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Abstract

In this report a systematic mathematical method is introduced for the
solution of problems involving two coupled modes in a coupled system with
varying parameters. These problems involve systems of linear differential
equations with varying coefficients.

By the use of a linear transformation of the dependent variables and
a double diagonalization process, the coupled mode equations are reduced to
two decoupled Riccati equations. The final form of the general solution is
obtained in terms of four varying coupling coefficients and a transform
parameter,

To illustrate s-me applications of the method, solutions of two special
cases which have been solved previously by other workers are obt ined. The
solutions for a number of special cases, in which the varying coefficients are
specified or interrelated, are also obtained. Further possible applications

are indicated.



Introduction

During the past decade, workers in different branches of Physics and
Engineering have published a considerable amount of material on the applica-
tion of coupled mode theory to various kinds of coupled systems.!-8® As far
as the mathematical theory is concerned, most researchers have considered
only special cases of coupled systems having. constant parameters or slowly
varying parameters.5’7 In the latter case approximate solutions have been
obtained. Recently, in their study of Faraday rotation in a ferrite rod, Huang
and Fan considered the case in which two self-coupling coefficients are equal
and one of the mutual coupling coefficients is equal to the negative-conjugate
of the other.3 This report extends the treatment further to more general case
of varying parameters, and a systematic mathematical method is introduced to
solve the problem of two coupled modes in a coupled system.

In coupled mode theory, the behavior of a coupled system is described in
terms of the normal modes of the uncoupled system. The equations that charac-

terize the behavior of two coupled modes takes the form:

dal
wry = A(z)al + B(Z)az (l-a)
da;
= = C(z)al + D(z)az (1-b)

In these expressions, a, and a; are mode amplitudes of the coupled system, and
A(z), B(z), C(z), and D(z) are mode coupling coefficients which may be any
arbitrary functions of z. By the use of a linear transformation of the depen-
dent variables and a double diagonalization process, we are able to obtain
general solutions of the coupled mode equations in terms of the four varying
parameters A, B, C, D, and a transform parameter hg, which is a particular
solution of a generalized Riccati equation. Since the particular solutions of

the generalized Riccati equation have been widely studied, and numerous results
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are available in the literature of non-linear differential equations,?-!13

general solutions of equations (1) can be obtained for a large number of
special cases. The solutions that we have studied can be applied to many
different types of systems. What is of interest here is that the results are
of such generality that they allow the description and classification of a
wide class of devices in a significant manner.

Further applications of our solutions to the structures of log-periodic
anteanas, traveling wave antennas, and directional couplers are indicated in

the concluding remarks.

I. General Solutions of Coupled-Mcde Equations

This section is devoted to solving the two dimensional coupled-mode equa-
tions by linear transformations of the dependent variables. In order to
simplify the writing, we express the coupled mode equations in matrix form.

Let
a) A(z) B(z)

[a] - (2)

ajz C(z) p(z)

[N}
(]]

Equations (1) in matrix form become
at = [a]a (3)

where the prime denotes differentiation with respect to the independent variable
z. Now, we introduce the following transformation of the dependent variables
in equation (3).11 Let [R] be a continuously differentiable, non-singular

matrix for z; < z < z;. Under the linear change of variables a + g, where
a= [r)z ()

(3) is transformed into

g' = [R)P([a][R) - [R]'%: (5)
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For our purpose, we choose [RJ specifically to be

Adz
St m2 | J 0
S oA [pdz

21 T22 4 <
It is easy to show by matrix algebra that
g = [s]a

where o . -[(A-D)dz
[s;] I e DR T I €
cef (A-D)dz

S21 S22

(6)

(7)

(8)

For a second transformation, let us again assume that [TJ be a continuously

differentiable non-singular matrix in the same range of z as considered in the

first transformation: i.e. z) < z < z,. Under the lin:ar change of dependent

variables g + y, where

g= [Ty

ey

(7) is transformed into
y' = (1] (0sJ[r])- [y
Let us choose [T] specifically to be
[T]-

Then (10) becomes after some mathematical manipulations

1l ti12

t2; 1

§'=[L]§

where

rA
-

)
"
1]

17 132 0 s21t)2

(9)

(10)

(11)

(12)

(13)

t12 and ty} are transform parameters which are particular solutions of the

following differential equations:
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L ]
tio -5 ¢ 521t§2 =0 (l4-a)
v 2 .
Yo 7 %31t 8t B O (14-b)
and s;,, S3) are the matrix elements given specifically in (8).
Since [L] in (13) is a diagonal matrix, solutions for the y's can
easily be found by solving the decoupled differential equations of (12).
They are
. Is12t42
Yy, =¢ ¢ (15-a)
' fszxtlzdz
Y2 = cz e (15‘b)
where c; and c; are constants of integration.
According to transformation (9), we have
fs t,,dz fs t, dz
12721 21712
g, F Y, ttLy,? c; e + c;tlz e (16-a)
' fslthIdz ; fszltlzdz
B2 = t1y; t yy =ty e tc,e (16-b)

Also, from the transformation (4), and the expressions for the g's in (16),

we obtain
e fslthldz . f521t12dz
a, =¢r;, e tcort,, e (17-a)

Islztzxdz ] fszxtlzdz

t,, e + c,r,, e (17-b)

]
a;, = ¢1F22

Using the following transformation of the dependent variables in (1u4),

t h
21 -[uv] ]| (18)
ta hy)
where [U] is given as
u, g - J(A-D)z
. 1, [(A-D)dz (Ie
Y21 Y22 S
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We then obtain from (14)

hy, - (A-D) hy, + Ch}, = B (20-a)
hz, + (A-D) hy; + Bh3, = ¢ (20-b)
Also, (17) becomes under the transformation of (19)
a, = cirll e!slzullhlzdz + c;rlltlz els“uuh21dz (21-a)
s ¥ ol efslzuzzhzxdz S efszxuxxhxzd’ (21-5)

Substituting all the elements of [R] 3 [S] , and [U] specified in (6), (8),

and (19), we finally obtain the general solutions of the coupled mode equations

(1):
. [(A+Bhy )az [(pech ) dz (22-a)
a, =¢c e + coh), e
. [(A+Bhy )z [(Dsch),)dz (22-b)
a, =ch, e t c, e

where h,,and h,, are transform parameters which are particular solutions of the
generalized Riccati equations (20-a) and (2OLb), respectively. It must be
noted that in (22) h,, and h,, should be subject to the condition that

h12h21 - 1 # 0, which follows from the non-singular requirement on transform
matrix [T ] .

Realizing that parameters hlz and th are related through the differential
equations (20), we can further eliminate one of these parameters. It can be
shown that if h, is a particular solution of (20-b), 1/h, will be a particular
solution of (20-a). In order to satisfy the condition that hiphy, - 1 £ o0,
l/ho and h, cannot be used as transform parameters for h,,and h,,, respectively,
at the same time.

Let 1/h, be a particular solution of (20-a). Then by Euler's theorem con-

cerning the generalized Riccati equations (see appendix A), we find that

e —9 _‘mwm - . g
—_—— Fiy



exp [(D-A-2Bhg)dz

hy ¢
/B exp {[(D-A-2Bhj)dz} * dz

is also a particular solution of (20-b). Since the quantity

' exp [ (D-A-2Bh)dz

hy2hpy - 1
ho [B exp {[(D-A-2Bh )dz} - dz

does not vanish in the interval z, < z < z,, in general, 1/h; and the above
expression are appropriate transform parameters for the system (22). The result

of substituting the above particular solutions for the h's in (22-a) is

exp [ (D-A-2Bh )dz

exp f A + B(h_ + ) |-dz
[ 0 B exp{[(D-A-2Bh,)dz} - dz ]

o L}
al-cl

v 1 £
+c) b exp [ (D + ho) dz

= ¢} [] B exp{ [ (D-A-2Bh )dz} - dz]oexp [ (A + Bh)dz

1 C
1] — ——
t ¢ s exp [ (D + ho) dz (23)

From (20-a), it is found that

hi exp [(D + E%)dz = k exp [(A+Bhy)dz (24)
0

where k is an arbitrary constant. Then (23) is reduced to
a, = [El fB exp( f(D-A-2Bh°)dz} o dz + cz]-exp f(A+Bho)dz (25-a)
Similarly, we have
a, ={clh° [ B exp([(D-A-2Bh )dz} - dz + <, exp{[(D-A-2Bh )dz
+ c,hy Jexp [(A+Bh )dz (25-b)

where h, is a transform parameter which is a particular solution of the well-

known generalized Riccati equation (20-b), and ¢,» €, are constants of

integration.



Following the same procedures, we may obtain the solutions in a slightly
different form. They are
a) ={cihy + colhafC exp{f(A-D-2Chg)dz} « dz
+ exp{[(A-D-2Ch,)dz} ] }-expf(D+Cho)dz (26-a)
a, = [cl tec,C exp{f(A-D-2Cho)dz} + dz] expf(D+Ch°)dz (26-b)
where hy is a particular solution of the generalized Riccati equation (20-a),
and ¢, c; are constants of integration.

Our general solutions of the coupled-mode equations have thus been obtained
by three successive linear transformations of dependent variables and a double
diagonalization process. There is a transform parameter involved in our solu-
tions, which is a particular solution of a generalized Riccati equation. The
problem of finding general solutions of the coupled-mode equations is now re-
duced to that of finding a particular solution of a generalized Riccati equation.

The next section will be concerned with a discussion of the generalized
Riccati differential equation. A method of obtaining particular solutions

of the generalized Riccati equation is given in Appendix B.

II. The Generalized Riccati Equation

It is customary to give the name 'generalized Riccati equation" to any
equation of the form dy .
=+ Py + Qy“ = R (27)
where P, Q, and R are given functions of z.

This equation has considerable theoretical importance, since its
solutions are free from movable branci. points and can have only movable
poles.10 It is a special case of the Abel equation. It is supposed that
neither R nor Q is identically zero. If Q = 0, the equation is linear;
if R = 0, the equation is reducible to the linear form by taking l/y as

a new variable,



It has been shown by Euler that, if a particular solution of the genera-
lized Riccati equation is known, the general solution can be obtained by two
quadratures; if two particular solutions are known, the general solution
is obtainable by a single quadrature. And it follows from theorems by
Weyr and Picard that, if three particular solutions are known, the general
solution can be effected without a quadrature.

The equation (27) is easily reduced to a linear equation of the second

order by taking a new dependent variable u defined by the equation

.1 dlog u
Yy =3 i (28)
The equation then becomes
dy 1 dqQ , du _
dzZ+(P-6 3z )a " QRu=0 (29)

Conversely, if in the general linear equation of the second order

d2 d
P == +P) g +Pju=0 (30)

dz?

(where P, Py, P, are given functions of z), one may write

u = enydz (31)

From which the equation defining y becomes

"o
o

dQ gt
iz )y + Qyé = 2 (32)

which is of the same type as (27). The complete equivalence of the generalized

Riccati equation witlh linear equation of the second order is consequently
established.
In the following sections, we will apply our method to a number of

special cases for which solutions have been previously established by other

workers.

a— ~
- — i 7 T G A e T T
- )



III. Uniform Coupling of Two Lossless Modes of Propagation

Consider two waves with time dependence ej"’t which are weakly coupled.

It can be shown that the coupled-mode equations for this situation are

dal L

'-a-i- s - jBlal + Clzlz (33-3)
da2

Iz ° €218, - 18,3, (33-b)

The ¢,, and ¢,, are the mutual coupling coefficients per unit length. The

12 21

ccupling is assumed uniform over the length of the coupler, so that c,, and

c,, are independent of z. The modes are assumed lossless. For this case,

the matrix elements of [A] are constants. Let

A(z) B(z) -iB8 C
2 2
[a] - = o (34)
c(z) D(z) c,, -8,
where 81, 82, ¢y,» and c¢,, are independent of z.
From (34), (20-b) becomes
. - 2 -
h' - j(8, 82) h+e,,h% = ¢y (35)
A particular solution of (35) can easily be found to be
] ]
hy = - 2 tan Bbz+j-c—‘-i-— (36)
12 12
where
B,-8
_ 172
and
= 2
B = v/ By? +©),C5, (38)



10

Substituting (36) in (25) leads to

-c12 —]Baz
a, = [cl( Bb ) sin Bbz + c,cos Bbz] e (39-a)
( ) ( % % RS (39-b)
c+c-—— sin B,z - (¢, — + ¢, — cosBz]e 39-b
[ 1 2 O b 1 Bb 2 |, b
where 81 o 82
Ba ST (40)

Equations (39) can be rewritten in a different form

-iv,2 -3v,2
a, = A1 e + Az e (41-a)
1 v,z -1v,2
a, = 3°12 [(711-8 ) A, e + (72+81) A, e ] (41-b)
where
y, = 8, * 8 (42-a)
and

Here Y, and Y, are normal mode propagation constants and Al’ A, are arbitrary

constants.

These solutions agree with those obtianed by other methods.

IV. Coupled-Mode Description of Guided Wave Propagation through a Ferrite Rod

A general set of coupled mode equations for wave propagation in a wave-
guide partially filled with a gyromagnetic medium has been derived by Huang

and Fan. They are

dae
-a'E- s - Keeae = Keoao (43-a)
dao
Tz = foe?e T Koo Lons
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Also

Kee(z) = Koo(z) (44-a)
Keo(z) = - Koe(z) (4u4-b)

where the K's are varying mode coupling coefficients.

In order to solve this set of equations, we write

A(z) B(z) -Kee(Z) Keo(z)
[AJ = = ('45)
c(z) D(z) Keo(z) -Kee(z)
Then (20-b) becomes
' 2 .
h' - Keo(h +1) =0 (46)

It is easy to show that a particular solution of (46) is

h, = tan / Kgo 92 (47)

Substituting h, in (25), we obtain the general solutions of (43):

a, [cl f (-Keo) exp { f 2Keo tan(f Keodz) dz} . dz + cz]

* exp [- / {Kee - K otan( IKeo dz)} -dz]

[- <, fKeosecz( fKeodz)dz-r c2] * cos( [ Keodz) « exp(-[ Koed2)

[- cltan(fKeodz) +c2].cos(fKe°dz) + exp(- | Keedz)
[- c, sin( /l(eodz) + ¢, cos( fKeodz)] « exp(- [ Keedz)

4 -f(k ik Ddz d,  -[(K -iK_ )dz
— e +— e (48-a)
2 /2

p——
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[
"

[— c, tan?( [K_dz)+ c, sec?([K, dz)

+ ¢, tan( fKeodz)] . cos(fKeodz) . exp(-f KeedZ)

[c1 cos( IKeodz) tc, sin(fKeodz)] . exp(-/Keedz)

(48-b)

e

.——e -

j [ dy -[(k  +3K, )z 4 -J(K, - 3K, )dz ]
2 2

where o:l1 and d, are arbitrary constants. These expressions agree with the

solutions given in Reference 3.

V. Case (i)

Here we consider the situation in which

A(z) = D(2) (49-a)

and

B(z) = C(z). (49-b)

For this special case, the generalized Riccati equation (20-b) becomes

h' + B(h2-1) = 0 (50)
A particular solution of (50) is
h, = coth [ Bdz (51)

0

The solutions which follow are then

[+1)
"

[clfB exp{ [- 2B coth( [Bdz) dz} - dz + cz]

+ exp [ {A + B coth( [ Bdz)} -dz

<, J Besch?( [ Bdz)dz + cz]-(sinhf Bdz) + exp( [ Adz)
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( - clcosh] Bdz + czsinh[de) exp( [ Adz)

[(A+B)dz J(A-B)dz
d, e td, e (52-a)

= {c, coth?( [ Bdz) + < sech?( [ Bdz) + c, coth( [ Bdz)}
* (sinh [ Bdz) « exp( [Adz)

[(A+B)dz [(A-B)dz
= d2 e + dz e (52-b)

*
If B(z) and C(z) are purely imaginary, then B(z) = - C (z). This situation

represents a passive coupling mechanism in the coupled-mode of propagation.

VI. Case (ii)

Case (ii) deals with the situation in which

A(z) = § [8(2) + uyn(2)] (53-a)

D(z) = j [S(z) - uzn(z)] (53-b)
And

B(z) = C(z) = juan(z) (53-¢)

where B(z) and n(z) are any arbitrary function of z and Mps Mys M, are

arbitrary constants. Substitution of (53) in (20-b) yields
h' + 3(u;+u,) n(z) h + Juy n(z) K2 = Ju, n(2) (54)

A particular solution of (54) is

hg =3 /14 (P? tan(u /' 1+ (? [ n(2)da) - 3 (55)

T 1 — - - g - .
o Wm . = ’w‘
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The results obtained by substituting of (55) into (25) are

a, = [clcosx [ n(z)dz + c,{j sinx [ n(z)dz + % cosh [ q(z)dz{]
ll‘l-lz
v exp 3 [ (B(z) + ——n(2)} + dz (56-a)
a, = [cl j{sinx [ n(z)dz - % cosA [ n(z)dz}
S
+ c,cosd [ n(z)dz ] - exp j [ (B(2) ¢ 5 g(z)} -+ dz (56-b)
where
Uyt
2 17F2 2
X:/u3+(—2 ) (5.7)
*
When My is real, we have the condition B(z) = - C (z). This is the passive

coupling case in which the group velocities of the waves are in the same

direction.

VII. Case (iii)

Here we consider A, B, C, and D to be related in the following manner:

A(z) = j [8(2) + "1"(2)] (58-a)
D(z) = § [8(2) - u,n(2)] (58-b)
c(z) = - B(z) = juan(z) (58-c)

For this situation, the particular solution of (20-b) can be found to

be

hg = -3 7 (P31 tamh uy /(N1 [ n(z)az + 5 (59)

TR OIS Ay ol T 0 -~ ”WW Sresra— -
T e e 7 b E -
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The general solutions for a, and a, are then

a, = [clcosh x [ n(z)dz + c,{jsinh « [ n(z)dz + %-cosh k [ n(z)dz)
ul'uZ
« exp J(uytn,) [ n(z)dz] s exp 3 [ (B(2) + L2 n(2))az (60-a)
a, = [cl{jsinh « [ n(z)dz - %cosh x [ r(z)dz
t+ c,{cosh « [ n(z)dz} « exp JCu,tu,) / n(z)dz]
Uy~u
. exp j f (B(z) + 12 2 n(z)}dz (60-b)
where
Uy tu, 2
K = /( 12 2) - u32 (61-a)
U, tu
ve 2 (61-b)

L

®
If C(z) and B(z) are purely imaginary, C(z) = B (z). This is the active
coupling case in which the group velocities for the two waves are in opposite

directions,

VIII. Case (iv)

In this case we consider the relations
A(z) = D(2) (62-a)
B(z) = ¥ c(2) (62-b)
The approximation (62-a) is a fundamental assumption commonly made when treat-

ing a pair of weakly coupled modes. Under this assumption, we will neglect

the second term, which is small compared wiih others, in the generalized

Riccati equation.

N W A S, | ——— - >~ = - - —
w -
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Thus (20-b) becoumes
i
h' ¢+ B(z) h2 = t B(2) (63)
h, = tan [ Bdz (64)

The expression (64) is a particular solution of (63) taking the positive sign,

and

h, = coth f Bdz (65)

is a particular solution of (63) corresponding to the negative sign. On
substitution of these particular solutions in (22), we obtain approximate
solutions for a; and a,.

With the upper sign in (62-b), we have
a, ={ -¢, [f {Bexp [ (D-A)az} - dz] cosh [ Bdz + c,sinh / de}

+ exp [ A dz (66-a)

a, ={cl{ [I{Bexp f (D-A)dz} . dz] cothz(f Bdz)

+ exp [ (A-D)dz + sech? ([ Bdz) }- sinh [ Bdz + ¢, cosh / de}exp [ Adz

(66-b)
With the lower sign in (62-b), we have
a, ={cl [f {Bexp [ (D-A)dz} « dz ] sin [ Bdz + c, cos [ de}
- « exp | Adz (67-a)
a, ={{cl(-[f { Bexp [ (D-A)dz} - dz] tan2 [ Bdz + exp [ (A-D)dz
- sec? [ Bdz }- cos [ Bdz - c,sin | Bdz }- exp [ Adz (67-b)
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IX. Concluding Remarks

A systematic method has been introduced to obtain solutions of the twno
dimensional coupled-mode equations with varying coefficients. Some special
cases for which solutions are already known have been given to illustrate the
application of our method. The solutions of sections V-VIII may be applied
to physicel problems: e.g. directional couplers, microwave antennas, etc.

The coupled-mode theory of propagation has been applied by R. A, Sigelmann
and D, K. Reynolds in their study of a traveling wave antenna with broad band-
width.® Because of the systematic method of solving the coupled-mode equations
developed here, it may be possible to find solutions for the log-periodic
structure by the coupled mode approach.

It is also anticipated that the coupled mode theory as applied to propaga-
tion problems will have further application in the design of broadband

directional couplers in which the coupling mechanism is of the log-periodic type.

B - mm
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Appendix A

Euler's Theorem Concerning the Generalized Riccati Equation:

It has been shown by Euler that, if a particular solution of the
generalized Riccati equation is known, the general solution can be obtained
by two quadratures.

To prove the result, let y, be a particular solution of
%“Py*Qyz:R (A"l)

and write y = y, ¢+ %5 The equation in v is

d
3‘21-(P+2Qy0)v+o=o (A-2)

of which the solution is
v exp{ - f(P + QQyo)dz) - f Q expf - f(P + 2Qy°)dz} e+ dz =0 (A-3)

and, since b = Gﬁiﬂ) » the truth of the theorem is manifest.
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Appendix B

Particular Solutions of the Generalized Riccati Equation

Sometimes one or more particular solutions can be found by inspection

or by a lucky guess. More formal procedures apply in dertain cases.

I. The form of the generalized Riccati equation is

y' = £(x) + g(x)y + h(x)y? (B-1)

Let y = u(x)/h(x) and (B-1) is converted into

where F(x) = f(x)h(x); G(x) = g(x) +

u' = F(x) + G(x)u + u? (B-2)

h'

T If both F(x) and G(x) are

polynomials. See Sections (a), (b), (c) in turn. If f(x), g(x), and

h(x) are polynomials, it will not necessarily be true that G(x) is a

polynomial, hence the methods of those sections may not apply; see, how-

ever, Section (d) for a possible procedure.

(a) The equation becomes

u'(x) = F(x) + u? (B-3)

and F(x) is a polynomial with G(x) = 0. There are two possibilities.

(i)

(ii)

The degree of F(x) is odd. There is no polynomial solution of
(B-3); hence, none of (B-1).

The degree of F(x) is even. Two possible po’ynomial solutions may
exist. To find them, first note that if P(x) were a polynomial of

even degree 2n, then ¥ P(x) could be expanded in series of the form.

by b
P(X) = a Xn + a xn-l 4 **00 4 g § —— g — 00

Perform such an expansion on ¥ - F(x) but stop the calculation with

the constant term. Call this result X(x); it is a polynomial of

degree n, if F(x) is of degree 2n. The coefficients in the



(b)

(c)
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polynomial could be found by a simple modification of the square-
root extraction method of elementary algebra, by the undetermined
coefficients, or by expansion in a Maclaurin series.

If the differential equation has special polynomial solutions,

they are given by
u = ¥ X(x)

Test both of them, for both, one, or neither may satisfy the differen-
tial equation. If neither is a solution of (B-3), there are no

polynomial solutions of (B-3) and hence none of (B-1).

G(x)
2

where UH(x) + G2(x) = UF(x) + 26'(x). The equation in w(x) is similar

G(x) # 0. Let u = w(x) - and (B-2) becomes w2(x) = H(x) + w

to (B-3); hence, with slight modifications the procedure is very much

like that in (a). Calculate
Q(x) = G2 - uF - 2G'

There are two cases.

(i) The degree of Q(x) is odd. There is no polynomial solution of

either (b-2) or (B-1).

(ii) The degree of Q(x) is even. Expand ¥ Q(x) as in (a) again, stop-

ping with constant term and call the resulting polynomial X(x).
There are two possible polynomial solutions of (B-2)

(Gt X
2

us=s -
Test both, for neither may satisfy the differential equation,
see (c).
Q(x) is a constant. This is the necessary and sufficient condition

that both solutions of (b) satisfy the differential equation. There

are two cases.



(d)

(i)

(il
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X(x) = k # 0. Introduce a new variable with the relation
. (G¢k) R 1
2 v

so that (B-2) becomes

vi(x) =1+ kv

It is separable with solution v = cekx + %-and the corresponding
solution of (B-2) is
(G+k) kx 1.1
= -5+t (ce™ + )

Two special polynomial solutions of it result with ¢ = 0, =,
) X(x) = k = 0. The equation in v(x) becomes v'(x) + 1 = 0, which

is separable, with solution v + x = ¢. The solution of (B-2) is

u:-g-i
2 c-x
Polynomial coefficients:
Suppose that (B-1) has the form
¢(x)y' = £(x) + g(x)y + h(x)y? (B-4)

where all of the coefficients are polynomials. Assume it to have a
special polynomial solution y, = R{x) and use a new variable y = u + y,
so that it becomes

#(x)u' = F(x)u + h(x)u?

where F(x) = g(x) + 2h(x)R(x). If there is a polynomial solution of

(B-4), having the form u = (x-a)m, m > 1 then ¢(x) will also contain
a factor (x-a). This property restricts the possible types of poly-

nomial solutions. Unlike the previous cases, where only two possible
polynomials may exist, the more general solution can have a larger

number of such solutions. See (e) for further discustion of this case.



II.

(e)
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Several polynomial solutions
Given (B-4), any specified number of polynomial solutions can be
constructed. The general solution can be taken as

cf(x) + fy(x)
Y 5 S v £,00) °

If £,f, - f,f; # 0, then (B-1) can be written in the form of (B-u4)
14 2°3
with ¢(x) = £,f, - £,F4; £(x) = £,f," - £,'F,; g(x) = f,f,' - f,f,
+ f“fl’ = flf“'; h(X) = f3f“' = f“f3’.
Now suppose that the fi(x) are polynomials. Select fl(x) = 03

choose any polynomials desired as f}x) and f (x). Assign n special

values c;, Cy, *°°, <, to the arbitrary constant and require that
fz(X) = (C1f3 + f“) (sza + fq) Ol OO (Cnf3 + fu)

The differential equation (B-4) will have (n+l) polynomial solutions,

f:2
y=0 and y, = —e—pr 1= Qs 2, 222 5 n
i e fqtf, Lhat* k.

The special solution y = 0 can be avoided and (n+l) special solutions
retained if the variables are transformed with the relation
u(x) = g(x) + P(x) where P(x) is any polynomial.

The considerations of this section could be very helpful in construct-

ing an equation with a predetermined number of polynomial solutions.

The following properties of the generalized Riccati equation sometimes

apply in attempting to solve it.

(a)

Removal of the linear term
The result, which is similar to (B-3) can be achieved in three
different ways. It might then be treated as in I, but see also (b)

for a special case.

— e T G A — N
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(i) Letys= u(x)e°(X), ¢(x) = f g(x)dx and (B-1) becomes

u'(x) = F(x) + G(x)u? (B-5)

where F(x) = f(x)e-¢(X), G(x) = h(x)e°(X).

(ii) Lety =u - v(x), vix) = 2h(:) . If g, h are differentiable and

h(x) # 0, the result is again like (B-5) but now with

F(x) = f +v' - u: ;3 G(x) = h(x) .
(iii) Let y = u(z) e¢(X); ¢(x) = f g(x)dx; z = - f hebdx. In this case
(B-1) becomes
u'(z) = F(z) - u?(z) (B-6)
with F(z)h(z) = - £(z) e 2*

(b) Relation between the coefficients when certain relations exist between
the coefficient of (B-1) its solution may be easy to obtain.

(i) Look for two constants a, b with |a| + |b| > 0 so that
a?f + abg + b2h = 0

If a = 0, then f(x) = 0 and the equation is linear. If a # 0,
then y, = b/a is a particular solution of (B-1). A simple case
arises if f + g + h = 0, for then a = b = 1 and y, = 1.

(ii) Use @)to remove the linear term in (B-1). Then if F(x) is prop.r-
tional to G(x) in (B-5), the result is separable. In the original
variable and functions the requirement is £(x) = A2h(x)[exp(2 g(x)dx)
where A is a constant for proportionality. The solution of (B-1)

is then

y=/itan(f/Fhax+C);  fn>0

if fh < 0, replace tan by tanh and insert a minus sign under both

radicals.
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(iii) Assume that a special solution of (B-1) exists so that
thy, = X(x) - g(x)
where X(x) is determined from the relation
£(x) = hy,2 - X(x)y, +vy,'

The last equation imposes a severe restriction on the form
of f(x) but if it is satisfied, y, can be found. A few

cases that might be tested are

X =0, 4f = g2/h - 2(g/h)' ;

X=-h'/h, Uf= 2(%)" - 2(g/h)' - h(1/h)'2 + g2/h ;
X=g-2/VFfh, 2 =47/ fh+ £'/F - £'/h .

III. If all the tests in I and II fail, transform the equation into one of

second order. Change the dependent variable by the transformation
yh(x) u(x) + u'(x) = 0; n U(x) + [ yh(x)dx = 0

The result i

u"(x) + P(x)u' + Q(x)u = 0

where p(x) = - (g + h'/h), Q(x) = f(x)h(x). It is linear and of second
order. Such equations have been studied extensively and this may be the
most suitable procedure unless the given first-order equation has some
special property.

IV. There are fourteen transforms listed below in pairs for solving a certcin
class of Riccati's equation.16 The intermediate steps dealing with
transforms and solutions of these equations are avoided. However, it
is appropriate to cite the first case of the transforms listed below

to explain the intermediate steps omitted. Take transform 1,

y = z/(Pz + Qz'). (B-7)
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Substitute this into a generalized Riccati's equation,
y' = alx)y + B(x)y? + y(x) (B-8)

where a, B and y are undetermined variable coefficients and only a can
become zero, typical of Riccati's class of equations.

Substitute (B-8) into (B-7)
Qz'2 - P'z2 - (Q'2' + Qz")z + (Pz + Qz')az + Bz2
= (Pz + Qz' + 2PQzz') (B-9)

There are four places where 22 appears on the other hand, there are two
places where z'2 appears. The key idea is to eliminate terms z2 and

z'2 in (B-9), thus degenerate (B-9) into a first-order linear differential
equation. Because z'2 appears in two places, the unique choice for y(x)

is made first,

y(x) = 6(%5:7 (B-10)

The coefficients for zZ are collected to specify a(x) and B(x),

2
-P'+aP+B-%O. (B-11)

Note that there are three ways of specifying while retaining (B-8) in

Riccati's class of equations. If

az=0 (B-12)
then
B =P' + 2-2- (B-13)
T
If
a = % (B-14)
then
B' = P' . (B-15)
If
a= (logeP)' (B-16)

24 = ‘ = NN © ey
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then

P2

9 (B-17)

B

Judging from t.ese developments, it is quite obvious that a transform

of type 2!

Y * P2+ Q2" (B-18)
does not solve a Riccati's equation. If (B-18) is substituted in (B-8),
there is only one place where 22 appears. This forces P to zero to
eliminate the term of z2. If P is zero in (B-18), y is not related to
another variable z. Following the above steps, the transforms listed
below are obtained and may be applied for exact solutions for a certain
class of Riccati's non-linear differential equations. Only fourteen
transforms in pairs are listed below but it is possible to find many more

transforms in pairs.

Transform 1:

Z

Y *pz+ 0z (B-19)
solves
2
y' o+ (P! 4 %T)Y % %. (B-20)
] _Pl 1,2 - l -
g et P'y 9 (B-21)
[} + (10 P)! + _Y_.Pz 2 = l (B 22)
y 8e y Q o .
Transform 2:
- (P2t Qe) (B-23)
solves
2 2
P Ay )
y' *73 P' + 9 (B-24)
2
r 21 L - -
y 3o P' (B-25)
, , 2 _ pZ
y' - (log P)'y + %o = - (B-26)
-'v‘\w\",_‘f .-
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Transform 3:

_ z
Y = 2+ PQz'
solves
'C[B(x) - =]y + B(x)y? = =
y PQ Y© % %0

where B(x) is any arbitrary function of x.

Transform 4:

_(z + PQz'")
y = z

solves

' 1 ch
y' + [y(x) - 561y + %6 = y(x)

where y(x) is any arbitrary function of x.

Transform 5:

- PQz
Y=z o+ @0

solves

e Q7 g
02

y' + %z_', (Q-l)vy2 =P

2
y' - (logeQ)'y f B p
Q2

Transform 6:

_ (Pz + Qz')
- PQz

solves

y' + (log,Q)'y + Py? = 2

(B-27)

(B-28)

(B-29)

(B-30)

(B-31)

(B-32)

(B-33)

(B-34)

(B-35)

(B-36)

(B-37)

(B-38)

- . ——

& o e P — - -y ;__:'wpq_——w:“
" | - o I N
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Transform 7:
z

Y = TFaz + z1)

solves

LT S

y' + [(PQ)2 + (PQ)']y2 =1
y' + PQy + (PQ)'y2 =1
y' + [log PQl'y + (PQ)2y2 =1

Transform 8:

71 (PQz ; z')

solves

y' +y2 = (PQ)2 + (PQ)'
y' - PQy + y2 = (PQ)'
y' - [logePQ]' + y2 = (PQ)?

Transform 9:

- Pz
Y = TPz + Gz")

solves

y' - [B(x) - %] y + B(x) y? =

Folke

where B(x) is any arbitrary function of x.

Transform 10:
(Pz + Qz')
y:—_—o_

Pz
solves
2
y' + [y(x) - 5 y + Py~ . y(x)
Q Q
. where y(x) is any arbitrary function of x.

(B-39)

(B-40)

(B4))

(B-42)

(B43)

(B-4u)

(B-u45)

(B-u46)

(B-u7)

(B-48)

(B-u49)

(B-50)
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Transform 1ll:

- Qz
Y = TPz + Qz")
solves
y' + {log, (£ + £ - LEE )y 4 g0y =1

where 8(x) is any arbitrary function of x.

Transform 12:
_ (Pz + Qz')
y = Qz

solves

P
y' -(g+ (log, g—]' & ;(X)

}y +y2 = (x)

where y(x) is any arbitrary function of x.

Transform 13:

. __PQz
" (z+ z")

solves

y' o+ [%4» (’r%)'] y2 = PQ
' 1.y .2
y' +y + (§6) yé¢ = PQ

2
y' - (logePQ)' y + %6 = PQ

Transform 1lu:

_(z+ 2')
- T PQz

solves

1
y' + PQy? = [-,%+ (Gg)')
y' -y + PQy? = (-lJ'
PQ

y' + (logePQ)'y + PQy? = 56

- :'———-ﬂ-uw—-—ﬂ,{j

(B-51)

(B-52)

(B-53)

(B-54)

(B-55)

(B-56)

(B-57)

(B-58)

(B-59)

(B-60)

(B-61)

(B-62)



30

V. A Table of Solutions of Riccati's Equations.

Tabulated exact solution of y'(x) + P(x)y(x) + Q(x)y (x) = R(x)

A particular solution Required interrelationship
(1) a e-dex R = a2Q e-2dex
(1) —L R=—F
Jadx + b Jodx + b
. P
(ii1) [Rdx + ¢ Q= - ———
fRdx +c
P Pys
(iv) - ) R = - (6)
v) 3 Q= (D)
/ R N X
(vi) / 6 P=- (2n / 6)'

o~/ (P-2Q)dx _fpe-f(P-i’Q)dx e
(vii) R
o~/ (P-20)dx +!Pe-—f(P-2Q)dx -

"
o
|
o

+a

fpe-f(PnQ)dx dx +b - o] (P+20)dx

(viii) R
!Pe-f(P+2Q)dx -[(P+20)ax

Q+P

dx+b+ e

NOTE: a, b, c are arbitrary constants.

These eight table entries represent a great number of specialized cases.
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