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ABSTRACT

The hydromagnetic model of the evolution of a plasma puff in a
BZ field described by Waelbroeck has been used to analyze the character-
istics of the plasma produced by the APL conical pinch gun. The analy-
sis is based on fitting the signals induced in single turn magnetic pick-
up loops by the passing plasma. In the cases studied good fits to the
signals have been achieved and the characteristic parameters of the
plasma found. This analysis applied to plasma generated by the APL
theta-pinch gun has not been successful. In the two cases studied, the
lack of good fits is attributed to the presence of a sizeable amount of

trapped field in the puff which is present along the entire flight path
through the BZ field.

- 111 -




The Johns Hopkins Univarsity
APPLIED PHYSICS LABOAAYORY
Silver Spring, Maryland

IL.

IT1.

Iv.

VI

Vl1i.

VIII.

III.

Iv.

TABLE OF CONTENTS

Introduction

Theory

Magnetic Loop Signals Induced by the Plasma

Determination of Parameters from Magnetic

Signals
Analysis
Computer Analysis
Results

Discussion

Appendices

Solution of Equation 10b

Solution of Equation 12

Solution of Equation 22

The Compensated Magnetic Loops

Computer Listings

References

—V—

16

21

26

29

41

43

44

46

47

50

52

62




The Johns Hopkins University
APPLIED PHYBICS LABORATORY
Silvor Spring, Maryland

LIST OF ILLUSTRATIONS

Figure Page

1 Experimental Arrangement 2 2 . 12
2 Magnetic Loop and Field Geometry . . 17
3 Domain of Allowable Values of (f*, A%) . . 24
4 Typical Magnetic Loop Signals . . . S
5 Comparison of Magnetic Loop Signals with

Analysis (points), Condition I . . 35
6 Comparison of Magnetic Loop Signals with

Analysis (points), Condition II . . 38

- Vil -




The Johns Hopkins University

APPLIZD PHYSICS LABORATORY

Silver Spring, Maryland

I. INTRODUCTION

This report is an elaboration of the work conducted by the fusion re-
search group (Ref. 1) at Fontenay-aux-Roses during the period 1960-1964
concerning the analysis of plasma flow through a longitudinal magnetic
field. This report includes a more comprehensive discussion of the model
which was presented by the French scientists as well as the analysis of
plasma flow made by the Plasma Dynamics Group at the Applied Physics
Laboratory. The computer analysis, developed at the Laboratory, is

also discussed in some detail.

The model describes the plasma by means of hydromagnetic equations
with some simplifying assumptions. It is shown that the model is able to
extract the gross features of the plasma (such as temperature, density,
center of mass and local velocity) from magnetic loop signals induced by
the plasma while passing along the field. The hydromagnetic description
makes it immediately obvious tha’E this analysis is applicable to a rather
restricted class of plasmoids. Nevertheless, in the original work (Ref.

1) it was found that whenever the model could be made to fit the experi-
mental data, the theoretical model predictions and those of more direct
diagnostic techniques were in excellent agreement. Therefore, this theory

is considered very useful, albeit to a restricted family of plasmas.

Both the French workers and those at APL analyzed plasmas which
were produced by a conical pinch gun. The gun coils used in both cases
were, in most respects, identical. However, whereas the French gun was -
powered by a 10 uf capacitor bank, the APL gun used three 14-uf capaci-
tors and had a nominal frequency of 80 kc. The maximum allowable
charging voltage was limited to 14-kv by the current capacity of the igni-

tron switches.
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It is hoped that this analysis can be extended to the diagnosis of a
plasma puff in a multipole magnetic field. The work discussed here and the
investigation of this more complicated magnetic configuration are being sup-
ported by the National Aeronautics and Space Administration, Physics of
Fluids Branch.
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II. THEORY

The evolution of a plasma puff as it passes through a longitudinal mag-
netic field has been described by Waelbroeck et al in Ref. 1. The hydro-
magnetic equations have been used with the following assumptions:

1. The longitudinal guide field does not impede axial motion of the plasma,
but it does eliminate radial diffusion. The density is sufficiently low that
diffusion across the magnetic field is not appreciable during the time of in-
terest.

2. At any time, t, and for a given axial position, the plasma characteris-
tics are independent of the radial coordinate, r, up to the boundary of the
plasma, rp.

3. The collision frequency is sufficiently high that the perpendicular and
parallel temperatures (with respect to the direction of the guide field) are
equal at every point, i.e., Tell = Te_L’ Ti - Ti Ik

4. The plasma is electrically neutral (n.ic = ne) and each fluid element,
either electron and ion gas, has the same average velocity (Ve = Vi)’ where
nj, N, and { are the ion density, electron density and ionic charge, respec-
tively. This assumption eliminates any longitudinal current.

5. The magnetic pressure and plasma pressure are in equilibrium ct
every instant.

6. At every instant, the linear density of the ions in the plasma with

respect to the center of mass of the puff is Gaussian, i.e.,

N, 2
N —-——xp[] W
4 ,/1?)\('(,) A(t)

where N, is the total number of ions ir, the puff, z is the coordinate rela-
i

tive to the center of mass of the puff and A(t) is the characteristic width

of the Gaussian distribution.
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The momentum nsfer equation with scalar pressure (see Ref. 2)

can be written in the . 1lowing form:

-

aV -t —p — e M} [ R——
— _ Vv . ¥ n.V.V. v vV V =
P ot VoleV+ v (niml i 1) * (neme e\ e)

(2)
cE+@xB)-Yp-po,

where Vi and Ve = the ion and electron velocities with respect to the center

of mass,

m, and m_are the corresponding masses of these particles.

g = (nic = ne) e (charge density) (3a)
p = nm +nm (mass density) (3b)
V = % (n,m, \71 +n meVe) (macroscopic velocity) (3c)
J = (nr V. -nV ) e (current density) (3d)

the total scalar pressure (electron plus ion pressure)

the applied magnetic field, and

€ @ o
"

the gravitational potential.

Neglecting the gravitational term and the electron mass comparéd to

the iopn mass, Eq. 2 becomes:

3V, B | .
n.m. — S V.V (nm.V.)+9V* (n.m.V.V.) =
iio3 i iii iiii
(4)
cE +(:T.x§)—$p.
But,
V(om, VV)=nmV.* V. + V¥(n.m.V.) . (5)
i1 id iid i i

ne

{ o) PACRURL Y G iCo thah s i}
R s f'z:; T2y
. g, < S
= o 0 - .- —r o n . . N e MO
L fy——; o e TN T AT . e Y e f sy 3
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Using Eq. 5 and assumption 4, Eg. 4 becomes

—

vV p+ (T xB). (6)

i —':\-/'
m, — m.V,* vV, = -
iot 1 i

<4

i
This is the equation of motion which will be used to describe the plasma.

In a one-dimensional flow problem, Eq. 6 reduces to

3V, L 3V, op
+ e + =
M TE T Ve T Y 5, ¢ (7)

It is interesting to note that this equation describes the flow of a simple
ﬂuiii with the thermal energy density, 3/2 nik (Te + Ti)’ under the force
-4 VP (where k is the Boltzmann constant).

1 The basic parameters are defined as follows:

1. )\O and A(t) are the characteristic widths of the puff along the axis
at t = o and at any time t, respectively. It should be noted that A(t) is a
function of time only. Time zero is defined as the time at which the puff
begins to expand axially and is not necessarily the time of ejection from the
gun.

2. vy is the velocity of the center of mass of the puff. v(Z,t) is the
velocity of any element of the fluid at a distance, Z centimeters, from the
initial position of the center of mass and at a time, t seconds, after the
expansion begins.

3. Bo is the guide-field intensity.

4, rq is the radius of the flux conserver on which the solenoid is wound.

d. rp is the radius of the flux tube in which the plasma travels and will
vary with position and time. ro is the radius of this flux tube when the

plasma is not present. The total magnetic flux inside the flux conserver

is constant.

o -

o " :‘—'5"'
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The volume density of the ions, expressed in a form similar to Eq. 1

2

is given by

2
N A o
T A (8)
VT A(t)
where N, is the number of ions in an infinitely long cylinder of unit cross-

A
sectional area. Using this expression in the equation of continuity,

— 4+ = = 0,
ot YL 8 (9)

one obtains

:I X e (10a)

. 2.zzni ni
niVi = - X 3 - T dz - (10b)

It can be shown (see Appendix I) that the solution for this velocity relative

and

to the center of mass which is anti-symmetric for+ z is

V., = (11)

The equation of motion, Eq. 7, now becomes

3p nimizku
+ ———— = 0,
>z S (12)
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which has the solution (see Appendix II) expressed by

9 = % nm AN (13)

Since it has been assumed that T” S 'I'J_ for each component gas,

the ideal gas law is applicable, i. e., !

p=nkT,.+nkT =nk(T.+T), (14)
i i e e i i e
and thus
1 It
k(Te+Ti) =3 mi)\)\ . (15)

From this it may be seen that the temperature is a function of time only and
therefore is uniform in space. This implies, for a Gaussian density distri-
bution and a plasma-field equilibrium at each instant, that the plasma radius,

rp, varies with z.

The total energy of the plasma puff will be considered to exclude the
effect of external forces. This total energy is composed of the thermal en-
ergy of the ions and the electrons plus the kinetic energy of the ions' axial

motion. The kinetic energy of the axial motion of electrons is negligible

—

since Vi = \—ie and mi > me . The energy, W, is defined as

3 o o P
W= 5 [ [ nk(T_ +T)2qrdrdz +
Z -® Yy 1 e 1
(16)
1
s I

-~ O

P nm.V2 2 gr drdz .
111

T
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The ideal solution would be to integrate Eq. 16 over the radius of the plasma
and thus calculate the energy per unit area. Equating the pressure, Eq. 14,
to the energy density would then give a useful relationship. Unfortunately, r
is not known as a function of z and thus the integral cannot be evaluated
exactly. However, if only an undefined low 3 plasma is considered, the

plasma radius can be said to vary slowly with z. Equation 16 may now be

written as

=<}

nk (T +T,)dz+ z i nm,V,*dz . (17)
i e i 2 J_ 11

- o

mr

Combining Egs. 11, 15, and 17 and integrating the result yields

2
w - 3 ”+_l_ . N A' 1
- _Ll_miNAk)t 4m1A . (18)
mr

Within the limits of the restricted 5, this expression'is equal to a

constant which can be evaluated at time zero, i.e.,

at t=o,)\=.)to and A' = o,

and hence

The approximation of low 8 must be examined more carefully. The

B of the plasma is defined in the usual way as

- 2 2
B = p(B;/2u0)1=l-l:%J %1-[%(21 , (19)

-u:.::w. e m L e e — m— = .'_'———-—_-Tm
- . b ¢ i
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where B is the field inside the plasma boundary and B' is the field on the
vacuum side of this boundary. The external field, B', is approximately
equal to the unperturbed field, BO, as long as the plasma radius is small
compared with the radius of the solenoid (this is usually the case). Then,

1 from the conservation of flux,

‘ and Eq. 19 takes the form
r 4
= |-
SRR
| P
or
| x
—° . (1-p)7. 0%
T
p

When B = 0.6, the ratio of the flux tube radius to the plasma radius is about
I 0.8. Thus even for relatively high B8 plasma, the plasma radius changes

slowly with z and the approximation used in Eq. 17 is a fairly good one.

l The following reduced variables are now defined:
I A = i(t) ) (21a)
o
’ and
T = -
I F
where
mi)\z 3
= . 21b
J €= | Bk (T, + Toy (21b)

b - — . U —
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Differentiating Eq. 21a yields

A

v oo 9x ., dn dr "o dA
dt o dr- dt ¢ dt ’
and
P A 3
AH:dA: o) dA'

3
dt? £ dr @
Equation 18 can now be written in terms of these variables as
Aa

3 o dA
2 NAmiA £a 173

. 2 3
1 0 dA _ 3
+1 -2 l.___ -3 +
n mei Ea o 5 N!k('I‘e Ti)o ,

which reduces to

2 3
e [%A_] — )

This differential equation expresses the conservation of energy. The solu-

tion of this non-linear differential equation, as given in Appendix III, is

r= AT+ af-nt (23)

and

%

dA | -3
dT-(l-A). (24)

These equations combine with Eq. 15 to yield

3
k(T +T) = 3k(T_+T) A -S4
e i e iy dr
and thus .
)Y 3
Tt T | Lo [-—9-)-} : (25)
: X(t
(T, +TY A3 (

- 10 -
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The information which has been gathered thus far about the plasma is
not in a useful form. These equations must be expressed in the laboratory

coordinate system rather than in the center-of-mass system and they must

be related to experimentally measurable quantities.

Beginning with the coordinate transformation, it can be seen that the
laboratory axial position (measured from the center of the gun coil to any
location, z, relative to the center of mass of the puff, see Fig. 1) is

given by

Z=z+voto+vot=z+Zo+vOt, (26)

where Z = vt  is the laboratory position at which the puff begins to expand.

Thus.

z = Z-7Z -v. t . (27)
0

The fact that expansion does not take place immediately can probably
be accounted for as follows:
1. Ions formed downstream are ejected earlier than other ions but with
a lower velocity. Thus, the ions tend to bunch initially.
2. Since the model does not include the possibility of a trapped field which
inhibits expansions, the analysis is applicable only after this field has been

dissipated.

Some of the expressions derived earlier may now be rewritten as

- _ 0
. Z - Zy- Vot N X DY X
A(t) A(t) i A A

- 11 -

ey e = = =
v .
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Defining - S 2
: 20 : 16
e A 6k(T +T.) ’
o) e i
and 2 2
ANE =
Ko

Egs. 1 and 8 become, respectively,

2
N. Z'-aoT
Nf, = —1 exp - _— )
Vi X A A
and 2
N Z' - aT
n, = . exp - [——il
Vg A &
The transverse energy per unit length of the plasma, WJZ_L is
N.k(T +T) °
i e i Z' - aoT
W, = + T.) = - .
i Nzk(’I‘e Tl) ‘/T-T)\OA p [ A
But from Eq. 25 we have
(T + T.)
(T +T,)= —2—
e 1 A
and thus
N ™ Vo :
W S f (A’I a} Z ) »
Lo6vg at
where

- 13 -
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B may now be expressed in terms of the linear transverse energy

density. Since

2
5 - 2iop ] 2ﬂrpuop
2 ﬂrz BZ
Bo p O
and
2 -
p ﬂrp - Wz,L 2
then 2
2u W r
o "2l o) B
B = e B 2A P =2 A [g ) (36)
p o P 0
where A is defined as
s Wy BN Aoz 5
- 2 2 - , Oy .
wie s BO 6ﬂ3/aangBZ

But B has been defined by

<2
B
B =1-|=1. (38)
B|_ - |B|?
2A [BO:I =l = [BJ - (39)

From this it follows immediately that

2

r

B o _ 2

B |0 =./A*+1 -4a . 40

2 l:“] N/ (40)
0 p

and

- 14 -
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From Eq. (32) the ion density may now be written as

N N, \ 2
nl(ZI’T) 'e = 1 exp _[Z__.—gl} ,

mre n2 3% rPA A
P o p

or

| 2
1 N, (VA +1 -A) exp '[Z -a{]
n(Z,7) L LA . (41)
1 a2 2 A

o o

|
The local plasma velocity, v(Z ,r) may also be obtained. It is the

sum of the center-of-mass velocity and the ion velocity (with respect to the

center of mass), i.e., V(Z','r) = VO + Vi = VO + E;L'— , which becomes
| A '
v(Z ,7) = ‘f [a + (_Z__ng) gﬁ-—‘] , (42a)
or | |
Wz 1) =§é3 a+ (Z—kﬂ) (1 - A3 /3) ﬁ]. (42Db)

It can be seen from the above discussion that the evolution of the plas-
ma puff can be described by six parameters: v , (T +T,) , Z , A, N, and
: A o e 'io "o ‘o i
r, or equivalently, by a, §, Zo’ AO, m and T The remainder of this
report will discuss means of finding these parameters from an analysis of

magnetic loop signals.

- 15 -
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III. MAGNETIC LOOP SIGNALS INDUCED BY THE PLASMA

The work of Waelbroeck et al {Ref. 1) differs slightly from the APL
work in that the French investigators used a special type of magnetic probe,
called a compensated magnetic loop, while simple single-turn pick-up loops
have been used at APL. The compensated loops are discussed in Appendix
IV and, as can be seen, have some definite advantages over the system used
here. However, since one of the primary purposes of the present work is
to extend this analysis to the multipole magnetic configuration where only
simple loops can be used, the convenience of the compensated loops is

sacrificed.

Figure 2 is a schematic representation of the drift field and a simple
magnetic loop. The period of the field is very long compared to the transit
time of the plasma, and the field is spatially uniform inside the flux con-
server. The plasma effectively excludes part of the field from the volume
which it otherwise occupies. In the presence of the flux conserver, this ex-
cluded flux is distributed over the volume between rp and the conserver

radius, r For a plasma whose length is long compared to r,_, this dis-

3 3’

tribution can be gconsidered uniform.
Assume Bo is the drift field strength in the absence of plasma,

-Bp is the field generated by currents internal to the plasma,
and
Be is the increase in the field strength external to the plasma
caused by the presence of the plasma.
With the previous assumption that the plasma puff contains no trapped field,
the increase in flux between rp and r, may be equated to the decrease in

3
flux inside the plasma. If A(pp represents this flux change, then

- 16 -
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) rp )
Apy = 21 J‘o B, rdr = 2ﬂjrp B, rdr . (43)
Since B, is assumed to be uniform between S and ra , Eq. 43 becomes
Ao
B, = P | (44)
m(rj - r;)

The flux, ¢(t), at any time t encircled by our magnetic loop (shown

in Fig. 2) may be expressed as

o(t) = 1rr;(B0-Bp)J + m(r] - r;) (B, + Bg)

I L |

flux inside flux outside plasma
plasma encircled by magnetic
loop

- Ayt ﬂ(rf-r;) Be + mri B

ry - rE"’ .
" A% l-rg-r; T B, - (45)

The emf generated is then given by

3 3
: ri-r 3l _ - 0B
= R0 _|,. P | __P _ a 0 |
€ dt |:1 3 - r'pﬁ ] dt LAY 6y

If the signal is now integrated with a passive network, the detected voltage

has the form

rd - r? 7rl B
S 1- —;,-——rp Ay - —2 . (47a)
vV " RC r§ - T, “p RC :

In fact, the last term of this equation can be eliminated quite adequately
by using a second loop far down the field, and subtracting its signal from

Eq. 47a, i.e.,

-18 -



it Il e TR
'fne.* 75 [

The Johns Hopkins University
APPLIED PHYSICS LABORATORY
Silver Speing, Maryland

2
ry - r-r
.1 p
vV = BT [l— . Ao - (47b)
p

Now it is necessary to relate the probe signal (Eg. 47b) to the theory

of Section II. This will be done by using A Pp-

For a straight magnetic field and hydromagnetic equilibrium (scc

Ref. 2)

p+ = constant. (48)

(B_-B) (B_+ B )?
p + . 2 C (49)
2 Mo 2 g
at the plasma-field boundary. Assuming B, << B, Eq. 49 shows that
B Yo
—LB - 1 -A1-8 - : (50)
By 1+,/1 - B
and from Eq. 43
A = B, dS = B ds . (51)
(pp \£ p 0 'J; 1+,./1-8
p P
where S_ = the plasma cross-sectional area.

P

But p = W_L & the transverse energy per unit volume, and thus

Eq. 51 yields

Ao

P

:E.i:’ W‘LV ds _ 2#0 Vol (52)
B, ' -

Lp 1+/1- B, 1+J/i-p

o -19 -
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or, by using Eq. 40,

Ap_ = BOJ“ (1 —Jl—B)dS=ﬂr; B, (1 -+/1-B)

p
Sp
2 . B
= qr2 B. |1 - —=—
o 2]
= nr; B, (1 + A -+VA%+ 1) . (53)

The following.expression then links the voltage (Eq. 47b) to the theory:

2 2 2
mr B ra'rl
v o —12 & (1+A - vYA2+1)

RC rs2 - r?
p

ﬂB r‘z rz - I‘z

o0 3 1

g _ 2 \
RC (/A +1-A) r2 (1+A - ¥AT+ L. (54)

e
Ya = (/A2+1 -A)

This expression gives the time behavior of the diamagnetic signal induced

by the plasma at any location in space.

- 920 -
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1V. DETERMINATION OF PARAMETERS FROM MAGNETIC SIGNALS

Since six parameters (A, r_, Z , (T + Ti)o’ N.

\- R ) ] -_
o’ To o i» Vo Or their equiva

lents must be determined, six relatable experimental quantitivcs are needed.
As in the French work, four magnetic loop signals are used to obtain five

pieces of information:

1. Each of three loop signals gives the maximum value of the voltage,
Vi, Ve, Va

2. The difference in the time when the maxima of loop 1 and loop 4 sig-
nals occur, i.e., t4* - tl* , 1s used

3. The full width at half-maximum of the loop 3 signals, plotted as

A, vs t, which is denoted At [A—2] :
3

where  denotes maximum of quantity and t" denotes time at which maxi-

mum occurs.

The flux tube radius, r. is determined independently, giving a
total of six experimental quantities. It should be pointed out that these
are in no way unique, nor is there any reason to believe at present that
they are the best choice (in terms of being most sensitive in fitting the

data).

Determination of rj -- There are several ways of determining r,

such as electric probe measurements far down the flight path, time-inte-
grated photography, and the ratio of magnetic signals from loops with
different radii at the same axial position. These are well outlined in the

reports listed above (see Ref. 1).

The last method has been used in the present work. An axial probe
of radius r, was inserted into the vacuum system so that the probe and

onc of the magnetic loops (usually number 3 or 4) were coplanar. This is

o2l
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shown schematically in Fig. 2. A comparison of the signals induced by the
plasma in these probes makes it possible to deduce the flux tube radius,

r, o as well as the plasma radius r This method is described below:

p*

Equation 47b gives the voltage recorded by a single-turn magnetic
loop surrounding the vacuum system. When the axial probe is used, two
cases are to be considered: r, > rp and r, < rp.
covered by Eq. 47b where r, is replaced by r». It is equally clear that

Clearly, case 1 is

the ratio of the recorded voltages yields no information about 'y (and thus

about r).
For case 2, however, the flux through the axial probe as a function

of time is given by

e(t) = mr3 (B, - By,

from which it follows that

- _L ra A _”PS—BO (55)
Vaxial = RC tp s " "RC

This expression is dependent on r From the ratio, p, of the loop

p

voltage, v , to the probe voltage, v . ., measured at the same time,
loop axial
it is found that
. P r3 rg
= ) 56
o (rs - r2 +pra) (56)
and that
%
,1oop RC ( ry - r;)
= 8 -

o r‘p TB, rs - ri L
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The question arises whether the axial probe disturbs the plasma mark-
cdly in this measurement. This was investigated both in the French work
and in the present work. In the former investigation, .r, as measurced by
the above techniques was approximately 10% smaller than that found by
other methods. In the present case, the magnetic loop signals were es-
sentially unchanged by the presence of the probe; nevertheless, the four
loop signals used in this analysis were recorded with this probe withdrawn

and a separate run was made for the purpose of measuring ro (see Fig.

3).

. Extraction of Data from Magnetic Loop Signals--Five quantities re-

main to be obtained from the magnetic loop signal: the maximum voitages
from loops 1, 2, and 4 (vlﬁ‘, v;, v: ), t:: - tl*, and the full width at half-

maximum of loop 3 signal plotted Ag vs t.

The first four of these items may be read directly from oscilloscope
tracings. The last quantity is slightly more cumbersome to obtain; the
oscilloscope trace (v vs t) must be converted into a plot of A; vs t.

Using Eqgs. 40 and 54, it can be shown that

i 2
A = 3 [%] ) (58)

where

K = £ —— : (59)
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These equations permit the data (in the form of v, vs t) to be plotted as

As vs t from which At [‘?‘t’] can be determined graphically. Ay, AEY,

SR . 3 R gR g8
and A, (which correspond to vy, , vo° and v4 ) can also be calculated.
The correspondence is due to the fact that v is a monotonic increasing

function of A.

The information necessary to carry out the analysis has now been
obtained. It should be mentioned that the calculations described in this
section (Egs. 56, 57, 58, and 59) were done on a computer as was a
large fraction of the work to be discussed in the following section. These

computer programs are described in the appendices.
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V. ANALYSIS

The analysis is carried out essentially by graphical methods, in

which successive approximations are used to give the best fit to the data.

The analysis procedure will be outlined first and is based on the
assumption that the necessary graphs are available. Then the means of
obtaining these curves will be discussed. The required graphsare as

follows:

1. The family of curves £* (0, Z') = constant wnere £ (o, Z') is the
maximum of the function (Eq. 35) with respect to 7.

2. The family of curves T * = constant as a function of (a, Z') where
T* is the reduced time at which the maximum of f (A, o, Z') occurs, in-
dependent of the value of t* for the particular (a, Z', A).

3. The family of curves AT, = constant as a function of ¢, z' , Where
A 'r% is the full width at half-maximum of the function f (e, Z', A), plotted

as a function of T.
The following ratios are constructed next:

Zp -2y Zg- 2,
Q2 = Ze-2! Z,-2, ' (60a)

Qs = o= - (60b)

£ (o Za)  As

Ks = Tz - AS (60c)

and
1 R
f (Q", Z4) A4I
K = T = 55
4 f::: (a, Zl) Al' (GOd)
The equality of the ratios can be seen from Egs. 30 and 37. ‘
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It is noteworthy that the first terms to the right of the equal signs are
constructed of variables from the theory while the second terms are made
up of experimental determinable quantities. (The values A1 are calculated
from the values of v;:; Z; is the distance from the center of the gun coil
to the loop positions). These are experimental values for the ratios in

1
Eq. 60 for which a best fit in the (o, Z ) plane must be found.

A starting set (aq, Zl) is chosen arbitrarily. The corresponding

% (2, Z; ) is found from the graphs of f* = constant. Then a value of

f::: (Q-, Z; ) - K4exp f::: (QJ Z]'. )

is calculated. (Superscript ""exp" indicates experimentally determined
values.) With this value of £ (as Z4' ) the coordinate ZL which corresponds
to the value [o- £* (0, Z;) ] is located on the graph. Since from Egq. 60a

Zd =7, + Qu (Z4 - Z, ), it is possible to find f* (a; Zz ) at the coordi-

nates (o, Zgl ) and construct

£ (o Zg' )
K2 i f* (O/-, Zl )

based on an estimate of (e, Zl' ) and compare it to ngxp derived from the
data. This procedure is repeated and the choice of (Q/~,Z; ) is adjusted

ex .
until good agreement is achieved between K; and Kz P'. In this manner

the range of (o, le ) is limited.

These values of (e, Zi' ) are used with the second set of graphs, 7=
constant as a function of (o, Z' ). The experimental information to be used
is the difference in the times at which the maxima v, and vlz': occur, i.e.,

ts -t . From Eg. 2lb

t4l< - tl
= —— 61

- D7 o
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<

3 2 !
Locating 7, at (a, Zq,') and 7, at (e, Z, ), ¢ may be evaluated.

It is now possible to limit further the allowable values of (a, Zi') by
using the full width at half-maximum of the signal from loop 3. A ‘l‘é at
(e, Z,q' ) may be found from the curves A T% = constant, where Eq. 60b
becomes

!
Zsg = Z, t Qs (Zg - Zy )

!
For the proper values of (o, Z; )

1 A
[A’T%]a— E At [2}3 ] (62)

Generally it is necessary to repeat these three steps several times
in order to achieve the best fit to the data. This sequential processing per-
mits one to limit to a fairly narrow domain the allowable range into which
the characterizing parameters fall. (Waelbroeck et al, Ref. 1, find ac-
ceptable fits with A £ 8%, N;x6%, Zo £1.5 cm, (Te T T-l)o t 15% ,
Vo t 5%).

As a final step these parameters are used to caliculate the voltages

from Eq. 54 and compare them to the traces recorded by the oscilloscope .

28 |
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V. COMPUTER ANALYSIS

The computer analysis to be described below was carried out on the
IBM 7094 compuier at APL/JHU. It is by no means the most sophisticated
means of conducting the analysis but is designed to eliminate some of the

mathematical drudgery which the method described in Section V requires.
The programming is divided into five parts:

1. The calculations of rp, Lo Ay vs t, Al*, Ag*, A4* and the ratios

KE: K4J QlE: QIS’ (SUbseC- V)-

2. The calculation of the family of curves f* (¢,Z') = constant.
3. The calculation of the family of curves T * (o z') = constant.
4. The calculation of the family of curves AT% (o,Z") = constant.

5. The calculation of the voltages using the parameters from the anal-

ysis, the local velocity and the volume density n..
Each of these calculations will be treated in turn.

The Fortran listings of these programs are given in Appendix V.
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Reduction of Magnetic Loop Data-- This program is the most straight-

forward of the five. The mathematics is outlined in Subsec. .IV and needs

little further explanation. In this program, the Mks system of units is used

and the indicated times are in microseconds.

o W 0 a3 o

11.
12,

The inpuE data necessary to this program are:

.V ; VOUT (the peak voltage from the magnetic loop for measure-

loop
of ry)

. Vax' ; VIN (the peak voltage from the axial probe for measurements

ial
of r )
o)

. R2 (radius of the axial probe; vn ) is used for more than one

turn)

. R, R'; R, RPR (the resistance in integraior from the loop and the

axial probe, respectively)

. G, C'; C, CPR (the capacitance in integrator froian the loop and the

axial probe, respectively)

. r3; R3 (flux conserver radius)

ry; Rl (magnetic loop radius)
v Vs, Vi, ve; VMAX 1 (voltage maxima from loops)

%, ta) ta, ta; TMAX 1 (time at which the voltage maxima occur)

. 2y, Zg, Zs, Z,4; Z1 (location of loops from the center of the gun

coil)
B, ; BO (magnetic field intensity of drift field)

va vs t (loop 3 voltage and the corresponding times)

The output data are shown in the appendix for a typical case. They are:

(1) rO: (2)

rp; (3) A-l*x AB*J A-S*) A-4*) (4) Aa \E t) (5) KB: K4) Q12J Qla

- 30 -
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Calculation of Curves f* (o,Z') = Constant-- The equal-value curves

of f*(e,Z') are obtained in the following way:

’ _s/ i ;1:
f(A, 0 2') = A ? exp —L%—Q—’I' (Eg. 33).

-l

. . . df .
In order to find the maximum of f with respectto T, a7 1S set equal to

zero yielding
= 1
Z-aT| dA Z -aTl 5 dA ,
2|: A]dTﬂzali A:I—B T =0 . (63)

!
. .. -aT
Solving Eq. 63 as a quadratic in [———Z Aa ] , and requiring that this argument

remain finite as a = =, j.e., [('T + T.)y — 0] gives
e i

213
! 53 'Cl"*'\ég'*'% (l-A"‘ )

Z—;&LT S 3137 L (at maximum) , (64)
2 [1 -A ]§
dA [ '2/3]%
where 17 1-A (Eq. 24).
Eq. 35 may be written in the form
!
-[é%]:lnf+§1nA. (65)

Equations 64 and 65, at the maximum, are combined to give

. 5 s '2/3
I:%+1n f:'<+% 1n A]l:l—l\"~ :l
: (66)

a = — —
,\/-—1n 7 = % In A*

The curves f* (a,Z') = constant may be found using this expression.
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First the constant, which may range between 0 and 1 is chosen; then
a set of values of o are generated (using Eq. 66) for a series of values
A* greater than 1. The corresponding Z' is then calculated from Eq. 64

and the expression T(A) is given by

e e
= |AF 42| A -1  (Eq. 23).

The restrictions on the allowable values for the pairs (f*, A") are

readily found from Eq. 66 to be

-6/s . . B3
e < A < 1. (67)

This domain is shown graphically in Fig. 4.

sk | )
Since the equal-value curves, f (a,Z ) = constant and T (o, z') =
constant, were computed in the same program, discussion of this program's

input-output data will be deferred until the end of the next subsection.

Calculation of the Curves T ¥ (s Z') = Constant-- This calculation

is conducted in a manner similar to that of the preceding section. First,
a value A" = constant is chosen and this implies a value for T * = constant
(Eq. 23); a series of values of o are then introduced into Eq. 64 to find
Z'. Thus the sets (o, Z'") for which TF = constant are generated and this

process is repeated for successive values of A".

There are two parts to the input data to this program: input data for

" (@, 2") = constant and input data for T * (a-,Z') = constant.

- 32 -
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A.

DD O b W N

1.

The input data for £ (a, z') are:

. Initial value of f : FMAX
. Initial value of A™: XLAM

Incremental change in f* (Af*) : DELFMX

. Incremental change in A*,(AA*) : DELAM
. M, the number of values of £* to be used.

. N, the number of values of A™ to be used.

The input data for " (ax Z') = constant are:

Initial value of o : XALPA

. Initial values of A ™ YLAM

2
3. Incremental change in «a,(Aa) : DELALP
4.
)
6

Incremental change in AT(AA*) : DEYLAM

. L, the number of values of A* to be used.

. K, the number of values of o to be used.

Similarly, the output data are divided into two parts.

A.

The output data for f* (a, Z) are:

. The value of f*

%% .
. A listing of o, Z', T ,A corresponding to this value of f#

The output data for 7 (a, Z') = constant are:

. The value of T*

. A listing of @ and Z' corresponding to this value of T*

For the purposes of the analysis these data were graphed. Typical

curves are shown in Figs. 3 and 5.
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Calculation of the Curves A‘I% = Constant-- This is by far the most

complicated calculations and probably the most interesting from the pro-

grammer's point of view.

The full width at half-maximum, AT%, is given by

AT% = T3 -7 (68)

where T, and i, are the reduced times at which the function f (A, o, Z')

achieves half-maximum values, %f*. The widths are found in the following
way: A value of A* (and thus 7¥), and a value of « are chosen; Z' is cal-
culated from Eq. 64. Next f (A a,Z) =" is computed. Finally the

roots of the following equations are found:

1
. _5/3 Z - &Tl =
30 A exp- |/ (69a)
1
with 1< A, s AT,
-8/3 Z' - aTy
and £ = Aj exp - |1 . (69b)
Az
with AF s Ay s MAT,

where M 1is some sufficiently large multiplier. Having found A, and Ag,
Ty, Tz, and AT% are found directly. In the present case, a bisectional
method was used to find the roots A; and A; of Egs. 69a and 69b to an
accuracy of 0.001. (For this purpose, T, and T, were expressed in terms

of A, and A; according to Eq. 24.

- 36 -

PESELYEEEEEE T U -7 YR " W VY

T et e o R e . et g W——a—



The Johns Hopkins University
APPLIED PHYSICS LASORATORY
Silver Spring, Maryland

g8 . 1 .
For each valueof A", alistofo,Z andA ‘r'§ 1s calculated. The
values of ¢ used in this program werec the same for cach A~ (A’ ranged

from 1 to 10).

!
The graphs A T (o, Z) = constant are obtained by first plotting the
family of curves o = constant as a function of AT% and Z', and then
interpolating to find the curves desired. These curves arc presented in

Irig. 6.

The input data for this program consist of:

1. The accuracy to which the roots A; and A; are to be found: EPS

2. The initial value of o: XALFA

3. Initial values of A™ : XLAM

4, Incremental change in o,(Aa) : DEALF

5. Incremental change in A“(AAT) . DEXLM

6. M, the number of values of A" to be used.

7. N, the number of values of & to be used.
The output data for this program consist of:

1. A" : LAMAX

2. o : ALPHA

3. z': ZPRME

4, AT%: WIDTH

5. Calculated value of 3{" at root A, : Fl

6. Calculated value of %f* at root Ap: F2

7. Ay near root found by the program: XLAMI

8. Az for root found by the program: XLAM?2

9. f*: FMAX
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Reconstruction of Magnetic Signals--When the curves described above

are available, the analysis of Section V can be carried out to find the five
remaining unknown parameters which describe the plasma. The final step
is to reconstruct the four magnetic-loop signals based on the theory and

using the extracted parameters.

The parameters which are found from the analysis are Ao, a, §,
o, N‘,, and Zy5. The loop signals are reconstructed by substituting the
above‘data in Eq. 37 to find A as a function of t, by first calculating A(A)
and then converting A to the time domain. Using these results, v as a

function of time is then calculated from Eq. 54.

In the program used here, the volume density, ni(Z, t) and the local

velocity, v(Z,t), were also calculated.
The input data for this program consist of:

1. Value of ¢ : ALPHA

Initial value of A : XLAM
Incremental steps in A : DX
Value of Ay : XLAMO
Value of Zy : ZO

= W N

(@)

6 N, the number of steps in A to be made
7 Value of ry: RO

8. Valueof r,: RI
9
0

Value or rg: R3

1 Value of By : BO
11. Integrator time constant, RC: RC
12. Center-of-mass velocity, v;: VO
13. Ion mass, m.: XM
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14, Total number of ions, Ni: XN
15. Value of £: XI
16, Loop location, Z, and the last loop location: Z, ZLAST.

The output data are:
1. The characteristic parameters

2. The voltage V, thetimet, A, 7, A, density n;, and velocity w.
A separate listing is given for each loop location, Z.

This now makes the calculated signals available to be compared to

the oscilloscope traces.
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VII. RESULTS

The analyses of two plasma puffs are presented here. The initial
conditions in the two cases were significantly different, these differences

being reflected in the final plasma characteristics.

Figure 4 shows a typical set of magnetic loop signals to which the
foregoing analysis was applied. The positions of the loops relative to the

gun face are indicated.

Figure 5 shows the fit obtained for one éase. The solid curves rep-
resent the loop signals while the points indicate the values computed by
the theoretical method. This plasma can be characterized as dense and
cool. As can be seen from the figure, the fit improves as the plasma ad-

vances through the drift field. The plasma characteristics arrived at

are:
(Te + T;) = 6 x 10% °K
Vo = 3.45x10° cm/sec
N; = 2.7x10% ions
Ao = 2,16 cm

and
Zo = 17,1 cm

Of some concern is the fact that the computed curve decays more
rapidly than the signal itself. No satisfactory explanation for this has been
found. A possible explanation may be that the field from the gun influences
the magnitude of the first loop signal significantly, in which case the value
of A:‘ is different from the value whicn wouird be obtained otherwise., The
resulting "'best'' set of parameters to fit the data, especially for a low-

temperature plasma, are adversely affected.

-4l -
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The low temperature and high density calculated for this case sug-
pgest the possibility that the assumptions for the computation may not be
fulfilled. Initial trapped field, recombination, or diffusion may be play-
ing a role. Further experimental measurements are expected to clarify

this picture.

Figure 6 shows the fit to the second plasma puff. The fit to these

data clearly is considerably better. This plasma has the following char-

acteristics:
(T +T) = 2.2x10*°K
e i'e
Vo = 7.5 x10° cm/sec
Ni = 1.07 x 10*® jons
Ao = 4.45cm

Zo = 0.64 cm

The fit to all four signals is quite good, with a marked improvement
in the fit to the trailing edge of the pulses. In support of the previous dis-
cussion, it can be seen that better overall fits were obtained by sacrificing

the fit to the magnitude of the first signal.

It should be noted that the 8 calculated for this case comes out to
0. 86, which though physically reasonable and not in disagreement with

the observed puff size, does cast some doubt on the numbers above.
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VIII. DISCUSSION

Further analysis of the plasmas derived from the gun is planned,
both with the longitudinal field and the magnetic octupole field using this

model.

The shifting of the pick-up loops downstream will be attempted to
ests Dlish whether the gun influences the signal from the first loop suffi-

ciently to affect the final results.

It is noteworthy that although the gun and the drift field used here
were quite similar to the arrangement used by the French investigatcrs,
the plasmas produced here are typically denser and of lower temperature
than those produced by the prototype gun. It is quite likely that these dis-
crepancies are due to the difference in gun frequency (the present gun
has a ring frequency of 80 kc while the French gun's frequency was a

factor of two higher.
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APPENDIX I

Solution of Equation 10b

The following relationship was found:

272 "
ni\7 2 o A' ‘J‘ [—;3— ni = 71'] dz ) (10b)
or
AN 2 2
) A |2z ( zZ ) 1 ( Z)
n V = - N E=x A N =R
4 s J‘|: " exp \ = exp N dz .
Let q
Z%® = x, then dz = £
2 VX
Thus,

AN

B A S X 1 25
niV = - 7 J‘[; exp-(A—Q) - E; exp_<kg):| dx. (10c)

Integrating the first term on the right yields

J‘ii;—e > dx=-~/;?ex-i+L ) X
PR Y 22 PN e e - yE| dxte,

where C is the constant of integration.
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Equation 10c now becomes

K' 2
NA Z
niV=—T—Zexp——>\- + c. (10d)
WL
Since V 1is the velocity relative to the center of mass of the plasma
puff, the velocity of the particles at a distance +z must be equal to the
velocity of particles at -z. Thus, the constant C must be identically

Zero.
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APPENDIX II

Solution of Equation 12

n.m.ZK”
op , i i -0
3Z A
! N K” 2
- n.m.ZK' ~ A Z 7
1% Il; dZ—-ﬁ mif)\z exp [A] dz

It should be noted that taking N, outside the integral sign is again invoking

A
the assumption that rp is a slowly varying function z.

Again letting Z? = x,

as Z - %o, p ~ o0
Thus, 2
5 - miNA AH exp - |:£j|
2 Jr A
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APPENDIX III

Solution of Equation 22

2

2
3A SEa [d—A-] =1. (22)
d,rg dr
_ dA
Let P "3
Then dp  _ d°A - dp dA

Ao
dr? ,
where
t _ dp
P = Ga -

Equation 22 now may be rewritten as follows:

3p'p'/\+p2 = 1. (22a)

Multiplying both sides of Eq. 22a by A" | yields

3 An p'p+p2An-1 _ An—l . (22b)

But 4 (Cp?A™) = 2 epp A" +ncCpaA™?t

dA

where C is some constant. This expression is exactly ecoual to the left

side of Eq. 22b if
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2C = 3 and nC=1 .
C=3/2 n=2/3.

EJguation 22b may be written as

=1 a)

d 2 5 2[3y _
Y (3/2 p2 A='%3) A
Integration of this equation gives

3/2 p2 A%/® = 3/2 A2/° + L |

or

p? = 1+MA2/3,

where M is the constant of the integration.

_ Jil! _2/3 %
P = 47 (1 +MA )
dTt = el b 3
(1+ M A-2/3)
Let vy = A.
Then dA = 3y? dy ,
2 3
and dT = 3y dy % S 3 d )
(1 +My?) (y2+M)%

T = (y°- 2M) (y2+M)% :

= a2l amy (a%fse
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24}
ﬁ
(’
n
-3
n
o
>
"
—

2

-lorl/2.

Using Eq. 22c¢, Eq. 25 of the text becomes

(T +T) .M
(T, +T) adle
. o

and since ratio must be positive, M = -1.

Thus we “nd

r= (a2e 1oy (azk o)t (23)

dA _a-2/3, 8 Q. E. D. (24)
qr - (1- AP
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APPENDIX IV

The Compensated Magnetic Loops

The compensated loops used by the French investigators effectively
consisted of two loops of equal areas in opposition. One of these loops c¢n-
circles the plasma while the other encloscs an arca outside the plasma but

inside the flux conserver. (see sketch below)

Sch matic of Compensated Magnetic Loop Arrangement

The flux passing through the loop may be calculated by means of

o(t) = 7ar? (B -B)+a(rf-r®) (B +B)-nri (B +B)
p o P P o} e e o

where BO = ficld intensity from solenoid

Bp = field generated internal to plasma
and

BC = field due to flux excluded by plasma

The first term above represents the flux through the plasma cross

scction. The sccond term is the flux in the region between the plasma and
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the loop which encircles the plasma, while the last tetm is the flux encircled

by the compensating element whose effective arca is equal wrf .

1]

]
3
3

0]
uy]
|
3
3
N
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o (t)

But

3
o]
vs}
1

D
6
[}

3
o)

W

|
o]
[
oo}

and thus

o) = -2 |1 5——
p [‘a_rp

The e.m.f{., 6 , 1s given by

r 3A
€- .2 . |;4y —P P
9t r§-r2 ot
P

This tyne of magnetic loop has the obvious advantage of eliminating the

effect of the BO field.

- 51 -



© e e — o =i - B

The Johns MHopkins University
APPLIED PHYSICS LABORATORY
Silver Spring, Maryland

APPENDIX V

Computer Listings
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55

PHOUCTION OF SINGLE LOOP DATA'RO CALCULATION

DIMEMSTON V3(56),T3(56),A3X(56),03X(56)

DXXE (S ToUpXeY) = (((S/TY %62 )=((U/T)%%2, )4 (X/Y) )/ (La#(X/Y))®((S
1/T)4%2,3=((U/T)%%2,))

AXXE(X)= (le=(X%22,))/(2.%X)

READ INPUT TAPE 5,300,VOUT,VIN,R2,RPR,CPR

READ INPUT TAPES,300,R3,R1,B80,R,C

RcAD INPUT TAPE 5,305,VMAX]1,VMAX2,VMAX3,VMAX,

READ INPUT TAPE 5,305,TMAX]1,TMAX2, TMAX3,TMAXS

READ INPUT TAPE 5,3053214224923424

Pl= 3.1415927
RATIO=VOUT/VIN

RPSO=(R3&%2, )« (R2%%2 )% (RATIO#R*C )/ ((RPR¥CPR)*( (R3*%2, )-(R]1*&2,)+{
LR2#%%2 ¢ ) % ((RATIO*R*C)/(RPR2CPR))}))

RO=SQRTF(RPSQ-(( (R&CxVOUT)*( (R3#*%2,)—-(RPSQ}))/(PT1*BO*((R3*x*2,)-(R]
1%%2.))1))

RP=SQRTF(RPSQ)

BETA=1.0-((RO/RP)*%4,)

WRITE OUTPUT TAPE 6,308,R0,RPyBO,BETA

XK=(PIT#(RO%%2.)%RB0O)/ (R*C)

DMX1= DXXF(R3,RO0,R1,VMAX] XK)

DMX2= OUXXF(R3,R0O,RLl,VMAX2, XK)

OMX3= DXXF(R3,R0O,R1,VMAX3, XK)

DMX4= DXXF(R3,R0,R1,y)VMAX4L,XK)

AMAX1= AXXF(DMXI1}

AMAX2= AXXF{DMX2)

AMAX3= AXXF(DMX3)

AMAX4= AXXF({DMX4)

WRITE QUTPUT TAPE 6,301,AMAX]1,AMAX2,AMAX3 ) AMAX4,VMAX]1,yVMAX2,VMAX],
LVMAX4 , TMAX1, TMAX2, TMAX3,TMAXS

READ INPUT TAPE 5,302N

READ INPUT TAPE 5,303,(V3(I1),I=1yN)

READ INPUT TAPE 54303,(T3(1)4,I=14N)

WRITE QUTPUT TAPE 6,304

DO 5 I=1,N

D3X{I)=DXXF(R3,R0OyR14Y3(I)¢XK)

A3X(T)=AXXF(D3X(I))

WRITE OQUTPUT TAPE 6,306,(1, A3X(l) T3(1),V3(I)el=14N)

Qle =(22-21)/(724-21)

Ql3 =(723-21)/(24-71)
YK2 = (AMAXZ2)/ (AMAX])
YK4 = (AMAX4)/ (AMAXI])

WRITE OUTPUT TAPE 6,4307,Q12+Q139YK2yYK4
GO TO 55

300 FORMAT (5F10.6)
301 FORMAT (7TXy6HAMAX]I=FT74393Xy6HAMAX2=FT 343X, 6HAMAX3=F743, 3IX,y ¢ HA

302
303
304

305
306

307

308

IMAXG=FTe3/(TXy6HVMAX1=FT.3,3Xy6HVMAX2=FTe343Xy6HVMAX3=FT.3,3Xy6HVM
2AXG=FT1e3)/({TX,6HTMAXI=ZFT43,3X,6HTMAX2=FTe393X96HTHMAX3=FT7.3,3%X,6HTM
3AX4=F7.3))

FORMAT (5X,12)

FORMAT(7F10.6)

FORMAT (2X,1HI 7Xy2HA3 ;8X,2HT3,48X,2HV3,//)

FORMAT (4F10.6)

FORMAT (1X91293X,FB8e392X,FB8.342XyF8.3)

FORMAT (TX,4HQ12=F7.3,3X94HO13=FTe3/(7X93HK2=FTe3,3%,3HK4=FT,.3})
FORMAT(1HL,6X,3HRO=F10.6y6HMETERS,3X,3HRP=F10.6,6HMETERS,3X,3HBO=F
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REDUCTION OF SINGLE LOOP DATA'RO CALCULATION

11069 4HW/M2 43X, SHBETA=F1046)
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CALCULATION OF 1* = CONSTANT
MOSS

8 XEQ
DIMUNSION XLAMX(SI)'TAUWXM(SO) ALPHA(50,450) yZPRME(50,50) yFMAXM(51)
Ly YLAMX(51 )9 TAUX(S51)yALPA(S])4ZPRMX(50450) :
ALFAF (XY )=({(5a/6)+(LOGF(X)4(5a/3 )'LUGF(Y)))*SQRTF(I.-Y.'( 2./3
1e)))/7(SURTF(-(LOGFIX))-(5+/3.)*LOGF(Y)))
TAUMXT(X)= (X##{2,/3,)424)#SQRTF(X##{2./34)-10)
IPRME(XgYoZ)=Xul=(XeY=YeSQRIF(X##2.+(10e/3)0(le-Yeo{<2,/3e))))/(2
le#SURTF(1le-Yeu(=2473.)))

11 READ INPUT TAPE 5,100, F%Ax XLAM DELFMxoDFLAM M N .
rMAXmMll)=FMAX

XLAMX(1)=XLAM
DG 20 I=1,M |
WRITe CUTPUT TAPE 6410141 ,FMAXM(]T)DELFMX,DELANM
Du 10 J=1'N i
TAUAXM(J)=TAUMXF({XLAMX(J))
ALPHA(L,J)=ALFAF({FMAXM(I) ¢ XLAMX(J))
IPRME(T4J)= ZPRMF(ALPHA(loJ)vXLAMX(J)vTAUMXM(J))
XLAMX(J+1)=XLAMX(J)+DELAM' . Z
30 CONTINUE
WRITE CGUTPUT TAPE 69102y (J9sALPHA(I+J), ZPRME(I»J),TAUMXM(J)pXLAHX(J
1)yJd=1,N)
FMAXM({1+]1)=FMAXM(])+DELFMX
20 CUONTIUE
READL [WNPUT TAPE 5,100, XALPA,YLAM,DELALPDEYLAMyL K
ALPA(1)=XALPA
YLAMX(1)=YLAM
DO S0 [I=1,L
TAUX(T)=TAUMXF(YLAMX(T))
WRITE OUTPUT TAPE 6,203 .
WRITE GUTPUT TAPE 6,201, IvTAUX(I)pYLAMX(I),DELALP DEYLAM
DO 60 J=1,K
IPRMX([4J)=7PRMF(ALPA(J) ,YLAMX(I )y TAUX(I))
ALPA(S+1)=ALPA(J)+DELALP '
60 CONTINUE
WRITE UUTPUT TAPE 64202, (JyALPA{J) 9 ZPRMX(I9Jd)sJd=19K)
. YLAMX(1+1)=YLAMX(I)+DEYLAM
50 CONTINUE
GO TO 11
100 FORMAT (4F1046,216)
101 FORMAT (1H1¢5Xy2HI=1395Xy) 6HFMAXM=F 743 ¢y5XyTHDELFMX=FT<39y5X,6HDELAM=
LF743/7(2Xy 1HJ 45Xy SHALPHA 49Xy SHZPRME 99Xy 6HTAUMXM8Xy SHLAMAX) )
102 FORMAT(1X9T1293X1F9e595X9F1l0e595XK9F9.495XyFI.4)
201 FORMAT (5Xy 2HI=13,5X, THTAUMAX=F74395X6HLAMAX=F7{3,5X,9HDELALP
1HA=F7.3,5Xs6HDELAM=FT743//(2Xy1HJ 95X 9SHALPHA 49Xy SHIPRME))
202 FORMAT {1X9[293X9F9.595X9sF10.5) B
203 FORMAT(1H1,25Xy30HCALCULATION OF TAUMAX=CONSTANT/(26X,29HAS A FUNC
LTION OF ALPHA,ZPRIME))
END(1ly1l4090940y0y1919040¢0,0,0,0,0)
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MOSS = CONSTANT WITH CHECK AND TEST

DIMENSION ALPA(S1)yYLAMX{S1), TAUX(SI)oZPRME(SOoSO)pCHECK(Sl S1),FM
LAX{S1951)9yM(51,51)
LPRMF(Xe Yy Z"X'l—(XiY—YﬁsoRTF(X"Z.f(lool3.)'(lo-Y'G(‘Z-IBo))))/(Z
1.'S(JRTF(l.—Y¢'(-2./3.H) ’
TAUINXF(X)=(X8812,/3,)42.)6SQRTF(Xee(2./3.)-1)
FCIF{WeXoYgZ)=(Wea(=5./34))2EXPF(=((2-XeY)/H)ee2,)
Ll READ INPUT TAPC Sy1009XALPAYLAM,DELALP,DEYLAM,L K
Y=EXPF(~5.,/64) '
ALPALLI=RALBA
YLAMX(1)=YLAM
00 90 I=1,L .
TAUXI)=TAUMXF{YLAMX(]I))
WRITE OUTPUT TAPE 6,203
WRITE UUTPUT TAPE 64201,1,TAUX(I), YLAﬁX(l)oDELALPoDEYLAH
DU 60 J=1,K
ZPRME(L 9y J)=ZPRMF{ALPA(J) s YLAMX{T ), TAUX(T))
FMAXUT9J)=FCTF(YLAMX(I)yALPA(J)y TAUX(I),ZPRME(I9J)}
CHECK(IoeJ)= FMAX(IoJ)e(YLAMX([)®ne(5./3.))
[F(CHECK(IyJd)=1c) 51,51,52
51 IF(CHECK(I,J)-Y) 52,53,53
52 M{T,3)=0
GO U 60
53 MllI,Jd)=1
60 ALPA(J+L)=ALPA(J)+DELALP .
WRITLE UUTPUT TAPE 69202y (JoALPA(J),ZPRME(I+J)FMAX(1yJ) CHECK{I,J
l)'M(I'J)'J=I'K) .
SC YLAMX(I+1)=YLAMX(I)+DEYLAM
GO 1u 11

100 FORMAT(4F10.6,216)

203 FORMAT(1H1+25X,30HCALCULATION OF TAUMAX‘CUNSTnNT/(ZbX 29HAS A FUNC
1TION OF ALPHALZPRIME))

201 FURMAT(9X92HI=1395Xy THTAUMAX=FTe395Xy6HLAMAX=F7.3,45X,9HDELALPHA=F7
1e3,5X,6HDELAM=FTo3//7(2X91HJ 95X ySHALPHA9 10Xy SHZPRME 8Xy4HFMAX 38X y5H
2CHECK,8X,4HTEST) )

202 FORMAT(1IXyI293X9F9e545XsFl0e575XyF92593X9F9:59H5Xs11)

END(X,IQO.OQOQOQ111'0'0'0'0'0'0'0,
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CALCULATION OF AT

DIMENSION ZPRME(5,5) s ALPHA(S) g XLAMX (S) o XLAMLES,5) o XLAM2(5,5), TAUX(
15) 9 T1(595)9T2(995) 9 FMAX(S 45 )y WIDTH(S545) 9RESULTIS) ¢FX2(595) yFXL(5,45
2)
COMMON ZPRMEsALPHA,F12,1,J
FXXF(WoXoYoZ)=uX#8(-5./3,)) «EXPF(-(((Z-WaY)/X)#82.))
IPRMF (XY 9Z)=Xe2-(X0¥-Y2SQRTF(X0a2,4(1l0e/3.)08(Le~Yo0({=2,73, ))))/(2
le®SQRTF(le~-Yen(=2./3.)))
TAUF(X)=(X#2(2./3.)42.) #SQRTF(X#e(2./3.)~1.)
2% READ INPUI TAPE %$,602,EPS ‘
READ INPUT TAPE 54600, XALFA yXLAM,DEALF DEXLMeM;sN
ALPHA{1)=XALFA
XLAMX(1)=XLAM
DU 90 I=1,M :
WRITE QUTPUT TAPE 6,60Ls1 ,XLAMX(I)
TAUX(I)=TAUF(XLAMX(I))
DO 91 J=1,N
IPRME(1,J)= ZPRMF(ALPHA(J) ¢ XLAMX(I) 4TAUX(I))
FIMAX(T9J) = FXXFIALPHA(J) oXLAMX{T) y TAUX(I) oZPRME(IoJ))
F12=0.5%FMAX ([,3) .
= DUMMY
XL1=1.00001
XLM=XLAMX(I)
XLZ =(5.0)#XLAUX(T)
CALL BRUUT(XLMyXL29yRESULT 4EPSDUMMY)
IF(RESULT(2)-XLM) 50451450
51 IF(RESULT(3)~-XL2) 50,52,50
S2 WRITE QUTPUT TAPE 64604
GO 10 91
50 XLAM2({, J)-RESULT(I)
CALL BROOT(XL1,XLM,RESULTEPS, DUMMY )
[IF(RESULT(2)-XL1l) 40,41,40
41 IF(RESULT(3)-XLM) 40,42,40
42 WRITE UUTPUT 1APE 6,604 .
GO TO 91
49 XLAML(I,J)=RESULTI(1)
TL(I,J)=TAUF(XLAML(I,J))
T2(143J)=TAUF(XLAMZ(I,J))
WIDTH(I,J)= T2(I1,3)=-TL(L,J)
CHECK= FMAX(I,J)#(XLAMX(I)#=(5, /3.))
Y=EXPF(-5./64)
IF (Y-CHECK} 20,20,21
21 WRITE DUTPUT TAPE 6,603,CHECK
GO TO 91
20 IF (CHECK-1l.) 30,30,21
3¢ FXLUIgJ)=FXXFIALPHA(J) o XLAML(I »d) o TL(I 3J) o ZPRME(I4J))
COFX2(TeJd)=FXXF(ALPHA(J) o XLAM2( L 9J) o T2(13J) oZPRMNE(I,J))
WRITE OUTPUT TAPE 696059JyALPHALJ) yZPRME(IL yJ) o WIDTH{I J)oFX1(1,J),
LEX2(T 33 ) o XLAML(I4J) 9 XLAM2 (1 9J) 9 FMAX (T4 J)
91 ALPHA(J+1)=ALPHA(J)+DEALF
90 XLAMX(T+1)=XLAMX(I)+DEXLM
GO TO 25
600 FORMAT (4F10.6,215)

601 FORMAT(LHL,5X,2HI=I1295X96HLAMAX=F10e69/9/(2Xy1HJ 95X y5HALPHA, 10X y5H
1ZPRME y9X o SHWIDTH o 10X 92HF Ly 10X 9 2HF2 39X o SHXLAML 99X 9 SHXLAM2 » 9X 9 GHFMAX
2))

602 FORMAT (F10.6)

603 FORMAT(1X,46HCHECK DOES NOT MEET PHYSICAL CRITERION CHECK=Fl0.6)

604 FORMAT (31HNO ROUT OR-EVEN NUMBER OF ROOTS)

605 FORMAT(1XyI12,4X¢F10e6¢5XsF100694XsF10e635X91F9e603X9F9eb693X,FL10.6,4
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lx’Flo°6'4va10.6)
END

38

= Acroe’s ana 104 ——
MRS




BISECTIONAL ROOT FINDER FOR At PROGRAM

SUBROUTINE BROJT (X1yX2,RESULT,CPS,DUMMY)
DIMENSION ZPRMC(9,5) oALPHA(5) ¢ XLAMX (5) ¢ XLAML{5¢5) ¢4XLAMZ2(5,5) o TAUX(
15) s TL(595),T2(9¢5), FMAX(545) yWIDTH(S595) yRESULT(5) sFX2(595) oFX1(595
2) '
TXl=X1
IX2=X2 .
F1=DUMMY(TX1}
F2=DUMMY(1X2)
W=2.=EPS
tF(F1)11,2,2
IF(F2)9¢3,3
IF(F2)3,94+9 .
Uze58(TX1+TX2)
F3=DUMMY (U)
IF(F3)4,5,5
IF(F1)7,6,6
5 IF(FL)6,T57
6 F2=F3
TX2=U
GO TO 8
7 F1L=F3
TX1=U
IF(ABSF(TX2-TX1)-Q)9,3,3
RESULT(1)=.52(TXL+TX2)
RESULT(2)=TX1
RESULT(3)=TX2
RESULT(4)=F1
RESULT(S)=F2
RETURN
END

W N~
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FUNCTION STATEMENT FOR AT PROGRAM

MCSS

FUNCTICN DUMMY (X)) ‘ .

CIMENSION ZPRME(595) gALPHA(S) g XLAMX(5) s XLAML(595) 9 XLAM2(5,5) s TAUX(
15)eT1(595)9T2(595) yFMAX(545) yWIDTH(595) yRESULT(5)9FX2(595)+FX11545
2) :
COMMCN ZPRME,ALPHA F1241,yJ
DUNMNMY=F128(X#8(5,/3¢))-EXPF(-(((ZPRME(l¢J)=ALPHA(J)e((X20(2./3.))4
12.)2SCRTF(((Xee(24/34))=1a)))/X)0n2,))

RETURN :

ENO( 1)110'01010’111'0'0'09000'0’0)
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RECONSTRUCTION OF VOLTAGE TRACES
MOSS

DIMENSIUN A(S50) oY (50) o XLAX(51)yF(50),TAUX(50),V(50),T(50),0ENS(50)

1,VEL{5C)

FCTF(WoXoY9l)=(Wun(=-5,/3,))#EXPF(=((Z-X%Y)/W)n22,)

TAUF(X)=((X®%(2e/34))42.)2SQRTF((X#®(2s/3e))~-1,)
92 READ INPUT TAPE 5,900sALPHA, XLAM, DX,XLAMO,ZO N

READ INPUT TAPE 5y901yR0sR1,R34804RC

READ INPUT TAPE 54902yV0s XMy XN X1

PI=3.1415927

XMu= Ple4.,0t=07

C= (XMU=XN®*XM®#VO)/(6.0%(Ples(3,/2. ))lALPHA'XI'(RO"Z )e(BOoe2,))
91 READ INPUT TAPE 54903,Z,ZLAST

IPRME =(Z2-20)/(XLAMO)

XLAX(1l)=XLAM

DO 90 I=1,W

TAUX(T)=TAUF(XLAX(I))

FII)=FCTF{XLAX(I)yALPHA, T UX(TI),2ZPRME)

A(I)=CaF (1)

Y(I}= SQRTF((A(T1)»22,)+1.)~A(])

VIiI)= ((PI#BO)/RC)#(Lle=Y(I))®{(RO®%2,)/Y(I))o(((R3uu2,)~(R1lu=2,))/

LI(R3#=2.)~((RO®&2,)/Y(]))))

DENS(I)= ((XN/((PIw#(3./2+))#XLAMO®(RO%%2,)))aY{])eEXPF(=((ZPRME-A

LLPHA®TAUXL T) )/ XLAX(T))#n2.))/XLAX(I])

VEL(D)=(XLAMO/XI)# (ALPHA+( (ZPRME-ALPHA=*TAUX(I))/XLAX(I))#*SORTF(l.~-

LIXLAX([)®e(=2,./3.))))

T(I)=XI=TAUX(I)
90 XLAX(I+1)=XLAX(I)+DX

WRITE OUTPUT TAPE 69904492 ALPHAy XM XN9ZOoVO s XLAMO4BO4X1

WRITE UUTPUT TAPE 6,906

WRITE QUTPUT TAPE 699059 (1 +VII)yT(I)oA(I)TAUX(I)XLAX(I),DENS(I),

IVEL(I)v[‘—'lvN)

IF{/Z-ZLAST) 91,492,922
900 FORMAT (SFl0.6415)
901 FURMAT (4F10.69E10.4)
902 FORMAT (4E10.4)
903 FORMAT (2FL0.6)

904 FORMAT(1HL,5Xy2HZ=F5.3,7H METERSy3Xy6HALPHA=F643,3X,5HMASS=E10.3,46
1H KGRMS, 3X9SHIONS=E10.3/7(6Xy3HZ0=F543y7H METERS y3X,3HVO=E10.29y6H M
2/SEC+3X 6HXLAMO=F5.3yTH METERS ¢3Xy3HBO=FT7e4y5H W/M2,3X,3HXI=E10.3,
34H SEC,/7))

905 FORMAT(2X9I293X9F64393X9EL10e394XoFTe394X g FTe394XsFTe293X9ELQe3y4X,
l1E10.3)

906 FDRMAT(3X11H116X91HV111X9IHT91le1HA99X:3HTApv5x16HLAMBDA77X,4HDEN
1S99X e 3HVEL)

END(19150904090919140,0,0,0,0,0,0)
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