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ABSTRACT: J”he more important theorles and concepts. involved
in the analysis and design of vessels subjected to. external
pressure are reviewed and -dlscussed. Using the analysis of
éne investigator as a foundation, san equation {s formulated.
which is Subsequently employed in the construction of charts
for practical design, The charts will yleld an optimum design
with a safety factor of unity since they incorporate .a para-
meter for out-of-roundness, a fabrication anomaly heretofore
accounted for by the npplication of factora to classical psr~
fect-shell theory. Ranges of deslgn. parameters.:and operatipz
depths that will find primary usage in the field of underwater
ordnance are covered. typical design example of ‘a pressure
hull for an undarsea: weapon is. presented in concluaion./
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This report reviéws classical pressure vessel theory and
employs 1t as -2 foundation for the development of charts
for the practcical design of underwater ordnance pressure
hills, The work was performed under Task Number NOL-NM-
_#1-55, #re Marvin Burns, formerly with the Naval Ordnance
Laborstory, aided the -author in conducting literature
surveys and in reviewihg prior investigations. The opinions
c;id deata presented herein represent the conclusions of the

Underwater Ordnance Department of the U, S. Naval Ordnence
Laboratory

. JOHN T, HAYWARD
Captain, USN
Commander
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By direction.
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SR THE DES1SN OF VESSELS FOR UNDERNATER ORDNANCE

g : I. INTRODI'CTION

. 1. Tlie analysls and design of vessels sub jected to externsl

" Pressure has recelved extensive coreideration in classical
lite"ature 8ince the latier part of the 19th century. The
path puraued by the majority of investigators has baen one
based on Tha exact mathematical methods of the theory of
élasticity. Az a logic&l corollary to this, ‘mathematical
perfection of form of a veasel is clways assumed. Factors
which may considerably influence thes. collapse prossure of
& vessel, in Darticu;ar ﬂut-of-rouudneas, are disregarded,
As & conséquence, the practlcal designer, awars that perfer.:-
tion of form 1s impoasib’e tu kchiavo even wlth the most
precise manifacturing process, wil) inveriably abandon the
rigorous path inh favor of a_short cut, The latier takss tre
£érm of ruia-of-thumo formulaa, empiricism, and appiication
of u "factor of safety”, The result is a design which, thoug:
always adequate, is virtually never optimum,

2, This apvroach is entirsly satisfactory where the nature
of the Veassel application jjermits or warrants the inevitable
overdosign resulting from ‘use of lirge safoty factors. The:

FoSeMeEs Boiler Cods, ron/example, recommends a fector of
= rour.

PO RN L e

Se Operational réquirsmsnte: of modern desp-running underweter
ordnance (as well as their targeta) are such, however, that
overdesign is undesirable, Particularly in instances where &2
1tsm's tactical use requires that it vs sirborne; & minimum
‘welght investment {is 1mperative It follows, then, that an
optimum veal~1 design foz ordnance should be based on a rncto’
of safety of unity with no lucririco of reliacility. To .achieve
this; éxpressiona or "factors" herstofore .used to wed classicsl
perrect-shell theory to practical fabrication must be discarded
.and:.a more exacting lesign procedurs pursued.

4, It 1s the purpose of this report #: 6utlins and present
the results of such a procedure, with psrticular application
to & shell design problem ancountered at the U; 3, Naval
Ordnance lLaborstory during the develorment of an underwater
wegpon requiring great depth-of operation; ‘The results are
X surmarizsd in the form of charts which cover ranges of

: geometrical parameters and operating depths most commonly

~

oo ngpiicable to similar weapons in order that future designs
- may bes readily carried out. In addition, classical theory
; vill be reviewed and a bibﬁiographv appended to thcilitato
8 - rurther pursuit of the subject.
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TI. ATYSTS

A, 5Ftresses in Thin Shells

5. The discussion is limited to the case of thin-welled vessels
wrerein the outer llameter of the shsll is 1arge in comparison to
the wsll thickhess. The usual requirement is that the thickness
ba 1lesa than one tenth the radius. For such shells under pressure,
whether internesl or external, the state of atrass in the wall is
triaxial with & practically uniform distribution throughcut

the thickness provided that ne abrupt changes in thickresgs,
slope, or curvature exist. At any point there is a hoop stress
acting along the circumference, 8 meridicnal stress in the
longitudinal direction, and a radifal stress. The latter 1is

small and usually neglected.

6. For any figurs of revolution the hoop stress is given by

Sy =5 (2R

(1)

and the meridional :stress by

5. = ER
” §§ (2)
where R is the hoop rsdius of curvature and r the meridional.,.
The wall tbickness is. &t and the preaaurs P. “Internal and
external praasure &are distinguished by aasigning the proper

sign to P 30 a3 to yleld tensile stresses for the case of
internal pressure and compressive for external.

7. For & cylindsr, where the meridisnal radius of curva‘ture is
infinits, equation (1) reduces to

~

SH EB %8

indicuting that for this figure hoop stross is twice as large.
#s meridional atrass.

83 Tor & sphers; Wnsre hoop and meridional Tadii Are equivalsnt,
squation (1) reduces ‘to

S, =B8R « : (v}

iy
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indicating that for this figure hoop and meridional gtresses ers
equal in magnitude.

9. Equations (1) and (2), then, define one method of falluie I
pressure vessels, namely yielding. The destructlive pressure Is
seen to be a function only of the mechanical strensth of the
material and the thickness to diameter ratio of the shell. Th=:
equations apply equally to cases concerning internal or exbterrsa.
pressure, in the former failure being a result of bursting and
in the latter of crushing.

10, It is here, nhowever, ihat any similarity between the two
types of loading conditions terminates. dhereas for internal
pressure a single stress squation may completely define & vesss=:
design, for external pressure fallure 1s gonerally not predict-
able by & sinsle formula.

L. Elastic Instability of Thin Cylindrical Shslls

11, A majority of ordnance spplications involve shells of
cylindrical geometry and 1% will be seen that this is the most
eritical case., Tor a given major diametsr snd wall thickness

. a vessel of double curvature i3 surdier. One evidence of this
is apparent from the previous section where, for the limiting
case of a sphere, hoop streas was found to be half that for a
eylinder under equivalent loading.

12. Vessels under external pressure are analopous in behavior
to columns.

13, One sxample of this analogy can be found in the vessel

of proper geometry, 1.e., short and relatively thick-walled,

which falls by crushing when the stress as defined by esquatiosn

(1a) excesds the compressive yield strength of the material.

This is akin to the short stocky column under end compressive
forces, It undergoes & reduction in length parallel to the

Yine of force applicsation and stresses, uniform across any
section, are found simply by dividing load by cross-gsectional er=za,

14. It will be noted thut in the sbove paragraph an adjcctive
pertaining to vessel geometry has been introducec which was not
previously mentioned, the term "short". For exturnasl pressure
epplications, the length to diameter ratio of a vessel is
equally as important as ita thickness to diemeter ratio.,

15, For vessels having closely spaced bulkheads or stiffening

rings collapse 1s governsd by the =ztress equations of the

previous section which asre independent of L/p. £s the distance

between end clcsuras 1s increased, the analogy upproaches tnat

of the long, slender cnlumn and lenct» becomss en irmportant

8, parameter. As supports are furt' er and further removed & point
is reached where they exert no appreciable influsnce on the
central portion of the shell and, onoe a:ain, collapse 1is

3
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independent of L/D, Vensels of this type are more truly

tarmed pipes or tubes sid the min'mum lenyrth of vessel .

for conalderatinn as zuech is designated as the "critical -
length". This gquantity has been varicusly defined by almost

cvery invemtigator and mey be of the order of 6 to 8 diameters

.n length. Since underwater ordnance epplications with such

high L]D ratios are uncommon, pipes will rot be considersd herein.

16, Attention, now. ®111 be confined to the vessel category
where length is & determinative quantity, as it 1is in the slendsr
column,

17. The iatter, whan 3ubjacted to and compressive loads,

suffers a r:duction in lengi: through lateral benaing and/or

twisting rather thai axial compression. Continued application

of load results in progressively increasing deflections which

in turn increase the bending moment arm azd thus further increase
deflection, etc., until the entire train of events is climuxed

by sudden and dramatic collapse of the structure., Failure is s

result of buckling or elastic instsbility and occurs at stress

leveis lower than those corresponding to the yield strength of

the materisl., The minimum value of load that makes the ssructure

unstable 1s called the critical load and is predictable from

column formulas such as the well known Euler equation, It 1s .
& function only of the column's geowsatry and tha »lastic modulus ’
of the msterial,

18, The behavior of vessels under uniform externsal pressure is
entirely similar. Failure may océur dus to instebility of the
shell at stress values, ns computed from the hoop strssaz
equatlon, which are low, The unsupported length of shell is
significant not only in establishing the nsture of failure
(yielding or buckling), and the magnitude of the criticul
pressurs, but alsc in determining the pattern of the characteristies
buckles or lobes which form around the circumference at collapse,
The number of these bulges iz a function of the rigidity of

the shell and the vnergy availabls for deformstion, the minimum
rdumber consistent with the existing energy level slways: baing
formed, Ths least rigid shell, i.,s,, the long pipe or tute,

for instance, is merely squeezed fiat &t mid-span. "his
constitutes a two-lobe collapse. As the vnsupported length

1s decreased, shell rigidity 13 increasingly obtained, and,
obviously, the energy requirements: for deformation increase.

The consequence of this is that buckle freguency incrasses dbut
amplituds decreasss, for it takes less enorgy to form rary smeil
bulges than to squeeze a. sholl flat, ‘ ‘

19, The analogy betwesn columns and zhelln iz apparently two-
fold, for not only may ainiles be drawn as t5 thelr behavior, but
ipparently there exist Just as many equations defining shell
instability as there are column formulas., The present text
shall be limited to thoue of chief interest in the design of

PNy R S LIS Sy S
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underwater ordnance, i.e., those which Iinclude the effect of
both radially and axially applied uniform pressure,
20. One of the earlizst and po:zsibly best analyses of shell

instabillty which canaiders &1l the significant parsmeters la
that of von Mises (1)%:

-~ 7
7 D\* >
o[y (Rl 2} B

a2 (1o (100 €)[ 200141 €]
/«2=(l~@|«)£l+(l+2,«)P—(lu«"‘) 'f_ﬁ'(ﬂ)f
¢ AT
‘D

and

critical (collapse) pressure

L -
" )

Folsson's ratlo

=
"

modulus of elasticity
n z aumber of lobes in buckled pattern
L s unsupported length of shell

D z mean diameter of shell (taken as outer diameter
for thin shells with negligible error)

t = thickness of shell muterial

21, The von Mises formula has besn adepted and simplified

in one form or anothor by many subsequent an&lysts, The

most noteworthy of these is the contribution of Windernburg

and Trilling (2) at the U, S, Expsrimental Model Basin,

Their approximation iz independent of the number of lobes and

1% is oclaimed by the authors that it checks the von Mises

equation very closely, the average deviation being sbout one percent.

*Numborl in ptrenthoaos correspend to referances list
in vidliocgraphy.

(¢}
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22. Sturm (3) (%) in an extensive work based on shell theory
proposed by Donnell (5) developed a relationship of very
simple form for ¢ollapse pressure:

Pep =

K E (t/n)3 ()

where K 1s a coefficient dependent on Q/D; t/D; n; and the
end conditions of the vessel.

23. As previoisly noted, the number of lobes appearing at
collapse 1s explicltly related to vessel geometry and must be
the minimui integer for each case: f7Tnis plus the fact that n
is therefore an implicit function of K, has made it possible
for Sturm to prepare charts unigue in that they present the
variation of four quantitiés on a single coordinate system.

‘For any vessel L/D and t/D the values; of K and n may be readily
determinzd., It 1s then a simple matter to determine the collapse
pressure from equation (5). The charts cover all :possible
loading conditions. These include vessels with fixed or simply
supported ends for pressure applied either axially, radially,
or in both directions. )

24b. The A.S.M.E. Boiler Code (6) recommends the following
conservative formulas:

Pep = for _t5 < 0.023 (6)

3
127 (fo*‘) (}5‘)

,'/z

Pcr = 234’ Stj (—%} - 106 Sg(—sél) 'FCY-E > 0'02'3 - ‘(7)

.

where is material yield strength and other terms as
previously defined.

25, It will be noted that as thickness is increased beyond
a certain value, and consequently there is a gain in 'shell

6
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rigidity, there is greater tendency for fallure to occur by
yielding., This is evidenced by the introduction of the yield
strength,

26, The preceding outlines some of the major contritations in
the field of znalysis and design of thin cylindrical shells under
external pressure, Many more original works and extensions

of previous investigations may be found in the literature. The
appended bibliography is offered as a gulde.

C. Elastic Instabllity of Thin
Shells of Double Curvature

27. Spherical shells may also suffer an insxzability collapse
and a number of formulas for the prediction of their critical

pressure exist. The two most commonly employed are those of
Timoshenko {7): _

Pop = ‘—2.2(—%)] 255 (%)3 (8)

L

And Tsien (8):

.

P =14 t)z (9)

cyr * 3 r——s(l_'/&z) —D_

These may be used to check the stability of h emispherical
bulkheads frequently used as end closures on pressure vesseis,

28, 'Shells other than those of cylindrical or spherical
geometry have escaped the wealth of attention directed toward
the latter two. No proven formula for the critical pressure
of odd-shaped vessels of double-curvature is known to exist.

26, It is .sually v case in practical applications that a
dcublie~-curvzture section is Joined te a cylindrical one and

that manufacturing expediency dictates that the two shall be

of equal wall thickness, For this condition, 1t has already
been pointed out that stress /ise the vessel having double-
curvature 1is supericr in strength to the cylindrical one.

The heop stress eguabtions previousliy cited show that a factor
indicative of increased strength will vary as does the meridional

radiua of curvature, reaching a maximum value of two for a
fiphere,
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+  “Imilerly, i1t can “e shown that stabiiity-wise the shell
of tuyable-curvature Is more rivid than a cylinder. Comparison
msy be nade vith the least rieid cylindrical vesael (thre

ir*initely leng pive) whose equetion for critical pressurs
is +») ani (10):

p., = 2B 3)3
V- 42 C (10)

31, It may be seen fron examination of equations (8) and (10)
that the spherical vesssl has a critical pressure greater

tharn that of a pipe by a factor of 2.2 (D).

22, It 1s thus evident that application of double-curvature

to a design based on a simple cylinder will provide an increasse
in collapse pressure frcm both the standpoints of ylelding

and instability.

D, Limitations in the Application
of Perfect Shell Theory

%3. Thus Tar it has been presumed that the perfect shall

has been complemented by the perfect material and that vessel
collapse occurs by either of two distinct modes of faillures
ylelding or elastic instability. However, failure may also
occur as & combination of both plastic flow and instability.

34, ifen a material ls stressed beyond its elastic 1imit its
usefulness as a load-carrier 1s by no means at an end, yet,

et this point, it no longer follows Hooke's law, The
proportionality between stress and strain is no longer the
constant Yourds modulus which has apneared in all the stability
equations, The reduction in velue of the elastic modulus
progresses &8 the plastic region is increasingly penetrated.

35. The existing expressions for collapsing pressure may;
however, be applled to shalls stressed beyond the elastic

limit if a suitable "effectlive modulus” is substituted for
Young's modulus.

3€., Sturm (3) has proposed three values for an effective modulus,
each apLlicable to a particular stress level, His three cases
are: (1) the average stress 1s between the elastic limit snd

the yicld streng'™, {”) the average stress 1s betueen the ylald
strength and the ultimate strength, snd (3) the average stress

1s below the elastic limit but becguse of eccsitricities, the
maximim stress in the shell exneeds it, '

8
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37. Sturm's third case 1s considered most applicable to
designs where the maximum stress developed in thes dhell will

bo limited to the yield strength oS the material. The equation
for reduced modulus, E', under thesa conditions is:

E'= E[I '_2:) ] (11)

where Sp is the maximum stress in the shell, S, and S, the
alastic limlt and ultimate strength of the material refpective1y
and the remaining terms as previously defined.

38, The major limitation of perfect shell theory stems from
the fact that the perfect shell is virtuslly nonexistent,

It has been obtserved repeatedly that teat results, even on
23tensibly identical vessels under equivalent conditions, are

rarely duplicated and show considerable departurs froa perfect
ahell theory.

3%, Lack of perfection in a shell may be due to any of numerocus
fabricstion irregularities such aa surface discontinulities,
nonhomegenelty and anisotropism of material, snd out-of-roundness.

40, In w strzes analysls it is possible to accurately account

for meny factors whicii cause deperture from the perfect structure.
A stabllity caloculation, on ths other hand, since it does not
represent the paysical process actuelly taking place, makes
inclusion of all irregular influences an impossibiiity. Thus,
perfect shell theory substitutes for the actual conditicns &
greatly 1dealized limiting case and the uncertainty of the

procesa 1s reckoned with through the application of a "safe’
fnctor .

41, ™ term "safety factor" when applisd to & stability
calculation 1is in reslity a misnomer, for,. to the machine
designer, it is truly defined as the ratio of the strength

of & material to the maxirum calculated stress. It is obvlous
that whan any of the perfeot zhell theories are applied no such
concept enters the mind of the vessel designer, The factor

he employs to transform theory into nardware is more aptly
termed zn “ignorsance Tactor”,

42, In meachine design the use of a safety factor is standard

practice and is basad not only on E:Pafactu;;us &nomalies dut

on cost of replacemsnt and possible damapge to lives snd property
in the event of fsilure.

43. In underwater ordnance design, where operation is usually
a one-time proposition, cost of replacemant is no factor.

9




EAVOPD Peport 2900

Damage 1g the ultimate goal, end the sefety of personnel, at

least from the standpoint of merely tha praessure vesssl, does

rot enter the picture. Personnel, that 1s, personnsl whose
"safety" 1t 1s desirable to perpetuate, &re not supposed to

be presept when the structure 1s in Its intended environment

of criticality — great depths of sea water. Minimum weight
investment is invarlably of cardinal importance and this decrees
that use of factors, whatever they be called, be kept to & minimum,

44, The most commonly encountered imperfection in pressure
vesgels, one which has marked effect on lowering their strength,
is eccentricity. or out-of-roundness, It is the initiel

deviation of a clircular cross-~section of ths structure from the
ideal geometrical sheps.

45, Out~of~-roundness will occur even with the most precise
manufacturing techniques, It must be "lived with" after
frultion nf a design, hence it is proper that it be accounted
for during its conception. If this is done, and a& rigid
inspection for material flaws and fabrication irregularities
is carried out, the ultimate product will be the optimum,

E. 'The Out-of-Round Shell

46, Two of the few contributions on the subject of eccentric
vessels are those of Sturm (3) and Holt (11).

47, The latter is actually based on the work of the former and
i3 primarily intended for modification of the A.S.M.E. Boiler
Code, This has sllowed Holt to incorporsats in his analysis a
factor proposed by the Boiler Code which limits veessl out-of-
roundness to that value which reduces critlical pressure to

80 percent of that of the corresponding perfect shell. Ensuing
manipulations result in development of & parameter, Q, which

13 ostensibly only & function of vessel geometry and universsally
applicable to all mavcriala, This is finelly used in an
expression relating out-of-roundness to vessel geormstry,
operating pressure, and material strength:

w

3
AR = tg [

ol
Oler

where 4 ia the marimum deviation of ths redius from that
of a true circle, P 1s the dssign presasurs, S Ehe design
stress, Q a parameter which a funstion only of L/D, and the
other terms as previously defined,

10
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48, Tt will be noted that the material prouperty of detorminative
influence in atarility caleulations, tne elastlo moduras, is
absont. In reality, its influencs 1s concealed in the
"universal” parameter Q.

49. Consider the hypothetical example whorein two vessels,
idertical in geometry (including out-of-roundness) and made

of materials identicsl Iin mechanical atrength but having

different elastic moduli, are investigaced for collapsing

pressurs. It will be found that results from the original

Sturm equation vestly differ from those obtained Irom equation 12).
Obviously, for a f{ixad geometry and m&terial strength the

latter will yisld equivalent collapse pressures shether the

vessel has the high elastic modulus of ateel or the low ons of
sluminum,.

50, It may be concluded, than, that Holt's work iy limited in
scope to finding the singular value of ont-of-rcundness for a
vessel which will reduce its critical pressure to 80 psrcent

of that for a perfect shell. Any attermpt to apply it to calecuiste
collepss pressures for arbitrary values of out-of-roundness

will prove meaningless,

51. The originsl sguation for out-of-round vessals from
Sturm (3) is:

t
o 2s(s)
= :+4An[ﬁ(“2-‘+ﬂzt%')(%)] (13)
T L (1-4*)Per- Per)

whore P! 18 the colleapse pressure for the ocut-of-rourd shell,
§°¥hth° Ssllapso pressure for the corresponding perfect shell,

o stress level existing at collapse, sand the other terms
as previously defined,

52, It will be modified 2lightly to improve its manipulatedility
and applicability to underwater ordnance design, and then used

az a foundation for the construction of vasssl deasign charts.

I% is spparsnt from examig;tion of the squation that to sarrive

at solutions for P! _ or /D directly would involvs tedious
trial and error. r

53. Before proceeding, however, it would be well to return to
column analngy for the squation ¢f Sturs bears wnal is pernaps tha
most vivid of all similarifisa to a column formula,

11
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f. 1t muy Lo comparod to the secant formula for eceantrically
jrded colunnst

-, T (14)
o e o Foo -

, 2,72 4 ~at

fare Fap i bLie ceritleal value of axlally applied force, a

by cross-sectional area, ¢ the distance to the ventral axis,

i tie Yength of column, o the radius of gyration of the cross-
p:2tion about the ventiral axls, e the eccentricity, and the
ecmaining terms as previously defined.

" The similarity between equations (13) and (1l4) is readily
ngarent, The critical losd appears in both the left and right
and sides making trial and error or graphical means the most

'easible appreoach for solution. Feor the perfect column, € = O,
paaation (14) luis two solutions corresponding to the two modes

pf failure possible: Fqopr = aS (direct compression), and

fecant ﬁ%SV—?59§h==é° whicz reduces to Buler's equation for
n perfect column: Fop = n'§§/2L40)2 (instability). For the
perfect shell, AR = 8, equation (13) also has two solutions:

P! orp ='25(t/D) (hoop compression), and P',. ® Popr (eritical
nréssure for Znstability of perfect shell). :

|

56. The effect of eccentricity in a shell is, as in a colunmn,
o introduce bending in addition to direct stress. The maximum
stress is therefore the sum of the twc. Sturm gives as the
maximum direct stress the hoop stress Sy, as defined by equation
(1a), and as the maximum bénding stress resulting from &n
initial out-of-roundness OR:

2

£t Pee AR (=1 72\ i
= < FAYa + L 1l
SB 2(1__ “.2) P“ . P‘cr ( Rz / Lz) (15)

57. Equation (15} is based on the flexure formula which assumes
that siress varies directly with distance fream the neutral axis
and i1s not valid past the elastic 1limit. For ductile materials
failure occurs in the plastic range and the actual stress in a
beam is not that defined by S = Mc/I but some lower value. It
foliaws that greater ultimate and yleld strengths may be developed
in flexure than in simple stress., Beyond the elastic limit the
flexure formula may be considered an empirical relationship used
Lo define the maxipun bending strongth, or foe-csalled medulus of
rupture, of a beam. The podulus of rupiure has heen suggested
to be 1,5 times greater than the yield strength for ductile
nterials (12).

12
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SR, Frop the preocedineg {t mey te prnet B3 tvat sva Tmarte -
bendlry atress as deflined by "hp~ alr s the Clex:pe “ip-uln ‘2
too *“wh Ly a factor of 1,8 or b et

~»
o

2

whers S'y, 18 the triue bending stress Adue to gnrlicatior of
mavimom momant,. ond»és is defined hy agretisn (15},

§9. Tt may be pointed out thet Holt (11) appliss s 77 -arcae-¢
aﬂpa*ant strength increass factor to totsl stress (aum of 7,
und 53). This is m proximately eguivalent to the «uplicab!~n
of the 1.5 fsc%or to only the bendinc componant for fve cordt - o
-ajual siress }avels in both hendinc snd direct stress, Tt is Talt,
however, rh-t ‘the latter prccadure is more corraci < nce a“pars-¢
lncrecses in strangth eie lin;ted to flexural 12ading,

0, If the sum of the hoop stress, ‘eguation (1s), and the beni!-c
stress, equation (15a), 1s assisnsd as & maximum value trs yiel<
strength of the material (presuming this Lo be t*a 1ims of fts
usefiilness), then an expreau’on derininp the vritical pressiure

for an cut-of-round vessel is obtained trat is s m*lar to that
of Sturn:

, ?.St;(s}
Pler H%%g, E_(m2 ﬂgz)(g)z 1)
{"' 2)(5:'@-‘- Cr)

61. The difference between equations (13) and {15) lles in =
factor of 2/3 appearins in the denominetor of tre r*ghbhaﬁd 1ide
as a result of the incressed flexural strength, and in use of
the dimensionless ’atioL*R/D rather t‘uniP?t‘.‘ This »as een
adopted since in most desirh problems wall t- vickness la the

unkriown quantity to be solvzd for, and s nominal outer Ala=etar
39 usually specified.

62, Equation (16) may be modified to fasilitate rormputstion as

© follows':
w2 = 2
%:. a[h—-]"f"";«'( g\z}(fj)

T a(- /;z ; ‘ 137}

13
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v z = /0
ars :‘y o Sy /5 {18}
Iy $s the presuiure at which hoop stress equals the yield

atrangth of the material., Subatitusing eguations {17) and
{14} 4n eguation {1f) and solvi.z for (R/D:

AR (Ptj—pér)(Pcr-'P::f‘)
B ¢ € Pecr

(19)

£x, Pressntation of equation (16) in the form of equation

(19) makes the result o” reducing sccentricity to zero

immediately spparent. The two solutions corresponding to

the two modes of failure of parfedt shells tr?z . \
Plop = Py (hoop compressi m), snd P' . ® P . instabllity collapses.

64. For the materisls -ommonly used in pressurs veassel fabrica-

tion FPoisson's ratio may be sssighed the constent value 0,3, The

quantity §#, therefore, is a fiunction only of t/D and L/D since

n, it will be recalled, is a function of the same parametsrs, ,
Fox is defined by Sturm's equation for the perfsct shell, equation »

{s).

65, Vessels used as pressurs hulls for underwater ordnancs ere
subjectod to axial and radial losding and the worst case for end
conditions is that of simple support., The appropriste chart from
Sturm for these conditions, reproduced herein as Figure 1, may dbe
used to define K and n for apecified values of t/D and L/D., Thess
in turn, with equations (5) and (17), are émployed to prepare
chaits showing the variation of P s/"and;ﬁ with t/D eiid L/D, as
are shown in FPigures 2 and 3 roapg t?vgly.

66, For a vessel of known proportions and of known materisl

(E and 8_ defined), Pigures 1, 2, snd 3 and -equatioris {18) and
{15) may“be utilized to arrive st msny quantities of interest.
The oritical pressure for instabllity feilure of the parfaect
stoll, the pressure required for feilure in direet stress, t™
maximum allowable out-of-roundness for any opersting pressure;
wnd the number of lotes to be expected at collapse cre €l
readily deduced. In addition, equation (19), when used im ‘
conjunction with Figures 2 and 3, lends iteelf to more prssticadle
computation bty trial and error of the sritieal vressure for &
vessel of specified out-of-roundness.

§7. Out-of-roundness of @& pressure vessel is significent not

oniy in mignitude but inm crientsticn as well., It will be reesiled

that the buckled pattarz of 3 zhell ut collspse is predetermined

by its proportions. Any initial esdbryonie lobular formettions N
sorresponding to the inhmrent sollapse patters will heve meximm

‘#ffect in precipitating early failure. Obssrved initiel devistions ‘
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from the round to be applieu in squation (19) should therafore
be limited to the worst reading over a apecific aprz or cnord
length trat corresponds to the natural collapse nattern. Holt
(1Y) presents a chart for determination of this arc or chord
len~th 8s a Tunction of t/D and L/D. It is roproduced in the
present report as Figure 4.

F. Reinforcineg Rings

68, For wvessels shorter chan the criticsl length, the paremeter
L/D -enters into stability oquations. The term L is defined as

the lencth of shell setwsen transverse or circumferential ‘supportis
These supports may teke the form of either stiffening r.ngs or t-e

actudl end closure or bulkhead. Their function is to preserve t=e
circular form of the hull so that shell failure will not occcur
promaturely, and they must therefore possess adsquste rigidity.
“Yhen & buleead ‘1s used, reinforcemsnt is automatic and the sect
will invariebly be more rigid than required, When a ring or rlaﬂ.

1s used rs a support, its required moment of inertis mnst be
determined.

69, Christensen (13) presents ths following formule defining
the required moment of inertie of & stiffening ring in terms “of
shell geometry and operating pressure:

(=)
Ir'LD[24 g)—#{

III. CHARTS FOR DESIGN

(20)

70. In section (e) 6f the Analysis the various quantities thst
could be re£dily deduced for a known shell using Figures 1, 2,

ard 3 and equations {18) and (19) were enumerated. ‘When the
situation is reverlod,,i.o., some function of the geonetry of @
shell of specified out-a\-roundne.a 16 desired, it is sppsrent
that a celeulstion involving successive trisls must be resorted
to. For example, if t/D were ths unknown for all other quuntitian
known, syccessive estimates of t/D would define successive values
6T Pep , and P to be tested in equation (193 until ultimetely
the She value of Tt/D that satisfies the equation is found,

71. To circumven’ this, charts have been prepared that sre

primarily intended for the designer of hulls for underwater
ordnance.

1S5
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7%« Vince required depth of operstion i3 wsuslly spernified

for wn indergea weapon, the charts <how prassure in tarms of
Teet of gern, woter, A denth range of 500 to 3000 feet 13 covered
in intervals of 5§30 fect. At each depth the varistion of t/D
wit¥ (R/D is indicated for the specifio values of L/D thet have
foand most common usass in this type of applicas 1on.

7%, Twe materlals finding .wost common acceptance in the lsbrics-
tior of vessels for underwater operation are the SAL 4 ~-- serles
of nteels and 615 dluminum, ususlly in the T-4 condition. The
design chiarts ars based on the use of these materials.

4., The design charts for steel vessels are presented as Fipure 5,

thosa foi sluminum vesaels a3 Fienure 6.

75, In construction of the design charts, yleld strangths were
taken as €0, 000 psi and 21,000 psi ss typicel values for the
steel (14) and aluminum {15) respectively,

76, Structures under combined stress, such as the vessels under
consideration, display an increased yleld strenoth over that in
siriple stross, as predicted by the distortion-energy theory.

This incresse 13 of the same order of magnitude as the difference
between the yield point and the elastic 1imit foi the materials
considered, Since the yield strendths used in construction of
the charts are those in simple compression, it was felt that, so
long as the maximum stress under combined loading was limited to
these values, linearity of the stress-strsin curve would be main-
tained. Hence, the values for elastie modulus used in chart cone
struction were Young's modulus, 30 x 106 psi and 10 x 106 psi for
the stenl and aluminum respectively..

77, Since the design charts teke into account. ontzof-roundness,
the primary motivation for application of a design fesctor, they
are, of course, based on. a "safety" factor of unity, ,The opera-
ting depths indicated are the critical depths for e vessel oT
geometry defined by & point on a curve, Sonvorsoly, for any -
specifiead operatin depth, a point on a curve dafines the maximun
slloweble .1/D and D and the minimum allowable’ t/b

IV, A DESIGN PROBLEM
78e The following is a review of an actual design ‘problem:

adJunctive to the genernl develonnont progrem of an undorcol
weapon at the U, S. Naval Ordnance Laboratory,.

16
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A, Statement of Problem

79. An underwater weapon case, whogse taatlcsl r.ge reqiires
that it be a¥rborne and therefore of mini mum wei *t and limlte!
outer diameter and lencth, is to be desirned. Tre followin- is
specifiled:

a. Geometry., The case is to consist of 2 cylindrical
mid-aectIcn whose outer diameter must not exceed 21.5 inchres
and whose length, free of eny protrusions on the inner surface
due: to the nature of internal components, shall be equal to one
dismeter., Atftached to the mid-section on one end will be &n
ogival forwsrd section of aporoximately the same leneth and
whose well thickness is permitted to be .equal to thet of the
mid-section:. At the other end of the mid-sectlon, closure
shall be effected by means of & hemlspherical bulkheszd.

-be Operating Depth, I¢ 13 desired to investipate <:3'ans Tor
operation at both 2500 and 3000 feet of sea wster,

‘¢e Msterisls. In the interest of possible weicht seving,
aluminum, in sddition to steel, is to be investigate® as a materie]
ror construction.,

d. Fabrication., Since the weapon case shall he *he carrying
vehicle YSTF~<0stly Internsl ‘components, A% near verféct 2 shell

.as possidle will be the goal, with 100 percent inspecticn to
follow.

B, Execution of Design

80. a, Md-section, The restriction that the Inner surface
of the shell be "ciean” meazs ‘that no reinforcing rings mey

be used within the midsection: and therefore ‘the unsuuported
length equals the outer dlametor:

L * D 31.5 inchess /D ® 1

~Con31deration of manufacturing tectiniques 'and discussions. with
tlbricntors of preclsion vessels #3tablished the fact that, for
diemetiers of this order of magnitude, concentricity can bs mein-.
telned to*0,015 inch on the diameter, The worst possible oase _
of out=of-rowidnéss will bs that within the appropriate are: length

4lpooiried by Figure 4, both the high and. low sides of the toleranc
Will be enjountered and therefore

AR 2 0.018 inch; D % g,000476

17
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Uaing the appropriste desivn charts, bthe followine mey now tie

obtained for the defined valv.a of L/D and A/D:
steel at 2500': /D ®= Q0 012733 t * 0.388 in,
steel at 2000': /D = 0.013R0} t = 0.435 in.
alurinum at 2500': &/D = 0,07811; & = 0.886 in.
aluminum at 2000': &70 = 0,03327; t = 1,048 in.

The ratlc of welght of the aluminum shell to welght of the atesl
shell will be In dircct proportioTbto the product of wall thickness
end material density, ©sing 0.1 %¢/cu.in, as the density of
aluminum and 0.%84 b-/cu.in. ag 'that of steel 3t is found:

‘wt. of sluminum rid-section
wt, of steel midgection

at 2500' = 0,80

wt, of aluminum mid-section
wt, of steel mid<section

at 3000' = 0.85

It may be noted that for the seme increase in operating depth
8 greater percentage Increase in wall thickness (and therefore
weight) 1s reqiired fcr the aluminum than £6r the ateel vessel,

) b, Forward Section., Since the ogival forwsrd sesctinn will
be of the same wall thickness as the mid-section and of the same
unsupported length, it #will be superior in strength to the mid-
section hecause of its dovble-wurvature. No calevlation is
necessary,

c. Bulkhead. The bulkhead s to be made of the same materisl

¢s the remainder of the vessel,

evantuallty,
Using equation
1.5 as repsrted

steel bulkheed at 2500': ¢t
steel bulkhead at 3000': t
aluminum bulkhead gt 2500f: ¢
aluminum bulkhead at 3000': ¢

A cheele for

that:

P
*) o

s 1829 psi,

18

wun e

r stability of the bulkhead may be made 1
(8). Yor the ateel bulkhead of 0,220 inch thickness it

, It 1s probable that holes will be
cut in it at sometime for insertiocn of components.

therefore, that the blank be considered in ‘the Yight of

It
this

The .effect of holes will be to act ag stress-ralsers.
h (1b) and applying a stress-concentration factor of
in reference (16) 1t may be

found that:

0.220 in,
0,283 1in,
0.627 in.
0,750 in,

1s desirable,

using equation.
is found

" R



‘”? L 2D = 31.5 ino%es for the mid-section
. Minimum Sy for steei = 60,000 psi
! Mivimum Sy for aluminum = 21,000 psai
¥aximum out-of-roundriess of mid-section 240,015 ingh .
. on dismatar, :
2 19 \
7 \
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This is considsrably rreater than the correspondine pressure

at either the 2509' depth or at 2000'., The latter case, there-
fore, need not be cheacked. Similarly, for the sluminum hulkhes:
it is found that the minimum critical pressure ig:

P = 495X psi.
op 495X ps

It. may be concluded that iere, ton, both bulkhesd desiens sre
quite safe in stability.

&. "HReinforcing Ring. The flanging used to connsct the
Lorward sectlon to ‘the midsection will have to act as & reinforc’ng
ring for. the latter, since the mid-section was de.ipned on the
basis that one end of its unsupported length col..:3des with the
junctu“e of ths two. pleces. Equetlon (?G/ may be used to specily
the, minimum moment of inertia required for this fisnging:

Steel at 25C0': Ip
Stesl at 2000': I,
Aluminum at 25007: I,
Aluminum et 3000': I,

1.931 in%.
1.447 in%.
2.343 inf.
1,969 in4.

Unl*ke the steel.hull the alumirum hull requires flanging of
leaser woment of inertia at 3000 feet than at 2500 feet. This

43 due to the increased shell rigidity prcvided by the greater
percentage incresse in wall tnicknesq required st tre lower

depth in aluminum -over steel (as previously noted), The thickness

to diametér ratic sppears to the cube power s a subtractive term
in equation (207

6. Number .of Lobes. The number of lobes to be sxpected st
collapse 1s determined frsm Figure 1:

for steel mid-sectlon: n
for aluminu. midssection: n

1o
[} -

C. Recap?tulation
81, For the following fixed conditions:
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-0 fallowing cuantitiea “ava besn dafined:

reapratine lerit,) depsh b 25557 ‘ 0 BOOd:M“M‘“V
faterial Stesl Al;;. Steel ! Alum. i
L/v o 1 1 )
max., A R/D 0.000478 0.000476
%rﬁjh t/D 0.01%23 0,0°A11 0,01380| 0.03327
§uun. t (in.) 0.388 | 0.886 0.435 | 1.048
Flno. of lobes 5 « 5 4
wt, ratio: al./stl, 0.80 0.85
bulkhead: min. t (in,) 0,220 0.627 0.263 0.750
ring: min. I (in.%) 1,251 2.343 1.447 | 1,969

D. Inspection

82, No matter how tight the tolerances, how thorough the control
of material, and how precise the manufacturing process, & design
in termz of hardware is very often not a reflection of what ap~
peared on the drafting board. However, inspaction smmd evaluation
nay prove that many of the anomalies scquired during fabrication
&re tolersble. Some may even cancel sach other in effect.

83, The iattor csn wall be the caae for pressure vessels for it
has been zaen how the many parameters entering into their behavior
sre interrelatsd. An inspe ction program should take thls into
account, rnd, to better do so, s guide establishing limits on
quantities that may vary from the specified w uld be helpful,

84. The sbove can bost be 1llustrated by using the design

exnample just presanted, For the waapon case designed the following
quentliies may very well turn out to bes other than as soecified
initially: /D, /8/D, and S_. (Any variation in L/D due to the
usual manufacturing toleransds will prove insignificant,)

85. A chart irZonded for ths inspesction of the mid-section of
ths vessel just designsd has been prepared snd is presented as
Figure 7, It shows the allowable variation of oR/D with t/D
for warious values of stéel 3yield strength at each of the opera-
ting depths considered, Any number of fortuitous combinations
of the persmeters involved will yield & vessel that meets opera-
tional requirements, The inspector may measure wall thickness,
check out-of-roundneas, convert a hardness reading to yleld
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strength, end he s ready to cousult t-e shart after “orminge

the proper dimensionlesg ratios, It w!ll Pe recslle’ *hat a4 =n
he 1s measurins out-cf-roundnegs wia readinra 3v2 1d -2 einf —«d
to the proper arc lencths., %e gh0.ld t2 rrovided wit = cou- of
Flgure 4.

86, Flgure 7 1s for the desisn in steel. Heat trest-eprt rn”
cold-working that occur in steel fabricsation rake & e -
of yleld strengths possible for a ziven slloy. Al rin.m 4
in that once an alloy and temmer are specifled the yield st
Is specified. Tne design in aluminum was based on ise of €
and the yield strenst» i3 taerefore filxed at 21,2300 pst, .
remaining variables ere t/I and LR/D, The design sharts or
aluminum vessels are therefore the inspection charts as wvell,

-
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Ratic = Length/Diameter, L/D

FIG. 4 CHART FOR DETFRMINING ARC LENGTH OR CHORD LENGTH
OVER WHICH OUT-OF-ROUNDNESS IS TO BE NEASURED,
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