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ABSTRACT

A study is made of the magneto-ionic splitting and reflection of
electro-magnetic waves incident obliquely on a stratified ionosphere.
Certain simplifying assumptions are applied to the theory. Under these
asswiptilons the opinion is offered that for sufficiently high frequencies
the less of signal strength dus to splitting and reflection may be neglected.
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INTRODUCTLON

it appears advisable, in view of the. long range ml?iﬁle program to
determine the reduction in signal-strength of the DOVAP'~/system for waves
propagated in the ionosphere. At long ranges and hence large angles of
incidence, the reflection, refraction and magneto-ionic. splitting of waves
-propagated in the ilonosphere might possibly cause sufficient loss of sig-
nal strength as to efflect the tracking distance of the gystem. Using the
magneto-ionic theory i n the form given by Appleton's 2) and others and as
generalized by Booker'3) an attempt will be made to determine gquantita-
tively to a first aDproximatlon.the reduction in. field strength due to
these causes. :

MAGNETO-IONIC WAVE SPLITTING

Following Booker, we take a carte81on“coord1nateusystem (Xl, X2, X3)
where X, is altitude and consider the ionosphere to be horizontally

3

stratified, dependent only on X

3° (See Figure 1) It.has.been.shown(h)

that under these conditions. the propagation of phase in the. neighborhood
of a point in the ionosphere may be described by a vector (0, sin 8, q)
where the wave is incident at an angle 9 in the (2,3) plane. The mag-
nitude of this vector (designated Q% is the index of refraction of the
medium, that is, the ratio of the velocity of light in free space to. the
velocity of phase propagation in the medium.: For an ionized medium q is
less than one. The horizontal component of this vector depends only on
the angle of incidence and does not vary from point to point in the layer;
the vertical component (q) is a somewhat complicated function of frequency,
angle of inecidence, the earth's magnetic field and ion density. Booker
has shown, under the assumption that only free .electrons in the ionosphere
affect propagation, that q may be expressed by means of a ‘quartic equatlon
of the form

(1,1) _ 3, q_j'l + aBAq3 + a, q2'+ él,q +ay = 0

(1) Doppler Velocity And Position: a system for determining velocity and
position of a missile in flight by phase..comparison of two radio sig-
nals transmitted between two ground stations — one signal directly,
the other by way of the missile. The investigation, however, is
applicable to most radio position determination systems.

(@) Appleton; Journ. of Inst. of Elec. Engr. Vol, 71 P-6ls2 (1932)
EB) Booker; Phil. Trans. Toy. Soc. Vol. 237 P-4ll (1938)
4) '

Booker; Proc. of Conference on Ianospheric. Research Vol, 1 (D) (L1949)



It is further assumed that damping by collision has little practlcal afiect
on pnase propapgation. Inen the coefficients in {1.1) may be written as
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where .

e, m = charge and mass of electron in esu and grams respectivély'
N = equivalent electron denéity, number of electrons per cc

H= (B H2'H3) parths magretic field in gauss!??’==

= velocity of light in free space (cm/sec)

<
\

o}
{ = wave frequency.(cps)
@ = angle of incidence, 5 = sin. & , C = cos @ ‘
q = upward vertical component. of phase propagation vector.

The general solution of this eqpation‘for q gives rise to some difficulty

and will in general involve complex values. .of q. However under the trans-
formation a, =f a;, one can rewrile the coefficients as



5h=f2{f2-(5;%r5zﬂ } {f ‘7—) Hs}“,
- ,-I- V
a3 -—----—=---21TB3 A {S H2 H3 N}

2=-2{(f202———-»N)(f '——N)'(T—) ¢% e f2}

. _
N 2 .2 2 4 2 2
;;;'5*3"—2' {S Hy = © Hs-"H}

R
8] = =y Sc2H, U N

2

.2 2
- l 2 2 2 2 - e -
=z e - 7% H){(f - 7% n)(s® 75 N

(2.7?3._.,) c? ¢ 7) —-”-3—3-—5 {c 32 }

It can be seen from this that the coefficients of the odd powers of q are
independent of frequency while the coefficients of the even powers and
the constant term involve the fourth power of the frequency. Hence for
sufficiently high values of frequency the terms in q3 and q may be
neglected and the equation reduces to a simple quadratic in g.

{1.2) a qh + a q2 +a =0
L 2 o

From this equation it is then relotively easy to obtain values of q. This
introduces one obvious physical error in that it assumes that the effect
of the earth's magnetic field on the upward and dowrward waves is symetric.
However, for sufficiently high frequencies this asymetrical effect of the
earth's field can for all practical purposes be neglected. The solutiocn
. of the equation gives rise to two pairs’ of equal but opposite signed real
~values. We assoclate the positive values with the up going wave and the
negative with the down coming. The lesser in numerical values is assigned
. to the ordinary wave since it is closer to the value obtained whenthe
magnetic field is neglected. One notes that one of the effects of the
magnetic field is to malke the refractive indices closer to unity.



Perhaps at this point some remarks should be made as to what is meant
by the rather arbitrary statement that one may use (Eg. 1l.2) in place of
(Eq. 1,1) for sufficiently high frequencies, OGertainly the obtaining of
exact solutions for q from Eg. 1.1 is of such difficulty as to warrant any
not too unreasonable simplification. However, it is clear that if one is
chiefly interested in an investigation of polarization and absorpbion
effects resulting from a complex index of refraction, that even a very
high frequency does not justify the use of Eg. 1.2, since Eq. 1.2 in the
most part neglects these effects. On the other hand if the primary con-
cern is with possible weakening of the signal due to the interaction of
two magneto-ionic components of different phase, one needs a high enough

frequency to make

q ,
_£|771 where q_r is real part of g
9

Qs is imaginary part of q

to justify the use of Eg, 1.2. The complete mathematical investigation
of what freouency, for a gpecific value of equivalent electron density

q

and angle of incidence, is necessary to make equal any desired

i
ratio is beyond the scope of this paper. However, Table I gives some

indication of the value of frequency necessary. To set up the criteria

a
to0 be used here one should concentrate on the ratio 32. If. this ratio is
g 3

equal to or greater than 10” then one can feel reasonably sure that

neglecting the terms in q3 ard q ill hawe little effect on the numerical
value of g. Hence, for frequencies thal give this valus for aO/a3 one can

use Eq, 1.2, Under these conditions the g's obtained from Eq. 1.2 are
essentially the vertical components of the Q!'s calculated from the ex-
pressien given by Appleton

o ‘ 1l/2
(1.3) e= 1 - T ¥
'\‘T XT 2 1/2
2 - + -t hT&
d-1= | (a-1)2 |
is the value of the magnetic field in direction of

propagation

HL is value of magnetic field perpendicular to direction
of propagation, . C

other symbols as previously used,
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"There are then two components of the'form A eloa(tﬁ- v sin @ :~§g‘Q)

.0

present in the ionized layer, where, for up going waves, the positive
values of ¢ as calculated from Eq. 1.2 are used to give the ordinary and
extraordinary components. One wishes to consider what effect these com-
ponents have upon each other. These two waves, considered as rays, will
take different paths and for the most part have different spatial location '
at any particular time, There will exist cross modulation between the
waves and further interference due to difference in polarization. Study

of these effects has attracted considerable attention in the recent litera-
turel ‘and will not be considered here, Rather it is proposed to make the
simplifying assumption, however naive, that the net resultant field at amy
point in space near the wean path of the waves at any particular time, is
merely the sum of two waves of the same frequency, but of changing phase
with respect to each other, Further, it will be assumed that this differ-
ence in phase is dependent only on the wvertical distance of the chosen
point from some initial point and the difference in vertical refractive
index of the two waves. This leads to the consideration that a mininmm
field strength dme to interaction of the two components will occur‘when

the waves are 180° out of phase, that is when

X _:’:‘ ‘ .'
w (t = 2 4ing -3 qg)=(Cn+ 1) +o(t- fg sin @ - fﬁ qx)w
v S S , v_ " v o
o 0 : 0 o
where.n is an integer. .

This reduces to

(qx-q)x (2n+l)~;-l-

with > qx‘- the vertlcal indices of refractlon aof the ondlnary and extra-
ordinary waves respectively, 3 = vertical distance of point considered

~ above initial plane, A = wave length.

1. . Bee for example = Scott, Proc. I,R.E.; Vol, (28), No. 9, (1950),
P-1057, | |



Let reference now be made to Table IT which gives the g's calculated from
Eq. 1.2 using the coefficients of Table I, Consider only those q's that
are obtained when the criteria for the use of Eq. 1.2 is satisfied; that

a
islag zZ 10°. These valuesof g are so nearly equal that minimums re-

3 o |
sulting from phase interference mist be a relatively large vertical dise-
tance apart, Hence, it seems reasonable, considering all the assumptions
made and realizing that the values of the q's are probably accurate only
to three figures and certainly not more than four that one can, for
frequen01es satisfying the criteria on the use of Eq. 1.2, ignore these
minimms and considered the two components as one wave of the same fre-
quency and phase, .

REFLECTED AND REFRACTED COMPONENTS OF THE WAVE

It is now wished to study the effect of reflection on the wave,
Treating a plans polarized wave incident on a stratified ionized medium
an attempt will be made to determine the reflection and refraction ratios
in terms of the index of refraction and the initial angle of incidence,’
Consider for the moment, only a single layer of the ionosphere with total
refractive index Q and assume a plane polarized wave incident on the layer
at an angle 8, Part of the wave will be transmitted thru the medium and
the remainder will be reflected from the layer. Assume that the reflection
talkes place at the boundary ¢f the layer.

One may take the angle of incidence to be in the 2-3 plane as before
without loss of generality and one may further assume that the magnetic
vector H of the wave is in the plane of incidence and the electric vector

B normal to it. Let IH, Iy be the incident magnetic and electric vectors -
respectivelys Rys R the reflected vectors and Dy, DE the refracted

vectors,s The usual boundary conditions that at the reflecting surface the
tangential components of E and H must be continuous hold, that is,

(2.1) IEt + REt E

C(2.2) I, + -
( H, "t " DR

n
=

]
o

where t refers to tangential'component.

Since E is nowmal to the plane of 1n01dence, it will be tangent to the
boundary so one can write 2,1 as

(2.3) Ip+ Ry =Dp

10‘



If one takes @ as the angle of refraction and takes the angle of reflectlcn
as equ'll to the angle of incidence one can write

(2.4) IHt = I, cos e, RHt, = Ry cos 8, DHt = Dy cos g

Furthermore, for a plane wave H = E wlere 4 1s the intrinsic impedance
of the medium, . (2.2) can then be written as

(2.5) 2 : =
M1

Mo Mo

The minus sign arising from the fact that E and H are of opposite sign
after reflection. Combining 2.3 and 2.l one obtains

Ry qlcosG-V]ocosg’.’

I.cos8 - B‘E cos 8 DE cos ©

(2.6) I:E-= N, COS 8+ ) cos ¥
(5. 7) DE= 2 '11 cos &
T;_: V]lcosQ+V|Ocos¢

and in a similar manner

RH V]lcosg-qocosﬁ

(2.8) TE= - N, 088+ V] cos @
DH 2"]0 cos 8
(2.9) T e T s
" If one now sets rl = ,(?—,—)1/2'{ vhere g!' = € (1 - g 82 )
w-em

€ = dielectric constant M = permeability, the other symbols as before,
one mzy wWrite

| 1/2
(2.10) 1 _= (‘M.O} / for free space
o €.
41 = (-4} = for ionized medium
€1

The penneablllty of the ionosphere is very nearly equal to that of free
' space, hence

My (&,)1/2

(2,11) woomm =

yl]_ "Eo

11



And for a lou conducting medium one has

1/2
(2.12) Q= (-g---]E *
€o
So 'tha.‘b _
'-(2.13) Qe %—9 where Q :}s the total refractive index of
\ 1 ' o |
the medium,

By Snell!s law one can write % = QQ--,; where Q= 1, hence
o :

(2.14) cos @ = 3 (Q2 - sin® 9)1/2

Subst.ltut:l.ng these relatlons in 2 6 - 2,9 it follows that

(2.15) _R;E Q cos Q - Ql cos Ql cos 9 -q
/ IE.‘ QO cos QO + Q,l cos 91 cos Oo +Qy
( : ) LE 2 cos 9 2 cos 90
2.16 = . —
TE | Q cos O + Ql cos @)  ©0s 6, * q;
RH cos. 9 cos 9 cos @ =(g )
-
(2.17) 'I_="( cos & +zlcosg)=-(cosgo+q)
x % ot Y 1 €05 8 + Ay
. . Dy 2 cos © : : 2 Q cos®

I-I_;HQO 00$9+Q190591200590+q1

One may note that these ratios are funciions of the angle of incidence and
the index of refractlon which itself is a function of N, .f and the magnetic
field.

It is wished now to extend this development to a stratified ionosphere.
Let there be (n) layers numbered consecutively (1, 2 = - n); to each layer
assign a Q (i=1«~«n), For free space assign Q = 1 and:.let IE be e

the wave incident on the boundary between free space and the first layer

at-angle 9 R Then RE and, D will be the reflected and refracted waves
o

respectlvely assocmted with the incident wave IE RE and D will be

J ‘

reflected and refracted waves assoclated with IE s 'the :|.nc1den't- Wave on -

the’ boundary‘ between the j and j + 1 layer. .Neglecting absorption t.hrough -

12



i

the layer Dp =1I; .. The equations can then be written in the
- Jj*vl '
following form
D, =M
s " Mg ‘
DE1=MZLIE1=M1DE = MM I,
T o 0
: i=n
(219) D =M I, =M - - - I, = .
g, % g, Bl MnEo i?ZOMJ.IEo
2 cos 90
whers. Mo = q, cos G, + Q) cos 8
Ml ) 2 Q‘l cos Ql
Ql cos Ql + Q2 cos 92
2 . cos ©
(2.20) Mn = cos g‘n + Q ~ cos O
Qn ‘ 1 n+l n+l
g ’ Sin €
Now . - 0 _ 1 2 _ g2
(2.21) sin e = T cos ©_ = Q; (Qn Sin 90)‘
. 1/2
from which. 5 (an _ S:l.n o ) 5 q,
(2.22) My =y YL T/Z = v |
(Qn -s:ne) (@, - sin 9) TS Y
In a2 similar manner
R. =K TI.-
ELO (s} Eo
BE_L = Kl I Kl D =M IL IE
’ o)
(2423) REn =N M -~ =M LK IE

e Ratat

ras BT

13



_ . Acos 90 - Q’l cos Ql
where K =
o] cos Q + Q.l cos 91

Ql cos 91 - Q2 cos 92

K1 T;Tcosg +Q2 cos ©

2

_ Q‘n cos Qn - le cos le
(2.24) k_= ‘
n Qn cos Qn ¥ le cos le .
or | (Q2 - sin’ @ )l/2 - (@ - 51112.6.*0)1/2 q = Qg
) . (2«.25) ‘ K = 1/2 > = 3 1/2: = 'qn - qn+
(Qn - Sin® Q) (@, - 8in° @) 1

I

. i
;

Finally one has for the ratio of the reflected and refracted wave at the’

atP Layer boundary to the incident wave in free space.

) 2o Gy
2,2 R
DT ’ffq a5
Dy | L

;a..zv) TE—;‘=2 -77"qj+q

The energy in the transmitted wave is dependent on the index of refraction
and the area of 'bhe ray, If one lets IE be the energy in the incident

wave and D£ .be the energy in the refmcted wave, one can m:':l.te

o .
-Df' -(DE°)2(Q ke ) (]-)E—cl’)2 (i)
TE;' TE,'" <1 cos Qo) = IEO cos 8
, D Dy 2 o
(2".'28)' % = \T-) (-ég-l-sl%-;) L | }
o .

In a similar manner if BE is the energy in the reflected wave then

2

= (=2

e

14



NUMERICAL, EXAMPLE

It is now possibile to apply the equations derived to certain

idealized, but representative conditions. Let there first be set up a

stratified ionosphere of four layers and let the equivalent electron
density in the layers one to four be .1 x 106, o2 X 106, .5 x lOé‘and
1x hOé electrons per cubic centimeters respectively. Then a wave of
frequency f and incident at angle 6 on layer one will be partially
transmitted and partially reflected. The energy transmitted in the
fourth layer for frequencies of L0 mec. and 100 mc. incident at 30° and
L0° respectively will be calculated. '

From Table IT the q's corresponding to an ordinary wave of O me and .

30° angle of incidence are

= ,8509

k5l

- 8 6OO q)

Cl2 = s 8356 .

o)
then froem Eq, (2.25)

2 (.8660)

K, = 2pe80 = «2630 - ooy M = —prmyopeys = L+00L7
8630 - L8600 _ 2 (J8630)
K = B me00 - 00T - M = mes be00 = 1007
8600 — ;8509 _ 2 (.8600)
K2 - 08000 + 18.309 B .OOSB M2 - 086_00 + 0_8509 - 1.0053
g = 28509 = 8356 _ oo M, e 2 £e8509) g 091

3~ 8509 + .6356 0 ° 3 0509 ¥ 8356

N

The total reflectbed energy will be the sum of the energy reflected from
each boundary of the medium. That is

3
Rp =Re + R + Re + Rp = R
A A A D A
i=o
From Iiq. (2.29) this may be written as

: 2 Rp.2 -2 R 2

Ré' _ (REO) N REl q + ﬁEg q2 N EB q3

T IE IE .cos 90 IE 003s QO I cos €
o o) 0 o

15



“[x24 ¢ M)2 ! . ( f KM )2
Kl coa@ K‘ZM 1UT:I.) coa 3 QMJ.,M2

I

zgfugg + (40053 x 1,0007 x 1.0017)2

f( 001?)2 + (,0017 x 1. 0017)2

_fggg% + (.0091 x 1,007 x 1,0017 x 1.0053)2 8509} A

Ber

00012 I€0

Then the energy transm.tted to the fourth layer (since absorption is being
»negleci,ed) is merely :

= I - .00012 I = .99988
_D€3 _50 12 ¢ IEO

Or the energy transmitted can be found directly from Eg, (2.28)

D 2 .
E q . q
3 Ly _ 1 V2 Ly

TEO cos O Ié'o - (Mo MII.MZ M3) CoS 50 IE'O

Dp =
63

. (1 . o 2 8356
(1.\0017 x 1.0017 x 1.,0053 x 1,0091) ~RET 150

Dé.3 = -9998h IE

o
This agreement between the transmitﬁed energy is well within the accuracjr
of the figures used. Furthermore it appears that one can for practical

- purposes.assume that all the ehergy is transmitted.

In a similar manner for £ = 100 me, © = L415°, from Table I we deter~
mine the energy transmitted to the Lth layer.‘

Gy = w7065
'.qz = 7060
qq = o T0U2
g, = »7013

16



«TO7L = L7065 _ 0006

Ko = TTOTL V058 T1LRI36 M = %‘1%3‘% = L.000k
K - R T M - Ty - L.l
Ko = ﬁggg T Z?gﬁg N 1:2%2 1, - %5%0% = 1.0013
Ky = %‘é T 2%3 = 1:88%2 u, = %{%8—% = 1,0020

" The energy transmitted to the fourth layer will then be

‘ 9
2 Iy
D = (M M. M ——e L= I
55'3 ( o] Ml 2 3) cos QO o 99993 Eo
CONCLUSIONS

. As was previously stated, absorption in the lonized medium has been
neglocted, However, the energy lost by absorption is approximately inversely
proportional to the square of the frequency, Hence, for the frequencies
under consideration, this loss will be small and can, Lfor most practical
purposes, be ignored., This has for the most part been born out by pre-
vious experience, The net result of the investigation then is that for
sufficiently high frequencies, and for angles of incidence not exceeding
L0° to 50°, the loss of signal strength due to magneto-ionic splitting and
to reflection from the ilonosphere is of a negligible nature,

kK

17



8T

of (q's) in aly qh + 2, @ + a2_q2 +

. Qoefficients a; q + a = 0
f = 10mc £ = LOme
No. ' _
_gec./ x 100 x 10° x10° x10° a1x10% .2 x20f 5 x 10° 1.0 x 100
- ¢cc
a; x 10"2'h .1 | o2 o5 - 10 a; x 152)“l |
o=10° 2, = 8988.30L 6195.70 £818.057 1885.251 10° a, ©2543611., 2530728, 2492079,  2L27663.
a3 5775757 1.155151h  2.887878  5.775757 a, 5775757 1.155151; 2.887878 5.775757
2, -15956.98 =13201L.98 =8496.,26Ly =517.676 a, ~;908167. =LB857773. -~LT708170. -~Lh6LO2S.
ay =o5601597 . ~1.120319 =2,800798 ~5.601597 8y -.5601597 -1,102319 =2,800798 =5.6015¢7
a, 7081,143 5312.953 1797.5h9 . 17.170 a 2367706,  23311L5. 2223731. 2052125
G=20° & = 0988.30L E195.7u0 5B18.057 1855.251 0 @y  25u361l. 2530728, 2097079. 227663
ay. 1.136058L 2.292116€  5.680292 11,36058L ay 1.136056L 2.2721168  5,680292 11.360C8L
3y =14397.33 ~11781.11 =~5l91.731 -=207.0LO a,  -hbooh72  -la8322  -h275L3l ~101 2178
a; ~1.00316L8 ~2,0063296 -5.01582); -10.0316L8 ay -1,0031648 -2.0063296 ~5,01582l -10,0316i 8
a 576L.167  h230.520  1282.h6h -3.61L | 8, 196073k 192845L - 18337L0 1682851
6=30°  a = 8988.301 6195.7.0 5818.057 1855.251 30° a, © 25h3611. 2530728, 2492079 2L27663
aq 1.6608063-‘3.3216126 8.30L4031 16.608063 - ag 1.6608063 3.3216126 5.30@03} 16,608063
a, ~12007.81 =9604.213 =~3952.698 +2§8.881 a, ~3789760  -27L,5039  -3612L36 —3396629
a «1,2060173 =2.41209h6 =6.030236 -12,060L73 2y «1.2060L473 =~2.41209k6 ~6.030236 «12.060L73
a, h009.67L  2811.042  661.513  1L.916 a, Umieoh 13855030 1309117 1188082,
eLse  a 6988301 G195.7M0 LBIB.0S? 1855251  ay 253611, - 2530728, 2492079  2L27663
a4 2.3L873L8 L.697h696 11.7h367h 23.L873L8 é.3 2.3487348 h.697L696 11.7h367h 23.L873L8
2, =7516.,981 ~5512.,981 -1060.263 +1163,321 ay 2517958  -24479682 - 2366L1L 2182831
ag - ~1.17h367h -2,3L873L8 -5.0871837 ~11.7h367k aq ~1.174367h ~243L4873L48 ~5.0871837 -11.7h367h
& 1571205 925,841 L5.26L  21h.68L a 6231410 - 490669.9

[

607h16.5  561770.9



- TARLE' T (Comt'd)

6 6

ax10® ex1®  5xacd

1.0 x 10°

JAdx 1% 6 S x 108 6

.2 x 10 1.0 x 10

9989796, 99BL6905. 99575133 99172160
WB775757 1.155151k  2.887878  5.775757
~193609360 193292226 ~192342381 ~19076L50L
=.5601597 ~1.120319 =-2.800798 =5.601597
193807618  935760LL 92883610 91737157

pow o pow
H oo oW =

)

99897496 99816905 99575133 99172160
1.6608063 3.3216126  8.30L031 16.608063
=~119685173 4-lb,9h03h76 ~11,85599L5 -1, 7159258
~1.2060473 -2,11209L6 -6.030236 -12.060L73
56071603 55905857 5541056l 54591537

61

99897496 99816905 99575133 99172180
1.136058) - 2,2721168  5.680292 11.360584
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