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The Quality of the Lincoln Calibration Sphere 

ABSTRACT 

Due to the relatively high background noise level of the radar range used 

to measure the Lincoln Calibration Sphere (LCS) before launch,  the upper- 

bound estimates of the backscattering cross section variation made at the 

time included a large contribution generated by the range itself.     By com- 

paring the range measurements and the mechanical measurements made on 

the LCS with measurements made on three other similarly constructed 

spheres,  a refined estimate of the quality of the LCS is made.    The compari- 

son makes use of more precise range and mechanical measurements made on 

the other three spheres and of an application of perturbation theory to com- 

pute the variation of cross section from the mechanical measurements.     The 

unexpectedly large signal scattered by the equatorial joint is an unwelcome 

addition to the backscattered field and is discussed in some detail. 

It is concluded that,   at all frequencies below about 25 GHz,   the r„ m. s. 

deviation in backscattering cross section is not greater than 0. 15 db,   and 

that the average backscattering cross section differs from that of a perfect 

sphere of radius 0. 56469 m by an amount which is small compared with the 

r. m. s.   deviation. 
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The Quality of the Lincoln Calibration Sphere 

I.       INTRODUCTION 

The Lincoln Calibration Sphere (LCS) is a polished aluminum sphere 

having a nominal geometric cross-sectional area of one square meter.     On 

May 6,   1965,   it was launched into a nearly circular,   1500-nautical-mile orbit 

to serve as a radar calibration target.       The backscattering cross section 

was measured as a function of angle of rotation about three separate axes be- 

fore launch on a radar cross section range.     The measurements were carried 

out at frequencies in the microwave bands L,   S,   C,  X and K. 

It was observed at the time that the variation in cross section indicated 

on the range record contained a large contribution from the background noise 

of the range.     This observation was based on the fact that there was no recog- 

nizable similarity between two successive range records when the only physical 

difference was that the second record was taken with the sphere displaced by 

90°,  from its original position on the column,  about the column axis.     The 

observation was supported by estimates of the cross section variation based 

on mechanical measurements of the sphere.     These estimates were consider- 

ably lower than the indicated variation,  but the mechanical measurements 

made were not sufficiently detailed to enable a direct computation of the cross 

section variation to be carried out. 

However,   a number of spheres were produced during the LCS program. 



Two were intended for orbiting and others were made as insurance against 

accidental damage to the flight spheres during manufacture,   shipping and 

measurement.     The spheres were all assembled and machined in the same 

way.     Thus,  the possibility arose of making more careful measurements on 

the remaining spheres,  to obtain an accurate measure of their quality as radar 

calibration targets,   and then comparing the LCS measurements with these to 

obtain a better estimate of its quality. 

At an early stage in the comparison program it became clear that the 

surface quality of the LCS is about as good as or better than that of the other 

spheres.    Since the radar cross section variation of these other spheres 

attributable to surface deviations is,  for example,   of the order of 0. 05 db r. m. s. 

at X-band,  the conclusion was that the same would be true for the LCS.     The 

range measurements made on the LCS at X-band indicated a cross section 

variation of 0. 22 db,   so that the revised estimate is a considerable improve- 

ment. 

Unfortunately,   another source of cross section variation was disclosed by 

the comparison program.    Each sphere was constructed by spinning from 

aluminum sheet two hemispherical shells which,   after trimming,  were mated 

by fastening them to a common internal circumferential hoop with countersunk 

aluminum screws.    For location purposes,  there was a central tongue one 

quarter of an inch wide running right around the hoop.     The edges of each 

hemisphere were butted against the tongue during screwing.    The whole 



assembly was machined to size on a vertical boring mill and the surface 

finished by hand polishing.    It was found that unless great care was taken to 

butt the edges of each hemisphere tightly against the tongue,  the slight gaps 

remaining could cause relatively large variations in radar cross section. 

Figure  1  shows two consecutive radar range records obtained at X-band 

on one of the spheres (the "C" sphere) using horizontal polarization with the 

sphere rotating about a vertical axis lying in the plane of the circumferential 

joint.     The physical difference between the two measurements was that the 

lower record was taken with aluminized adhesive tape covering the two butt- 

lines of the joint.    In this case,  the records show the unclosed butt joints to 

cause a peak-to-peak variation in cross section of about 0. 7 db.     On exam- 

ining the joint of this sphere,  it was found that one hemisphere was tightly 

butted against the tongue but that a non-uniform gap of about 0. 01   inch or less 

existed along the other edge of the tongue. 

The possibility of such a large gap effect was not considered before the 

L.CS launch,   and so no measurements of the width of the gaps on the LCS were 

made.     Thus although a good estimate can be obtained for the surface contri- 

bution to the variation in cross section,   it is more difficult to comment on the 

variation contributed by the joint. 

However,   one redeeming feature of the presence of a signal scattered by 

the joint is that it displays a very clear signature on the radar range record, 

as shown in Fig.   1.     The oscillations are very regular and their period at any 



particular point on the record can accurately be predicted theoretically.     Thus, 

since the form of the joint signature is known in advance and since it is also 

very regular,   the presence of a relatively small joint signal in the noise-like 

signals from other sources should be detectable visually.    On this basis,  the 

range records obtained with the LCS have been inspected,   and where no joint 

signal appears to be present,   an estimate is made of the maximum amplitude 

that such a signal could have without being visible on the record.     This esti- 

mate is then used as an upper bound on the effect of the joint. 

Of the total of five spheres manufactured in the manner described,  one was 

distinctly atypical.    A machining error caused it to have excessive dimensional 

variations in addition to rendering it mechanically unsound.     One of the other 

four is the LCS and the remaining three were used as a basis for the compari- 

son program.     To conform to the designation used in the  LCS program,   these 

will be referred to as the C,   F and G spheres. 

It will be assumed throughout that a linear relationship exists between the 

backscattering cross section measured in dbm and the backscattering cross 

section in square meters.    Although the relationship between the two is actually 

logarithmic,   all values of cross section encountered lie between ±   1 dbm over 

which range the linear law is very accurate. 

II.     SURFACE QUALITY 

The C sphere was manufactured at the same time as the LCS and was sub- 

jected to the same mechanical and range measurements.     One special feature 



of the C sphere was that a crescent shaped "flat" was present on its surface 

at a position roughly 34°  away from one pole of the sphere and extending about 

three quarters of the way round at this latitude.    Some misalignment during 

the machining operation caused the spherical surface traversed by the tool to 

pass outside the material of the sphere in this region and therefore leave it 

unmachined0     The maximum width of the flat was about 7° and its maximum 

depth was about 0.016 inch.     The LCS and the F and G spheres had no imper- 

fections of this type. 

Since the spheres were machined on a vertical boring mill,  they are es- 

sentially bodies of revolution.    Surface deviations are therefore extremely 

small along lines of latitude and the quality of the spheres depends solely on 

the deviations in the longitudinal direction. 

Table I  summarizes the original range measurements made on the LCS 

and C sphere,  with the sphere rotating about a vertical axis lying in the equa- 

torial plane.     That is,  the cross section variation was measured as a function 

of polar angle.     The figures given are the r. m. s.   deviations of a full 360° 

record taken at the frequencies and polarizations indicated. 

If the cross section variation of the spheres was not completely swamped 

by the range background noise,  then the table indicates that the LCS is more 

uniform in cross section than the C sphere except at the lower frequencies. 

However,   at L-band two consecutive range records taken under identical cir- 

cumstances were apparently completely uncorrelated,   and this was true for 



TABLE I 

Range Measurements on LCS and C Sphere 

Frequency Polarization r. m. s.   Dc viation dbm 

GHz Band LCS C Sphere 

1.335 L hh 0. 288 0. 168 

3. 3 S hh 0. 130 0. 123 

5. 6 c hh 0. 160 0. 160 

8. 5 X hh 0. 220 0.449 

8.5 X vv 0. 170 0. 261 

24. 0 K hh 0.321 0.434 

every such pair of records taken.     Thus,  the L-band entries in the table give 

no information about the spheres. 

A comparison of the significant mechanical measurements made on all 

four spheres is given in Table II.    The diameter measurements were made at 

18 equally spaced points along a line of longitude.    The template measurements 

were made with a template in the form of a 40° arc of radius effectively equal 

to the mean sphere radius.     The figures given are the r. m. s.   deviations of 

the two central template measurements taken with the template lying along 

lines of longitude and not bridging either the poles or the equator.    Only the 

two central readings are used,   of the four uniformly spaced readings actually 

taken at each position of the template,  because the surface nearer the template 

leg is more closely correlated with the surface at the leg,  which makes the 



two outer readings less easy to interpret. 

TABLE II 

Mechanical Measurements 

Sphere Diameter Measurements Template Measurements 

No. of Points r. m. s. dev. , inch No. of Points r. m. s. dev. , inch 

LCS 

C 

F 

G 

18 

18* 

18 

18 

0.0062 

0.0146 

0. 0119 

0.0054 

80 

60* 

48 

80 

0.00177 

0.00165 

0.00241 

0.00224 

Points in the flat crescent excluded. 

By excluding those template readings made with the template bridging 

poles or the equator,   it is possible to regard the r. m. s.   deviation of the tem- 

plate readings as a measure of the quality of the arc forming ability of the 

machining operation and the diameter measurements as a measure of the 

accuracy with which these arcs were aligned by the setting up operation.    If 

the setting up operation is not done accurately,  it is possible to obtain a sphere 

with,  for example,  a dimple at each pole and a cusp around the equator,   even 

though each 90° arc of the polar profile is truely circular.    A complete point- 

by-point polar profile measurement of the C sphere showed that it is of this 

form,  and this is indicated by the large diameter variation given for this 

sphere in Table II. 



A comparison of the measurements given in the table shows that the sur- 

face quality of the LCS is about as good as or better than that of the other 

three spheres. 

No standard radar cross section range has a sufficiently low noise level 

to give directly an unambiguous measurement of the quality of these precise 

spheres.     To obtain such a measurement,  therefore,  detailed mechanical 

measurements were made on the three remaining spheres after the launch of 

the LCS and these were used to compute their cross section variation.     The 

computations were checked by comparing clearly marked features in the com- 

puted cross section variation with measurements made on a range having a 

lower noise level than that of the one originally used. 

The computations are an application of classical boundary perturbation 

theory and take advantage of the assumption that the spheres are essentially 

2 
bodies of revolution.       If this assumption is true,   then the shape of the spheres 

is defined by the shape of a single line of longitude. 

Figure 2 shows a plot of three profile measurements made on the G sphere. 

These were made by rotating the sphere on a turntable and measuring the 

surface deviations at one degree intervals with a dial gauge.     The difference 

between the two latitude profiles and the polar profile is very marked.     The 

equatorial profile (0° latitude) shows greater variation than the 45° profile 

because the screwed joint is at the equator and also the equator is at the 

junction of the two arcs defined by the machining operation.    The 45° profile 



is therefore more typical of the surface variation along lines of latitude, and 

by comparison with the polar profile, it substantiates the assumption that the 

sphere is a body of revolution. 

A complete 360° polar profile measurement contains two essentially 

similar half-profiles each of which can be used as the definition of the shape 

of the sphere.     The radar cross section of the sphere was computed for the 

body defined by each half profile and then this -was  repeated using a second 

complete 360° polar profile taken along the lines of longitude displaced by 90° 

from the first.     Thus,  for each sphere,   a total of four separate half profiles 

were obtained from which four separate computations of the radar cross 

section variation were made. 

The results for the G sphere over the frequency range  1 — 30 GHz are 

shown in Fig.   3 as the four solid curves joining sets of four computed points. 

The closeness of the four lines shows that the high degree of axial symmetry 

in the mechanical measurements is accompanied by a correspondingly high 

degree of axial symmetry in this aspect of the scattering properties.    A 

further demonstration of the effect of neglecting the azimuthal surface varia- 

tion is given by the dashed curves,  which were obtained by using the same 

computer program operating on the 45° latitude profile measurements.    These 

dashed curves do not,   of course,   represent any real cross  section statistics. 

Each is the cross section variation of a body of revolution whose polar half 

profile is the same curve as one half of the equatorial profile of the G sphere. 



The computations were actually carried out for both circular and linear 

polarization,  but the difference between them was so small in every case that 

they are indistinguishable when plotted in the manner of Fig.   3.    In computing 

the r. m. s.   deviation of the cross section,  the averaging was carried out over 

all aspect angles contained in the 4u steradian solid angle "aspect space" and, 

in the case of linear polarization,   over all directions of polarization as well. 

However,  the surface quality of the spheres is such that the cross section 

variation due to this source is essentially independent of polarization.     (This 

is not the case for the joint contribution to the variation,  to be discussed 

later. ) 

The three isolated points at 9. 4 MHz in Fig.   3 were obtained from a 

radar range measurement of the sphere.    Each of the upper two is the r. m. s. 

deviation of a single 360°  polar profile measurement of the  radar cross  section, 

the difference being the direction of polarization used.     The lower point was 

obtained by first averaging eight half profiles taken around the poles and then 

computing the r. m. s.   deviation of this mean half profile.    This was done to 

reduce the effect of the background noise of the range.    The attempt appears 

to have been successful,  for the agreement between this point and the computed 

curves is very good. 

The possibility of a large joint contribution was known before the F and 

G spheres were made, and so careful attention was given to ensure that the 

hemisphere edges were butted tightly against the hoop tongue.    In addition a 

10 



loaded epoxy filler was applied during mating to fill what gap might be present. 

Thus both the F and G spheres were free of any visible joint contribution to 

their cross section variation when measured at X-band,   and the comparison 

of the measured radar quality with that computed from the surface measure- 

ments is not complicated by unknown joint effects. 

Figures  4 and 5 display the results for the F and C spheres corresponding 

to those for the G sphere already given in Fig.   3.     No computations based on 

a 45° latitude profile are presented for these spheres,   and,   since the C sphere 

had a large joint contribution,  no computation of the variation of the mean of 

8 half-profile range measurements was made. 

The F sphere results show a reasonable agreement between the computed 

variation and the variation obtained from the range records.    The spread be- 

tween the four computed curves,  however,   is larger for this sphere than for 

the G sphere,  but it is still small enough to enable any one of them to be used 

to characterize the radar quality of this sphere. 

The C sphere results (Fig.   5),   are markedly different,   due to the presence 

of the flat crescent on the C sphere.    Of the four half-profile measurements 

made,   one was  made along a line of longitude which did not pass through the 

flat and the other three were taken along lines which passed through it at 

different places.     Thus,  the four computations of the variation in radar cross 

section are based upon four bodies of revolution which are essentially similar 

and closely spherical but differ in the width and depth of a flat zone.     The 

11 



curves show,   as would be expected,   a radar cross section variation which in- 

creases with the size of the flat zone.     The bottom curve is therefore a good 

estimate of the quality of the C sphere were the flat crescent to be filled in, 

since this is the one based upon the half profile taken along a line of longitude 

not passing through the flat crescent. 

As an indication of the accuracy with which it was possible to calculate 

the point-to-point variation in cross section (rather than the averaged varia- 

tion plotted in Figs.   3,   4 and 5),  the calculated cross section of the C sphere 

at 9. 3 GHz as a function of latitude along a line of longitude is plotted in Fig. 6 

in the vicinity of the flat crescent.    The particular half profile used for the 

computations is plotted in part and is that for which the flat crescent depression 

was most marked.    Also shown is the cross section variation at 9. 3 GHz 

taken from the radar range record for the same line of longitude.     The agree- 

ment between the computed and the measured cross section is fairly good 

when it is considered that the background level of the range varied between 

-30 and -40 dbm and so could account for discrepancies as large as i   0. 15 db. 

The fact that the computed variation of cross section is larger than that mea- 

sured,   as the line of sight passes through the flat crescent,   is probably due to 

the fact that the computations were made on the assumption that the depression 

shown in the profile measurement existed uniformly around the sphere at that 

latitude,  thus forming a complete flat zone rather than a flat crescent.    Thus, 

the sphere used for the computations was "worse" than the sphere actually 

12 



measured on the range. 

A comparison of the computed curves for the three spheres as plotted in 

Figs.   3,   4 and 5 shows that all the F and G curves and the "C-without-flat" 

curve can be contained in a relatively narrow band.    Since the experimental 

results have corroborated the computed curves,  one can conclude that these 

three spheres are roughly equal in radar quality (excluding the joint contribu- 

tion).    But the -LCS was made in exactly the same way as the other three 

spheres,   and a comparison of mechanical measurements shows its surface 

quality to be as good as or better than that of the others,   so the radar quality 

of the three must be representative of the radar quality of the LCS. 

In Fig.   7,  the band containing all the F and G curves and the "C-without- 

flat" curve is illustrated,   together with the original range measurements on 

the LCS obtained from Table I.     The upper boundary of the band will be taken 

as the revised estimate of the surface contribution to the cross section varia- 

tion of the LCS.    It is clear that the surface quality of the LCS is considerably 

better than was indicated by the original range measurements. 

III.    SCATTERING FROM THE JOINT 

The radar signature of the signal backscattered by the joint has been 

studied theoretically and the results are presented as an Appendix.    It is shown 

there,  for the configuration illustrated in Fig.   8,  that the change in back- 

scattering cross section due to the presence of a uniform slot around the 

equator and measured with a radar polarized in the x direction both on trans - 

13 



mission and reception,   is given by 

cos (2ka sin 6   + \\i  ) 
6<r(9)=ß  ° 2- (1) 

x   o \fsin6 

for 8   not close to zero,   and 
o 

|6o-x(0)|< |Nr^ka     , (2) 

where a is the sphere radius and k =   2TT/\.    The unknown real constants ß and 

[\>  ,   and the inequality in (2) are necessary because the complex slot impedance 

is unknown. 

The corresponding quantity 6<r  (9 ) for a y-polarized measurement is 

shown to be small compared with 5cr  (0 ) for 6   not close to zero and to be 
x    o o 

equal to 5cr   (0) at the point 9    =0. 
x o 

In Fig.   9,   sections of two range records obtained at 9. 3 GHz during mea- 

surements of the C sphere are plotted.     The uppermost curve was obtained 

with the radar polarized to measure 6o"  (9 ) and the bottom curve with it mea- 
x   o 

suring 6cr  (9 ).    The middle curve is a plot of 6cr  (9 ) as given by (1) and (2) 
y   o x   o 

with a particular choice of ß and ijj    and the value of ka (119) appropriate for 

this frequency and the radius of sphere C.    It is clear that the theoretical 

model accurately predicts the instantaneous period of the oscillations due to 

the joint but,   since the imperfections of the actual joint are not uniform 

around the equator,   the envelope of the oscillations does not match well.    The 

14 



absence of a marked peak in the measured oscillations for 6    close to zero 
o 

can be attributed to this,   and also possibly to the great directivity of the peak, 

which demands a very accurate alignment of the sphere on the column if it is 

to be observed.     The measured curve of 8cr  (9 ) confirms the theoretical pre- 
y   ° 

diction that essentially no joint-scattered signal should be observed for this 

polarization» 

In the Appendix [equations (A. 14) and (A„ 15)]  it is shown that the variance 

2 
of the cross section variation due to the joint is given by 3tiß   /32 for linear 

2 
polarization and TT/3   /16 for circular polarization,  when the averaging is 

carried out over all aspects and,  in the former case,   polarizations. 

Thus by inspecting the 6cr  (6 ) radar range measurements of the LCS for 

the presence of the characteristic joint signature and estimating ß,  the peak 

amplitude of the oscillations when 9   is not close to zero,  the statistical con- 

tribution of the joint scattered signal to the total cross section variation can 

be evaluated.     The results are shown in Table III. 

The numbers in the column labelled "r. m„ s„   deviation" are taken from 

Table I and are included as a measure of the amplitude of the "noise" in 

which the joint signal was sought.    Only at two frequencies was there an 

unambiguous joint signal present,  where it persisted very regularly over more 

than half of each 369° record.     (This was not noticed at the time the measure- 

ments were made,  because the form of the joint signature was unknown and 

the regular ripple on the record was attributed to varying multipath effects 

15 



TABLE III 

Results of Inspection for a Joint Signal in the LCS 
Range Records 

Frequency- 
r. m. s.  deviation 

(dbm) 
ß 

(dbm) 
Visually- 
Present? 

Estimated 
Variance (dbm  ) Band GHz 

L 1.335 0. 288 <  0. 2 No 0.012 

S 3.3 0. 130 <   0. 1 Possibly 0. 003 

c 5.6 0. 160 0. 2 Yes 0.012 

X 8.5 0. 220 0. 2 Yes 0.012 

K 24.0 0.321 <  0. 2 No 0.012 

generated by the rotation and by the wind-induced sway of the sphere and 

column. )   At those frequencies where the joint signal was not visually appar- 

ent,  an estimate was made of the upper bound on ß for it not to be seen.    The 

last column is the variance of the cross section,   computed using the linear 

2 
polarization expression 3TT/3   /32 [equation (A. 14) in the Appendix]  and the es- 

timate of ß,  or its upper bound,  appearing in the adjoining column.    The 

corresponding variance for circular polarization is smaller by the factor 2/3, 

but since upper bounds are the quantities of interest,  these figures are not 

listed. 

The values of ß listed in Table III appear to indicate a joint signal which 

is maximum in the vicinity of C and X-bands and decreasing as the frequency 

is reduced below or increased above this region of the spectrum.    This 

16 



behavior is in accord with a more detailed examination of the scattering pro- 

perties of a slot.    At sufficiently high frequencies the displacement current 

across the edges of the slot is large enough to carry the conduction current 

across the slot essentially without impediment.    At very low frequencies,   on 

the other hand,  the conduction currents can flow from one edge down into the 

slot and eventually reach the other edge by a conductive path which is small 

compared with a wavelength.    Since the depth of the slots in the LCS is about 

1/8 inch,  this condition would be expected to be reached in the vicinity of the 

L and S frequency bands. 

The estimated upper bounds on the cross section variance listed in 

2 
Tablelllare all equal to 0.012 dbm    except for the S-band bound,   which is 

smaller.    To facilitate the presentation of the final results it is more conve- 

2 
nient to set the S-band bound at 0. 012 dbm  ,  too. 

IV.    THE MEAN CROSS SECTION 

The average diameter of the LCS,   obtained by averaging the 18 polar 

profile diameter measurements with respect to the weight function sinO,  was 

found to be 44. 464 inch.     Thus the mean radius is 0. 56469 m.    The nominal 

radius is 0. 56419 m,   since for this the geometrical cross-sectional area is 

1 m  . 

2 
First order perturbation theory    has been used in Section II to compute 

the variations in backscattering cross section plotted in the various graphs 

referred to in that section,   apparently with good results.    This means that no 

17 



great error has been incurred by neglecting the higher order perturbation 

contributions.    But in the first order approximation,  the mean cross section 

is the cross section of the mean sphere.     Therefore,   one concludes that the 

mean backscattering cross section of the LCS is equal to that of a sphere of 

radius 0„ 56469 m to within an error that must be small compared with the 

r. m. s„   deviation of the backscattering cross section,   for which an upper 

bound estimate is given in Fig.   10. 

V.     CONCLUSION 

If the reasonable assumption is made that the signal scattered by the joint 

and the signal scattered by the surface perturbations are statistically indepen- 

dent,  then the variance of the total cross section is equal to the sum of the 

variances of the cross section deviations due to each separately.    From the 

upper bound estimates of these quantities obtained in Sections II and III,   the 

resultant upper bound on the r. m. s.   deviation of the total backscattering cross 

section is found to be as shown in Fig.   10.    The averaging is carried out over 

all aspects and all directions of linear polarization. 

The upper bound shown is probably excessively high at the lower end of 

the frequency range plotted,  but no information is available on which to base 

a better estimate. 

Since the signal scattered by the joint is sensitive to the direction of 

polarization,  the bound for circular polarization is slightly lower than that 

shown. 

18 



The mean backscattering cross section of the LCS is equal to that of a 

sphere of radius 0. 56469 m to within an error which is small compared with 

the r. m„ s„   deviation of the cross section.     The backscattering cross section 

of such a sphere as a function of frequency can be obtained,   for example, 

4 
from the tabulated computations of Rheinstein. 
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APPENDIX 

Since a butted joint on a conducting surface is a barrier to the surface 

current flowing in a direction perpendicular to the line of the joint,  it is con- 

jectured that the joint behaves like a slot antenna with a voltage across it 

proportional to the transverse current density that would exist at the position 

of the joint were the joint not there.     The factor of proportionality can be in- 

terpreted in terms of the impedance of the slot,  but the radar signature of 

the slot can be obtained to within this factor without evaluating the impedance. 

Over the illuminated side of the LCS and at the frequencies of interest, 

the surface current K is given closely by the tangent plane approximation 

K =   2n x H 

where n is the unit normal to the surface and H is the incident magnetic field 

strength.    Accordingly,  the voltage V across the slot is given by 

— A       A— A 
V =  at   x n H* t      , 

A 
where a is the factor of proportionality and f   is a unit vector directed along 

the slot.    But a slot antenna in the surface is equivalent to a magnetic line 

current I     in the surface given by I     =   n x V,   so that 
m m 

- A  — A 
I     =  at   H'l (A. 1) 
m 
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— 2 
The field 6E radiated by this equivalent slot current is therefore 

*P ^(m)(r;r') •   I    (r1) dl       , (A. 2) 
m 

where & (r; r') is that Green's dyadic for the sphere, giving the electric 

field at r due to a unit magnetic dipole at r', and the integration is carried 

out over the length of the slot. 

By reciprocity,     g (r;r')= — [K       (r1 ; r)]    ,  where K       (r';r) is that 

Green's dyadic giving the magnetic field at r' due to a unit electric dipole 

— T 
source at r and [   ]     denotes "transpose of. "   Therefore,   (A. 1) and (A. 2) can 

be combined as 

6E(r) =     (   ffH-^i-H'di      , (A. 3) 

where 6E is a selected vector component of 5E(r) for r in the far field,   H'  is 

the magnetic field at the surface of the sphere due to a test incident plane 

wave polarized in the direction of the selected component and the various 

proportionality factors have been absorbed by a.    Since the impedance of the 

slot may in general be a function of position along the slot,  a is included under 

the integral sign. 

The radar signature of the butt joints on the sphere is computed by as- 

suming that the two joints either side of the hoop tongue,  being separated by 

Zl 



only 0. 25 inch,   can be treated as a single one midway between then,  which is 

at the equator of the sphere.    It is also assumed that the slot impedance is 

essentially uniform so that a can be factored out from the integration in (A. 3). 

No generality is lost by assuming that the polar axis of the sphere lies in 

the plane y =   0 of a rectangular coordinate system and is inclined to the z axis 

by the angle 6 .    The incident plane wave is assumed to be traveling in the 

negative z direction.    This configuration is illustrated in Fig.   8. 

For a plane wave polarized in the/    ^direction,  the tangent plane approxi- 

mations for the components of the magnetic field are proportional to 

.     -xka cos9 \— sin cp I 
H,. =   cos 8 e < > 

0 I     cos <p\ 

(A. 4) 

-ika cos 0 ( — cos w\ 
H    =   e <        .        >     , 

cp I — sin (p \ 

in a spherical coordinate system with polar axis along the z axis, where a is 

the sphere radius. If w is the azimuth coordinate in the natural coordinates 

of the sphere,  the component of the magnetic field along the slot is given by 

H-i =   Hft-^-+   H    sin0-^      . (A. 5) 
0 dtp 0 dcp 

o o 

By taking the polarizations of the incident plane waves (actual and test) each 

to be either in the x or y directions,  it is a simple matter to show from (A. 3), 

22 



(A. 4) and (A„ 5),  together with the elementary geometrical relationships con- 

necting the two spherical coordinate systems,   that 

6E 
XX 

i                 2 
cos   <p 

o 

6E 
yy |-J 1        2              2 

i sin  w   cos   9 
o            o 

6E 
xy 

since   cos(p   cos9 
o           o          o 

exp (i2ka cosi/?   sin9 ) dc/?       , 
o o        o 

(A. 6) 

where 5E.. is the i - directed component of the field radiated by the slot when 

the incident field is polarized in the j direction and 6E.. =   6E...    The integra- 

tion is to be carried out over the illuminated semicircle of the slot. 

Since,   in the case of 6E     ,  the integrand is an odd function,   5E       =  9. 
xy xy 

The other two joint fields can be evaluated by the method of stationary phase, 

provided 9   is bounded away from zero.    The stationary phase point is at 

<p   =   IT,   so that 
o 

 :     -i2kasin9 
,     •  0   e °,    (9*0) (A. 7) ka sinö o 

o 

2 2 
and,   since sin   ip   is Off     ) at the stationary phase point, 

6E       =   aO i(ka)"3/2i     ,     (9*0)     . (A. 8) 
yy i ) o 
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Thus 6E       is the only significant member of the set defined by (A. 6) when 0 
XX '       ° o 

is bounded away from zero. 

When 9   is in the vicinity of zero,   a different situation obtains,  for the 
o 

substitution 6=0 into (A. 6) leads to 6E       =   6E     „    It is not permissible to 
o xx yy 

evaluate (A. 6) for 0=0,  however,  because in this case the slot is in the 
o 

position of the shadow boundary at which the tangent plane approximation is 

known to be invalid. 

3 
It is found,  from the work on high frequency diffraction by Fock,     that 

when 0=0 the component of the magnetic field along the slot is 

-   A (cos <p  ( 
N/2   Isxncp   \ 

' o ' 

for an incident field polarized in the i   (.direction.     Therefore,  when 0=0, 
lyf ° 

(A. 6) is replaced by 

/         2 
6E 1 cos   (p 

XX 1 /n \             o      ° i a    ( l    .   2 
6E      \ = T   \ { sin  <p 

yy I 2   J ) 
6E 1 sincö   cosco 

xy; \          o           o 

dcp       ,(0=0), 
o o 

and the integration must now be carried out over the full length of the slot. 

This gives immediately 6E       =  0,  as before,  and 

6E      =   6E       « a | ,   (0   =   0)     , (A. 9) 
xx yy Z o 
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which is just half the result obtained by the formal substitution of 0    =0 into 
o 

(A. 6). 

The total backscattered field is the sum of the field E    scattered by the o ' 

perfect sphere and the field 6E radiated by the slot.    The normalized back- 

scattering cross section a is given therefore,  to first order in 6E,  by 

,E    +   8E,2 

o- =   =   1 +   2 Re 

lEol 
m • 

where the Re stands for "real part of. " Thus, from (A. 7), a radar sending 

and receiving signals polarized in the x direction measures a change bcr in 

cross section of the sphere due to the slot given by 

cos(2kasin8   +   i|i  ) 
bcr   (6 ) =   ß  ,  (A. 10) 

*   o \Zsin6 
o 

for 8   bounded away from zero,   and,  from (A. 9), 
o 

I 6cr  (0)1 <  ^\/^kä     , (A. 11) 
i      x      i       2 

where ß and di    are real constants.    The unknown phase constant dj    in (A. 10) xo o 

and the inequality in (A. 11) are necessary because the phase angle of the slot 

impedance is unknown. 

For a y-polarized radar,  the corresponding change 6er    in cross section 

is small compared with bcr    for 0   bounded away from zero and 6cr   (0) =   bcr  (0). 
x o y x 
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Since ka is large,   the change in cross section when averaged over all 

aspect angles is essentially zero,   due to the highly oscillatory nature of (A. 10). 

Thus the variance of the cross section is given directly by averaging the 

square of the change in cross section.    For a radar polarized in the direction 

x coscp   +   y sin«/? ,   the change 6a-    (6 ) in cross section is clearly 

60-    (9 ) =   60-   (6   ) cos2(/>+   60-  (9 ) sinZcp (A. 12) 
<p     o x    o y   o 

2 
and the variance [Scr    (9   )]   ,   averaged over all aspects and polarizations is, 

<p     o 

[bo-    (9)]
2
=TT-\    [60-    (9 )]Z sin 9    d9    d<p (A. 13) 

(f    o 2tr J <P    O 00 

where the limits for <p are (0,   2TT) and for 9    are (0,   TT/2),   since the integrand 

is symmetrical in 9    about the point 9  = IT/2. 
00 

The result of combining (A. 12) and (A. 13) and carrying out the <p integra- 

tion is 

[60-   (9 )]2 = -£•   \     (36o-  2 +   26c  60-    +   36o-  2) sin9 
<p   o 8 j x xy y ° 

d9 
o 

Now both 6cr    and 5cr    are finite when 9=0 whereas sin 9   is zero.    Also 60- 
x y o o y 

is essentially zero for 9   bounded away from zero.    Therefore only 60-      need 

be retained in the integrand so that,  from (A. 10),  the variance is given closely 
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by 
TT 

  £ 

[6a    (G )]2 =  |ß2   f    cos2(2kasinG   +   d>  ) dO 
i/>     o 8 J ooo 

2 
But 2 cos   (2kasinG   +   di  ) =  1   +   cos [2(2kasin6    +   di  )]  and since ka is large, 

o o o o 

the integral of the trigonometric term on the right in this expression is 

negligible compared with the integral of unity. 

Thus the final expression for the variance is 

[6cr    (G )]2=  f^ß2     . (A. 14) 
(p    o 32 

A similar derivation for a circularly polarized radar leads to the result 

[6<r  (G )]2=  -^-ß2     . (A. 15) 
co ID 
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Fig.   8.    Coordinate system for examining the field scattered by 
an equatorial slot. 
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