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ABSTRACT

The motion of a projectile in a gun barrel is prescribed so that

the motion of the gas in the part of the barrel adjacent to the pro-

jectile is given by a simple analytic function. Analytic methods in-

volving the hodograph transformation are employed to determine the

motion of the gas in the remaining portion of the barrel. The pro-
cedures are carried out explicitly in the case y = % .

11




“d

[“I”

FOREWORD

The investigations of this report were performed in the Applied
Mathematics Section of the Mathematics Research Group as a project
supported under WEPTASK No., WR-4-0046. The investigations were under-
taken in connection with a problem proposed by Dr. Arnold E. Seigel of
the U. S. Naval Ordnance Laboratory. The date of completion was

1 July 1964.
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I. INTRODUCTION I'

In the problem to be considered, R

a projectile P moves through a gun
barrel with a prescribed motion,
describing the path OPQ 1in the

position vs. time plane. The motion

of the gas is prescribed behind the M

projectile and at the base of the

barrel such that the gas equations O
have a simple analytic solution, as long as the gas velocity remains helow
the local sound speed at the base of the barrel (segment OM 1in the diagram).
At point M, the gas wvelocity equals the local sound speed; it is prescribed
that thereafter they remain equal (but not constant) at the hase of the
barrel (segment MR). The initial analytic solution 1is regarded as holding
throughout the region QOMN bounded by the projectile path and by the C -
characteristic MN through M,

The problem then is to determine the motion of the gas in the remaining
region NMR. An attempt 1s made in the following to ohtain an analytic so-
lution in this region; the detaills are carried out in the particular case
vy = 5/3. It remains to be seen whether this solution 1s of unrestricted
or of l1imited validity in this region, due to the occurrence of shocks
or other discontinuities.

II. DESCRIPTION OF PROBLEM

The motion of the projectile, in normalized form, is




1) x=Fz°

(2) “ = ’

for position and velocity respectively. (The original unnormalized problem,
together with conversion factors, is stated in the appendix.) A polytropic
gas lies behind the projectile; along the projectile path its pressure and

sound speed remain at their initial values:

3) AL =L =7,

(%) a-a,z'-ﬁ‘;—"—{ :
in normalized form,
At the base of the barrel, x = 0, the gas velocity is again
(5) &=
as long as this remains less than the local sound speed.

At time t = ty (point M), the velocity equals the sound speed; specifically

we then have
oy =2
(6) M=4=;*j;r‘§ F—» .

For t > tM’ the condition

(7) W = <«
is specified at x = 0 (along MR). (Note that this problem is meaningful for

a polytropic gas for 1 < y < 3 only; this assumption 1s made throughout,)
The continuity and Euler gas equations are respectively
=/
®) T + 4 Th F G ey =0

and

(9) Uy + Uty + 2" T T - O

- . et _ines el




Here, for a polytropic gas,

(10) T = }% —

1s the Riemann quantity, such that

(1) o » e =2F

and

12y € - =-=27

are invariant along C' and {” -characteristics respectively.
With our assumptions, we may take

(13) w =

throughout the region QOMN. The gas equations then reduce to

(1) T + L% =2

and

(15) / e _Z:_z:_/ Ty = &/.

these have the general solutions

P 4
(16) & = 76/"" ‘Et-/

and
| o ,zy
2 —_— X = /-
(17) o % + ey P o
(f(z) and g(z) arbitrary functions) respectively. The resulting solution

in QOMN is

Py 2
as) o(x 2= /- (- E,
(At the projectile, x = ;2 , we have f";’_% a = / | Hence by (17),
f/x‘/= / -+ )__:‘/ /f:/ . Then by (17) again,

$< .) ¢ , which agrees with (16).)
= e B :
3




The C” -characteristic MN through M must satisfy

(19) ##— F = Um— “n "//‘}—f';//ﬂ/

this yields

@ x = [/ T e L2 2 ]

as the equatior for MN.

The problem now becomes that of determining u(x,t) and & (x,t) in the
region NMR, such that they satisfy the gas equations (8) and (9) within
the region,and such that the initial conditions
Q) # = a = -é—'—'—/r

hold along x = O and (the consistent conditions)
.’-
(22) u:,i‘/ f’/t*’_zl
| ¥ =/ /= =
hold along x = _}.‘_Z‘ﬁz‘_ = ‘/J—)j'

ITI. METHOD OF SOLUTION

The solution of the problem described above will be attempted by
means of the hodograph transformation. From (11) and (12), we obtain
(23) H# =F¥X-2 |,
(24) o= X +7
in terms of the characteristic coordinates (J, ), where J 1s a constant
along any C'-characteristic and 7 18 a constant along any ( -characteristic.

In these coordinates, the gas equations become equivalent to the equa=-

tions
@) Xp = (LEX- L/
and

= ——— - - —
g e



27)

upon differentiation of the above equations with respect to 2 and ¥
respectively, and elimination of ):(7 » @ linear equation for ,t/.f; 7/

alone results:

A
28) Zg, * g S e r Ey) = 0.
In the (f’,y)-plane, the C° and

C* -characteristics are horizontal
and vertical lines respectively,
while the region NMR now is

bounded by the straight 1lines

I
2

MN: 7=_—{- —'?‘—2-'-& and MR:
T - 0
7 =7 F . The r+l [f2
4 X 4

initial conditions to be satisfied by the solutions of (25) and (26) are
29) X = ©o

along line MR, and (the consistent conditions)

= 7~ > »+/ /= 7%
(30) f’ F= :2—/- -_’;Z sl L [f“ $< 3-)'_/

e

along the C™ -characteristic MN,
Equation (28) for ,2"(_}‘,7) 1s one for which the Riemann function is
known (Reference [2] pp.449-4€1), thus enabling the solutions of normal

initial-value problems to be written in explicit form. The Riemann function

220 -
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may be written in either of the forms

A (-THy-2/
e Ky/xr, £ /f#? F// A A= /Jrf///f'?/]

(Xt N .y LTy
(x+2/) %y /4 F//L I T VS T 4 ‘/

where F(a,b;c;z) 18 the Gaussian hypergeometric function. (Note that

(32) Fra b c &2/ = [(/-2/ f/c" a b _ c, -—/:’//

from which the equivalence of the two forus follows.) When A !s an

integer, and thus in particular for the Iimportant cases » = js/»l =2/

and 2~ = }z =/ % (4=F/, the Riemann function is rational

in 1ts four variables. Specifically, ior # = % we find that
(33) Ry (x) L2/ = /-3.—:57[:?/»*)% >/ + (x= T 7/]

When J 1s an integer, we may also write the general solution of (28)

explicitely in the form (Reference (17, p. 90)

21 I Fre 27 e/
(34) 1/57/‘ X+ >FA 7 rrra/d +974" [ Fr2/A

vhere the constant X and the functions f(z) and g(z) are arbitrary. This

furnishes an alternate method of soclutlon for these cases.

Our initial-value problem 18 abnormal in that It 18 partly characteristic

and partly non-characteristic, and in that only X (.r,7) is known along the
non-characteristic part of the boundary. 7This complicates the method ot

solution 1f the general Riemann method I8 to be used to solve (28) directly,



IV. THE SOLUTION FOR THE CASE y = 5/3

The solution has been carried out explicitely tor the case
> - _;."': /A"J/, the simplest non-trivial case. The methods used
here could be extended immediately to the other cases with 1ntegral.J .

The Riemann function method in principle 18 extendable to the case with A
arbitrary, but some other method for solving the integro-differential
equation (75) for T(%), 1i.e. t(5,”) along MR, would ippear to yre-
quired then.

The solution obtained here is in the hodograph plane and 1is valid
throughout all of NMR there. However the range of its validity in the
original plane remains to be determined; thie depends on the mapping into
the original plane remaining one-to-one, ifi.e. on the characteristics of the
same family not intersecting within NMR in the (x,t)-plane. This can readily
be investigated numerically by using the solutions derived here; a short
computer program for this purpose 18 now being written. (The line MR 1in
the original plane is known to be singular, however.)

The solution was first obtained by using the general solution (34).

As this method 1is limited to integral A , an attempt was then made to use
the Riemann function method. With the latter method, the problem separated
into two steps; the first step led to an integro-differential equation
essentially for the missing initial value t(J°,” ) along MR. The second
step 1is then the ordinary non-characteristic Riemann solution, with the
above initial value; this is straightforward and is not carried out here

in detail (see Reference [2], pp. 449-453).

< s} i} -



A. General Solution Msthod

For » = f , equations (25), (26) and (28) becomes

(35) Np = f/f‘-??/tf/
(36) Xp = F(27-2/2y,

and

37 Zp, * _r,_, 2 (e Xy = 0.
The initial conditions become

(38) X = o2

along line MR: ¥ = 2» ,

and
4 LSy )
(39) ;‘f‘—('/x‘fﬂ J’/
(4
along NM: 7 = ‘£ . The point M has coordinates

w) r=4 _ = K&

here the initial values are

V%
W) x=o0 T = g7 |

From (34), the general solution for t(JY,?) is
/ ’ /
) Z(E /= 22005 z‘?ﬂ P 7 2 T )-2/Fr 5/ +;/y/_7/€ ,

the constant A of (34) turns out to be superfluous.

Using (35) and (36), we find for x(f,y) the expressions
43) x -/X_r/f-' f//f-zy//f/f

/f/

= »r f[/f—!ﬂf/—’;f’/* [ff-y /ff?/



and

sy x = Sxpoy = F/RF-2/Zyoy

5 - Tl 74 =ry/
= ‘*3[/‘2"“7/’*/’7/ 57l Fru /T Frr)?

(llere C’ #ad C” are arbitrary functions of 7 and F respectively.)
The two expressions must be the same, hence C’ = C” = C, a constant.

Working out the detalls, we obtain finally

ws)y X/ B3/ = /;_577_:’ (?/C/)‘f 2/~ ;‘?—/ffr//?f-—??'/f v/

#(2r-2) 2 V2~ 2T A+ 2/ ’/]/‘{

(The constant C will later turn out to be superfluous,)

Oon MR: ¥ =227, we have from (38) the result

Feens 2/ 5 '/7/-zy[f/z7/f,¢/7/]/{

/
46) & = X3 7/ 5575

and so the difrierential equation for g(7):

w1 F=77 - 3 7 sy =—-Fcr +* 5, f/r/

The general solution of this equation is

S_ EZ pyr e £ 9 B 2

&

On NM: 7. = 7—‘ , we have

/ — v
o 2058 = 7= = i (e Bt (8]
- 2 fFr -~ (S ]))

9

w8) #/(7/= A’7




and

2 / ¥
0y X /F 74—/"55/3" ‘}/Z/ '/f*_;,g_y»'}/fﬁ'*;'/—;/

7 . g/ 2,
» Efre ;’—’f/[/f- Ly L ) N e L) 2 (= L YF (o /]])’>

This pair of linear algebraic equations for f(¥) and £/( ¥ ) may be

solved to give

(51) f/ﬂ‘fﬂfﬁz‘;{*.}‘i _;‘{‘?}j*ﬁ"%/:%;//l-’?/—}/l4

and

2) £O5S = [ e w27 Lr_ L] s

this solution may be verified by differentiating (51).
The constants ;/“«ZZ/ and }’/‘f«g/ prove to be superfluous, and we

may set

» gl = (S =0,

Then, substituting (51) with ¥ =22 into (48) gives
) o= Ky Petc(Gre- Ty rdfr Frr= F -5

and differentiating gives

- % =2, _ YE
(55);’/7/= _-;4: 1—34(//7-/;7"“7":!7,’5‘ 7= zs

Setting 77 = vl and using (53) in either of the above yields

10
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C proves to be superfluous and may be set equal to zero,

Thus we obtain:

]

VT
57y £1ES = LF(r- SN )T = Fr T F -3

yza

Vg
9 #/7) = =T 7P+ E - F -5 7
and

p P -% 2 ,_ re
6) FVW =2 VF y T F - F 7 s

From (42) and (45) we now obtain the solutions within NMR:

/ 7 ¢ " -2 “ 44 o
(61)¢/57/’/;+7/2 =yl (F-52/7 +F *;

b 2Fy (Fir Y/ - ;F fd

and
¥ ar’ -3 s 7,/ /
(F-22/" [ V& Ll -7 7 7 F 5
P
B. Riemann Function Method
Riemann's solution for (g R
v!ﬂ e = = Em e e e Ee e e e e S e s e
the noncharacteristic initial-
value problem gives the solu- N
QJ
tion t(f,7) at a point N in
terms of the values of t and H_v’ﬁ M /
"6
its derivatives along MR. Our :
1 =
problem is an inverse one, in 0 ==
us Ve u

that the value of t(¥,2») at
N 1s known while that along MR 18 partly unknown. The result is that the
solution formula will constitute an integro-differential equation for the

function t along MR.
11



Once t has thus been determined, the Riemann solution may again be
employed, this time directly, to obtain the solution for arbitrary points

inside NMR.

The symmetric form of the Riemann solution for our problem is

(63)/('?7/£/="[/€/;/ (, E/f/lz; /

R fon v 29, o) (20 2] + Z2,

where I(%) 1is the line integral along MR:

w277/ =4 27 2 2 o+ (5 — g [ L
- [t ot [ L)ln ] L
7

where R, is the Riemann function
65) ARy = AKifu ~ 22 2 /
and AL, = [ A2l v K = (K)o for short.

(See Reference [2], page 453, equation (4), where however the term ex A,

should be just a A .)

The 1ine integral may be evaluated by setting

Vs
(66) U = R, o =7 , — %7 &7,

This gives

7
(67) Z77/ = /s X{ﬁ (277, 2y L) . (2r; /- #Hsarn )

o[ o 72y B R 2, £ £ o, 72, i

12



The function t(272-,7) along MR 1s essentially a function of one
variable; hence set
68y 77/ = H(277/,
Along MR we :re given that (38)
69) x /27 r/ =

hence also

A X(R7 TS = R Xy (7, 7+ X p27, 7/ » o.

(70) =

From the gas ecquations, (35) glves

) X, /27 7/ = o,

and (36) and (70) together then give

(72) X f2r 7/ = 272, (?7Z 7/ =0

Thus, since 7 is not identically zero,

(73) 2 (27 7/ = O.

Therefore,

(74) T’/r/r’—,‘—’;(,z‘ﬁz 7 = 2 (27, ) H (27 7S = 2, (277,
Thus the knowledge of x(277,7 ) enables us to replace the derivatives of

t along MR by the single derivative T’/(77); (63) then becomes finally

(75),2“%?7 7 /-' -ﬁ//‘ﬁ/fg; Phat /4 @7/‘.@*/":(’7/2'27/;@7/7_/]
7
f FE R o rian £ T 7 [ e 2 8
= I

fu oy 2y, B v £ oo ooy, BT P

This is the desired integro-differential equation for T().

13



P

The Riemann function and 1its derivatives for ,) = 2 are given ex-

plicitely by (33):

/7 _E
(76)&/:""/7,’—?7/'7'/ (17+£/,[5/7'2f("7 /7'+3‘/_’]

N

<
) Rl s 2y o e T R e 7]

[}7’ —/—27— 7'+_, /_7]

and

a8) A, (277 2y /)= /z7+

Also, we have from (39) the values

a
(79) Z(Z2, “éZ/ = 22- ¢

and
3
(80) 7‘/-/!/ ;&‘/J/ £ "}FC--

Equation (75) can then be written in the form

(81)4;/[/7’4-5?7— ‘;47/7"*/77" 7/
+Z—{7-’_ (€7 - 3/?/7"f &/4'—2']7‘/7//)/7—

+ (T 0+ ZT 7770 = (27 + 8 Ter- 5/~ F (a7 £/,

The term in T’(7") can be eliminated under the integral sign by an

integration by parts; this yields

(32)/ Y&t In(2r- L) 7 e Ty7 [T Y /AT = Ty % F17 7779/

2
= f/ﬁy*-ﬂ—%[/’?"?*//’— ﬁ":/ff/o’—_y/ﬂr//r.
s

14



Substituting into (81) gives the integral equation

7
(83)4/,2?7"#-//27—‘5’77_'77-/7//7—(/’73*.‘."!/77/7_/7/
i

== Crr E) (- 1Y

As the coefficient of T(7) under the integral sign is a polynomial
in 7, (83) can be reduced to a differential equation for T(y) by
successive differentiations with respect to 7. Here two differentiations

are required, which yleld the Euler equation
&) 7 7w/~ ;575 7"’/7/*,—;; 777/*_;‘5;-,
As initial conditions, we have (80), and from {33) once differentiated,
also
@) 7 ==
The solution of (84) satisfying (80) and (85) is

/ -7 b7 - %
@) T/72/ = X2p2/= 52— 577 -7 .

This is the required value of t along MR; it can be readily verified that
it 18 identical with (61) with 2% substituted for F.

The Riemann solution, with (86), (73) and (74), may now be used in the
usual manner to obtain t(f,y) at arbitrary points (JF,») within NMR.

In the general case, where the Riemann function does not reduce to a
rational function, the principal requirement for a solution by this method
would appear to be a practical method for solving the integral equation

corresponding to (83).

15



V. SOME NUMERICAL RESULTS

A short computer program has been written to evaluate and plot the
formulas for x and t obtained in the preceding section. A plot where
the data has been run out to ¥ = 2/1__and 7 = I/f- follows, with steps
of d.l"-/'-_—;{and a7 a }‘—/—; . No singularities aside from the singular
line x = O appear in the plot; the C -characteristics are all tangent to
the line at x = 0, (In reading the plot, it should be noticed that an
additional vertical line of points falls almost on top of the line x = O,
so that the parabola-shaped C -characteristics actually end one point
below on x = O from their apparent end points.)

A plot with the data run out to ¥F=2s5/V6_ 7= _:?z—{ <

is very similar in appearance, with no singularities aside from x = 0
apparent. However, because of the non-linearity of the problem, it
cannot be assumed from this alone that singularities inside the region

of interest will not eventually appear. Additionai runs with data run

out to increasingly greater distances are planned.
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APPENDIX A

e Unno ized oblem

The problem as stated in the body of the report is in fully normalized
form. The original form of the problem is stated below, following which is
given a set of conversion ratios between the unnormalized and the normalized
quantities.

The motion of the projectile is given as

/ 2
(A1) X = 3?"“/;2f v
(A2) u = ‘(‘zf‘/
with

- A
(A3) & —7 .

Here‘f‘;is the initial gas pressure, A the cross-section area of the
barrel, and M the mass of the projectile, in consistent units.

Let a, be the initial sound speed; at the base of the barrel the
gas motion 1is given by
(A) M = o X

oy
as) a+ = a7+ =L oot

as long as 4 < @ | the local sound speed. At time

o) = Ty = == 555

the condition
(A7) u =a

18 attained; this condition holds at the base of the barrel for t > ty e




The C -characteristic NM bounding the prescribed solution is given by
the equation

F |
<’ f o ﬁ’ft_ 7
ne) x = = =Z = =4 y

along this characteristic the conditions

(A9) o = o X

- —_— - / B _—M/’-’/ =
A0) &« = ST « =Y -7 =

hold.

If f represents a given unnormalized quantity, let f denote its
normalized counterpart (the quentity used elsewhere in the report), and
£* the conversion factor connecting the two, so that
wy £ = [FYF,

Define
(A12) Op = ;';7 Ao .

The conversion factors are now the following:

o <,
a3y ZT = ==
o>t
aw) x % = —:,—'—,
(A15) A" - A - TN -,



