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ABSTRACT 

By using the Dugdale model for a crack in a plate, an improved formula was derived 
for the strain energy release rate, G. The formula has the same form as the solution for 
a linear elastic plate, except a correction factor is used which corrects for both the effect 
of yielding and the finite width of the plate. Curves are presented giving the values of the 
correction factor, and they indicate that the nominal stress to yield stress ratio has a 
pronounced effect on the strain energy release rate. 
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SECTION I 

INTRODUCTION 

In fracture mechanics theory, G is defined as the plane stress value for the strain energy 
release rate with crack extension per unit of crack surface area. At onset of unstable 
crack   propagation,   the   critical   strain   energy release  rate,  G , is approximately equal 

to the plastic energy dissipation rate in the yielded region at the crack tip. The size of the 
yielded region is assumed to be so small that the elastic stress distribution is unaltered 
by the presence of the yield zone. Then the strain energy release rate can be calculated 
by linear elastic analysis methods. Futhermore, Gc is assumed to be a material parameter 
governing   the   fracture   toughness   of   the  material  or  the resistance to crack extension. 

Unfortunately,   in  actual  practice,  G    has  been found to vary with specimen dimensions 

and with nominal (gross) stress levels. Lorenz (Reference 1) found a definite effect of 
nominal test stress levels upon measured fracture toughness of centrally cracked panels. 
Kraft, Sullivan, and Boyle (Reference 2) introduced the concept of crack extension re- 
sistance, R, and discussed the variation in R with specimen width and crack length. 

To progress with the use of G in fracture mechanics problems it is necessary to derive 
a more accurate solution for the strain energy release rate which takes into account the 
plastic deformation at the crack tip. The current practice to correct for the effect of yield- 
ing is to arbitrarily assume an increased crack length which extends into the yield zone. 
The yield zone size is determined by applying a yield criteria to the linear elastic stress 
field equations. The object of this report is to derive a more reasonable solution for the 
strain energy release rate by using a model which does not assume that the elastic stress 
distribution is unaltered by the presence of the yield zone. This is accomplished by using 
the Dugdale (Reference 3) model for which the yield zone size is formulated from equilibrium 
considerations. With the Dugdale model, G is obtained by using a method derived by Irwin 
and Kies (Reference 4). A tension load, P, is assumed to be applied to the plate, and a 
strain energy function is derived from Greenspan's (Reference 5) formulation for the axial 
rigidity of the plate. The strain energy function is differentiated with respect to the crack 
surface area to obtain the strain energy release rate. 
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SECTION II 

PROBLEM SOLUTION 

1.     ADOPTION OF DUGDALE's MODEL 

Dugdale's model for a crack in tension under plane stress is shown in Figure 1(a). The 
model, derived from the mathematical developments of Muskhelishveli (Reference 6), is 
based on the following assumptions: 

1. Yielding occurs in a narrow wedge shaped zone. 

2. The material in the zone is under a uniform tensile yield stress, Y. 

3. A Tresca yield criterion is obeyed. 

4. The material outside the zone is elastic and bounded internally by a flattened ellipse 
of length 2(a +p) where a is the half-length of the crack, and p is the length of the plastic 
extension. 

5. The length p is such that there is no stress singularity at the ends of the flattened 
ellipse. 

By determining the plastic zone size in equilibrium with the applied stress, Dugdale 
obtained the following solution for the plastic extension: 

p   =   a   ( sec y9 -I ) ( I ) 

where /9 =   •=- TT and T is the applied tension stress normal to the crack. 

Agreement between the observed and calculated values of p has been exceedingly good. 
Dugdale's experimental results showed good agreement with theory., Goodier and Field 
(Reference 7) referred to numerous experimenters who have observed the Dugdale type 
yield zone. Hahn (Reference 8) has obtained good agreement with theoretical p in tests 
on thin plates of silicon steel in which the yield zones appeared as those shown in Figure 
1(b). Hahn (Reference 9) also determined that the yield zone configuration begins to ap- 
proach a narrow, tapered Dugdale type when 

P   ~ 4t (2) 

where t is the plate thickness. Finally, this writer has observed close agreement with 
Equation 1 in tests of 0.02 inch thick sheets of AM350 and AM355 steel in which the yield 
zones were also similar in shape to the one shown in Figure 1(b). 

Hahn (Reference 9) programmed Dugdale's stress-field solution for a computer and 
determined that some terms in the solution were negligibly small. Ignoring these terms, 
the stress gradient is described by the equation 

_ .   T / sin 2/9      \ 
(3) 
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where cr is the stress in the y direction, 

a = arc cosh      and    c  = a + p c ' • 

The  displacement  of  the crack boundaries has been derived by Goodier and Field (Ref- 
erence 7) for the Dugdale  model and is given by the equation 

cY    r       a /?    (    *in2(£-0)   \ .   B    I   ( sin $ + sin 8 )Z   \   1 
v = —=•   \cos8Jtn  )+ cos 0 Jn ( — (4 

rE   L \sin*</9 + 0)/ \   (sin£   - sinfi)2   >   J 

where 

Poisson's ratio is taken as 1/3. 

v is the displacement in the y direction. 

E is Young's modulus. 

8 -   arc   cos —— 

vo     T"  Ta    -&*     « ) (5) 

At the center of the crack (x = O), Equation 4 reduces to the form 

sin /8 + l   N* 

At the tip of the crack (x = a)   , Equation 4 reduces to 

Jn   sec/8 (6) 
T 2o 

Vo   '     E /S 

Hahn    (Reference 9) experimentally measured v    , and found good agreement with Equation 

6. 

Equations 3, 4, 5, and 6 make up the solutions for the stress gradient and displacements 
which are required in the next section to derive the axial rigidity expression. 

2.     CALCULATION OF THE AXIAL RIGIDITY 

Using the reciprocal theorem in elasticity on a perforated and an unperforated plate, 
Greenspan derived the following expression for the axial rigidity of a perforated plate 
subjected to uniaxial tension: 

T^rJ ui •&-    upd 

(7) 

where 

the  coordinates  x and y are in the width and length directions, respectively, as shown in 
Figure 1(a). 
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K is the axial rigidity defined as the ratio of the overall extension of the unperforated 
plate to that of the perforated plate. 

P is the uniaxial tensile force applied to the plate. 

L is the length of the plate. 

u is the y-direction displacement along the perforation which is integrated along the 

hole boundary. 

As shown in Equation 7, and load, P, and the integral of the displacements along the per- 
foration must be known to determine the axial rigidity, K. Using Equation 3 to calculate 
P and Equations 4, 5 and 6 to calculate the integral of the displacements, the following 
expression for the axial rigidity was obtained: * 

K   =   ,B       '       C(v) (8) 

I + 

where 
2 L n2 C(n) 

c(w).   JL   \ £« sec/3 + {^^-)  A     (   Si"/3-M     )2   1 

I" / 4Jn   m \2    -| '/Z 

N    =    n+   Vn2   — m 2 ,     m   =   sec 0 

n = =^ is the ratio of plate width to total crack length. B 

(a )       For    0  <   -~    <   0.5, 

(m-l )      Y (n -m) m tan 20 
C (n )  =            +       + 

L N 

sin2   0 *       (N-m   -/cos2£   )    (I + -v/cos 2 0     ) 

•v/cos   2 0 (N + m -/cos 20    )(\-^/oos20     ) 

(b )      For     0.5 < —   <  I, 

c(„)   -   ilLZiiJL   +    tHUHl    ,    mt°"2*      [,_   J5 2 9i"^ orcton((N'm)7'C-^^-)1 
n T n 2n0 L N J-coaZ 0 N -«   cos 20 

*   Some details of this computation are shown in Appendixes I and II. 
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3.     STRAIN ENERGY RELEASE RATE 

If a given tension load is applied to a centrally cracked plate, the stored elastic energy 
is inversely proportional to the axial rigidity, K. Following a development similar to Irwin's, 
it   is   necessary   to   assume   an   initial  load  P   which would prevail for a given extension 

e   of the plate if the central crack did not exist. Thus, for a plate of thickness t, 

P0 L PL 
e      =   — =     (9) 

o EBf KEBt V3' 

where   P   is   any  tensile  load  supported  by  a plate containing a transverse central crack. 
For plane stress, the elastic energy is 

I     P2L I     z     EBf 
•o     i    K (10) 2    KEBt 2     ° 

Letting k = 1/n = 2a/B, then for fixed ends, 

dU       |      Z    EBt       dK 

77 = Teo — 7T (11) 

Or, since the crack surface area, A, is equal to Btk, 

dU 

dA 

1      dU       1    T2L 

Bt     dk       2      E 

dK 

dk 

where T = P / (Bt). 

(12) 

Finally,   using  the   expression  for   K   in  Equation   8, the strain energy release rate for the 
Dugdale model is 

dU 77-T   a 

dA " E 

tan B 
2 

r ran p     -i 
I + C(n )+ —  

L /3(nN-l)  J C(»)      L —    B{ 

2        [icCv^-Ctn)]1 

If L»B which is a condition satisfied in many instances, Equation 13 simplifies to 

(13) 

dU 7rTZo 

dA 

where 

•    6  = •-——    yl (14) 

, C (v) r tan B       1 

2C (n V       L /3(nN-l )   J 

Equation 14 has the same form as the solution for a linear elastic plate, except that 
7 is a correction factor which corrects for both the finite width of the plate and the effect 
of the plastic deformation at the crack tip. To aid in using the correction factor, values 
of y are listed in Table 1 for appropriate ranges of T/Y and k. 

To show the significance of Equation 14, the equation can be compared with the extended 
crack solution reported in Reference 10. The extended crack solution can be written as follows: 



(15) 
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6  =   — 

where in this equation, K is the stress intensity factor expressed as 

2 2 .  TTO K 
K     =    T Bton    — +  g ) 

B       2BY 

2 2      2 For a first approximation, if it is assumed that K   =7rT   aa, Equation 15 becomes 

_2 

G =    a (16) 

where 

°!= vr- {^-[-^(^l} 
For comparison, the values of a and yare plotted in Figure 2 for several ratios of T/Y. This 

figure shows that at higher ratios of T/Y, the extended crack solution gives significantly 
lower values for G than the improved solution based on the Dugdale model. Also of particular 
interest is the difference ina andywhen T/Y is zero. The reason for this is because a is 
a solution for equally spaced collinear cracks in an infinite plate. If the values of y for 
T/Y equal to zero are compared with Dixon's (Reference 11) correction factor for a finite 
width plate, the agreement is excellent. 
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APPENDIX I 

INTEGRATING THE CRACK BOUNDARY DISPLACEMENTS 

Due to complications in integrating Equation 4 directly, an indirect but accurate method 
of integration was used. If v is plotted along the axis of the crack from x = -a to x = a, 
the resulting curve has an elliptical shape. This curve can be generally approximated 
within three significant figures by the following equation in which f is determined from the 
condition that v = v   at x = a. 

, 2 (17) 

where 

v   is obtained from Equation 5. 

v    is obtained from Equation 6. 
8. 

t = 

! - 
Urn sec 

Jn( 
sin/3-M   v2 

sin/3-1   ' 

'/I 

The  area  of the  shaded  segment  of the ellipse shown in Figure 3 gives the value of the 
desired definite integral. The integral is 

/ 
-a 

vdx    =   av„   4-   fv„   arc sin-r- a o f 

2    T =   ira       C (v ) 
E 

(18) 

where 

C(v) 
l-fim^+     / ore- sin  p    ) ,    sin/3+,    S    , 

I - 
4i, sec 

> (sfc-r 
Equation 18 is the solution for an infinite plate with the correction factor C(v) accounting 

for the affect of the yield deformation. For comparison, values of C(v) are listed below 
for values of T/Y ranging from 0 to 0.8. 

T/Y C(v) 
0 1 

0.2 1.028 
0.4 1.115 
0.6 1.288 
0.8 1.661 
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As just mentioned,  Equation 18  is for a crack in an infinite plate and then should probably 
not be used for k > 0.5. 

10 
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APPENDIX II 

CALCULATING THE LOAD,   P 

Using a method similar to Greenspan's, the load, P, can be determined by integrating 
the axial stresses along the x axis from x = 0 to the plate edge, x = na. The symbols used 
for the derivation are shown in Figure 4. The total load carried by the plate is 

no 

P'   = 2t  f CT    dx 
0 

/na 
cy  dx (19) 

ma 
where 

tin  2# T /      *«n *P \ 
o-      =   T +-   arc tan I ——    I 

y R \    2a Q    I P «       — cos2p 

2a        i 
e      = — 

c* 
(«+• y, 

c       « ma 

A useful simplification in integrating the stresses can be obtained by making the following 
assumption: 

na 2    • 2 a 
arc tan/   ) dx (20) 

ma, Mx+yx2 _c2 cos    2£)2-c«cos2£ 

-/. 

c2sin2/3     d) 

»0        (x+-x/x*-C2     008 2)8)'    -c2   COS 2# 

This  simplification was  checked numerically,   and for the ranges required for T/Y and k, 
the maximum error that resulted was less than 3 percent. 

The integration can be performed by making the following change in variables: 

w = x  + Vx*-c2    , dx   = -j- (l ^-) dw (21) 

Since  cos2/3  is  positive  for  O < T/Y<0.5 and negative for 0.5<T/Y<1, two solutions are 
required for the integration. After performing the integration, the total load is as follows: 

( a )    For   0 < —   < 0.5 , 

p' =   2 at T (-^-)  (m-l)+2atT(n-m) 

2atmT tan 2j8  f      m sin*/?        A   f  (N-m VcoTi/S ) (1+ VcosT/3 )  \~\ 
+ ^—-I'--*—        -M  .         ;J  (22) 

2P M       -/cos 2/3 (N + m-/cos2)9) (l-Vcos 2/9   ) 

11 
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{ b )   For    0.5< -y- <   I, 

P'   = 2otT(-y-) (m-l )   +- 2 at T (n-m) 

2otmT fon2£ [ m 2sin2/8 N # I \] 
H     I  f arc tan  - arc tan j 

2/9 L N        ,/_C09 2£ V mA/-co»2jS 7-C082/9  /J 

where 

N = n +- ./n*  -">* 

But,  the  end load,    P, may be substituted for the total load across the net cross section, 
P\if 

Ag Ag 

Ag    -A„ 2at 
(24) 

where 

A   is the plate gross cross sectional area at y = L/2. 

A   is the plate net cross sectional area at y = O. 

Making this substitution, the total load, P, is 

P =   TAfl C(n) (25) 

where 

(a)      For    0 < —  <    0.5, 

C(n)  =    (m- J^l JL +   (n'm)  +    m tan 2/8   [", _ _m_ _   »'"' ft      J^  (N-m-/cos 2/3 ) ( H-/co8 2/3 ) "I 

"        T " 2n^ L N        ycos2£ (NtmVcTT^ld- VcTTi^) 

(b)     For   0.5 < —  <   I , 
Y 

_,    ,      (m-l)   Y (n-m) .     m tan 2 $      f.       m 2»in?fl (N-m) V~cos 2/3      "| C(n ) = — +   +-  —-—3"-=—    |         ^ •_   arc tan     
n        T n 2nP L N JZZTTR N-m      cos2/3 J V-cos 2/9 N-m      cos 2/8 

12 



AFFDL-TR-65-186 

When T/Y = O, the expression for C(n) reduces to the form: 

C(n)=l / (26) 

It is interesting to compare Equation 26 with Greenspan's solution for C(n) used in Refer- 
ence 4 to obtain the strain energy release rate. This solution is 

C(n)  = I- -j-   k* - -L  k4 (27) 

For equal values of k, Equation 27 gives slightly lower values for C(n) than does Equation 
26. The reason for this is that Equation 27 was actually derived for a circular hole in a plate 
and Equation 26 was derived for an elliptical hole. 

13 
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c (Ni ir^  c(f>«oc>N»oo»fi^*t\ici7,c<\iit>r'   cror('CT,0"rsiC"»-jocooc;f\,fo^)r-c-iif'a'**oo"fvieor-.c.rfooo 
fa ^rt(n^^o^(^^mNrtN(»^^o^HO^'0^^o(^^l<lNOooo,0't(Olr>(fl(<)•J•oomoONu^^«JO^goN^lu^H 
O oooooHHHNl'l<tlA'0^coo•-lm^<ocoo(^Jtf^^o<'llnco(\lln<I)N<oo^lI)^colnlI)rl(^lnHS•tHCD^ 

«*      ooooooooooooooo»^-^i^r^rH.^rgf\jrjojm(n»ncn^^^u^in^OsOf^r^<Da>(ra*o^^^^<Nimfo%j- 
O   OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO^^^^^r-*.-* 

< > 
<>in^cD^wco^rj^r^u^Nfr^u^r^Osfrococoou^o»jrnr^u^r^fnirtr*jNfr 
rtH^)ffl<)o^o^^mm•t>o(^^rlC^^w•-^i-<rt^/^a''4•oto^coo•t(^*-tln^•H^lAln^f^J(^cDO'*Nl^^>0(^J 
oooooHH(^lNl^>J,ln^^lDO'^'«ln^(^H^lflcortmo(^^•oc^rt^Hl/^0'to,•t(^lflO•omc^>oc^o^D 
OOOOOOooocooooOi-iHrtHHH(\iNN(vjfnifl(<Mfl^-t^inin>o^r'NNcoeoO'OOHrt(Mm4'4' 
OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOQ0000000^4^-i»-lrt^^^»-t 

OOHrnNH^N5ir-^NcoHU>oiuipJO(?,ONinain{NjooH'4-oo^NH(N(^ov«oiri'00'-*(NjNincao4'rj 
ooooO'^H(^J(^J(n'tln'Oco(^0(^l•t»o^Ol^ll^o(J,^^llflcoH«t^Hlft{^rt^H^o<-"<)H^lfl£^ln^lco>Ortr^ 

r\j      ooooooooooooooo«^'^^>^«^ojrvjrsir\i<Njmrnm^^^ininin*«Of^^co£00'(T'OO^if\j(Njro^-io 
O OOOOOOOOOOOOOOOOOOOCOOOOOOOOOOOOOOOOOCOOOO^-ti-f^i^H^i^-i.-.^ 

Hcoirwor^triNO^coNco^H^o,iri(^^ino*-o<)Oh-cc^>t^occNforyo>Of^oco^»^H^^(Njcoin«t>o 
OONln(^rncr<l-tN^Jm^r^co^co^pJHHN>J•co(^ON>o^•£^^Jco^rOfnln^4•NfvJ(^^'t<n4•a)lr^^^(nN 

—t     oooooooooooooOHH^HHHNNNNmmi*>m*^4,mm>o>o*NMDcDO>OOHHN^m*in 
O        OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO^-Hr-t^r-tr-l^i^^-i 

^r^ifn%i-u^s0^co(>o^rgro*in^r^coc7-o^rgro^u>or-a)cro.^rvifn^in^f^tt>^ 
0    OCOOOOOOO'-'HHr<HHHHHHfyfvi(\|N(\|NN(MfM(Mnnm(nmi<l('H'M«^-*,<l,-t'f-f-f't-J,«l->rin 

3  oooocoooooooooooococoooooocooooccoooooooc ooooocooo 
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w 
CQ < 

K 
O 
H 
U < 

O 
H 
O 

c 
Q 

O 

< > 

OO0O000000000OOO00O00OO00OO0O0O00OO0OO00-*^-*^^-**H^**^ 

'0^(Ni'OOino^)('iocohNcoo-t(>oinNO(«-'Oij,tnmo'hHOinMn^-*M?,HmcoifMf»HH(MnO'Oiflao 
NOOON^flDNC0inNHi^(si^iSNC0u>mm(nkna>(O0,^u\4c0iHOforsjN^a0tf>i'iin<OH^^Hr<-4)r-NO 

HHH^iHHiHHHHHHHHHrsjfNjojNrgrsj^i^mfn-t^^^^uMno Of^r-r-cooooO' o-*«-icg(Mm.$-tr\m 
OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO^^^^^^^w^ 

OOOOOHHHNrtW^in^!D^OrJ'tU1h^(\l4,'00,f>J'*,NH4,r,-Hinff'(<lCD(,VlNf\JN(f|(D^ON^H(D»0 

00000000O00O0000O00000O00O0O0000O0OO0OOOO-^I-I-H.-«.-II-«.-H.-«^ 

Na^^'OO-t00(fl«^HCTffla)(?NOPJr^H^O^NCD«)N(VJ>O«O(^>O-0^O'0«Hr^-tfriOfvJ^C\l(I)<'>(0iA^ 
^lnu^lf^^a,^gofg(DOu^^w^o^o^^A-t4,^co^cOlft4•4•«^oDm(^^^•(^(^Jco^nlA^HeoN(^fnHHlnN 
^(>0'l?(>^OOH^Nfl4,^'OeOO'H(\J-t'OCOONi^hO(fl'00,N>0(J*(nh-H«00'^O^H<ON<DinN(>ifl't 
OOOOOOHr*HFHl-lHr(l^HHH^J^y|NN^y|«^(fl(ftm•^'>l''*'J,^AUM^l^0'O^^00(DO,0,oOl-l'^{\|ml'l•tl/^ 
OOO0OO0OOO0OOO0O0OOO00O0000OOOOO00OO0O00O*-4^-«^*^tr-«^^-i-«^-« 

^41>OCOO(<l^O'l,0,'*ON^*'*«00,'tHrtNN*l^ff'COOa)0(D(n(flr4>00('ll'>a)NCONOQONi^rtJ'0'-i 

o<Dcoa)a)co(>^OOHN^^^ooa,Hm^r*(fH(<>>ooiN*t(D--<i,coisi'00'*'i>^cotnaiinoNmON'4,'>i 
OOOOOOOOHHH^HHHHHHNNNNNr<li^<«>frl't'«f-itininif>>0>Or,-twl^(t)030,<?,0'-tIH(Ni(«rn4'tf\ 
OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO^^^^^^H^r-t 

^o^«Ol^l^J'^Ort^(^J^mHlJ>oo(^HlnHl^Ort1^7lC^f^J(DO'ln•0(^J^mc^(\i(<l^r(rllrl'4•^(*lm^col/^H^^lr^ 
u^<^rvJfHsfr^Ol4'C^tnfnr^.^rsjrnOO'OCNJOCoa*Or\j>0<NjeONO*Or^O^Or^r^aO 
^^^^^^^coa3(TOF^^J('l'tlrtf-<DONffll^l(^ONl/^^o<,•^>oon^^o^*•co(«^.(\|^f^J^ml7'l/^H(Dlflp«JO 
OOOCOOOOOOOOOCOOOOOOOOOOOOOOOOOOOOOOOOOOOO^^^.-».-«.-«.-«.-< 

ir^or^ccrvju r^c-^a (^ c if N ^ H f ^c ^ CD o. cmci^cc-jra oyirc^*ta:«L(<*r r u. rvr i- u'^ c (M C 

^•o«o-oo»o»oNNiDij'OHNfi>t'0^(J'ON>t -oCT*i-*>t *oo*r\jmoo(\imCTimr-^^«ooioOJ3i-tr— m o *o m o oo 
OOOOOOOOOOOr)HHi-tHWHp4l\JN(NlM^('llflflm*J,-tinUMn^O^MDC00'(J>OO'-t0JM^^^ 
O0O0000000O00O0000000000000O00O00O000000O0-^«-"-^^Hr-i^^—• 

M n j- in N oo -*ro«oosc*>r^r«joomfOf^-j-NO'^r^ or—r-ftT1 c-4"^irif*ir,^>o^^'4"f*^>-<r-(*iC*iA'<>'*fX)f,*r»jforg^-4i-*c*> 

U\Ulinininif\^*0^hCOO>O^W(^U>'OCD!J*^lflinoOONincOH^Ni^^CONOOlf»0>^0>^O^rsl05in^ 
oooooooooooOHHHHHHH-^l^J^i(^J^JlflWf^«^•J•^t'4•l^llnln^o^o^^^a)(co'COrtH^J(*\m^| 
OOOOOOOOOOOOOOCOOOCOOOOOOOOOOOOOOOOOOOOOOO^^-»^^-<r-l-«^ 

!POC0(>ON4,N^N^Ol^^C0^lAlftN^r^in^(^-0*O^OI^a,I^N(^>HNNN^inN'HfnONMC0%J,rHO 
^ln^^J,<)(DHU^c^>^^Nm^^H^Of^JOcDcDO,'Hl^lO^'t't•*'>l!)0«0(fl^l^ll/^o>>o•tu^',DmHH4•5•!rl0^^l 
«f^^t^4,«t^^^'OffciB0>OF4N>tU>r^^Orj^r^0xN'tNO^OOfnNrH(nT<^C0f^00r<l^iftHNrflO<D 
ooooooooooooo^^*H^^rH^^^f\jrgrorgrsjrnr^f^^^^u^inir\NOO^r^^cocoa't>o^^^rsirOfn>r 
OOOOOOCOOOOCOOOOOOCOCOOOOOOOOOOOOCCOOOOOOOOr-'—t *4 ~« *« ~4 w+ 

Oh-DON4'»0^Nu^CC(^00f'1O0:h-h-C,mcDOr^O^OQ1^<0^Of^SSinO^^O^(^N0Df0mOlf\O4-INJ 

^(fl^^lfl + *4'lnx\^^a)(^0'^'n^^<)•JOO<•J*•0'OHrn•03,^'>Jl/^(>>J..^J4•x>'1N'^J^'•Jro^•o•o^lO,0'f 
OOOOOOOOOOOOOOHHHHHHN(M(\/(M(MMflCl'n'l•t-tlAlnOO>0^^^D'»0,C,O•Hrt^Nln't 
OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO-H^-^H-H^^r-* 

t—      H^g^tl^^nor-coaoHNfn^ln^^a3a,Ortf^J^^l•^^J)^coaoHr^lrrl>*l^l•o^cDt^o^(^Jf^^^^rl^^(D<^o 
^P    OCOOOCOOOHHHHHHHHHH(sjrgMfy)(VNWW\N|f|m(*l(ni^mmfnin^^^*^^^4-t*^in 

*cooooooooooooocoooocooooocooooocooccocooeocoocococ 
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m 00000000000000000000000000000000000^-4^-*—.^-1^-i^i^.r-t^^H^,^, 

r\j        OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO^r-tr-*^^^*W^H^r-«rHW^r-i 

NH(M^NH<0rJO0*0,H4-OI,ta'0 00(nOO^O^>0'0HH<0(0NmO0'OH(M.t0«h-00lAeD(DMn>0 0*NN10 

>oo>O^NKNco(>Ci,0^m^u>^coO(Ni^^®Hfft^^Nina)«\itnO'^a)rgN^i'0(>iN(fla,infiiff«>omHOa) 

(Ni        O00000000000000000000000000000000000^^-*^^r-i^^^^i^^^r-i 

00,0,ONlflOO^O,hiri'ONH'0-*(flinO(DO'(nH(nOHlOOfflrt't«t^CO*ON'OM'l',lCDH(MM^a)<OH^ 
ocoiDOr\iin^inHcr(aco^Nino>omN^NiAa>^H(rcooN^mHH(>i^N^(^H>O^Ninocoat<^>-ii^(D 

<NJ        000OO0O0O000O00000O00OO00O0000O00OO00«-«^.»-<~*<--*—IH^F^H HHH 

>*. >o^l^(^4•ocoNONO<ocoomc^«o«0(^>d'^l'i'l^(^^^lO^•N^QOOHJ•^^a)0'toc^f,JH^O(•lo^-lOln^ 
HOOnm'OOONOO,CD^Win^WNOO^fO^Ha30l/><)CO(\j(D«Ol/\00K'*(SJHl<l<OrtNmoOinif>ff''OvOO 

p5 r(llnt<lf<1(<^m^4,ln^^o^•cooHOJ4•«ocool^i>l•-o(^H^^O(<l^o>tlOfM>OHOH-OH^^'^t^ln(M<^•o•i,NH 

(_, rvj        OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOr-t^^r-^ri^^-i^-t^-ir-i^H^^ 

a,^^n^|m^^u1a)H^nfHC010>ooD^vlh^nlncD't^*lo^^<D(^4•^(^l'0<o^^H^4•^^m'0'J'•0(nH^^lO)(^-4•^o 

1-1       rj if*       rjr^pjr\i<\JC\ir\jcgr^r\jrgc\irsjC4r^jfn(^mmfn>t^^^^ir*inu^^NO^r^r^a3CO<» 
W        rj fvj        OOOOOOO0O0O00O0OOO0OO0O00O00000O000000»-<i-t--l>-t'-H^-t^t»-t^^-«i-if-< 

2   ° H     u 
, a•^^«cc^c^1^^^o*^lHf•fJ^l^c•^'J•^r•ilfnln^,l^l^f^<,^^o^"lrha^,l,,•ln^r^cul(<'HCHffr^ 

«o«llnoa)Olno^frtNr^N*^^^mHOO(^llf^{^^'^f^IHHm'0•Hco^^^roc^cDcoF-«o4•^^(*l^«JJ'C^^o 
crcvo*o*(>oo»^^fNff^^u^^r-(J,orvi^^<x>o<\istrwOroo0*cj^CTvf^r^^^otf*oo^^<^csNOroo?^in^ 

^-      Hr^^^^^^(^J(v^^w(>JNf^lcgNc^JPslMrt(«^fofn^^>t4'^l/^lnlnoo^^^co^oc^(^OOHH(^lN(n4•^^lf>>^l^ 

< > 
^^^Jt^>0't^^H(^J•t^H^(^H^^<lowHrn^ln'ON^ln^^^o^H(^lr^l0^lrlf^rn^ONr^c^r^J(n•tu^o•^M 
cffmo-H^toiflu J)'t'J'J•'OP|C^<D•4•^JHlHNlnoll^^vJoo^^nl^•o«t^J>o(^lf>^^'fll^o^•oo, ^ N (^ r— m r- 
a)^^^ooco»(^t^OHrJ(<^4•^^-a}ON«t<lcooNl^^coH^^O(^^fc•^l^lC^f^co('l(Of^(7'^0'Of^lO^••t^go 

OOOOOOOOO0OO0O0OOO0OOOOOOOOOOOOOOOOOOOO^'-<-<—«<-«'-*^^4^-<^^-t 

H^oNa3-t^cosc^a'^w^Nl^^fc^tT'^oc^^oh>oc^o^^tl/^(^NNlflHln(D^lA•-4CDlJ,lnlnf^l^^Hl(^HH^o 

OCOCOOCCOOCOCCCCOOOOOOOCOOOCCCOCCOOOOOO^-i^^H^^-t^^H^Hf-i^^i 

f^l^H^w(>o-t(^JN^JmJOl^. HCOfviNi^inco^inoiffiNMu><omoncooo,o*oi*io,iaj-in4-Htr(OON 

n -J- «*• j- o n-\ o o f*- *> *> o - < J ^ r* r^ 'r o <>J *f -o 0s -• ^ r*- o *, o 3* ^ r- <-» <."\ <3» i*^ <x> -^ T> **• S1 -."\ •-* o -* H ro O «t 

OCOOOOOOOOOOOOOCOOOOOOOOOOOOOOOOOOOOOOOO-*-t-*^-i^-«-«^l-«^ 

rHi\in^iri-ONcoi?c^rvi^J-inor-a)aorHNm^in<)Ncoij'O^Nf0^ift>or^oo(7,o^Nfnj'in>oNoo^o 
X*    OOOOOOOOOHHHMHHHHr4H(\l'MNK(\l(\JWN(\|(\l(n^^^f«l'l(^Wmifl^'f'l'J^-J'T-}    *f   <J"   lf\ 

^"cccoeoooocooocooocoocoooococoocoocoooocooooooooooo 

16 



AFFDL-TR-65-186 

,#       OOOOOOOOOOOOOOOOOOOOOOOOOOO^H^^^Ht-t^^^^H^^vH^^^w^rsirsjrsjfNjrsirM 
• •*••••••••••••••••••*•••••••••••••••••••••••»••••• 

i>(THrn^-^fwinmm-t<ooin<-«o»co<DO'tONin(nN'*r-HcooN(>i*>oo'OwO(D04,H(>i^)m'*,(>cofvjo<<i 

C>        O0000O000OOO0O0O0000OOOO0OOO-H-**-*i-*^^f-<r-<--i1-ir-i^r-«^f^^-*1^(fsj<M<\J(MCM 

Ni-(H*0'-OinoO,in'i,lA(J,«0'OON«)-t-ta)C04'lftW<»00(tlOi<IO^OmONOlfl(OHinHNcom(J'^OH 

oo      ^lnu^u^u^ln^^nlnlnln^nlnln^oo^o«OP*^^-^oa)a:(^Oll>oo^M^^lNw«<4•u^^)'0^-a)(^osOi-lrsJ^<^ 
fO 0O0OOOOO00OO0OOOOO00OOO000OOO^»^^'-«'H«-l'^^^^«-l—* —<^i#Hi-<^r^-H(MNNfM 

nMHf^)^HC^a)o^oo,H^^n^t^^-ox^^(^^N^>ln^J^Of^l«'>•••0(^<f^^Aa)r-<«^«oa,•HO•*•ltlODC^o^oc^ 

«*        OCOOOOOOOOOOOOOOOOOOOOOOOOOOOO^^-»^^-ii-i^-«^-t^<—i^^iH^rHHHNMrgiNJ 

K ^4'*f^^ift^NNojo,F<NfOinNcooNinsoNiooOr^inooN<iO"*''OincDri(X)^ooNO*^>*HO,coN>fl'ii 
•o      ^^^^4,4'4•>t4•^^ln|flU^ul^nl^«o>o•o•o^^^•^co(Dcoc^(>OOOHl-t^^tNm't'J•u^ln'0^eo{D^OH^J 

ti m        O00O0OOO00O00O0000O000O00OO000^«-<«-i«-«w^r-»^-*^^H^r^^^^^^fMfM*M 

j; -l(n>t'0(^^c^u^(•1'^J^J•t^•H>omooON'OH^ln^t^oco(<1C^^^(^^(^^^DO^(n4'^rt'nlnHH^H(>^oo 

[£] M <** OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO^H»-*r-«^^^-i^-i^-i-^«-ir-<^-«^H^-«^»»-<^-i(\)fNJ<M 
.-I       a- " •••••••••••••••••••••••••••*•••••••••••••••••••••• 

2   ° H  u 
. *r. a•'fo^Olf^J^-*r'J•o'^^c^'0<^«o^^rtr«,(rc•«ooccfclr-^.stoc«lr^^*^^p•^ff(v*l'. *io^c* 
S (^c^(yH^(»4•ooo^^cDO«tl>•omN^J^^(^Jcoln4'l/^<o(^J^ln^^)a<^^l^J*<DlAtf^^^J^f^l^lo^m(<l^ 
U c>^Osooo^fNj(\i(^*ir\r^a5^-^rnu^r^ox^^*0OvrviuAcorv*»f*0sf^r^^^.^NO 

m   OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO^r-i^^-t-^-H-H^H^^^^^^-^^rMOJ 

> 
(^4•t^^^Aln^o«Of^H(^JlnH(^(7•moo-*,^lJ4'HNO(^l(^J^o>HOa)0^f<*^•tsw^l/lO('l-oo•o^4•ol't'«l 
^h^^ooQ^a)a>o^^«J|^4•^n^QDON-t<3(^H^^c^^Ju^o«l^|<)o^(Dn^(^Jr-(^)co4'0^•'1J'^4a)o•*(^lHO m  m^(*1Wfn(flm^^^^4,^t^^^*^^^^lol^<)0>0'0^^^^co(DC^Os(^oOHl-<(^Jf^JM'J•4'u^^OlO^-cDC^OH 

*n   COOOOOOOOOCOOOOOOOOOOOOOOOOOOOOOO^^^^^-<^-«^H-Hr-»-4^-»^-t^^4r-«(Mrsj 

mcjrg>4-r~,^>or\jo*a3r^coo^m^^oost^rnf^(\i<^r^r^a'iNf^(<>cvjrv] 
u>lnullnln>o•o^^«)(^ot^Jm«tolIlOiH4,•ocDH(|no(J,N>o{^<»l^Hlnc^^c^>to,u^H^(«^o^»l•^(7,(o-o•o 

fH   OOOOOOCOOOOOCOCOOOOOOOOOOOOOOOOOCOi^^rw^i-^-H^^^-ii-t^if-tf-tr^f^rM 

HOON^*a>^(^<)u^^tln^o^o^u^•*,^n^H^NOOl-t'}•lD«t(\l^^l't^rlH-^<«1cotfllnlBrtl(^||r|<^)«^l-t'•t 

.-•  (nmwm^^''^mmrtmm^^^*4'-f^lnlnll^^n^o•o<)^^^aJa)cD(>(^oo-^^(\lf^J^rfl^J•^r^>o•o^a)(^o 
(**   OO00O000O0O0O0000OO00OO0OOOOO0OOO0^-«--r-<-i-4^^-t-*^^|r-i^-» .-«.-• CM 

• ooooooooooooooocoocoooccooc oocoooocoooooooooooooco 
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43lncolnoo!^fnF^mof,JC^f^iOlnl/^(^J^a<{^^J'Ha)ln^>OHO^•tH•o^a3^ooco^lDlnHtoOH^^\a)•* 
^^C,r^cou^r\jrvjmu^(>^oc*CiO(v\a3srcNjcg^co>i-^^rnr^%j'rr>^a3ir>^r^r^ 
!^(^(^oOH^|m'|lr^^o(DOi-(m>o©omo[^l^Jl^c^fO^Hlno^o^nH^^o^^l^l(^co^•o•o>o^rooro»o 

m OOOOOOOOOOOOHHrlHHrtH,HHHHrtHHHHHHHHHHrtHHNMNN(MI\JN(Mr\JNlt|(<im 

aO<»^^O^u^(*>f\jrnincoroCT,r^f^coOif»^coeoo>cgr^^ro>frr^m^.^^ocoo^rn 

O- c0C0C0a)<O00<DC00,^^(>^0l^OOOOH^HNNNr'l(fl'*'tlf\lft-O'0NNCDI3,IJ,OiHINIfnm4,lft'Oa)(>OH 
«*• OOOOOOOOOOOOOOOHrtrtHrtH^^HHi-l^^i-l-lwHHHHHHHfgiMNNNNNNNN^fO 

N(NNN^m4,lno^oON(*l^^l^^l•t^o^•oom^HlnOlnolAO'ONtOlAf^l^^^J^f<^^vlH^Hr^fvlr'^l/\(!0 
co      a)©coco(DcocDa:(»(DcD(^c^a•^c^c^ooo^H•^NN^gmro^^lfll/^<^^^^(Da'(>OH^J<^^u^o^coa,o 
4- OOOOOOOOOOOOOOOOOHrtHrtr^^HMHHHHrtHH-t^^FlHHHNNNOJNNNNNNin 

lBlDcoa,t^oOHNfn^^aoo,^^lncoO(fl•o(^^^l^^ff'(<l^HlflOiAOUlH^ln(^^l(flHco^lA^*'j'J•'0^o 
h-      ^•^^^^co(ccolDootDa)cocDOl!^(^(^ooooHHHf\Jf^J(*lm«J•'*l^lf>'0,o^^l»^oOHf^)(*l^•lr^^^-coo 

>s. ff'C^H^(T<u^NHO(^J^co>fHt^asoweo^t,NNr^^o^(DNcoH^^4•^H(^(^f'^0'C^(sJ^c^'J,(^ll/^(n^ol^OlO, 

• ^f*(/^ln^•o^cDO(0^f^l•*^o^(^N•*>oc^Nl/^co^-^u^co(^J^OHlnou^oo^^**•o^u^(^JOff'oD^^^(D(^H 
c£ *o      f-^w^^^^(N.|^.^flococoaloD(D(DC,(^<^(^ooOHHHN^lrnfn^J•4'^ln'OO^coco(^OH^N^'tu^-o^c^ 

fa 
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5    o 
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< > 
^-Olrl^lflC^^lf^co>f(<l<^N^J^^l>^o^^lilmcoHNHOClff,04'^NcooocO'0^oC'^'-<^tco«ot^^l^•^ 
C^O•-•^cD'flO(D^o)0(floo^HOON>oc^lnlnlOou^(^Jr-lH4'Ol-^(^flH•-lm(^lDO>o^ocT|^oco•f•o^l^J• 
^u^ln^^l/^o^^-cDff'Hc^|(fl^n^(^Hm^ncoOM<)l^fl*oo>tcor\l^H*OH^r^(^lnr-laD•o^fl•-l(J>(D^s^,•(DO, 

m      ^o*o<l«o<)^<)^OsO^-^•N^^•^<D©cDcDC^o>t^c^oo•^Mp^NrJ^nf<^4'^l/^u^^^*^coa'OOr^Nm^fu>*D 
**•        OOOOOOOOOOOOOOOOOOOOOOOO^rH^-i^i^-(^i^Hr-«-^1^(^H^-(^-t^-ir-«r^^Hr-irsjf\j(Nrgrgfsl(\l(\j 

4-NO^cocoou^rn^coinu^o^^co<^ror^r^r*ji\Jo>c»jcgo>incorHrn^o>0 
cocoo^owo50^f^lf^^o>*•0^^^o^OlnH(Dcoc^HO^Jl^rHf^cp4'fft4'Co^lfllf\c>^cDNO(^JfflQD^lHl^\ln 

<NJ      ^o^<)<l^o<>^oo^^^^•^^^^^a)a)coco(>(?c^oOHHHNlNmf^4•>J•^n•o<)^•ll>coc^OHf^l^ll•J•lnsO 
•4-       OOOOCOOCOOOOOOCOOOOOCOOOO^^fM^i-H^t^^-ti-*f-«^^-«^t^-ti-(^-ii-if-^(NJC>jf\jr\i(\irgr\J 

OH«^^40H^J•oc^"-<'0-J'lr^on^o^co^ll^H^N^ff'C^^*o>Ol,'lH(M^m•0'OrM^lmoolAf«•3]ou^^NO 

COCO-OJ^OOHiN^.f^NQDOiM^   O  1) H "O  J  (?  ;M lA CO ^   O O  -f  rO (fl   ]3^S!i,n?if\N(Oir\rfiocONO-'T^i/\.n 
~-i tni^lfllflW^O^O^^'0<3*Ol^f^NNrfcCOCO(DOO^(>(?OOHHH{SII\J^m4,»t^NO^^COO*^0'^N'^J'lA 
•J-        OOOOOOOOOOOOOOOOOOOOOOOOOO*-*^--«^^r-ti-«-H^^r-i-H--ir-i^-*^,-«^-t^i(\/rsjf\jt\jrgf\j 
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o^ooo<^rg^^u^^coOrsi^NOO^^^r-^H^corNJOOu%OinONDr^cOtnf^o^^^r^rnm^in^o^co^or^ 

r^-      ^rgrsjrsjrsjpjrsjrsjcNjrg(\jmrn(^^r^^^>tintniA<)^r*r*coa3^o>oo)^rjrom>finNor^ 

'*» ^l<,oo<-<^•t^4,^H^m(\|<<^^oO'0•t«t•oo•o«I•^t^(^lOOmc^a)Olr^•i•'ON^J-Ol/^a)^HHCDHHO^•tfM 
* lr^ullil<)'0^coo,o^lfOl^^t^^4•^oo*Nu^(^^JOO^O*4'(^^toNlnf^Jaou^^gOa3'0^^^^n^o^O'*^^^^•'t 

PC o        H-^HHlHHHH(^J^l(^Jf^|rg^|ff»WM(^4'^t'4•l/llnO>0>O^^WCD^OOHN^fn^lnO^C00^O(^J(<l•*'^0^(^ 
O \f\ ^HHHHH^HHHf^HHHHFHHHr»^HHHHHHiH1^HHrtN(\)fs|fSjNrsJN(\l<\l(\iriJClJf'l(ft^rnrni<l(»l 

< 
55 >f^lAff'CDNH*0h'^^iAO^<^OlO^fvl»f^C0N©>0C0^Ul^a)(NJ^INOnf0HOi^i-i00C0'J'tT,OOlA(<VO>0 
O ONO^O<D^^C^l^a)^^t^^oOlrl^iNt^^HCT'«o^^ONO^^ta3lrltfl(^^-c^^n>o^^glJl-^r4^-ONf'lr^ 

ooH^NNi*i>j'wr»oooN'* >oo,''-'*4,t-Of^rs-o>*'crmcomcofnoi/>»-tcoif><Njocor^ >0O'0^xON>0oinH 
H IA      r^^H^HHHHH^HNf^(^Jr^Jr^(^m^<^^>t^ln^^ln^oo^^cp<DOhoo^<^l^(n•fln<l^coa•H^g(0^n«oco 

a*—co.-icoc-r-cr-^c,Lf»r'if>crvrvC-r-cr- r> a u-. •$- «o f\. r\« a  t—r. ^^i*>cc a ir^ tca'ffwruMnccr'ir 

«t      ooooooOp^HHHHH^^NNNf'1'n(fl't•t^lnln^•o^^coco(^ooH(^J(,om•J•l«>o^•coo•-l(Nrtln<) 

<: 
^(Dl/^^H^Jo^OH(^lcoo^^^go^^^-^lfl^•-^OOtno,Ol^t'<•(^Jccl«t^o^^gff'^•OH'4•a^^•4•»J•Nf<l4•pH 

m        OOCOOOOOOOOHHHHHMMN^mitU'^inmo^NNffiCOCrOOHNrtl^irin^eOO'O^MJtfi 
LTt ^HH^HHHHr^HHHHHHHHHr-I^HlHHHHH^HHHHHHHfvjnjfNIIN^IIVJfNtlNJINlfNIrxilfirfl^fflfri 
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OO^r\j.t^Nsa?fnncCcDirNi^^(^rgOifiC^N(NNUA<)00'f^>t>fNr-iNNr^inrg-^>noNM(*\NNa'CO 
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r-     ^.^.^.^^-^a3co<Da^ooc^o>(^c^oooHHNNfn(^^t'i,lflO^Noo(^OH^^l^*l•l•'0^•(^ONst•oa)H4•N(\) 

oj 0lOOHr^(^l*lft^^lOmln^0H4•^HlftC^r0(B(<l!D•t'O•0mO^I)•0^t(<1^m'4•lAC0r^u\O'0rtf^lfn«NHU^r• 
«o      ^^^^^^^^^^cocDcoflOlJ,(^(^oooH-<N(^J^n^••tlfl>o«o^•co(^OHrvi(*^'4'>o^as0^l4'>ocoH^J•^H 

fa 
t? w^a)a)^ln(^Ja)4•o<)mr^H^^ln^m•o^nH^oNa)cOHrt(^^(Dlno^)(DO>omo(<lm^>0'Oa)^f>('1com•J 

»-•      rj tr\      ^)«o<)^010<)'0«o^^^^^(ccocDcr^^^oo>^H(^JNffi(0^u^ln^^co(^OH^^Jm'*>o^-(^o^J^-oooHJ•^ 
[ij O       ^^.^^^^.^^.^.^^^.^^.^.^^^.^f\irvjCiirviC\jr\irNicgf\jr\j(Nj(Njr\]r\jr\ir*>m 

2   ° H       o 
>ot:irtfpr-c^tfif' «£>rp.-'U«--c»-'r^r-«df^r-r^r^ar\cir'Crrgcrfv<rnr^r^o<\jr*-c:a.crn.4r»ccC(^,~'r- 
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< °      - — • 
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^HrgNf<l^l•u^<)(fl(^HIf|^)fflH4•^o^•^rH<)ou^o<)HlD•tHco^o4•<^lH^-l^^H(<^lf^coH>o^|oo^«oa)H^ 

in^OON«I^ON(flWN(^N^NO^SHin(7,mCO<tlCD>*,0'0(^ONiA»'>fNI'-<OHfvirti/»a)riJS^OO'a,0«l' 

^ou^•^("(^c^N'040^<^N^f>a)^JN^t^^w^lnH>^^•0'Ou^ON•J'^^f^o^^lf|<^lc^JO•oocDf^J(<^fflCDlncD 
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5    B 
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ooooooo^»^i^-^fNJc\jr*j<^ror^4"4-iAin%oof^aiO)CT»o^^iNjfo^^^a>c>^^rg4-'OOv^H»n 
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(a) 

2o — P 

(b) 

Figure 1.   Model of Dugdale Crack 
(a) The Dugdale Model 
(b) The Actual Crack (Hahn's Experiment  Reference 8  ) 
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RATIO    OF  CRACK   LENGTH  TO STRIP WIDTH, k 

Figure 2.  Variation of the Strain Energy Release Rate Correction 
Factors With Ratio of Crack Length to Strip Width,  k 
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Figure 3.   Displacement of The Crack Boundary 

Figure 4.   Dimensions of Centrally Cracked 
Plate Under Uniaxial Tension 
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