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SUMMARY 

An analytical method for predicting the stability characteristics of tilt- 
wing VTOL aircraft In the transition speed range is presented.    Sample 
calculations based on an assumed tilt-wing VTOL transport configuration of 
the XC-1U2A class with double slotted flaps are given. 

Particular emphasis is placed on the sensitivity of the results to various 
assumptions made in the analysis. The contributions of the various air- 
craft components and the aerodynamic interactions of the components to the 
stability derivatives are discussed, as well as the changes in the charac- 
teristic modes of motion of the vehicle that result from variations in the 
stability derivatives. 

The trim conditions of the vehicle are shown to be quite sensitive to the 
prediction of the flap characteristics. 

A limited comparison of the calculated results with experimental data ob- 
tained from a dynamic model of the XC-1U2A, which is somewhat dissimilar 
from the assumed configuration, is presented. This comparison indicates 
that the trends of the stability derivatives are correctly predicted. Bie 
agreement between theory and experiment is good in hovering; however, as 
the wing Incidence is reduced, the difference between theory and experi- 
ment becomes quite large. 

ill 
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INTRODUCTION 

The analytical prediction of the stability and control characteristics oi' 
tilt-wing VTOL aircraft at high wing incidences with correspondingly low 
forward speeds presents a number of difficulties. The first is the alge-
braic complexity of the expressions obtained for the stability derivatives, 
arising from the numerous components and aerodynamic interactions that con-
tribute to the aerodynamic forces acting on the vehicle. A second and more 
important difficulty is associated with the lack of suitable aerodynamic 
data available on the various components for stability and control analy-
sis. In addition, the nature of the flow fields involved makes theoretical 
results difficult to apply since simple closed-form expressions are gener-
ally not available. 

The algebraic complexity may be circumvented by the use of high-speed 
digital computing equipment. However, the importance of the sensitivity of' 
the results of an analysis to various assumptions made during the course oi' 
the analysis becomes clouded by the length of the analytical expressions 
used. 

The objective of this study is to clarify the aerodynamic interactions 
entering into the stability calculations and to determine their signifi-
cance to the prediction of the stability characteristics of the aircraft. 

The approach presented here is analytical. A simplified mathematical model 
of the propeller and the wing-slipstream interaction is used to predict the 
trim conditions and the stability derivatives of an assumed tilt-wing VTOL. 
The results are compared where possible with experimental data taken on a 
0.10 scale dynamic model of the XC-lteA. The experiments were conducted 
on the Princeton Dynamic Model Track. The test set-up and the model are 
described in Appendix A. 

The major contributions to each stability derivative are analyzed, and the 
significant effects are discussed for level flight trim conditions. 

The report consists of the following parts. In the section entitled Method 
of Analysis and Assumptions, the mathematical models used for the various 
components of the vehicle and the assumptions involved are described. In 
the next section, the trim calculations are discussed, and in particular 
the importance of accurately predicting the aerodynamic characteristics of 
flaps is discussed. The next section discusses the stability derivatives 
themselves and the important contributing factors to the stability deriva-
tives.̂  Then, the sensitivity of the modes of motion of the vehicle to 
variations in the stability derivatives is discussed. Finally, a com-
parison of the analytical results with experimental data is discussed. 

1 



'•1ETH0D OF ANALYSIS AM) ASSUMPTIONS 

Other methods ol' approach to tilt-wing stability and control are presented 
Ln References 1, 2 and 3« References 1 and 2 are based primarily on ex-
perimental data, and only certain aspects of the problem are treated ana-
lytically. The analysis presented in Reference 3 is quite similar to that 
presented in this report bat with two exceptions. The airplane configu-
ration investigated in Reference 3 had flapping propellers, while in this 
investigation a conventional (rigid) propeller is considered. In addition, 
in Reference 3, a rather extreme analytical model was taken for the wing 
characteristics to include the effects of wing stall. In the following, 
it is assumed that the use of flaps prevents wing stall and no variation 
Ln wing lift curve slope with effective wing angle of attack is included. 
This should not be an important limitation on the analysis since large 
areas of separated flow on the wing must be avoided in this type of air-
craft in order to obtain satisfactory flying qualities (Reference 9). 

The sample calculations in this report are based on a typical four-pro-
peller tilt-wing VTOL configuration. The physical parameters of the ve-
hicle are given in Appendix A. Simplifying assumptions are used wherever 
possible, and are discussed in detail in the following sections. 

PROPELLER FORCES AND MOMENTS 

The propeller forces and moments are treated by methods that are similar 
to those used for the helicopter rotor in stability and control investi-
gations (Reference 11, chapter 20, and Reference 13). The primary 
assumptions are: 

1. The average value of the induced velocity at the propeller 
plane is given by momentum theory (Reference 10, page 185) 
and is expressed as follows: 

vo ^T ^T — = __ (1) 

V(X. + v) 2 , 2 + g, 

The mass flow influenced by the propeller is based on the 
resultant velocity at the rotcr plane (Reference 10). The 
inplane component of the free-stream velocity, is re-
tained in this analysis rather than neglected as in Refer-
ences 2 and '(. The validity of neglecting this component of 
velocity at the rotor plane depends upon the "wing incidence/ 
forward speed" relationship (References 1 and 2). Neglect 
of this component will significantly influence the propeller 
derivatives at high wing incidences, if the relative forward 
speed is high. 
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The propeller  induced  veloeity it; assumed to be  unil'onii 111 a 
plane perpendicular to the direction of motion and  to In- 
crease linearly from the  leading edre of the propeller disc 
to the trailing edge  in the  l'aühlon t'lven by Reference 8, 
that  Ls, 

+ v-,   (l) cos i x     R (2) 

where 

(i) 
V sln(l    + o) 

ft 
V       =   V         
1        0 V cos(i     + o) + v0 

and   v      is obtained from Equation (l). 

Wliile this   Is a rough approximation to the actual induced 
velocity variation acro^o  the propeller disc,  this variation 
tu the source of the propeller pitching moments.    Uniform 
■tndueed v..lüi'ity will result i.u zero propeller pitching 
jnointuts   in conflict with experimental data.    See,  for ex- 
amplf ,  Reference 7« 

3.    The propeller blades are assumed to be infinitely rigid In 
bending and torsion. 

h.     It is assumed that the effects of twist and taper of the 
blades may be taken into account by use of an equivalent 
pitch angle and weighted solidity (Reference 10, page 86). 
The blade pitch angle used in the following formulae is 
taken to be that at 75-percent radius. 

5.    The influence of the presence of the wing on the propellers 
and mutual  Interference between propellers  is neglected. 
Limited experimental data  indicate    that the presence of the 
wing may have a strong  Influence on the propeller (Reference 
7); however,  there is not sufficient Information to estimate 
the importance of this effect.    It would be expected that 
Interference between propellers may be Important In computing 
lateral stability derivatives, but not  In longitudinal calcu- 
lations. 

While the above assumptions yield a highly simplified model of the actual 
propeller and may not be satisfactory for performance estimation or compu- 
tation of propeller blade stresses,  unpublished calculations by one of the 
authors  Indicate that the basic trends of propeller aerodynamics are ade- 
quately represented for stability and control Investigations. 

On the basis of these assumptions, blade element equations may be developed 
to evaluate propeller thrust,   Inplane force, and pitching moment.    The 

4 
A 
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resultß of Reference 10, pageü 190 and 108, may be used for calculating 
thrust and Inplane force. The flapping terras in the inplane force ex- 

pression are set equal to zero. 

H = p . R2 (»)2 f [fa + ^-^ e0.75R] u <5) 

expression for propeller pitching moment due to the variation in 
ced velocity across the disc may be obtained from Reference If as 

Tne 
induced velocity 

(M)_ = IT  P 0 c a R3 v (6) 
PD 

To compute the propeller pitching moment due to a pitching velocity about 
the propeller hub, the change in inflow distribution arising from this ve- 
locity is taken into account.    The  induced velocity is assumed to be inde- 
pendent of pitching velocity.    Physically,   it is clear that there would Ve 
a redistribution of induced velocity due to the change in load distribution 
as a result of angular motion.    This  induced velocity variation would act 
to reduce the  rotor damping as compared to the value bared on constant 
induced velocity.    Therefore,  a somewhat larger value of damping will be 
obtained than would be present.    However,   as  seen in the following,  the 
propeller angular damping contribution is  small and so the significance ot 
any errors  incurred would be small.    Then the theoretical expression for 
the contribution of the propeller to the pitch damping becomes 

r  W'\      = .  p g2 TT HR^ (7) 
V 96 'ID 16 

For pitching moment trim at low speeds, the example airplane has a tail 
rotor. The contributions to the stability derivatives from the tail rotor 
are computed usirg the same assumptions as for the propellers. The down- 
wash from the wing and horizontal tail is included in computation of the 

inflow velocity, XT, of the tail rotor. 

XT 

where 

XT = 7^r f-v sin a + €V + eTv + Vl (8) 

2C
L, 

Cr ST (* + % - e) (9) 
'T   rr A 

The inplane force and pitching moment of the tail rotor are neglected. 
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WING LIFT AND DRAG 

The wing lift and drag are computed taking into account what are considered 
to be the first-order effects of the presence of the propeller slipstream. 
On the example airplane, the wing is entirely immersed in the slipstream. 
The following assumptions regarding the nature and influence of the slip- 
stream are made; 

1. The slipstream velocity is computed on the basis of a uniform 
propeller induced velocity far downstream 2v0. This is 

considered reasonable since the contraction of the .Upstream 
takes place a short distance downstream of the disc (Refer- 
ence 19)» However, certain of the derivatives computed in 
the following are sensitive to this assumption, and it may be 
desirable to use a value somewhat less than 2 to account for 
the contraction and downstream dissipation of the slipstream. 

2. The effects of slipstream rotation are neglected. While 
slipstream rotation may have a significant effect on spanwise 
load distributio.i on the wing (Reference 1), it is assumed 
that its influence on the longitudinal stability character- 
istics will not be important unless large areas of separated 
flow result. 

This assumption is implicit in the usual method of data 
presentation where it is assumed that the aerodynamic forces 
on a wing-propeller combination are only a function of a 
and Cm g (References 7 and 18 for example). That is, the 

slipstream rotation depends upon the torque of the propeller 
and thus both on advance ratio and blade angle. Thus, there 
is li*-+le or no aerodynamic data to verify the validity of 
this at sumption. Experiments should be conducted at differ- 
ent combinations of blade angle and advance ratio that 
produce the same propeller thrust at different levels of 
torque to determine the importance of slipstream rotation. 

3. The effects of the finite extent of the slipstream flow are 
taken into account by a reduction in the wing lift curve 
slope. It is shown in Reference 15 that the finite extent of 
the slipstream will reduce the lift curve slope of the wing 
based on slipstream velocity, compared to its value in a 
stream of infinite extent of the same velocity. 

A simplified approach such as presented, for example, in 
Reference 5* is considered satisfactory for stability and 
control calculations. An approach such as developed in 
Reference Ik  is too complex for use here. The approximation 
suggested in Reference 2 appears to be incorrect since it 
assumes that there is no change in wing downwash field and 
only a change in the mass flow influenced by the wing. 
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However, If there is no change in the downwash behind the 
wing, then from the viewpoint of vortex theory there would 
be no change in wing lift, contradicting the momentum theory 
result.  It is important to note that momentum theory cannot 
be used alone and mu^t bo combined with a stjctional approach 
to obtain a defined answer. A more recent analyriü, pre- 
sented in Reference 16, al^o ^eeras to be incorrect and there- 
fore will not be used.  In thin reference, the boundary 
conditions on the problem are not properly satisfied. 

■Rierefore, since precise theoretical results are not particu- 
larly satisfactory, it is considered that a semiempirlcal 
approach to the problem that agrees with the various limiting 
cases involved is the best alternative. As a result, it is 
assumed that the lift curve slope of the wing based on re- 
sultant velocity in the slipstream may be expressed in terms 
of the lift curve slope of the wing in a uniform flow C, as 

%S 
= c. 

oi. a 
[(1 - K) + K 

V cos(i + a 
w 

a ) 
e - 

(10) 
R 

K is an empirical factor that may be adjusted to match the 
low-speed wing characteristics when experimental data are 
available.  It is assumed that the variation in lift curve 
slope depends upon the ratio of the component of the free- 
stream velocity parallel to the slipstream velocity 
[V cos(iw + a - ae)]«  In hovering then, when V approaches 

zero, the wing lift curve slope is 

L,S 
C  (1 - K) 

a. a 

and in high-speed forward flight, when VR = V cos(lw + a - ae), 

'L,S 
a 

The empirical constant K depends in a complex way upon the 
wing geometry, the propeller geometry, and the immersed 
aspect ratio, as well as other factors. To obtain good 
agreement between the experimental and theoretical values of 
the speed stability (N^) in hover, a value of K = 0.5 was 

selected. This expression will be discussed further in the 
section on stability derivatives. 

k.    The anfile of attack of the wing in the slipstream ae    is 

6 
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assumed to be given by the vector sum of fully developed   in- 
duced velocity produced by the propeller,    2v,   and the free- 
stream velocity,    V    (References 1,  2,   3 and Figure A-l). 
This particular aspect of the wing slipstream problem has not 
been considered theoretically  in detail  in this  report or in 
other analyses.    That is, all of the above analyses have  in- 
vestigated,  precisely speaking,  the change in the lift of a 
wing  immersed  in a slipstream when the wing geometric angle 
of attack in the slipstream is changed,  rather than that due 
to a change  in the direction or magnitude of the external 
flow.     It is  implied that these two sources of angle of attack 
changes are equivalent.    Therefore,  the above assumption  is 
made in absence of a better approach.    As a result, the 
effective wing angle of attack is taken to be 

V sin(i    + a)                        V slnfi    + a) 
-1                   v w         '                    _i                w ,     v 

a    = tan        = sin x  1  (ll) 
e V coB(i    + a) + 2v V 

w        ' o R 

and the following expressions are used for wing lift and drag. 

L    = i p V^ S C (a    + a ) (12) 
s      2       il        L,S      v  o        e' s     ' 

e 

C-  S 

I>,S0       TT AR        r'        e' J ^^i 

The lift is taken perpendicular to the slipstream velocity 
Vp and the drag parallel to Vp . For simplicity, the drag 

is computed on the basis of an elliptically loaded wing, while 
in the actual case the loading may be far from elliptical. 

Thus the propeller induced flow has been idealized to a uniform tubular 
flow of velocity 2v  that is added vectorially to the free stream. The 

wing is assumed to be completely immersed in this flow and only the finite 
size of the slipstream is taken into account in the computation of wing 
lift and drag. These assumptions imply that the design and relative lo- 
cation of the propeller on the wing have no influence on the wing lift. 

HORIZONTAL TAIL 

The horizontal tail lift is calculated on the basis of a simplified approxi- 
mation to wing downwash assuming an elliptically loaded wing, that is. 



  

.J^ 

^r 5 
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p V S 
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Tt Is as£5umed that the downwaah velocity is the same inside and outside the 
slipstream. The following expression is then obtained for the downwash 
angle outside the slipstream 

TT A L,S ac 

(1 - M?) V?
B (»0 * ce) (15) 

The downwash reduction factor, M_, accounts for the location of the 

horizontal tail with respect to the wing trailing vertex system. If the 
distance of the horizontal tail above the wing wake is small compared to 
the semispan of the wing, then Mp may be expressed as 

tgr tan(iw - o^) ^ 

T        b 
w 
2 

(16) 

The tail efficiency   TL,    is assumed to be one    (TL, = 1.0)    because of a 

lack of experimental data.    To obtain accurate information on the down- 
wash,  experiments ere necessary,  and Equations  (lU) through (l6) are used 
only to obtain an estimate of the tail contributions.    Note that experi- 
ments should include a measurement of the velocity at the tail to determine 
Tim,    as well as measurement of the downwash angles. 

WING FLAP CHARACTERISTICS 

The wing flap characteristics used are shown in Figure 37.    The changes in 
C_    and    (v      are included directly in Equations  (12) and (13) for wing 

lift and drag.    The pitching moment due to flap deflection is assumed to 
be proportional to slipstream velocity  squared,  and independent  of the 
ratio of slipstream velocity to free-stream velocity.    While there would 
be an apparent  camber change due to the finite extent of the slipstream 
(Reference 15)> this effect is assumed to be small in the absence of ex- 
perimental data. 

FUSELAGE PITCHING MOMENT AND DRAG 

Again,   for lack of experimental data,  the fuselage pitching moment charac- 
teristics are computed on the basis of slender body theory  (Reference 11, 
page 6^)  using the following equation; 

Mf = 2(Vol)f % q a (17) 
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The fuselage drag is expressed in terms of an equivalent flat plate drag 
area f (Reference 10, page 221) as 

q f (18) 

This equivalent flat plate area is assumed to be independent of angle of 
attack and is taken to be 5.0 square feet.     The frontal area of the 
fuselage is 92 square feet and the fineness ratio is 5»3'    Assuming that 
the fuselage is  a streamline body,  from Reference 21,  page 6-19,  Figure 
25, a drag coefficient based on frontal area of 0.05^- Is obtained,  giving 
the above value of    f.    Experimental data are necessary to obtain a better 
estimate of the fuselage characteristics. 

Further experimental data are desirable to obtain better estimates of the 
two parameters    TL,    and    K.    Since the analysis  indicates that the speed 

stability    (M )    is dominated by the wing contribution in hover,   it is 

considered that the empirical factor   K   may be estimated reasonably well 
by use of test results near hover.    Wake surveys are desirable to obtain 
substantiation of the assumed value of    T]_,     and the value of one should 'itpj 

be considered only as a rough estimate. 
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DISCUSSION OF RESULTS 

TRIM CONDITIONS 

The force equations for level flight  equilibrium,  parallel and perpen- 
dicular to the propeller shaft   (Figure A-l) are 

T + Lc sin a    + Do  cos o    + D^ cos i    = W sin i (19) 
s "e        s e       f w w ^     ' 

L,.  cos cy    + D0  sin (v    + D,, sin i    + H = W cos  i (20) s v e        ^ "e        1 w w K     ' 

It  is assumed that forces  produced by the horizontal tail and  the tail 
rotor do not influence the balance of forces  significantly,  so that 
Equations  (19) and (PC) may be  solved for the flight condition.    The 
moment equation will determine the longitudinal control  setting necessary 
for pitching moment trim. 

The quantities on the left-hand side of Equations  (19)  and (20) are 
functions of the following variables,   in addition to the airplane geometry: 

9        p - propeller blade angle (radians) 

V    - flight velocity  (feet per second) 

0    - propeller rotational speed (radians per  second) 

6    - flap deflection (radians or degrees) 

v    - propeller  induced velocity (feet per second) 

a    - aircraft angle of attack (radians  or degrees) 

t    - wing  incidence angle  (radians  or degrees) 

The momentum equation relater   propeller thrust to  induced velocity.    As a 
result,  there are three equations  [(l),  (19)  and (20)] with  seven unknowns. 
The wing  incidence,  flap deflection (flap deflection as a function of wing 
incidence  is  shown  in Figure A-2),  propeller rotational speed,  and air- 
craft angle of attack (zero)  are specified.    Then  the propeller blade 
angle,   trim velocity,  and propeller  induced velocity can be determined. 
The  results of this calculation are  shown in Figures  1 and 3 as a function 
of wing  incidence angle.     Figure 2 presents propeller thrust and wing lift 
as  a function of incidence angle.    The slipstream velocity and the ef- 
fective wing angle of attack are shown in Figures  k and  5- 
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In order to obtain an estimate of the manner in which various arsumptions 
enter into the equilibrium calculations,  a first-order approximation to 
Equations  (19) and (20) may be obtained by neglecting all left-hand terms 
except thrust  in Equation (19)> and the wing lilt in Equation (20): 

T 's W sin iw (19a) 

L    cos a    * W cos  1 (20a) 

It can be seen from Figure 2 that Equation (19a) gives a very good approxi- 
mation to the thrust required for equilibrium. 

The wing lift in terms of flight variables is given by Equation (12) and 
o/e    by Equation (ll).    Assuming that effective wing angle of attack is 
small, Equation (20a) may be expressed as 

p    p r, V cos(i -^-c  ) V sin(i 4Q,) W cos 1 
^        r       ■'       ■ [(l    .    K)    +   K     Ji ^][a0    +     ^]   ~= 

3      2    R        La L^ VR JL o VR        J        cos ae 

(20b) 

Since the slipstream velocity,    Vp,    is roughly constant through transition 
(Figure k),  Equation (20b) may be viewed as primarily determining the re- 
lationship between flight velocity and wing incidence angle.    At a given 
wing incidence,  changing   aQ   by deflecting a flap will have a strong 
influence on the trim velocity of the aircraft. 

The influence of flap effectiveness    —    on trim velocity is shown in 

Figure 1.    A plus or minus 33 l/3-percent change in flap effectiveness 
causes a large variation in the relationship between wing incidence and 
flight velocity as shown.    No variation occurs at wing incidence higher 
than 8cP  because the flap is not deflected (Figure A-2). 

The variation of slipstream velocity with wing incidence is comparatively 
small because as the flight speed increases,  the induced velocity de- 
creases  (Figure 3),  resulting in a slowly varying slipstream velocity. 
Calculation of the slipstream velocity is not particularly senslvive to 
flap effectiveness  (Figure k). 

The effective wing angle of attack,    cye,    particularly the maximum value, 
is sensitive to flap effectiveness  (Figure 5), as expected from the above 
discussion.    Thus, the flap may be viewed as a means of controlling the 
effective wing angle of attack as  seen from Equation (20b).    The variation 
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of the parameters  in the expression for the effective wing angle of attack 
Is such that a maximum value of   ae    occurs at a wing incidence of approxi- 
mately 2? . 

The pitching moment acting on the airplane with no tail rotor thrust and 
no horizontal tall lift is shown in figure 6.     The important contributions 
to the pitching moment acting on the airplane  from the various components 
are also shown.    The moments arising from wing lift and propeller thrust 
vary with wing incidence because of changes  in the magnitudes  of the forces 
and the moment arms about which they act.    An increasing nose-up pitching 
moment from the sura of the thrust and wing lift with decreasing wing inci- 
dence is typical of tilt-wing configurations for normal center-of-gravity 
locations (Reference 18).    The contribution of the propeller pitching 
moment due to the induced velocity distribution over the propeller disc   is 
small.    The flap characteristics have a significant  influence on the moment 
required.    To obtain an accurate prediction of the pitching moment required 
to trim, precise information on the pitching moments produced by flap de- 
flection in a slipstream is necessary. 

In conclusion,  it may be noted that the magnitudes of the propeller thrust 
and wing lift are primarily determined by wing incidence angle.    The trim 
velocity corresponding to this incidence angle depends strongly on the 
assumed relationship between the wing lift and the flight variables. 
Computations of both trim velocity and pitching moment are sensitive to 
flap characteristics.    To obtain a good prediction of the wing incidence/ 
trim velocity relationship,   it is necessary to have good estimates of the 
wing lift curve slope and flap effectiveness of a wing immersed in a high 
velocity slipstream. 

STABILITY DERIVATIVES 

The stability derivatives of the example airplane,with respect to a sta- 
bility axis system for various level flight equilibrium conditions, were 
calculated using the theoretical models discussed In the first section. 
This section presents a detailed discussion of the trends of the deriva- 
tives and the contributions of the airplane components to each of the 
derivatives.    Detailed derivations of various  formulae discussed are given 
in Appendix B. 

Force Derivatives With Respect to Horizontal Velocity (Xu , Z^) 

The force derivatives arise primarily from propeller thrust and wing lift 
variations.    Recall that wing lift and drag are taken perpendicular and 
parallel to the direction of slipstream velocity.    Generally,  it was found 
that the contributions arising from the propeller inplane force and the 
wing drag were small.    Therefore, only the rate of change of thrust and 

wing lift with horizontal velocity   (   a±  ,   —S   )   will be discussed in 
v au    au  y 

relation to the airplane derivatives. 

It is necessary first to consider the rate of change of effective wing 
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angle of attack and slipstream velocity with horizontal velocity 

3a   3Vr, 
(  —^ , — ^ as well as the changes in propeller induced velocity. 
V 5u        3u   / 

Analytically,  it is more convenient to consider the propeller induced ve- 
locity derivatives with respect to the nondinensional velocities    u   and 
p,   , perpendicular and parallel, respectively, to the propeller plane.    In 
fact,   it was noted during the course of this analysis that the aerodynamic 
force and moment expressions became considerably simplified when treated 
in terras of the variables    u and    p,    with an axis system aligned with the 
propeller shaft.    This approach has the disadvantage that the inertia and 
gravity terms will appear in an unconventional form in the equacions of 
motion, so it was decided to proceed in a more conventional manner and 
accept the resulting complication in the aerodynamic terms. 

First,  the rate of change of propeller induced velocity with a change in 
3X 

velocity parallel to the propeller plane    --±    is considered.    The ex- 

pression as given in Appendix B  is 

\ [f e0.75B - \ fl ^i _     3 LT   Q.T^R p       i I. •* 
(21) 

where 

= V(Xi + u)    + 
2 

The first term in the numerator of Equation (21) arises from the thrust 
variation due to the average increase in the free-stream velocity component 
over the disc, and the second term accounts for the variation in induced 
velocity resulting from the change In mass flow.    The second term generally 
dominates this expression and is roughly proportional to    \^ p.  ,  since    C 
is almost constant through transition as shown in Figure 8.    Since   (i    is 

equal to    -£ sin a    , p.    varies approximately as    a,,  .    At high wing inci- 
QR e " e 

dences,    y.    increases more rapidly than the induced velocity,    X, 
i 

decreases (with a change in flight velocity), and therefore the derivative 
ax 
—= increases in value. At low wing incidences, both X  and IA de- 
dn i 

crease with increasing flight velocity, and so this derivative decreases. 
The variation of this derivative with wing incidence will be similar to 

13 



... 

the variation of a    •    Although there Is some  influence on the derivative e 
ax. 
—■    from the denominator,   the major variation arises from the numerator. 
** OX 
The trends of the derivative    —=    are shown  in Figure 7«    Physically,  the 

magnitude of this derivative  Indicates that for the velocity-propeller 
angle of attack relationship encountered during a transition, the propeller 
Induced velocity is rather insensitive to velocity perturbations parallel 
to the plane of the propeller. 

dX. 
Trie other Induced velocity derivative,     —i  ,     may be expressed as • 

i ? 18        i ?      M 
(22) av   -Hf^C^)! 

Again, since    ^    is  roughly constant through transition, the variation of 
this quantity is dominated by the change  in  induced velocity,    X*   , 

X.  + v 
through the transition,  since    —— ■ 1.0 (Figure 8).    Also because the 

I 
resultant velocity at the propeller plane,     %   ,     is approximately constant 
throughout most of the transition (Figure 8),  the induced velocity varies 
as the thrust  [see Equation (l)].    This derivative is shown as a function 
of wing incidence angle in Figure 7-    Physically,  the magnitude of this 
term indicates that variation in propeller induced velocity acts to reduce 
greatly the effect  of a velocity perturbation normal to the propeller 
plane on the slipstream velocity. 

The variation in the slipstream velocity (see Appendix B) is given by 

.    aV,,      2X.   + v .               ax,   .        ,                      2(2X.   + v) 5-= + ^ 
i -2 = _i f 1 + 2 —i  ) cos 1    + ct) + —i 2Ü: Z sin i    + a) 
nR au       VR    ^ 5v V       w vR 

v w     ; 

(23) 

The first term represents the effect OJ. the component of horizontal ve- 
locity normal to the propeller plane, and the second term is due to the 
component of horizontal velocity parallel to the propeller plane. 

Since the direction of the resultant slipstream velocity is always closely 
aligned to the propeller shaft direction (the effective angle of attack is 
small), a change in the free-stream velocity component perpendicular to the 

Ih 
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propeller plane has only a small influence on the magnitude of the re- 
sultant velocity. As discussed earlier, the induced velocity change 
arising from thi; component of free-stream velocity is small. The first 
term in Equation (23), arising from the change in the free-stream velocity 
component along the propeller shaft, will dominate this expression. How- 
ever, this term will also be small due to the compensating effect of pro- 
peller induced velocity variation with v discussed above. In hovering, 

^1 + 2 --= j is a small negative quantity. As the flight velocity in- 

creases,  |—^l  decreases and (l + 2 —^ j becomes zero and then a small 

positive quantity with further increase in trim velocity. Therefore,  —£ 

varies as shown in Figure 10, and is a small quantity f |—-\ <  0.2 J . 

The result that this term is small will usually be the case as seen from 
the following. In hovering, | = X^ , and therefore, from Equation (22) 

ax-i - - Ci^i) (22a) 
öv /' aa 

OX, 
Thus,  in hovering,    - 0.5 < —- < - 1»0  .    As the velocity component normal 

to the propeller plane increases,  the induced velocity,    X^  ,    will de- 

crease, and also its rate of change with    v    will decrease. 

The magnitude of the term f 1 + 2 —-* j is very sensitive to the as- 

sumption that the slipstream velocity is computed on the basis of the 
fully developed induced velocity.    It is possible that a factor less than 

ax, 
two should appear in front of — to account for the actual variation in 

av 
induced velocity across the wing chord. 

As the trim velocity corresponding to a given ving Incidence becomes 
avR 

smaller, the larger the minimum value of —-    will be. Figure 9 shows 
au 

av 
lines of constant    —-    as a function of trim speed and wing incidence 

au 
aVR angle.    The upper boundary,  for which    —£    equal to 0.2,    occurs at too 
au 

large a velocity to be shown on this graph. It therefore appears that in 
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the typical situation, the ulipütreom velocity will be relatively Insensi- 
tive to changes In horizontal velocity If the assumption regarding the full 
development of the .;liprtream la valid. 

The fourth quantity of Interest here, the rate of change of wing effective 
angle of attack with horizontal velocity (see Appendix B) may be expressed 
as 

US  , SlP(lw + a)   fl- V ^.M (2k) 
bn VR     V  vR au / 

Since, in this example, the trim velocity always lies well within the 

boundary ( |—£| < 0.2\   and -L    is small when the trim velocity is within 

R 

this boundary, a good approximation to Equation {2k) is obtained by ne- 
glecting the second term 

%e s !^v + ^ (25) 

a» VR 

For the example configuration where    a    is equal to zero,  the agreement 
between Equations  {2k) and (25) is shown in Figure 11.    Physically, this 
approximation Implies that the primary change in effective wing angle of 
attack due to a horizontal velocity perturbation arises from the change 
in the component of the horizontal velocity parallel to the propeller 
plane, and the effects of component normal to the propeller plane and the 
variation in induced velocity are small.    As the wing incidence is reduced, 
the increasing effect of the component parallel to the shaft is compensated 
by the induced velocity change. 

The rate of change of propeller thrust with horizontal velocity may be 
expressed as 

^ = p n R2  (OR) f F- if1 + .— ) ^(K + «) 

f i Q ^ - i -!> sin(i    +a) 1 
V 3    0.75R *     2 fy.   J       v  w     c'/ J 

(26) 
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This derivative is shown as a function of incidence angle in Figure 12. 
The first terra dominates and causes the value to increase (approximately) 
as    cos(l    + a). v 

The rate of change of wing lift with horizontal velocity may be expressed 
as 

äv = i's CL,SO 
V

R sr *'s CL,S  Ti. K * ^ *?+ 

e e 
aCL,S 

.2  , . ' a. 

(27) 

Thus, variations in wing lift with horizontal velocity may bQ considered 
as arising from three sources;    first, the change in effective angle of 
attack;  second,  the change in slipstream velocity; and third, the change 
in wing lift curve slope.    The variation in this derivative with incidence 
angle and the contribution of each of the above terms are shown in Figure 
13.    The first term dominates at high incidence angles, and the last terra 
becomes quite important at low incidence angles.    The last term must be 
considered questionable due to lack of knowledge of the exact functional 
relationship for the lift curve slope.    This particular effect was not 
taken into account  in either Reference 3 or its equivalent fom in Refer- 
ence 2.    The middle term seems unimportant;  however,  it would be larger if 
the slipstream velocity were computed on the basis of other than the fully 
developed induced velocity.    As a result of these various contributions, 
this derivative remains roughly constant throughout the transition. 

The total value (summation of all contributions) of these two stability 
derivatives and the manner in which they vary are discussed next.    First, 
consider the rate of change of horizontal force with horizontal velocity: 

\  au ./nrrmeller      >. 3U Artmz ^ äu   "f 

or 

äu  V äu ./propeller  ^ Su Aring ^ äu fuselage 

aiUfaT^  co& i .f 5^ sind -<*)*(&} 
äu ^ du 7      v     \.bn   J       v w  'V  ^ au /fuselage 

The wing and propeller contributions to this derivative are shown in 
Figure Ik.    The wing contribution dominates at high incidence/and pro- 
peller contribution dominates at low incidence. At high inommnce  angles, 
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—    arises primarily from 
er v "i — = 1    . i as shown In Figure 13. 

au     L     v        J 

The rate of change of vertical force with horizontal velocity may be ex- 
pressed as 

az = ^ az ^ 
du     V. ^u /rotor \ ^u   wing 

or 

*Z 
^u 

—  \ sin I 
v ^u -' v 

'   c0S(lv- Qfe)  - Ls sln(lv -ae)  -2 
Su 

(29) 

Tlie behavior of this derivative with wing  Incidence  Is shown  In Figure 15- 

The derivative  is dominated by the wing lift contribution 

throughout the transition regimo. 
5u 

cos(l - cr ) w 

Force Berlvatlves With Respect to Vertical Velocity (^ , Z^,) 

First, the variations in effective wing angle of attack, slipstream ve- 
locity, propeller thrust, anc wing lift with vertical velocity are dis- 
cussed, and then the complete vehicle derivatives. 

First, the slipstream velocity derivative may be expressed as 

av,, 2X    + u SX 

QR aw    v   v0     v v        a-j  y v v       J 
ax. 

2(2X    + u)  -A + vi 
i       a^ cos(l    + a) v w        ' (30) 

The variation of this quantity Is shown In Figure 16.    At high Incidence 
ax. 

angles the first term dominates. Since both sln( I + a)    and (l + ? r—) w au 
decrease with decreasing wing incidence, the first term decreases and at 
wing Incidence angles below 30° the second term becomes important. The 
rate of change of effective wing angle of attack with vertical velocity Is 
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ÖVR 
äo^ _ cos(lw + g)  ,    ^e ^ 

^w   ^ V      V " cos(iw + a) ) 
(31) 

For the example configuration, where the lucelage angle of attack is  equal 

to zero, Figure 17 indicates that the quantity —~    is dominated by the 
aw 

firct term and, similarly to —£, arisea primarily from the change in ve- 
du 

locity canponent nonnal to the wing;   it  Is  not  significantly  influenced by 
the second term.    The  rotor Induced velocity variation is compensated for 
by the velocity component variation parallel to the shaft.    Again the 
magnitude of this compensating effect depends upon the assumption of a 
fully developed  induced velocity. 

The second term of Equation (31)  Is a rather strong function of the trim 
velocity due to the appearance of the effective wing angle of attack.    In 
Figure 9»   showing trim velocity plotted versus wing Incidence angle,   the 
boundaries where the second term is 10 percent and 20 percent of the first 
tem are shown.    As can be seen,  it  is possible that at high Incidence 
angles,  the second term may become significant. 

The rate of change of thrust with vertical velocity can be expressed as 

^ = p TT R2 (OT) 2£ fTl + ^ > sin(iw + a) + 

(_ 9 M, - _i ^ coE(i„ + a)1 
v     O.75B *     hu   y       ^ w     "/J 

3X, 

0.7!;R   " 

(32) 

This quantity, shown in Figure 18, again at high Incidence angle Is 
dominated by the first term. Ti\e  second term increases with decreasing 
Incidence, becoming Important at low tilt angles. As a result, this de- 
rivative remains roughly constant about equal to its hovering value. In 
hovering, 

N(p TT R2 (OR)  52)      aX 
1*1 = 11—    2 i(i/-In (33) 
m aw        m       2\        Zv   y v J J' 
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From Equation (22), with    ? = X.     and    v = 0, 

aa 
I +    X 

t) 

(i-o 
(22a) 

and from Equation (l), with   v = p. = 0, 

(la) 

i ar _ gy^g" la 
5 5w " nR %cl 

i + 

W 

Thu:;,   since    —    will be relatively Independent of the configuration of the 
a 

vehicle (Reference 10,  page 6k),  this derivative will primarily vary with 
Cm 

tip speed, increasing as the tip speed decreases at constant — . 

The wing lift variation with vertical velocity is given by 

— = - p S C    Vp — + p S C    (a + aj VD — + 
äw   2 ^   L,S   R 9w   v        L,S  V 0   e7 R ^ 

a a e e 
ÖC L,S 

i P S VR K * "e)  av 
Ote 

(35) 

Similarly, three contributions appear as discussed with respect to Equation 

aL 
(27). The numerical values of ^~ are plotted in Figure 19- The first 

öw 

term dominates throughout transition. The term — is nearly pro- 

portlonal to c^s(iw + a)    as noted in the discussion of Equation (31). 
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Physically, as the wing incidence decreases, the variation in the component 
of vertical velocity normal to the propeller shaft increases, causing a 
larger effective angle of attack change from the same change in vertical 
velocity. Again, the last term should be considered rather questionable 
due to a lack of precise knowledge of the wing lift curve slope. 

The total value of the airplane derivatives (summation of all contri- 
butions) is now considered. First, the rate of change of horizontal force 
with vertical velocity is 

aw " ^ aw ypropeller ^ aw )ving 

or I 1 

i S   ( |0 cos iw " C SrO ^w - «e)  + Ls cos(iw - ore)  ^ 

(36) 

This derivative is shown in Figure 20. At high tilt angles, j—S 

sin(i„ - aa)    and 2_ cos i  dominate. Since — sin(l„ - a«) is w   e       gv     w Jw      *'   e 

r^T SX greater than 2_ cos i.. at high tilt angles, — is negative. As the 
aw        w aw 

incidence decreases, Ls cos(iw - cre) —^    becomes increasingly important 

M *' ÖW      aLs and 2- becomes positive. The term involving — is due to the change 
aw aw 

doe in magnitude of the wing lift, and the term Ls cos(i - a )  —— is due to e aw 
the tilt of the wing lift vector. At high incidence angles the change in 
lift is important and at low incidence angles the tilt of the lift vector 
becomes significant, since the magnitude of the wing lift increases as the 
wing incidence decx-eases (Figure 2). 

It was noted from experimental measurements that the variation of the 
horizontal force with vertical velocity is quite nonlinear. Bie theo- 
retical computation of the horizontal force as a function of angle of 
attack using the expression given in Appendix B is shown in Figure 38. 
The nonlinear variation in this force arises frei the change in the magni- 
tude of the lift vector as it tilts. That is, as the above term, 

to 
L cos(i - a ) —, becomes important, the wing lift also varies 

aw 
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appreciably with effective wing angle of attack,  resulting in this term1- 
increasing with   o-g  .    This  is probably not a particularly  important 

effect on the dynamics,  since this derivative itself usually is not im- 
portant.    The nonlinearity is particularly noticeable where the linearized 
derivative Is near zero as shown in Figure 38« 

The rate of change of vertical force with vertical velocity may be ex- 
pressed as 

9w       .*w y'      ^-M^ v 3w /. -'propeller v 0    -'wing 

or 

e ^*-rg>iniw-(~)coS(iw.»e) -LG Sin(lv.0e)^ 
dw - ow ' ^ ow   y o1« 

(37) 

The behavior of this derivative  is shown in Figure 21.    At large Incidence 
vp Jirn 

angles,     — sin iu    dominates.    As the wing incidence decreases,    — sin i,, 
Sw w öw 

äLs decreases and    -—• cos(iw - a )    becomes dominant.    This derivative in- 

creases roughly proportional to    cos(iw - a )    due to the wing lift contri- 
bution. 

Pitching Moment Derivatives With Respect to Horizontal Velocity, Vertical 
Velocity and Pitch Pate (^  ,  N^  , M•) 

The pitching moment derivatives are now considered. First, examine the 
variation of the pitching moment with horizontal velocity, which may be 
broken'down into the following contributions: 

au     V au /propeller     v- öu ^wing     ^ 9u ^horizontal     ^ au Aail    ^ au TO 
tail rotor 

(38) 

SM 
As may be seen from Figure 22,  the primary contributions to — arise from 

Bu 
the propeller and the wing.    The major contribution from the wing arises 
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aL 
from the term    — {    — cos »„   )    as  shown.     Since    I      decreases roughly 

I  v du e y w 
in proportion to    sin iw    (Figure A-3),  the wing contribution varies 

roughly as     sin i. The propeller contribution,  arising from the vari- 

ation in induced velocity across the propeller disc,  Equation (2),  has  a 
noticeable contribution in hovering.    As the wing  incidence decreases,   the 
propeller contribution decreases.    As a result    N^    decreases rapidly as 

wing incidence is  decreased. 

The contribution of the horizontal tail to this derivative will depend 
upon the tail incidence and downwash characteristics at the horizontal 
tail.    The tail contribution may be evaluated from Equation (l^-). 

CO HT " - ^ V ST ^HT % 
1 V2   Q -   p  V     b TCL 

CVn 
'HT 

de 

-. au    &u  j 
(39) 

The first term depends upon the tail incidence and the downwash angle.     To 
estimate the  importance oi  this term,   its magnitude for a tail lift coef- 
ficient equal to 1.0 is  shown in Figure 23.    While the actual tail lift 
coefficient would vary in some complex way,  this  indicates the Importance 
of the term.    Thus,  as a result of the tail incidence, there may be a sig- 
nificant contribution to the variation of pitching moment with horizontal 
speed at lower wing incidence angles.    An increase in tail efficiency, 
TU,    would,  of course,   increase the magnitude of this term. 

The second term arises from the wing and propeller downwash variation with 
horizontal velocity.    The downwash behind a wing immersed in a high ve- 
locity slipstream is difficult to estimate,  and so only the following rough 
indications of the size of the second term in Equation (39) are considered. 
The propeller downwash contribution would be 

Su 

and the wing downwash would be 

öe 
^u TT AR LJS a 

au 

C-^ 

(to) 

C^D 

These two terms are plotted in Figure 23. Thus, assuming that the hori- 
zontal tail characteristics are proportional to free-stream dynamic 
pressure, rather small contributions to the derivative N^ are indicated. 

Further experimental data are necessary before downwash effects can be 
evaluated in more detail. 
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The rate of change of pitching moment with vertical velocity (attitude sta- 
bility),  shown in Figure 2ha.,  is made up of the following contributions: 

öw    V aw ywlrig     V aw ypr0peiier     ^ ^w -^horizontal 

^ *" ^tail      V aw ^PD 
rotor 

The pitching moment derivative contribution of the fuselage, 

CSE-   ) ,    was not calculated due to lack of experimental data and 
^w ^fuselage 

is not included in this summation. 

At high incidence angles,  the wing and propeller terms dominate.    A break- 
down of the various wing contributions is also shown in Figure 2i(-b.    As 
the wing incidence decreases and the trim velocity increases, the hori- 
zontal tail provides the dominant term, as in a conventional aircraft.    At 
high incidence, that is,  low speed, the wing and rotor combine to produce 
a statically unstable aircraft    (My positive).    As the flight speed is in- 

creased, the effect of the horizontal tail increases and the aircraft be- 

comes statically stable.    The wing incidence angle at which    ~    has a 
Sw 

riaximum positive value is  strongly dependent upon the trim velocity corre- 
sponding to this incidence,  due to the increasing importance of the hori- 
zontal tail.    The horizontal tail contributions have been computed es- 
sentially neglecting the effects of slipstream velocity.    While this may 
affect the precise numerical values obtained,  it would be expected that the 
trend of   My   would not be significantly altered.    This theoretical vari- 

ation of angle of attack stability agrees with the general behavior of this 
derivative noted in Reference 9 for various VTOL aircraft. 

During the course of these computations,  it was also noted that there were 
nonlinearities in this derivative.    Figure 39 shows the pitching moment 
variation versus airplane angle of attack for various wing incidences.    The 
nonlinearity arises primarily from the change in direction of the wing lift 
with vertical velocity and is particularly noticeable near the incidence 
angle where the linearized derivative is zero.    In the actual case,  this 
derivative may be considerably more nonlinear than indicated,  due to 
fuselage and downwash characteristics. 

Figure 25 shows the variation of the pitch damping derivative with wing 
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incidence.    Contributions to the pitch damping of the vehicle arises from 
the following sources: 

M~^M ^wing     ^ ^ ^propeller     ^ ^ horizontal     ^ ** Aail 
tail rotor 

At high Incidence, the contributions of the propeller and tail rotor 
dominate and are generally rather small.    As the forward speed increases, 
the horizontal tail provides an increasing damping.    The wing provides 
only a very small contribution,  as would be expected.     It  should be re- 
called that the propeller damping arises primarily from the change in in- 
flow distribution and may be somewhat  overestimated,   since the change in 
induced velocity has not been included.    It appears,  then,  that any sig- 
nificant pitch damping arises from the horizontal tail, and that the rest 
of the components give generally negligible contributions. 

LOCUS OF ROOTS MD SENSITIVITY TO STABILITY DERIVATIVE VARIATIONS 

Using the  values of the stability derivatives calculated in the previous 
section,  the characteristic roots of the aircraft have been calculated 
[(using Equations (B-^),   (B-5), and (B-6)] and are shown in Figure 26 as 
a function of wing incidence.    The horizontal tail contribution to   IL 
has been neglected. 

At hovering and slow forward speeds,  the dynamics are similar to a con- 
ventional helicopter (Reference 11).    The modes of motion consist of an un- 
stable oscillation, a real convergence that is relatively fast,  and a slow 
convergence.     In hovering,  the vertical degree of freedom (vertical ve- 
locity) is uncoupled and is a slow convergence.    The other three roots com- 
prise a convergence and an unstable oscillation due to the coupling of 
pitch attitude and horizontal velocity.    As the horizontal velocity in- 
creases (wing incidence decreases),  the period of unstable oscillation in- 
creases and the oscillation becomes  stable, tending towards the charac- 
teristics of a conventional airplane phugoid (Reference 11).    The vertical 
motion becomes coupled with the attitude and horizontal velocity, and the 
two real roots coalesce and then break away from the negative real axis to 
form a well damped motion,  similar to the conventional aircraft short- 
period motion at low incidence angles. 

Since numerous assumptions have been made in the foregoing analysis, it is 
of interest to evaluate the sensitivity of the root location to variations 
in the stability derivatives.    In order to evaluate the variations in 
roots, each derivative was individually reduced to zero and doubled.    Care 
should be taken in interpreting these loci for zero values of the important 
stability derivatives,  since nonlinearities are present which will become 
more important when the linearized derivative is zero.    The resulting 
changes in the characteristic roots of the vehicle are shown in Figures 27 
through 31» 
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For clarity, the roots located on the negative real axis and computed for 
the Incremental valuer  compared to the basic values  of Figure 26 are shown 
on two additional "displaced" real axes so that they are not confuslngly 
superposed,   thereby making  It Impossible to discern their value and lo- 
cation.    Of course,  they are located on the abscissa of the original axis 
system at the appropriate values shown on the displaced axes.    Also,   In 
order to distinguish between the two oscillatory modes that occur,  one 
mode of motion Is  referred to as the unstable mode,   even though It becomes 
stable at higher trim velocities, and the other Is  referred to as the 
stable mode. 

Variation In Xu (Figure 27) 

Xu    Is most noticeable  in Influencing the damping of the unstable mode.    An 

Increase In    \\1\     Increases the damping.     It also has some effect on the 

comparatively rapid convergence.    It has only a small effect on the stable 
mode that appears at lower tilt angles. 

Variation In Z^,  (Figure  28) 

Increasing the magnitude of lift curve slope of the airplane    7^    increases 

the damping of the stable mode and has little effect on the unstable mode. 
A rather radical alteration In the general appearance of the locus occurs 
at low  Incidence angles  when    2^    Is  set equal to zero.    The association of 

the unstable mode with the classical phugold Is  less clear,  since as wing 
Incidence decreases,  this mode tends towards what would probably be con- 
sidered the short-period motion.    Physically,  the  zero lift curve slope 
would represent a rather unusual airplane. 

Variation In Mi  (Figure 29) 

Increasing    M.     In a negative sense (stable) at high Incidence angles re- 
8 

duces the Instability of the unstable mode as well as Increases the damping 
of the stable mode,  that Is,  It contributes favorably to both modes of 
motion. 

Variation In M^. (Figure 30) 

At high Incidence angles,  an Increase in the positive value (unstable) of 
My    causes a loss  in damping of the unstable mode.    At low Incidence 

angles,  the  Increasing negative value (stable)  results In a marked increase 
In the damping of the unstable mode.     Increasing the stable value of    My 

at low  Incidence angles causes a marked Increase  in the frequency of the 
stable mode,   as would be expected. 
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Variation in (Figure 31) 

Decreasing Mu causes a lengthening of the period and a slight increase 
in damping of the unstable mode. Increasing My causes a decrease in the 
period of the unstable mode. The term My was not reduced to zero since 
it causes a radical reorientation of tne locus. With Mu equal to ~ero 
in hovering, the attitude and horizontal velocity are essentially un-
coupled. A positive value of this derivative is typical of all of these 
vehicles near hovering. 

Variation in Zy and ̂  

The variations in 2^ and over the range considered were found to 
produce only small changes in the loci. 

GENERAL TRENDS OF LOCI OF ROOTS 

In order to understand more clearly the general tendencies of these loci, 
some sketches are given below considering only the effects of Mw and 
Mu, at fixed values of the other derivatives. The variations of these 
two derivatives dominate the general shapes of the loci presented. 

In the case where Mv = 0 and Mu is varied, the characteristic equation 
is approximately 

6 ^ (s - Z^) 
1 + — = 0 (U2) 

s(s - Xu)(s - Mg)(s - Z j 

and the root locus for varying My (indicated by the square symbols and 
solid line) is as shown in the sketch below: 

M* Increasing 
Nagatlvnly / 

(or M£) * (or X„) 
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un- For some value of    N^,    there are four roots    (- x,   , a + iuu)    and the 

coupled root    Zy,    which are shown in the sketch by the triangle symbols. 

Also,   in the sketch,   is a pair of  zeroes, which are  shown by the circle 
symbol.    When   My    is not zero the characteristic equation is approximately 

1 + 
^oMw   Q *u Vo   ^ 

(s  - Zw)(s  + X1) fs2 - 2a s + (a2 + u)2)1 
= 0 (^3) 

and the root locus for varying M^ is as shown by the dotted line 
(My > 0) and by the dashed line (My < 0). 

When the wing incidence varies, a family of loci results as shown below; 

Approilmot« 
Loeut  of  Roett 
Per     Trmtltien 

«\<* 

M*>0 
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The locus of roots of the unstable mode which result for the case when    My 
equals  zero during a transition is shown by a double dashed line.    At high 
incidence angles, the actual locus indicates a somewhat larger instability 
than the    My    equals zero case due to the small positive value of    My. 
When the wing incidence is less than roughly k(f , the unstable mode becomes 
markedly more stable because of the rapid increase of   My   with incidence 
in a statically stable sense (negative), as shown in Figure 2k. 

From this brief discussion, it can be seen that the transition from 
"helicopter-like" motions to "airplane-like" motions is strongly influenced 
by the sign and magnitude of   My.    For example, at    iw equal to 35 degrees, 
if   My    is doubled,  the dynamics will be very similar to those of a normal 
airplane; and if at    iw equal to 20 degrees.    My    is set equal to zero, 
the characteristic modes will be very similar to a conventional helicopter 
(Figure 30). 

The horizontal center-of-gravity location will influence the term    My    as 
the forward speed increases and the variation of wing lift with vertical 
velocity becomes  significant.    In the design stage, then,  some control over 
this derivative is available at higher trim speeds.    Various programmed 
tail incidence settings have been suggested for these aircraft, and it 
should be realized that if the tail is programmed in such a way that it 
inadvertently stalls at some forward speed condition, then a marked un- 
favorable change in    M^    can result because of the loss of the horizontal 
tail contribution (Figure 2k).    It may be difficult to estimate when 
stalling may occur due to lack of detailed knowledge of downwash angles at 
the tail.    The possible changes in this derivative due to stalling of the 
horizontal tail are of considerably more significance than any effects that 
tail incidence may have on   M^   because    My    has a stronger effect on the 
initial stages of the response. 

Figure 26 indicates a trend of the characteristic modes that would be 
physically expected in changing from hovering to forward flight.    That is, 
the unstable oscillation in hovering becomes the conventional phugoid mode 
in forward flight, and the two convergences present in hovering form the 
short-period mode in forward flight.    A somewhat more peculiar transition 
of the modes occurs if the lift curve slope    Zy    or the pitch damping    MA 

of the vehicle remains very small, as may be seen from Figures 28 and 29. 
In these cases,  the unstable oscillation becomes the short-period mode in 
forward flight and the two real roots become the phugoid.    This is proba- 
bly an unusual tendency since for any reasonable vehicle configuration the 
lift curve slope would increase with forward speed.    If the lift curve 
slope remains zero,  the airplane would certainly have peculiar handling 
qualities from other considerations.    Also, if the angular damping is 
small,.the dynamics would be poor. 

To summarize the results of this section, the following additional comments 
are made. 
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With respect to the unstable mode that becomes the conventional phugoid 
mode as the trim speed increases, the stability derivative Mu is very 
important in determining the motion characteristics, until flight con-
ditions are encountered where My becomes large. The large values of 
My (in this case iw s 2 ( f ) tend to wash out the effects of Mu. The 
damping of this mode is primarily determined by Xy and Mq. The angu-
lar damping Mq becomes less important as the period becomes longer. 

At low speeds, the other modes consist of two convergences; the large root 
is determined by Xy and Mq and the small root by Zy. It is a peculi-
arity of these aircraft at low speeds that IxJ > lMq|, which is opposite 
from the usual case of a helicopter (Reference 12). These two real roots 
combine to become an oscillatory motion as My increases with trim speed. 
This oscillatory mode is primarily determined by My , M^ and Zy , as 
would be expected on the basis of the conventional short-period approxi-
mation (Reference 11). 

COMPARISON OF THBORY AND EXPERIMENT 

Comparisons of the theory presented here and experimental data measured on 
a 0.10 scale model using the Princeton Dynamic Model Track are shown in 
Figures 32 through 36. A detailed discussion of the experimental results 
appears in Reference 20.'/-?l'-In particular, various nonlinearities appeared 
in the experimental results that are not considered here. 

The comparison of trim velocity and wing incidence is shown in Figure 32. 
The model exhibited higher trim velocities than calculated by the theory. 
Inspection of Equation (20b), which is an approximation to the trim ve-
locity/wing incidence relationship, indicates either that the flap ef-
fectiveness used in the calculations was higher than actually present on 
the model or that the wing lift curve slope in the slipstream is smaller 
than the theoretical value. 

However, as noted in the previous section, the horizontal velocity deriva-
tives are not particularly sensitive to the calculation of trim velocity. 
If the horizontal velocity derivatives are reasonably linear, then it is 
implied that they are not strongly dependent upon trim velocity. There-
fore, no attempt was made to improve this trim calculation before pro-
ceeding with the derivative comparisons. It is felt that considerably 
more detailed aerodynamic information would be desirable before proceeding 
into further specific investigations of this nature; that is, to decide 
exactly which terms are in error. 

For the derivative comparisons, only the force and moment variations with 
horizontal velocity are considered here since these were «n reasonably 
linear. The comparisons are shown in Figures 33, 31+ and 35. While the 
general trend of the derivatives is predicted, the agreement is not par-
ticularly good. The term Mu is predicted reasonably well in hovering, 
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but experimentally decreases  considerably faster than  the theoretical 
value.    The term    XI.     is underestimated  in hover and agrees  reasonably well 

at lower  incidence tingles.    The tenn    Z.,     is predicted reasonably well at 

incidence angles  above 6cP .    The general indications are that at high  incl- 

dance ancles,     -—^     is predicted reasonably well,  but that the prediction 

becomes poorer as  the  trim speed is  increased.    This  is probably due to the 
tenn arising from the lift curve slope variation which becomes  quite large 
at low incidence as well as  increased areas  of separation on the wing, 
arising from the  increase in average  effective wing angle of attack 

(Figure 5)'     Thus,   it appears that     —^    is  overestimated.     It  is also 
gU 

possible that the contributions of the horizontal tail to the derivative 
My are considerably different than indicated by Figure 23. That is, the 

slipstream may produce dynamic pressures at the tail that are considerably 
greater than free stream, causing larger effects than shown in Figure 23. 
The experimental values of My presented differ somewhat from those 

obtained in a preliminary analysis of the data made by LTV. Detailed 
analysis of the static and dynamic data (Reference 20) by Princeton indi- 
cates that My is negative in the vicinity of 6cP wing incidence as 
shown. 

The experimental and theoretical comparison of the pitch damping is shown 
in Figure 36. The theoretical and experimental comparison was made with- 
out tail rotor. The agreement with the general trend of this derivative 
is good. While at very low speeds, the percentage error is large, the 
actual derivative is so small that it is probably unreasonable to expect 
better agreement, and the correct order of magnitude is obtained. 

No comparison is made of the derivatives due to vertical velocity because 
of the nonlinear it ies appearing in this data. The majority of this theo- 
retical work was completed prior to a detailed investigation of the experi- 
mental data (Reference 20). Further remarks on the comparison of this 
theory with experiment will be found in Reference 20. 

. 
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CONCLUSIONS 

For the example configuration studied, a tilt-wing VTOL aircraft of the 
XC-1U2A class with double  slotted flaps,  and the assumptions made,  the 
following general conclusions are stated: 

1. In order to predict accurately the trim velocity/wing incidence re- 
lationship and the pitching moment required to trim during transitions 
of tllt-wlng VTOL type vehicles,   It Is necessary to have precise 
knowledge of: 

a. The aerodynamic characteristics of the wing/flap combination 
with the authentic slipstream/relative wind flow field 
representation. 

b. The aerodynamic characteristics of the horizontal tall, with 
attention to the downwash behavior and dynamic pr^ösure 
variations. 

2. Correlation with experimental data may  je poor because of the assumed 
values of the wing lift curve slope and the flap effectiveness.    It 
appears on the basis of the predicted "wing incidence/forward speed" 
relationship and the Importance of the wing contributions to the sta- 
bility derivatives    Xu    and    V^    that the assumed wing lift curve 
slope is too high in the wing incidence range between 7^   and W . 

Data available after this report was written indicate    that the assumed 
flap effectiveness did not correspond well with the experimental value. 

3. On the basis of the analysis, the propeller Inplane force and wing 
drag appear to have relatively small contributions to the stability 
derivatives. 

k.    The sllpstream/wlng lift variations dominate the changes in the vehicle 
stability derivatives at slow speeds.    The propeller thrust force vari- 
ations do give appreciable contributions, but they appear to-be rela- 
tively less significant when compared to the gross  changes in the de- 
rivatives caused by the slipstream/wing lift variations.    Tlftife''par- 
ticular relative proportion of changes Is due to some extent to the 
layout design or geometry of the vehicle studied,  but the example con- 
figuration geometry Is generally typical of tilt-wing-type aircraft. 

5.    On the basis of a limited comparison with experimental results from a 
scale model of the XC-1U2A, the Important stability derivatives were 
predicted quite well in hovering, and the general trend with decreasing 
incidence was predicted;  however, the magnitudes predicted are con- 
siderably in error for wing Incidences representing the region of 
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flight midway through transition (around U5 degrees). The assumed 
configuration is somewhat dissimilar from the scale model. 

6. Favorable effects on tne attitude stability (My) and pitch damping 
(NU) arise from the increasing dynamic pressure at the tall as wing 

incidence is reduced. 

7. The change in stability characteristics from "helicopter-like" dynamics 
at high incidence to "airplane-like" dynamics at low incidence is 
largely determined by the magnitude and sign of the attitude stability 
(My) of the vehicle. 
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RECOMMENDATIONS 

1. Further comparison of this theory with experiment is desirable. It 
would be valuable to pursue comparison of the expressions developed 
with various experimental data on isolated components available be- 
fore proceeding with further comparisons of complete configurations. 

2. Due to the increasing importance of the horizontal tail In providing 
favorable effects as the Incidence decreases,  experimental Information 
on downwash characteristics  in the vicinity of the horizontal tall of 
tilt-wing configurations is desirable. 

3. Consideration should be given to the importance of nonllnearities in 
regions where the linearized theory predlc*.;  derivatives near zero, 
as for example in the region where the alt     .de stability    (Mw) 
changes sign. 

h.    Since there Is at present considerable experimental information on 
the aerodynamic characteristics of wing-propeller combinations,  these 
data should be organized in such a fashion as to verify the se^ii- 
emplrlcal approach used to predict wing lift curve slope, or to suggest 
modification to the form used here. 
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APPENDIX A 

PHYSICAL PARAMETERS OF ASSUMED AIRCRAFT AND 
DESCRIPTION OF APPARATUS AND EXPERIMENTS 

ASSUMED AIRCRAFT 

W = 37,350 pounds 

Propellers 

N = 4 

R = 7.75 feet 

n  = 129 radians per second 

Wing 

S = 534 square feet 

t)w = 67.5 feet 

c = 8.07 feet 

AR = 8.53 

K = 0.5 

Horizontal Tall 

S   = l4o square feet 
T 

AR  =5.08 
T 

CT  =3.0 radian 

Tall Rotor 

R^, = k  feet 

n = 363.^ radians per second 
T 

a = 0.124 
T 

ly = 100,000 slug-feet squared 

CT = 0.153 

b = 4 

a = 5-73 per radian 

CT = 5*0 per radian 

Op = 0.0130 
o 

a0   = 0.027 radian 

~ = 0.333 (double-slotted flap) 
O 

I     = 24.3 feet 
HT 

I     =6.16 feet 
H 

^TR = 31'^ feet 

b  = 3 

a  =5-73 per radian 
T 
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The flap effectiveness Is shown In Figure 37.  1*ie angle of zero lift of 
the wing ia0),    the zero lift drag coefficient  (C_ ), and the pitching 

0 

moment about the aerodynamic center    (Cu )    are assumed to vary as shown 

with flap deflection.    The flap deflection Is programmed as a function of 
wing incidence (Figure A-2). 

Various geometric distances of the aircraft,    tny , ty , ^QP ' ^P ' 
are measured from the center of gravity of the airplane, as shown in 
Figure A-lb, are expressed analytically (in feet) af follows: 

which 

^OW 

W 

0.158 + (0.19) sin lw + (2.64) cos iw 

1.105 + (2.64) sin 1    + (0.19) cos i w w 

I    = - 1.06 + I 
OP ow 

3.75 + I w 

These quantities are shown graphically in Figure A-3. 

DESCRIPTION OF APPARATUS AND EXPERIMENTS 

The experimental results presented were obtained from a 0.10 scale dynamic 
model of the XC-142A tested on the Princeton Dynamic Model Track. 

Test Facility 

Hie Princeton University Dynamic Model Track is a unique facility, designed 
expressly for the study of the dynamic motions of helicopter and VTOL 
models at equivalent flight speeds of up to 60 knots (for a one-tenth scale 
model).    Basic components of the facility include a servo-driven carriage 
riding on a track 750 feet long, located in a building of cross section 
30 x 30 feet;  the carriage has an acceleration potential of 0.6g and a 
maximum speed of kC feet per second.    A detailed description of the x'aclli- 
ty and the testing techniques employed may be found in Reference 22. 

A model may be attached to the carriage by one of several booms.    One mount 
permits relative displacements of the model with respect to the carriage in 
horizontal and vertical directions, as well as allowing it to rotate in the 
plane determined by these two directions.    Horizontal relative motion of 
the model with respect to the carriage is sensed and used to command the 
carriage to follow the model in a closed loop fashion.    Similarly, vertical 
displacement of the model with respect to the carriage commands the boom 
to move vertically.    This servo operation of the carriage allows the model 
to fly "free" with no restraints on the dynamic motions being investigated. 
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This method of testing may be considered similar to dynamic flight testing, 
with considerably more control over the experiment possible. 

In addition to the dynamic testing as described above,     'atic testing is 
conducted by programming carriage movement in accordance with pre-selected 
velocity profiles at constant angle of attack.    Programmed angle-of-attack 
changes at constant velocity are also possible.    The model is rigidly 
mounted on v.he carriage and forces and moments acting on the model are 
measured with strain gauges.    Although these static experiments are similar 
to wind tunnel tests,  this facility offers the advantages of a 30 x 30 
foot test section with a uniform air velocity,  free from turbulence.    Pre- 
cise speed control over a range of speeds from backward flight through 
hover to forward flight is available. 

Model 

A three-view drawing of the 0.10 scale dynamic model of the XC-142A  is 
shown in Figure A-k, 

The fuselage is constructed of ein inner and outer Fiberglas skin, vacuum 
molded and bonded to a styrofoam core.    An aluminum box spar is the main 
structural member of the wing.    Mahogany ribs and a vacuum molded Fiberglas 
wing surface form the external airfoil shape.    Tue double-slotted flaps 
were constructed of low density styrofoam with a Fiberglas covering. 

The model drive motor is a 200-volt, toO-cycle,  three-phase electric motor, 
rated at five horsepower, mounted on & bulkhead in the fuselage.    Power for 
the four propellers was transmitted to a central transmission and from 
thence to right-angle gear boxes located in the wing by flexible shafting. 
A separate power take-off is used to drive the tall rotor.    Propeller gear 
boxes and housings were mounted directly on the wing spar.    The propeller 
blades were constructed of Fiberglas by the Hamilton Standard Division of 
■;he United Aircraft Corporation. 

Model control positions are set from a control console on the carriage. 
The model Incorporated electrically controllable blade angles on each of 
the four propellers.    The blade angle of the tall rotor is also variable 
to provide pitching moment trim.    Wing incidence, flaps, ailerons, and the 
horizontal tail are also power operated so that transition runs may be 
made with selected programming of all required controls.    All of these 
systems are closed loop position controls.    The response characteristics 
of each of these loops is sufficiently fast to permit study of automatic 
stabilization systems. 

• 

Static Data 

Measurements of vertical force (perpendicular to the free stream), hori- 
zontal force (parallel to the free stream), and pitching moment acting on 
the model near trim conditions    (X = 0)    were made to determine the static 
stability derivatives of this vehicle at various wing Incidences.    The flap 
deflection is given as a function of wing incidence in Figure A-2. 
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Fuselage angle of attack, propeller blade angle, and propeller RPM were 
held constant, and the carriage was programmed for a very small acceler- 
ation (at O.Olg's) such that the velocity of the model was varied about a 
trim condition  (X "0).    This velocity program was conducted at three 
fuselage angles of attack (o»0, a a  ♦ 150

# a as - 15°), one propeller 
rotational speed (4000 RPM), and one blade angle (17.5°) setting.    At a 
wing incidence of 40*, some data were taken at two other blade angle 
settings. 

Previous experience with this technique of quasi-static testing has shown 
that the derivatives are identical to those obtained from point by point 
measurements at velocity increments about a trim condition.    A considerable 
reduction in testing time is realized provided that the carriage acceler- 
ations involv«d are kept very small. 

The values of the stability derivatives determined from these experiments 
are given in Figures 32 through 36. Detailed consideration of these data 
may be found in Reference 20. 

i 
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APPMDIX B 

ANALmCAL EXPRESSIONS FOR STABILITY DERIVATIVES 

EQUATIONS OF MOTION 

The equations of motion with respect to stability axes for motions in the 
plane of symmetry of an aircraft (Reference 11) may be written as follows: 

m(u + w 0) = X(u,w) - W sin 6 (B-l) 

m(w . u e) = Z(u,w) - W cos 9 (B-2) 

I e = M(u,w,e) (B-3) 

Expanding the aerodynamic forces X, Z, and M in a Taylor series about 
level, unaccelerated flight, retaining only first-order terns, and 
linearizing the Inertia and gravity terms about G0 =0, u0 = V0, w0 = 0, 
result in the following: 

V m au y V m aw y 

v = Vn$ if Ite^n + f l&^v {B-3) u      v m au y      v m aw y 

e =^aM>+ri^>+ri^^ (B.6) 
viauy      ^law^      viaey 

The stability derivatives have been calculated using the following ex- 
pressions, based on the assumptions discussed in the text. 

STABILITY DERIVATIVES 

Resolving the propeller and wing forces in the horizontal direction as 
shown in Figure A-l, the X-force may be written as 

X(u,w) = T cos iw - H sin iw - Ls sin(iw - ae) -  Ds cos(lw - cve) + (x)f 

(B-7) 

76 

. 



Taking derivatives of the above ezpressioD, the borizootal force deriva- 
tives are 

5* = » cos i   - 52 sin i   - ^ sln(i   - a ) - 
au      »a w     du w     du we 

dD dar 
—S cosU   - or ) + L   cos(l   - a ) -£ - 
au v        e s w       e   Jo 

D8 sinC^ - ae) g-S - p V f (B-8) 

3X      ^T      .   .        BH _,_ ,        aLB 2i = 2i cos i    - 22 sin i  sinCl, - a_) 
a»   aw        w    aw       w   aw 

an a« 
^ cosily - ae) + L8 cosCl,, - «e) äf - 

D8 sinC^ - ae) g-S       (B-9) 

Resolving forces in the vertical direction, the Z-force is 

Z(u,w) = - T sin iw - H cos iw - LB co6(iw - aj ♦ DB sin(iw - ae)      (B-IO) 

and the Z-force derivatives are 

!5=.^8ini    -55 cos i    -—5 cos(i    - a ) + -2 sin(l    - o ) - 
da do w     an w     da w       e       du we 

ia aar 
L   sln(l   - a ) _£ - D   cos(i   - a ) —£ 

.    s     ^ w       e' au s        v w       e' aa 

(B-ll) 
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• ^ = - ^ sin 1    - HJ cos i    - -2 cos(i    - a ) + 
^w ^w w     3w w      aw w       e 

—S Ein(i    - cr )  - L    sln(l    - a ) —£ . D   cos(i    - cy )  —S        (B-12) 
ftw we s w        e    aw s w        e7  Sw 

The pitching moment acting on the airplane may be expressed as 

M = - T (,_„ + H -t_ + L   cos a    -t,, - L    sin a    ■?.„,. + D    cos a    t... OP P        s e    W        s e    OW        s e    OW 

sin ae tw - TT ^TR - 1^ ^ + (M)^ + (M^)^ + (M)f 

(B-13) 

The pitching moment derivatives are obtained by taking derivatives of 
this expression: 

aLS .     ÖL£ _    _      __ i + —-  cos a    L    -  —^   
^1 ' ' au 'OP ' au T5 ^u   e w ^u   e ow 
^M    aT ^  + ^H » + IIS cos a t - ^2 sin o t ,, + 

aDs aDs 3ae 
— cos cy (-  - — sin a -t - L sin a i,,   - 
Öu     e OW  au      e w   s     e W au 

aa a» aor 
L cos a ■l.,. —S _ D sin a,. -tA,T —= - D cos a -L. —2 - 
s     e OW au    s     e OW §u    s     e W ^u 

aV SR - aV fe + f-u (M)PD 
(B-lM 

aw 
oT >   an a   s    .   s ,   . — {-, + — i._ + — cos a -o - — sin o cÄ,, + aw OP aw P aw   e w aw   e ow 

ao       aD a« 
—= cos o   -t... - —S sin a   t., - L    sin a    <»,, —£ 
aw e    OW      aw e    W       s e    W aw 

a» 
s e   OW ^w 

a« 
'e  'OW aw     ' "8 

a» 
L    cos a   {.„,,    - D    sin or    i TI —^ - D    cos a    tT, —- + e   W aw 

Eq.  (B-15) cont. 
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aw TR 
ÜC -t  + 1 (M)  + ^ (M) 
aw  HT  9w   PD  aw v  f 

(B-15) 

^M = . ^T i  + äU ^ + —^ cos a ^ $ sin o    I      + 
BO  a6 op aö p ae    e w aö    e ow 

ao        an a» 
—-  cos Q' -t  - —-  sin a -t - L sin or I    —= 
ae      e OW  >.ü     e w   s     e w " ae ae 

acy ao ha 
L cos a   I      —- - D sin a   I      —-  - D cos a I    —- - 
s    e OW ^    s    e OW aö    s    e w a6 

aT, 

ae    TR    ae    «r    v^;rD 

(B-16) 

PROPELLER EQUATIONS 

Induced Velocity 

The average value of the propeller induced velocity may be expressed in 
terms of the propeller blade angle and the velocities at the propeller 
plane by eliminating the thrust coefficient from the momentum equation 
using the blade element equation for thrust coefficient. 

X.  + u X.   + 

V 
^ r.2iI5* (1 + V) - -i—1     i£r-2J5R(i + V) - -i—1 
^L3 2 2    J       4   L       3 2 2j 

J fx \2        2 
{\i   +  V)     + M- 

(B-17) 

This equation may be rearranged to give a foi rth order equation for X 

v2n ,2 

(B-18) 
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The derivatives of the Induced velocity are obtained from Equation (B-l8) 
as 

,x     i [as e       n . x 'il 

*   1 + i r-+ x/-i-iri 
f Lfl 1 r     J 

(B-19) 

5 L8 

Iraa      ,.   v  /l + u 

(B-20) 

Thrust Equations 

The blade element expression for the thrust (Reference 10, page I90) is 

•VT^R (1 + 3^) . Xl + 

2   L       3 2 2 
T = p n R2  (OR)2 22 r!£l25R (1 + 3^)   . XAlJ:-l (B.21) 

?   L       ^ 2 2    J 

This expression is written in terms of nondlmenslonal velocities perpen- 
aicular and parallel to the propeller plane (u,^). To convert to the 
velocities u and w used in the stability analysis, the following re- 
lationships are used: 

V sin lw + or) V cos(lw + cr)     ,   v 
u, =  ,    and     v =   =     (B-22) 

OR QR 

and w = V sin a    , u = V cos or    (B-23) 

Therefore, the relationships between derivatives are 

^   -v -v   ^ ■»   ^ sin(l + or)  ^ cos(i + or) 

au h\i.  3u  dv au  3n   OR      av   OR 
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•v    ■»,       -v    -v        -^    cos(i    + cv)      ,    sin(i    + a) 
L = Läi + L^ = L 

v . L w (B-2ka) 
aw    a^, aw   av aw    ap.      nR av      OR 

Then the thrust derivatives are 

ax. aT _ n „ nR3 ac 

ax 

[Geo.75R^ 'isr) ^^w^) 

IC1 + är)cos(iw + a)]    (B"25) 

ax, 

K1 + ^)sin(iw + cy)]    (B-26) 

(B-27) 

Inplane Force 

The expression for inplane force also is taken from Reference 10, page 198, 
with flapping terms set equal to zero: 

H = p . R2 (OR)2 f [ L + '±11  e0i75R ] .       (B.28) 
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The variation of propeller thrust with pitching velocity arises from the 
fact that the propellers are not located at the center of gravity of the 
vehicle. This derivative may be expressed as 

aT = aT^i + aTav = 

ae    ap, ae    av ae 



V 

•te- »• ** 
->»»»• HI« Mill I»—UU   fW» >«■» 1.1 Ui 11 m I |»B> 

The derivativer, are,  using transformation Equations;  (B-2'0 and  (B-2Ua), 

äH X,  + v H D2 /^x2 aa r//- 6 1      V „ >      Ö0.75R ^      U 
OX.   2in(i    + a) 

QR 

W^R V-L + ^iN^^i,.^) 
2 V        dv    / 

w 
nR ] 

(B-29) 

,2 ao v + X. 
M . p „ ^ (nn,^ | [{( L + -^i eo.75R ) 

6 
0.75R 

e0.7^R ^ ^ cos(iw +cy) 

2 ^ J OR 

ax^^ N sin(iw + a) 

^R J 

(B-30) 

(-.v) 

Pitching Moment Equations 

The propeller pitching moment, arising from the variation in induced ve- 
locity across the disc,   is 

M^ = ig p 0 c a R3 v1 
(B-31) 

where,  from Reference 8, 

V sin(i    + cy) 
-    =   V    f    ————————    \ 
1       0 V v. + V cos(ir + a) J 

v,   = (B-32) 

and the pitching moment variations are 

3u  16 Su 
(B-33) 

aMPD  b   0    R3 
3V1 

— ^ isp n c a R V (B-3M 
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where,   from Equation (B-3^), 

r av i 
5v         ^v          V sln(i    + a) sin(i    + a) \ v    - V  —2 

1 o     w w L  o ^V -1 

os( L, + a) i „        ,, v  2 
w I v    + V cos(i    + a) 1 Su 'iu    V     + V c 

(B-35) 

^v        ^v V sin(i    + a) V + v    cos(i    + cr)  - V    sin(i    + or) 
1 o  w          o w äw w 

^w ^w    v     + V cos( 1     +0') v    + V cos( i    + cr) 

(B-36) 

and from  Equations (B-21+)  and (B-S^a),  and using the definition of    \^, 

^v ^v    sln(i    + oO       ^V    cos(l    + a) o ^       o ■  v        ' o w        ' 

^u hp. OR ^u OR 

ax. ax. 
— sin( i    + or) + — co6(i    + a) 
op. w SD W 

(B-3T) 

av      ax ax. 
—2 =  —i cos(i    + a) i sin(i    + a) 
aw     atx w a^       v w     ^ 

(B-38) 

The pitching moment arising from an angular velocity about the hub is 

(MA) e'iD p ^ n n R5 

16 (B-39) 

when the induced velocity has been assumed constant, as discussed in 
the text. 

WHSIG EQUATIONS 

The wing is aspumed to be completely immersed in the slipstream, and so 
only those contributions are given. 
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Slipstream Velocity 

With the assumption that the wing forces are dependent upon the fully 
developed Induced velocity, the slipstream velocity is expressed as 

VR =nRv/(2X1 + u)
2 + nJ (B-h0) 

The slipstream velocity derivatives are 

hV       \ (2\    + u)  _i + J sin(i    + a)      (2\.   + v) *\ 
R     l-      1 du J w i . i.. . 

— = ■ +   (1 + 2 —)  cos(.i    + cv) 
au vR/nR VRP* *

V W 

(B.kl) 

av     r(2x   + v) —i + ^1 (2x   + u) ax 
_J = L 1 ^x J co6(       + a) 1   (! + 2 -i)  Sln(iv + a) 
*v vR/nR       

w     vR/nR     au 
(B-42) 

Effective Wing Angle of AttacK 

The  effective wing angle of attack In the slipstream may be expressed as 

_1 V sln(lv + a)        V sln(lw + a) 
a    = sin     äS     ' 1    VR   

J       h 

The effective angle of attack derivatives are 

da        8ln(l +0-)  V sln(l + a)   , äV,, 
 e _    w        w     1_ __R 
9u "  vR   '    vR ~   vR au 

Sa   cos(l + cr)  Vsln(i + a)   , ;w 
e _    w       _w  1  R 

aw   "      vR    ^ vR        ^aw 

(B.U3) 

(B.^) 
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where the slipstream velocity derivatives are given by Equations (B-Ul) 
and (B-te). 

Wing Lift 

The wing lift in the slipstream is expressed as 

Ls " 5 ' S CL,S     V* <°o + "a' (B-U5) 

L,S L,S      v    L       VR  '    w '      J 
where   C = C 

The derivatives are 

9L 

3 

L
S      1 ? ^e aVR 

~ = i p S CT  o      vR —^ + p S CT  q      (cy_ + a-) VR —2 - 

hC L,S 
TO 0 

i p S V± (a    + a )    

(ß-kC) 

_S = i p S C V"  —£  + i p S C (a    + a)   2V    —£ + 
^w       2 K       L,S        R 3w        2 L,S      v  o        e'      R aw 

e e 

i p S V,, (er    + a )    
2 R      o       e7      aw 

(B-U?) 

where the effective angle of attack and slipstream velocity derivatives 
are given above.    The lift curve slope derivatives are listed below. 

Wing Drag 

The wing drag in the slipstream is expressed as: 
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•-'       --«naNP* 

•1,3 

'bs<h,s: mtr ("o+ %'2] 'B-w' 

The derivatives are 

X,S 

SU L D,S      n AR o        e^  J    R au 

P s v2  £_    a    + cy )   -£ +  p S V2 L2 il 
RnARO        e'^u RnAR 

dC L,S a 

La    au 
(8-^9) 

Ü 
dw 

r L'S» pi       9VD 
p S    C      +  S- (or    + a r    V    -£ 

L I)'bo    n AR 0        e    -1    R 3w 

p S V, 
2 CL'S»e    ,       .^»e 

5C 

R TT AR 
(a    + or )   --S +  p S V 

2 («o + «e) L'Sa 

o        e aw n AR 3w 
(B-50) 

Wing Lift Curve Slope In Slipstream 

As discussed in the text, it is assumed that the wing lift curve slope in 
the slipstream may be expressed ae 

CL,S      = CL   b1 ' K) + K 
V cos(lw + 0- - ffg)- 

(B-51) 
"e a 

ec LA 

8u 
--   = CT 

co8(i    + a - a  )      V sin(l    + or - or ) 3a 

a 
_JL_ 

v, 
w e'  ^ e 

9u 

V cos(l    + a - a ) av 

,2 3u J 

(B-52) 
',, 
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L,Soe n      vf ' üin(Ly + a - ae        V sin(iw + a - ae) dae 1     = w  K       ' ' + ————————— — - 
Sw    ^  L        VR VR      aw 

V cos(iw + a - Cye) aVR -| 

(B-53) 

TAIL ROTOR EQUATIONS 

The calculation of the tail rotor forces is based on the same assumptions 
as used for the propellers. 

The nondimensional velocities perpendicular and parallel to the plane of 
the tail rotor (taken parallel to the fuselage reference here) are / 

T  (nR)T 

vm = -V f- V sin a + e V : em V + 91    1 OB-56) 
T  (fiE)TL T     TR.J 

The downwash angle, c« , arises from the lift of the horizontal tail and 

is expressed as 

2CT 
a, 

e T 
T  TT AR^, 

Ca + it - e) 

The relationship between the derivatives with respect to the velocities 
used in the stability analysis and the derivatives taken with respect to 
velocities perpendicular and parallel to the plane of the tail rotor is 
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au anT au  avT au 

aTT aTT a^ + ^ ^ 

a7 anT aw  avT aw 

ae " a^T ae  avT ae 

(B-57) 

(B-'38) 

(B-59) 

where, from Equation (A-5'+)> 

i 

■^ 

(B-60) 

^T  .TT £ (OR)2 ^f-i (1 + ^)1 (B-61) 
_i = p TT R-J, cnR,T 2  L  2 v      avT  

J 

ax 
where 

ax 
T        T _^ and — can be calculated by the same method as that of 

the propellers. 

■Hie transformation equations are 

a^ = _i__   ^   a^ 

au  (nR)m      aw 
= o ae 

(3-62) 

au  (nR)_ L     v av av ^      1 -J 
(B-63) 
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aw  (aR)T L    v ^w ^w yj 
fB-6lt) 

96 (nR)T  ^ 

ÜT = 

-2CL 
ffT3e 

äu TT AR      Bu 
T 

(B-65) 

(B-66) 

" 2CL 
^T =  ^T f  1 ._ ^ 
9w     TT ARm T 

(;-,-:) (B-67) 

The inplane force of the tail rotor aad the pitching moment of the tail 
rotor about its hub are neglected. 

HORIZONTAL TAIL EQUATIONS 

The horizontal tail lift is expressed as 

The derivatives of this expression are 

-3 = p S C   (o + i - e) V - i p V2 S C   |S     (B.69) 
9u     T 1^ v    t        2     T La au 

T T 

T 
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where 
2C 

e  = 

'L,S^ 

n AR 
-   VR (l - MQ ?

R (a0 + *e) (B-72) 

2CT ^V. 

^u        n AR 
e+Wi__R^  (%+(.e)l     (B.73) 

2C 

^w        n AR      ^ T 7 L   V    ^w V ^V    J 

The drag of the horizontal tail  is  neglected. 
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assumptions made in the analysis.    The contributions of the various aircraft 
components and the aerodynamic interactions of the components to the stability 
derivatives are discussed,  as well as the  changes  in the characteristic modes 
of motion of the vehicle that result from variations in the stability derivatives. 
The trim conditions of the vehicle are shown to be quite sensitive to the 
prediction of the flap characteristics. 
A limited comparison of the calculated results with experimental data obtained 
from a dynamic model of the XC-l^SA,  which is somewhat dissimilar from the 
assumed configuration,   is presented.    This  comparison indicates that the trends 
of the stability derivatives are correctly predicted.    The agreement between 
theory and experiment is good in hovering;  however, as the wing incidence is 
reduced, the difference between theory and experirent becomes quite large. 
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