiffening cr combined loads are smaller than those corresponding to one

e

type of stiffeners only and separate loads. Fur example, in Fig. 33, at the
axisl compression axis, (Paut/pin) for stringers only is sbout 1.88 whereas
for combined stringers and rings of equal area (pout/pin) iz 1.28. Or at
gbout the middle of the interaction curve, at (p/BE) = 0.8 x 10~6. (pout/pin)
i{s 1,55 for (Azlah) = .4 and (Allbh) = 0.1. This reduction ip eccentricity
effect is due to the presence of both rings end stringers, wheres only aither

rings or stringer - depending on the jominant load - are directly influenced

by the eccentricitcy effect.

The structural efficiency of stiffening is indicated in Figs.30 and 33,
by a comparison with equivalently thickned shells. The very large incr~ase
ian buckling load attaiced by stiffening, reemphasize the relstive inefficiency
of monocoque shells. The fact, that buckling loads for monocoque shslls often
fall much below the prediction of the linear theory considered here, vhereas
stiffened shells usually carry the “iinear” loads, discredits the monocoque

shell evaen further.
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SECTION 4

OPTIMIZATION OF CONICAL MON- Y

SPACED RINGS

M. Baruch, J. Singer and O. Harari.
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In ring-stiffened conical shells under hydrostatic pressure the local
conditions of the sub-shells differ, and hence unequal stiffener spucing
uay be more efficient. The optimum configurations of conical shells with

uniformly and non-uniformly spaced rings of rectangular cross-section are

therefore studied and compared.

Before one .mbarks on an ontimization study one should gscrutinize the
assumptions to be employ=d. One of the commonly used assumptions in the
analysis of the local instability in a ring stiffevned cylindrical or
conical shell subjected to hydrostatic pressure appears then to be unjustified

and hence warrants a detailed discussion.

In a stringer-stiffened cylindrical shell subjected to axial compression,
the load is shared by stringers and skin, and the axial stress is the load
divided by the total cross-sectional area of skin and stringers. When this
stress reaches the critical stress of the curved panel between two stringers,
ususlly considered simply supported, local instability has osccured. The local
buckling in the corresponding case of a ring-stiffened cylindrical shell under
lateral or hydrostatic pressure does not represent an obvious extemsion of that
in the axially loaded stringer-stiffened shell, due to the different manner of

load application.

Consider fir:t lateral pressure loading. If the rings are very stiff
relative to the subshells they will practically not distort and the sub-shell
behaves like a sitply supported cylindrical shell. The applied circumferential
sembrane stress is then oy " (pR/h), where h is rhe thickness of the skin, and
the shell prebuckling stress is not noticeably relieved by the stiffeners, as

it was in the case of the axially loaded stringer-stiffened shell. The difference
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between fthe two cases becomes immediately obvious if one imagines perfectly rigid
stiffeners. No buckling is then possible in the axially compressed stringer-
stiffened shell, provided rigid end rings transmit gye_load, vhercas in the ring-
stiffened shell under lateral pressure the buckling of the sub-shells is hardly
affected, except for slight changes in the boundary conditions. These boundary
effects, caused by increase in ring stiffness consist of an effect on the pra-
buckling deformation already investigated i; 1932 (Ref. 26) and reconsidered
recently in s mcre precise manner (Refn.27,ée), and of a rotational restraiat
effect during buckling (Ref. 27). THe prebuckling deformation effect increases
the buckling pressure noticeably only in extremely short shells, whereas the

rotational restraint during buckling may be appreciable even for sub~shells

with Z up to 10,

Minfoum~weight analyses (Refs.29 and 30) yield zonfigurations with many
closely spaced rings. 7he buckling behavior of the resulting very short sub-
shells approaches that of a long flat plate (See Ref. 31). For lateral pressure
the limiting case is a plate loaded by o¢ and the corresponding plate factor
K = 4, Though the very small length of the sub-shells will augment the boundary
effects, thiz increase will not be directly proportional to the area of the rings.
Hence the assumption (employed for example in Ref. 32) that the spplied stress for

L3
local buckling 18 o = (pR/h) where h is the equivalent thickness of the stiffened

cylindrical shell, h = h [1 + (Azlah)], does not appear justified for ring-stiffened

cylindrical shells under lateral pressure., This assumption is even less justified

for hydrostatic pressura loading. The buckling behavior of very short sub-shells

under hydroatatic pressure again approaches that of long flat plate (Ref, 31). How,

however, the limiting case is a plate loaded in two perpendicular directioas by

%y and L (pR/2h). An analysis of such a plate shows that for a long plago the
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axial stress component becomes dominant, As the plat; iengthens, a buckling
pattern of a plate free at the short ends is approached, with the plate factor

K = 1., The conclusion reached in Ref. 27 , that very short shells with 2<1.89
buckle axisymmetricaily under hydrostatic pressure has essentially the same
meaning. Only L affects axisymmetric buckling (or Euler type buckiing in the
case of the long plate). Hence the rings cannot affect local buckling, except
for some rotational boundary restraint, which again can only He very small with
the rings of small torsionali stiffness considered here. The t;sunption, that the

applied stress depends on the equivalent thickneas for hydrostatic pressure load-

ing, employed in Refs. 29,30,32 and 33, is therefore not justified.

In conical shells under hydrostatic pressure, as in cylindrical shells,
rings are the most efficient stiffeners, except in very short shells. A minimum-
weight analysi. and optimization analysis (for fixed number of rings) is given

in Ref. 29 for uniformly spaced rings. Similar analyses for non-unifbrmly spaced

rings are now derived.

For the very closely spaced rings demanded by minimum-weight designs, the
sub-shell behaves as a simply supported long plate and local buckling is determined

by

(6 /E) = (paxtana/zh) = [wzh2/12(1-v2)n§] _(4.1)

where a; is the length of a sub-shell, The ring spacing law that determined

86 is

a;, = aoélx (4.2)
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It should be pointed out that a defined as the ring spacing when x = 1, is

06’
only a mathematical parameter devoid of physical meaning, since there exists
no sub-shell whose midpoint is x = 1. Substituting for a in terms of as Eq.

4.1 yields
(p/g) = [w2h3x(26-1)/6(1-v2) a tana ‘id’ (4.3)

where x agy take any value between 1 and x, that minimizes (p/E). The appropriate

{

choice of x then yields

a = {w2h3k26-1/[6(1—v2) a tana (P/E)]}I/2 (4.6)

oé 1

where for 6 > 0.5, kl = ] and for § < 0,5, kl =%, .

Since the minimum-weight designs require many more rings than feasable in
practice, more realistic optimal configurations can be obtafned if the number of

rings is specified as a practical restraint. The ring-spacing is then no longer

small enough to ensure "plate behavior" and the sub-shells are short conical shelis,

considered simply supported, whos¢ buckling is determined (Ref.34 ) by
(p/E) = 0.92(5, /a,)(n/i, ) 235 (#) (4.5)
* av' " § av )

and due to shortness of the sub-shells g(¥) > 1. Note that S.V is’ the average

radius of curvature for any sub-shell

;av = axtana (4.6)

vhere again x may take apx value betweepy 1 and x, that ainimizes (p/E). Hence,

with the appropriate choice of x, one obtains here

e = {0.92 b2 3% (6131 (q cana) 3 (prEY ) (4.7)

(1] 2
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where for 6 > 1.5, k, = 1 and for § < 1.5,k2 -x, .

2
Por estimation of their local instability, the rings are represented by
an infinite narrcw plate simply supported on one long side and free of the
other, as in Refs.29 and 30, or, alternatively, clamped on one long side and
free on the other. The stress applied to the ring is computed with the
assumption that rings and sheil share the external load according to their
cross sectional area. For ring buckling to occcur, first, the shell must still
be unbucklad and the skin will hence carry at least the part of the load pro-
portional to its cross-sectional area. If the membrane stress distribution is
unequal due to wider ring spacing, the skin will carry a larger portion of the
-

load and the rings a smaller load. The assumption of area-proportional load

sharing is therefore at most conservative here.

Hence

mmn-ufmwﬁmmz-@ummmumfﬁwu@m

and then for v = 0.3

(p/E), = 0.904k,(c/d)2(h/a)(1 + (dck’/a ,h1(1/k, tana) (4.9)
R 3 4" "ob 4

where k, = 0.5 for simple supports at one side, and k3 = 1.33 for one side

3
clamped. ka can take any vaiue between 1 and X,. The correct valua for ka-is

that minimizes (p/!)R in Eq.{4.9).

For 6 ¢ 1, the minimum value of (p/B)R, occurs at the upper boundary of the

given region and hence
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For & > 1, k, may be between 1 and x,. kbn vhich minimizes (p/!)R

mather. tically is found to be

K, = [acéh/ca(s-m”6 (4.11)

4m

In the calculations one must check, however, if k4- is inside the

given region. Hence the appropriate value for k4 vhen § > 1 is given by

k4 - 1l if k&n < 1 {
k& - x, if kbn > %, (4.12)
k& = k4m if 1< k&u < xz

Substitution of Eq.(4.10) or Eq.{4.12) into 2q. (4.9) and solugion for

d then yields

, 2 )

d = (R4 V’(Fl/z) +F, (4.13)
for

P 1 or k4 i )
where

P, = (ck’/a .h)F

1 4' Tob Z

F, = (0.904kuc’h)/[(p/E)k, & tana] (4.14)
or

a = {(00.904k,c%0) /[ (p/Ea tana]}[8/(8-D)1[(8-D)c/a ] “’f’}f/ [2-/0)]
J

" s

(4.15)
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The general instability is computed with the approximate formula of Ref, 35

(p/E), 0.92(p, /8 (h/p, )" [ (4n,y o x7) (Pa/LY (/0 D7 ", x"1g

(4.16)
which neglects the eccentricity of the rings. Since the main aim of the present
study is a comparison of che structural efficiency of non-uniformly spaced rings

with that ot uniformly spaced rings, and the eccentricity effect is approximately the

same for both types of stiffening, the neglect of the < ccentricity is not detrimental

‘here.

The effective mean bending stiffness of the riage is represented by
nys = 0.91(c/a_(d/m)? + (30a@/m) + 11/(Z + .1 a h/de))} 4an
26 ' oé ' Y08 (4.17

and the equivalent thickness of the stiffened shell h ( the thickness of an un-~

stiffened conical shell of identical weight) is given by
(2+6) 2
h = n{1l+ (cd/a_ h)[2(x, - D/, - DI (4.18)

The investigation includes a minimum weight analysis as wel’ as several
optimization studies with specified numbers of rings for uniform spacing. The
calculations were performed in the following manner: A value for h, the shell
wall thickness, is chosen and with Bqs.(4.4) or (4.7) the required basic
spas}ng a s i3 computed for various ring-distribution factors §. Then Nog is
computed from Eq. (l.l?) and the width of the ring ¢ and its height b are found
from Eqs. (4.13) or (4:15), and Eq.(4.17). Finally, the equivalent thicknesses
of the stiffened shell is computed from Eq.(4.18).

The number of rings for non-uniform spacing cen be found from the ring
epacing law Eq.(4.2). For hydrostatic prcsiurt‘loadiag comparison with wniform-

ly spaced stiffening is based on the sub-shell with the largest mean radius of
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curvature. When the ring spacing varies according to Eq.(4.2), the length

of this sub-shell is

(ag), = a_,/{x, - [(ap _/21}® (4.19)

Tt A

Eq.(4.2) can be expressed as a difference equation (see also Fig.l)

ag = a6, -E) = a2, +g 1% (4.20)

where aSn is the distance along the generator from the vortex tg the nth %

[ ]
ring, the boundary values of £ are

Eo « 1, and £N+1 - x, (4.21)

and N is the total number of rings.

The rumber of rings for non-uniform spacing, or a5 for given N, can

be alternatively also calculated from a formula, obtained with a simple

-kinematic analogue. The analogue is that of a body moving aloag the generator

of .the cone with a varying velocity.
v (aélto) = (adx/dt) (4.22)

The velocity varies in such a manner that the body traverses che distance
between the two rings, a5, in a constant time, to . By substitution of Eq.
(4.2) into Bq. (4.22) one cen calculate the totszl time necessery for the moving

body to traverse the distance between the bulkheads

e

T x
2
T - Sdt - (at_/a_,) 5 xddx = (.:0/506)[(:‘;*1 - 1)/(8+1)] (4.23)
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The total time T, divided by the constant time to in which a, {8 traversed,

)
gives the number of bays (or number of rings plus ome).

§+1

N = [a(xz - 1)806(6+1)] -1 (4.24)

wvhere N has to be rounded off to the nearest higher integer.

In Figs. 36-46 results are presented for various geometries and loads.

The equivalent thickness of the stiffened shell which represents the total
weight is plotted versus the number of rings N. A discontinuity in slope appears
in all the curves of Figs. 36-48. This discontinuity is caused by transition
from "plate behavior" of sub-shells to "shell behavior". For very small ring-
spacing (large number of rings) at the right of Figs. 36-46 "plate behavior"
is appropriste and Eq.(4.4) applies. As the ring-spacing increases towards the
left of figures, the sub-ahells have to be considered as conical shells qnd Eq.
(4.5) applies. With increasing number of rings, or diminishing ring-spacing,the
discontinuity is the point where the curves computed from Eqs.(4.5) and (4.4)
intersect, and to the right of which the approximate shtiell buckling formuls Eq.
(4.5) 1is more conservative than the "plate behavior" approximatiom, which in
itself is slightly conservative. 1f the actual curve for the critical pressure

of the sub-shells were used, no discontinuities would appear in Figs. 36-46.

One may note that for § = 1.5 the transition occurs in all the graphs,
except for short shells Figs. 40 and 46, at .an N beyond the minimum-weight
and is hence of no interc;t. Also in the short shells, Figs. 40 and 46,the
transition for § = 1.5 occurs at a considerably larger N than that for 6§ ~ 0
and 6§, = 0.5, The computations were carried out in all the figu&oc wvith rings

taken as a simply supported-free plate (k3 = 0.5). For one case, however,

Fig. 38, the computations were also carried ont for § = O and 6§ = 1.5 with rings
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taken as a clamped - free plate (l':3 = 1.33). Obviously the non-conservative
clamped-free assumption yields smaller weights, but the differences are seen

to be small, particularly in practicsl range of N. All the graphs, except

those for short shells,‘rigl. 40 and 46, indicate thntl for mirimum-weight
design, 6§ = 0.5 results in the most efficient structure. This i3 not

surprising since the minimum-weight configt.xution has very mll.r.in;-opacingl
with corresponding "plate behavior". In the “plate regime" sub-sheils of

equal local stgiffness are obtained with § = 0.5, and hence this ring distribution
is most efficient. The minimum weight configuration, however, are not practicel
due to thw very large number of rings required, as already mevtioned earlier.

In the optimal design region with a reasonable predetermined number of rings,

6 = 1.5 results in a more efficient structure, since in the "shell ragime"

§ = 1.5 ylelds sub-shells of equal local stiffmass.

Whereas in the minimus-weight design regiom only'msll weight-savings
are possible with unequal ring-spacing, considerable savings may be cbtsined
in more practical configurations. For example, in Fig. 38 only avout 5%
saving is possible in the minimum-weight design regiom, but with N = il che

ghel: considered in is 27X lighter with non-uniform ring, spacing (§ = 1.5)

than with uniform spacing (6§ = 0). Or, if one sims ut a rsduction of msnufacturing

costs rather than weight saving, less rings are needeé with wvarying ring-spacing.
As for oxample for h = 0.106 inches in Pig. 38, 1l rings are needed with § = 1.5,

vhereas with 6 = 0 21 rings would be required.

In order to investigate the effect of various paramseters,optimizaticn of
stiffened conical shalls of different dimensions smd at dilferant levels of

external pressure is shown in Figs. 36-46. A decrasse ia x, Figs. 38,40 and A6

e
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shifts the ninimum-weight configuration to a smaller numbe: of rings, N.

T..e ratio of (N/xz) corresponding to minimum-weight appears %< roughly
constant, and hence the optimal number of rings is approximately a linear
funetion of the length. For a predetermined non-optimal ratio of (N/xz)

the weight saving with § = 1.5, compared to uniforn spacing § = O, increases
with Xy, a8 could be expected since the non-~uniform ring-spacing law yieids
noticeable differences in ring-spacing only in long shells. For example, for
(n/xz) = 2.5 the increase is from 11 percent at x, = 1.3, Fig.46, to 20 per-

cent at x, = 4, Fig. 38,

2
Loading variation does not effect the relative efficiency of non-

uniform to uniform spacing. For example, with a predetermined N ~ 10 the

gain with § = 1.5 compared to § = O renains ac approximately 25% when (p/E)

varies from 0.3 to 4.8. Figs. 36-39.

If on the other hand the overall efficiency of stiffening compared to
thickening of the shell (though not directly related to the discussion here)
is considered, it is found to decrease with increase in pressure. If one
compares the optimal h in Figs. 36-39 with the equivalent thickness of the

monocoque shell, h , one finds that the relative weight of the

monocoque

stiffened shell (h/hnonocoque) increases roughly linearly with log (p/E).
4tgain this could be expected since .stiffening becomes more efficient the

thinner the basic shell.

Variation of the cone angle (see Figs. 36,41,42,43) does not produce
large changes in the relative efficiency of non-uniform ring-spacing. For

example, -sith a predstermined number of rings N = 10, the weight saving at
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first rises slightly from 21% at a = 15° to 22% at a = 30° and 45°, and then
at a = 60° it falls to 11%. There appears therefore s vi. - flat maximm at
medium cone angles, Consideration pf the limiting cases of 2 cylindricasl
shell for & = O and a circular plate a = 7/2 for which uniform spacing is
most efficient, explains the observed maximum. A further minor "cose angle
effect" is a shift of the intersection of the § = 1.5 curves to smsller ¥

with inereusing-a .

In figures 44 and 45 the effect of a change in "s" ia studied, snd no
noticeable fnfluence on the relative efficiency of non-uniform stiffering is

found.

An additional general conclusion emerges from these studies with varying
paraxeters" s decrease in the overall stiffness of the gtructure (lerger x.,
"a" and a), shifts the mininum-veight design point to a semxller nwsber of rings
N. This is of considerable importance, since the nearar the cptimal N {s to
practical values, the larger the waight savings that can actuslly be realized

in practice.

Since the general inrtability pressure iz calculated {n this section
with an approximate formula %q.(4.16) that nsglects the accentricity of the
rings, the generzl instability pressure cf some points in Fiz. 33 has been
recalculated with the wore exazt methed of Ref. 38, The differences are found
to be very small for inside rings, less then 6% in all ceges { corvespending to
a veight difference of about 2%), and only slightly larger for outside rings,

3 - 122 {corresponding to a weighr differance of about 1 ~ 4.5X%).
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SECTION 5.

EXPERIMENTAL STUDIES ON BUCKLING OF STIFFENED CONICAL SHELLS UNDER
TORSIGN AND AXIAL COMPRESSION

J. Singer and T. Weller.
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5.1. INTRODUCTION

A method of analysis of the general instability of stiffened cylin-
drical and conical shells was developed in Refs. 20 and 36. In the analysis ¢
the stiffeners are "distributed" or '"smeared" over the sntire shell and hence
it applies only to closely spaced stiffeners whicn, howeve:, need not nec-
essarily be evenly spaced and equal. The effect of the sccentricity of the
stiffeners is considered in this theory, which is applied to umiformly i
stiffened cylindrical shells under external pressure in Refs. 20 and 24 and
under sxial compression and torsion in Refs. 21 snd 37, to uniformly stiffened
conical shells in Ref. 36 and to conical shells with nonuniformly spaced

stiffeners in Ref. 35.

The results of an experimental investigation on the buckling of ring-
stiffened conical shells under uniform hydrostatic pressure carried out at
the Technion, that verify the theoretical resultz of Ref. 36 are reported
in Ref. 5. In Ref. 38 some preliminary results for buckling undsr torsion
and axial compression are presented. Agreement betwsen experimental and
approximate theory is found to be fairly good in the case of torsiom, but
poor in the case of axial compression (only slightly better Zhan for unatiffened

cones) .

The work on stiffened shells has been precseded by aad is related to
earlier studies on the buckling of unstiffened conical shells under
torsion, axial crmpression and combined torsion and axial compression (Refs.

3,6, and 42).
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The main purpose of the present test program is to study the general
instability of integrally ring-stiffened conical shells under torsion,axial
compression and combined torsion and axisl compression. The specimens used
are integrilly machinud ring-stiffened shells of high strangth steel alloy.
The specimens have different uniform stiffener spacing, and the dimensions
of skin thickness of the shell and the eccentricity of the stiffeners were
varied accordingly to ensure completely elastic buckling. Some shells were
rade with very close stiffener spacing in order to rsise the axial biuckling

load to the linear classical value.

In the experiments, the onset of buckling ( the appearance of the first
buckling wave) and the complete buckling of the whole shell were recorded.
The experimentzl results are compared with a linear theory which is an

extension of Ref. 36, and with approximate theories discussed in Ref. 39,

5.2, TEST APPARATUS AND PROCEDURE

The load frame employed in the experimental work for thc investigation
of buckling under combined torsion and axial compression is the same one as
used in the tests of Section 1 of the presant report and is shown in Fig. 2a.
The complete test set-up is shown in Pig., 47. The load capacity of this
frame load was found to be too small to study the buckling under axisl com-

pression. The axial compression tests were therefore carried out on a 30

ton "Amsler" universal test machine.

Resistance strain gages bonded to the specimens were used to meagure
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strains on the surface of the shell during loading and detect buckling.
Furthermore, the symmetry of loading was checked with the aid of strain

gages located on the same circle and oriented in the same direction.

Strain gages were located circumferentially at various stations
around and along the shell as well as longitudinally and at angles of
about 45° in order to measure buckling modas of either torsion or axial

compression., More gages were attached near the smaller radius of the shell,

where the buckling waves are expected in torsicn, in order to detect and
"arrest" the buckling load in time to ensure completely elastic behavior.

Sufficient care will then permit repetition of tests with different lcading
combinations. As discus.~u %i- Ref. 40 and Section 1 of this report, such a
test procedure yields interaction curves with less scatter. Strain measure-

nments were recorded .n & B & F-24-channel strain plotter Fig. 47 and load-

strain curves were -)*tained during tests. The points on these curves where
the strain gage plots cease to be linear are a2 direct indication of onset of
buckling,

In the present tests, the specimens were approximately clsmped at the

ends. The end fittings have a eonical shape (see Fig. 48), and there is ainost

no rotation of the generators at the ends of the shell,

The out-of-roundness was measured prior to each tect. It was mapped in

each case to obtain a clear picture of the imperfection of shell and to find

A, by Holt's method (Ref. 41).
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5.3. TEST SPECIMENS

Seven integrally ring-stiffened conical shells were machined from Ph 17-7
steel alloy. The mechanical properties of the plates used for fabrication of

the conical shelis were as follows (before hydro-spinning and stress relief):

F = 27.5x 106psi

v = (0,278

Thick conical shells were first formed by shear-spinning. This process yields
uniform shells with no seams or welds. Another advantage of the spinning
process here comes from the fact that in order to get higher strength properties
of Ph 17-7 steel alloy, its structure has to be transformed from the austenitic
state into the martensitic stste and then undergo an aging process by heat
treatment., Trasformation from austenitic into martensitic state can be cbtained
by a cold drawing process and the spinning process serves this purpose here.

The '"raw" shells were therefore highly pre-stressed and had to undergo a thermal
stress-relie? process and "aging'". Specimens were cut out from typical shells
and were tested for optimal heat-treatment, aging time and temperature, the
optimum here being most efficient stress relief with reasonable strength. The
heat-treatment and "aging" that was finally chosen achieved about 80X stress

relief and a yield strength of 122 kg/cn2(173.5 x 103 psi) of shell material.

Though the conical shells were formed on a very accurate and precise mandrel,
the inner surface of the shell was not found to be as smooth as expected. The
inner surfaces of the shells were therefore ground, and then the shells were
mounted on another conical madrel of exactly the same cone angle as the shell for
machining of the required stiffened shell profile. The machining mandrel was

fitted separately for each shell.
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As the purpose of the present work was to achieve elastic buckling of
the shells, the possibility of early yielding had to be kept remote. Hence
the shells had to have a very thin skin, the thickness of which had to be
very accurate and uniform. At first, it was thought thet grinding would
answer these exacting requirements better than turning. Later it was found,
however, that because of the high thermal stresses that occur during grinding,
the shape of the skin between stlffeners distorted and this resulted in a leas

precise skin than expected, Turning, was, therefore, found preferable, if care

was taken to avoid high local pressures during machining.

Shells with different stiffeners spacing were made, but the distances
between stiffeners were always chosen in such a manner as to ensure that
general instability of the shell preceeded local buckling of shell skin
between stiffeners. The present test program included 3 shells, with almost
identical dimensions, which were investigated under *orsion and combined lcading
of torsion and axial compression, and another 4 shells with vevy close stiffening
which were tested under axial compression. Two of these were heavily stiffened
while the other two had weaker rings. Distances between rings were nearly the same
in all the 4 shells of the axial compression series and the geometry of the shells
wvas similar, except for length and taper ratio. All the dimensions were carefully
measured prior to test and after it. The thickness was measured at many circum-
ferentisl points along as many generators ac possible, and the measuresents were
repeated on specimens cut out from the shell sfter buckling. The mesasured dimen-

sions of the shells tested, defined in Fig. 1 are presented in Table 5.1.
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5.4. EXPERIMENTAL RESULTS AND DISCUSSION

Specimens M3-1; M3-2; and M3-4 were tested in torsion and under cowbined
torsion and axial compression. The results obtained arz presented in Table 5.2,
in which the results of earlier tests on similar shells (Ref. 38) are alsc
iucluded, The theoretical torque Tth is obtained by an extension of the method
of Ref, 36, and the approximate value Tth‘l-c-s is obtained by consideration of
an equivalent orthotropic cylindrical shell, as in Refs. 38 and 39, for which the
critical torque is computed with formulae proposed by Becker and Gerard (Ref. 43).
The agreement between experiment and lineor theory of the 3 shells of the preseat
program is fairly good. The partial clamping of the ends in the tests can be
expected to raise the critical torque considerably, and hence the good agreement
with the theoretical values for simple supports is classified as only fairly good.
Since the 3 shells M23-1, M3-2 and M3-3 differed only slightly, similar experimental
torques were expectcd, and the experimental scatter was very small indeed for
buckling tests. The experimentcl values of the buckling torques for the 3 shells
were within less than 4 percent. The small scatter can in part de attributed to
the lower imperfection sensitivity of closely stiffened shells compared to un~

stiffened ones.

The critical torques for local instability at the small and large ends of the
cones, computed from an approximate formula due to Seide (Ref.8), are also given
in Table 5.2, but are well above the critical torque for general instability. The
maximum shear stress at buckling, shown in Tabls 5.2, is much below the yield

stress, and hence plasticity effects should be practically negligible.

In Tab'e 5.3. the buckling loads under axial compression obtained with specimens
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M3-3: M3-34; M3-5; and M3-5A ere pregented. The experimental critical axial
1loads obteined are cowmpared in Table 5.3 with linear theory. The critical

loads are fivst computed from an zppruximate formula.

2
Pcr = Zuwckh'cos a (5.1)

propossd by Seide for unstifiened conical shalls (Ref. 6) where C = 0.605 as

in crlindrical sheils.' Then the stiffening effect of the rings was taken into

account in sn approxircate manner ss for cylindrical shells ( Ref. 21 ) and a

modified epproximate formula results

1/2

P n 2:c8h2c0l20[1 + A2/‘oh] (5.2)

(34

The theoretical values were computed for the mean thickanes. of the shell ﬂ

and for the minizum measured thickness hnin .

Except for specimen M3-5, where edge buckling occurred, the experimentsl
buckling loads approach the value predicted by classical linear theory. The
closer the rings and the hesvier, the better the agreement with linear theory.
In shell SUL-2A in Table 5.2 ( result obtained in Ref. 38 ) the rings were
not very clos2ly spaced and therefore mot very effective. Hence only less
than 60X of the classical buckling load of the unstiffenad shell, or 56X
of the stiffened ghell was obtained. For the very closely and heavily stiffened
shells M3-3 and M3-3A, on the other hand, 93X-97% of the classical loed cf the
unstiffened shell and 77%-80% of the stiffened shell was obtained. These com-
pariscuos are for the mean thickness of the shell i’ and even higher values are

obtained with calsulaticns based oa b
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The prediction of Ref. 38 that closer ring spacing will raise the
experimental buckling loads to the vicinity of the classical value is
hence verified by the present tests, as could be expected in view of
similar results for cylindrical shells (Refs. 43 and 44). The stresses
at buckling are also given in Table 5.3, and again they are much below

the yield stress. Hence probably no appreciable plasticity effects occurred.

The buckle pattern of a heavily stiffened shell (M3-3A) under axial com-

pression is shown in Fig. 49,

Table 5.4 gives the criticil loads for shells M3-1; M3-2 and M3-4 under
conb.ned loading of torsion and axial compression. An empirical theoretical

curve based on these results is plotted in Fig. 50.

There was a significant difference in the critical axial load for the
shells tested, since the 3 shells tested under combined loading did n.¢ have
very closely spaced rings and were therefore still imperfection-sensitive
under axial compression. A common interaction curve could, however, be fitted
to all the results (which were related to the single load critical values of
each shell) with fairly small scatter. The two points that deviate considerably
(shell M3~2) were accompanied by visible plastic deformation snd can therefore be

disregarded and are, therefore, of dcubtful validity.

It may be noted that the load-strain plots, obtained on the B & F recorder
during the tests nearly always exhibited linearity up to buckling. Thie verifies
the general conclusion that the buckling behavior of closely stiffened shells is

better described by linear theory than that of unstiffened shells.

R L S




S ARy

COMBINEZ TORSION-COMPRESSION BUCKLING DATA OBTAINED FROM PH17-7 STEEL

- 80 -

TABLE 5.4.

ALLCY RING~STIFFENED CONICAL SHELLS OF CONE ANGLE 20°

i M3-1 M3-2 M3-4
(P (kg) T(kg.m) Pkg) | T(kg.m) P(kg) T(kg.n)
0 146 0 152 )] 148
220 146 550 133 550 133
720 141 1080 79 1080 114
1200 135 1350 47 1640 81
1640 121 “ 1780 22 1900 57
2080 95 r 1860 18 2180 0
2620 67
N
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5.5. CONCLUSIONS

Bucklings tests of ring stiffened conical shells under torsicn yielded
fairly good agreement with linsar theory. Uader axial compression, good
agreement with linear theory was found for shells with closely spaced heavy
rings, while for shells with weaker stiffening the agresaent was poor. An
empirical interaction curve for ring stiffemed conical shells under torsiom

and axial compression was obtained.

Further tests appear desirable and a continuation of the present

experimental program hss been initiated.
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OUT -OF - ROUNDNESS
GAGE
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SQURCE OR CYLINDER
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FIG. 2a  SCHEMATIC REPRESENTATION OF LOAD FRAME FOR TESTS
OF CONICAL SHELLS UNDER COMBINED LOADS,

,‘& . »
CLAMPING FIXTURE

FIG. 2b AUGNING JIG FOR CLAMPING OF CONICAL SHELLS.
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ring-stiffemed conical stells are presenzed. Tests cu integrally m . <hined steel
specimens under torsion, exial compression and corbined torsion and ax.>l copressied
ara discussed and conpared with theory.
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