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ABSTRACT 

The method of three-dimensional linearized characteristics has 

been applied to the design of annular supersonic nozzles. The equations 

and coordinate system used are presented along with a step-by-step 

calculation procedure of the method. A typical nozzle has been designed 

which produces a radial variation in the exit Mach number and flow 

deflection. The results are presented in terms of the two-dimensional 

and final t’ ree-dimensional nozzle contours in three radial planes. The 

method and system of equations presented are applicable to guide vanes 

or stators with large turning angles and high tangential components of 

velocity. 
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SECTION I 

INTRODUCTION 

Three-dimensional flow fields have given rise to many problems 

in the field of high speed fluid mechanics. These flow fields exist for 

three-dimensional bodies, axisymmetric bodies at angle of attack, in tur¬ 

bomachinery, and for flows with large boundary curvatures. In the latter 

case, the large curvature produces centrifugal forces which in turn create 

pressure gradients in the direction of the centrifugal forces. One example 

of this is an annular supersonic nozzle in which the flow in the tangent 

plane is inclined at an appreciable angle with respect to the axis of sym¬ 

metry. The pressure gradients required to balance the centrifugal forces 

produce radial cross flows in the nozzle, thus giving rise to the three- 

dimensional effects. Therefore, in order to design such a nozzle for 

given exit conditions, these effects must be considered. It is the purpose 

of this paper to present an analysis for the design of this type of annular 

supersonic nozzle. 

This investigation was initiated in connection with the design of a 

supersonic compressor for a high enthalpy and high pressure test facility 

as first proposed by Ferri. ^ For efficient operation of the compressor 

an annular nozzle is required to produce an entrance flow with a large tan¬ 

gential component of velocity entering the rotor. A more detailed descrip¬ 

tion of the overall mechanical accelerator is presented in reference (2), 

wherein typical flow Mach numbers and nozzle angles are shown. A 

schematic oi the nozzle under consideration for the present investigation 

is shown in Figure (1), along with the coordinate system used. 

The centrifugal forces produced in the nozzle will create radial pressure 

gradients in the flow which are not necessarily uniform with x and rdcp. 

These in turn will generate cross flows in the field. If the pressure 



gradients are small then the cross flows resulting from them will also 

be small compared to the free stream velocity. If this is the case, 

the cross flow velocities can be considered as perturbations of the total 

velocity in the flow field. Ferri*3* refers to this type of flow field as a 

quasi-two-dimensional flow field and prese,nts an analysis using the charac¬ 

teristics equations for flows of this type. The method of three-dimensional 

linearized characteristics is thereby obtained. 

Vaglio-Laurin derives the governing equations for linearized charac¬ 

teristics in cylindrical coordinates. In this treatment, the radial component 

of the total velocity is considered as one perturbation quantity. This velocity 

component will produce perturbations of the velocity in the original flow 

field. If these perturbations are added to the initial velocity components, 

then from the governing equation of motion a set of linearized equations are 

obtained. The total velocity thus becomes the velocity in a surface of con¬ 

stant radius plus a small radial velocity component. 

LaRocca has applied the method of linearized characteristics in a 

cartesian coordinate system to the design of supersonic stator passages. 

In this analysis, the entering flow into the passage is non-uniform and inclined 

with respect to the axial direction. The flow must be turned back to the axial 

direction with a uniform Mach number at the exit of the stator. The flow is 

essentially two-dimensional with a perturbation normal to the plane. The 

cartesian, rather than the cylindrical, coordinate system is used since the 

stator passages are located far from the axis and subtend a small angle of 

arc. The curvature effects are therefore negligible. In the present analysis, 

a cylindrical coordinate system must be used; this is a result of the large 

angle that the flow must be turned through when leaving the nozzle. Since 

the nozzle is annular and the effective turning angle of the flow is large, a 

relatively large peripheral angle of the annulus must be considered. 
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Using the equations of reference (-i), a Fortran program was developed 

and a typical annular entrance nozzle was designed. This nozzle is typical 

of the type that will be used in the mechanical accelerator in that the radial 

momentum equation is satisfied at the nozzle exit. This produces a flow 

with a uniform peripheral Mach number distribution but a varying distribution 

in the radial direction. The hub radius was held constant and the shroud 

contour allowed to vary to account for the radial effects, upstream of the 

nozzle exit. 

Although the particular problem of interest in the present report is 

related to the mechanical accelerator, this analysis can be readily applied 

to a stationary cylindrical system with relatively large curvature, such as 

may be present in inlet guide vanes, stators, etc. It can also be applied 

to rotating components if the governing equations are modified to include 

the additional centrifugal and Coriolus terms. 

SECTION II 

DESIGN ANALYSIS 

The method of linearized three-dimensional characteristics is one 

in which a two-dimensional flow field is perturbed to allow for variations 

in a direction normal to the two dimensional field. Thus the first step in 

the design of the nozzle is to establish the two-dimensional basic flow fields. 

This was done for the present case in three radial planes. The basic flow 

fields are Busemann nozzles, designed by using a sharp corner and then 

choosing suitable streamlines for the given exit conditions. The basic 

nozzles including flow angles and design Mach numbers are shown in Figure 

(2). With the basic flow fields thus established, the velocity and flow de¬ 

flection at each point in the field is known in all three planes, A condition 
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is imposed at the exit station which requires the velocity and flow deflection 

to be that of the basic flow, i. e. , the perturbation quantities at this station 

must be zero. The method assumes that the three-dimensional effects 

are small, and therefore that they may be determined by linearizing the 

difference between the two-dimensional and the actual three-dimensional 

flow. The basic simplification for this method is that the linearized 

three-dimensional flow field and the basic two-dimensional flow field have 

the same characteristic surfaces. Hence, the linearized flow may be 

analyzed along the characteristic net of the basic flow field. 

The equation of motion for an isentropic flow referred to a cylindrical 

coordinate system ( x, r, cd ) is: 

1 - 
u 'u 

■53T 1 w ÒW 
•ÒCD [.- 

ÒV uv 
37 ” 2 

ÒU , àv 
.... T T— Lor ox 

wu du òw 
r3cp 3x 

wv 
_ 2 

dv + dw 
rdcp dr + -=0 r (1) 

where u is the velocity component along the x axis, v is the velocity 

component along r axis, and w is the velocity component normal to 

the meridian plane. Now, the flow field is represented by a velocity 

Vo (uo, w^) and superposed three-dimensional flow velocity V' (u',v', w') 

such that 

u = u + u' 
o 

v = v' (2) 

w = w + w ' 
o 

where the primed quantities are small with respect to the basic two- 

dimensional flow corresponding to the quantities having zero subscript. 

In the basic two-dimensional flow field the velocity components u 
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(3) 

and WQ can be expressed as: 

u = V cos 0 
o o o 

w = V sin 0 
o o o 

where 0o is the flow inclination with respect to the x-axis at the point in 

question. Now, since 

V = V + V' 
o 

the perturbation velocity components can be expressed by 

(4) 

u' = V' cos 0 - 0'V sin e 
o o o 

w' = V' sin 9 + 0'V cos 0 (5) 
o o o 

neglecting higher order terms and where 9' is the additional flow inclination 

due to the three-dimensional effects. 

Substituting equations (2), (3) and (5) into equation (1) it can be shown 

that the characteristic lines of the three-dimensional flow field will be 

coincident with those of the basic two-dimensional flow field. Expansion 

of the resulting partial differential equations into total differential equations 

will yield, on surfaces of r = constant, the following equations. Along the 

characteristic line defined by, 

r = = tan (0O+ no) (6) 

the following holds, 

dv ' 1 sin iio tan Ho 
■■ ■*■■■■■ mmmmmmm mmmmamimmmmmmammmmmÊmmmmKmmmimmmmÊmi 

dr cos ( + |iQ) 
1 dV' 

+ V--ST - tan w o'ta 
d0 , -Q Q / V , V / Tl n • + Bi 9 + y  Ci + -Hi = 0 

O V r, 
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Similarly, along the characteristic line defined by, 

r - Ag - tan( (8) 

the following holds, 

dv ' 1 
“ dr T” 

sin^otan^Q + 
cos(0o - llo) 

1 dVj 
~ dx 

o 
+ tanjj dQ' 

o dx + B2 + -j . Hg = 0 

o 

(9) 

where the coefficients B1, B3, Clf Ca, Hx, and Ha are functions only of 

the basic flow field and are defined as: 

R - 1 / dVQ. 
Bi" ■ ÃT ( ar^) , 

o A.a 

co3(e„ - uo) 
sinu cos|i cos (8 + U ) o o o ro 

R - 1 
2 " V 1 dx \ 

o \i 

cos (eQ + ^n) 

sin n cos cos ( 0 - Li ) o o o o 

(10) 

Ci = y— ( ) 
o \i 

tan2 u + -1-1-1 
O T • 2 2 sin u cos lí 

o o 

1 + Y - 1 
2* 2 sin pi 

Cl = J- 
2 ~ ' dx ; 

O \a 
tan (j. + 

o 
Y - 1 

2 sin2 u cos3 u 
o o 

+ B; 1 + Y - 1 

2 sin2 |i 

H1=-- 
cos(0 + a ) o o Vosinuocos^o or 

(tanja + sin 0 cos 0 ) 
o o o; 

òr 
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H, sin Ho,. 

cos (R - [i ) 
o o 

V sin |j cosu 
. o o o 

dVr 

òr 

ònn 
ò r r 

(tan [i - sin 0 cos P ) 
o o o 

Since the flow is isentropic,two other equations may be obtained 

along the characteristic lines. They are: 

along Xlt 

cos (fi + b ) 
o o 

V cos u 
o o 

dv 

dx ^ 
X 

/ 

00o 
(Vq + V ') . 0' + tan uq 

V ' 
(i + "Y^ \ 

o ' 
+ 

6' 
V” 

o 

sin(P + u ) 
o o 

r cos a o 

V ' 
(1+^-) sin 0q + 0'cos 0 

o 

(11) 

and along X3, 

cos (P - u ) _o o 

V cos \i 0 0 X; (Vo+ 
v> 6' - tan bo 

0 

õr 

Q / ÒV 0 o + 
sin(0 - b ) _x o 
r cos u (1+ ÿ”)sin 00 + o ' cos 0O 

o (12) 

Hence, by using equations (7), (9), (11) and (12) the three-dimensional 

flow field can be obtained. 

The velocity vector at a point ( x, r,co , ) is equal to in a plane r = 

constant plus an additional velocity V in the same plane r = constant due 

to the three-dimensional effects, plus a small velocity component v' 

perpendicular to the plane. The flow inclination is equal to 0O in the 

plane r = constant plus ô", which is a correction factor for the three- 

dimensional flow field. A schematic representation of the flow at a 

Î 
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point in cylindrical coordinates is found in Figure (3). 

The boundary conditions of the present problem require the velocity 

component normal to the hub surface of the nozzle to vanish. 

The streamlines must also be tangent to the side walls of the nozzle 

thus: 

w - y tan q 
u = tan 0 

o (13) 

where u = (V + V ') cos (0 + 0 ') 
o o o (14) 

w = (V + V') sin (6 + 0') 
o o 

and a denotes the angle between the r direction and that of the 

tangent to the nozzle cross section at the considered point. Sub¬ 

stitution of equations (H) into equation (13) yields: 

tan a cos 0 
o (15) 

The above equations will now allow the design of the nozzle, 

with three-dimensional effects included, to be accomplished. 

A step-by-step procedure can be performed vhich considers 

two unit problems. The first is a point in the flow field noted by the 

intersection of two characteristic lines. The second is a point on the 

side wall of the nozzle determined by the intersection of one characteristic 

line and a streamline. 

In Figure (4) the first unit problem is considered. It is assumed 

that at points land 2 all parameters are known from a previous calculation. 
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The parameters are Vq, V Q', and v The flow variables at point 3 

must be determined. From the basic two-dimensional flow field the 

location of point 3 is known; hence V and 0 are also known. The 
o o 

first step is to determine the value of v' at point 3. Equation (11) can 

be solved using a finite-difference scheme. For the first approximation 

equation (11) is evaluated at point 1. Thus, 

cos (9_ + _o o 

V cos u O o 
<—> P ' dx ' X ! 

1 
V— 

o 

a Ò0 
^ / y + y _ a t O 
or ' o 1 ~ .5r. 

+ tan j ?>0O , 00' 
dr ôr 

+ 
0^ ÔV 

p. 
+ 

sin(9o + ßQ) 

r cos a o Pi 

V ' 
(1+ TT—) sin 0 + 

v « ° o 

(11a) 

In order to calculate the derivatives along the r - direction, 

the values of the considered quantities at the points 1 and 2 must be 

determined in the adjacent (in the radial direction) planes by projection 

of the points onto these planes. The radial derivatives may then be 

found using a second-order polynomial equation as a curve fit to the 

points in the three tangent planes. 

dv ^ 
Equation (11) is solved for ( ^ thf 

V3xi= v>+ 'sr'x, (X3 *Xi) <16> 

dvf 
Simi irly, (-^—)^ can be obtained from equation (12) and 
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(17) 
! f I 

V3\3 = V2 + 
( X3 - X2 ) 

Therefore,as a first approximation: 

+ 08) 

Using the above value of V3 the values of V3' and 83 can be calculated 

from equations (7) and (9). For brevity,equations (7) and (9) can be 

written as: 

- a + b ± c + e'd + V'e+v'fsO (7a) 

The boundary condition! is: 

v ' = 0 at r = ri 

Now along 

Xx = tan ( 9 + U ) 
0 0 

equation (7a) becomes 

( 
dv ' 
dr ) + ( (a! + a3) + (b! + b3) (ci + c3) + 

+ (6i + 03 ) (di + d3 ) -f (Vi + V3 )(ei + e3 ) + ( Vi + V3) (fi + f3) = 0 (19) 

and along 

Xs = tan ( 9 - |i ) 
0 0 
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equation (7a) becomes: 

dv 
dr ) 

2 dr 3 
(a2 + as ) + 2 Va' - V' 

x3 - xa (ba + ba) + 2 03 - 02/ 
X3 - X2 

( c3 + 

+ ( 027 + 03 ) (da + da ) + (Vg + V3 ) (e2 + 63') + (va + va' ) (f2 + fa ) = 0 

Solving equations (19) and (20) simultaneously will yield solutions 

/ dV ' dB' 
for V3 and p3. With these values, (-5—) and (-3—) can be found 

dr 3 dr 3 

using the second-order equation for the turee planes. Now equations 

(11) and (12) can be re-evaluated at point 3 and a new value of V3 obtained. 

The iteration procedure is continued until two successive values of v3 

are within a predetermined tolerance of each other. The values of Vs' 

and 03 obtained with the last value of v3 are taken as the actual values. 

The second unit problem is now considered in Figure (5). All 

quantities are known at points 2 and 3. Since point 4 is reached by 

only one characteristic line another equation must be utilized. First 

the change in the velocity along the characteristic line from point 3 to 

point 4 is calculated from equation (11). Then,the velocity vl is cal¬ 

culated using an equation similar to equation (16), i.e. , 

V4 = V3 + (~-)^ (X4 - x3) 

The additional equation may now be used to determine the additional 

flow inclination at point 4. From equation (15) 

i 

04 = (y~-)4 tan 04 cos 0Q4 

c3) + 

(20) 

(16a) 

(15a) 
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where 

a r 
dcp 
'cTr (13a) 

and cp is the arc angle shown in Figure (3b). The derivative is 

evaluated with a second - order equation. 

With V4 and 64 known, V4/ can be calculated from equation 

(7a) in finite difference form as follows: 

<ir> (a3 + a4 ) + 2 (b3 + b4 ) 2 e;- 63 
X4 - X3 

(c3 + C4) 

+ (03' + 64 ) (d3 + cU ) + (V3 + ¥4' ) (ea + e4 ) + (vaV + ) (f3 + Í4 ) = 0 

H V ^ H D/ A 1 
Upon calculation of (-^-) and (-|^-) the rate of change (-^)^ 

at point 4 may be obtained from equation (11) and v¿ can again be 

calculated from equation (16a). The iteration procedure is continued 

until two successive values of v' are coincident. At that time the 

values V4/ and 047 are taken as exact and (4“) and (4^-) are 
dr 4 dr 4 

calculated. 

The method of calculation for the design of the nozzle is then 

completed, since any point can be referred to the scheme of either 

point 3 or point 4. 

-12- 



SECTION III 

DISCUSSION OF RESULTS 

The inlet nozzle designed by the method outlined in the previous 

section corresponds to a radial variation in exit Mach number between 

3. 4 at the hub and 3. 01 at the tip, with exit flow angles of 39. 7° and 41. 7° 

respectively. The hub radius was assumed to be 9. 0 inches and the tip 

10.0 inches; an intermediate radius (9. 5 inches) was also included in the 

analysis. For this radial variation of flow conditions, the three radial 

planes were considered sufficient although more may be required for a 

design with larger radial gradients in the flow parameters. The 

basic flow field, two dimensional, nozzleswere designed such that at 

the exit their axes lie along a radial line. The tangential component 

of the exit flow is designed to correspond to a compressible vortex so 

that in the exit plane, there is no radial component of velocity. The 

analysis proceeds in an upstream direction (in the actual computation 

procedure the x axis was considered positive upstream) and thereby 

determines tne corrected wall contours required to produce the 

specified exit flow conditions. 

Figure (6) presents the final contours obtained in the three radial 

planes along with the characteristic nets and the original two dimensional 

contours superimposed for comparison. It is eviaent that over a large 

portion of the nozzle, the original contours are reasonably close to the 

final contours obtained. As the throat region is approached, however, 

the nozzle twists as the radius increases so that the effective tangential 

component of velocity decreases in the radial direction. The flow is 

thereby approaching a vortex distribution in the radial direction even 

though it was not initially designed (in thetwo-dimensional contours) 

to produce such a variation in the throat region. Figure (7) presents 

-13- 



the streamlines along the nozzle walls and along the centerline,which 

correspond to constant radius surfaces in the basic flow field. The 

hub (R = 9. 0 ) is still a cylindrical surface since this was a specified 

boundary condition in the analysis. The surfaces initially at the 9- 5" 

and 10.0 radius, however, are slightly warped due to the three dimensional 

effects. It is evident again that at the nozzle exit the flow is essentially 

that of the basic two dimensional flow field while in the throat region 

significant radial velocity components are required to balance the centri¬ 

fugal force field. 

From these results, it is evident that a simplifed design technique 

can be utilized in such nozzles by using an initial radial distribution 

of tangential velocity which corresponds to a compressible vortex, 

both at the throat and at the exit plane of the nozzle. In this manner, 

the flow in between should remain in the cylindrical surface with a 

relatively low radial flow component. This is the design utilized in 

reference (6) wherein the basic two dimensional nozzle designs 

matched the pure vortex flow distribution at both the throat and the 

nozzle exit. 
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FIGURE ( 3a) VELOCITY DIAGRAM OF A POINT 
ON THE BOUNDARY. 

r 

FIGURE (3b) CYLINDRICAL COORDINATE SYSTEM. 
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