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IMPEDANCE OF A FINITE INSULATED CYLINDRICAL ANTENNA IN A COLD PLASMA WITH A
LONGITUDINAL MAGNETIC FIELD
by
Janis GaleJs
Applied Research Laboratory
Sylvania Electronic Systems

A division of Sylvania Electric Products Inc.
Walthem, Massachusetts 02154

ABSTRACT

A variational formulation is developed for the impedance of a finite cylind-
rical antenna embedded in & dielectric cylinder, which is surrounded by a magneto-
ionic medium (cold electron plasma) with the static magnet;c field impressed in
& direction parallel to the antenna axis. Closed form expressions are obtained
in the 1imit of low frequencies, and for short antennas in a uniaxial medium.

The impedance of a short antenna is nearly the same as for an assumed triangular
current distribution, except that further resonances are observed in the vicinity
of the gyro frequency, where the antenna becomes electrically long. These
resonances may be shifted to frequencies exceeding the gyro frequency in the
presence of an insulating layer around the antenna. For very thin insulating
layers the wave number of th variatiqnally approximated current distribution is
to the first order equal to JP_ k (e is the leading diagonal element of the
permittivity matrlx), where the gyro frequency may be both smaller or larger

than the plasma frequency. However this apprnximation does not apply to current
distributions along the insulated antenna. The present calculations are also

compared with earlier work on antenna impedances. ,
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Impedance of a finite insulated cylindrical antenns in a cold plasma with a
longintudinal magnetic field

by
Janis GaleJs

1. INTRODUCTION
A large number of authors have been concerned with radiation from various

sources in a magnetoionic medium.l'la The impedance of a short current element

13-15

has been considered using the quasi-static approximation, and integral

expressions for the radiation resistance of elementary antennas have heen
developed.16'26

The impedance of a linear antenna has been also considered, but there are
numerous discrepancies between the results of various investigators. The imped-

ance of the cylindrical antenna with an arbitrary directed static magnetic field

has been computed by Ament et a!o.l.27 for frequencies above the plasma or cyclotron

frequencies. This impedance formulation assumes that the current distribution
along the antenna is sinusoidal with an assumed vave mmber. Staras28 has computed
the impedance of a short antenna (vhich is either parallel or perpendicular to the
static magnetic field) 'based. on the concept of a volumetric current distribution '
vhich is selected such that the evaluation of the impedance integrals is reasonably
practical. Numerical results are presented only for frequencies which are much
lower than the plasma or the cyclotron freéuencies , and for thin antennas parallel
to the magnetic field the antenna reactance is inductive and it is 1-1/2 to 8
times larger than the resistance.

Antenna impedance is also discussed in two recent reports. Brandstatter
and Pen1c029 consider an arbitrary direction of the static magnetic field, and

assume that the antenna current can be represented as the sum of two sine waves.




The complex vave mumbers for these two trial functions are the same as for the plans
vaves (ordinary and extra-ordinary) ' propagating along the antenna axis. Only

numerical results for frequencies which are much lower then the plasma or

Bess eave DR

cyvelotron frequency are presented. The antenna reactance for an orientation

parallel to the static magnetic field is less than 102 Onms for antennas of the

A— -

length from 10 to 30 meters at the frequency of 18 Kc/s and the resistance part
of the antenna impedance is 3 %o U crders of magnitude lower. This seems to be l

in contradiction with the results of Staras.28 Ament et al.3°

also consider an
arbitrary direction for the static magnetic field. It is indicated that the :
antenna impedance is capacitive for antennas parallel to the magnetic field in !
the VIF range. For the antenna parameters investigated by Brandstatter and
Penicoz%he antenna impedance exceeds 1000 Ohms in magnitude (Table 2) , and the
impedance has a significant real part. Some further calculations (Table L) show
also an inductive impedance. Based on the stationary character of an approxi- 5

mate impedance expression Ament et al.ao

obtained a simple estimate for a
propagation coefficient of the current distribution along the antenna. However
in the low frequency limit this impedance expression differs significantly from

quasi-stationary impedance expressions derived by others.15

The discussion above indicates that further work is.needed to clarify the '
impedance characteristics of antennas in a magnetoionic medium. The impedance of
a linear flat strip antenna in the presenée of an arbitrary stratified isotropic
dielectric has been computed recently, and these results have been compared with

experimental data.Bl

In the present paper a basically similar variational formu-
lation will be applied to a cylindrical antenna geometry. The antenna current is
assumed to flow along the surface of a cylindrical shell of length '2 £' and
radius 'a', which is embedded in the center of a dielectric region of radius 'b'

within a magnetoionic medium with the static magnetic field in a direction parallél

to the antenna axis. The dielectric cylinder is assumed to be either an actual

[
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dielectric or to approximate the effects of an ion sheath around the antenna.
Such a region, depleted of electrons has been shown to affect the antenna caaracter-
istics particularly for frequenciés below the plasma frequency.26 The field
expresci- =+ in the anisotropic medium are derived using one dimensional Fourier
transforms. The considerations are restricted to a slightly lossy medium and

the radiation condition requires only that the fields are exponentially #ttenu-
ated at large distances from the sources. The fields are expressed in terms of
Bessel functions of complex argument and the antenna impedance is formulated
after satisfying the boundary conditions at the surface of the current filament
and at the interface between the dielectric and the plasma. The antenna impedance
is computed using a two-term trial function for the antenna current. The trial
functions are assumed to be two sine functions which will be specified in the
later discussion. For antennas of finite radius the impedance is made available
in numerical form only. However for vanishingly thin antennas closed form
expressions are derived, in the low frequency limit, for short antennas in a
uniaxial medium, and for half wave antennas in free space., 'The numerical results

are compared with the earlier work of others on the same problem.

2. FIELD EXPRESSIONS IN THE COLD ELECTRON PLASMA MEDIUM
Assuming a (suppressed) exp(-iwt) harmonic time dependence of the fields for

a source free medium the electric and magnetic vectors E and H satisfy the

Maxwell's equations

VxE = dw H (1)
VxH=-due ¢.E (2)

where My and €, are the permeability and permittivity of free space respectively.

For a z-directed magnetic field the dyadic permittivity is of the form tradition-

ally used in the classical magnetoionic theory,




[~ 6 ie, 0
€= | -le, ¢ 0 (3)
__0 0 e3 K
where 2 ( )/
W wiv)/w
e =1+ -22 5 (L)
w S - (whiv)
2
w " w /w
€ = - 5 E_% 5 (5)
w,~ - (wtiv) :
a 2
€3 = 1= oy (6)

vhere v is the effective collision frequency and where the plasma frequency wp
and the cyclotron frequency w, of electrons are defined in terms of the electron

density N, charge e, mass m and the applied static magnetic induction Bo as

wp2 = eQN/(meo) and W, = IeIBo/m. Because of the symmetry of the excit~tion the

field components will be independent of ¢ and they are related to their Fourier

transforms over the z coordinate by

Fyy(e,2) = 51;; f Fyy(pp%) eI¥% aw (7)

-l

vhere F = E or H, 1 = p,% or z and where subscripts j denote particular modes of
propagation. A substitution of (7) into (1) and (2) gives the following relations

between the transformed field components

i B o= - dv o8 (8)
tou By == £ +wE (9)
g B, =2 2 (0 F,) (10)
-iw Hy = - dwe (e Ep + ie, E,) (11)
iw ﬁp - 553 ﬁz = - lue (-iee Ep + g EO) (12)
% g% (o Hy) = - iue €, E, (13)




vhere the arguments (p,w) and the subscripts j have been omitted. The transverse

field components of (8), (9), (11) and (12) can be expressed in terms of 'E-z and }-{'z

as
= _1f 2 _ .2 d = 2 =
Ep— DL- (elko -W)iWaB Ez+mo eeko &'Hz] (14)
= _1[ . .2 23 = 2 2y d =
E, = § I eeko V35 E, + imo(elko - %) » Hz] (15)
= _ _W 2.0 = 2 2y 0 =
Hy —_wuoD [- ek " v > E, - iun (elko - W) 5 H :l (16)
= 15 2 2 2y/0 = 20 =
H, = iqu{[D+w (elk -V )]ESEz"'iwoezko &HZ (17)
where
2
2 b 2 2
D= e k_ -((lko - W) (18)

and k = “’J“o‘o . Substitution of (14) to (17) into (10) and (13) glves two

coupled wave equations

2 2 2 = 2 - 2 -
[-D+w (elko - W )]0 E, + ezkowiwuot) H, =k_ eBDEz (19)
2 = 2 2\ AT =
ek W by E, + iwuo(elko - W )&Hz =iwp DH (20)
where the operator-e is defined as
19
ﬁ = o % (o T ) ] (21)
Substituting & ﬁz of (20) in (19) 'ﬁz is related to Ez by
iwuewﬁ'=ebﬁ+e(ék2-w2)ﬁ (22)
o 2 2 d "2 3 Y Lo 2

This equation for I-{'z can be differentiated and substituted in (19) which glves

the following fourth order differential eq:ation
2 = - -
ad E, + bﬁEz+cEz=o (23)
vhere

& = ek - (21)




b= k02 [k,oa(el2 - ¢22 + '1‘3) - v2(e1+ e3)] (25)

2
c = e3ko D (26)

After carrying out the differentiations indicated by the operator (2].), the
resulting equation can be exhibited as a sum of a fourth order differential
equation and a second order differential e=quation (equations (4.26) and (2.162.1a) -.
respectively of Kamke32 ).Both differential equutions have ‘the Hankel functions of
order zero Ho(“‘)(sp) as common solutions (m = 1 or 2), if 52 satisfies the quad-
ratic equation

ap” - b + ¢ =0 (27)

The arguments of the Hankel functions for both differential equations become

identical and the solutions of (23) have the form

B, = 3() 5™ (8o) (28)

This result can be verified by direct substitution of (28) in (23) when noting

that &) Ho(m)(Bp) = . g° Ho(m)(ap). The solutions of (27) are given by

binz-hac

g° = — (29)

For w = O the above solutions B correspond to purely radial wave propagation in

a direction transverse to the z-axis. The two solutions of (29) are now simplified
to 2 :
g = { EL (30)
(e12 - e22) koe/ €
Following a convention used in the pastethe solution with a plus sign in (29) which
gives of = e3k02 for w = 0 is denoted as an ordinary wave (subscript j= +) and the
other solution is denoted as the extraordinary wave (j= -). The B = O solutions

of (28) represent plane waves propagating in the z-direction with wave numbers

wi =k Ve, + € (31)

£1.206
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In the presence of strong magnetic fields € = 0, and the anisotropic medium

becomes uniaxiai with “ £ €,. The tvo solutions of (29) become

B, = &5k ® - ¥/e)) (32)
B = elk°2 - v (33)

Equations (32) and (33) apply also to isotropic media when €,=0 and €©g=¢ .
The ordinary wave (32) corresponds now to ™ field components which satisfy the
vave equation (19). The extraordinary wave (33) has TE field camponents and it
satisfies the wave equation (20). Obviously there is no coupling between TE and

™ mbdes vhen ¢, = 0., For a lossy plasma 62 will be generally complex and the

2
sign of B can be determined from the requirement that field components should

decay for large values of p. Im(B) should be positive if Hankel functions of
the first kind (m=1) are used for the solutions (27).
In an anisotropic medium with finite magnetic field "2 ;4 0, and the field

for a given mode J are coupled. The coupling iz character-

components 'ﬁz and ﬁz

J J
ized by the admittance

H
YJ = :'z"l (3u)

E,j

It is compvied after substituting (28) in (22) as
2 2 2
Y, = .- X el(EL-e3k°)+e3w (35)
J fwm €V .
2 ' =

Substituting (29) in (35) and letting >0, Y ~¢ /e2 -0and =0

due to an excitation by 'F-Jz , + Similarly it is ceen that |¥ | +w and i!'z_ =0
due to an excitation by 'ffz_ » 88 can be also anticipated from the weve equations
(19) and (20).

The antenna is approximated by a cylindrical current sheet of surface den-
sity J of radius "a" and total length "24." The transform of the current density

Jz(p,z) is denoted as :T'z(p,w). This current sheet is embedded in a dielectric




cylinder of radius "b" and of relative dielectric constant ¢ The dielectric

10
cylinder 1is surrounded by an electroh plasma with static magnetic field impressed
in the direction of the cylinder axis (z-direction). The axial field components

are assumed to be in the following form

Region I for 0<p<a
ﬁ;l = B, Jb(aip) (36)
Region II fora<p<b
E, = B, [Ho(l)(ﬁio) * %ﬂo(e)(ﬁip)] (37)
Hyp = Ay I,(840) (38)

where the expression of iz remains valid also in Region I for 0 < p < a.

2

Region III for b <p

B, = Z By, no(l)(adp) (39)
3

f,, }; ayy B (,0) (10)

vhere B, =Jelk02 - v  and BJ is given by (29), J = + or - , and where Jn(x)

is the Bessel function of the first kind of order n.

The amplitudes Ai’ Bl’ B2, B3J and A3J are also functions of w. The field
components E.
(17). The field components E

5 and ﬁ¢3 are computed after substituting (39) and (40) in (15) and

o1’ Eoo, Hyy o0 Hy,

in (15), (36) and (37) in (17) and by noting that ¢, =0 and ¢ = €3 = ¢ in
the dielectric region. The boundary conditionms, ﬁ.a- ﬁol = Ezand continuous

are obtained substituting (38)

Ezl = Ezgat p = a can be combined to eliminate Bl' After employing the appro-

priate Wronskian this procedure results in

J 3

2 35 (By) (-B, + By Ry)

(41)




Eliminating A, from the equaticns of ﬁ. and H_ continuity at p = b

(1(p.v) ()5 )

" .
g BBJ[YJ—JO(—B—i—gT +leH1—|I-l-($T-]=o (42)

Continuity of ﬁ. at p = b leads to

2
€.k
i"o (1) (2) Z (1)
e B, [nl (B,b) + R H, (Bib)] +) Byyby H (B ) =0 (43)
J
Continuity of ﬁz at p = b glves
(1) (2) (1)
Y [no (8,0 + RE o) | +) 5,8 Wip ) =0 (44)
J
The symbols 8, bl j and b2 3 are defined by
b,:leiko2 .
iwp n B, &
o i
b i top (ek ° - wo) Y, + ek 2w (46)
1y~ TwsD Mol 1% 37 %% -
B b, 2 2 22 2
b2J = -]-51 [ko (e2 - ) + ek W - dwu ek W YJ } (w7)

with D defined by (18). The four equations (41) to (44) contain 4 unkncwn

amplitudes B,, B.R and B

bs BoRyy B, %
formed current density -‘Tz . The antenna impedance will be specified in Section 3

y which can be uniquely related tc the trans-

in terms of the axial electric field Ez at the surface of the cylir{drical current
filament. A straightforward, but lengthy algebraic manipulation shows that

E &t p = a is related to -J'z by

z2
Bz & %o %h
3 1%~ %%
where
% T luafal T Byl (49)
% " Pty T %% (50)




@y = 8 J,(8,0)/3 (8,2) (51) )
@, = 87 (8,b)/7 (B,2) (52)
¥ =2t L J(848) Y (B,b) - Y (B,a) J_ (B,D) ) (53)
Y, =21 I J (8,2) Y,(B,b) - Y (B,8) 3, (B,b) | (54)
(1) (1)
H \“/(B,b) H'~/(p,b)
alJ = YJ %O(EF";—- + le %‘B_ib-;_ (55)
8py = Dy Hl(l)(BJb) (56)
8y = (ek 2/8,) no(l)(an) (57)

and B, le’ b2J are defined by (45) to (47). Yh(x) is the Bessel function of
second kind of order n. F(w) of (48) is a complicated function which involves
a number of Bessel functions. For uniaxial anisotropy (wd* w) when e, =0, (48)

can be simplified considerably. It was indicated earlier that Y;-* Oand Y - =

if €, + 0 . Applying these conditions and noting that B_1is given by (32), (u48)

is changed to

2 (1) (1)
e By Jo(Bia) €38y Hy (B+b) Y - eBH (B+b) Y
b wee

F(w) =
o't -e8F Mo D) 3(8p) + 8,5 i) 7 (8,0)  (58)

F(w) depends only on the wave number B+ of the ordinary mode, because the TE

field components of the extraordinary mode are not excited with €, = 0. For a !
'

finite current Iz = 2na Jz finite values of the radius 'b' and a vanishingly

small radius 'a' of the current filament !
'ﬁz 'E’z 1512 i
- = — R - m Yo(Bia) (59) M
B 2na J ol
2 2
The field Eé is now proportional to Yg(Bia) which becomes logarithmically i

infinite as a » 0.

10 ‘
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3.0 ANTENLA IMPEDANCE

The driving point impedance of a cylindrical antenna which carries a
z-directed current may be computed from the expression
2ra [ E_J dz
z 2z

[1(z =0))°

% =

(60)

where Ez is computed at the surface of the current filament. Z of (60) is
stationary with respect to small changes of the surface current density Jz
or of the current I(z) about its correct value3l. J, is assumed to be an even
function about z = 0, Substituting the Fourier integral representation (7) for

Ez(z) and interchanging the order of integrations it follows that

Z == m f aw 'E':z (w) f Jz(z) cos wz dz (61)
z
0 [} 2
o= m f dw F(w) [f Jz(z) cos Wz dz]
z

vhere F(w) is defined by (48) or (58). The antenna current density is assumed to

be representeble by the trial function

5 (2) = A sin[kA(z-Izl) ] B sin[kB(z-lzl) ] (62)
Substituting (62) in (61) it follows that
A2 7AA+2AB7AB+B2 7BB
Z = 5 . (63)
(AFA + BFB)
where
Fio = sinkyt (64)

dw F(w) gN(w) gM(W) (65)

§‘£
mIm
dL\"B

£ 3
gN(w) = f sin I:kN(z-z)]cos wz dz = k;N 5 (cos wg-cos k.Nﬂ) (66)
0 e
with N, M = A or B.
11




The impedance (63) is a function of the amplitude ratio of the two trial
functions (A/B). Because of the stationary character of (60), the optimum

ratio (A/B) is determined from the condition dZ/d(A/B) = 0. This leads to

y -y
s . 7313::1\- AB'B | (67)
ATB = TasfA
and o
Y iaTem = 7
7 = ~AAEB AP (68)
A
with
A F2 Yaq = 2F F Y, + F2 y (69)
B 7aA AB BB

The impedance can be also computed for a single term trial function by setting

B =0 in (63). This gives

7z . LA (70)

s FA?
The impedance formulation (68) which uses the antenna trial functions
(62) becomes inaccurate for very short antennas when the two terms of the current
distribution are linearly related (i.e. sin kBi = (kB/kA) sin k,z vithin the
computer accuracy). Inaccuracies can bé also anticipated for longer antennas if
FA and FB approach zero simultaneously. In these cases gine and shifted cosine

functions31 have been used (w > 1.9 ub in Figs. 3 to 5, w Qp in Pig. 8).

4,0 IMPEDANCE OF A THIN ANTENNA WITHOUT A.DIELECTRIC LAYER
For an antenna without an insulating shell, b-a, Y of (53) is zero and

¥. of (54) represents a Wronskian. In the limit of e*o the second term of a

1 1]
predominates and it follows that F(w) of (48) can be expressed as
) Ho(l)(B a) ( )(B +8) o
Flw) =d -d_ 71
*ou (e a) ”(aa)
12




iwg b
4, = 22 (72)

J -
by4Pa. = By by

and le and bEJ are defined by (46) and (47).

.1 Quasistationary approximations

In the low frequency limit ko-' 0, and it will be assumed to be negligible

relative to the integration variable w in all of the previous expressions. The

2
J

d_= wuow/ ( \/eBel kg ) . The antenna impedance is computed from (70) with k

wave numbers B, simplify to BE = - w2 € /e and Bz = - w2 which makes 4, = o and
+ =0 - ’ +

Aof

the trial functions approaching zero. This results in

N 2
7= o2y [ aww(f e (73)
nal o w

Substituting the above values of d_end d_ in F(w) of (71) end applying the small

argument approximations of the Hankel functions

[+ o]

3
- .___.__212 5 f 5—;—’- (1-cos wz)e[]_og W + log (% \ 233? >+ C] Vs

2 = -
weoeln £ o
where C = 0,57721 ... is Euler's constant. The integral can be evaluated to give
1 2 1 !
Z —————[log(—>-l+-log—] (75)
5 a 2 €
we e, 1l 5

Z of (75) is the same as the quasi-stationary approximation (63) of Balmain,t”
It will have a resistive component even for a lossless medium if el and e3 have

different signs.

4.2 A short antenna in a uniaxial medium. ikoz << 1)

1 2
(32) and (33) in (72) shows that a_ =0. F(w) of (71) is simplified to

In a uniaxial medium €. =1 and €, = O, and the substitution of ,‘3? of

o (k ® - ) Ho(l)(a+a)

Flw) = (76)

rjo

k B

(1)
o '+ Hl (B+a)

13




which can be also derived from (58). Substituting (76) in the integral of (70),

assuming k, = ko and koz << 1, and using the small argument approximations of the

A
Hankel functions the real part of the impedance Zs is computed as

20 (k £)2 for w > w
{601:/(1( £) for w < w, (77)

This expression for the resistance (77) has been obtained also by Sesha.c'i::':i.'a5

The imaginary part of Zs is computed as

Xs wemz[ g( > l--log|e3|] (78)

vhich is valid for short antennas at all frequencies.

The quasistatic approximation (7‘.) gives the same Rs and Xs values as
(77) and (78) for w < Wy This similarity between the quasistatic approximation
of the antenna impedance and the impedance of a short antenna in a uniaxial

medium has been discussed recently by Mittra.3 3

4.3 The half-wave antenna in free space.

In free space 62 = k2 - w2 and applying the small argument approxi-
+ o !

mation of Hl(l)(x), (76) simplifies to

F(v) = - :a:ug (kf - W >Ho(l) ( ,}koz =% a> | (19)

o}

For a half-wave antenna £ = /4 = n/(2 ko), k, of the trial functions (62) is

set equal to k_and the ar.cnna impedance is computed from (70). This results in

2 TW '
o dw cos <—
W 2K
TN i LL G e RS

k=~ -w
o) o)

In the 1imit of a = o the real part of (80) is given by

14




-~‘---

wuo ¥ (o]
b1 2
o k - W

which 1s equal to 73.1 Ohms following equations (36) and (37) of Calejs.o- The

imaginary part of (80) is computed as

2 W
k dw cos (-—)
ey DL g B )
ImZ—T 5 Y k - W a
X o o /
o
2(1tw
2wuo © dw cos 2ko> = =
+ =3 f 7 K (,’ W -k a) (82)
o]

b4 k w

where Ko(x) is the modified Bessel function of second kind and of order zero. In
the limit of & - o, small argument approximation of the Bessel functions can be

applied to both integrals and (82) simplifies to

cudwcose<-’51'—
2k

Wit
Im Z = 20f = 20 [103|1-1‘-:_|+1og(1+1‘-:—>] (83)

b1 k  -w (o} o]
o] o)

This is equal to (-42.5) Ohms following equation (39) of Ga.lejs.Bl The numerical

velues of (81) and (83) may be recognized as standard results of antenna theory.

5.0 DISCUSSION OF NUMERICAL RESULTS

5.1 Uniaxial medium

The magnetoionic plasma degenerates into a uniaxial medium with € = 1

and ¢, = O in the presence of strong maegnetic fields (Qc = wc/wp -+ »), For such

2
a medium the antenna impedance is shown in Fig. 1, where the left-hand scale of
the resistance applies for w < wp and the right-nand scale for w > wp. The
calculations are made for antennas of length X/20 and, x/lO (indexes 1 and 2) and
for very small (b -a < 10'“ A) and for larger (b -a = 1/100) radii of an insulating

layer around the antenna (indexes p and 1i).
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The antenna radius a and length 24 are such that fi =2 log (24/a) = 8.
The medium has slight losses with an average collision frequency v = 0,001 wp.
The resistance is nearly constant for w > mp, increases suddenly near w = wp and
reaches its maximal value for w < wp. The resistance decreases gradually for lower
values of w or higher values of wp. The resistance is yroportional to 12 for
w > wp and is inversely proportional to £ for w < mp. The reactance is capacitive
for the frequency range indicated in Fig. 2, and for a lossless plasma it becomes
logarithmically infinite at w = wp. The reactance is decreasing for higher values
of wp, and it will become inductive for sufficiently large values of wp. The
same general impedance behavior is also observed from the approximate impedance
expression (77) and (78) which are indicated by thin lines in Fig. 1. An insulat-
ing layer around the antemna of b -& = A/100 (index i in Fig. 1) has little effect
for frequencies w > wp, but it tends to decrease the resistance and to make the

reactance more capacative for w < wp. '

5.2 Antenna resistance in a magnetoionic medium.

The antenna impedance can be calculated from (70) for an assumed sinu-
soidal current distribution which becomes triangular for short antennas. The
real part of the computed impedance is shown in Fig, 2 for an antenna of length
L = c/wp (2 =2/(2n) at w = wp). The antenna has a finite radius (9 = 12.5) and
the surrounding medium has also slight losses ( v/wp = 10'3). The calcula-
tions are made for a plasma of nc = wc/wp = 0,5 and 1.5. The resiséancc has a
large but finite peak at the upper hybrid résonance frequency wu ='ch2 + wp2
which is indicated in Fig. 2 as Qu = wu/wp. The radiation resistance becomes
large for small and large values of w/wp. The radiation resistance of a current
filament with an assumed triangular current distribution has been computed recently
by Seshadri22 for a lossless medium. These data are indicated by thin lines in

Fig. 2, and they agree with the present computation in particular for the lower

frequencies. However for & lossless medium and w, < wp'Jé the resistance is
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equal to zero in the frequency range w, <w< w,

The resonance peak observed for w, = 1.5 wp at w=ub is higher for a lossless medium

and the two sets of calculations differ significantly for higher frequencies where

) where w, = 0.5 (-wc +-Ju§ + hwg Vs

the triangular current distribution becomes inaccurate. However, the assumed sinusoidal
current gives & high resistance for £ = x/e ( or near w = BQP).

5.3 Antenna impedance

The antenna impedance is computed next using a two term trial function

(62) with k, = kB/2 =k . Such trial functions can be shown to be adequate for
impedance calculations in free space if the antenna length is not near a multiple
of X/2, and they will also indicate the frequency ranges where the electrical
antenna length becomes large in a magnetoionic medium and where further resonances
may be expected., The calculations of Fig. 3 are made for the normalized gyro
frequency nc = wc/wp = 0,5 and an additional resonance is observed for frequencies
w which are somewhat less than W, s if the insulating layer is of negligible thick-
ness (b -a). Increasing losses(v/wP = 10-2) will decrease this resonance peak and
the losses also increase the resistance in the frequency range w, <w< w) , where
the resistance is zero for a lossless plasma. An insulating layer (or ion sheath)
of & thickness b -a = A/100 shifts the resonance to frequencies w > Wy Also it
makes the reactance more capacitive for w < w, and slightly more inductive for
w > wu . The antenna resistance 1s decreased for w << wP. A similar impedance
behavior is also seen in Fig. LI for Qc = 1,5, The additional resonance peek is
observed for w < wc, if the insulating layer is thin, and the resoﬁﬁnce peak is
shifted closer to the frequency w, for increased thickness of the insulating layers.

The presence of the resoncuce peak in the vicinity of w, indicates that the
antenna becomes electrically long as W approaches Wy e Under these conditions €
approaches infinity and the resonance can be explained possibly by a propagation

coe{ficient of the current distribution which is proportional to the v ¢ follow-

l b
ing the suggestion of Ament et al.30 Further calculations arc therefore made

using the trial functions kA = ks, kB =2 ks, vhere ks = ~Re € ko. The

17




impedance curves shown in Fig. 5 exclude the frequency range w, <w< uu , where

Re ¢, is negative, because the present computer program is intended for real

1
coefficicnts k, and ky only in (64) and (66). The resonance peaks are higher than
in Fig. 3 and U4, and there are also further resonances in the immediate vicinity
of W, which could not be shown in thé frequency scale used in Fig. 5. The
impedance computed from two-term trial functions is also nearly the same as the
computations which are based only on kA = ks from Eq. (70). The ratio of the trial
function emplitudes A/B is computed from (67). The magnitude of A/B is of the
order 5 to 10, and this shows that the predominant term of the antenna current
representation has a wave number k, = ks . Further calculations have been made

A

using k, =k and ky = ks/2 . Again the magnitude of A/B is larger than unity

and the impedance is nearly the same as for k_ =2 ks shown in Fig. 5. This

B
suggests that the wave number ks may be good first order estimate of the current
distribution along the antenna, if the thickness of the insulating cover is
negligible, This hypothesis will be checked by plotting several variationally -
computed current distributions and by comparing them with a single sine wave having
a wave number ks.

The calculations of Figs. 6a and b are made for frequencies ncar the
resonance peak w < wc . TFor small values of (b -a) the two sets of calculations
using k, =k_and ky =2k _ (dashed curve) or ky = 0.5 k (dached and dotted curve)
glve essentially similar current distributions. The calculations using free space
wave number kA = ko and kB =2 ko j indicated by solid curves, approximate the

other current distributions more closely in Fig. Tb, becausc ¢, of (h) is smaller

Bl
in magnitude for larger values of W.s and ks differs less from ko for w, large.
The thin line denotes & simple sine wave with a wave number ks, and it lies below

the other curves. This indicates that the wave number of the current distribution

is somewhat larger than ks in Figs. 7a and Tb.
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.current distributions computed with k, = ks and k

For an insulating layer of thickness (b-a) = 1/100 the current distri-
bution is quite different. It is nearly triangular for wc/wp =0.,5 and it has a
relatively low peak for wc/wp = 1.5, The insulating layer tends to make the
antenna electrically shorter for frequencies near W, and the simple approximation
of the wave number of the current distribution by ks that may be Jjustified for
antennas in direct contact with a surrounding plasma, definitely will be in error
in the presence of an insulating layer or an ion sheath.

Further calculations are shown in Figs. 6c and d for antennas of
negligibly thin insulating layers and for frequencies w in the immediate vicinity
of wc. The thin line which is sine wave with a wave number ks, approximates the

A B=2kAorkB=kA/2. The
egreement is particularly close for wc/wp = 0.5, but even for wc/wp = 1.5 the
wave numbexr ks gives a first order estimate for the propagation coefficient of the
current distribution. This propagation coefficient ks should not be identified
as & wave number of surface waves which do not exist with a lossless. plasma for

34 Obviously the

frequencies w above the lowest of wp or W, following Seshadri.
surface waves cannot explain the resonances shown in Figs. 3 and 5b, which occur
in the frequency range wp <w< wc + Also, the approximation of the propagation
coefficient by ks will not apply to antennas insulated from the surrounding plasma.
It has been suggested that the wave number of plane waves which propagate
along the antenna may characterize the current d.stribution on the-antenna.29
One of the wave mumbers given by (31) which is proportional to'JEI_:-:;- becomes
very large as w approaches W, s it is nearly real for w < w, and it becomes
imaginary for w > W, . However for w = w, its magnitude is by a factor of JE;
larger than the magnitude of ks. Huch a currcnt distribution was not observed

in the curves of Figs. 6¢c and d, although the trial functions used in thc imped-

ence computation (kA =k_, kB = 2 ks) are general enough to account for it.




5.4 Comparisons with other impedance calculations

The present calculations are compared in Fig. 7 with the result shown

in . _.gs. 1k and 15 by Ament et al.'27 for w > qp. Ament et al.27

assume a
sinusoidal current distribution with a wave mmber Je_3 k_ . The two sets of
resistance data are in reasonable agreement but the differences in the reactance
curves can probably be explained by differences of the trial functions, which
should have the most pronounced effects near the resonance length of the antennas.
The present calculations are further compared with the quasi-stationary
approximation ('/5) using the plasma parameters shown as cases 2 and 3 in table 4
of Ament et al.30 The quasi-stationary approximation, indicated by thin lines,
follows the trend of the more accurate calculations and it shows a somewhat lower
antenna resistance. The capacative reactance of the two calculations differ by
a factor of nearly two in the case B . The data shown in Fig. 8 differ consider-
ably from the calculations of Ament et al.30 Their resistance values are in most
cases lower by a ferSor of approximately 100. Furthermore the reactance is
inductive and is three times larger than the magnitude shown in case A, and it
differs by several orders of magnitude for most of the points of case B. The

results of Ament et a130

are not shown in Fig. 8.

The current calculations are compared further with the quasi-stationary
approximations and with the computation by Sta.ratsa8 in Fig. 9. The quasi-
stationary approximations agree closely with the more accurate calculations for
long thin antennas. However for short antennas (antenna of a smaller £/a ratio)
the quasi-stationary approximation indicates a resonance. The antenna can be
shown to remain electrically short in the vicinity of this resonance and therc-
fore the accuracy of the quasi-stationary formula should be questioned. (This
apparent resonance is due solely to the decrcase of the f/a ratio in Zq. {75)

but the quasli-stationary approximations are known to become inaccuratc for

antcnnas of decreasing £/a). The resistance points listed by Stara528 show the
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same trend as the present calculations, but the reactance is of different sigas.

It may be noted that StarasZo

uses & volumetric current distribution which does
not correspond directly to a fixed antenna surface as used in the present
investigation. .

The results of Brandstatter and Pen1c029 vere briefly discussed in Section 1.
These impedance figures are of such magunitude that a closer comparison with the

results of the present calculations does not appear warranted.

5.5 Limitations of the analysis

Only antennas of £ < 0.5\ are investigated in the present paper. For
such antenna lengths the triangular current distributions of very short antennas
are inadequate, but it is not necessary to apply the theory of long antennas. In
this intermediate range of antenna lengths variational impedance formulations have
been successfully applied for antennas in free space and also in stratified
dielectric layera.32

The impedance formulas are stationary only with respect to small changes
AJz about the correct current density Jc 2! and large chnges of the impedance can
be anticipated if A .J’z differs significantly from ch. The cverse of this
property can be readily utilized. If the impedances computed using different
triel functions remain nearly constant, it may dbe concluded that the assumed
trial functions are general enough and that the resulting current distributions
do not depart significantly from the true current demnsity 'Tc:z , at least for
purposes of calculating the impedance, and that the resulting impedance is correct.
The constancy of the impedance can be verified by comparing Figs. 3 and 4 with
Fig. 5. The impedances are practically the same, except for w near wc vhere the
antennas become electrically long and the trial functions with k, = x.B/a =k, of
Fig. 3 and U4 cannot produce a sufficiently oscillatory distribution. The current
distributions of the variational impedance calculations differ by approximately
10 percent in Figs. 6a and b. In the present method it is not possible to select

the best one among the several approximations, although an auxiliary condition

el




of E e 0 could be used for fields on a perfectly conducting antenna.

The purpose of the present paper was to show that the impedance of the
linear antenna can be computed in magnetoionic media with current distributions
that are more accurate than the usually assumed triangular or half vave sinusoidal
distridbutions, and to emphasize the presence of multiple antenna resonance as
« approaches W e The current distributions are obviously approximate, but the
computed antenna impedances are comsidered reliable within the accuracy of the
numerical plots, except in the vicinity of the frequencies where w = w, . Here
the antenna is electrically long and the variatiocnal impedance formulation will

become inaccurate even in free space for reasons mentioned in the concluding

paragraph of Section 3.

5.6 Summary of Conclusions

This paper has presented impedance calculations over the complete
frequency range. For a uniaxial medium approximate closed form expressions compare
vith the more accurate numerical calculations. There is good agreement with the
antenna resistance as computed by Seshadr122 over the frequency range where his
trianguler current distributions is Justified, but further resonances are observed
for frequencies in the vicinity of the gyro frequency. By examining a mumber of
trial functions for the current distributions of the antenna it was deduced that
J—‘T;o represents a f£irst order estimate of the wave mumber for the current
distributions along the antenna if the antenna insulation is of a negligible
thickness., This estimate applies both above and below the plasma “requency but
it is not valid for insulated antennas. For frequencies exceeding the plasma
frequency, the calculations compare with the work of Ament et a1.27 , and for
frequencies much lower than the plasma frequency there is an indication of the
validity of quasi-static calculations. The resistance values listed by Staras=o
can be compared with the present work. However he indicates am inductive rcact-
ance vhereas the present calculations give a capacitive reactance for the same

antenna paremeters. There is a definite disagreement between the present
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calculations and the recent work of Rrandstatter andPen:lcoe9 and Ament et &1.30
for lowv frequencies.
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Figure 6, Variational Approximations to the Current Distributions.
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