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THE JUALULEYID SOUNDARY LAYER L0 A COMITEACIGLE FLUID
Donald Coles

SUMMARY

The first oblect of t:ils meper is to develop e traw foraat s~ w~llt
redices the boundarye-layer equation:s for comprecsible twoecl :wenaionsdl aew
turbulent motion to facompressidle formm. The second coject . b~ opol . thir
transforiation to the special case ot the adiabetic turvujent oourwary Liyer
on & smooth wall., An laportant dif:erunce between the present trans{or.ie
tion and others whnich Lave been previcuely proposed ic Lhat the present
tran:iformation renrecerts at ¢very stage a genuine xinerwtic and 4yma-ic
correspoadence betwern two real {lows, both of which are cumasble N1 veln:s
observed experinuntdll:r., Since tlie 1mean preciure and aca - ve'lselty cun ther
be nmeasred in either flow, tic nean acceleration of the finic can 1n orl: -
ciple be deternined, and tne shcaring stress can be adeouately and ace:arntely
de:"ined as thie stress whici, 1r necessary tc acrount for this r.cceleration,
This formulation leoads toc a venersl transformation valid for larinar or tur-
bulent flow in warkcs and boundary layers, without regara to the state or
enercy equations or tie viscosity law for the conpressidle f1id, and withe
cut regard to the toundary couditinis 0a surtiace precsure or temperuture in
the event tnat & surtface i6 involved.

Given a bomdary-layer flow ot s Newto :iui luid past a smooth will,
but with no other restrictions, it is sn0wrn taat tne corbination
(°oo”cb/°v“v)ch6 (wacre c, = 2'\/“&": = local friction coerficient,

R

=
0 " Poo
ant of the trarnsforatioa. Julc revult, which is bobllh new une usmel’ld, Lo

uQO/u o © local morentur-thicknesc Reynolds nurber) ic an invari-

relerred to ay tue law o cormspondln, tations,



P2
~

The special propertiec ot the trunsformatios ior the case of the ture
bulent boundary layer at constant pressirc are next derived. It ic found
that one further asswiption has to be ade in order to apply trne trunsfore
nation to this prodlen. Afiver u survey of experimentel data on local 3ure
fuce friction in compressible flow, the assumption chosen in this paper i
that the sublayer Reynolde number is unaffected by compressidbility or heat
transfer provided that the density and viscosity arc evaluated at o wsan
sublayer temperature defined by the transiormation. The reiaining empiri-
cal quantity, the numerical magnitude of the sublayer Reynolds number, is
cvaluated experimentally and is found to be of the order of the least
Reynolds number for wvhich turbulent flow can be observed. |

Finelly, explicit foraulas are odbtuined for the effect of !ach nunber
on surface friction when the fluid is a perfect gas and the stagnation tere
perature is constant or linear in the velocity. Three novel iuplication:
of the analysis are that streamlines are not traasformied into sireanlines
by the transformation in the case of turbulent flow, that laninar and tur-
bulent shearing stresses are transformed by different rulec, and that the’
retio ¥ /p (or the product M > C,) rerains finite at large ‘ach numbers.

An appendix coatains an exhaustive eritical curvey of tha experimental lit-
erature of low-speed turbulent flow at constant pressure, and a second ap-
pendix contains a brilei‘ critical dircussior of the mean-temperature hypothe-
sis, the laminar-film hypothesis, and other analytical ideas vhich are

related to the present treatment of compressidble flow.




1. INTRODUCTIOL

OUTLINE AND PROSPECTUS

In this paper I will be concerned primarily with the elfect of
compressibility on turbulent skin friction in adi.butic flow at constant
precsure. It has become & tradition in the literature of this problea
to present the final result of both analytical and experimental work in the
maaner of M. 1, vhere the ratio of compressible to incompressible friction -
coefficient is plotted egrninst Mach number. The present study, however,
will follov perhaps inadvertently another and stronger tradition. This s
that research in turbulence is most respectable vhen 11:. is aimed at the
reduction of a ygiven set of empirical data to a straight line—and hence to
one or two empirical constants—in suitably chosen coordinates. That the
problen at hand can be treated in this way is illustrated schematically by
the evolution of PMi,. 1 into Pig. 2 and then into Fig. 3. 1Ia fact, 2
description of the coordin:te changes involved in going from one figure w0
trhe rext will serve both as an outline and as a surmary of tiae analysic to
be given in this paper.

The reul stariing poiny of tue aunalysis io rot so oueh Fig. 1 as a
prodblem which arises in e preparatiosn of this figure fro: empiricul data.
This problemr 1is to cpecify some conditio:: conneecting the local frietion co-
efficients cr and Cf. Host asuthors nave agreed that these coefficients
should be evaluated st the same Reynolds number, without agreeing as to the
particular variables, espkcially the lergtn, whiecn should make up thie
Reynolds number. If any exit fror this difficuity exists, it i{s protebly

througs the use of a transformation representing u genuine kinenatic ad
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Gyariae corvesponde.er Lotiwe Y Lvs thern, T eetionys I-III, thevefore,
@ & trinstor.ctic. 1o covelinlly Jurived iyom first principles. Among

the Limsdiate cercequuieds of t.ic trassloration iz the desired condition,
1n tihie Pom of i Livariant whicl: U cull the law >f correcponding stations.,
L. esvence, thio luw gtates that the vroduct Ct:te i: the sause st correspond-
ire volints in any tuo Jlows related by tae traisformuaticn, providea only
caar t..e friction iz boll eases is lewlounlan at the wil. o other irpor-
tunt restrictions have to be put on the fluid properties or o tho nature

of the flows in question,

Fig. 1 nuving beun estubliched on relatively solid cround, the trans-
rformaation next sux,asty a rinoy uodification in vie adscisca and a 1Ljor
rodification in the ordinate <73 L.e fisure:. [he shange In absciesn Lo Onee
Stiah wus oees praposad intoreently oy taviling, € ale (19W0) ws & sanc
oi' reconeciling their reaszuwrements in air and el ium; it i3 froa ::m .3
(y=1) r-zoﬁ/a (or fOor practical purposes frun Yo O ;v’"co or to qm/p).
his chanze not only removes tne effect of variatlons in ¥ for fixed Prandtl
rsrer, but wise rskes uge of e Jact that too carve of 'I‘Q/Tv against
(y=1) I ms ool e aly analyvleal curve whic: can be plotted in Fig. 1
vithaut a detzilec inovlew-r 7 the boundury-lnyer flow. Finally, the
chunpe in ordingte is o :inple normalization of C./C. with respect to this
sarc t.em.drandc parancter T /-rv. ihese twe charges of coordinate taken
topethier lead to Fig. o, I v.ich 449 cnphusis L on the seutter of the data
aue Lo virl Lions in Reynold: sumber frou one experimant to another.

At t:1. Coge the Inferv.ces whlch can be drawu solely from the trans-

roFistics i fror peoouren: t: ¢f ro3s prep:riice of the bioundasy layer,



gush us the loeul surfecc iriction, ere extausted. Yore infomutior is
necded, ard I assume i "eciicr 1V thit this information ex: be oer!-vd
troa the einmilarity law nowm as the Lw of the wall., The phyuical iuier-.
pretetion given to thie liw 15 tuat e s:dblayer rm in a turbuloent vourde
wry layer is characterizci by s corstunt Reynolds nuber. st; ar~unnt
buted on ihe transtoration and on the data of Pig. 2 ther suggests tihuat
v.do Reynolds nwber nigat be unaffocted by compressibility if the density
and viseosity ure evaluatcd ut a certaln uear temperature defined by tae
transtorution. Given this assumptior, whieh I eall the substructure lLypo-
thesis, it ic found that t.e ordinate in Fig. 2 does not depend explicitly
an conditions in tze froe stream, put only on conditions at or very ucar
the wall. 1Ir. order for tne absecissa to have tae same property, it suffices
to ehange the indspoudent varisble froa (y-1) ¥ o/2 to (y 1) 1.2 ¢ /2 (or
for practicel purposes from o /p to tv/p). Tae final recult, as shown in
Flg. 3, is that tte dependence of tae experinental data in lig, 2 on
keyr.olds nuwsber is very nearly accounted for.

For tle -a:c of ¢ 2vity tae material of this sumary hac dbeer nighly
abridged, and several s-:ential arguwwats have Leen cversimplified or ornitted
altceether. For ciiample, o have ixplied that the experimental data in Pig.
2 cefine a straight lire, Strictly :peaking, this stateme:t 1z correct only
12 the fluid ig & perfcet rnus, 1f the viscosity is proportiocial to temperae
ture, and if the stognatic.: tenperat e of the flow i3 constant. 'he araly-
e Lo the toext, qovever, 1t 2.t always limited to this special case, or
even to the cuse of flow at conctert vre:stue. On tre contriry, tie -.o::trul
leaeat ol vhe anulyele ot every point 1o a trunsforzation w.ic. {s roe

art R ly ree of rectrictive condition.., iany of the relationanip- of
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thic paper, thercfore, may eventually be applisable to problems whieh have
beer. less thoroughly studied experiaontally t-an tlhe classical problem of
sdisbutic flow at constant pre:sure pust & smooth solid surface.

STATEMENT OF THR PROULEN
My first objective in tuis p:per vill be to find conditicns under

vhich the boundiry=lzyer equations for compressible flov can be rm to
incompressible form by u suitable transformation. My second ocbjective will
be to spply the transformation in gquestion to the turbulent boundary layer.
Neither problem is nev, and almost all of the results to be derived for
leninar flov have been obtained previously by Stewartson (19549) and others.
More recently, several writers have attempted to extend the concept of a
transformation to turbuleat flov as well. Hovever, little attention has o
far been paid to several important issues reised by the latter spplication.
Amon;; these issues are the question of the complete identification of
corresponding points and the question of the use of dimensionless similarity
lavs to descridbe the profiles of mean temperature and mean velocity. In
order to avoid compromising these and other issues in advance, I propose to
develop the transformstion from first principles by means of arguments
vhich are as rigorous and as general a: I can make theas.
The first problem stated in drief is this. The boundary-layer

equations of mean motion for a coupressible fluid of variable density
o(x,y) are g.}vcn in the fora

g% s ? « 0 ' - (1.1)
du

pugz ¢ pvg-;- - -g . g; (1.2)
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It is dosired to f£ind : form:l transformation from (x, y, u, v, p, 0,7 ) to
(X, 7, U, V, D» 8, T) such that the original equations (1.1)=(1.2) ere

reduced to the form

ﬁ L 4 'a:!. s 0 (105)
ox oy
aa%x} . 56-:;‘:‘ - - g s % | (1.4)

with the pr.rameter p irdependent of position in the b=rred flov.
The validity of these equations will not be exanined here.” They
evidently incorporate the usual boundary-layer approximation, in that the
stresses in the fluid have been taken to be adequately represented by the
static pressure p (or p) and by a single additional scalar component ¥
(or ¥). However, the relationship of the latter quantity to the other
variables of the problen has deliberately been left unspecified. PMurtoer—
more, no state or energy equation has been included for the compreuible'
flow. This formulation of the problem, while incomplete, has the advantage
of beinz relatively free of assumptions which are either controversial or
unduly restrictive. The present partial formulation of the problem also
recognizes the fuct that the transformutions for laminar and turbdulent
flow cin be =xpected to have certain properties in common. These properties,
to the cxtent that tuey cun be inferred from the basic equations (1.1)=(1.k)
without invoking t.nt: concepts of turbuleat shearing stress and turbulent heat

transfer, are therefore likely to heve a relatively permanent significance.

l'l'hex'e is alweys the possibility that the usual dboundary-layer approxie
mation for the stress tensor uway fail under certain conditions. 1In additionm,
there is room for argunent about the importance in high—epeed turbulent flows
of various correlation tercs (involving fluetuations in density, temperature,
or viscosity) which cre neglected here in crier to treat the mean value of a
product suca as gu or pT (but not necessariyy pv) as a product of mean

values. e
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PHYSICAL CONGIDERATIONS

In vhat followvs I will meke frequent use of a physical priiciple vhose
importance does not seem to have been fully recognized in previous work on
the transformation. A brief discussion will show both the need for such a
principle and the wvay in vhich 4t is to be applied.

Suppose that 1 jeneral transformetion between Eqs. (1.1)-(1.2) und
(1.3)={1.4) has beer estzblished. Suppose further thet the orizginal
compressible flow is cheracterized in some region by essentially constant
density. This might be the ceee neer the stagnation point of & dlunt dbody,
in the upstresm part of a nozzle flow, or fur downstreun in a submerged jet.
In such & region the ccmpressible equations can be reduced direcily (1.e.,
without reference to the trransformation) to incompressible form by the
usucl limiting process of retaining oculy the leading terms in expansions
of uppropriate dimensionless variables in powers of Ha. The resulting
equations will be identical in form wita (1.5)=(1.4), provided that the
density in the latter is evaluated at the appropriate stagnation condition
in the original flow. A question then arises: under these conditions, is
it necessary for the transformation itself to reduce to the identity
trunsformation?

In most of the previous work on the problem it has been tacitly assumed,
e.;;« by taking the reservoir conditions for the two flows to be tae same,
that the answver to this question is yes. However, ﬁ: then becomes necessary
to suppose that the same fluid can benave entirely differently in the two
flows—like a perfect gas (say) in one case, but like an incompressidle
liquid in the other. Whatever else may be said ebout this situation, it 1is

unlikely that both flows can be observed experimecntally. At the same time, it



18 cert-in thet an experiment«l description of both flows will be an
cesential part or"'u\v useful comparison in the case of turbulent flow.

The way out of this dilemms is to avoid the presumption that the trans-
formation should reduce to the identity transformation in a region vhere
both flows are incompressidble—or anyvhere else, for that matter. On the
contrery, it is more reasonable to suppose that the transformation should
reduce instead to an affine transfcrmation of the kind commonly used to
investigate the question of similarity. This being so, it must be possible
to choose the density p and the viscosity u for the barred flow quite arbi-
trarily. To this end I will adopt as fundamental the proposition that the
tvo flows represented by Eqs. (1.1)=(1.2) =nd by (1.3=(1.4) must be trected
in every respect as real physical flows, capable of being observed experi-
mentally. It is a natural inference that corresponding variables should
have the same physical dimensions and that the external and boundary
conditions should be at least qualitatively the same in both problems.

This principle will have several useful consequences, of which the first
vill be to allow the introduction of the parameter p on purely dimensional
grounds.

Finally, the point has sometimes been raised in private discussions
that an application of the transformation to turdulent flow may involve
unvarranted assumptions about the effect of compressibility on the mechanism
of turbulence. That this need not be the case can be seen from an argument
based in part on the physical principle just presented, but also in part on
the fact that only one component of the strese tensor besides the pressure
is present in the equations of motion considered here.

In any boundary-layer flov described by either of the momentum equations
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[200) o1 (L48), L+ coeler tions iy th- pressure rorces are well iefirned
g.rvitier wicn cnu be evriustea ~xperimentullr. The unva,ance tetwren
tete saltities oy simnly Le tsker Lo defire an aprirent sa24arii,; stress,
=08 uuurrics1 values for the lacler sy taer bte injarred from measurane:its
cf volocity nd pre.sure. It is cle.riv irreiev:u't, Jor example, thut Lhis
perent stra:s may oave o turlaaeat part which onn te iudeperdently definad
1o terws of cert:i. velocity fluctu,tionus capuvle Of vein; mpcasurea directly.
ror 4f v vransfors..tion cun be toeund 0 transtora the ncceleratisn .wad
pressure terme in t.o equ.tinns, :nd 1f tniz truncforurtion 18 required to
bte poysiczlly realistic, then it mist iollow without reference to any
special definition cf the shiearin:’ stresses tnat tiese stresses ¢3u aleso de
trerieformed by the transform.tioan. This argument mny seem to be acudewuc,
ot I telieve tuat it ic the only one which cen be reiied oa to provide an

expilcit trunsformsation for ti.e undefined sicnring-—stress terms iu Eqs. (1.1)-

(1.4), 4nd 1t will be used for this purpose in the next section.
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148 CONTINUITY EQUATION

I vill begin the development of the transforaation by coasiderinm: two
strean functions v and v, each of which will be interpreted physicelly a
an integral of nces rate rather than volune rate of fl.w. The tw. coatinal‘y
equations (1.1) and (1.3) will be ocetistiq< by introducin; these strea:

functions in tnc usuval way,

Py = % ’ oV = -%.: (?.l)
IR (c.2)

vhere the physical princivle Jjust discucsed requires an waspceivied cons.ont
density p to be inciuded in the second pair cf equation. in ovder o
orovide the saue physic:l dimcasiona for V as for Y.

The two strean: functions ar~ evideatly constant on vtr2-eulincs >1 Wh-ir
reepectiive flows. In previous work ou the transformation 1* has ususlly Lucn
ussuncd that these functions are the :saae at correspondin, noints wnd hence
that ctrecnlines in one flow arv craasforned into streanlines in the other,
For reasons vhich wili bceome apparent (gec the remarks foliowing Eq. 3.17),
I do not wunt t maxe this essunption. Instead, I will leuve opern ‘he

relaotionship between ¥ and ¥ oy writing
V(x,¥) = olx,y) 1x,y) (2.3)

wnere 7 is 8 coupletely unspeciiied runction of x and v .
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Further diflcrentiation and substitution in the transport terms on the le.ti-
hand side of Eg. (1.2) yiclds, after some extremely tedious ulgebra, an

identity vhich is piven in “ull for the record:
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where J(7,B) denoter ire J.cobinn @ (A,E)/Hx,y). Ir voctor not:tion

Pt J(4,B) =« 4rad A X grad E, wite k tac undt veetor normel to the xv
plane. Hence J(A,1) venignes if A or b is a constant or more cnerally i
A is ¢ function of B ulonc.

The teras on the right-hrnd eide of Fq. (2.6) heve deen arranged in
dascending order with respcet to derivatives of V. At least the first tov.
aust appear in the truncfornm.d 1momeantum eguation (1.k). Tne other terus
are for the most part expeadnble, and the next srtep ic to reduce . (7.0)

. to panngeable proportions by suitubtly restricting the dependence of the
fuictions 0, %, and ¥V on x =nd v.

For this purpoce it 15 insuvructive to look et the béhavior ol the
verious terms in (2.C) outside : she:ir layer in the barred coordirates.
Suppoce first thut there is : pressure gradient in the orginnl flow, so
thoet the lefv-v.ud side of (2.C) iz non-zero but bounded for large \.lu.:
of »o 1f the roegions outeide the two shear flows are to correspond both
chvsici:lly and form:lly, there should ~lso be a pressure gr:dient in the
t rred flow, and the right-hand side of (2.6) should be non-zero but bounded
fer l:rge vuluss of y. Now as f=r as the factore ¥, u, du/dy, etc., r-
concerned, it appeers thet the term ia y ou/dy will ordinarily vanial tor
large values of y and tcat the terms ir /Dt and %2 will become .t most
functions of X culy, wnile the rum ining terms will tehave either like y
or like ?2 Tre einplest condition which will assure the proper ba-:vior
of the right-nand side ¢ (2.¢) is the requirement that each of the terms
behevirg like 5 or like J° should vanish identically. This cohdition in

turn is ecasily show to be equive.lent' to requiring each of the qu ntities

¥
/n identicel result is ciuvi-ined if the flow 2% infinlty is essumed to
b2 . uniform streax, but the coniition on y seems to be uan~cessary i the



0, X, und Jy/ndy to be independent of y.

10 MOME TTUM EQUATION

/it this point the transformation, except possiuly for the jet, can be

represented in the “om

X . ox (2.7)
| g e &(x) (2.9)
Eg = 7 (x) (z..)

viere § «nd n, like g, arc dimensionless functions of x yet to te determi..d.
liote that o seccond coustunt refercnce density is needed in (2.9) to pive
tiie proper physic 1l diuension to ti.e transformed veriallc y, but thet tuis
perumeter can te ideutified with p in BEq. (2.2) 2d an, difference etsorbed
ia n(x).

The dependont v.riuvles u end v 26 derived frou Fgs. (2.4) id (2.5)

nre now

(2.10)

4 |

.
Sia

e

flow ia bounded *t fnfinit: by fluid =t rest. 2 closer =xamination of t.is
case, {.e., of the Jet enteri.g :. stagnant fluid, will not be uic:rtuen
here. Bven for the otaer ceses mentioned the transformation in question mn
not be the most gener.l or the most useful one which can be found, firstly
because thre sufficient conditions used to bound tae right=hand sid- of By.
(2.6) for large ¥ nuve not beern shown to be necessary, und sacondly dbecuuse
these conditions huv: been :pplied not only for large y but throughout the
burred flow. Purthermore, it is uot obvious that the twc Llows iuvolved in
the tr:nsformation must always have the gwme character; i.c., thet it one
flow is s w:ke, 80 18 the other; i1f one flovw is a boundur: l.yer vith
pressure gradient and mass trancfer, so is tae other, und 30 on. On the
otaer hand, the trunsformation considered here is more generul than any
vhich has been consiiered previously, and nie severul pronertiee +hich will
prove to be useful i. any stucy of turbulent fluow. The possibili.; of a2
more general transformation vill therefore not be ianvestiguted further.
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= cJ o O ., de »
o S-E VvV e qu ‘-EE u (ull)
nd By. (2.6) cun be written
Y - ied3E =0 Bp tn°
o v PR H TS
P
u- aj u do .
+ %z; ax L g ;38; az» (?013)
d - 21
> - + w

Of the turse terms in (2.12) generuted by tane transformation of tha
treasport terms in the original momentum equution (1.2) subject to the
conditions (2.7)=(2.7), the first provides the transport terus in the
transformed momentum equation (1.4). The other two terms, those in pu2
and ¥ Ou/dy, will therefore have to be suitably clmbined with the turms
dp/dx 2nd 37/dy.

Consider now = compunion equ:tion to (2.12), obtzined from the latter
by solving for tae trnnsport terms in barred coordinates and using (1.4);

LS .E. SO 31 a-&_ ] au 4o
= -ei' .fi :
- 2 { (2.13)
s seesnd eaadiity in .. (2..:0) 1 = relationsunip lavolvisy: primarily

pressures ~nd shearing stresses. The right-hand side of this equality
consists of ts terms, dp/dx and  3/dy. According to the physical princi-
ple underlying the preseut trnsformation, the first of these terms must
depend cnly oa X (or x ), ud tne second must vanish ror large vy (or y ).
It is thorefor: neceustiry to write the left—uind side in the s:ue fashion,
ad it follows immedi-tely k.t the treasformad quantities f ~ad ¥ i .ove

to o sofic ¥ by s

4 o
Z .eL 4dp, . ®djc 2 (2.14)
‘1:( .e“ p u " U
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and by

e -2 , 3
K ¢il1.3r ¢du do ) 1 1) 1 anfg: 2.2 .
& " 2|0 3y 3§"oa° o| s & o |
respectively.
The slihtly avkwvard tform 0“ <he luat *wo relationships i3 justilied Ly

= &= 8

their venerality. Ileither an eﬁuat on or state nor nn enerry equation lor

the ~ompressible flow has yet been citad. RMirthermore, 1t has not been naecas-
sary to de’ine the shearing stresses 1 and T explicitly, and no conditions
have been imposed which require the pregence of 2 solid boundury. The faet
that the "orm o’ the transformatior crn be estadbliched undar -ueh :enernl

| eonditions 13 due largely to the emphnsis vhich 45 it here on phy-icnsl con-
“tdaratiors, Ir particulsr, the erypusent releting to .js. (2.12) - (n.15)

2.n Y& recomire’ sz n renmetition ol Lhe creugwent outlized ut the md o*
vetien 1y ¢ 0 vt ton with the irrelevince of tiie Lheorin;-ctre:. -echanlsm,
nvever, the tirranglformmatios is not in a usefNd form a: this luneture,

isasch s aotkhing is known abaut tne properties o, tne tihre2 gealin:.
swietloane a(x), €(:), wid 1/x) which appear ir uos. (2.71) - {2.Y). 1r the
et vieiion © wtll chow that come inlomsatiorn avout Lhgse Maactions can be
Lot nik AL a gquite rensonable cost measured in terms of fcenerulity. Firost,
AoEeveT, Lowast to depnstrate oue {nmortant sand usetul nroperty or the

trec o iornation oy thi: ypecinl case of « rlow vourded by A smooth wall,

Tl L DR DTG SnTOw
ins thore '8 been neither w:xa nwor onportnnity to irtrcduce

wSecou Ly - ror the berred [low. - obriouz ai vatural meaas for intro-

duc iz th:i: piraseter s Lhe use of toe condition T - 4 ‘u/i y Pos Hewton'en

rich weavinea o0 cource trat this condltico 1: aponronriste. 0 the cuee

Y L)



P-2U17
18

¢f a tree turbulent rlov such as a jet or weie, or in the case of a boundary
luyer o a rourh wall, the condition is avidently not appropriate. ‘‘he
viscosity is 1.n a certain gense an artificial parasster, and the Reynolds
wumber plays at most & secondary role in th..' description of the mean motion.
‘Ther thuce cases are excluded there remains the case of a boundary layer on
a smooth wvall, and here the viscosity clearly plays a primary role.

Consider such s flov, with the wall taken for convenieace to be at
y =y » O. Whether tue flow is laminar or turbulent, and vhethsr or not
there is mass transfer through the surfece, the conditions T =p (3W)
aod T = (udu/3y) 4 a0 be expected to hold at the wall. The transformetions
(2.y) nnd (2.10) for u and y then require ?' and 1 to be related by

=" pp o
‘l’v - -p-&t ? " (2016)

Loc'1 friction coefficients C, -nd ct, defined in the usu:l wiy, are tuen

Louwi Lo ratiety

i P M, e T, ™, 2,
€,k = ——me o = = s =E 26 (2.17)
i ~ o . N) .
P Ty ©

where the subseript o refers to tae exteri:.l flow. Upon introducine -

wonentum taickness

[ <) ! \
u ‘ u " wWw
c @®® | o

‘nd - corrsspondin,; tnickness & , it ppears st

% — -\ p
3 . ‘ _2 -,‘_:‘.;,d;;.?“y.o (2.19)

i\;
Fiz 11y, Royuolds aumbers b i ¢ on @ eud & muy be defiased 1o tue usunl

wauv and counecu: by - 5
p_u_8o - ST -

Hg » 2B B - . R (2.20)

(% ® " 935
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o £ dn the 1ot equrtion 18 wimin to he interproted & the viscouity
¢f ti.e burred fluid. W:ez 0 1s cl¥uirated between (2.17) w.d (&.20), it i3

geen tant

p_u
®
C, Ry - B C, Ry (2.20)

ad tris is the desirec result. Tne relatioustip (2.21), vwhich seens to
nuve been overlooked i previous work on the trunsfony tion, will be culled
the law of corresponding stations for tne boundary lurer on & swooth wall.

A special case of tliis law is well known in the theory of siailar solutions
for tae laminar boundury layer. However, I want to enmpuasize that Eq. (2.21)
has been derived here by considering tue structure of the incomplete
equutions of motion r:ther tnan the behivior of certal: speciul solutions

of these equutions. Tais law will obviously be of considerable vilue in

any use of experiment'd d. t: tc test t.e validity of tue present trans-—

forw:tion for the c¢cise of turbuleat flouwe
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II1. 'TUE TUREE SCALLIC FULCTIONS o, §, AD 9

LAMIGAR FLOW

Ta: rewnining sten in coupleting the traznsioruation is the specification
of the three scaling tunctions o, ¢, aud 4 whicn dcteriine the transforv.ition
of wic sureans function v 2pd the coordinstes x end y. Tneae funetions will
be gtudicd first Jor Who laninar cugc, with the object ol sroviding at least
2 qualitetive nodel for the later discussion of turbulent flow.

Ir the flow is laminar the shearing stresses T and 1 arc no longer
mepecificé, being piven by pou/dy and by ‘wou/dy throughout the two flows
related by the transformation. It follows thet Eq. (2.12) is valid wvithout

the subscript v,

= rm a. =
T o= %E;F' (3.1)

and therefore that

o .& |
i . B s‘:._f_an)
A Bl s

This indirect transfornetion (3.2) tor oT/dy, vhica is a conscquence of
the scperute transfornaticns for u and y, must be consintent with the direct
and mcre general transforration (2.15), which coes not a.cmnne Newtonian
triction. The simplesi way tc assurc consistency, although perhape not
the only one, is tc ruequire the tw expressions for 07/dy to be identical.

This will cert inly be tae c:se if

%':' = 0 (3.3)
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%’.\{E - 0 ().u)‘

dp /1
S e

[« o)

O

' l dn/o e 2
, om%luw-u e 0 (3.5)

irn which cus.- 1t nlso follows that

P P U .
é‘ . J g - .U- | 4 ? .m (506)
P pu oit

The co;xc?.t.ion (3.4) will cvidently be s«tisfied for = perfect gas

hiving the ususl equation of strte
P = ORT (3.7)

withR s cp -c, = constant, if in additdo. thc viscosity is proportional
to the temperuture. Tne condition (3.5) will be sutomatically setisfiei if
ticze 18 no pressure gradient ia cither flow, since Eqs. (2.1Y%) end/or
2.10) then require the rotio /0 to be indepesdent of x. More gener: lly,
novaver, conéitior. (3.5) can be rowritter efter ¢ sepurution of v.ri.ties

a5

1 1
P P
-y

(cay). It the campressivle fluid 1s a perfcet ;us, the second equality
immedi~.tely suggests thet c(x) should be taker is R/cnp. Bq. (3.8) then
yields the two conditione

u2
+ ¢ T -ch-1-+cp‘r-cp’r°-consmnt (3.9)

~ad

2
Iy o 2 (3.10)
o
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vhere T in the second equation denotes a constant of integration with the
dimensions of temperature. Both of the last two exprecssions make indirect
use of the condition p%d’ = constant for an isentropic external flow, with
A cp/cv = constant.

As might be expected, these results for laminar flov are simply &
restatement of the well—inown conditions (perfect gas, ¥ /T constant, p or
T, coastant) under vhich the momentum and continuity equations cun be
wicoupled from the energy equation and integrated sepurately in barred
coordinates.. The problem of the laminer boundary layer was first approsaciied
from this direction by Dorodnitsyn (1342 a,b). In Dorodnliiusym's ormulavis:,
however, the omission of the scaling function wnich I lave called 7(x) led
to the appearance of & factor ‘I‘/Tm multiplying the transformed pressure-
gredient term, so that the reduction te incompressible form was achieved

oaly for the case 1, = coast:nt or dp/dx = 0. Cope and H:rtrees (1948), in

¢
thc course of some resccren in o different cirection, independently proposcd
1 prrilal trsasforaction iu tae spirit of (2.9) for the norm'l coordiaiate Ve
dowertn (194%), again independently, ~1so introduced a2 partiul treusformaticn

equivtlent to (2.9), but vith n(x) proportional to 1/ [p(x) rather taen to

"Tne trausform tion of ti.e present puper hus been cesigned specific lly
for turbulent flow, :..ud strict attentior h=s beeu paid fron th: begirning
to thLe physicul principie ti,.t it zust be poesible to cbserve acxperimentelly
uny flow wnose properties -re supposed to be known. Tiie principle, whien
mukes it essential to keep ir clode toucu witn the payesicul variibles and
with the conservetiou l'ws connecting them, ie most ppropriate for probloas
which caanot be trented by analytienl mea.s. For problems which cnn be so
treated, on the other nhund, 4lmost any truneformation or chunge of vuri bdle
ic .cceptuble if it le:dc to equations which are cuthemetically more truct—
uble tiian the =quations of motion in their original form. The principle
iavolved in such cus:s is a mathematic.l principle, nowever, not a physie:l
one, 2nd nmay bde us mucn out of place in discuscions of turbulence as is the
physicul principle in most discussion: of luminur flov.

An example of tae use (upna misuc:) of tne rdternstive antueanticul
principle ie supplied by the truncformitiorn first proposed by Stewartson
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V,W. Mow:rth also rlected to preserve u.c stre nwise veloci'’ coue
tceut u rather thop the strerm fw.ction § -t correepn.ditg p.iaty, -nd
tue pressure=gredient term ugein emergsd 10 quite «weerd torn in tne final
equ.rtion for the transformed streem Aancticu. Stew.rtsoc (1949), 1a coun=
vinuirg llowerth's work, chose to preserve the strecs fwiction fnntend :nd
4¢ une 8 suituble ecelin; function r(x), and thue urrived at o leminur
transiormution equivul 't to the trinsform:tion congcidered here. Minor
cdifferences include Stewnrtson's ube 0OF bow.uvry-—leyer variubles y /f;-
and v //7 (but not v '/VT) , <0d uis early consolidntion ol tUic virious
s¢ 1ing Dunctions. The genoril counditions wnder wnicni the comprecsible
aqetions of motioa ¢ be veduced VO incoapreos:hible form were also ils-
cov-red simltancously by Illirgworti. (1949), working in vea Mises

coordinntes x, ¢ rsather Lhea du pavsicd coorvaiuv.tes x, /.

UTBULST TLOV AT COLTLUT: PIISSUR,

If tne flov {s turbulert, the «r.uuents leading to Eqs. (3.3) and
(5.6) nave to be discarded nnd = fresh beginning made. Por the present 1

will consider only flow at constunt pressur=, for w.icu tne generel

(1+47) - ad liter cited for turbulect floe by soxe writers. The trancformation
in qQuestion may be obtained by simply dropping tne subscript @ in Egs. (2.14)
vd (2.19) of Section IT. For : perfect .3 the qu.:tity in parseuti,csis in
Bq. (2.14) can taen be written as RT dp/pdx, where T is the locci stusyn.tion
tempar turz. It tale formal. tion th:z principle of pgysic"l existeac2 for

the brrred flov seems t¢ require T e constunt if dp/dx ¢ O as before,
ahiotocr the flod 16 lamiz e or turBulent. Howev:r, thl. requirenent {ic
2ntively without force for tie turbulent cuse, becuuse the puysic'd princi-
pl: is Wedny i pplied oue atea.: too 1:t2 in the urouse.t. Even for laxiarr
flow the requirement in question is lur_ely irrelevunt, und Stew:r-son's
trunsformation rus been used (e.g., by Cote. +nd Resnoiso 43595, Colas 1)57)
to obtain pnysically useful sinilarity solutions for leminer flow with ne t
triosfor «nd vressure aradient, 1. spit: of the fuct ta:t the trinsforzed
equ2tioos do aot correspond to wny flow which can be observed experimentally.
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tre. storretion (2.15) for 3TNy crn Le integr=ted in the relatively simple
fors, 5

@ .
LiTe 280 [ B (3.12)

At tie will thic expression becomes

S l do
F,. AJ-TV ( 0*. wum) (}'12)
w.or o the ot tion rankes use of un fdentity
w
du e :
J ,:3;76.)’ -pm um 00"'“‘” (3.13)

w.aCh € n be obt:ined from the definition (2.18) for & by putti:ng & /dy for
pu : ¢ integrating by paris. These relationships 2re independent of th:
st.l -nd energy equitions and the viscosity law, and ca2n be epplied to
rows s well as to smooth surfaces as long es v, and T , are interpreted
«6 vingential force per unit nrea. .

For the purticulrr ce.se of a smooth wall, the shearing stresses at

v = 0 must clco te connected by Eq. (2.16),

My £ _
-EE- Ja- 1\4 - fw (}olh)

Morcover, if there is no m=ss tr:nsfer the combination ¢ - dofdx in (3.12)
ma; be teken as zero (e¢f. Eq. 2.11 evaluated 2t y = 0). Egs. (} 12) and

(5.14), together with the momentum-intesral equation T ep ul d0/ax,

@ Qo
tauen imply
2
== Po’n @ a0 o do
R A ar o

This expression provides almost the last point of contect between the
nalyses for laminer and ro} turbulent flow. For the laminar case the two

sides of Eq. (3.15) vunish identicull,, by virtue of the condition
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dnfdx = C or 0 o conct.ut which wis origineliy iuposed by roquiriiy
Newtonian frictior ~wny from the wall. Por the turbulent case, on the other
hand, the experizental evidence to be cited shortly implies that do/d@ is
aot zero, 50 thut Bq. (3.15) is no longer 1 trivial identity but a genuine
conditiox connecting th: three sc:ling functicns with e .ch other ard with
thhe ostensible dut. of tae prodlas. This single coadition for turbulent
flow, moreover, differs from the correspoudin; two coucitions (3.3) und
(3.6) for laminar flow in on- importunt resp.ct, slace EQ. (J.15) iavolves
~ot only quantitics like u, and U wale, azc acuadly tegarded Lo pase of
the pivaa 2atz tor » p.orticular proolem, tut ~loc qratities lik. ':w(x) und
e(x) walcrn ure usuelly :ogaréed ac prt of thc soluticu.

Fir.lly, 4f o043 4o f-.ct = fu.ctice: of x for = turtuleat Louadaxy
leyer ot gonst:at proscure, Lt tollows tirow o argudent lavers: to tae one
:2ployed for leminer fiow taat T ides 2ot r..cform like ndufdy 2xcepi at
the wnll. Ceascquently dcre secas Lot un v285% i Lee o 5e Of turbulect
fio. tc require tue couwr:eainsie flula %0 bu = perfect (.4 or t0 raquire tice
viscosity to be proportic . to toiperatu. r. Nodthor is taere a: ranion
tc supposa thut tae cuer.y syasticu pliye uay signific it part iu the clreet

itrousformation, at least when the pressurc gradient 15 zero.

ol P00, ofs) FUR SURGULLIT Lo

I o0 waat ) coasiuer oricd'ly same exnperiucutal Lwvestisciio.s wadch
e eaCdtly ©oou rerrdeg onn Loadiabatic turoildes, vbindary Loyyis in
Supest oale 1100 at coastant precaura.  Tae diseussioa wilt be Mudted vo

amesiaaes Wileh lnclule aecasycaents of local surince Zrietion & well Lo

@oas vnoease of local wean-veloc.ty distrivution.  Tot the awdoer o4 i

Aaxpors ate 15 vy this tine weel 1Ly large ic ovident Jroa Ui, 4, in weon

nre collrcte 2ll @ tie local friction umun 5o rar odev.irxd Lo :ir,
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I: what foillows I will overlook rny slight discrepencies between the
dat: of various observers in Pig. 4, and will sssume that there is a unique
relationshir among the taree parameters cf, R‘, and l(o » 9t least for ulr
at typical vind=tunnel temperatures. The main objective of this peper is -
to determine the relationsnip in question. The immediate problem, hovever,
1s to deternine cmpiric-lly the vslue of the combination u/ou,, vhich is
expressed in terms of reedily measured quantities by Bg. (2.17),

r e vg

The local friction coefficients C. and Cf in Eq. (3.16) are supposedly

by
connected by the la;r of corresponding statiouns,

o4
T s 2.2 ¢ R (3.17)
fﬁt Py W £°0

and the coordinates of Pig. 4 bave been chosen accordinsly.' In order to
use the expression (3.17) to determine U, vaen M, C,, Ry, and the fluid
properties are known, it is necessary to knov the dependence of !t on ﬁ‘
(or on Et 55)‘ in incompressible flow, especially at the lover Reynolds
numbers. This dependence is also shown in Pig. k. Although the curve
drawn to represent the incorpressidble data caon be deseridbed an~lyticrlly
vith the a1d of certain sizilarity laws, this cwrve should be viewed for
the pregent 25 a strictly cmpirie:zl recult, and the calculations involvin,
Eqs. (3.16) and (3.17) snould be viewed as nothing more complicated that e

comparison of one set of experinmental data with another.
o

1Itlthough PFig. 4 4s equivnlent to Pig. 1 of the iatroduction, the
earlier figure emph:cizes tue dependence of skin frictiou on Mach wumber,
vhereas Fig. 4 emphasizes the dzpendence on Reynolds number. Ian a differant
sense Fig. 5 is equivident to Fig. 2, since tae coordiuusies iu one figure
are essentially reciproculs of the coordinates in the other. In this case
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“nen the parameter i/, drtermined with thg aid of Eq. (3.16) is
plotted (cay) against the temperature ratio i m/Tv’ ac shown ia Fig. 4, it
is found that thc data at a given !ach number show a weuk but definite de-
pc:idence on Reynolds nurber, quite apart from unuvoidable experimental scat-
ter. The necessary conclusion 1s that Lhe combination i/ew, which is lLere
¢ yuivelent to the ratio ct/éf' 1s not only a function of Mach number for
ti.wse experiments, but 15 also a tunction of Reynolds number. Because M,
and U are constants for tlece data, it follows that o must be treuted as &

iuwnction of Reynolds nunber and hence of x for the fiows in cuesticn.

tle earlier trestient of the data represents a normalization of C/Ce with
respect to terrperature ratio, vhereas Fig. 5 represents an inouiry into
the properties of tae scaling Hinetion o x) of the transformation.

In the construction of Figs. . and 5 the ratio T,/Tq, has been referred
to a rccovery factor of 0.58% in all cases where no experimental value is
giver in the original refere:ice. Values of viscosity nave been tuker from
recet NAS-LACA tables. The usual pructice has been followed of assuming
co.ctert stanation terperuture T, for the purpose of computing u(y) and
ely) «nd thus & x) wher only iy} can be inferred from the measurexents.
Tae laating-elemeant cite have been corrected for gap effect by using the
co.ilred aren of elcae-t and gap rather than the area of the element alone
tc reiute force and siearing stress. Finally, the values of Co for love
cpeerd low o wve been estirated by fitting measured mm-velocigy profiles
ve the lav of the wull, urlng methods waich are discussed at some lencth
1:. Appendix A.
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IV. T4E lOTIOl OF A SUSSTRUCTURE

RECAPYTULATION
Up to this point the search for a transformation capable of reducing

the comprecssidle turdulent boundary-layer equations to incompressidle form
has beern carried out in three steps. The physicel basis of the transforna-
tion weas laid down in Section I; the transformation itself wa3 formally coa-
structed in Section II; and a preliminary study was usde in Scction IXII of
the three scaling functioas vhose properties must be known tefore the trans-
formation can be applied to a given prodleum.

For turbulent flow, even for the special case of turbulent flow at
constant pressure, only two indspendent relationships have so for beem founc

for the three scaling functions o, ¢, and n. One of these relationships,

u
= constant = 32 (say) (b.1)

@

31qQ

follows from the condition of constant pressure; the other,

G A )

then follows from the additional condition of Newtonian friction at the
wall. Por flov in a wake,.the condition which replaces (4.2) 1s evidently
n = constant = 55/9@0 (say), in viev of Bq. (2.19). Norve of these condi-
tions implies any restriction on the state or energy equations or on the

viscosity lawv.
Before the transformation can be applied to turbulent flow, it will
be necessary to find s third condition corresponding to (U4.1) and (L.2).
The form of this third condition can be expected to vary vith the circuustances
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of the prodblem. For exumple, the condition ¢ e comstant, vhich has already
bacn shown to be gencrelly valid for laminar flov or for a turbulent wake,
aust be rejected on cxpérimnml grounds {f the flov is an adiadatic
turoulcnt boundrry layer et constint pressure. For the latter case, accord-
ing w"iru. 5, the quantity ou /i depends both on Mach nusber and on
Reynolds nuniber. The analytioal ansture of this dependence is so for unikmown,
and vill presumably have to be estabiished with the aid of some physical
arguaent bcyou those already cited. Waatever tue nature of this argunemt,
it should be clear that the problem that nov bas to be solved is a different
problen from the one originally formulated in Section I. The issue is no
longer the transformation of the equations of mean motion to incampressidle
form. Instead, the issue is nov the search for a hypothesis which vill allow
this transformation to be applied tc the turbulent boundary layer. There are
a great variety of physical considerations vhich might be taken as character-
istic of turduleat boundary-layer flov, and thus a great variety of arguments
vhich might serve to complete the transformation” by deternining the scaling
function o(x). It goes vithout saying that different writers may prefer
different arguments for this purpose, and therefore that the particular
arguent vhich follows can and should be judged by less critical standards
than those used to Jjudge the material of Sections I-III.

ﬂ!t is important to note that the end to be served is the coapletion
of the transformation, not the campletion of the equations of motion through
the introduction of an explicit relationship connecting the shearing stresses
T and T vith the other dependent or independent variables as in the case of
laminar flov. On the contrary, the use of any such relatiocaship is quite
likely to prejudice the concepts of turbuleat shearing stress and turbulent
heat transfer in much \he same way that these concepts are prejudiced bty the
aixing analogies of the older litersture.

T—— —— b Giaamnin —— Jhet- e e © e e 2 S
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THE 1AW OF THE WALL

Tae physical comsiderations wvhich I propose to take as charecteristic
of turbulent flov near a smooth wll are contained in an empiricel simflarity

rclationship kmown as the lav of the wall. Por incoapressidble flovw this lav
has the £Hrm

: AT
u : -f(

Vi o "

When translated into compressible variadles with the aid of the transforma-

) = £(z) ('“3)

tion formulas for u and y, this statement becomes

p— y
VI _w g(/ﬂ‘_.! .__"'{"' ’ q) (b4)
1] v

; v 'Jpv

If the flov is inccapressidble, two altermative physical interpretations

Q

are available for the lav of the wll, Eq. (4.3). One is that the edge of
the viscous sudblayer, defined by specifying & suitable numerical value for
the functioa f or its argument g, is a ctreamline of the mean flov. The
other is that the sublayer Reynolds nuadber, defined by specifying a suitadble
nunerical value for the product fz (say), is a constant. Both of these inter-
pretations are expressed in terms viich allow their i{rmediate extension to
coumpressidble flov. Howvever, the first faterpretatiou has now to be dis-
qualified on the ground that it requires the scaling function ¢ to be s
conot.ant.. The second interpretation, vhich appeare to b2 {ree cf this

WY have previously atteupted an extemsion of the first interpretation
to compressible flov (1.5%), using oaly part of tae full transformation given
here. Thie earlier peper, ir which the quantity now called ouﬁ was deroted
by pt/p fncludes @ desonstratior that thic quantity (and aecée 0) must be
independent o” 1 1f u/'\/1,/P; = f ls constant or zean strecvlines of the
comnressivle “low. BExcept for the ca2 uegative conclusion ;uex quoted, the
discussion of conmpressivility in wy 1955 peper zay aov te supprecced.

it rie . o
- J Y B = = ~ —~ il
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restriction, implies for compressidvle flqv
-_— e e y
P uy ou ‘8
l. - f‘z. - : . _' j p dy s constant (4.5)
[ “ °
THR SUBLAYER HYPOTHESIS :

The last equation will now be manipulated in such & way as to suggest
e possidle connection between the ratio E/a and the properties of the flow
in the sublayer. PFirst, define a mean density Pe for the sublayer as

bA

1
Pg = y—° / P dy (L.6)
%
shareupon Bq. (4.5) can be written
puy
R, = =22 . constant (8.7)
u/o

Furtaer, suppose thet an cquation of state {5 given in the form
T = ?(p, p) = T(p) at constant p, so that 2 definite rean {emperature
T, = 'r(p.) can be associated with the mear density dafined by (4.6). Sup-
rose aleov that a viscosity law is given in the form u = u(T), 8o that a
correcponding mean viscosity u, = u('ra) caa be assoeiated in twrn with this
nean temperature.

Finelly, consider once more the experirentally established rroperties
of the ratio W/c appearing ir thc denoninstor of Bq. (4.7). According to
Fig. S, fi/0 18 & quantity havinz the dimensions of viscosity end having
aoreover & quite definite value at a given ctation in an adiabatic compressible
turbulent boundary layer at coastuat precesuwre. This value appeers to lie

between o and Hy ané to apmrorch tae latter as tie Reymolds nunber {ncreases
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for t'ixed luch aw.ber. iow tae menr vircosity B corretnonding tc the reen
sublayer ter.persture 7 & oughat to heve very nearly uacs: sane propertics, not
only Jor flow at coastant preseure but for adiabatic flow in general. It is
vherefore natural to &gk, cspecially efter consulting the numerator of

Eq. (L.7), whether or not the quartities m/¢ and u, might in fact be identd-
cal. If so, then

= u w(r)) o, T
Lo 2L i, XS 4.3
T (49

The first equality in.this cxpression, the equality o = 'i/ua. vill de re-
ferred to as “ae sublayer hypothesis. This relationship evidently provides
the third conlition needed to define the three soaling functions o1 the
trunsformation, and is the :nin contribution of the prucent paper to the
expirical description of the turbulent boundary layer in coupresci.le flow.
If the sublayer hypothesis is adopted, Eq. (4.7) wmcomss fimally

Py
R, = £S5 . constant (4.9)
Mg
The cssence of this argument is the propoul. that the sublayer Reynolds

nunber R’ nay be independent of compressibility vhen the density and viscosity

.Unrortunately this proposal, like most inventions, is not unique. PFor
exanple, the sublayer Reynolds number might equally wull have been defined (say)
as the definite integral of fdz rather than as the product fi. The uwcan
density p_ would then be replaced by a mean nass flovw, and the transition to
a8 mean teﬁpcntm and a mean viscosity wvould become more difficult. Bven
the latter transition is ambiguous unless it is assumed, as in the text, that
mean thermodynamic variables for the sublayer are related by the sane
lavs vhich apply for corresponding local variables. This assumption, however,
requires the mean tempersture to be treated as a derived rather than & funda-
mental quantity. In this respect, as wll as in the application to the sub-
layer and the formation of the mean in terms of an integrel determined by the
ctructure of the incomplete equations of motion, the present definition of
mean temperature differs from similar but more empirical definitions in the
heat-transfer literature.
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e cvosuabes Sb oo o sutealy delited cant LornerataYe 2‘::. “he conctant ’-;8
ir. Bq. (L.9), veins deter.ined by tae propertic: of tae sue of tae wall for
Laco.pressible flow, ic esacestually Ludepemte . of viceusivy law, stute
squatvion, racl nwaber, Prandll nwiper, specliic c@el rutio, suwriace? tenyer-
ature dissribution, and heut transfer rote . tie couprassible flow, and
noy 8lso be talen as irndependent <f Heynclds nurber aané pressurce gradient
ve the sane extent as te Jaw of tie wall itcell, Ou the other nand, this
constant will certainly oe eiffected by surface rouginecs and by mass tranc-

fer, and may possibly be affeeted by external turbulence level and by

changes in geometry suca as the introlduction of lateral curvature.

PILOW OF A PERFECT GAS
GCiver the sublayer hypothesis {L.£), the i:mediate problez becc. .t

the calculation of the subluyer msan temperature ."s. For this purpcse
it 1s convenient to ta:e the compressidble fluid to be a perfect gus having

the ctete equatioa p = pR., and to write from (L.5)
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2 qv
u
e T+ = ¢T ¢ T = u (h.124)
P 2 p o PV, 4

vhich is known to be valid for laminar flov vith Pr « 1 {f either the pres-
sure gredient or the heat transfer ic zero. On using Bq. (4.1lL) to evaluate
the definite integrel in (h.iz) , there is obtained

;ﬁ.p_".;./:\.vrf.'- & -\/?-gl s v
p ar /o ;o )
v s \ 2 BN YA N [t /e, v
(4.15)
wvhere by definition q, = -(k o T/v y)w and
¥
( 1 '_z. !ko vy 5
| \‘!'>(zo) i e e (b.13)
g Wftow
. 0

fa iateresting alternative form % 8a. (L.15) follows when ‘r‘/p is replaced

/7 anc q\/‘tw is replaccu by cp('rv -9 )/um, the latter from

by 7 M " e
@ “r %0

Bq(-.2). If K, is elininated frum the rosulting coxpression using

-~

'I“,,m/'l‘m w1+ (y - 1) u‘w/a, ard 4 C. is nlininated using (h.5), the

result is the ei~ple 2xpression

.« {Te | & /N To T (]
PIA f\--,e it B e )
S, s / v v

Given tae Mncn ninber and toe ?11 temperature ratio for the compres-

tJ' m*!

<

pible flow, tucrefore, t.¢ two fortulis (%.17) ens

° 7 b

o Pv = y
Cf . I;- “—3_ Cf *.(L.la)

;
P

w4

F ]

e
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Ro .'r. r?.
1 e R 1 dy
| e g c—— [+] ‘v W T (lhm)
T, ? My / s j {
o
This equation may first be put in the alternative form
.3!3 ,z 8
T, e | T = | ra (b.11)
Y, s |

viicre = is the independent varicble used to reprecent tlic mean-velocity
protile by vay of tie law of the well, Bq. (L.3). <Jue last result may e
rewritteu oace wore in terus of ti.. local stagnatiorn temperature

To=l g;.\'/:»cymd rertiully cvaluated with the ald of (4.}) to obtain

T TR 4 “c 0
2ol-EEEE R T @ene s

s v 5 . \ '}

9
vhere by definition
. T g

%5 8 2

<‘2\< ) - b | fueg?r 220 (4.23)
PA £ o= gz =« ted
/ ‘s "BJ 8 ] Y

C
=
O
v
&

is the mean value of f2 in th: subluyer.

TIE PUTATIVE CASE Pr - 1
Tue 1o of the last tern in £q. (4.12) calls atteatioa to the

importaace of thc special case '1‘o =7 v s constant, and suy -8ts an exnaina-

tion of thc consequeaces of tne full Crocco cner.y integral
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together provide a paranetric relationsnip - wvith the viscusity law for

= u("."s) as paraetric function = ex;ressin; the locul friction coefficicnt

cr in terus of éf alone. Once ct. is <nown, RO nay be found from the law of

corresponding stations (2.21), und th: heat transfer may be computed firom

the usual formula
C

q,
C. = pmumcp‘(Tw-'xo T (4.19)

(+ )

r~e

Thusé results, of course, apply only for flows characterized by the
Crocco energy integral (h.lh).. Thus the Prandtl number uust b2 unity, the
wall temperaturc must be constant, and in all probability eitner the heat
transfer or the pressure gradient must be gero, although there is so far no
restriction on the viscosity law. Within these limitations, and in particuler

5;or turbulent flov the validity of the Crocco energy integrel (k.1li)—
or of any other energy integral in amalyticsl form, for that aatter—is a
matter for conjecture. The most that can be argued from the linear behavior
of Tand u near y = O is tuat the integral (k.14), 1f 4t 1s valid at all
for turbulent flov with heat transfer, can only be valid if the laninar
Prandtl mumber is wmity. It follows that calculations based on this intexel,
vhich is to say calculations bescd on Eqs. (4.17) and (4.19), cannot be
quantitatively correct for gases such as air, although they may be useful as
a means of estimating the effects of compressibvility and ncat transfer on
skin friction.

Vvors regard to Bo. (L.17), it sliould be rcoe-bered that the quantity
is actually derined, e..., oy Ec. (4. 9) or more renerslly by ic. (L.:0),
i nout reference to ~ondu.ions o the f'ree sireas. On the other nand,
(L.17) has the udva tace of oel~, Independent oi' the form of the viscosity
law. Furthersore, Ea. (L.17) .5 rec:iiiy appli«d tc varicus specle. cases
of practical 1 Le-e*'t including the casc of lowe-snued wcat trancier

(; = 0 cr g "’o £ "r"' tihe cane oI adlubntic Hw(r =0or T =T ):

x
and t.e case of & very cold vall (2, « 9, ray). Pino.lly, Bce (L.17) ex-
pressss tie cubluyer sean te'averet\.re .. a5 3 lineur ccrbination cf tae
tiree cruractericiic temperatures i, ";’o » wad I, and Thus bears i

@
strong resemblance t. cortaln erpirical for  .las whici, sy diacucced at
more lengti i Appendis b,

=



P=-2417
37

ior the ese dpies 3 J, the oialy new :mpirical infoimatlon necded i Wi
nuaerical value ¢f the sublayer Reynolds nu:der R k (or of any one of tie
o / 2
%3 \ p OT 12 \ )o

; \ /

cquivalon: quantitiec £, 22

THE FURT.ER RESTRICTION u/T = Constent

It will be recallec from Scctioa IXII thet tie equations of motion for
laninar comressible flow coule o: reducted to incolpresciole forum only for
&8 perfect a8 ith visconity prorortiom:zl v verpersture, Although the
Lrttor restriction s ualilely to L» pecessury for turbulent flow, 4t cocs
d2a¢ % o particularly siuple relitionst:ip between the locel friction
coerficicnts C, and Ef . For twe case u/T = constant (aore generally, i
p ic any explicit function of T), the sublayer ucan teumperecture T, cun be
elicincted froa the paran:tric represcutation given by Eqs. (4.17) end

(4.13) to obtaiz

[
T
\ (_'l"_'m' )\ 5 - <fz >(—rf——)§-

(4.20)

wiiere corresponding stations ere now connected by (2.21) in the form

CRy = Ej; (4.21)

Incidentelly, for flow at constant pressure the transformation for the
strcanvise coordinate x can be found from Bq. (4.2), which has so far not
been used. In combination with (4.1) and (2.19), this equation can be

’ “ d )
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Sut ¢ 1is equal to ﬁ/u. by the sublaycr hypothesis, and u, is an implicit
function of @ through the dependence of bLoth ﬁ‘ and ufu, on L'f, a dependence
given by Fig. U in the ome casc and by the viscosity lav and Bq. (4.17)(say)
in the other. Again for the epecisl case T = constant and u/T = constant,
Ba. (4.22) and the definitions

meZ;‘?,ﬁi-?;ﬂ (b.23)
£ S,
together inply
R T amt,’ '
R, = 2 l1. 2o £l a , (b.25)
x \.‘!:o} L ‘.r‘: | ¢ nFg ﬁ; _

vhere 'i'; 18 known cmpirically as s function of F’G from a nunerical integra-
tion of thn second of Eqs. (4.23). The spirit of this calculation, inciden-
tally, is typical of most boundery-layer problems, in that X and X have to
bo treated as depondent variables whose evalua.ion is possidle only after
the dependence of Er on ﬁe has been speocified in the definition (L.23).

TUE NUMERICAL VAIUE CF Rs

It remains to determine the nwierical remaitude of the sublayer
Reynoids nurber Ra' For this purposc the specinl lormules just obtain~d are
ol ecudeaie interest ouly, arc tacse ormulss refer for ¢he no3t part tc tae
flow of & Iictitious verfcet jme with °r « 1 ané u/T = constant. Iceally,
t.e best procedure is ~ direct evuluation of R, from the definition (4.3),
wing ~essured vrlues for " u(y), and ™(¥). Such necsurements would first
aetermine the ratio u,,/uw = §i/0u , either by the metaods already erployeé
in Pig. 5 cr rore generally by a rit to the lav of the wall (4.4)., Given

Mg And & ¥iscosity lav, the impliec value of T, together wita the stetdc
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tempersture profile T(y) would then determine o g 80d ¥, the former ’ron
the state equation and the latter as the upper limit of integration in
Bq. (k.10). With Pgs Byr Ygr aRA U, = u(y.) known, the value of R,
p.usy./u. follovs imnedistely. ‘loreover, a camparison of values of R,
obtained for various flows by this method would provide a dircct and decisive
test of the sublayer hypothesis. Unfortunstely, the nccessary measurements
have nevep been nade, so that less direct and hence less decisive nethods
[ A A

aust be found.

Consider thereforc the general equation (4.12) rewritten in the form

AP Ty 7.0 2 Cf
s(l"&)'l#f" “w F; ZE- Mm 5 (4.25)

Experinmentally speaking, the only unknown quantities in tiils cquatios are

\
the fundamental sublayer parereter '\:2\ , defined by Eq. (4.13), anc toe

A

awdliary var neter ¢, defined by

/ -“5

T
/\ i l‘ / (,-:2 e 1) 1., (:'02«)
o v

In particular, the ofi el ¢l furiluisrsn Lo Sagwlition wedprrivar:, netaves

g“ﬂ 0'3
|

helr natuvre or origin, is nov concentrated in the pariieter ¢. This
parameter will ordinarily vanisu only for adiabatic flov of a fluid wvitha

2 Preadtl nunder of unity. If the Prandil nurber e wot €50 fer Jrau wiity,
Lowever, the definition (4.23) indiceter fur -cdabatle (low *hat ¢ -1l o
of order 1 - r, vhere r is the recovery factor. oo th.: nurvose oi detlre
mining \f2> (ané nenco RS) fron £q. (4.25), thcreiore, 2 relatively rowsk
estimate of e shoulc be suf;.’icien{. Tils estinute ip turn dedendy oo

‘movlecae of an enerpy int:osmal; l.cl., 2 relationship vetween (uouperaiuwse
[ ]

e . Y i -« ST NN "
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rRsc v-losity suen L 2t T (y) ir Eq. (4.26) ean be exprersed in Zeras of
u(y) =ni so in terss of f(z). The most nccureie measurement: of ‘1‘9(:!) in
rdlvmiic supersonic Tlow at constant pressure are prqbably tioase by
“ownvany (1235) enc by Zistler {1y50), Yoth of w:on -aeasured ‘I‘c ysiar an
Juiett2d cot wire as a resictance theraometer. Taue me:surerents in que:vion
are shown {r Pig. ; taey sugzes: tnat the observed re.ationsiip betwee::
vi:lecd ' and Lemperature 1:1ight be satisfectorily cpproximatec——in the

re_lon mic: 1s important for the evalustion cr' ¢, ané only for the pur-

*
pc e 01 tals evaluatione-by the streisic ‘ne

T
1 o X
£l 2o & (6.27)

@

But this empirical exprossion tur adimbatic flow with Pr 4 1 is
tormally iGeatical wita the Crocco energy inte.ral (4.14) for flow with

Leat tean:fer but with Pr « 1. It follows that ¢ can be conputed iu either

csse yrom the formula

E ~
< ) < 1) V5t (h.2.)

w..2T€ <1> 13 defic:d by Bg. (4.16). It :so fol'ow: thit q. (%.17)
Sor tie®enr cublaer tesperaturc T , although orizinally derived fro:s ..
Croceo 1avecral, s.ould &130 be reesorably accurcte for air, st lea,v wnen

the pres.ure 15 coastant an? tue 110w is nearly adiabatic.

.'1’!:'.: accuracy o1 this ayproxi.a<ioa sor bown lowe.peed and highesyeel
flovs wit. heat traasfer will be ciscuessed in Appendices 2 and B. I wat
to empaa..ize wnt a1y object uera ir 0 estizate tae effect ¢f Prandtl nun-
b2r on 3xin frictlon, not to detir.ine the neat transfer. JNelither the
veriverive ( ¢/ dy)., whicn ic zero for adisbetic flow, uor the integrnl.
of P (':“-'1) ) throu,s the Lound»ry layer, wico is constant, cap be

corrnctiy ‘:.':h%incd fron the empirical formule (4.27).
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Given Eqs. (4.25) anc (4.28), » simple iteraticn starting vitk ¢ = O
aay be used to Iind <f> and <12> for the duta previously collected ix
Figs. 1l-5. The fino) result of this iteration is shown ia Fis. 7. The
streight heavy line in the figure” corresponds to tie values (£) =112,
<(»3> = 30%; and the lighter lines {llustrate the effeet of Reymoles nw.oer
on T'/T. (or on 3/ou,) at constant Mach number, an effect which wac ari.ine
ully cited a5 the major cnuse of tre ceatter ir Figc. 2 and -.

Vhether or not the arjument for a straight line in Fig. 7 is conviancin:,
one last inference to be &rawn from tais argument is that any such line must
teminate at a finite point which T will call the hypersonic limit. The
reason is that cf varies li: llui Jor larce Mm , 80 that ‘1“/‘.‘:s is a
bounded functioa ui both Maco nwicnr and Reynolci rucber. From Eq. (4.17)
it then follows, for <f2)» = 305 ard G, = 0.00% (say), that T/7, hes

anx
& moximm value of about o in ediclatic flov. Fw-ther.iore, the product

Ma': Ce 1o aq:ivelent to “.’Jp' 6 tit for fixed C, the ratio of 7, P

(or to p ¢ ) remainc finite in the limit of large Mach tutber, despite the
‘a

fact that r‘/qw wné p/ %y sconrutely approach zero. Althougn these con-

clusions are strictly correct oaly r'or the case of a perfect gas vith

u,/T = coustant and 'Io = constant, similar conclusions may be expected 1o

1o)é for reul Lurtulent flows uncer appropriate conditions.

Filcally, thc over-all accuracy of tue transtorwtion an of .ne esperi-

;ents gy Yo tesied b reducing it evailuble cupsriciie datn o equivalent

*I-‘ig. 7 {5 vhe cwe as Fiy. 2 of the introduetion, excep:. that the ore
dinatc in Lhe eeriier figure is .,/ rather than (i - €)7,/ ;. .lere anc
elsew:ere in tiis sccilon the sublayer parame-ers !uve been conputed fro-
the defivittonc, €.., Fqs. (L.o), (4.13), or (L.1c), usirg tie partic:lar
function £(z) tuoulatec in anot.er paper (coles 1)55), bui wit.. f rediced’
by twc per ceant for ressons set out in Appendix A of tle cresent paper.

W e —
3 o . 2 & - o
gt "-—.,'..‘ M, ey | TpmT————
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incoupressidble roru. Values of Ct couputed from Eqs. (4.C) and (4.17), -

usiag experineatal values for C,, ¥, ’:“/'1‘ , the viscosity law, and the
.} L

sublayer constants, are superimpoced in Piz. € on tae lov-speed friction

curve of Fig. 4. 1In view of the discrepancics wvhica are already present

in tae raw data as a resuit of unavoidadble irre:rilaritiec in tunnel condi-

tions, residual effecis of tripping devices, and otlier causes, I feel thra:

this final correlation i entirely satistactory.

THE NOTION OF A SUBSTRUCTURE
The sublayer constants of Section IIXI have nov ecquired the values

(#) - s
<g> - 17.2

fa = 19.8
z = L3P
Rs = SSW

At first clance taue fioure quoted for R' is unpreposscsaing, because it ic
very nuch lerger thea ibhe Reynolus number of »rhaps 150 whica is usunlly
taken to be characteristic o{ the viscous sublayer in turbulent flow,
Rqually unprepossessing is he {uct that o paremeter P.p, sltt.ousr 4t 1o
inm2)ly defined entirely ia toms of ke oropervies <f incouypressible
Iisws, sexs. 4o Dlay no cxplicli .art 4a such flows. In otiier words, R.
seen L0 be Liportant oaly iasolur es the corfeects of compressibllity are
concaruct, aud cen in faect bo detarained orly Yy & ttudy of these effect..
I will try to counter Loth of these ddbjections b proposin u aev

interaretatior for the cuereacteristiic Reynolds aurbder Rs' ';m.s interpreta-

“ion aoncrges from th: study iu Apn2ndix A of the aveiladle davwe Jor low-spued
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flow when attention is focusced on the inverse transition from turbulent

%0 Jaminar flow as the Reynolds number decreases under strongly disturbed
corditions. Not only is there a fairly definite critical Reynolds number
for this inversc transition, but the limiting twbulent profile near transi-
tion 4s adsquately described by the lav of tie wall, Eq. ( 4.%), terminated
uot far from the point (fo, zs) = (19.3, 430) vhich now defines the outer
edye of the subleyer. The analogy with the critical Rcynolds aumber for
flov ia a eircular pipe 1is clear, <t xcinl'y since this critical Reynolds
nunoer for pipe flov is kmown to describe not & region marked primarily by
large direct dissipation of enerzy or by strong aamping of velocity fluctue-
tions, but a region vhich has all the essential properties of turbulent
siear ilow, including the ability to extract emergy from taec enviroment --
tarough the action of larce eddies having a scale distinct frou the dissiaa-
tion scale -- at a rate sufficicnt to prevent the decay of the turtulence.
I{ this tentative interprctation is sdopted for the voundery luyer as wll,
the region in quuetion should probably be giver u speclal namc to distinguish
it fron the ordinmary subluyer. I therefore propose the tern "turdulent
substructure” ac one vhich conveys sonecthing of the connection with transi-
tion and at the samc time indicates the subordi «01: played by tuis
r2zion in flow at large Reynolds numbers.

Experimnental evidence caa be found both ftor and azainst the proposition
that the substxructure parancter Rs can be ldentified witi: the limiting
Revpolds numoer for turbulent boundary-layer fiow., According to tiic data
plotteds dn Pi,. 10 of Appendix A, turbuleat i'low may have been ovserved at
Reyrolds nunbers 'ig = Emsﬁ ac urli as 290, wherca: the velue of 'ig

which 18 charecterisiic of ti:c sunstructure flos (wit 'tlm';""/T = 5300) 4L 790,
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owever, 005t 0f tne profiles swveyed L. tue appendo auve been clucslified
a3 tuarbulent on ihe basis of indlirectievi:icace, and there is no assurance
in noxe cases tiat the [ .ofiles necarest trar.sition ere fully developed in
toe sense (cay) that tae interuittency iuctor is unity near the surfuce.
IThe main difficulty in tre case of boundzry-layer 1dow is that the inherent
irnereasc in Reynold: nwiber with distance muy act to convert a te.porary
a1a abnonral response tc o gtreng dicstr.ivaance into a peraanent one., oiC
such difficulty ic encontered in the cunse of pipe low, for whlch the erie-
vlcal Reyrmolds nuster can be deterained witn ;098 reeclsion, rermyralesc vl
initial disturbaaces, si.nly vy sbservig, L ilow Jar downsircea.  Fresto:
(199) <as used thic property of pipe Mow in esti ating o misimurs veluo
ﬁe- = 320 for the boundary layer, but iils weylwwnts also rely iu part o o
defuect law whicih is now Xnown to fall a: sall Reynolds 1urocrs. I- 'z,
the Ciseppearance of tie warte conponent in bLOth pipe ani boundaryel .y i low
a3 t.e Reynolds anumber decrvarnce almost certainly corresponds 2 tue di.ape
pearance of the large eddice w:iich are prinarily reshouasidble for the tranie
fer of energy froa the caan tiow t¢ the turbulence. I hLave auade t:ils sace
point in Appendix A in connection with a study ot flows recovering frow the
effects of tripping or tiicrxuning devices; uwnd purhaps it is alsc relevant
here to nention the vaiue Rz = 660 observed oy Dutton (195%) for the acywp-
totic turbulent boundary loqur with suction, & flowv in which the waiie cou-
ponent is again absent and the swrvaval of ths turbulence is agair marginal.
Another and lesc abiguove approach to the problen of a limiting flow

can be nade in terms of thue maximum value 32 the local friction coefticient,
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inasmuch as the properties of any limiting flov should be suitable grist

for the mill of the transformation. In several of the experiments with
flouiing elements, cited earlier, transition was observed to wove over the
element in response to changes in tunnel pressure or velocity or in responsc
to changes in the strength of & variable tripping device. The neasured

values of C are plotted ugainst “o in Fig. 9 without regard to the

fmx

corresponding values of Ro, which were usually not mcasured and aight in

any case be difficult to juarantce. Also shown are sonme curves of constant

%

the genersl transfornation, usiag for the sublayer parameters the numerical

conputed for air and heliun at wind-tunnel conditions wvith the aid of

values just quoted, The tigure indicates thet values of Et‘ larger than
0.004E have not in fact been obaerved. in rny of taese floating-element
experiments, although strenuous cfforts werc made in most cases to stimulute
early trenmsition to turbuleat flow. Becuuse thesc direcct aeasurezents are
entirely sonsistent wit. e plausitle urper boiné on Ef supplied by thc
value 2/ f s 0,0051 for the hypotietical substructure flow with Rz = 7C0,

i'me correction for gup eftect (the inclusion of the gap area as pert
of the element ares) has aot been nade for Dhawan's data, as it amounts to a
decrease in 3‘. of some 15 percent. Pig. 9 also confirms a conclusion which
I reeched and reportcd at the timo of my own experiments (Coles 1953); this
conclusion is that tae fence tripping device sometimes had the peculiar
effect of inhibiting rather then stimulating transitioa.

By the tera "wind-tunnel conditions” in Pig. 5 is meant that the strean
stagnation temperature for air h:u; Leen taken as 550° R for M_ < 4.7, and
the stream static temperature as 100° R ror M >k.7. The a'eue in
28/1‘ wvith increasing Mach nuuber when C, is IArge corresponds qualitatively

tle change in sign of the factor multfplying 2 in the denominator of
Eq. (B-18 ). For the special conditions rcmma d_by the latter tomula
it then follows, whenever T, exceeds the value 2/ \{2) = 0.0065,
T is luiés taan unity. “Since this conditioh cannot be met tn en Adu

LA flov o iich T detrenses mcnotoatoally from T, at the wall tot%
umemeom,.«mumcmnueu;mmmort 0066
is seen to0 be inherent in the formaliem of the substructure concept 11;001:.
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1l am not inclined to attach too great a significance to the fewv cases en-
countered in Appendix A for vhich larger values of Ef seea to be implied
by the lav of the wall.



Appendix A
A FAIUAL OF EXPERDEITAL BOUIDARY-IAYER PRACTICE

I. LOW-SPEED PLOW

LTRODUCTION

“he analysis reported in the main body of this paper assunecs an empir-
{cal knowledge of certain properties of turbulent boundary layers in love-
specd flow at constant pressure. The most important of these properties
is the value of the local friction coefficient, especially for low Reynolds
aunbers. I nave therefore felt obliged to undertake yet another survey of
the experimental literature, the survey this time being as complete as 1
can mnake it from botii the clerical and the critical point of view. Inas-
mue: &8s I nave found this survey highly instructive on the cubject of proper
experimental technique, I want to record some of ry irpressions here in
the hope that they ray be relevant for future as well as for past researc:.

I have listed in the adjacent Table I all of tle papers which I xnow
to contain experimental information about the mean-velocity distridution
in turbulent boundary layers on smooth surfaces in lowe-speed flow it nomi-
nally constant pressure. Some of thece puperc are listed primarily for the
saie of completeness, and will uot be repré¢sented in the' later f{igures.
The reacon is5 usually that tihe data are incompletely reported or that they
contain certain anoualies whici in my opinion are not coapensated for oy
sone definite coatribution, eit wcr positive or rercative, to experimental
wnowiedge of the protlen. Thus the aeasureneats by Baines (13:0) are ouittec
because they wer. carried out i: a {low marked by hign turbulence level and
ncaat.ilomm presy.re, and because they are superseded by cone later experi-

ments by Landwever and 5iac (195¢) in the same tuanel under much Luproved.
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EXPERIMENTAL INVESTIGATIONS OF TURBULENT BO' "

Streem
Tunnel Turbulence
Author Date Configurstion* Level* Model
Albertson 1948 ¢y, or () Moderate?  Partially shielded plate Tape
-Allan and Cutland 1953  Tank .- Partially submerged plank Wire
- Ashkenas et al. 1952 ¢j,er 0.000k Tunnel vall None
"Ashkenas and Riddell 1955 cJ,cr ' 0.0004 Full-spen plate Dist
sushlanns 1956  ¢J,cr 0.0004 Full-span plate Dis:
Aaines 19%  ¢J,or 0.012 Partlally shielded plate Bluw
OUs
Barrow 1998  oj,or High? Unshielded plate ‘ Blu
AT vir
Cermak and Lin 1955 ¢J,ox(4d) 0.007 Full-span plate Tagx
Thavan 1951  ¢j,or{ Q) 0.0003 Full-span plate Wir
Dryden 1936  ¢j,ox{q) 0.005, Full-span plate Non:
0.0
Dutton 19%  ¢J,er Low? Full-span plate ‘l,lrw
Ede and Saunders 1958  Vater channel  --- Partial-span plate Non«
Bavards and Purber 1956  ¢J,0r(4) Varieble  Pull-gpan plate Non«
Bias 1929  o§,cr Hight Unshielded plate Non
Fayre OfEL 1955  eJ,cr 0.0004 Pull-span plate Dis'
 Furber 1954  o,er High? Partially shielded plate - Blu
Grant 1957  ¢J,0r(4d) Low? Tunnel floor ' Pen(
* = et
:g - :{;:.i Jot + Low = less than 0.001
or = open returm Moderate = 0.001 to 0.705
cr = closed retusrn High = more than 0.00%

2\1; = fan upstreem
d) = fan downstreem

A
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INVESTIGATIONS OF TURBULENT BOUNDARY IAYERS IN LOW-SPEED FLOW AT CONSTANT PRESSURE

Modsl
tially shielded plate

tially subtmerged plank
nel vall

l-span plate
l-span plate

tially shielded plate

hielded plate

l-span plate

l-span plate

l-span plate

l-span plate

}ial-span plate

l-span plate
1{elded pla‘e

l-span plate

;ially shielded plate

16l floor

Tripping Device
Tape adepd of model

Wire; r.nc

None

Distrijuted roughness
Distrijuted roughness

edge;
edge;
of model
Vire
None
Rlunt edge; vire
or T
None
None
None
Distri d roughness
Blunt edge
Yenoe

Prodbe
Dimensions
Tungsten hot vire

1.6 ma dia. (rake)
0.7Tx2.5m
O.3x2mm

0.3 x2 mm

0.7 ma dia.
1l mn dia.
Tungsten hot vire

0.1 x 0.6 m
Platinum hot wire

0.13x1.5mm
1.8 mm Aias.
1l mm dia.

0.3 mm dia.
1 ma dia.

1.8 m dia.

0.5 mm high

Source of Data

rig. 8

Private oomm.
Prigs. 12, 19-23
Pig. 17a

Fig. b

Pig. 5
rigs. 2, 19;
private comm.

Tedle 29

rig. 12

Private comm.

Pigs. 18, 32, W0
Pigs. 8, 9



ERS IN LOW-SPEED FLOW AT CONSTANT PRESSURE

Device

model

Prode
Dimensions
Tungsten hot vire

1.6 ma dla. (rake)
0.7Tx2.5m
0.3x2mm

0.3 x2mm

0.7 mm dia.
1l mm dla.
Tungsten hot vire

0.1 x 0.6 m
Platinum hot vire

0.13x1.5m

1.8 m dia.

1l ma 4dia.
0.3 mm 4la.
1 mm dia.

1.6 mm Ata.

0.5 =m high

Source of Data

rig. 8

Private comm.
Pigs. 12, 19-23
rig. 17a

Tig. b

rig. 5
'“'o' 2’ 7‘9;
private comm.

Tedble 29

rig. 12

Private comm.

Pigs. 18, 32, W0
Pige. 8,9 .

Number
of Profiles
Studied

w £ o 8

P-2017
48

Other Data
of Interest

Mass transfer
(evaporstion, water)

Bdge effect
Reynolds stresses

Sweep

Reynolds stresses;
svee)

Intensity of
u-fluctuations

Mass trensfer (blowing
at slot, air)

Mass transfer
(evaporation, water)

Floating element

Transition; intensity
of u-fluctuations

Preston tube; mass
transfer (dAistriduted
ouct'tcn, air)

Hest trensfe:

Heat transfer

Heat transfer

Time-space correlations
(veloeity)

Beat trensfer; mass
tmlrl' (condensetion,
vater

Spase ocorrelations

C



author

Hama
ﬁ dansen
% . va. der Hegge Zijnen

] Johnson

Klebanoff and Diehl

£ 7 7 lebanof?

L4

(}

Kline et al.

landweber and Siao
Ludowici
McCullough and Gambucei

= o -— e
- - -

r

’ Michel

! Mickley and Davis

Parmelee and Huebscher
P4
! Peters

, ® oJ = open Jeot

1 ¢J = closed jJet

' or = open return

{  er = eclosed return

f u) = fan upstream
d) = fan downstream

A

*low = less than 0,001

Stream
Tunnel Turbulence

Date Configuration® _ level*
1987  o4,cr Moderate?
1928 oJ,cr Hight
192  c¢j,or(Q) High?
1955  ¢j,or{u) 0.0007
1924 oJ,or High?
19%  cJ,or(u) Varisdble
1953 ¢j,er Moderate?
1951 eJ,cr 0.0003
1954  ¢j,er 0.0003
1960 cJ,or(a) Variasble
1958 cJ,er 0.002
1926 oJ,or High?
1952  c¢j,or{u) Moderate?
195  cJ,or(q) High?
1957 c¢J,or{u) Moderate?
1T cd,or(d) 0.013
1938 c¢J,or{u) 0.002

Model

Shielded plate
Unshielded plate
Unshieldad plate
Tunnel floor

Unshielded plate
Tunnel floor

Full-span plate

Pull-span plate

Full-span plate
Full-span plate

Full-span plate
U~shielded plate
Tunnel vall

Tunnel floor
Tunnel ceiling

Partial -span plate

Full -span plate

liigh = more than 0.005

At et e

b b

B
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Model

Shielded plate
Unshielded plate
Unshieldad plate
Tunnel floor

Unshielded plate
Tunnel floor

Full-span plate

Full-span plate
Full-span plate
Full-span plate

Full-span plate
Unshielded plate
Tunnel wall

Tunnel floor
Tunnel ceiling

Partial -span plate
Full-span plate

005

B E 2 g e . S5 |

None

Varioup

Distriputed roughness

Blunt

Blunt
None
None

Prodbe
Dimensions

0.25 ma high
0.3 ma dia.

Pt.-ir. hot vire
0.7 x 1.9 mm

0.8 mn die.
Platinums hot vire

006 s huh o

0.3% mm high

0.35 mm high;
Platinum hot vire

0.25 ma high

1l = Aia.
Platinum hot vire
0.25 mm high

0.05, 0.1 mm high
0.2 mm high

0.9 am dis.
0.& mm dia.

Source of Dates

Fig. 1; private cor
Pig. 17

Tebles I-VII

Fig. 10

Figs. 23, 24

r“‘. 5’7'8'12'15
rig. 3
Teble 3; Figs. 12,1

Tables 2,3

Tables 1, 3; Plater -
Tables I, II

Pig. 2
Pig. &




continued

ing edge; vire
ing edge

ing edge

4 roughness

ing edge; vire

ing edge

) .ing edge step
roughness

dng edge

Probe
Dimensions

0.25 ma high
003 ma dia.

Pt.-1ir, hot vire
001 X 109 mm

0.8 mm Aaia.
Platinum hot vire

0 06 mn h“h o

0.3%5 mm high

0.35 mn high;
platinum hot vire

0.25 ma high

1 = dia.
Platinum hot vire
0.25 mm high

0.0%, 0.1 mm high
0.2 mn high

0.9 mm dia.
0.4 mm dia.

Source of _Datc

Pig. 1; private com.

Pg. 17
Tebles I-VII
Fig. 10

rigs. 23, eb

rigs. 5,7,8,12-15
rig. 3
Teble 3; Figs. 12,17

Tables 2,3

Nuzber
of Profiles
Studied

1n
13
19

51

Tables 1, 3; Plates 2,k 19

Tebles I, II

Fig. 2
Pig. b4

P-2417

"]

Other Data
of Interest

Roughness

Heat traisfer;
structure of
turbulence

Heat transfer

Oscillating free
strean

Mass transfer
(distributed suction,
air)

Spectrun of
u=-fluctuations

Stiucture of
turbulence

Intensity of
u-fluctuations

Preston tube

Heat transfer

Mass transfer
(distriduted suetion,
air)

Pressure gradient
Mass tranafer
(distriduted dloving s
air)

Heat transfer

Transition; intensity
of u-fluctuations




Table 1
Strean
Tunnel Turdbulence
Au.00T Date Configuration® Level* Model T
Preston and Sweeting 19L4 cJ,ox{d) High? Tunnel floor None
I;rutcn 1954 cj,or{ Q) Modsrate?  Tunnel wall None
Reynolads 1957 oJ,er 0.025% Partially shielded plsate Blun
L surf
Scesa 1954 cJ,oxa) Modsrste?  Tunnel ceiling None
Schubeuer and Klebanoff 1955 cJ,er 0.0003 Pull-span plm ) Néne
Schults -Grunov 1940 cJ,or{u) Modsrete? Pull-gspen plate Blun:
Saiith end Valker 1958 eJ,er 0.0002 Shielded plate Blun’
air .

Sogin and Goldstein ~ 1960  cj,or{u) 0.012 Null-span plate Vire
LGOS 1956 cJ,er .0.010 Tunnel floor Distr
Sugmars et al. 1953  cj,or(1) Varisble  Pull-span plate Blun
Tillmann 19k cJ,or{u) 0.002% Full-span plate Blunt
Tovmsend 1951 eJ,er v .0006 Tunnel floor Ledg:e
Tulin and Wright - 199 eJ,er High? Tunnel vall . None
Wiegharat 1983  cj,or{u). 0.0025 Pull-span plate _ Blunt
Wieghardt 194k eJ,or{u) Righ Pull-span plate Blunt
Willmarth 19%9 cJ,er Low? Pipe vall’ ALy !
[ ) - et

:‘; a :’1:.'1 Jot *lov = less than 0.001

or = open return Moderete = 0.001 to 0.00%

3r = glosed returm High = more than 0,005

(8} - fon vmstress A




Stz m

€du :nee

Lev L' Modsl

lgh? Tunnel floor

dder .e? Tunnel wall

025 Partially shielded plate
A

dsr eo? Tunnel ceiling

000 Full-span plate

exr e Pull-span plate

000 Shielded plate

012 Full-span plate

010 Tunnel floor

ria e Full-span plate

002 Full-span plate

200 Tunnel floor

gh? Tunnel vall

)02 Full-span plate

th Full-span plate

41 Pipe vall’

wan ).001

00; to 0.00%

ey 0.@5

ant inued

ing edge;

Probe
Dimensions

1l mm dia.
0.15 mm high
0.5 ma dia.

0.1 =m high

1l mm dia.?

0.2 x2 m

0.28 mm high

Plstinum hot vwire
Hot vire
1 mn dia. (rake)

1l m dia.
1.2 mm dia.
1 m dia. (reke)

1 m dia. (rske)

0.16 mm high

Source of I
Pig. 2
rg. 7
Tedble 1
Pig. 5
Pig. 3
Pigs. 11, X
Tebles I-II
Fig. 2 |
l
{
Figs. 7, 10
Private com
Mg, 2
Pig. 2 |
Private eouﬁ
Private comm

Privete ca#

R oy



1d

3; ledge

Dimensions

1l mm dia.
0.15 mm high
0.5 = dia.

0.1 == high

0.35 mm high?
1l mm 4dis.?

0.2 x2m

0.28 mm high

Plstinum hot wire

Hot wire
1 m dia. (reke)

1l mm Adla.
1.2 om dia.
1 mn dia. (reke)

1 ma dia. (reke)

0.16 mm high

Source of Data
Pig. 2

rig. 7

Tedle 1

rig. 5

Pig. 3

Pigs. 11, 22
Tables I-IIX
Fig. 2

Pigs. 7, O
Private coum.
rg. 2

rig. 2
Private coma.
Private com.
Private comm.

Number
of Profiles
Studied

43

1

P=-2U17
59

Other Data’
of Interest

Preston tube

Heat transfer
(varisdle vall

tempersture)

HBeat transfer;
film cooling

Mechanics of transition

' Floating element

Floating element;
Preston tudbe

Mass transfer
(sublimation,
neptaalens)

Heat trensfer,
Reynolds stress

Heat transfer; intensity
of u-fluctuations

Roughness ;

pressure gradient

Structure of turbulence
Shoek-vave interestion

Roughness; pressure
gradiat

Intensity of
u-fluctustions

Time-spase correlations
(pressure) ,
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conditions. The highly competent measurements by Ludwieg and Tillmann
(1949) are not specifically included because they are in some respects a
duplication of earlier work by Wieghardt (1943, 194ka) and by Tillmann
{1945). The tvo related series of experimonts dy Albertson (1948) and dy
Cermak and Lin (1955) are cuitted because the tungsten hot wires which were
used vere apparently subject to large and erratic changes in calibration” s
and I have not even been able to study the influence of th® unorthodox
tripping device vhich vas employed in these experiments. A paper dy Zysina-
Moloznen (1956) is not included in the survey because no copy it available
to me. A turbulent boundary-layer peper by Nikuradsc (19M2) is not included
because I think that this paper should not be taken seriously, for reasons
vhich will de apparent to anyone who consults the original. And ro on.

ISTHOD OF ANALYSIS

It is no secret thut w03t yriters on the problen of the turbulent
boundary layer tend to take an inteasely personal view of their subject.
I should therefore state at the outset that I an definitely prejudiced i
favor of the sintlarity laws known as the lawv of the wall and the lav of the
wake (or the defect lav), primarily because I fcel that to ebandon these
concepts is Lo revert to the most primitive kind or empiricism in any de-
scription of turbulent boundary-layer fiow. In parucul'a.r, these sinilarity
laws are useful as & wore rational criteriosn than that of simple majority
rule in the clacsification of the nearly five hundred pro’iles represented
by the table. ily first step in this process of classification has there-

fore been to recover the 'orig;mal nean-velocity distridbutions in the form

-
Similar difficulties with tungsten wires are mentioned by Kline et al.
(1960) .
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u(y), removing vhere possible any corrections for probe displacerunt effcct. .
My next step has been to deternine a parameter ﬁ' for each nun-v'clocity
distributlon Ly fitting the central part or the profile to a logarithamic
formula of tie forn

L.t = e (A-2)
ll' \4

When this fitting operstion is carried out for a typical profile, as
showm in the adjacent cketc'i, the data near the free stream are found to

deviste noticeably from tic locarithmic formula. The nmaximum devistion will

I
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be derioted by Al/i, and will also be referrcd to as the strength of the
wake componont for the boundary-layer flow. ‘The sccuracy with which this
quantity can be determined {s probably no better thun five or ten per cent,
given a typical uncertainty of perlaps 0.01 in E/Em. Vithin this linite-
tior the parenster A /u_ is found to be dictinguished by an alnost exqui-
site sensitivity to the history ;nd environnent of e particular flow, and
this property in turn makes possible not only a procise classification of
boundary-layer flows, but a refinemsnt and rationalization of the similare
ity laws vhich are implicit in the fitting operation itself. For the mo-
pent, however, ry objective is to comparc various profiles one vith another,
and for this purpose no significance need be attached to the parsmeter ‘.‘-r
or to tt;o values of the nunerical constants X (eventually taken as 0.Ll)
and ¢ (eveatually taken as 5.0) in the logarithnic formula. In particular,
another choice for these constants would not noticeadly affect the outcoms,
at least as far as the process of chsoifiéation is concermed.

THE BQUILIBRIUM BOUNDARY IAYER

One immediate result of the precsent survey is the tentative identifi-
cation of a normal (equilibrium, ideal, fully-developed, u.sytwtotié) state
for the turbulent boundary layer at constant pressure. For the experiments
which I believe to represent this state, the quantity u/u_ is plotted
against i; in Pg. 10. It gees without saying that there should exist &
well defined relationship between the two quantities. However, it is per-
haps surprising to find that Aﬁ/ﬁ1 dscreases, and hence that the traditionn-
nomentunedefect lev fails, for values of Ry less than about 6000, In fact,
the wake component seems to have d!z.uppcmd entirely -- and rather abrupt-

ly == by the time l.la has reacned a value in the neighborhood of about 500.
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Tne vnli"dity of this conclusion depends on the validity of the logarithe
aic forrmla, in waich it is commonly understood thut the paraneter ﬁt can be
identiried with /7 /0. Inasmucy es T, vas not :wasured in any of the ox-
periments classified as normal in Fig. 10, the cquivalence of T and o u'f
cen only be tested inéirectly, in tcrms of tue approxizste equivalence of T
wnd o ﬁ: 38/4% for flow at constaat pressurc. PFor the data of Fig. 10,
iherefore, tie Tatio of 4B/dX to &-/d,2 nas been plotted sgainst g in Fig.
11, In this and later figures only tfxc ceneral level of the various curves
ie significant, since not only have effects of pressure cradients and three-
dizensiorality in vthe nean flow been icnored, but no account has deen taken
of the deleterious effccts of turbulence, prodbe interference, and otaer feg-
tors in the detemination of U and 6. There ic also a large innerent un-
certainty in the ealculation of 45/dx by graphical differentistion. The
real issue in Pig. 11, tierefore, is not the validity of the relationship
T, . o \'\,2 over the whole runce of Reynolds nuzbers involved, but ratber the
classification of the flows in question as normal. To emphasize this point,
I vant next to consider some flows whick cannot be so classified.
IISCELIANEOUS ANOMALIES

Some measureients are collected in Pig. 12 to show that good intentions

on the part of the experinmenter are not always sufficient to guarantee a
normal state for a turbulent boundary layer. The classification of these
particular flows as anomalous is sometimes only a matter of degres, although
& check of the momentum-integral equation for these data, as showa in
Fig. 13, 1is frequently highly unsatisfactory.

In attepting to account for the observed anomalies, I thinx it is &
significant point of technique tist practically all of the dats which I
have called normal in Fig. 10 vere obtained in closed wind tunnels on plates

;
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having blunt leading edges fitted in soms cases vith a tripping device of
quite modest dimensions. The one exception to this rule is the exporiment
of Mickley and Davis (1957), in which the original boundary layer vas re-
moved by suction through & forvard compaertment of tne smooth screen form-
ing the working surface. On the other hand, much of the data which I have
called anomalous in Pig. 12 vas obtained in open-jet tunnels using models
not equipped vitl. adequate sidc plates. Examplec are tihe measurements by
Hansen (1928), Reynolds (19%57), and Barrow (198). Thus I feel cure that
many of the discrepanics encountered in the latter experiments can definite-
ly b2 blamed on three-dimeryionality in the mean {low. That not eve:n the
direction of the departure frou the nor.al state can be safely predicted
in advance it clear on couparing the data obtaired by lansen (15208) rus by
Elies (1929) in what ic precumably the same free-jet tunnel at Aschen. T:e
experience of Kume (1947; see Pip. 10} shows that adequate shieldirus of a
modsl by sids plates or by a complete enclocure can overcome thuesc difii-
culties. Kowever, it does rot follow, in viglv o7 the cxpericnce for exane
ple of Ashkenas et al. (1972) and Johnsor (1955), that a closed channel
automatically insures & satisfactory tlow. B

The work of Schultz-Grunow (1yL0) 1is a major landmark in the experi-
mental literature of turbulent boundary layers, and deserves special concid-
eration. I have preseuted thes2 data nere rutaer than irn Pig. 10 because
of & eslight but consistent differencae in the magnitude of tlic walke cc . po-
nent for Schultz-Grunov's measure:ents at 19.4 meter: per second ac cormpared
1o later ruvasurvnents by Wieghardt (1yh3) at 17.. and 33.0 .cter: per sece
ond in the sam: tunnel. The discrepancie: involved are entirely trivial

by any ordinarr standard, anounting tc pernaps one per cent in Lae e
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velocity in the vicinity of the point ¥ = @ or to perhaps two per cent in
the local friction coefficient. when I consnltoed Professor lieghardt about
this difference, ue called my attention to his account (1947) of come
changes which were made in the Gottingen tunnel after Schultz<Grunow's ex-
periments had been corplcted. These changes were intendcd Lo reduce the
residual turbulerce and larze-scals rotation in the calming section between
the fan and the tect section of the tunnel. A second honeycomdb and two
screens vere added, and the lencth of the calming section was increased dy
four meters. Thus the test-section conditions in tle later experiments
should have boen appreciably closer to the ideal of an undisturbed fyee
strean. In particular, since the turbulence level was definitely reduced
(to 0.0025) by these changes, I believe that the difference between the
tvo gaets of data is prodbably associated with wveak large-scale vorticity
which caused the flow studied by Schultz<Grunow to dc slightly threc-
dimensional.

One or two coarments should also be made about the exporiments dby
van der Hegpe Zijaen (1)24), as these experiments have never been adequately
reviewed i1 Luc Light of contesporary experiacatal practice. liot only
were these reasuenents the first important coatribution tc tac cxperimen-
tal bouwdary-layer literaturce, but they involved 4% usc of the ther new
tecraique of novewire anemoasLry in a wvay which was years aheud of its
tine. On tre otiwr hand, there were a nuher O serious dufect: h'x the
maageuent'of; tae experiu:nts. First, the plute codsl did not capletely
cpar. the tunnel, sc thut tue teou coufi.;}:.rai'.!.o:. aud all the dlsudvanteges
of ths ope1 Jet and simultmasourly bald the disanvastage of an appreciable

segLtive precsure gradient cawzed by rovii of i Loundary layers on Liwm
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test-section walls, Second, it was tne Irec-ctrean velocity at each parti-
cular station, ratier than t!s velocity at somc standard reference station,

vhich vas alvays adjucted to a pre-dsterzinec vulue. Third, the modsl vas
occasionally moved upstrean or dowmctrean in an unsystenatic wvay as various
stations vere surveycd, and thic in a flowv having a relatively high level

of decaying turbulence because of the pressiuce of s' honoycémb at the tunnel
entrance not far uwstroa: of the model. Fortunately, it will be ceen that
these factors do not altogether depreciute the value of van der Hegge Zijnen's

measurenenteo,

FREE-STREAM TURBULEICE LEVEL

Effects of external turbulence level have 80 far not been considered,
although large values are associated wvith some of the anomalous dats in
Pig. 12 (van der liegge Zijnen 1324, Michel 1950, Spengos 1956, Reynolds
1957, Sogin and Goldstein 19(0). To investigate this point, data for a
fev additional cases in vhich the turbulence level was deliberately raised
in order to study any effects on the flow in the boundary layer are col-
lected in Figs. 1b and 15. I have tried to indicate by the size of the
syzbols the measured or estimated intensity of free-stream turbulence for
each profile, the neccssary estimates being bused on empirical formilas
for the decay of turbulence behind grids. BExcept possibly at very lov’
Reynolds numbers, the effect of increased strean turbulence is to decrease
the strength of the wvake component and thul.to increase the local friction
coefficient st a fixed Reynolds number. Roughly spesking, the quantity
4 ufi_ esn be expected to decresse to about half of its normal value for
an external turbulence level of 0.018, and to dscrease to zero for a tur-
bulence level of 0.0k5. The amount of the decrease may also depend on



Reynolds nuzber and orn t:e scale of the turbulence, although tae data are
foxr trom.,_movin.; either effect to Le determined quantitatively. In any
case, the typical very slov approach to the nsrm..l state as the extermal
turbulence decays is well illustrated in the nsasurements by Wieghardt
(194ka). - .

TRIPPING DEVICES: THR APPROACH TO BQUILIBRIUM
Several experimental studies have recently becn made of turbulent

boundary layers vhich were artificially thickened by various msans. In

principle, it is not difficult to increase thie mouwsntum dsfect in a boundary

layer by injecting fluid of low velocity at the boundary or by making use

of the dra; increuent from isolated or distriduted roughness elements. All

of thesc devices will also tend to pramote transition, and nay M!.pn

be used pi-muy for this reason. In practice, however, it seems that

such techniques must be handled wita care, inasnuch as a turbulent doundary

layer may recover very slowly from the effects of certain kinds of distur-

bances. This conclusion is based on the evidence of Fig. 10 and 17, vhich

shov the behavior of the wake cuuponent and the momentum dalance respective-

ly for s number of such artificially thickened boundary layers. These

data are quite instructive, and vill therefore be discussed at soms length.
Consider first the case of a doundary layer artificially thickened

oy distributed roughness near the leading edge. If a flow at constant

pressure is characterized by a dsfect law which is mmuthc to youginess,

then the quantity &/ﬁ' should increase sharply (inversely as the square

root of the local friction coefficient, if Al recains fixed) immedistely

on passing from a rough to a smooth surface. It follows that the large

eddies, vhose energy 1:g 'proporuond on the aversge to the strength of the
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wake component, will have too much cnergy compared to a normal flow at the
sams Reynolds number. This surplus energy vill presumadbly have to be dis-
posed of by the relstively slov process of transfer to progressively smaller
eddies folloved finally by dissipation as heat. At the same time, the bound-
ary layer can be expected to adjust itself in such a way as to reduce Lhe
local rete of transfer of energy from the mean flow to the turbulence.

But the local rate of energy transfer to the large eddies is itself msasured
by the part of the produst -u'v'Ni/ ¥ having the boundary-layer thickness
as characteristic length, and thus again by the strength of the wake com-
ponent. It follows that there may bo a tendency for the quantity A u/u.

to decrease tarpporarily below its norual value pending the transfer of any
excess cnercy to a sufficiently remote part of the cpsctrum. Similar dut
more exphatic statements should apply for a flow vhich is corpletely separ-
ated at a: trip wire or spoiler and which then becomes reattached at some
point farther dowmstrean.

Tt.wue obsgmtions account at least qualitatively for the behavior of
the flows depicted in Pig. 16, and especially for the fact that the strensth
of the wake component sometimes drops below the normal or equilidvrium value
following a"étrong disturvance. I[n the case of the experiments by Klebanoff
and Diehl (1951) witl sereen or sand roughres: at low free-stream veloci-
ties, the recovery ic apparently complete by the time the end of the plate
is reached, and tne morentum balance is alsc normal. It can safely be as-
sumed, therefore, that the later neasurements by Klebanoft (195L) of the
structure of turbulence are representative of a turbulent boundary-layer
fow i equilibr.un. A similar statement can be made for v.'ill:mrth's ob-

servations (1950) of wall preuss.re fluctustions, to be taken up in Pig. 18.
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The situation for the measurenments of Favre et al. (1955) is only slichtly
loss satisfactory. However, the rmeasurements of structure by Townsend
(1951) were made dovnstrean of a single relatively large spoiler. Thoce
data, althoush they probably correspond to a later stage of recovery than
(say) the data of Klcbanoff and Diehl with the 1/L-inc: diameter rod or
the daia of Tilluann (1945) with the ledge, are therefore likely to be
reprecsentative of a flow with an abnorual distridution of turdbulent energy.
at sho::ld be noted in Pi;. 1C that the data of Klebanoff and Diehd
Zor the 0.0k0-inch dianeter rod at a free-ctroamn velocity of 108 feet per
second do not appear to be approaching the normal state far dowmstrean,
in spite of the fact that the wake of the thickening device has almost cer-
tainly been absorbed. This anomalous dbelavior svens to de typical of the
IBS date at the higher tunnel speed, as the flow with natural transition
at 106 feet per cecond is also anomalous (cf. Fig. 12), vhile the flov with
natural transition at 50 feet per second as reported by Schubauer and Kle-
banoff (1955) is nearly normal (but cf. Fig. 12). It is possidble that the
anomnalies in question are caused by slignt distortions of the flat-plate
nodel by aerodynamic loads at the highest tunnel speeds, although this re-
mark is pure speculation. In any case, similar ananﬁ.ieé vhich night be
present in the data for the 1/l-inch diameter rod or for the sand roughness
at 103 fest per second in Fig. 15 are necessarily masked by direct ctfocts

of tne thickenin: device.

FiOW AT 1ARCE REYNOLDS NUMBERS

The data so0 far considered cxtend only to values of i:\a in the neigh-
varhood of 15,000, vhen measuremeats at hicher Reynolds nuwbers are trented

in the sume way, ac shown in Pir. 1¢, they are found to disucree uothk witi.
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each other and, except for ¥illuarth's dat: (1957), vith experiments at
lover values of ﬁc. In particular, if the clegant and elaborate measure-
ments by Smith and Walker (1)5C) are accepted ac definitive, tie concept
of a defect law nust be called into questioan.

I think it may be. significant that a snmall but dafi;nite reduction in
scatter in tie valuec of Mu/u . Tor the date of Smith and Valker can be
achieved by plotting thesce values ageainst Reynolds rnw.ber per unit len¢th,
&3 skown in Fig. 19, rather tian against ﬁﬁ directly. In other words, the
strenztc of the ware component lor lhese erperiments seems to he constant
along the nodel for a fixed tunnel conditicn, implyling & defect law wioce
narameters depend on tun.cl condicions rather than on distance iYro= tie
leading edce of the model. Tuis observation in turn suggests tiat zo1e
factor such as extermal turbulence level, probc lanterterence, or three-
dimensionality may be affecting these data. Stream turbulence can probably
be eliminated on the ground that measurements by Boltz et al. (1900) in
the same tunnel show values much too low to account for the observed effects.
Three-dimensionality is a possible but somewhat improbable source of diffi-
culty, inasmuch as the momentum balance shown in Pig. 20 is satisfactory.
By contrast, the data of Allan and Cutland (1953) in Pig. 18 refer to a
towed model with & free edge. Three-dimensional effects were definitely
present near this edge, and were investigated in some detail. The data of
Willmarth (1959), finally, are presumably free of three-dimensional effects,
in view of the circular symmetry of his channel, although there may be some
influence of the slight negative pressure gradient.

Smith and Valker, having made direct measurements of ;w for most of

their mean-velocity profiles, adopted the view tnat the law of the wall in

the form
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could be taken to be independently defined by their data. Fig. 21 shovs

c (A-2)

a typical profile at !5 = 25,600 in the coordinates of Bg. (A-2), with
?' the directly measured value corrected for gap effoct.” The solid line
in The ﬁ.-'zu;s is 2q. (A-l) with x = 0.8 and ¢ = 5.0, as dster-irned by &
concensus of other meacurements; it is & fit to this line which defines
S,. As saowvn by Pic. 22, which also includes reasurenents by Schultz-
Grunow (19%0) and Dhavan (1951), the retic T /5 G- ts roughly 0.9 for tae
data of Snith and Valker over the whole raye of Reynolds nuzbers. The
data in question therefore support the law of the wall in principle. Un-
fortunately, any reasonable revision of thz coustants « and ¢ in going from
Pq. (A-l) to Bo. (A-2) in order to produce agree-ent in Pig, 21 will not
remove the difficulties in Pig. 18. On the other hand, the variations in
toe strength of the wake compenent for Smith and Walker's data in Pig. 18
can be reduced by about half if the solid line in Pig. 21 and the msasured
value of T , Te both accepted as corrvect, but U ory is assumed to be in

error because of proove interference (say; cf. the sinilar but more serious

difficulties reported by Matting et al. {1960) at high supersonic speeds).

.W own experience with the flosting-element technique has convinced
me that some account should be taken of the finite drag of the gap around
the element. Because of symmetry, half of this drag should act on the ele-
ment and half on the surrounding surface. The gap dreg is unlikely to de
less than the drsc on an equal area of unbroken surface, and can reasonably
be estimated at twice this value. I have therefore recomputed t,, as
(measured force)/(element ares + zap area) for all of the flosting-element
data considered in this paper, including my own. The correction in the
case of the measurements by Smith and Walker, by Schultz-Grunow, and by
Dhawvan is one per cent, two per cent, and fifteen per cent respectively.
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iovever, it is thon necessary to explain why similar effects of probe inter-
Jerence are not present in Willmart!'s data, since the tripping devices,
probe dimensions, )iach numbers, and unit Reynolds numbers were quite simi-
lar in the two experiments. I am willing to leave this question open, not-
ing only that it seems to be necessary to choose between two altematives;
either (1) some of the &xporzmntn data at large Reynolds nunmbers must be
rejected, on grounds vhicﬁ are obscure at best; or (2) the similarity laws
for the mean velocity profile, particularly the defect law, are not valid
at the high level of precision stterpted in this swrvey.

THE LOCAL FRICTION IAW
Starting with the local friction coefficient & Eg) given by the

]

u 0 §
o0 - < - % in -—.-1. e + % (A.3)
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a more convenient expression for Ei‘( I.%‘) can be obtained witn the aid of

the definition

0 = ;f — (1--_-“—} ay (A-k)
o uw uw’
Vhem - - o -
s u yu 7 - !
= - = H-,—l) 2w (D (A-3)
Uy s i 5

The functioas f(iﬁ‘/ﬁ) and w(y/5) in Og. (A-:) have boen tabulated elce-
where (for 1 see Coles 1255, but note that i is now reduccd by two per cent,

so tuat the coistants « ‘and ¢ are to be taken as 0.4) aav .0 rcspectlvely“’;

A
My, a8t important rvason for tais revision cun oe docuneated with

the aid of Fise 3 of the present paver. 'hatever the aotivatioa for choosing

the particular coordinates in this rigure, tic fact reauins that these
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for v vee Coles 195C). The parameter 1 15 given as an empirical function

of I.’.g by Pig. 10 of the pz‘sqat payper; it increasus from zero at about

r't‘ = 500 to an asyuptotic value oo C.55 (A3/3, = 2N /x = 2,70) for %z > 6000.
Figs. 4, &, and 23 and the edlacent Table II show the local friction

lav and related quantities us camguted fro: Equ. (A-3)<(A-5). Por Rg > 20,000

tie relutionsil) vetweea 5 a.d £ und between -g.'a.nd & can be obtained directly

froa the asymptotic formilas

L4 .2. ‘:—* = 1+ 1 (A'G)
W, )
- 12 . ) -
(t D)8 L M (i) o2 no0or e nsoon?d) o (A-D
W § e

wvulc.. neslect the eff2ct of viscosity in the cublaysr, in the sense that
:‘(56,/\7) in Bq. (A-2) 1s replaced by (1L/x) fat 3/V + ¢ + (1/<) iIn y/E.

In the range §° > 10,000 the data in Fi. 10 indicatc a slight decrease ir
the paremcter I, tut the evidence is not really coaclusive. I also nave
some rescrvations about tie local friction law in the range f.e < GJOQ. ‘he

behavior o1 tae boundary-layer flow in this recion is resiniceent of vac

coordinates lead tc a satisfactory ¢ n of the flozting=elerent nease
wrenents in supersoaic flow, with ve residunl eflect of Faca nume-
ber and Roynolds awsber. If the lw-' *d frictio: law {s obtained by the
fitiin: operation described in tiis appendix, but with k= 0.L0 and ¢ = 5.1
as recommended i:. iy earlier papers, tuc best straight line in Pir, 3 cee:us
to intersect thc vertical axis siightly ebove tag point (0,1). Isasme:. as
the extrapolation in question a~cunts to tae inlerence of u lowespecd frice
tion law trom iata obtained in corpressitle flow, coniistent resulis co.
only be achieved x“ t.e velies of t ore iacrcased by sbcut four »ur cent

or ine values of the furction f(z) ae’ining the lav of tho wall arc ivd. ced
Ly goout two per cent (2:icept of cnurse near z = 0, whisre S—»z). Oner
evidence can be iound to support tals revision: c.:., the recultin; fri:zion
luv for lowespeed flow in Pig. 4 it ¢ resso-ably good 1it to the floatiige
elc-ent measurcuents by dmlth wxnd Vuliker (1+3€) and Schultze-urunow (1y40),
at least in tae rengec where tnese davs oveilap.
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Tatle IT

THE 10C..L FRICTION LAW FOR THE TURSULENT BOUNDARY LAYER
AT COISTANT PRESSURE

R T

e . A - E* -
. R 6 ] T s
0 «00590 k25 1,535 2,51
012 .00524 590 1.500 3.10
023 -00L5L 855 1.470 3.97
30 +00k26 1150 1.L45 L.GE
5 .0039¢& 1L50 1.k2% 5.T3
A3 .00303 2050 1,405 T.41
A8 .00340 2650 1.390 8.9%
53 «003038 " k150 1,365 12.75
55 «00290 5650 1.3%0 16.36
59 .002%9 8600 1.325 | 23.2
¢35 00255 11500 1.335 | 29.6
55 00246 14500 1.5 | 35.9
55 «03238 17500 1.295 1,8
55 .00227 23500 1.290 23.6
55 .00219 29000 1,23% ok .8
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slow fnitial azproach to full siriiarivy in a free shear flow such as a

vake or jet, and can be interpretecd either as & development of the large-
eddy structure toward cquilidbriuwa or as a change in the conditions defining
cquilidbriv, . Under these circunstances it may not be proper to refer to the
flove in question as normal or as fully developed. On the other hand, this
bechavior is typical not only of the data plotted in Fig. 10, but also of the
data plotted in Figs. 12 and 14, Thus therc is substantial evidence in
favor of the existence of the hypothetical substructure flov defined in
Section IV as a real limiting flow, and experiments dealing specifically
vith this point seca to me to be worth while in spite of their difficulty.
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I P
!crhapo _thé most important point to emergc from this study of experi-

sental date is that it is not as easy to produce a normal doundary layer

as ic commonly cupposed. Such a layer once yroduced can be easily recog-

ni;..’o_d',A tor cxmlo by means of 2 joint test of momentum balance and of the

zagnitude of the waie component ia the monner demonstrated here. Consider-

wdble care should be exercised in the choice of tripping or thickening de-

vices, as the recovery of a boundary-layer flov from strong disturbances

zay De very slow and may inyolve taree-dimensional effects. A blunt lead-

ing cdge seems to be a saticfactory tripping device for most purposes.

In fundamental work it is desireble to limit the external turbulence
level to & vuluc .;ron below ono per cent, und to remove any large-scale
rotation produced by fans or compressors locuted upstream of the test sur-
face. 2ven co, difficulties vith three-dimensioral flow chould bdbe expected,
especially in tunnels wvhich are not fully erclosed, and any model mounted
in an open jot should be carefully shielded. One test for two-dimensionality
nomet imes used, a comparison of pror‘.iec reasurcd at several stations across
tis 1low, has at most a negative value, Some attention should de paid to
the advantages of confipurations ..aving axial symetry, ac used for exo:ple
by Peindt (1956), Brevoort and coworkers (195), and Willmarth (1959). This
suggestion fs of courue not oriciral nere, and is :ust relevant for flows
involvin: separation or reattach wnt.

If scatter 15 to be avoided in rsasurerknic extendin: over o concidere
sble period of tine, it is Lrmportunt to nonitor secular changes in lsynolds
ruder cauced by chunges in fluld dcsity or viscority. One tecnaique

worth coneslcerin: is tas use of udtiple Impact tudes or 0t wires., (e
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rake developed at Gbttingen (Wieghardt 194kb), for example, was undoubtedly
a s:l.m.;..ﬁcant factor in the success of the experiments in the roughness
tunnel. Por estiration of surface shearirng stress the Preston tube (Preston
195L) provides a means so simple «nd reliable that its use ought to de mads
compulsory. Finally, more e@na.aia should be put on hot-wire instrumenta-
tion in measurements of mean velocity and mean temperature,

One interesting byproduct of this survey is the obeservation that none
of the low-speed measurements using floating elements (Schultz<GCrunow 19!:.0,
Dhawan 1951, Smith and Walker 19:58) seen to be corpletely frec of anomalies.
A similar statencnt applies for several experiments aimed at the problem
of low-speed turbulent heat transfer (Elias 1929, Johnson 1955, Spengos
1956, Reynolds 1757 and others), although it does not follcw that the use-
fulness of the heut-transfer data is seriously impaired. By contrast, two
recent experirents aired at the problem of mass transfer (Dutton 1955,
Mickley and Davis 1957) recormend themselves, so that the associated meec-
urenents with vy different from zero can be treated with some ebnridcnce.
In future research in heat and mass trunsfer, more effort should be made
to worl: in tera of local conditions. In the precent state of the art, it
is similarity laws for mean velocity, mear torpperature, and mean eoncen-
tration which scea vo provide t:ac besh noans for correlation of data frono
various sources. Ynfortunstely, the validity of the commoaly accepted
cimilarity laws iz uander a small cloud at the close of this survey, ani
further measurements o skin friction are needed &t large Reynolds numbers
i~. lowespeed flow in order %o clarify this gucstlos. For this purpoce
it is probably betrier to achieve a large Seynoldu puzder by increasing
scule, i.e., by using a large tacility, rather than by inereasing voloci.ty

ar density or doth,
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Finally, i wvill make & plea for experimsnters to report their results
wore eo—;ouly, either in graphical or in tabuler torm, for the sake of
future studies like the present one. At any given moment the last word on
the subject of turbulence may be an analytical one, but the next to
the last vord is usually experimental,
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Appendix 5
T:HE REIATED ANALYZICAL LITERATURE

“.[E EFFECTIVE-TE.PERATURE HYPOIHESIS

Because the analysis prescnted in thi: paper has elements in comron
with several previous contributions to the literature of turbulent compres-
sible flow, a brief roview of the relevart literature is in ovder. This |
reviev will consider, without atteipting to be exhaustive, (1) the concept
of a menn or effective teperature as a basis for estimating the effect of
comprescibility on turbulent skin friction; (2) the coucept of & laminar
£1lm, or sublayer, whoece properties control the friction and especially the
heat transfer; and (3) previous work on transformations designed to reduce

.the equations of mean motion partly or wholly to incompressidble form.

The main assumptions of the effcctive-tempersture hypothesis are that
s friction lev is given for incorpressible flov in the form &, = EAR), and
that this sane lav is valid for compressible flow provided only that the
density and viscosity appearing in the friction lew (as distinguished from
the density and viscosity eppearing in the definitions of C, and R) are eval-
uated at a suitadbly chosen mean or effective toxperature '1'..

In other words, c: and f are tc be replaced in the friction law by

. 2 (4 2T (-]

v 00 v ®

T T TR etk -
‘00 @ Yoo
end by

- pu L ) By Pa b ) u
R = a® » a 3 ®_ D = _ﬂ_ -;.;R (8.2)

Ha 0 "m Po o ¥a

respectively. These two relationships, insofar as they provide rules for
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computing C, and R when €, and R are given, are equivalent to & transforma-
tion. The proper choice of the reference length L in Bq. (B-2), however,

is obvious only for certain spscial cases of laninar flow. For example,

if the pressurc is constant and the fluid ic a perfect gas with viscosity
proportional to temperature, the combinationa crﬁ and C Ry are known

to be independent of Reynolds number, lMach nuniber, Prandtl number, and heat-
transfer rate. It follows that the equations &, = C,T /T and

RL = Rx.(_!m /’I.‘n)2 vill be consistent for an arbitrary choice of T if L = x,
but will be inconsistent if L = @, In the latter case it is evidently

necessary to put, instead of (B-2),

# Op Y @ ko Poole® o
(- = m = m M S Ro (3'3)
n m () ™
or mrh.pl
pu_@ (o] p_u_@ o)
ﬁo = u @ = R ® _® = -ﬂ- K (B.h)
) P ) Po  ©

Thus if L= @ the viscosity or the density, but not both, should be eval-
usted at the neen temperature T . Altemnatively, Eq. (B-3) can be derived
by ;sauming that Eq. (B-2) is correct when L = x and that mean and local
friction coefficients should tr-nsform according to the same rule.

The quantitative formulation of the effective-teuperature concept*

begins with a combination of £qs. (BE-1l) and (B=2) in the form

The real orizins of tais concept are to be found in early work on
heat transfer in enclosed channelr. For such problere the idea of a bulk
or aixing-cup terperature arisec quitc raturally in any Leat-balence calcu-
lation. In this Yeview, however, I will restrict mysclf to tne concept of
mean tenperature us it nas developed in tL2 context of the boundary-layer
equations for compressible flow,
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vhich is appropriate for laminar flow with similarity when the pressure is
constant., If the fluid is a perfect gas but the viscosity is not propor-
tional to temperature, the product C,-/R_vill depend on Prandtl number,
Mach number, and heat-transfer rate. This dependsnce can first bde deter-
nined with the aid of exact solutions of the laninar boundary-layer equa-
tions, whereupon Bq. (B-5) can be used to f£ind an appropriste value of T,
hopefully s a linear combination of T_, T, and T°a) (or T\', the sdisba-
tic vall temperature). This fovauls for Tn’ in conJunctign vith the trans-
formation (B-l)«(B<2) with L = ﬁ, then serves as an interpolation snd extrap-
olation device for estimating skin friction and heat transfer when exact
solutions are not availadble. |

The argument given here was first outlined by Karman in his Volta
Congress paper (1933). Karman also suggested a similar interpolation de-
vice for turbulent flow, and proposed as a first approximation for T a the
wall tempersature Tv‘ The merit of this intuitive suggestion has beea es-
tablished by a ;radunl accumulation since 1935 of exact solutions of the
lauinar equations on the one hand and of experimental data for turbulent
tlow or tae otaer. An alnost dlrect line of deccent from Karman's formu-
lation to the orc i use today cun be traced throught papers by Rubesin and
Johason (1949), Youn, and Jansson (1952), and Eciert (1354, 1960). Experi-
mental contritbutions to the turbulent problen have also beern made by Tucl:er
(1951), Soummer and Short (19%¢), and otliers. Bekert, in particular, nas
acquired a kind of proprietary interest in the refeorence-tempsrature method

by virtue of hic participation in applications of this method to laminar



P-2u17
13

problens marked by chemicel changes (including dissociation) and by variae
tions in surface pressure and temperature. Ac a result, his 195! Jonmla

for the refercnce temperature fl‘m,

T, = 0.5 ('r? +2.)ro0®@ (T, -T (B-6)

. v

is frequently quoted, as is an equivalent iorrula for rerference enthalpy.

o

At least two writers (Rott 1957, Burggraf 1961) have derived formulas simi-
lar to Bq. (B-6) by assuming that the characteristic te:perature for turbu-
lent flow is the tauperature at the edge of the sublayer (but see also my
conments following Bq. (B-13) and following Eqe. (B-15)-(B-17) of this ap-
pendix). In these two papers, however, the rain objact is to determine not
skin friction dbut heat transfer in terms of skin friction, and the main
exphasis is therefore on the question of an energy integral for turbulent
flow. A formula similar to (B-6) has also been derived by lonaghan (19%55)
using a mean representation of the Crocco energy integral.

In most of this work the independent variable has been the Reynolds
numbery Rx’ for reasons which have little relevance for turbulent flow. Ome
difficulty is that there is no generally accepted definition for Rx in a
turbulent boundary layer. Thus Bckert's foraula (E-6) Tequires
R/R = (T /'rm)2 to be a repidly decreasing function of Mach nuber (i.e.,
rm/'rw =1+ 0,72 v(y-1) Mmz/e for adisbatic flow), and there is no assur-
ance that turbulent compressidle flows cannot be observed at values of MQ
and R, such that R 1s small encugh to be off scale from the experinental
point of view. If such cases occur, extrapolation of a particular analyti-
cal formula for Er(ﬁx) to low Reynolds numbers in order to generate values

for Ct and C, is & questioneble procedure at best.



p-2h17
Th

It is thacrefore unifortunate tiat :ucnn of the conceptual simplicity of
the eflective-terwerature method is lost in working with local quantities, .
ac for examplc when Bq. (B-1) is combined with the awkward Bq. (B-3) to

obtain

o
¢, Ry = o Ce Ry (3-7)

This expresciom bears a superficial reccmblance to tne law of correspondin
stations, Eq. (2.21) of the text. The law of correcponding stations, howe
ever, is part of & genuine transformation of physical flow varisbles, while
the relationship (Z-7) is probably best described as a plausible but some-
what arbitrary wapping of certain dimen'sionlesé parameters of the prodblem.
The same distinction can be made between Bgs. (L.22) and (B-6) for the
characteristic terperatures T and T respectively, and between Eqs. (2.17)
and (B-1) for the local friction coefficients. In fact, for the case of
viscosity proportional to temperature the latter two equations bdecome for-
mally ldentical when T_ is identified with T , and Eckert's formula (B=6)
for adiabatic flow can then be plotted in Fig. 5 as the straight line

Tm/Tv = rooc f/TwC g =0.T2+ 0.28 'roo/'rw. Granted that a better overall fit
to the turdulent data could be achieved by altering the numerical constants
in Eckert's foriula, a more important point here is that this formula is
incapable in any case of representing the effect of Reynolds number in the

figure.

THE IAMINAR-FILii KYPOTIECIS

A second empirical approach to the problem of the turbulexit boundary
layer makes use of the f£ilm or sublayer hypotnesis. For incompressidle

flow, for example, the acsumption is that the mean-velocity profile can be
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adequately represented by a combination of s linear profile u = ¥ 'i/ﬁ near
the vall and by (say) a powver law ﬁ/ﬁm - (:7/8)1/ N elseviere in tne boundary
layer. The two curves intersect at tie edge of the sublayer, where u and

¥ have tne values ﬁt and if respectively. Once the ratios E‘JG o 34 5’/8
have been expressced in terns of Cf and Rs , it 15 clear that one further

condition relating U, to ¥, will deternine a local friction law in tie form

£
¢ ¢" é f( &). The éonditlon in quection may be obtained by assuming a con-
ctant sublayer Reynolds nurber R, = ﬁf it/\'l, or alternatively by assuming
a constant ratio of laninar to turbulent shearing stress at the cdge of
the sublayer, t.ue stresses being evaluated with tie aid of a saitable
mixing-lengt forrila. For the case of a power-law proflle outside & linear
gsullayer taese two assuaptions can be suovr to be completely intercha.ceeble,
Tnis formulation of the fillm nypotheeis war begun independently by
Prandtl (1910) andé Taylor (1916) in connecticn with the problem of turou-
lent neat trancfeor. It was later carried esserclaully to couwplietion by
Prandtl (192€), wio derived a saltable sublayer coadition from thac Blasics
local rriction law rut er thar vice versa., The 'oraulation deseribed lwre
is Que to Donaldso;'.* (1y%), wie sleo extended als anolysis to the cass o1
itlghespeed flow by wacw:in; 1n ofivct vout Lhe Jisxr Reymolds runver, redce-
finead ac Rf =0, v, "".i"/“t" siould be unaffected by coprcoeiblliity or heut

transfexr. The ow varluwbles o, and g out the cdo: of the slvlayer apicar

&
bt ir R, uand i tie toraula e M u s, #nd cun be deter .ned vhen u
4 . 4

viscosity law and an <nergy interal nave owen specifiied.

*I velieve tuat Donzldson': pnoer deervis a procinent pluce il wy
review o7 tie anadytical literal.ore At tle compres ible tusbulent bouadary
layer. .1e reason i trat this paper uas cboacd wanoct alone, pending the
S rst appl.cation Oa coordliate Lransloratoo.s ¥ Lursuscat Jlow, Lo ree
coymizi.; Loe increase in tae reilalive hiicliess LU L sublayer av Suroc
lze.u nuvbers as tie dominant eiiuct il CcOLprviinlt.liby.



p-2417
76

Among the relationships derived explicitly or implicitly in Donaldson's

original paper are

l-n
T u
-] 4 L
£-e 5 a0 (o)
2
T u
2 @® b o
cf . E-f r—f —m (8'9)
2
T u 3
£ A, 2 [ £
= 1 -+ I‘ 1 o | o ' (B-m)
!cn < ® Yo H

wviere it nas been assured for ti:e sate oi sizplicity that 'ro ic constant
and tiat u Is nrovortioral to 7. The first of these ecuations follows on
climinating y R vetwee:n the linear and power-law profiles at their inter-

aect-on ; the second on eliuinating yf in iavor of R, in the linear profile;

f
end tie thirc on putting u = us and T =7 p in the energy integral
2
¢ pr ruf2 = cp'ro = constent (cay).
If now ur/um 1z elimlnated between (B-8) and (B-9) on the one haud
and between (B-)) and (B-10) o the othery & ocal friction law for

c_,(ae) i: obtuined in paramtric form ac
FY

l-n Ne X
c . ppTm Tp) 5E g | FT (-11)
£ £ | T | & o
7 R, o
P onale (-1
3 . . . . . =1fh
For I"oo = 0 and 4 = '(, Bq. (Db=11) Dezouer tue Rlasius law C‘ = 0.0k " 5

*
Tebles of tie rutio @/8, whien depend: on if., 01 T/l , and on the
aesponent n in tle power-law pm;:‘h.e , nave opee:, .qi-' hed by ..everul autsors

(e.c., Pucker 15); Pers: and lee 1558) for thic iore Jeacral iesrityeveilocity

2lationsalp given by the Crocco eneriy iate;;ral.
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in which the nuserical coefficient 0.0kH implies the value Rf = 158 noted
by Donaldson. o

It is worth noting that Sa. (2-11), which ic tie came as Bq. (17) of
Donauldson's paper (I 2692), can le rewritten for a general viscosity .lsv .

in the terminology of the effective-temperature concept; thus

2 < 1-n pu__oy° 2

v . R, 1+n ( £00 \ n+l (B-13)
o " L Be |
£ o

Within the limitations of the power-law approach, therefore, the local fric-

tion lav in the form C_ = cf(RB) is found to be unaffected by couprecsibil-

b
ity or heat transfer if tie density and viscosity arc evaluated at a filnm
temperature Tf wvhich is def'ined for the case of constant stagnation terper-
ature by Bq. (5-12). Consequently, one effect of the special ausumptions
of the f£ilm hypotiiesis, as compared to tne mucih less specific assuzption.
of the effective-icimperature hypotiesis, is to rrovide an explicit loraula
(showing a wea': depeadence on Reynolds nurber) tor an effective temperature .
Tf. The filnm analysis, however, does not appeer to be equivalent to a
transformation, ac no rules are provided for tre ldentification of corre-
sponding statious.

Pinally, tie close resemblance of the foruula (B-12) to my equation

(4.33), whicl: can be written

L]

2

v <> -1 2
,z = 1+ = Mo Ce (B-1k)

also deserves a comment. The linear sublayer proiile is a rudimentary form

of the lav of the wall, and the condition R, = conctant 1s a general con-

f
sequence of the latter law, at least for the case of incompressible flow,
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Donaldson's intuitive and indirect extension of tnis concdition to the
compressible case (in terms of the ratio of sheariny stresces rather than

the Reynmolds number R,, and witaout benefit of any real similarity law for

£
the mean-velocity profile) eets a precedent which I am pleased .to follow,
Yowever, my own arcuucnts at tle be{,mninc of Saction IV proceed by way of
the full law of tie wall, the transformation, and the presentation of ex-
perimental data in Fig. 5, and tie wost importunt element common to the two
approaches 1s tine emphasis on conditions within and near the edce of the
sublayer., lioreover, Donaldson did not notice, periaps because he did not
uctually write cut Bq. (B-12) or perhaps because hic analysis neither sug-
gested nor required such a result, thet the effective temperature ratio
';"f/'l‘w 1n tiais ecuation is in fact a function only of y and 7 v/p and 's tiaus
formally independeat of conditions in the outer flow, including tue expo-
nert » in the porer-law representation of the mean-velocity profile.

An analysis not ualilie that of Donaldson has also been descrided dy
Spe}xce (1959), who combined & power-law outer profile with the law of the
wvall near the surface, the two curves intersecting (more properly, osculat-
ing) at a point in the logaritumic rezion of the latter lawv. On matching
the velocity gradients as well as the velocities at this point, he obtained
o power law for ( 1.(1'16). Spence's treatnment of the compressible case in-
cluded the substitution of o, for o and Ky for.u, vith p p 84 K evalusted
at Eckert's mean temperature. He also introduced a partial transformation
by substituting n = j: (o/om) dy for y.' The resulting local friction law
differs only slightly from Donaldson's formula (B-13). Spence also exa-
nined a limited amount of experimental data in transformed coordinates.

His most significant contribution to the problem of the turdulent boundary
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layer, liovever, i: prodbadly his incenious derivation of a power-law shear-

ing-stress profile for use in the integrution of the energy equation,

ZRANSPORMATIONS

The prior art in transformation of the turbulent boundary-layer equa-
tions dezins with papers by Dorodnitsyn (1942v) and Van le (1953), both of
vhom considered only the momentw:-inte ral equation of von Karman. The
firet atteapt to. transfornm the diflerential equations of mean motion for a
turbulent boundary layer vas made by Mager (1757), in an analysis waich is
restricted to L..e case of adiabatic flow of a perfect sas with Pr = 1 and
#/T = corciant., lager's three main ascuriptiors are (1) thet strearlires
should be ‘ransformed into streadines by tae traasformation; (2) tiat
landaar and turbalent shearing stresSec shcv d be transformed by the sane
rules (in ray:er'c peper this asswiption i expresced by a reaariable ruo'
tionalizavion which .as saomnetimes bee: sepeated by later writers, e.g.,
Vaglio-Leurin 17:X); and (3) tuat tuc treasforuation sloald reduce to the

] #*
identity transiofmaation waun both flows arce incouprevsible .

"lhc licitatloas inverent iu thece assuntions have contrnlled the
gvolutior o iny own work on tie traactforrabion. iy origi.al point of dee
parture was 2 revious jererali:zation of the luw of tae wall ¢o conmpressie
ble flow (Coles 125%). Unig canerallzation reseubled Bg. (o) of the pres-
ent paper, except tist om,/i was written as og/pw, Wit.: %y = dgug® by define
ition. The suhlayer wuotle:xic was Jirst formulated essentially as in Eq.
(4.9), except that o, wa: writter a: pg and 3: was written as pyw/or. For
the speziaml cuse g = constant and u/. = conctant, a formula 1‘or'us/u.w equi-
valent Lo Ba. (4.12) was tren nttained. 7This formla, however, required Mg
to vary vils T, aa aence with x In flow at conctant pressure, whereas the
orl:inal generalizotion of tuc law o the wall required wg = Oyum,/0g to oe
indepeadent of .

In tuc zope of resolving this iL.con:lstency, I next took up the ques-
tion of a full trarsformation of ue Qit'fere;tial equations of mean mtiosa.
My first essay dif.ered fro- t:e 92:¢ reported in tihic paper in two iuportant
raspects.  Firstly, she parareter ¢ wvas oxitted througnout, inasiien as
I wssuped (tollowis. Stewurtson, Ma er, and otuers) that streaxlines should
e trunstorwc into streadines. Oecondly, paysical considerationc
played a nwrt only in te reduction of the eoustion corresponding to
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&.‘ne third of these three assumption accounts for the fact that the
concept of effective tewperature is froquently invoked in connection with
the transforuation. liost writers on the subject have considered one or
sore of the relationsiips (mie written in my notation, with viscocity

tasen as proportional to terperature)

c -
i 52.. » .%. (B-15)
Cr @ H

R 0 -

2. = . Lk (B-26)
i3 P Koo

R o - p_ .2 w |2

=« 2 L. (°°) = {—) - (3-17)
ﬁi o Pw o B |

The only distinction ordinarily nade between thece equations an@ the cor-
responding equutions (38-1)<(3-3) of the effective-texgperature analysis ic
that the reference quaatities p and p represeai fiuid propertiec in an in-
co.pressible flow which is reluted to the coupressible one by the transtore

aation, while the 1elzrence ouantities 5, and K. refer to fluid properties

(2.8). The reculting analysic, altiough it 4id yield the law of correcpond-
ing stations, did not suecceeu in removing tic wrconsistency at issue, Tne
ordinate of Fi;. J, for exwiple, anpeared ac u/ 5 consecuentlj, tais ratio
wvas fixed by t.uc trunsformatioson. and tie parareter u could not be cacsern
arbitrarily. Purthermorc, the elfect of Geynolds awsber in thic sane filrure
could only be accounted for by allowing g iLc depend oo x.
There followei a considerable pause, durin, wuich tie lojlcul gremises

of the analysis were reexamined. It finally vecw:¢ clear that the fiida-

meatal assumption § = y for the ira~sfor.ation wus ir. ract an unnecessary
o.nd wijustifiable e:trapolation ol experience witn laminar rlov. The func-

ion g was then introduced by writirg v = gy, a: in £q. (2.3), and the trans-
formation wac woried cut substantially as given nerc excepi that p and T
were still defineud (a;ain following Stevartson and Mager) in the conventione
al way, without rejarc to the principle =f oucervibility. A3 a result the



p-2h17
31

at soe intrinuic refeic..ce state Jor tie coupdressidble Jlow itgself, I
the trunsiormation 1s required io reduce to the identity transionmution
vhen both flows arc gmco:zpressible s thic becores a dlstinetion witucut @
difference, and the cuolice of o reference state tor tae tranctior:atlion is
equivalont to an application of the eflective-tenrerature method.

Thus Macer ©toos p a.d g to be tae iseatropic starnation valves for
the coupressible flww, aid used Ecs. (B-l5) and (B-17) ana a suitablc lowe
speed friction law to coryute C’./(".f = oc/“om for fixed C, ',/T’.};. In this
calculation, which is very li:e thrat of Karman (1)35), lacer assumed a
pover law for u(T) in place of the relationship u/T = constant appropriate
to his trancforatiorn. Burggral (1941) later rodified liager's result by
evaluating o and y at the edge of the sublayer; i.e., at the intersection
of the linear and logaritimic represeatations for the mean-velocity profile,
without commenting on the fact that the fluid properties in the inccmpres-
sible flow must then depend on x. Culick and H1ll (1958), making a voint
of Bq. (B-1G) but not of the law of corresponding stations, determined
u/ug, from Eq. (B-15) by using experiiental values of C t/Cf for fixed CR,.
They also coacluded, independently of lager, that o and u should be evalu-

ated at the isentropic stagnation condition (but note the contradictory

validity of the transformation seemed to be limited by physical considera-
tions to the cases p = constant or T, = constant (cf. the footnote follow-
ing Bq. 3.10). The law of corresponding stations and the substructure
hypotheais, on the other hand, were presumably not limited to these cases.
After another pause, I was able to reformulate the principle of observa-
bility as in the introduction to this paper. At the same time several
other issues were clarified, including the reduction to an identity trans-
formation, the recovery of the condition ¢ = constant for laminar flow,
and the role of the state and energy ecuations and the viscosity law in the
direct and inverse transformations.
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evidence in 1y Fig. 5). And eo oa through a number of other malyu-.,
most of which are applications of the transformation tecinique ‘o various
practical problens.

I will close by cormenting briefly on what might oe callec the un-
finiched business of tic transforation. For the purposes of tanis discus-
sion it 1s instructive to view the transformation as g kind of hilingual
dictionary used to tranclate statements sbout compressidle flows into cor-
responding statements about associated incompressidble flows, a:ad vice versa.
Ine constructior of the dicvionary should insure that the sense of certain
_ﬁmda.mental state:ents, particularly paysical laws for the concervation of
mass and momentum together with cupplezenitary ideas adbout boundedness and
observability of physical quantities, will be correctly translated. For
nore specialized subjects, however, the vocadbulary of the transformation
nay have to be enlarsged. By definition, any material used for this purpose
mst itself be capable of translation, although 1t may be empiricsl snd
heuristic in nature. Typical examples of such special vocabularies are
those provided by (1) the asswgption of Newtonisn friction for laminar
flov and (2) the substructure hypothesis for the turbuleat boundary layer
on a smooth wall,

A number of probleas not yet touched upon may be classified in terms
of this metaphor. The turbulent wvake and the turdulent boundary layer on
a rough surface, tor-emlo, wvill also require special vocadbularies. In

In the present analysis the equations corresponding to (B-15)<(B-17)
are (2. 17), f:aO), and (L.2L); the solution proposed for the prodlem of
e reference terperature is the swstructure hypothesis; and the x

of the reference properties is sssigned to the paremster e(x) = u/u,(x)
rather than to the paremster u alone.
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both cases the viscosity is an artificial paremeter, and some of the re-
lationshipe derived here -- beginning with the law of corresponding sta-
tions in the case ol tie boundary layer -- will have to be reconsidered.
Inagumich &3 an adecuate description of thc mesu properties of low-cpeed
flow 15 available in both cuces, and inasmuch as the effecte of compressi-
bility on drag for rough surfeces are also known, neither of these problems
seens to be rcally formidable.
Certairn otner provlems, however, will rcquire some prelininary work
i1 compouition before the question of translation can even be raised. rome
inent anmong thecce problens are the effectc of mass transfer and of pressure
sradient L: cornrecsible turbulent flow. In the one case the methods of
this paper seem t0 require first a satisfactory generalization of the lav of
the well for lovespeed flow witi :inss transfer, and then a corresponding
;;;e.-aera.l‘.zntio;: cf the substruct.re hypothecis. In the other case, that of
$2cw wita pre-sure credient, there is no real difficulty witn the':ubstmct-

ure Lypotheeis, or with fornulas like
C. s

cx‘ 1-!(1-<@>§I)L?-Mm2

(B-1£)

raiea follow freu thails uypothesis for adiasbatic rlow with T g = constant
and p/T = constaat. Instead, the difficulty ic with the condition connecte
ing the tvo varicbles 1t and 51. on the rigit-hand side of this rorw:la,
For laninar flow it was siown in Sectioan III that che condition dp/dx = 0
ivplies n/g = “m/ﬁo = constant, wille a speciul arguzent based o the
assuapticn that v should transfort. lile udm/dy thrrousiiout the ilow was

e n
1ecessary in orcer to extend tnic result -- in t.e form [0 = 'l‘m/&, or
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N v m/ -/ yRT , with the auxiliary conditions T, = constent and u/T =
constant -- to the case dp/ax ¢ 0. PFor turbulent ﬁow the condition dp/dx = O
st1ll implies q/o? constant, but the argument used for the case dp/dx y O

no longer_ holds. Consequently the transformation cannot yet be applied

witli confidence to turbulent flow in a pressurc grad ont, regardlecs of

te methods used to relate the incompressible var!. .les u_ and {, in the
associated low-speed flow. loreover, the status of the conditions '.l‘o =
constant and u/'I = constant for flows with pressure gradient is at best
uncertain.

Finally, t:c problen of heat transfer is typical of several problens
_which must a'wvays lie outside the scope of any transformation incorporating
tne idea of obscrvability. The reason is that equations of state, energy,
or concentration involve concepts exicting only in one langusge and not in
the other, and so are irherently incapable of being translated. M_'. the
same time, sucn statements will enter into the description of physical
quantities in tiie compressible flow, and will frequently complicate both
the direct and the inverse transformation:z. Ac long as the cormon practice
of honoring the erneryy equation in the breach is continued, therefore,
the :ost elecant results of any transformation are iikely to be the least
realistic ones, urd ac new coatributions to the subject of heat transfer
in turbulent flovw can be expected. .y own feeling i: vhat nmore attention
sihould ne pald, bvotih exporimentally ano wnalytieally, tc the development
o. «iairarity leve for statlc acd stagralion terperaturve I hve erphu-
tlee@ Lootnie puper tuat Lae turbuelent sheariy, strenss cant be readily ine
rerred . ro. the correrpasiding simiarity lave Lur veloeity; in ruct, o

ve: icie for tile ealceulaticr n L2 gase oY ¢oadresnLioie flov has deen
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provided in Eq. (3.11). At least in principle, tine turbulent heat transfer
can be inferred in the same way from an empirical knowledge of the velocity
and temperature fields, and the relalionuiip between shearing stress sad
heat transfer in turbulent flow can taus be rade experimentally accessible '
without recourse to difficult not-wire tecnaniques for the direci neasure-

s of q and T,
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