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ABSTRACT

Uhdgr the present contract we have developed a theory
for the description eand understanding of laser Le-
havior from a fundamental microscopi: point of view.
Our model cousists of N two-level systems interacting
with a radiation field. We have treated problems of
collective motion, coherence, dissipation and inhomo-
geneous broadening. This report consists mainly of
the abstracts of six papers dealing with these sub-

jects that have or will appear in scientific journals.
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THEORY OF LASER MODELS

Introducticn

The work performed under this contract consists in developing
the consequences of a laser model'of N two-level systems in interaction
wi.th a radiation field. The first paper in the series "A Model of
Interacting Radiation and Matter" introduces the Hamiltonian of our model
‘and the density matrix approcach to the problem. In the first paper we
treated atoms in %the long wavelength limit and proved the self-consistent-
f'ield approximation is an exact solution in a well-defined limit. 1In
the second paper Mr. Picard and the author of this report developed the
coherence properties of our model. In the third paper we consider the
equations of motion of a gas lﬁser in the presence of dissipation.

Paper four consists of an extension of the single mode case solved in
paper three to the multimode gas laser. In paper five we consider pr: -
viously neglected pump induced center of mass correlations. Paper six
extends the results of paper four to the case where the average fieiﬁ
vanishes. The last paper is a quantum mechanical solution of the den%ity
natrix equation for an inhomogéngously broadened gas laser to lowest
order in the dimensionless coupling constant. The author is currentl:-
preparing a manuscript which includes a fully quantum mechanical tres' -
ment of the density matrix for a gas laser to fourth order in the dir -
sionless coupling constant.

Part I of this final report consists of seven abstracts of
scicntific articles, six of which have been published or are in prec-.

and a seventh paper (paper number 6) which has appeared so far only
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a scientific report.

Part II consists of three abstracts presentéd at American
Physical Society Meetings. Two of the abstracts represent collabora-
tions with graduate students, Mr. R. Picard and Mr. S. T. Scott, who

have worked for short periods on the present contract.

Part I — Published Articles

1. "A Model of Interacting Radiation and Matter"
Charles R. Willis, J. Math. Phys. 5, 1241 (196h4)
ABSTRACT

We investigate the long-time behavior of a model consisting of
N two-level atoms in a lossless cavity. The Hamiltonian of our system
contains the radiation oscillators in addition %o the matter Hamiltonian
and the usval Jrl g égv interaction term. In order to treat the system
perturbatively, it would be neccssery to remove the tremendous degen-
eracy of the system. Since thigﬁfé prohibitively difficult, and since
we are interested in the long-time behavior of the system, we solve the
quantum mechanical Liouville equation directly for a wide class of
physically important initial distribution functions. We show the effec-
tive expansion parameter is 7Ny where ¥ is a dimensionless atomic dipol:
moment and N is the number of atoms. In the lowest order we find the
self-consistent-field approximation. In the next order, particle-field
correlations appear. We explicitly solve the equations of motion for -
particle-field correlations in terms of the average quantities that apr
in the self-consistent-field approximation. We show the self-consister

field approximation consists of five first-order differential equations.
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Next we show the equations of motion for the density matrix of the system
correct to order (7N7)2 are equivalent to eight first-order differential
equations. The three additional equations are needed to describe the
three second moments of the density matrix of the electromagnetic field
that appear in second order. Our lowest-order microscopic equations are
equivalent to semiphenomenological theories and our higher-order equations
contain only the measurable second-order moments of the electromagnetic
field in addition to the variables that appear in semiphenomenological

theories.

2. "Coherence in a Model of Interacting Radiation and Matter"
Richard H. Picard and Charles R. Willis
Phys. Rev. 139, Al0 (1965)
“ABSTRACT

Some preliminary results of a theoretical investigation of th-
origin of laser coherence properties are presented. A model consisting
of N two-level atoms in a perfect cavity interacting through their dipol-
moments with a single mode of the radiatiop fileld is adopted, and the
resulting many-body problem is made solvable through the introduction of
the self-consistent~field approximation (SCFA). It is shown that the
SCFA is consistent with Glauber's suggestion that an ideal laser might
be in a "coherent state", or pure eigenstate of the positive-frequency
pert of the electric-field operator. A conservation law is derived whirt:
assures the positive dejiniteneés of the field-density operetor, and it i-

shown that Glauber's coherent state is that solution of the SCFA equation:



which minimizes the corresponding constant of the motion. When the SCFA- .

is modified by the Introductlon o¢f particle-field correlations, the con-
servation law is destroyed, and the coherent state is no longer an allowed

solution.

3. "A Model of Interacting Radiation and Matter. II"
Charles R. WillisA
Published in J. Math. Phys. 6, 198l (1965)
ABSTRACT

We extend the investigation of the long time behavior of a
mocel consisting of N two-level atoms interacting with radiation to include
dissipation, pumping, and center of mass motion. We show that when the
effective expansion parameter 7§$ﬁis small, the self-consistent-field
approximation remains ﬁﬁéxégiﬁtion to lowest order in ¥Ny. The inclusion
of the center of mass motion introduces another dimensionless parameter g
into the theory. We show that when this parameter is small the electro~
magnetic field amplitude varies slowly on the fime scale of the center of
mass motion. We solve the equations of motion in this slowly varying
limit by an extension of the Bogoliuboff-Kryloff theory of quasi-linearity
to the problem of time dependent integral kernels. We find the unique
stuble stationary state and show that in the slowly varying limit the
stationary state is approached independent of initial conditions. We
calculate the frequency shift to second order in g. The first order
frequency shift is the same as that calculated by Lamb. We compare our

steady state solution with recent experiments with lasers. We include

the effect of collisions in the steady state.
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4, "Model of Interacting Radiation and Matter. III.

Muliimode Gas Lacers"

Charles R. Willis
J. Math. Phys., in press
ABSTRACT
We e: investigation of the long time behavior of a

model coneisting of N two-level atoms interacting with a single electro-
magnetic cavity mode to include interaction with many cavity modes. We
show that, as a consequence of the coupling between radiation modes pro-
duced by spatial density variations of the population inversion, ihere is

no strictly stationary state possibie for multimode behavior. However,

we obtain a stationary state by neglecting the rapidly oscillating terms.

The steady-state population\ inversion is then a soluticr of an eigen-

value problem. Thre eigenvalue détemimt is a function of t>= number
of modes and the coupling between modes in addition to the v.sual depen-
dence on frequencies ax;d relaxetion times.. We explicitly solve for the

unique eigenvalue in special causes. The corresponding eigeavector gives

tte steady-state mode intensity ratios. The absolute values of the steady-

state intensities are determined by the energy conservation equation

generalized to include punbing and dissipation. We also calculate the
steody-state frequency shifts for each mode. The mode frequency shifts
are practically independent of each other and rave the same functional

form as the single-mode frequency shifts.
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5. | "Mocdels oi' Interacting Radiation and Matter for (Jas Lasers"

tharles R. Willis

Proceedings of the Physics of Quantum Electronics Conference,
to be published
ABSTRACT
We investigate a model of N two-level atoms interacting with

rediation in the presence of dissipution and pumping. First we sh;w that
the self-consistent-field approximation is a solution cf our equations to
lowest order in the dimensionless coupling constant &. The definition of
ais ()Zroke)l/ 2 where W is the number of two-level atoms per unit volume,

r. 1s the classical electron radius, and A\ is the wavelength of the radi-

o
ation. When we consider the center of mass motion we get a second dimen-
sionless constent, B = aﬂnoﬁqb) where mb is the atomic frequency and Wy
is the Doppler width. When p is small t.e electromagnetic field ampli-
tude variec slowly on the time scale of the center of mass motion. We
find & unique stable stationary state and show that it is approached
rapidly, independer of initial conditions. We find solutions of our
equations corresponding to zero auufage fi2ld with the same steady state
anergy density and cavity frequepcy shift as in the svlf-consistents
Fiald aygr@xi&aéiaé;' When pump induced correlations are present, we algo
shod using pv?tdrbatisg theory that the sclutiowof our equations corre-
3p¢nging>t@ 2270 average field have the same Stozady state erergy densily
and esvity f?cquency ghift sz the average fieid theories of Lamb aunl

Haken aad Jausrmanih.




1.

8.

6. "Models of Gas Lasers"

Charles R. Willis

To be published

ABSTRACT
We extend the investigation of a model of I two-level atoms

interacting with radiation in the presence of dissipation and puwmping
to include physical situations where the average fields vznish and where
pump induced correlations are impiriant. The dimensionless dynamical
constant which determines the nature of the soiution is 923 (gb/a;D)eubere
nL is {hﬂ)-l/a(zroke)l/ awO. ? is the number of twb-level atoms per
unit volume, Ty is the classical electron radius, A is the wavelength of
the radiation and ‘hmo is the two-leve. energy difference. The Doppler
frequency @y characterizes the center of mass motion. 1n gas lasers
A << 1 and, consequently, the nonlinear ditferential integrs) equations
whicn dewcrmine the aversge value of the electromagnetic fields reduce
to soluble nonlinear differential equations. We show the reduction of
tl’;«:e; _gquat;ions of motion apply to the operator equa‘ions themselves snd
_%iot Just to the awerage valuez. Consequently, we are able to show that

the steady state properties to & given order in 5 are the same whether

e nwrége rield is taro or nonzero. When the pump indures correla-

tionz betwee, the izi,:f;ilrz#si varinhles anvi the center of mass variadles

of the atem, we ﬁust,. use perturvation theory and our results when the

| average {icld te nongero are eguivalant to the theories of Lasd and

Huaxen fuxd Ss:;uezm. We show that the steady state properties with puwp
induced correlations and average field zero are equivalent to thc resulls




9.

when the average fileld dces not_vanish."Cdnsequently,‘steady;state pheno-
mens such as power dips, mode'pullihg, etc, are present when the average
field vaalshes and hg?é tue same functiocnal dependence es the nonvenishing

cverage field results.

T. | - "Quentum Theory of a Laser Model"
Charles R. Willis
to be published
ABSTRACT

We derive the kinetic equations for the coupled single particle
density matrix p and the electromagnetic density matrix R to lowest order
in the dimensionless coupling constant 32 where 52‘5 (wL/wD)e' The laser
“Trequency w; is (hn)'lje(?Yroxe)l/%no
is tne classical electron radius, A is the

, where 1& is the number of two-level
systems per unit volume, ry
wavelength of the radiation, andﬁih%)is\the twc~-level energy difference.

The Doppler frequency “p characterizgs the center of mass motion. For

gés lasers 52 is much less then one and, concequently, wo generalizevand

use the Bogoliubov derivation of kinetic equations for weak interactions.

' We find soluticas when the avevage field vanishes and which include spons
Laneous emlssion correctly. The single particle density matrix and thé
radiation densi.y matrix are cuupied through thelr second mémen;s. When

we substitute the solution of the gscond moment equations inte the denalty -
matrix equstions, we fi&d that each denzily melrix satisfies &n unccugled
linear equation with known time dependent crofficlents., e intecduce and
nlgcuss dissipation Srom the dersity mairls point of view. vwith'the ase

of ti Junsity matrix formalism ve indicate tha' the corresct espanzion

parapeter for higner order Xinetic equasions e §°.
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fa.rt II —-‘Papers Presented au American Physical Society Meetings
- 1. "Model of Interacting Radiation and Matter"
Charles R. Willis
Bull. Am. Phys. Soc. 9, 399 (1964)
ABSTRACT

We have solved for the lorg-time behavior of a model consisting
of N 2-level atoms in e lossless cavity. The Hamiltonian of our system
contains the radiation oscillators in addition to the matter Hamiltonian
and the usual f J + Adv interaction term. In order to treat the system
perturbatively, it would te necessary to remove the tremendous degeneracy
of the system. Since this is pronibitively c}ifﬁcult, and since we are
interested in the loug-time behavior of the system, we heve solved the
quantum-mechanical Liocuville equation directly for & wide class of physi-
cally important initial-distribution functions. We shox the effective
expansion parameter is 7Ny, where % is a dimensionless atomic-dipole
moment end N 1s the number of atoms. In the lowest order, we find the
self-consistent-field approximaticn. In the next crder, particle-field
ccrrelations appear. We have explicitly solved the equations of motion
for the pa~ticle~field correlations in terms of the average quantities

that appear in the self-consistent-field asquations.

2. "Coharence in & Model of In‘srecting Rediation and Matter"
Richard He Picard and Charles E. Willis
Bull. Am. Phys. Soc. 10, 98 (196
~ Some preliminary results 2f a theoretical investigation of laser
cobersnce propertias cre presenied. A modsl ccnszisting of K 2-level

10



aystems in & perf‘ect eavit:v interacting through their dipole moments with

a single mode of the ‘r&diation fleld *s adc:pted and the result ing many-

bocw problem :ls made aolvable through introduction of the self-conslstent-

| field approximtion (scm) It is shown that the SCFA. is ..onsistent

with Glauber's asawnptione that an ideal laser is in a. "ﬂoharent state",

or pure eigenstate of tbe pcaitive frequency part of the electric-field
operator. A consgrvation law 1s derived that sssures the positive defi
niteness of the field density uperator, and it is shown that Glauber's
state is thet solution uf the SCFA equations that minimizes the corre-
sponding wonstant of the motion. When the SCFA is modified by the intro-
duction of particle~-field correlations, the conservation law is destroyed,
and the coherent state is no longer an allowed solution. Various exten-

sions of the results are ccnsidered briefly.

lC. R. Willis, Puli. Am. Phys. Soc 9, 399 (1964); J. Math. Phys. %, 1241 (1961&).

gh. J. Glmuber, Nye. Rev. 130, 2529 (1963).

3 “Dynumical Coherence Time in o Gas Laser”
| Samuel T, feott awd uha,r}es K. Willl2
Bull. Am. Phrs. Sec. 10, 47 (1965 ).
w«» use an. e-x"en‘iecx selfviunsis ”amy m;,umut te study e dynaml-
‘au, dephasing of the field of a gxs laser caperatim: in a T:‘:.tic»zsm‘y.ﬂzm.ﬂ.

oy vu, uupmse, the uependenue o:‘ the stumdceinversion w;ﬁ‘x‘ wé op the

stomle velecities d¢ orucial. The moded lmhmea_ms“l; vim, wimxzi vy

andd externcl radiziion so'se. We consider the stumic ;;;zaitim gperalors




to be time-dependént_c ﬁﬁmbers and make the rotating-wave approximatiopn
80 that the inferaétiOn Hamiltonian contains only terms on thg "energy
shell"”. We derive the equations of motion for the aﬁcmic-inversian\
operators and for field~cofr@lation operators a+(t)a(t-7) and average
over a factorized iensity matrix, We consider the stationary limit where
'4<af(t)a(t-r):> = C(T) and solve for C(t) self-consistently in terms of
the external pump ard the noise power. C(T) determines the power density
spectrum and a ccmplex frequency shift. The imaginery part cf the fre-
quency shift is just the usual frequency shift, and the real part is the
reciprocal coherence time as measured in a Michelson interferometer. The
noise is shown to contribute negligibly to the frequency shift and coher-
ence time of a gas laser shbove threshold, but causes a small ircrease in

the pumping threshold.
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