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ABSTRACT

The propagation of near-failure, soft-fronted stress waves in 5-foot-long, 1-inch-
diameter, unconstrained rods of dry 20-30 Ottawa sand is studied. The input is
created by a shock tube, modified to yield soft-fronted, long-duration, air-
pressure loadings. Primary data are displacement-time histories from seven sta-
tions along the rod, read by light-sensing gages designed for negligible inertia
and friction; secondary data are stress-time histories at the input and the rig-
idly held reaction ends. Static, dynamic, and additional static triaxial data
are given. Variables are applied ambient stress and sand density. From findings
that the material is strain-rate insensitive and follows Coulomb's failure law at
subfailure stresses, the following observations of wave-propagation parameters
for above-seismic stresses and a specific material condition have been made: (1)
wave and particle velocities depend on the one-half power of ambient stress; (2)
all cnergy densities depend on the first power of ambient stress; and (3) energy
partitioning and reflection are independent of ambient stress. Effects of density
on wave-preopagation parameters for the sand and the variables studied are that (1)
all increase with increasing density, (2) some are specifically linear on density,
and all can be taken as such for engineering purposes, and (3) waveform parameters
are much less sensitive to small errors in density than are static parameters.
Also shown: (1) reflections of stress from rigid boundaries can be estimated for
nonlinear materials; and (2) correlation between seismic velocity and triaxial
strength exists, provided there is a power-function relationship between seismic
velocity and ambient stress and the material follows Coulomb's law.
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SECTION I
INTRODUCTION

1. Statement of Problem.

For many years there has been intensive interest in determining the dy-
namic properties of soils and in predicting the form of a given input wave after
it has propagated a distance through a soil of known dynamic properties. The
most urgent interest has been generated by the need to defend against nuclear
blasts, but also of pertinent interest to engineers are vibrating machinery and
structures, earthquake effects, blasting and blast-induced excavation, and high-
speed subsurface penetration. The problem to be solved is essentially the same
in all cases and may be stated concisely as follows: given the soil properties
and the input function, predict the waveform and its effect at a specified point
in gpace and time. Thus it is necessary to determine the following: (1) the
effects of soil properties; (2) the effects of the input function; (3) the meth-
od of predicting the waveform; and (4) the method of predicting the effects of
the waveform for the particular engineering situation.

Experimental studies that measure the effects of ambient stress, stress
and strain level, and soil condition were required to determine the first two--
the effects of soil properties and input function. To establish the last two--
methods of predicting the waveform and its effects--theoretical studies that
adequately consider the effects of soil properties and problem geometry and that
include soil-structure interaction effects pertinent to the particular situation
were required.

2. Scope of Study.

In this stuéy pertinent elements of wave-propagation theory and the dy-
namic properties of soils were sumarized. The theory of plastic waves was ex-
tended in order to develop general methods for the analysis of strain-rate-
insensitive but constitutively unique materials. In this extension it was as-
sumed that the wave velocities depend only on material properties, expressed by
the mass density and the shape of the stress-strain curve.

Experimental devices and techniques were developed so that both static
and dynamic experiments could be performed on long, slender, unconstrained rods
of sand. The wave-propagation experiments were designed mainly around the con-
cept of using displacement rather than stress measurements. Soil-property and
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wavo-propagation experiments were performed on the long rods, and the static
tests were augmented by standard static triaxial tests. The static and dynamic
test results were compared on the basis of their stress-strain curves to deter-
mine the effects of stress condition and sand properties on the wave-propagation

parameters.

As an engineering simplification, the concept of a material following
Coulomb's failure law at subfailure stresses was introduced. For such sub-
failure coulombic (SFC) materials, simplifications in wave-propagation theory
were possible. In addition, for such SFC materials some general laws of the de-
pendence of waveform parameters on stress condition were established. For the
sand used in the study, some specific empirical relationships of the dependence
of waveform parameters on material properties were developed.

Stress reflections from a rigid interface were studied by using energy-
density and energy-partitioning concepts.

Finally, the possibility and the conditions of a correlation between
seismic velocity and static triaxial parameters are presented.



SECTION II
REVIEW OF LITERATURE

1. Wave-Propagation Laws.

a. Continuity and .fotion Equations.

Two basic laws govern any continuum; they are the conservation of
mass and the equality of applied force and time-rate change of momentum. These
laws are usually expressed in the form of the equation of continuity

do,, M (1)
J
where
p = mass density
ﬁi = particle velocity in i-th direction
t = time variable
X. = space coordinate in j-th direction

and the equation of motion

80. . 32y,
=p

9X.

where
o.. = stress on i-th plane in j-th direction

1]

u;, = i-th component of displacement

In these general laws body forces have been neglected and no assumptions have
been made for either geometry or material properties. For the problem of this
study, which involves transient waves traveling in a long rod that is wuncon-
strained in the lateral direction, considerable simplification can be achieved.
The exact solution, even for an ideally elastic material, is extremely difficult.
If there were no lateral deformations, owing either to constraint or to the rod
having a Poisson's ratio of zero, the rod would be constrained. Although the
mathematics for the constrained case are quite simple, the experimental tech-
niques of achieving a constrained condition are overwhelming. Classical
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theoretical developments of the elastic problem (Ref. 1) ignore the dynamic ef-
fects of the lateral deformations (Poisson's effect) for the unconstrained case

to achieve rather simple linear solutions. The theoretical developments to fol-
low will also implicitly assume the mathematics of constrained geometry. Inso-
far as possible the errors involved in this assumption will be assessed in com-
parison with experimental results from unconstrained rods.

With this assumption of one-dimensional geometry there are no lat-
eral kinematics. If caly an axial compressive stress is applied, the equations
of the governing laws simplify to

d du
a% +p X =0 (3)
where
u = axial-particle velocity
= axial coordinate
and
a0 32y
=0 — (4)
at?
where
o = axial stress
u = axial-particle displacement

The subscripts have been dropped with the understanding that only axial (x) com-

ponents are to be considered. For this one-dimensional case the axial strain (¢)

may be defined as

e =N (5)

. 2 y
de _ 9°u _ du (6)

3t axat ax
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Substitution of this result into Eq. (3) simply leads to the definition of natu-
ral strain (Ref. 2) on the assumption of negligible area change, and forecasts
numerical errors only if the unit strains considered exceed perhaps 0.20. Such
unit strains are not anticipated; therefore the equation of continuity may be
taken in the form of either Eq. (3) or (5).

b. Constitutive Relationships.

To interpret Eq. (4), it is necessary to have some constitutive re-
lationship between the variables stress and displacement. In view of Eq. (5), a
stress-strain curve would serve this purpose exactly. The stress-strain curve
for soil is not necessarily unique; stress is in general a function of strain,
strain rate, and previous history. Some simplifications can, however, be made
for the experiments to be studied. First, consider only first-loading cycles so
that the effects of previous history become trivial. Second, assume that the
material is comstitutively unique; that is, any two of the variables stress,
strain, or strain rate will uniquely determine the third to define & unique con-
stitutive point. Finally, assume that the sand to be studied is strain-rate-
insensitive (based on data from the literature cited later in this section and
on the results of the experiments to be reported). Then the stress-strain curve
is unique (as shown in Fig. 1) and may be expressed in the general form

g = op (¢) (7)

where

°p = plastic stress (at specific strain, ep)

If either the stress % or the strain € is specified, the other is uniquely
fixed by the constitutive point on the stress-strain curve. For the same point

the tangent or plastic modulus (Ep) is:

= (8)

is also uniquely defined; for a specified constitutive point, therefore, the
stress, strain, wnd plastic modulus are uniquely determined and may be treated
as (empirical) constants for that specified point.
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Axial stress, o

€ Strain, ¢

Figure 1. General stress-strain curve for conditions of single loading,
constitutive uniqueness, and strain-rate insensitivity
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c. One-Dimensional Wave Propagation.

With these simplifications, it is permissible to operate on Eq. (7),
utilizing Eqs. (5) and (8) for a specified constitutive point

dop %% ¥ _ L o 5
X Ep 90X p 3)(2

When substituted into Eq. (4) and rearranged, the result is

E . 2
_p 3‘u _ 3‘u (10)
Pax2  »st2

Equation (10) is the general equation governing one-dimensional wave propagation.
An explicit solution is not generally pos<ible (exception: the elastic case dis-
cussed later), although it is possible to operate on the equation in order to de-
duce the form to which a solution must conform. This is done by asswning that
the plastic-wave velocitv (cp) at which the wave travels

- X
C, =3t (11)

depends uniquely on the constitutive properties of the material. This is the
basic assumption of plastic-wave theory. By making certain functional substitu-
tions, it is possible to operate (Ref. 3) on the second-order partials in

Eq. (10) to deduce that each specific stress, °p (or its corresponding strain, ep)
travels at a specific and unique wave velocity

ER
c, = \/ 5 (12)

For soils in the unconstrained geometry the plastic modulus (Ep) decreases with
increasing strain; therefore the wave velocity must also decrease with increasing
strain. This means that a stress wave in an unconstrained rod of soil will be-
come progressively softened because the low-stress components will tend to outrun

the high-stress components.
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d. Particle Velocity.

In the above a relationship was established between the constitu-
tive properties of a plastic material and the velocity at which a wave will prop-
agate through a rod of that material. Each element or particle in the rod will
travel at a slower velocity, relatable to constitutive properties.

Because plane-transverse sections are assumed to remain plane
throughout this work, a particle may be thought of as a thin wafer transverse to
the long axis of the rod. This wafer concept is utilized in designing and inter-
preting the experiments that are described later.

The kinematics of a particle can be described in terms of any or all
of the three fundamental quantities--displacement, velocity, or acceleration. It
is simplest here to use the plastic-particle velocity (vp), which is defined in
general as

_ ou
V. = 3t (13)

If Eqs. (12), (11), (5), and (13) are substitiuited into the basic Eq. (10), the
results simplify to

oV
= £ (14)
C
39
PR,

For a given plastic- and strain-rate-insensitive material, cp being uniquely re-
lated to strain, the equation may be treated as an ordinary differential and

P
'U'p tj, desp (15)
o

e. Energy Relationships.

integrated to yield

Consider a rod in which a wave is traveling. Select some point x
that lies in the swarm of the wave. At a given time the stress at point x will
be some value O and this stress will be moving across point x with a wave



velocity cp given by Eq. (12). According to the uniqueness of the stress-strain
curve (Fig. 1) the strain will have a corresponding value e In addition, the
wafer or thin lamina at x will be in motion at a particle velocity given by

Eq. (15).

In the process of being strained, the wafer at point x has consumed
some potential energy. From the unique stress-strain curve given in Figure 1,
either the stress or strain is uniquely defined if the other is specified; there-

fore the plastic potential-energy density Vp is also uniquely defined as the
area under the stress-strain curve up to the specified constitutive point

P
'u"p = [ crpdep (16)
0

This consumed potential-energy density may or may not be recoverable and for soil
materials is undoubtedly not recoverable. Recoverability is not, however, perti-
nent to the problem being studied because only the first loading (with no unload-
ing) is to be considered.

Since at the specified strain € the wafer at x is in motion with a
particle velocity v D (Eq. 15), the wafer also possesses kinetic energy. The plas-
tic kinetic-energy density (Tp) may be expressed as

T, - 0 v2 (17)

The plastic total-energy density (ep) is the sum of these potential
and kinetic-energy densities, plus a general term L e which accounts for any ex-

ternal losses that may be taking place

%tk (18)

f. Reflections.

In all of the above a rod of semi-infinite length has been assumed.
If the rod is of finite length, the wave characteristics must be compatible with

the boundary conditions at the end of the rod. Because the wave is not aware of
the end until it hits it, the compatibility must be achieved by reflections of a
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wave from the end. For example, if the rod were rigidly supported at the end,
no motion could exist, and a wave would have to reflect from the end back into
the bar in order to develop stresses and strains to meet this no-motion condition.

It is not generally possible to develop explicit expressions for
the reflected wave in nonlinear materials, even for the constitutively unique
and strain-rate-insensitive plastic case considered above; but for an ideally
linear elastic material such an explicit expression will be given below. In
addition, for the simplified conditions set down, utilization of the energy equa-
tions given above will yield the reflected wave for nonlinear materials. The
method is developed in the sections to follow.

2. Waves in Elastic Materials.

a. Assumptions.

A constitutively elastic material is assumed here to meet all ideal
assumptions, that is, that the material is homogeneous, isotropic, linear, non-
hysteretic, and strain-rate insensitive. The geometry will be taken as one-
dimensional for the theoretical review because the governing equations become
linear. The errors resulting from applying one-dimensional solutions tr uncon-
strained experimental data are assessed in the subsection on dispersion below.
In recognition of this assessment, the constitutive parameter for an elastic
material will be loosely taken as Young's modulus (E) although a notation for
the one-dimensional modulus would be correct.

b. Elementary Results.

On the assumption of linearity, the constant E may be substituted
into Eq. (12) to derive the velocity at which a wave will travel in an elastic
material
(19)

where

elastic- jave velocity

Yeung's modulus

Because E is the same for all stresses, the wave velocity is the same for all
stresses; therefore there is no change in the shape of a wave in a truly con-
strained elastic material, a conclusion which can also be reached from first

principles (Ref. 1).
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Because the wave velocity is a constant, its substitution into
Eq. (15) yields a simple expression for the particle velocity associated with a
wave in a truly constrained elastic material

V.= Ce (20)

where
L elastic-particle velocity

Note that the particle velocity is not a constant, but depends on the strain
level.
c. Energy Partitioning.

For the truly one-dimensional case the energy-density Eqs. (16), (17),
and (18) reviewed above simplify to

Ve = ¥ ge (21)
T, = 3 ov2 (22)
e 79
e = Vo + Ty (23)
where

Ve = elastic potential-energy density

Te = elastic kinetic-energy density

o ¥ elastic total-energy density

on the assumption of no external losses (Ref. 1). Note that the energies are
not constants, but depend on strain level. By identification, the kinetic-
energy density Té may also be written as

2
Te =%—p(cee) =%Eez = %-oe

to conclude that the potential and kinetic energies are equal for a wave travel-
ing undisturbed by other waves in a truly one-dimensional elastic material
(Ref. 1).
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d. Refler..on.

Consider Figure 2, which shows a rod of uniform cross-section, but
made up of two different materials A and B abutting at a plane interface. Con-
sider some increment of incoming axial stress, %0 (which can be imagined as one
level of a general stress wave) moving to the right ard impinging on the bound-
ary. Upon hifting the boundary, some portion of the incoming stress will re-
flect back on itself as Ao, and a certain stress Ohg will be transmitted (re-
fracted) into rod B. If the boundary is plane, has no mass or elasticity of its
own, and if it remains intact throughout the reflection and refraction operation,
then two conditions must obtain directly at the boundary: (1) the sum of the
incoming and reflected stresses in rod A must be precisely balanced by the re-
fracted (transmitted) stress in rod B; and (2) the particle velocities in rods A
and B just at the boundary must be equal. One can, by applying these conditions
(Ref. 1), obtain an expression for the total stress in rod A at the boundary
after reflection:

o =0
af a0 p,C * Ppp

(24)

where
Oaf = total axial stress in rod A after reflection
o, = any increment of incoming axial stress in rod A

p:o = mass density of rod A
P = Mass density of rod B
c, = wave velocity of rod A
C, = wave velocity of rod 8

The total stress in rod A at the boundary after reflection is, therefore, simply
a function of the relative elastic properties of rods A and B. The product oc
is the acoustic impedance of the material. For an elastic material it is a con-
stant, but for nonlinear materials it is a variable, depending on the strain or

stress level.

The concept of acoustic impedance leads to some conclusions that at
least bracket the reflections possible in a nonlinear material. Two possible
limits are that rod B is rigid, so that the acoustic impedance of B is infinitely
greater than A, or that rod B is nonexistent (a free boundary), so that the acous-
tic impedance of B is much smaller than A. In the first case--a rigid reflector--
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Figure 2. Reflection

manipulation of Eq. (24) shows that reflected stress in A will be double the in-
cident stress. In the second case--a free boundary--the final stress in A will
be zero, a conclusion in agreement with the end-boundary conditions.

e. Dispersion.

The theory for one-dimensional wave propagation requires that there
be no lateral strain at all; but because this case is practically impossible to
create in the laboratory, experimenters have been forced to work with uncon-
strained uniaxial rods. Clearly, all unconstrained rod experiments interpreted
by the simple one-dimensional theory involve a greater or lesser degree of error.
The rigorous and complete theoretical analysis of a rod is an extremely difficult
problem (Ref. 4).

The basic reason for the difference between one-dimensional and un-
constrained wave-propagation problems is the lateral expansion (Poisson's effect)
that must take’ﬁigéé“ip the unconstrained case. As a wave propagates down an un-
constrained rod, there is a difference between the time rate of motions in the
axial and in the lateral directions. This phase difference leads to two effects:
(a) at a given instant of time an originally plane section is no longer nlane

13



e

(Ref. 5), thus negating one of the key assumptions in the simple one-dimensional
approach; and (b) to meet the stress-free boundary conditions at the lateral sur-
face, surface waves are created. These surface waves travel at velocities less
than either the rod (unconstrained) elastic-wave velocity (ce) or the dilatatianal-
wave velocity (cd). The effect of these surface waves is (a) to slow down the
overall wave velocity under steady-state vibration, and (b) to cause the front

of a transient wave to vanish.

Assume that the rod is unconstrained and is infinitely long. At
some point a train of pure sinusoidal waves is introduced and sustained. The
problem is to determine the velocity at which the waves will travel. In the un-
constrained case the highest possible wave velocity (Ref. 1) is the rod veloc-
ity Co from Eq. (19). The rigorous solution of this problem was first undertaken
by Pochhammer in 1876 and Chree in 1889. Their work was organized and presented
by Love (Ref. 6). The exact solution to the problem was obtained by Bancroft in
1941 (Ref. 7) and is given in Figure 3, which shows the relationship between the
given frequency of a given steady-state sinusoidal wave and the velocity at vhich
that wave travels. For convenience the frequency is expressed nondimensionally
as the ratio of rod diameter (d) to sinusoidal wavelength (1), and the wave veloc-
ity (c) is expressed in terms of its ratio to the simple-theory rod velocity ¢ .
from Eq. (19). Bancroft's solution yields a major conclusion: the wave velocity
decreases with increasing frequency.

It is important to keep in mind that the material is assumed to be
ideally elastic with no hysteretic losses, and that the dispersion described is
due only to the geometry of the situation; that is, the bar is free to expand
laterally, and the inertia of the lateral expansion changes the simple theory.
At very low frequencies a sinusoidal wave will propagate at essentially the
and at very high frequencies a sinusoidal wave
Note that if one is willing to

simple-thecry rod velocity Ce»
will propagate at essentially 0.6 of the Ce-
accept perhaps 5 percent errors in wave velocity and at a nominal value of
Poisson's ratio (v) of 0.3, the simple theory gives adequate results at frequen-
cies so low that the diameter-to-wavelength ratio approaches 0.4. To express
this conclusion in more usable form, simple theory is reasonably valid for wave-
lengths greater than 2.5 times the diameter (A > 2.5d). Although this conclusion
applies only to an infinite bar subjected to an infinite sinusoidal train, it may
be taken as a guide in the design of experiments utilizing rods of finite length

and transient pulses.
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3. Waves in Plastic Materials.

a. Phenomenology.

The basic phenomenology of plastic-wavc propagation was daveloped
mathematically at the beginning of this section. The discussion here will deal
with the history of the development and the changes in waveform that take place
during propagation of a plastic wave.

The first development of plastic-wave propagation theory was appar-
ently the intuitive approach published by Donnell (Ref. 8). As a result of his
development of elastic-wave theory, Donnell suggested that if the stress-strain
curve for a plastic material could be approximated by two straight lines (Fig. 4a),
then the time hi tory of a wave could be deduced for a rod of that material.

Since each of the straight lines has a slope (different Young's moduli E| and Ez)
and by recalling Eq. (19) for the elastic case, Donnell deduced that for strains
(or stresses) less than ¢' (or ¢'), the wave velocity would be

where

m
|

= Young's moduli for simplified bilinear stress-strain curve

(@]
—

(g]

|

= wave velocities corresponding to Young's modulus E, and E,,
respectively

m
"

specified strain
specified stress

Q
[{]

Thus, at some specific time t, the front of the wave (e < e') would have traveled
to a position x; = c,t,, whereas the remainder of the wave (¢ > e') would have
traveled only to a position x, = c,t,. This is shown in Figure 4b. From
Donnell's deductions, therefore, one would expect the higher strain levels to
travel at lower velocities, with the result that a sharp-fronted wave would rap-

idly become softened in a bar of plastic material.
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Figure 4. Donnell's simplification for wave-propagation phenomena (Ref. 8)
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Donnell's simplification of the problem lay largely unused for 10
years even though, as-described at the beginning of the section, it contained
the germ of the method of solution of wave-propagation problems in plastic,

strain-rate-insensitive materials.

The problem was not solved mathematically until World War IT when
solutions were obtained secretly and almost simultaneously by von Karman (U.S.),
Taylor (U.K.), and Rakhmatutlin (U.S.S.R.). After the war numerous experimental
investigations were undertaken to verify the mathematical solutions. Because
the solutions all assumed a strain-rate-insensitive material, some of the experi-
mental investigations failed to reproduce the theoretically predicted results.

b. Constitutive and Geometric Assumptions.

In the foregoing subsection on elastic waves it was possible to
separate the effects of constitutive properties and geometry (constraint). For
example, in the elastic case a simple modulus substitution would make the con-
stitutive conversion for different constraints, and the result would still be
linear; the effects of constraint would then be cared for separately (Fig. 3).
In the plastic case, however, such a separation cannot be made because the con-

stitutive relationship depends on the constraint.

In the developments described at the beginning of this section it
was implicitly assume” that the stress-strain curve was concave dowward. This
is usually true only ‘or the unconstrained case, which applies to the theoretical
and experimental work of this report. Most real materials when in a truly one-
dimensional configuration yield a concave-upward stress-strain curve as shown in
Figure 5; some materials naturally yield such a curve even in the unconstrained
configuration. It should be noted that the tangent to such a curve increases
with increasing strain; therefore higher strains will propagate at higher veloc-
ities. This means that the high-strain components will tend to outrun the low-
strain components forming a discontinuous shock front at which the strains are
required to rise almost instantaneously from the zero to the maximum strains.
This action creates a point at which the results of rod wave-propagation tests
may be misinterpreted with respect to one-dimensional waves: shocks do not and
cannot be created in rods of materials with concave-downward stress-strain curves.
Because shocks are a study in themselves, extrapolation from rod results to one-
dimensional shock cannot and should not be made at present.
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c. Dispersion.

The input implicitly discussed thus far is a step-type stress or
strain pulse of infinite duration, as in Figure 6. The effects of dispersion
(cf., elastic case, Fig. 3) are unknown for a plastic material, although Plass
and Ripperger (Ref. 9) did cast a mathematical solution to include the effect;
however, since the computer solutions to the problem have not been completed at
this writing, the exact effects of geometric dispersion cannot yet be studied.
It should be clear that in a plastic material dispersion or softening of the
wave occurs owing both to the constitutive relationship of the material and to
geometric dispersion; therefore, if plastic properties are to be studied by wave
propagation, or if wave effects are to be predicted from plastic properties, the
geometrical dispersion must be eliminated as a variable because its effect can-
not presently be assesseu. This means that step-type pulses are to be avoided.
By taking a qualitative guide from the elastic result, negligible geometric dis-
persion may be expected if the rise time of the input pulse is kept such that
the front appear: as a long wavelength, A > 2.5d. If the front in Figure 6b is
taken as approximately a quarter-sine wave, this means that the rise time (tr)
should be at least

2d

where the seismic-wave velocity (co) is computed by Eq. (19) based on the initial
tangent modulus (Eo) to the stress-strain curve (stress approaching zero) (Fig.7).

d. Seismic Parameters.

The near-zero stress or strain condition defines the seismic range.
workers in the field of seismology and geophysics have developed a great wealth
of seismic theory based on purely elastic assumptions and have accumulated a
sizable store of seismic data (e.g., Refs. 10,11,12,13,14), the use of which has
yielded a wealth of information about the internal constitution of the earth;
the techniques are used in geophysical exploration for oil and for solving foun-
dation problems. By measuring the seismic-wave velocity, a seismic modulus may
be computed by solving Eq. (19). Predictions of ground motions under high-stress
conditions (e.g., nuclear blasts) are sometimes made using a modulus computed in
this way (Refs. 15,16). Reference to Figure 5 shows that for either the con-
strained (one-dimensional) or unconstrained (applied to two-dimensional--plane
strain--problems in normal soil mechanics practice) case there may be little
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relationship between the seismic modulus and the stress-strain curve. In other
words, it may be incorrect to specify the constitutive properties by a single
initial-tangent seismic modulus. Seismic parameters will be further discussed
in the explanatory material and descriptions of experimental work below.

e. Unloading Waves.

Thus far the effects of an unloading plastic wave have not been dis-
cussed because they are not directly pertinent to this study. For completeness,
however, a bricf discussion is included here. Kolsky (Ref. 3) has given a parti-
cularly clear treatment of the subject.

Figure 8 shows the complete loading-unloading stress-strain curve
for a plastic material. Recalling the general principle developed above that
each stress level in a plastic wave travels at a velocity dictated by the tangent
modulus at that stress, and noting that the slope of the unloading portion of the
curve is steeper than the loading portion, it is obvious that an unloading wave
travels faster than a loading wave; therefore an unloading front must sooner or
later overtake a loading front. Because the loading and unloading fronts are
generating different particle velocities, when the unloading front overtakes the
loading front, it is reflected back into itself, and the loading front continues.
This is the phenomenon of internal ceflection.

The conclusions to be drawn are: (1) internal reflections can lead
to grossly nonuniform strain patterns due to the high stresses induced during re-
flection; (2) even for a strain-rate-insensitive material, unloading and internal
reflection can grossly complicate an experimental problem and can mask fundamen-
tal conclusions; and (3) for strain-rate-sensitive materials the problem becomes
extremely complicated by internal reflection. One is led to conclude, therefore,
that for initial, fundamental, phenomenological experimental studies infinitely
long stress pulses should be used to avoid internal reflections. In fact, the
early literature contains examples of tenuous or even incorrect conclusions drawn
from experimental data (on simple materials, such as metals) in which the effects
of internal reflection were not realized.

4. Wave Propagation in Soil Masses.

a. Elements of Seismology.
The one area of soil dynamics that has received a great deal of at-
tention is that in which the stress excursions are exceedingly small, at seismic
levels. This area has been popular because the relatively direct and well-developed
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theory of three-dimensional elastic waves, termed seismology, is available. The

developed theory is well covered in the references (e.g., Refs. 10,11,12). 1In
this subsection only a brief review will be given for continuity with the material

to follow.

For all ideal elastic assumptions it is possible to derive a wave
equation that can be separated into two decoupled wave equations, which show that
there must exist in the body of an elastic mass two body waves: (1) the dilata-
tional or P-wave, in which the particle motion is in the direction of propagatiorn;
and (2) shear or S-waves, in which the particle motion is transverse to the direc-
tion of propagation. Decoupling of the wave equation is the result of the assumed
linear constitutive nature of the material; therefore the two waves travel at ve-

locities which depend on those linear properties
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where

Cq = dilatational-wave velocity

g = shear-wave velocity

M = constrained or dilatational modulus
G = shear modulus

These results do not necessarily apply for a nonlinear material; the existence of
the shear wave cannot be demonstrated mathematically for such materials, and the
relationship between the constitutive properties and the wave velocity are not
precisely derivable, except by analogy to the methods presented above.

When a body wave contacts a surface (either free or interface), the
compatibility conditions at the surface must be met. These conditions require
the generation of surface waves. Although there are many types of surface waves
(Refs. 11,14), the Rayleigh wave is generally felt to be the most important for
free-surface conditions. In the Rayleigh wave the particle motion is in the form
of an ellipse whose plane is perpendicular to the surface and whose minor axis is
along the direction of propagation. The P- ¢nd S-waves are body waves, but can
travel along the surface, and the R-wave is a surface wave that decays in ampli-
tude with depth. Each of the waves travels at a specific velocity, governed only
by the assumed linear pfoperties of the medium. The P-wave travels the fastest,
and the S- and the R-waves travel slower and at almost the same velocity.

b. Low-Stress, Steady-State Problems.

These problems are concerned with estimating the response and fre-
quency of vibrating massive foundations, such as machinery pedestals, radar
towers, and stable tables; in these cases the vibratory stress excursion must be
small. This class of problem is idealized to the vibration of a plate on an
elastic half-space. The idealized problem was first solved by Eric Reissner,
whose results were corrected and extended by T. Y. Sung (Ref. 17). Sung's re-
sults were later extended and put into engineering form py Richart (Ref. 18), and
were simplified to the well-known forms of finite-degree vibration by Hsieh
(Ref. 19). The theory and practice have been developed to the point that text
and reference books have been written (Refs. 20,21,22).

By utilizing this elastic theory, reasonable solutions can be ob-
tained for this class of engineering problem. The interpretation of the solution
is a different matter; the engineer must assess the limitations of the solution

on the basis of his experience, but such experience is usually quite limited.
Considerable research in this area is underway ({Refs. 23,24).
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The two most obvious general limitations on the method are the range
of stress excursion permissible and the validity of the constants used in the
computations. Studies of the latter have led to some rather interesting field
and laboratory wave-propagation experiments.

Although some field experiments have been performed to delineate the
fundamentals of foundation vibrations (Refs. 22,20,24), most field experiments
have been designed to determine the elastic soil constants. The simplest approach
utilizes Eqs. (26) and (27): a disturbance (e.g., a blast) is created at a known
distance from a set of kinematic instruments (seismometers), and the arrival time
of the P- and S-waves are used to compute c d and Cy- The equations are then
solved simultaneously with the relation E = 2(1 + v)G to arrive at any convenient
set of elastic constants. This method, though simple in approach, is difficult
in practice and is little used for two reasons: the S-wave signal arrives after
the P-wave signal and is often lost in the swarm of the P-wave signal; and most
sites are layered, with the result that reflections from underlying layers may
completely obscure the S-wave.

For these reasons the following somewhat more complicated method is
pre.® ..t ¢q is measured from a dynamite test as described above, and Rayleigh
wave: are created by driving a vibrator at the surface. Then, taking advantage
of the known theoretical relationship between the Rayleigh and shear velocities,
the elastic constants are computed. The theory has been described by Jones
(Ref. 25), and the field techniques and equipment are discussed in the literature
(Refs. 26,27,28,29). The field methods cannot, however, be used to predict soil
behavior under changed conditions of loading or drainage. For these and other
reasons laboratory experiments have been performed which have brought to light
some fundamental dynamic soil properties, to be discussed further.

c. High-Stress Problems.

In this class are included the engineering problems associated with
nuclear blasts. Because of the large area and depths loaded by such blasts
(Ref. 30", for tractability the problem is often simplified to the one-dimensional
case. In this case the constrained constitutive relationship must be assumed.
The problem is to predict the time history of motion of a surface or subsurface
structure and the loadings to be felt by the structure. The approach to the prob-
lem is rather imperfectly developed; the constitutive parameters presently used
in the predictions are soil density, seismic velocity, and constrained modulus
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(Refs. 15,16); the equations used are semi-empirical, based on scaled results of
field tests under severely limited soil conditions. The logical extension of
the present study would be a parallel fundamental study of wave propagation in
the constrained case.

Engineering problems in this high-stress class are also associated
with the propagation of earthquake waves, with waves at great distances from a
nuclear blast, and with initial times at shorter distances from a nuclear blast.
In these cases the problem is taken as two-dimensional. Although data are lack-
ing, there are reasons to believe that these problems can be handled to engineer-
ing accuracy by use of the accepted soil mechanics methods of analysis based on
constitutive parameters from unconstrained or plane-strain tests. Although
earthquake problems are usually handled by elastic theory, efforts are made by
engineers and seismologists to account more accurately for the plastic and dy-
namic properties of the soil materials.

5. Dynamic Properties of Sand

All tests to determine the high-stress dynamic properties of soils
haye been conducted under transient loadings; that is, a singie 1-ud that may
or may not cause failure and that may or may not unload the sample is appiied.
There is recent evidence that the conclusions drawn from such tests may be quite
misleading for oscillatory high-stress loadings, such as those resulting from
earthquakes and from outrunning or direct-induced ground motions caused by nu-

clear explosions.

High-stress tests have usually been conducted on a cylindrical speci-
men of soil. The load is created by a piston either pushing on or impactirg
onto one end of the sample. Stress is computed by measuring the load at one or
both ends of the specimen and dividing the measured load by the specimen area
on the assumption of uniform stress. This assumption requires that the lo.d-
ing be slow enough so that lateral-inertia effects are not appreciable. In
other words, the rise time of a pulse should be greater than 2d/3co from
Eq. (25). It should he noted that this requirement is a function only of the
diameter of the specimen.

Strain is computed by measuring the change in length of the specimen
and then dividing the change by the original length on the assumption of uniform
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strain. This assumption requires that the specimen be short enough so that any
one increment of stress or strain travels back and forth through the specimen
many times during the test. A rule often used is that the wave should travel
through the specimen about 10 times during the test. Note that this requirement
is a function only of the length of the specimen.

The dynamic properties of dry sands under high-stress transient loadings
have been reported by Casagrande and Shannon (Ref. 31), Taylor and Whitman
(Refs. 32,33), Whitman (Ref. 34), and Whitman and Healy (Refs. 35,36,37). A par-
ticularly good summary is given in Ref. 37. Figure 9 summarizes the known facts
about the behavior of dry sands. As shown in Figure 9a, the stiffness is essen-
tially unchanged, and the strength may increase from 5 to as much as 20 percent
between slow (usual static) and fast (with no wave-propagation effects) straia
rates. These conclusions are sharpened by Figure 9b (Ref. 37). As a general
rule, for all sands tested there was no strain-rate effect until the strain rate .
reached perhaps 5 percent per second. Above this rate the strain-rate effect
caused an increase in strength of perhaps 5 to 20 percent for strain rates up to
about 700 peicent per second, at which point wave-propagation effects began to
appear. Data from all investigations showed scatters as great as or greater than
the reported effect of 5 to 20 percent. The conclusions drawn were, therefore,
the result of the averaging of many tests. It is interesting to note that al-
though a strict interpretation of the averaging would indicate a slight decrease
in strength in the strain-rate range from static to 5 percent per second, this
decrease is not shown in Figure 9b.

In understanding the behavior of saturated sands, it is helpful to
be able to measure the pore water pressures in the specimen during the dy-
namic test. For this reason dynamic pore pressure gages have been developed
(Refs. 32,33,38,39,40). Secu and Lundgren (Ref. 41) have studied the dynamic
behavicr of saturated sands by performing a detailed and careful study of the
effects of drainage in a static test (effective ctresses) compared with the ef-
fect of nondrainage in static tests (total stresses), and by comparing these re-
sults with dynamic tests in which, as a practical matter, no drainage could occur.

The typical behavior of a dense, saturated sand is as follows: at low-
strain rates the pore pressure decreases as dilation proceeds; finally the water
fails in tension or cavitates; the (deviator) stress-strain curve shows a stiff-
ening at low strains, but the curve breaks rapidly when the cavitation occurs.
The same general pattern is evident at high-strain rates, except that the
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cavitation may occur at a slightly higher strain. The fact that cavitation oc-
curs allows the computation of the dynamic strength of a saturated sand. Since
the pore pressure is a known value (the cavitation pressure), the effective
stresses can be computed. The known, small, strain-rate effect can be applied
to these stresses to compute the strength increase. Loose saturated sands tend
to compress at low strains and to dilate slightly at high strains; therefore
loose sands appear to become stronger and stiffer when dynamically loaded.

Detailed studies under transient loadings have been conducted
(Refs. 42,43,44) to verify the same behavioral patterns for other cohesionless
soils. The results may be summarized by noting that the high apparent strain-
rate effect in saturated sands is caused by the fact that since the soil cannot
drain in a dynamic test, pore pressures develop. Because most sands dilate at
realistic void ratios, the developed pore pressures are negative, leading to
higher strengths. The true strain-rate effect (on effective stresses) is the
same (5 to 20 percent) as in the dry sand. The apparent strain-rate effects in
saturated sands are greater for loose sands because of the near equality of the
strength and the cavitation pressure for these weak materials.

6. Previous Unconstrained Wave-Propagation Experiments on Sands.

a. Steady-State Vibration.

It is fundamental to this type of test that the strese excursions
must be exceedingly small, even though the state of stress may have an appre-
ciable value. All idealized elastic assumptions are made, with these resulting
simplifications: tests may be designed on the assumption of simple linear re-
sponse, and all the elastic parameters (constants) may be computed if any two
can be determined experimentally. The basic variables to be studied are the
condition of the soil and the state of stress as they affect the clastic con-
stants. For a given sand the condition is completely controlled by the density
and (to a lesser degree) the degree of saturation. The state of stress can be
simplified for the unconstrained case to the combination of the triaxial amhient
and deviator stress. For the results to be reviewed below, the soil conditions
and states of stress are rather restricted; the density has been varied, but
only the completely dry and the completely saturated states have been studicd;

and only isotropic (i.e., ambient stress only, with no deviator) states of stress

have been studied for the unconstraincd geometry. Within this limited framework

some interesting experiments have been designed, and some very useful data have
been obtained.
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The key to all the low-stress testing equipment is that only two
elastic parameters have to be measured. In the unconstrained geometry the two
parameters usually measured are the axial and torsional natural frequencies of a
rod of the soil. From these two frequencies the Young's modulus and the shear
modulus, respectively, are computed from elementary dynamics (Ref. 45). For a
sensible range of soi1l properties and a long specimen with low-resonant frequen-
cies, it can be shown (Ref. 46) that the effects of dispersion are negligible.
Thus the major problem is to d:sign testing equipment that will not have spurious
resonances in the range of frequencies to be measured. This problem has proved
tc be formidable.

One approach, taken by Wilson (Refs. 46,47), is to place the speci-
men on A vibrating table (which is, in fact, a thick circular plate fixed at its
edges) and to vary the frequency until maximum response is achieved at the top
of the specimen. The table is driven in the axial and torsional modes by sep-
arate loudspeakers. The table is the base of a triaxial zell into which ambient
pressure may be introduced as a controlled variable. The test method presents
theoretical difficulties because neither end of the sample is truly fixed nor
free. Since, however, the amplitudes at the top are large compared with the
input amplitudes at the bottom, the error involved in assuming complete fixity
at the bottom is probably small for all but the most rigid of soils, and the
values obtained are generally felt to be adequate for engineering. The device
is designed for soil samples of usual sizes, and has been used a great deal for

pertinent engineering problems.

In another approach, taken by Richart and his associates
(Refs. 18,48,49), the base of the specimen is truly fixed, and the driving and
response measurements are both accomplished at the top, which is taken to be
free. The specimen is long and thin, in contrast to the normmal geometry of soil
samples. The setup is placed inside a special triaxial cell so that the ambient
pressure may be controlled. This device has proved to be a powerful research
tool; many of the data to be presented were obtained in it.

Note that both of the devices described depend on placing a speci-
men into axial and torsional resonance, and that owing to the nature of the test
the effects of deviator stress cannot be studied.

By using the mathematical model of a close packing of elastic spheres,
it has been demonstrated (Refs. 49,50,51,52, and references therein) that there
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should be a 1/6-power relationship between wave velocity and ambient stress.
While such an idealized relationship is not expected to exist for soils, the
theoretical result does indicate that some approximate power relationship be-
tween wave velocity (or modulus) and ambient stress may exist; this conclusion

is borne out by experimental data.

Figure 10 shows an envelope of the data for dry 20-30 Ottawa sand
from the work of Richart and his associates (Refs. 48,49). The results show
that for both shear and compression waves the velocity increases with increasing
ambient stress and with increasing density, and that the relationship between
wave velocity and ambient stress is close to a power function. Richart also dem-
onstrated (Ref. 49) that for a given ambient stress and for a limited range of
densities the relationship between wave velocity and density for the 20-30 Ottawa
sand is essentially linear (Fig. 11). On the basis of Richart's demonstration
the data in Figure 10 have been used to construct the curves shown in Figure 11,
to which reference will be made when the experimental data are discussed. These
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curves allow one to estimate the seismic-wave velocity in this sand at a given
condition (density) and a given state of stress (ambient only).

Wave propagation in saturaied sands is complicated by the waves
carried in the water. Experimental data show that the wave velocity in a satu-
rated sand is slightly less (up to 15 percent) than in a dry sand, presumably
because of the increased mass and the small reduction in stiffness of the sand
caused by the wetting (Ref. 49).

Experiments (Ref. 48) have shown that as the strain excursion is
increased from a small value, the wave velocity decreases and the hysteretic
damping increases. The decrease in wave velocity follows directly from the usual
shape of the unconstrained stress-strain curve (Fig. 1), according to the prin-
ciples expressed in Eq. (12). By hysteretic damping is meant that the nonlinear-
ities of the soil are becoming important and simple elastic approaches are of

decreasing validity.
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b. Transient Loadings.

Pioneering efforts in transient wave propagation were done in the
early 1950's at the Massachusetts Institute of Technology (MIT) under the direc-
tion of D. W. Taylor (Refs. 32,33), and R. V. Whitman (Ref. 34). The te.cs were
performed on 2-inch-diameter specimens of dry 20-30 Ottawa sand in lengths from 7
to 32 inches. The initial condition of the sand and the state of stress were the
same in all tests, a density of 108-109 pcf and & vacuum-induced ambient stress
of 14 psi.

The specimens were suspended by gravity in cellophane slings inside
a specially built triaxial cell. Thus support was provided only against downward
lateral motions; and horizontal and vertical upward lateral motions (instabilities)
were possible during the tests. For this reason inverted slings were provided in
later tests. The input wave was created by releasing a spring-loaded mass so that
it could impact a loading piston in contact with the end of the specimen. The
reaction end of the specimen butted against an essentially rigid spacer. Three
types of measurements were made during the test: (1) stress at the impact and
reaction ends; (2) motion of the impacted end; and (3) strain within the specimen
near the impact ends.

The stress gages were total-load gages, for which stress could be
computed on the assumption of unifcim stress. They worked by commmicating the
stress from the specimen through a thin membrane into a sealed, thin, oil-filled
chamber. The back side of the chamber was a plate, instrumented with wire strain
gages; the pressure generated in the oil caused the back to deflect, yielding an
output from the strain gages. The gage was reported to have a natural frequency
of 8 kilocycles (kc) but to be somewhat less sensitive than desirable and pre-
sumably was linear. The motion of the impacted end was measured with a li..ear
variable differential transformer (LVDT). Transverse core motions were presumably
minimized t - fixing the core on a long shaft connected directly to the massive
loading head. The internal strain gages were made by gluing sand to ordinary
wire strain gages. In static triaxial proof tests these gages yielded a constant
ratio to the externally recorded strains up to a strain of about 0.4 percent,
above which the ratio became smaller, approaching zero. Owing to lack of time
these gages and the way in which they are used could not be fully exploited.

A1l readout was taken by photographing the traces on oscilloscope screens; noi-
linearities and drift in the traces caused some uncertainty in the data.
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Regardless of the impact velocity, the velocity of the first (near-
seismic) arrival was a constant at about 1,300 fps. Reference to Richart's data
in Figure 10 shows precise agreement. From static triaxial tests the compres-
sive strength of the sand was estimated to be 28 psi. The measured stress at
the impact end, however, showed pronounced initial spikes, which ranged from
about 20 psi at low-impact velocities (15 ips) to about 90 psi at high-impact
velocities (90 ips). The existence of these stresses in excess of the failure
strength has been explained by the authors (Ref. 34) as a hypersensitivity to
lateral inertia, by Smith and Newmark (Ref. 53) as a lateral-inertia effect, and
by Parkin (Refs. 54,55,56) as a strain-rate sensitivity according to Malvern's
law (Ref. 57). As pointed out by Whitman in his discussion in Refs. 55 and 56,
the latter may be a rather unlikely explanation in view of the known small strain-
rate sensitivity of this sand. After the initial peak the load decayed to essen-
tially the compressive strength, or the buckling strength for longer specimens
that buckled. The reaction end did not in any case show the peak like the impact
end; instead, the stress at the reaction end built up slowly, showing that the
wavefront had softened during its propagation. Owing to the short length of the
specimens the serious reflection returns allowed study only of the initial front.
The internal strain-gage readings showed an almost linear buildup to a maximum
value, which then held constant. The impact-end particle velocity was continually
decreasing during this time. Thus the strain versus particle-velocity relation-
ship would have a negative slope, an impossible result for the unconstraine’

configuration.

This result leads to one or two possible conclusions: (1) the ir ...t
end, on account of lateral-inertia hypersensitivity, was constrained throughout a
great deal of the test; and (2) the peaked stress wave had attenuated between the
impact end and the strain gage (a distance of 6 to 9 inches). Of the two, the
second conclusion seems the more likely, as was borne out by some very approximate
computations using a simple viscoelastic model (Ref. 34); the impact.-stress peak,
if caused by lateral inertia, should have attenuated within a nominal distance
of 6 inches. In the study of the data the authors (Ret. 34) assumed perfect
elastic-rigid reflection, with the result that the reaction gage was taken to read
twice the incident stress. The authors recognized that for longer specimens the
chances of a vagrant inclusion or pocket of looser material are substantially

greater than for a short specimen.
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An extension of the MIT work recently undertaken by Selig (Ref. 58)
at the Illinois Institute of Technology (IIT). Selig's experiments were similar
to the MIT experiments with the exception that loading was accomplished by air-
shock blast from a shock tube; stresses inside the specimen were measured with
nonlinear but calibrated piezoelectric gages; the specimen was 2.8 inches in
diameter and 64 inches long; and the material was a 20-40 Ottawa sand. Prior to
the wave-propagation tests some dynamic, vacuum triaxinl tests were performed to
determine the strain-rate sensitivity of the material. These tests showed strain-
rate sensitivities as high as 25 percent, but the author felt that in view of the
data scatter only 1C percent was justified. In order to reduce wave-propagation
effects, the specimens were somewhat short compared with their diameter (4:2.8,
L/D = 1.43, cf. usual value of 7.5). When assembled and in the testing apparatus,
each wave-propagation specimen was subjected to a number of tests at different
ambient stresses and different shock inputs. The first loading was either a
static ioad or low-stress shock in order to calibrate the stress gages. For the
subsequent multiple wave-propagation tests the ambient strcss, peak-shock pres-
sure, and positive-phase duration were varied. It was not possible to evaluate
the changes in the condition of the specimen from test to test.

It was found that the input shock front lost its zero-rise charac-
teristic by the time it reached the first stress gage, 8 inches inside the speci-
men, and that considerable softening of the front and degradation of the stress
amplitude occurred with further propagation. These effects were most pronounced
for low-ambient stresses and low densities. Even though the specimens must have
densified and stiffened under the multiple impacts, Selig found that the first-
arrival (seismic) wave velocity did not change substantially. The results agree
quite well with those plotted in Figure 10. The disagreements usually showed
Selig's values to be the higher, presumably be: . ‘e of evanescence from the dila-
tational velocity initially induced by the shock input. By performing several
cycles of static loading, it was found that an initial tangent modulus could be
used which would predict the wavefront velocities according to Eq. (19). Selig
analyzed his data by using position-time plots such as Heierli (Ref. 59) had
previously used fcr the analysis of constrained experiments.

c. Discussion ot Previous Work.

The MIT and IIT projects were both azdmirably performed picneering
efforts in an admittedly difficult experimental and theoretical area. The re-
sults demonstrated several important facts to guide future research. These facts

35



will be reviewed as they pertain to this research. The theory of strain-rate-
insensitive plastic materials gives reasonable quantitative and qualitative
agreement (Refs. 58,59). Guided by these previous efforts, a portion of the pres-
ent effort has been devoted to extending the theory of plastic waves for strain-
rate-insensitive materials for much simpler analyses under limited conditions.
This is done in Section III.

Both of the efforts described utilized a sharp-fronted input pulse,
velocity in the MIT work and stress in the IIT work. From the theoretical re-
sults shown in Figure 3 it is apparent that the wave velocities and (more im-
portant) the stress and strain distributions are not uniform for a sharp-fronted
pulse. In fact, recent theoretical studies (Ref. 4) show that the distortions
of sharp-fronted pulses may be even worse than those indicated by the figure.
Thus the analysis of such results, based on plastic theory which presupposes
plane sections, cannot be expected to show precise agreement.

In addition, the hypersensitivity of a sand to lateral-inertia ef-
fects must be considered: if under a sharp impact the sand cannot expand lat-
erally in phase with its axial deformations, then the inertia of the lateral
expansion has the effect of creating an additional ambient stress on the sand
specimen. The existence of such an effect was brought out most clearly in the
MIT experiments, where although the measured impact stresses exceeded the strength
(at the nominal ambient stress) by three times, failures apparently did not occur
until late in the event. Both projects also included unloading waves, which ob-
scured the front, led to peak-stress attenuations, and generally made the final
results difficult to analyze. For these reasons it was decided to use a soft-

fronted, loading-only pulse in the experiments for this report.

Both projects relied on stress meacurements rather than kinematic
measurements (exception: the pilot MIT work with the internally embedded strain
gage). As a result of his careful study and extensive development work Selig
(Ref. 58) determined that stress gages in soils would be nonlinear even under re-
stricted conditions. By judicious interpretations of his stress-gage data Selig
was able to study the phenomenon, but in neither the MIT nor the IIT effort was
the entire wave-propagation event able to be related to the basic constitutive
properties of the material; therefore the theoretical and experimental efforts
of this project were designed to make this relationship apparent.
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These combined conditions have led to a certain direction for the
theoretical developments and experimental work to be undertaken: (1) the anal-
ysis should be on the basis of plastic theory; (2) the input pulse should be
soft fronted and should contain no unloading so that basic wave-propagation phe-
nomena can be studied; and (3) the main intelligence should come from kinematic

(rather than dynamic) measurements.
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SECTION III
EXTENSION OF THEORY OF PLASTIC WAVES FOR STRAIN-RATE-INSENSITIVE MATERIALS

1. Basic Coucepts.

The material in this section is developed so that the same methods can
be used either to compute waveform parameters from a given input and a set of
constitutive properties or to compute the input and constitutive properties from
a set of measurements of waveform parameters. The effects of dispersion will be
ignored, plastic behavior will be assumed, and only loading waves will be con-
sidered. Within these three limitations some very powerful analytical tools can

be developed.

The review in Section II demonstrated that a wave in a plastic material
travels at a different velocity for each strain (or stress) level, and that the
wave velocity for a given strain depends on the tangent modulus at that strain
and the mass density according to Eq. (12). Those developments also lead to re-
lationships invoiving particle velocity and the kinetic- and potential-energy
densities, summarized by Eqs. (14), (15), (16), (17), and (18).

The front of the wave at near-zero strains will travel at the seismic

velocity (co).
c = \=2 (28)

For a sand, the near-zero strain seismic modulus (Eo) will depend on the density
and ambient stress (Figs. 10,11). If the modulus and the mass density are known,
the front velocity < is computed by Eq. (28). For all soils, however, it turns
out that E0 is extremely difficult to determine (Refs. 46,47,48,49), even with
unusually careful and precise measurements (Ref. 60). For this reason S5 is
usually determined directly by the low-stress vibration techniques described in
Section II. It will therefore be assumed in the following that S is a known
quantity. Then, for a specified constitutive relationship (mass density and

stress-strain curve) the plastic-wave velocity (cp) can be computed by Eq. (12).

By similar processes the plastic-particle velocity (vp) is computed by
Eq. (15)--once the . is known--and the potential- and kinetic-energy densities
also follow directly. By manipulations of this type the waveform parameters can
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be computed for a given input wave; and by reversing the procedure, the original
constitutive relationships can be computed from given waveform parameters.

Usually, however, the pertinent functions (constitutive relationships,
input, waveform parameters) are available only in the form of graphical repre-
sentations, which can be handled by curve-fitting methods, or by semigraphical
procedures, which can be carried out either manually or by a computer. Either
approach is approximate at best; the semigraphical method has been used here and
is described in the following because it leads to more physical insight into the

problem.

2. Waveform Computations.

a. Computation of Waveform Parameters.

Figure 12 was prepared to illustrate the graphical adaptation of
the simple procedures outlined above; in it are outlined the typical preliminary
operations in preparation for computation of waveform parameters. For this and
all other (soil) work to follow, the mass density is a trivial variable that will

be taken as a constant in any given wave-propagation test.

Figure 12a contains the basic constitutive data, the mass density,
and the stress-strain curve. By selecting an adequately fine strain mesh, the
plastic modulus (Ep) can be computed as a tangent or chord slope. As a practi-
cal matter, the mesh should be chosen so that the difference between the tangent
and chord slope is negligible. In this way Figure 12b of the modulus as a func-
tion of strain is constructed. The values on that plot are divided by the mass
density, and the square root is taken to obtain the wave-velocity versus strain

plot in Figure 12c.

By inspection of Eq. (15) it is apparent that for a strain-rate-
insensitive, plastic material there must exist a unique but nonlinear relation-
ship between particle velocity and strain. This relationship is expressed by
Eq. (15) and can be obtained by integration of the wave-velocity versus strain
plot, as shown in Figure 12d. Similarly, there must exist unique relationships
between potential-energy density and strain, and kinetic-energy density and
strain: the potential-energy density is the area under the stress-strain curve,
and the kinetic-energy density depends on the square of the particle velocity.
Thus these relationships can be constructed from the stress-strain curve and the
particle-velocity versus strain curve, as shown in Figure 12e.
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Two cbvious and significant conclusions follow directly from exami-
nation of the sketches in Figure 12: (1) wave velocity is not constant, and
particle velocity and strain are not linearly related as in the elastic case;
and (2) the energies are not equally partitioned as in the elastic case.

For consistency with the experimental material to follow, strain
was taken as the independent variable in Figure 12. In wave-propagation prob-
lems, it is usually simpler to imagine stress as the independent variable; how-
ever, due to the uniqueness of the stress-strain curve, either stress or strain
may be taken as the independent variable.

For example, Figure 13b shows a wave-velocity versus stress curve
computed from the stress-strain curve shown in Figure 13a. Once this diagram
has been drawn, the stress-position history can be computed for any time, and
the stress-time history can be computed for any position. For example, Fig-
ure 1l4a shows a linearly fronted stress pulse with a maximum value of two stress
units. Since the front travels with a velocity < from Eq. (28), at any time (t,)
the front will be at position x_ = cotl. If the time delay of input of a cer-

ol
tain stress % is at, then the position of stress % at 'c1 is )&)1 =

Cpt CwAtw
where Cu is the velocity of the input wave. After the positions of several
stress levels are computed in this way, the shape of the wave at t, can be
sketched, as in Figure 14a. In the same way, the shapes at other times (tz) can
be computed, as shown. The result is a series of pictures of the wave in the
rod at various times. If it were possible in a rod experiment simultaneously to
measure the stress at many points in a rod, the resulting data would be that
shown in Figure 14a. If, on the other hand, the stress at a point or points were
measured as a function of time (the usual experimental condition, see Refs. 34,58),
the result would be the stress-time plots of Figure 14b. These plots may be de-
duced either by vertical interpolation of the top sketch, or by computation of
the time required for a given stress level to reach a given position (x,)

tp1 = Atw + xl/cp.

This discussion has been in terms of stress because stress is a sim-
ple and useful engineering concept. Since stress is, however, difficult to meas-
ure in rod wave-propagation experiments and virtually impossible to measure under
any conditions in soil, a more reliable experimental procedure may be to measure
either strain or displacement at a particular position as a function of time. A
reverse graphical procedure for analyzing displacement- or strain-time experimen-

tal records for the computation of the stress-strain curve will be explained.
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Some additional concepts, however, will now be introduced. Two
representations of the computed waveform are given in Figure 14: a stress-
position plot, parametricized on time, and a stress-time plot, parametricized on
position. Simplification can be achieved by constructing a position-time plot,
parametricized on stress, as shown in Figure 15. On a position-time plot the
slope of any line is, by the definition in Eq. (11), a wave velocity. For ex-
ample, the line labeled front represents the position-time history of the near-
zero seismic signal traveling at Coe The stress value of 1/2 *ravels at a slower
velocity, according to the construction on the figure, and therefore has a flatter
slope as shown. The position-time histories of some other stress--1/2, 1, 3/2,2--
are shown, along with the slope indicating their respective velocities. The use-
fulness of the simple position-time plot for this strain-rate-insensitive, no-
unloading case is that each stress travels at a constant-wave velocity, allowing
the waveform to be represented in a linear form. In addition, because of the
unique relationship between stress and strain it can e said that each strain
travels, or is generated, at a constant-wave velocity. Finally, because of the
unique relationship between particle velocity and strain it can also be said that
each particle velocity is generated at a constant-wave velocity. Similar argu-
ments could be made for the partitioned-energy densities.

This principle of linearity of waveform (wave velocity on a position-
time plot) provides an extremely helpful and simple check on computations and
graphical operations leading to construction of the waveform at a given point in
space and time. It also provides a direct method for analyzing experimental data,
as explained next. The method is useful, though tedious, for the analysis of
unloading and reflection waves in a strain-rate-insensitive material (Ref. 58)
and can be adapted to the analysis of constitutively nonunique materials by an
experimental, graphic, iterative procedure (Ref. 59).

b. Simple Analysis of Kinematic Waveform Data.

In the experiments in this report displacement as a function of time
as a wave passes through a rod of soil will be measured at several points along
the rod. For a soft-fronted input-stress pulse with no unloading the resulting
data will forin a monotonically increasing smooth curve of displacement as a func-
tion of time for each position. Expected results for several positions are
sketched by the heavy lines in Figure 16a. As a practical matter, these data
usually contain two deficiencies: (1) the displacement measurements cannot be
taken close enough together to allow accurate strain computations; and (2) there
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is no guarantee that the readings are internmally consistent (i.e., meet the com-
bined geometric and kinematic compatibility conditions expressed by Eq. 14), be-
cause one or more gages may be reading incorrectly. The data, therefore, should
be prepared for analysis in such a way as to yield more accurate strain computa-
tions and ensure internal consistency. Both conditions can be met by making use
of the linearity of waveform quantities on a position-time plot, as will be
explained.

In Figure 16 the original (heavy line) data can be differentiated
to yield veiocity because the curves are smooth and monotonic. The result is
the particle-velocity versus time curves parametricized on positior. (Fig. 16b).
From these curves one can find the point in position and time at which a parti-
cular particle velocity is generated; the results can be used to locate data
points on the position-time plot (Fig. 16c). Then, for each vy the slope of a
best-fit straight line will yield the cp at which each particle velocity is being
generated. Each of these computed wave velocities can then be plotted as a func-
tion of its corresponding particle velocity as in Figure 17, and a best-fit smooth
curve can be drawn through the resulting points.

The data on the curve (Fig. 17) may be incorrect owing to inaccurate
gage readings, but they are at least internally consistent according to the re-
quired kinematic and geometric compatibility conditions of plastic theory for
strain-rate-insensitive materials. This operation forces the data to be plastic
and strain-rate insensitive, and it adjusts the data within themselves so that
they are internally consistent. On the basis of the fitted curve of Figure 17,
the straight lines on the position-time plot (Fig. 16c) may have to be adjusted
slightly and may be augmented to gain a finer velocity-parameter mesh. That
position-time plot may then be used to construct a new velocity-time plot
(Fig. 16b), but with a finer position-parameter mesh (dotted lines).

These curves, in turn, may be integrated to obtain a set of
displacement-time curves with a finer position-parameter mesh (Fig. 16a). These
curves may now be considered as the prepared experimental data, ready for anal-
ysis. It is to be emphasized that these operations are done to obtain a finer
position-parameter mesh for accurate strain computations and to ensure internal
consistency of the data; the data are not forced to conform to any conditions of
theory, except that the material be strain-rate insensitive and plastic.

With the data prepared, they may be analyzed to yield either the
constitutive properties of the material or the waveform parameters in any quantity
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desired. To do the latter, it is usually most flexible to construct the stress-

strain curve from these displacement-time data.

There are two basic methods for deriving the stress-strain curve.
One, the more tedious method (Ref. 61), relies on the accuracy of computed strains
to obtain wave velocities; it can be extended to strain-rate-insensitive mate-
rials. The other, a simpler method, makes use of the results of the data-
preparation exercise above. This method, which is the only one that will be de-
veloped here, preserves the internal ccnsistency of the data by relying on

Eq. (14) solved in the form
Pl (29)
E. = — dv
P & P
o

where
€y = plastic axial strain

Thus in the wave-velocity versus particle-velocity plot of Figure 17, the reci-

procals of the ordinates cp are computed and plotted as a function of vb as in
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Figure 18. Simple data analyses

Figure 18a. The resulting curve is then integrated as shown to obtain plastic
strain as a function of particle velocity, Figure 18b. This curve is then oper-
ated on according to the reverse of the operations shown on Figure 12 to obtain
the stress-strain curve. As well as preserving the internal consistency of the
data this method allows close and accurate study of the results and detection of

invalid or inconsistent results.
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SECTION IV
EXPERIMENTAL EQUIPMENT

1. General Description.

A short overall description of the experimental setup will be given
here, followed by a description of key items of the experimental gear. Appendix
A, which is subdivided just like this section, contains detailed descriptions of
the development and verification of tests on the equipment.

Specimens of dry Ottawa sand, contained in rubber membranes, were fab-
ricated in 1l-inch-diameter, 5-foot-long rods. The specimens were subjected to
one of three different vacuums and were fabricated so as to be as near as possi-
ble to one of three different densities; thus the behavior of the sand could be
studied in terms of its condition (the density) and the state of stress (ambient
only) in both static and wave-propagation tests. The specimens were contained
in a special foam material, which was nell at working level by a stout frame.
The specimen was loaded by a shock tubz modified for application of a soft-
fronted, flat-topped pulse of essentially infinite duration.

The motions of tne specimen, as the wave propagated, were measured by
light-sensitive crystals at seven stations along the specimen. The crystals
sensed the changes in light caused by the motions of triangular flags secured to
the specimen at each station by hypodermic needles passing through the specimen.
The time-history of the forces at the ends of the specimen was measured by force
links; and because the quantitative performance of these links was uncertain
(they were intended primarily as time-of-arrival sensors), the input force was
also measured by a proving ring in the static tests. The signals from all trans-
ducers were amplified and recorded remotely on magnetic tape.

Three types of tests were performed over the range of densities and am-
bient stresses considered: (1) essentially standard, static, vacuum triaxial
tests to failure; (2) static tests to failure on the long sand rods; and (3) wave-
propagation tests at just less than the failure stress on the long sand rods.

Each specimen was used only once, and no preloading or conditioning sequence was

applied.
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2. Specimen.
a. Mold and Membrane.

The mold was a split, thick-walled aluminum tube. It was mounted
vertically, fitted with a membrane and bottom cap, subjected to vacuum, and
filled with sand according to the procedures to be described. Drawings of the
mold are shown in Appendix A.

The membranes were a flexible surgical-rubber tubing, described in
Appendix A.

b. Soil.

The soil used was a uniformly graded, clean, standard Ottawa sand.
Figure 19 shows the distribution of grain sizes. This material is called 20-30
Ottawa sand because most of its grains are passed by the No. 20 sieve (0.840 mm)
and retained on the No. 30 sieve (0.590 mm).

The maximum and minimum densities to which the sand can be fabri-
cated depend on the grading, the specific gravity, and the method of placement,
including the mold geometry. For these experiments the mininum density obtained
was 93.4 pcf, but the maximum was only 106.1 pcf because of the small diameter
of the long mold. This is somewhat less than the usual maximum demsity for this
material; a maximum density on the order of 114 or 115 pcf is common for more
usual geometries (Ref. 58). This constitutes one experimental limitation on the
results to be given: the highest densities could not be studied because they
could not be attained in the small-diameter long mold.

The specimens were fabricated nominally to three densities:
loose (95 pcf), medium dense (100 pcf), and dense (105 pcf). It was not, of
course, possible to fabricate the specimens precisely to these densities each
time. The actual densities were, however, carefully computed and can be compared
by an interpolation process to be described.

3. Specimen Containment.

a. Foam.

Because of the buckling noted in earlier experiments (Ref. 34), and
because the thinness of these specimens would make buckling even more possible,
extensive preliminary work was performed to develop a specimen-containment scheme

that would minimize buckling while disturbing the experimental conditions to a
minimal degree.
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The results were the slotted foam beds shown in Figure 20. By this
scheme the axial specimen motions were opposed only by the small cantilever re-
sistances of the supporting members, but the lateral (buckling) specimen motions
were opposed by the generous short-post compression resistance of the supporting

members.

Figure 20a shows the typical section of foam placed under and over
the specimen. As will be explained, it was necessary to cut out some of the foam
at the displacement-measuring (light) stations. Tests showed that the lateral
resistance at these cutout stations was seriously reduced. To reduce the tend-
ency for buckling, special shapes (Fig. 20b) were cast with thicker cantilevers
at the cutout sections; the small additional lateral resistance at these stations

was accepted as an unavoidable experimental limitation.

The development and verification tests of the foam bed are described

in Appendix A.
b. Cradle and Frame.

The upper and lower foam beds were placed into the upper and lower
cradles (Appendix A), which were made of wood. The lower cradle was attached to
a hardwood baseboard, which was wedged tightly into steel angles that were a part
of the stout steel-support frame that held the entire setup at working level.

Tthe steel frame had several intermediate legs and was generously crossbraced.
Each leg was fitted with an adjusting screw at its base so that the frame could
be leveled and straightened for each test. The upper cradle was removable and
was made in short sections for that purpose. It was held in place during the
test by heavy lead ingots placed on top of it. Figure 21 shows the cradle and
frame with the bedded specime: ready for testing.

4. Lloading Device.

The load was created by a 3-1/2-inch 0.D., 3-1/4-inch I.D., 20-foot-
long, air-charged shock tube with a special short expansion chamber designed to
create a soft-fronted pulse. The entire length of the tube was used as a charging
chamber to create an infinite duration for the purposes of this experiment. The
tube was supplied with legs and adjusting screws just as the frame was.

The diaphragm was burst by firing a hypodermic needle into it. For de-
tails of the expansion chamber and firing mechanism, see Appendix A.
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(a) Normal section

(b) Section showing one cutout at light station

Figure 20. Typical sections of foam bed
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Figure 21. Frame and cradle
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The expansion chamber contained a removable piezoelectric gage. This
gage was used as a common-time event for the wave-propagation tests only and was
not used to measure the load on the specimen.

5. Displacement Measurements.

a. Light System.

Particle displacements of the specimen were measured by allowing
opaque flags to intercept a light beam, causing a linear change in the light to
fall on a photodiode crystal to create an electrical signal, which was measured.

The flags (Fig. 22) were cut from 0.012-inch (photographic) film
and were sprayed on both sides with flat black paint for opacity. The interior
of each flag was cut out to a butt dimension of 0.50 inch and to a length de-
pending on the amount of travel expected in a particular experiment. For com-
ments on the fabrication of the flags, see Appendix A.

The photodiode (Hoffman, 52-C) was a light-sensitive, current-
generating silicon crystal, shown in Figure 23. The output from the crystal was
sensed by measuring the voltage change across a 75-ohm resistor in parallel with

the crystal.

The light source was a microscope bulb (GE 1493), housed in an alu-
minum tube, shown in Figure 24. The tube was reduced in section so that it would
fit intc the cradle between the cantilevers of the foam bed. To prevent the bulb
from projecting its own filament shadow onto the nhotodiode, a thin diffuser of
translucent Mylar plastic was placed over the bulb at the poirnt of section re-

duction in the tube.

Although the light should have been precisely collimated for in-
strumentation work, the procurement of a point-source light and a proper
collimating-lens system would have created great expense and delay for the num-
ber of measuring stations required in this experiment. For this reason parallel-
slit collimation was attempted and was found adequate. The slit was made by
mounting a pair of razor blades at the top of the light cell (Fig. 24). The in-
sides of the tubes were painted flat black t»~ reduce spurious reflections. The
light bulbs were seriated in pairs; and the pairs were circuited in parallel to
a common 12-volt power supply. For ease of mounting and handling in the experi-
mental setup, each crystal was mounted with conducting epoxy onto a clear plastic
carrier (Fig. 25).

56



Butt

0.50 in.

e -
Descriptive dimension
of flag: 0.375, 0.750,
and 1.250 in.

(a) Dimensions of displacement flags

|||n||||||||l|||||||||||||||||||||||||||||i||||||||||||||||u||l|'
5 R ,
(b) Different-sized displacement flags

Figure 22. Displacement flags

57



[@3SAUD BALILSUIS-2YbLT]

"£2 unbLy

58



#400 emery cloth

o N (G.E. 1493)—
Razor blades —— e rrrrrr s s
: Plaster [
— iA | of paris—_\
Mylar light A ' k.
Co]11mat1ng diffuser—~//
silt —2?2 3/4 in.—»te——3 3/4 in, ——
1 1/4 )
in. 6 ]/2 me —— -

(a) Details of light source

(b) Photograph of light source

Figure 24. Light source
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The setup of the light-source, flag-photodiode, displacement-meas-
uring system is shown in Figure 26. The light beam projecting vertically upward
onto the crystal was intercepted by the flag. Each displacement-measuring sta-
tion contained two such systems, the pair of flags being supported by a slotted
hypodermic needle (Fig. 22) that passed through the soil specimen. The total
weight of each flag pair and the hypodermic needle was about 1.25 gm, roughly
equivalent in mass to an 0.07-inch-thick wafer of the soil specimen. The motions
of the particles in the soil specimen carried the flag pair along, changing the
amount of light impinging on the rcvspective photodiodes and generating electrical

signals as described.
b. Sensitivity Calibration.

Each crystal-flag pair was calibrated before each experiment. To
reduce unknown errors, the calibration was done directly in the experimental
setup with all conditions as nearly the same as possible during an actual test.
All lights in the entire setup were turned on, and neighboring lights were
shielded (the entire inside of both cradles, as well as all calibration fixtures,

were painted flat black). The calibration device had three components (shown
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Figure 26. Displacement-measuring system
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removed from the cradles in Fig. 27): (1) the monorail, which fitted into the
lower cradle and had a machined plane rail on top; (2) the carrier designed to
carry the flags at their proper elevation (flag-to-crystal spacing) during the
calibration; and (3) the potentiometer, a calibrated precision linear potentiom-
eter used to measure the calibration displacements. For ease of calibration the
potentiometer was connected to the horizontal plates of an oscilloscope, and the
photodiode crystal output was connected to the vertical plates.

This setup, as well as a typical calibration picture, is shown in
Figure 28. The flags were positioned so that they would move butt first during
the test. This was done so that if the flag were mispositioned axially before
the experiment the initial portion of the signal would be in the wrong direction
(see Fig. 28); even though the data would be lost for an improperly positioned
flag, time would not be wasted in analyzing erroneous data. The flags were posi-
tioned axially before the test by adjusting them until an oscilloscope record
showed that the nadir, point 3 in Figure 28, had been to some point A in the
linear portion of the output. For maximum travel an attempt was made to adjust
the flag as closely as possible to the nadir. The pretest, transverse flag posi-
tioning was to assure that the geometrical center of the flag coincided with the
illumination center of the light-crystal system; in this way maximum output could

be obtained.

After the calibration was completed, the calibration device was re-
moved from the cradle, the displacement crystal was removed, the foam replaced,
and the displacement-measuring system was reassembled for the experiment.

c. Placement.

The displacement-measuring system (flags and crystals) was finally
reassembled and adjusted after the specimen had been fabricated and placed in

its foam bed as described below.

The first reassembly operation was done to position the flags. The
flags were carried by a slotted mating pair of hypodermic needles (Fig. 22),
which were pushed through the center of the specimen. The pushing was done with
a long needle insert, which was guided by permanent bushings built snto the lower
cradle. Before insertion the membrane around the specimen was generously greased
to avoid vacuum leaks. The larger of the two needles was then inserted through
the specimen. Next, the smaller needle was inserted into the protruding end of
the larger needle. Note in Figure 22 that the smaller needle was tongued on its
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insert end so that it would properly engage a groove inside the larger necdle,
ensuring that the slots in both needles were in the same plane. The flags were

then placed gently into the slots.

Next, the light crystals were placed in position and sccured with
screws. The lights were turned on and each flag in turn was positioned on a
scope to point A in Figure 28. The upper bed and cradle were then placed over
the specimen, and the entire setup was covered by a sheet of black polyethylene
plastic to exclude any vagrant ambient light during the test.

d. In-Place Calibration.

Once the flags were placed, their direct sensitivity calibration
was known; but it was necessary to be able to scale this calibration through
the amplifying and recording states without relying on the veracity of dial
settings. This could be done by some sort of signal substitution, preferably
by the signal itself (Ref. 62). It was done here simply by turning the lights
off and on twice, once with direct voltage readout on a scope and again on the
recording tapes just before the event. A typical result is shown in Figure 29.
By comparing the voltage outputs from the direct and the remote calibrate pulses,
the recording-system gain was easily computed.

e. Verification Tests.

The light-flag-crystal scheme was tested for temperature effects,
short-term stability, long-term stability, and errors in vertical and lateral
flag positioning. The results of these tests are given, along with descriptions
of the test methods, in Appendix A. It is concluded that the errors do not ex-
ceed about 5 percent.

6. Force Measurements.

The forces in the static tests were measured with a proving ring whose

linearity and stability were verified by frequent check tests.

The vacuums were measured with a manometer and the leakage checked by
placing a vacuum gage at other positions along the various lines leading to the

saimple.
The force links at the ends of the specimen were intended only to be
time-of-arrival gages but, insofar as was practical, an attempt was made to ob-

tain some force-time data from them. Obtaining a suitable design for these gages
would have required an extensive and unwarranted digression from the main topic
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(a) Direct CRO calibrate

(b) Remote calibrate

Figure 29. Preexperiment calibrations
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in order to gain secondary information. The front link would have had to be
completely insensitive to accelerations, to have a high sensitivity for measuring
the small loads, to have a high natural frequency so that its wave velocity would
be considerably higher than that cof the soil, and to be completely insensitive

to bending; the back force link would have had to exhibit all the same character-
istics except the acceleration sensitivity (because the specimen abutted a mas-
sive lead block).

A compromise of sorts was reached simply by potting ordinary carbon re-
sistors in epoxy. These elements were quite sensitive, easily developing 1 to 2
millivolts per pound (mv/1b) output. They were also electrically stable, as
shown by the results of three 20-megohm calibrate pulses in Figure 30. They were,
however, somewhat sensitive to bending. Figure 30 also shows the results of a
particularly severe calibration test in which dead weights were purposely placed
on the link with an eccentricity just less than complete unbalance. The points
shown are the results cf several exercises of this type and indicate that vagrant
eccentricities during a test could lead to perhaps 10 percent errors in the force-
link readings. Owing to lack of appropriate equipment it was not possible to
perform a valid quantitative acceleration-sensitivity test on the force links.
The gage did, however, show only minor outputs when shaken violently by hand.

For these secondary data, and for approximate analyses only, these bend-
ing and acceleration errors were accepted as experimental limitations. For this
reason no further force-link studies werz undertaken.

7. Fabrication and Placement of Specimen.

The membrane was inserted in the assembled mold and made fast at the
ends. The mold was then placed vertically in a stand, and the bottom cap (the
back force link) was inserted. A vacuum was applied to the space between the
membrane and the mold, drawing the membrane snug. After the membrane had been
inspected for twists or wrinkles, the sand placement was begun. The sand was
placed in three ways, depending on the nominal density desired: for dense, the
material was placed in thin (1-inch) layers and vibrated; for medium dense, the
material was poured through a funnel and tube from a height of 24 inches above
the exposed sand surface; and for Zoose, the material was allowed to flow gently
out of a funnel and tube held directly at the exposed sand surface. Placement
was stopped when a precise distance below the top was reached. The top cap (a

nylon plug) was inserted to that depth, and the membrane was sealed against the
cap. The test vacuum was then introduced into the specimen through the bottom
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cap, and the outside vacuum was temminated. The mold and specimen were removed
from the stand and placed horizontally on a table to be prepared for placement

in the foam bed.

Preparation was started by gentle removal of the upper half of the mold.
Numerous bands of bookbinder's tape were wrapped around the specimen and lower
half of the mold. With the bands in place the sample could be inverted, with
the half of the mold used for support, and lowered into its bed, as shown in

Figure 31. The mold was then removed.

With the specimen in place the lead backup block and the back force link
were brought into tentative contact, and the needles were inserted. The flags
were placed in the ncedle slots and positioned with the aid of a scope. The lead
block and the back force link were then brought into careful contact, and the
foam cantilevers were cocked forward a nominal 1/8 inch. The top bed and cradle
were gently lowered into place and secured by the weight of lead ingots. The
setup at this stage is shown in Figure 21.

The shock tube was then fitted with a diaphragm and was moved into posi-
tion in line with the sample end. At this time the tube was adjusted for posi-
tion and alignment, and the loading cap (containing the front force link) was
inserted into the expansion chamber. The tube was then moved forward until the
end of the specimen and the loading cap made gentle contact. Alignment inside
the expansion chamber was checked with a dental mirror, and the necessary adjust-
ments were made. The entire specimen container was then covered with the poly-
ethylene sheet. The lights were turned on and allowed to reach equilibrium tem-
perature, and the direct on-off light, in-place calibration was performed. The
tube was then charged to the desired test pressure. Actual firing was done by
the remote-record system. The firing sequence consisted of the on-off light
calibration, followed by actual firing, with an abort option at any point in the
sequence. After the test the apparatus was carefully disassembled, and the

specimen was inspected.

The foregoing is a description of the actual wave-propagation tests.
The sequence was the same for the static tests to failure with these exceptions:
a proving ring was placed between the loading head and the sample end, the dia-
phragm was not put in the shock tube, and the load was applied by a slow buildup

of pressure in the shock tube.
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Figure 31. Lowering specimen into bed
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For these experiments seven displacement stations were used, as shown
in Figure 32, yielding sixteen data channels (14 displacement and 2 force) and
one common-event channel. For the dynamic tests the common event was the piezo-
electric gage in the expansion chamber. TFor the static tests the common event
was a manually actuated electrical pip, generated each time the proving-ring
dial traversed 0.0010 inch. Although the data were collected on different tapes
in the remote-record system, the common-event channel was always recorded on all

tapes in a given test.

8. Remote-Recording System.

The experimental data were all remotely recorded on tape, through uti-
lization of an automatic control system that performed the immediately preshot
functions. So that both static and dynamic tests could be performed, the photo-
diodes and the force links were dc-coupled to the recording system; therefore a
dc-balance network was required. Figure 33 is a diagram of the remote-record
setup. The dc-balance network was simply a battery-powered potentiometer (buck-
ing) circuit, which, after ample time for warmup, was adjusted in the final few
minutes before an experiment. The signal was preamplified before the remote-
record system, which also applied a small amplification. The automatic control
system was used to turn the lights on and off about 3 seconds before the shot to
yield the remote calibration pulse. By comparing of the remote to the direct
calibrates (Fig. 29), the recording-system amplification was directly computed,
with no reliance on indicated amplifier gains. The tape-recorded data were read
on an oscilloscope. Several pictures were usually taken so as to expand, in
time and amplitude, certain areas of interest in the signal. After these were
studied, the tapes were duplicated by direct recording, and the duplicates were
sent to the computer laboratory for reduction. Although a computer program for
data analysis has been written, the data were analyzed manually to gain feeling

for the phenomena involved.

9. Triaxial Tests.

These tests were done for comparison with the static and dynamic long-
specimen experiments. At first it was felt that if the triaxial and the static
long-specimen tests did not agree, overriding weight would be given to the static
long-specimen results because of the known undesirable seating and boundary ef-
fects in triaxial tests on small specimens. In fact, the data agreed quite well,
and some rather interesting facts about triaxial tests on small specimens werc
noted.
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1.4 volts 10 kohms
Hg battery 1/2 watt

__i

5 ohms
3600 Remote-
ldegrees record
system
Resistor
Crystal 75" ohms
5% Astrodata Model TPA-141
S 1 watt

Figure 33. Remote-record circuitry

The triaxial specimens were fabricated in the same way as the long speci-
mens (described in the foregoing), except that they were 3.6 inches long if 1
inch in diameter, or 4 inches long if 1.4 inches in diameter. They were loaded
uniformly to failure in about 5 minutes in an air-actuated commercial unconfined-
compression tester. The load was measured with the same proving ring used in the
static long-specimen tests. The displacements were measured with an 0.001-inch
dial gage. The vacuum was created by the same pump and was measured by the same
manometer; it was measured at both ends of the specimen so that any leaks could

be detected and corrected.

When the internal vacuum was applied, the loose specimens shrank measur-
ably. The reduced area was used for stress computations, but no further area
corrections were made. The strain was computed by dividing the overall displace-
ment by the reduced length. The original, as-compacted density was used for com-

parative purposes.

Before starting the main triaxial test, it was decided to ascertain that
the stiffness of the surgical membrane was not affecting the results. For this
purpose, what was intedned to be a short comparative series of tests was planncd:
at several densities and ambient stresses two identical specimens were fabricated,
one in a surgical membrane and the other in the more common 1.4-inch (prophylac-

tic) thin membrane used in triaxial testing, but allowed here to fold and wrinkle
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to accormodate to the 1-inch-specimen diameter. A comparison of the stress-
strain curves would show immediately if any membrane effect existed: if the
stiffness of the surgical membrane were adverse, the stress-strain curves for
specimens tested in this membrane should lie above those for comparable speci-

mens tested in the prophylactic membrane.

As shown in Figure 34, the initial results were appalling: clearly, at
limiting densities (dense and loose) and ambient stresses there was a gross dif-
ference between the results obtained by each of the two membranes. It now re-
mained to show whether the effect was a strengthening, caused by the stiffness
of the surgical membrane, or a weakening, caused by the wrinkling and end effects
of the prophylactic membrane. After an exhaustive series of tests, described in
Appendix A, it was concluded that the effect was a weakening, caused by the wrin-
kling and end effects of the prophylactic membrane. Figure 34 also shows the
results of tests on specimens at the nommal triaxial size of 1.4 inches. The
larger specimens at higher densities (similar fabrication techniques did not
yield similar densities for these larger specimens) yielded slightly stiffer
stress-strain curves. All the tests to be reported in later sections were por-

formed on specimens jacketed in the 1l-inch-diameter surgical membranes.
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SECTION V
EXPERIMENTAL RESULTS

1. Vacuum Triaxial Tests.

a. Scope of Tests.

A total of 48 triaxial tests was performed, of which 25 yielded
data directly usable in this report. Table I lists all tests, test purposes,
test conditions, and test methods (described in Section IV, 9).

First-load stress-strain curves from sands are notoriously va-
grant; even under the best test conditions with skilled and careful operators,
discouragingly large scatters in data points must be expected. For example,
Figure 35 shows the results of such carefully performed tests, reported in
Reference 58; only two full stress-strain curves and 10 ultimate strengths
were reported. The data from the two reported stress-strain curves are typi-
cal of the vagrancies; the looser specimen appears stiffer at low strains and
softer at high. The inner of the shaded bands is in this case the scatter
band for two tests on specimens fabricated and tested, to all appearances,
under precisely similar conditions. Based on 10 strengths reported, the large
darkened band shown in Figure 35 indicates the range of scatter of the data.
As has been emphasized in the literature (Refs. 34,38,58), because the scat-
ter band in this type of test is in fact larger than the strain-rate sensi-
tivity, any precise analysis is at best approximate and of questionable util-

ity for application to practical problems.

The data from these experiments showed the same vagrancies and

will be discussed.
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Table 1

SCHEDULE OF VACUUM TRIAXIAL TESTS

Ambient Density, Density
Test Membrane stress, psi pcf Purpose classification
2A S 11.92 105.7 T D-high
A2 S 11.92 104.2 T D-high
A3 S 11.92 94.4 T L-high
B1 S 9.94 105.1 T D-middle
B2 S 9.94 103.6 T D-middle
B3 S 9.94 86.6 T oS
B4 S 9.94 94.5 T L-middle
Cl P-1 7.10 106.1 M(t) --
2 S 7.10 104.6 T D-1ow
c3 S 7.10 100.1 T MD-1ow
c4 S 7.10 94.6 T L-1ow
D1 S 11.92 1n5.0 T D-high
D2 S 11.92 109.4 T o5
El S 11.92 104.4 )] D-high
E2 P-1 11.92 106.2 M{t) --
E3 S 7.10 93.4 T L-Tow
F1 S 11.92 104.7 T D-high
F2 S 11.92 98.4 T MD-high
F3 S 0 105.6 M(t) --
F4 P-1 11.92 107.1 M(t) --
F5a S 11.92 105.6 T D-high
F5b P-1 11.92 107.7 M(t) --
F6 P-1 11.92 106.9 M(t) --
F7 P-1 11.92 106.7 M(t) --
F8 P-1 11.92 105.7 M(t) --
G1 P-1.4 11.92 107.0 M(t) --
G2 P-1.4 11.92 107.5 M(t) --
G3 P-1.4 11.92 108.2 M(t) --
G4 P-1.4 7.10 95.7 M(t) --
G5 P-1.4 9.94 103.1 M(t) --
G6 P-1.4 7.10 107.6 M(t) --
G9 P-1.4 7.10 95.2 M(t) --
H1 S 7.10 106.1 T D-Tow
H2 S 9.94 105.5 T D-middle
H3 S 11.92 105.5 T D-high
L1 S 7.10 104.7 T D-1ow
L2 S 7.10 100.5 T MD-1ow
L3 S 9.94 98.3 I MD-middle
L4 S 11.92 98.6 T MD-high
M1 S 7.10 96.2 T =
M2 S 9.94 96.8 T ==
M3 S 11.92 97.0 T e
N1 S 11.92 109.2 T -
N2 S 9.94 109.4 T e
N3 S 7.10 110.0 T =3
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Table I (Cont'd)
SCHEDULE OF VACUUM TRIAXIAL TESTS

dense (105 pcf)

D = medium dense (100 pcf)

= loose (95 pcf)

high = 11.92-psi ambient stress
middle = 9.94-psi ambient stress
Tow = 7.10-psi ambient -tress

Ambient Density, Density

Test Membrane stress, psi pcf Purpose classification
01 S 11.92 94.1 T L-high
02 S 9.94 93.8 T L-middle
03 S 7.10 93.8 T L-Tow

S = surgical membrane used in long-specimen tests

P-1 = prophylactic membrane, forced to 1-in. diameter

P-1.4 = prophylactic membrane used in normal 1.4-in. diameter

T = soil-property test

M(t) = test to evaluate anomalous membrane effect

D =

M

L
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b. Results of Tests.

As explained in Section IV, the specimens were fabricated in three
different ways to yield three densities, arbitrarily referred to as dense, me-
dium dense, and loose. The density results from all tests--triaxial and long

specimen--are presented as follows:

Table II

DENSITY RESULTS FROM ALL TESTS

Desired Average density Lowest Highest

Density density, trom all tests density, density,
classification pcf pcf (no. of tests) pcf pcf
Dense 105 104.9 (22) 103.6 106.1
Medium dense 100 100.1 (11) 98.3 102.0
Loose 95 94.4 (9) 93.4 95.4

Note that, using the best and most careful techniques, the scatter in densities
obtained is nevertheless appreciable. In fact, the data reported are somewhat
selective; if any specimen evidenced an obvious anomaly, it was destroyed and
refabricated without further question. In view of the scatter in simple densi-
ties under these ideal conditions, one would be surprised if the stress-strain
data did not show some scatter, particularly when the experiences of other re-

searchers are taken into account.

Such scatter did indeed occur, as shown in Figure 36, which contains
the largest scatter band of this test series. Shown are the results of seven
tests, along with the scatter band or envelope into which they fall. Note that
the envelope is broad simply because of the large number of tests used to define
it; if Tests 2A and F1 had been discarded--as they might well have been because
they diverged grossly from the other tests--the envelope would have been much
thinner. The data presented are, however, intended to be realistic rather than
complementary. All of the pertinent triaxial data for the nine conditions--
three densities and three ambients--are given in Figures 36 through 44. Shown
on these figures are the data (corrected for seating errors if required), the
envelope, and a best-fit smoothed curve found by analytic procedures and de-
scribed in the following.
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2. Analysis by Subfailure Coulombic (SFC) Method.

a. The SFC Method.

There are several ways in which the data could be analyzed to ar-

rive at a single best-fit curve:

(1) by drawing a line through the center of the envelope;

(2) by taking an arithmetic average of the tests available
for that envelope;

(3) by forcing a fit to an explicit mathematical curve,
using the tests available for that envelope.

These three approaches were rejected because they would have depended on the num-
ber of tests available for any one density-ambient condition. For example, any
of the three approaches might have been adequately accurate using the seven tests
of Figure 36, but none of them could have done much with the single test on Fig-
ure 40. Furthermore, all of these three methods would have depended on the con-
ditions being the same for all the tests defining the envelope. Specifically,
this dependence is erroneous when applied to the densities, as shown by Table II
and data recorded on the figures (such methods, especially the third, have been
applied with success, however, as reported in Refs. 55,56,58). For these rea-

sons it was decided to use another approach to analyze these data.

The approach should include all variables--stress, strain, density,
and ambient stress--from all tests in such a way that the trends of the entire
test series could be used to adjust or guide the analysis of one test. The pre-
sumption is that the behavior will always vary smoothly and consistently as the
variables are varied. Having presumed this, it was necessary to assume some
pattern that the behavior might logically follow.

For example, experience with cohesionless soils demonstrates the
fact that the stress-strain curve is steeper for higher densities; or more pre-
cisely, the stress required to cause a given strain is higher for higher densi-
ties. This fact was recognized in the following analysis (to be explained with
the aid of the sketches in Fig. 45). Because the three ambient stresses were
invariant quantities for all the tests, the data for each of the three ambient
stresses were plotted together, yielding three sets of stress-strain curves, each
of which differed only in density (Fig. 45a). Then, for each ambient stress,
with the use of fine strain mesh, a plot was made of the stress required to cause
a specific strain as a function of density (Fig. 45b). From that plot a fitted
stress-strain curve could be drawn for any density (Fig. 45c). Such curves would
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be consistent for density, but not necessarily for ambient stress. For this co-
hesionless sand, however, an additional smoothing on ambient stress was attempted.

The second smoothing requires the assumption that the material is
subfailure coulombic (SFC): that is, at stresses below failure the stress re-
quired to cause a given strain is controlled by Coulomb's equation.

= t 30
T opan¢>p ()

where

T shear stress

*p

An important observation of the application of the SFC technique is that the

subfailure coulombic stress angle at specific plastic strain

Mohr's circles of stress for a given strain with different ambient stresses be-
come tangent to the same straight line passing through the origin for all tests
on material possessing the same density. This fact was utilized to force ambient-
stress consistency by the SFC method on specimens of the same density. To pre-
pare for the analysis, the data of Figure 45b (which are actually three plots,
one for each ambient) were interrolated at the three arbitrary densities--95,
100, 105 pcf--and used to draw semismooth stress-strain curves (Fig. 45c). Those
curves were then used, with a fine strain mesh, to draw Mohr's circles to which

a straight line, Coulomb envelope could be fitted for each specific density, as
in Figure 46. The fitted envelope was then used for each ambient stress to
backcompute the stress required to cause the strain represented by the envelope.
With these fitted data available, it was possible to construct a stress-density
curve similar to that in Figure 45b. Each set of such curves formed a consistent
and smooth family, from which the stress-strain curve could be constructed for
any combination of density and ambient stress. For example, Figure 47 shows the

nine curves for the three arbitrary densities and the three ambient stresses.

This smoothing technique forces consistency on the variable density
and ambient stress for the entire test series and does not necessarily yield
results closely consistent with an individual test or two for one set of density
versus ambient-stress conditions. For example, note that the smoothing agrees
quite well with the enveloped data in Figures 36, 37, and 41; falls above the
envelopes in Figures 39, 40, 42, 43, and 44, where the test densities were lower

than the arbitrary value of the SFC-smoothed curve; and falls slightly below the
envelope in Figure 38.
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Although the application of the SFC method to the lower strains has
not been strictly verified by previous experiment, it was used here because

(1) it obviated the objections to approaches 1 through 3 above;
(2) it forced consistency between ambient stress and density;

(3) it allowed, for the analyses to follow, the computation of
low-strain seismic parameters directly from the data in
Figure 10;

(4) it seemed to yield a close approximation to the actual
stress-strain cutves; and

(5) it resulted in some sweeping simplifications in waveform
computations for those soils that exhibited the SFC prop-
erty to an engineering approximation (see Section VI).

b. Summary of Analyzed Results.

The bands in Figures 36 through 44 and the SFC-smoothed stress-
strain curves are the basic comparative data results from this set of triaxial

tests.

3. Pilot Wave-Propagation Tests.

a. Series A.

This test series was designed only to check out the equipment and
instrumentation, to verify the specimen-handling techniques, and to obtain some
rough data to see if any problems existed. To these ends a single dense speci-
men was fabricated and subjected to the high-ambient stress. The specimen was
fabricated as described in Section IV. The needle-and-flag placement and posi-
tioning technique were tried several times to perfect it and to train the oper-
ators. Since after this practice the specimen was in something less than an

undisturbed condition, no quantitative significance was assigned to this test.

The data were recorded on scopes, with the use of makeshift triggers
for the practice run. The specimen was shot several times at progressively in-
creasing stresses until failure by buckling occurred at slightly less than the
failure strength as found in the literature (Ref. 34). The data were only par-
tially recorded because some of the scopes would fail to trigger from time to
time. At this time the displacement-measuring stations were located at about 6-
inch centers along the specimen. Because cursory analysis of the data from this
preliminary test showed that closer spacings were required for accurate data re-
duction, steps were initiated to acquire and install those additional stations.
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When the corrections indicated by this first pilot series were par-

tially complete, a second pilot series was perforined.
b. Series B.

For this second series, better specimen-placement techniques, more
adequate scope triggers, and some of the additional displacement-measuring sta-
tions were in hand. Since there were not enough scopes available to read all
instruments simultaneously, 12 shots were performed on the specimen so that each

instrument could be verified.

Analysis of the data showed that, using the internal scope ampli-
fiers, the signals were essentially noise free and were completely adequate in
amplitude for accurate reduction. Scope recording was inadequate, however, for
four reasons:

(1) if the amplitude of duration of the event were estimated

incorrectly, the resulting readout could be too cramped
or could miss thc main data entirely;

(2) because the reawuut was only from one Polaroid picture
per scope, detailed study of a part of the event was
possible only by tedious and rather inaccurate nrojection
techniques;

(3) time referencing of all the channels was somewhat dif-
ficult to achieve with the limited numhe, of scopes
available; and

(4) even after a warmup period of several hours most channels
would drift between the setup and calibration procedure
and the actual shot (30-60 minutes).

It was decided, therefore, to build a panel of bucking (potentiom-
cter) circuits to dc-zero each instrument immediately before firing, and to re-
cord on magnetic tape so that the event could be read and studied in expanded
detail. These decisions were necessary in order that the 17 channels of irstru-
mentation could be obtained simultaneously, properly coordinated in time. The
decisions did, however, create a problem that was not fully appreciated until
the main experiments began. This was electrical noise, which was apparently
created by the bucking circuits, the high preamplification needed for the tape
recorders, and the long lines needed to reach the recorders, which were remote
from the test area. This electrical noise and the limitations it imposed will

be discussed with the presentation of the main data.

Although the specimen was shot many times at just below its failure

strength, it buckled in only a few of the shots. The buckles were minor and were
simply prished back into place for this practice series.
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c. Conclusions from Pilot Tests.

On the basis of these two pilot tests, specimen fabrication and
placement techniques and needle-fiag placement and positioning techniques were
perfected. Additional displacement-measuring stations were installed, and the
design of the force links was slightly modified to minimize the eccentricities
and to make handling and operation easier. It was decided that the foam bed
was adequate to prevent buckling. As will be explained, this conclusion proved
somewhat incorrect when more cutouts for the additional displacement-measuring
stations were installed, and a new foam-bed design was required; unfortunately,
this was not apparent until almost half of the main cxperiments were completed;
at that time the cutout points were reinforced to eliminate the buckling. It
was further decided that all instruments were yielding adequate, noise-free
signals. This conclusion was found to be somewhat in error with respect to noise
wlien the main experiments were remote recorded.

In summary, all procedures and systems functioned more than ade-
quately except for the buckling of the foam bed (which was corrected halfway
through the main experiments) and the noise in the remote system (which could
not be corrected with the equipment available and the conditions prevailing at

the time of the main experiments).

4. Static Long-Specimen Tests.

The static long-specimen tests that were performed are summarized in
Table III. The method for performing the long-specimen tests is described in
Section IV. Detailed test data, along with the analysis and complete results,
are given in Appendix B. Only the conclusions of thesc tests are given here.

Results of the early tests, performed before the additional cutouts in
the form were reinforced, agreed closely with SFC curves at their density up to
stresses just under 10 psi (about half the strength), at which point buckling
occurred, with the result that the static long-specimen stress-strain curve
dropped below the SFC curve. Results of the later tests, performeu after thc
cutouts were reinforced, agreed well with the SFC curves, and usually lay above

the 3FC curves if disagreement existed.

On the basis of the agreement between these tests and the SFC curves,
it was concluded that either could be used as a basis for static comparison with
the dynamic experiments. Because the SFC curves provided more data extending all
the way to shear failure, and because those curves would allow construction of
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Table III

SUMMARY OF STATIC LONG-SPECIMEN TESTS

Time,, Ambient Density, Densi ty +
Test code stress, psi pcf classification

C 244-0800 11.92 104.7 D-high

D 244-0900 11.92 104.9 D-high

E 244-1000 11.92 95.4 L-high

F 244-1100 11.92 98.8 MD-high

L 252-0900 9.94 105.0 D-middle

P 252-1200 7.10 104.6 D-Tow

S 253-0900 9.94 100.9 MD-middle

U 253-1100 7.10 100.7 MD-1ow

*
Reference code for tape-recorded data

+C1assification accordin
D = dense (105 pcf

MD = medium dense (100 pcf)
L = loose (95 pcf)

high = 11.92 psi

middle = 9.94 psi

low = 7.10 psi

98

? to nominal density and ambient stress:



the stress-strain curve for each dynamic experiment at its own density and am-
bient stress, it was decided to use the SFC curves as the basis for static com-
parison with the dynamic experiments.

5. Wave-Propagation Tests.

a. Scope of Tests.
Tztle IV summarizes the wave-propagation experiments.

Since Test G {248-0800) clearly buckled early in the event, it was
redone as Test K (252-0800). Test M (not shown in the table) yielded no data
because the diaphragm preruptured; it was redone as Test N (252-1100). Notice
that all three ambient stresses were used for two of the densities, dense and
medium dense, but that only the high-ambient stress was used for the loose speci-
men. The middle- and low-ambient stresses were no. .sed for the loose specimens
for two reascns: since the specimens at these ambients were extremely soft and
difficult to handle, the results would have been of questionable validity; and
the extremely soft behavior might have had little engineering significance.

b. Data from Experiments.

The methods of performing the wave-propagation tests and of record-
ing the data were described in detail in Section IV: the specimen was loaded
by a soft-fronted pulse (1 to 2 msec) generated by rupturing the diaphragm in a
shock tube; the loads were recorded on force links at the front and rear of the
specimen; and displacements were measured by light gages. A piezoelectric pres-
sure gage in the expansion chamber of the shock tube was used to provide a common-
time event.

Typical photographic readout is shown in Figure 48. The upper trace
is the piezoelectric gage in the expansion chamber; its initiation is taken as
zero time. The lower trace is typical of the raw data for a displacement gage
(here, B-1). These data were processed on the computer for more accurate inter-
pretation (as was done for the static tests), and two computer readouts were
obtained: one to show the entire event (Fig. 49), and one with the initial part
of the event expanded in amplitude and time (Fig. 50).

The same types of typical raw and computer-reduced data are shown
for the front force link in Figures 51 through 53 and for the back force iink in
Figures 54 through 56. Although complete faith should not be placed in the exact
amplitud: readings from these force links, the time histories should be correct.
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Table IV
SUMMARY OF WAVE-PROPAGATION TESTS

Time, Ambient Density, Density +

Test code stress, psi pcf classification

G 248-0800 11.92 105.2 D-high

H 248-0900 11.92 101.8 MD-high

J 248-1100 11.92 95.1 L-high

K 252-0800 11.92 104.5 D-high

N 252-1100 9.94 105.0 D-middle

R 253-0800 7.10 104.2 D-Tow

T 253-1000 9.94 99.9 MD-middle

) 253-1200 7.10 102.0 MD-low

*
Reference code for tape-recorded data

TC]assification according to nominal density and ambient stress:
D = dense (105 pcf?
MD = medium dense (100 pcf)
L = loose (95 pcf)
high = 11.92 psi
middle = 9.94 psi
Tow = 7.10 psi

10NN



&
v 16 mils
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Figure 49. Displacement gages: typical full-event computer reduction
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e b A
STna N
4

-4

Ln02 %29 1 Sy d by

0o 9 WA TS

Front force link:

Figure 54. Back force link:

typical expanded computer reduction

typical raw data

105




MHemeoRun: - < 2 oER CRddunl
| s 18 L | R S
R NN R N T 8 T T " A B |

Figure 55. Back force link: typical full-event computer reduction

106




v s on eomar e
258 5= n i !

A
b3 %

B U8 NEBEI E AR R

sone

3
jEn
t

P

1gs
v

++

,N.,_
23
353

3
3

b & a2

Figure 56. Back force link: typical expanded computer reduction

Note that the front force link indicates a rise time of about 2 msec, and, as ex-
pected, the back force link indicates a considerably softer pulse. Some analysis
of the force-link data will be given below. First, however, the displacement

readings will be analyzed because they are the basic data from the experiment.
c. Detailed Reduction of Test Data.

The gage readings in mils were plotted as a function of time as in
Figure 50, and the readings for the two sides at each station were averaged (just
as for the static tests). Because the phenomenon was dynamic, the readings at
the front end of the specimen could be 10 times those at the last gaging station
at a given instant of time. These displacement-time data were differentiated to
yield particle-velocity versus time curves. A typical result is given in Fig-
ure 57. As explained in Section III, these data may contain inconsistencies
which can be minimized, on the assumption of a plastic and strain-rate-insensitive
material, by taking advantage of the fact that a given particle velocity is gen-

erated at a unique wave velocity.
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Data from a plot such as Figure 57 were therefore rearranged in a
plot of position time for a given particle velocity. Such a plot is given in
Figure 58. The slope of any line on a position-time plot is, by definition, a
wave velocity. From the known density and the Richart data in Figure 10, the
seismic-front line can be drawn as shown. This value was checked from the force-
link readings, and the differences were in all cases trivial. The points for
several velocities are shown on the figure. The straight line was drawn as a
best fit, utilizing the fact that station G seemed to be misreading in this shot.
The best-fit straight lines were similarly but independently fitted to the other
velocity data from Figure 57 to obtain the family of straight lines in Figure 59.
The wave velocity for each particle velocity was computed as the slopes of these
lines, and the results were conveniently plotted as Figure 60. Then, following
the method outlined in Section IIl, the results were rearranged and graphically
integrated according to Eq. (29)

The results of the integration are most conveniently displayed for subsequent
operations in Figure 61, which shows wave velocity as a function of strain.
Because of the compatibility smoothing done on the wave-velocity versus particle-
velocity relationship (typically as shown in Fig. 60) the resulting wave-velocity
versus strain curve is smooth for fine increments of graphic integration. The
stress-strain curve was then obtained directly by integrations of the pcf) curve,
computed from the data in Figure 59, according to the solutions of Egs. (8) and (12)

E

P e2a 31
= c
°p f **p “p (31)
(]

The result for this case is shown in Figure 62.
d. Discussion of Reduction.

It is apparent that this method of data reduction forces the results
to be strain-rate insensitive and to exhibit plastic behavior; but it also forces
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the data to be kinematically consistent. If the material were in fact appreciably
strain-rate sensitive, then this procedure would have the effect of making the
leading gages (e.g., station A) appear to be reading too Zow; and perhaps, but
certainly to a lesser degree, might make the rear gages (e.g., station G) appear
to be reading too high.

Reverse computations were made to check this effect, and precisely
the opposite was found to be true: station A, when it disagreed with the back-
computation from the smoothed data, always read high, and station G usually read
low. For this reason it was concluded that any discrepancies between actual and
backcomputed data were not caused by neglect of an appreciable strain-rate effect.
Instead, the discrepancies, when they occurred, were handled by scaling the actual
data geometrically against time on the assumption that the calibrations might have
been in error. Except for station A, no large corrections were necessary. When
large corrections had to be applied to A, those data were rejected on the assump-
tion that buckling or failure might be occurring, air leakage around the loading
head might be disturbing the flags, or some ambient light might be leaking in.

It is also apparent that some curve fitting was done in three'places:
the velocity-time plot, Figure 57; the position-time plot, Figure 58; and the
wave-velocity versus particle-velocity plot, Figure 60. It would have been pos-
sible to use computer-smoothing methods to make so-called best-fit curves to the
data points; in particular, the straight lines of the position-time plot could
have been fitted by least squares or some other common procedure. None of these
fitting schemes was used, however, for the following reasons: the value of each
point had to be judged individually, and one of the main purposes of the effort
was to gain experience with the phenomena taking place. If computer-fitting
methods had been used, it would have been necessary to assume that all gages and
their ancillary systems were functioning perfectly at all times. Realistically
speaking, this would have been a highly unlikely circumstance for so many gages
of a new type. In addition, had computer-fitting methods been used, a great deal
of experience would have been lost. For these reasons the curves were fitted by
hand, using the experience and judgment that developed after analyzing a few tests.

Finally, it should be recognized that the initial part of the final
stress-strain curve depends somewhat on the intercept chosen on the wave velocity
versus particle velocity and the wave-velocity versus strain plots: that is, the
seismic velocity. This value could have been computed from the readings of the
two force links. It was somewhat difficult, however, to pick off the first
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time-of-arrival at the back force link (Fig. 56). In general, the computed seis-
mic velocities agreed with or differed only by small amounts from Richart's data
(Figs. 10,11). When there was a disagreement, the present data led to lower ve-
locities than Richart's. It is felt that this was owing to the sensitivity of
the force link (designed to read in pounds rather than micropounds). Because
Richart's instruments were nuch more sensitive tc seismic-wave velocity than were
the force links used here, Richart's data were used. No serious errors were in-
troduced, apparently, since the intercept always fitted smoothly to the remainder
of the data.

e. Results of Experiments.

A typical result is given in Figure 62. All results are discussed
in the next section.
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SECTION VI
ANALYSIS AND DISCUSSION

1. Study of Dynamic and Static Tests.

a. Comparison of Resuits.

The dynamic and static test results can be comparad in two ways: (1)
on the basis of method of fabrication, assuming that vagrant errors should more or
less cancel; or (2) on the basis of properties, assuming the use of some method to

force consistency on the pronerties (here, the SFC method).

As has been pointed out, all specimens--triaxial, static long speci-
men, and wave propagation--were fabricated by the use of similar methods; if some-
thing unusual happened during fabrication (e.g., a large shot in an adjacent shock
tube while a loose specimen was being made or tested), or if the specimen or test
did not appear correct for any reason, the specimen was destroyed and another
made. Although comparing results on the basis of method of fabrication does not
provide proper knowledge of soil property, it does help in assessing the limita-
tions of the results and in guiding future researchers in similar materials.

Two basic properties must be used in a static-to-dynamic comparison,
actual density and ambient stress. For the static basis of comparison these two
were combined by the SFC methcd described in Section V. Using this method, 1t is
possible to construct the static stress-strain curve for any density and any am-
bient stress. For each dynamic test, therefore, the comparable static stress-
strain curve can be constructed from the test data (density and ambient stress)
in Table IV.

The bases for comparison are the stress-strain curves. The dynamic
stress-strain curves are compared (Figs. 63-69) with static curves as follows: (1)
for method comparison, the triaxial band; and (2) for property comparison, the
SFC curve constructed for each test at the density and ambient stress of the dy-

namic experiment.

In general, the dynamic stress-strain curves compared more favorably
by method with the static stress-strain curves than did the results of the static
long-specimen tests. Exceptions were Tests G and J (Figs. 63,69) which buckled,
and Test V (Fig. 68) which is discussed below. (Recall that Test G was repeated
as K.) The results are usually within the errors seen in the scatter envelopes,
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Figure 63. Dynamic-to-static comparison: dense, high-ambient stress
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which in turn represent the scatter seen in the results of carefully performed
tests and caused by the vagrant nature of sands.

Detailed quantitative significance should not be assigned to these
plots of comparison by method; recall that many of the triaxial envelopes were
obtained for specimens below the nominal densities, and many of the specimens
for dynamic tests were higher than the nominal density (e.g., Test V, Fig. 68).
Nevertheless, since many of the bands exceeded the reported maximum strain-rate
sensitivity of this material, these plots do allow two tentative conclusions:
the material appears to be only slightly strain-rate sensitive, and the computcd

dynamic stress-strain curves appear reasonable.

From the comparison by properties with the SFC curves, excepting
the curves for G and J (Figs. 63,69, for reasons noted above), it can be seen
that (1) the dynamic curves agree with their SFC static curves more ciosely than
the envelopes of data from which the static curves were derived; and (2) there is
no clearly ccasistent difference between the curves to indicate a large strain-
rate sensitivity. For example, Tests K, H, and N lie very near but slightly
above their curves, Tests R and V lie appreciably above, but Test T lies below.

It should be noted that the softer the specimen (i.e.. lower den-
sity, lower ambient stress), the greater the disagreement between the dynamic
curves and their SFC static curves; the results from the softer specimens lie
farther above their comparable static curves. Although this observation may be
taken to indicate a strain-rate sensitivity proportional to softness, the re-
search does not support such a conclusion. It should be recalled that Tests G,
H, and J were perfcrmed before the foam bed was reinforced; two of these--G and
J--buckled, and the other--H--showed excellent agreement (Fig. 66). The other
tests, K, N, R, T, and V--were performed after foam reinforcement. Of these,
Tests K, N, and T showed excellent agreement (Figs. 63,64,67), while tests R and
V only showed stiffer behavior (Figs. 65,68). The disagreement in Test R was not
serious, amounting to perhaps 20 percent at the most. The disagreement in Test V
was, however, more serious, amounting to as much as 50 percent at low strains.

In Test V the input stress was not the smooth function usually obtained, but in-
stead was that shown in Figure 70. Note that after the peak was reached, the

stress decreased by about one quarter, then fluctuated erratically during the re-
mainder of the loading. The effects of such an arbitrarily shaped pulse are not
included in the analysis of the test data and are not the subject of this report.
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Figure 70. Input stress read in Test V, 253-1200

Because of the vagrant nature of the input stress, the results of Test V are ten-
tatively rejected as being invalid for the program at hand.

The results shown, tempered by the experiences of the experiments,
indicate that Tests H, K, N, R, and T provided the valid and analyzable results
of this series of experiments. In most cases the results agreed with the SFC
static curves within 10 percent; in only one case (Test R) was the disagreement
up to 20 percent. The disagreements, with the exception of Test T (Fig. 67),
showed the dynamic results to yield a stiffer stress-strain curve than the static,
indicating a minor strain-rate sensitivity. The average of the maximum sensiti-
vities is less than 5 percent for this test series as reduced, however.

b. Conclusions Regarding Static and Dynamic Properties of Sand.

The static tests were reduced to a best-fit single curve by applica-
tion of the SFC method to the results of about thirty triaxial tests. When com-
pared with these static curves, the dynamic curves showed excellent agreement,
disagreeing slightly in favor of increased stiffness. Although use of the data-
analysis method forced strain-rate insensitivity when there is likely to be
strain-rate sensitivity, this method will yield a single stress-strain curve that
is stiffer for high-strain rates than for low. In other words, this method yields
a stress-strain curve that is crudely an average of the lowest and highest strain
rates. The maximum strain-rate sensitivity, therefore, is somewhat higher than
that yielded by a dynamic-to-static comparison. On the basis of these comparisons,
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for a soft-fronted pulse and for the range of densities and ambient stresses
studied, five major conclusions may be drawn:
(1) This sand is, for all engineering purposes, strain-rate ingen-
sitive. The sensitivity can be as high as 20 percent, but
averages only 3 percent. This conclusion verifies the find-

ings of some investigators (Refs. 34,53,58), but contradicts
others (Ref. 55).

(2) The seismic arrivals are consistent with the Richart data
(Ref. 49).

(3) The theory of wave prcvagation for plastic strain-rate-
insensitive materials accurately models the behavior of this
sand.

(4) This sand behaves statically as an SFC material.

(5) This sand behaves dynamically as an SFC material to an engi-
neering approximation, except at the lowest strains approach-
ing seismic conditions.

On the basis of these conclusions the following simpl:ifications are

possible: (1) static tests will accurately predict dynamic behavior; (2) the re-
sults of a few static tests can be used to construct the stress-strain curves for
a variety of densities and ambient stresses; (3) the seismic velocity depends
only on density and ambient stress; and (4) the wave-propagation parameters can

be considerably simplified.

2. Wave Propagation in Strain-Rate-Insensitive SFC Materials.

a. Some Fundamental Concepts.

In Section V, 2a, it was pointed out that if a material were sub-
failure coulombic (SFC), then the Mohr's circles of stress for a given strain
but for different ambient stresses would all have to be tangent to the same
straight line passing through the origin. From the geometry of the circle and
origin-centered straight line, it follows that the relationship between the ma-

jor principal stresses is

(o)) ¢
VP - tan? (45 '
;. tan? (45 + 55) (32)
where
(Ol)p = major principal stress applicable to specific plastic strain, -
o, = minor principal stress (ambient stress)
¢p = subfailure coulombic stress angle at specific plastic strain, .
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and where the subscript p implies that the parameters are applicable to a speci-
fic strain level (ep). Recalling the soil mechanics definition of deviator stress

odp = (01)p - o, (33)
where
Yp = deviator stress applicable to specific plastic strain, €
one may define the more useful stress ratio Lp
%dp _ ¢an2 ’py -1
Lp-03 = tan (4s+72)- (34)
where
L = subfailure-coulombic stress ratio applicable to specific plastic

strain, ¢
p

and where the subscripts p imply that the parameters Lp, O ¢p are applicable

to a given strain, ¢ . The stress ratio Lp is uniquely related to the stress
angle ¢p’ for any and all SFC materials. For ease of later reference, this unique
relationship is given in Figure 71. Then if ¢p is known, Lp is known; and Eq. (34)

may be rewritten in the more useful form

= Lo (35)

to state that the deviator stress %4p required to cause a given strain o under a
specified ambient stress o, may be computed if Lp is known. It turns out that
Lp is extremely simple to compute: from a few tests at different ambient stresses
the deviator stress at each strain is divided by the (constant) ambient stress
of each test to arrive at L_ according to Eq. (34). When this is done, the values
of Lp may be plotted as a function of the strain to obtain the SFC constitutive

relationship for that material.

As an example, these computations were performed for the static tri-
axial experiments of this report. The results are given for later reference in
Figure 72. There are three curves because there are three nominal conditions of
density--105, 100, and 95 pcf. This simplified constitutive relationship has

far-reaching significance in wave-propagation problems.
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b. Wave Velocity in SFC Materials.

In Section II, Eqs. (8) and (12), it was shown that the wave veloc-
ity and constitutive properties can be related by

do
VR (36)
P

C =
P p de

For SFC materials, this may be simplified by recalling Eq. (35) and operating

do dL
dp _ d _ P
€ " de (Lpos) - 93 de
1% p P

noting that o, is a constant. Substituting from Eq. (34), differentiating, and
simplifying, the result is

¢
do tan2 (45 + =£)]d¢
d ., 2 (37)
Ep 3 1/2 cos ¢p Ep

The .xpression can be further simplified by noting that the bracketed term is
unique on ¢p and is inert insofar as wave propagation is concerned. It is there-
fo. onvenient to define the inert-¢ function f(¢p)

¢
tan2 (45 + 2R)
f(¢p) = (38)

1/2
/2 cos ¢p

and to write

do d¢

a.eﬁll - o, £(6) -&5 (39)

Because both L_ and f(¢p) are unique functions of ¢p’ they can be solved simul-
taneously and related for any and all SFC materials. This has been done for
later reference; the results are given in Figure 73. Thus for any material at a

given strain ep, f(¢p) is a known value because Lp is known. Similarly, because
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L_ is known for any strain € by an SFC constitutive relationship such as in
Figure 72, and because L_ and ¢p are uniquely related for all SFC materials, as
shown in Figure 71, the relationship between the stress angle ¢p and strain o
may be constructed, as has been done in Figure 74 for the three material condi-
tions in this report. Direct differentiation of the curves in Figure 74 yields
the temm d¢_/de_ in Eq. (39), with some obvious uncertainties at low strains due
to the steepness of the curves. Thus all terms in the differential of Eq. (39)

are known. When Eq. (39) is substituted back into Eq. (36), the result is

dé
_ 1
c, = o, \/3 £(o) (40)

€

P

Note that all the terms under the second root sign are known. One may therefore
sinplify the problem by defining the SFC wave-velocity function (Np)

3
_ 1
N, = \/; ) 3o (41)

so that the equation for wave velocity in an SFC material becomes simply

¢ = Np ZN (42)

As an example, the Np is given in Figure 75 for the three material conditions in

this report.

The implication of Eq. (42) is that for an SFC material the wave
velocity c_ at which a given strain 5 is generated is proportional only to the
square root of the ambient stress acting. In other words, wave velocity is a
simple power function of ambient stress for a given strain; but the power func-
tion is the same for all strains. This observation simplifies design and analy-
sis problems in SFC materials simply because power functions plot as straight
lines on log-log scales.

For example, Figure 76 shows that the wave velocities for a strain
of 0.2 percent represent an intermediate stress condition and for a strain of 0.5

percent they represent a near-failure condition. The lines are parallel be:ause
the power is 1/2 in both cases, and they differ in vertical position only by the
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N_ values from Figure 75 used tc compute them. This log-log linearity should
not be carried to unusually small strains approaching seismic conditions, however,
for two reasons. First, experience with the analysis presented shows that the
computed term d¢_/de_ can be quite unreliable at low strains (e.g., 0.005 per-
cent). Second, the SFC mechanism is felt to be similar to friction, and is prob-
ably not applicable when friction is not dominant. At low strains the major
transmission of energy is probably by point contact, where some lower power for
the power function controls (Ref. 50). For this sand specifically the 1/4-power
apparently applies at seismic strains (Ref. 49). This low-strain limitation is
emphasized in Figure 76 where Richart's seismic data are also plotted (some semi-
empirical simplifications on seismic velocity are given later in this section).

c. Particle Velocity in SFC Materials.

Recall the basic relationship between wave velocity, strain, and

p
" g 15
p f “p%p (15)
8]

Identifying with Eq. (42), substituting, and simplifying, the result is

particle velocity

E
- p
= N d
v r’aaj 3 (43)

0

Note that the integral is simply the integration of known functions, as in Fig-
ure 75. Thus the integral may be defined as the SFC particle-velocity function

Q)

“p
Q, - [ Nde, (44)
Q
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and the particle-velocity expression becomes simply

VN Qp /5; (45)

The function Qp is a simple integral, shown in Figure 77 for the three material

conditions in this report.

Thus the particle velocity in an SFC material is also a simple power
function on ambient stress.

d. Kinetic Energy in SFC Materials.
Recall the basic definition of kinetic-energy density pic ly

noted

T, - ,} o V2 (17)

Now identify with Eq. (45), substitute, and define the SFC kinetic-energy func-
tion (Sp)

1
S_ = 2 6
p ﬂz'OQp (46)
The resulting simple expression for kinetic-energy density is

T =S_ g (47)

The function S_ is shown in Figure 78 for the three material conditions in this

report.

This result, Eq. (47), is particularly interesting: it implies
that the kinetic energy in an SFC material is linearly proportional to ambient

stress.
e. Potential Energy in SFC Materials.

Recall the basic definition of potential (strain) energy

P
Vp = / opdep (16)
o)
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Now identify with Eq. (35), substitute, and define the SFC potential-energy func-
ti M
ion ( p)

P
M, = [ L de, (48)
0

The resulting simple expression for potential energy is
Vp = %03 (49)

The function Mp is simply the integration of the SFC constitutive relationsaip
(Fig. 72), the results of which are given in Figure 79 for the three material
conditions in this report. The result, Eq. (49), shows that potential energy is
also linearly proportional to ambient stress.

f. Total Energy in SFC Materials.

It is fundamental to the following development that only Zoading
functions are considered in this report. For the general case of any strain-
rate-insensitive plastic material, it was shown in Section III (specifically in
Fig. 12) that both the potential and the kinetic energies follow directly from
the stress-strain curve and the mass density. If the mass density is assumed
constant, the foregoing may be stated more explicitly: the kinetic and potential
energies depend uniquely on the shape of the stress-strain curve. The shape of
the stress-strain curve, in turn, is an expression of the stress required to
cause strain. In the process of applying stress to cause strain, the total avail-
able energy is transferred to the soil sample. The shape of the stress-strain
curve reflects this stress transfer. Now clearly, and particularly for soils,
some of the transferred energy is lost. Thus the previously derived expression

for total energy is applicable.
=V +T +L
EP VP p X (18)

For loading only, the loss term Lx in Eq. (18) must represent only those losses

external to the specimen.
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For example, in these experiments, Lx might include skin friction
if there were relative motion between the long specimen and its foam bed, and Lx
would have to include the energy consumed in flexing the little foam cantilevers
even if there were no relative motion. Recognizing that the intermal losses are
included in the kinetic-energy and potential-energy expressions, and assuming
that these external losses are small, the loss term Lx in Eq. (18) becomes zero.
Thus for this case of loading only, the expression for total-energy density be-

comes simply

REREE (50)

In this framework, then, one should think of the total, kinetic, and potential
energies consumed by the event; but these energies certainly cannot be recovered

from the event, especially for materials as hysteretic as soils.

Identifying Eqs. (47) and @9), substituting, and defining the SFC total-
energy function (Up)

U =S +M (51)
P P P
the resulting expression for total energy is

tE =U o (52)

The total-energy functions were computed for the three material conditions in
this experiment and are shown in Figure 80.

This result, Eq. (52), shows that total energy also is linearly
proportional to ambient stress. It is interesting to note the empirical fact
that for this sand the total-eneryy runction is essentially a straight line at

all but the lowest strains (Fig. 80).
g. Energy Partitioning in SFC Materials.

Recall that in the elastic case (Sec. II) the total energy was
equally partitioned between kinetic and potential (for a free-traveling wave).
It should not be expected that so simple a partitioning would result in the gen-
eral plastic case; but a particularly simple result does come from the SFC case.
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Consider the ratio of potential to total energy

V

P P

SN O

Now substitute from Eqs. (47) and (49) and rearrange. The resulting partitioning

of potential energy is

'
i (53)

With only internal losses considered, the kinetic-energy partitioning
is 1 - Vb/gp.

This result is particularly useful: the partitioning of energies
does not depend on the ambient stress acting. Thus ambient stress is eliminated
as a variable when energy partitioning is studied; and only material conditions
need be considered for SFC materials. Figure 81 shows the potential-energy par-
titioning for the three material conditions in this report. It is significant
to note the empirical fact that for this sand the partitioning of energies is
relatively insensitive to density. In fact, the scatter in the curves presented
can be shown to be the result of the accumulation of small errors in the several
functional pickoffs and computations leading to them.

h. Reflection in SFC Materials.

For the purposes of this discussion, let the reflection factor (Rp)
be defined as the ratio of the total reflected-to-incident stress

% 4 EE (54)
pi
where
9i = incident stress, and
°pr = reflected stress for SFC materials

When defined in this way, Rp is a number by which one multiplies the incident
stress to obtain the total stress felt by a buried structure or gage from dyna-
mic effects only (neglecting arching).
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By recalling Eq. (35) and substituting it into Eq. (54), a more
useful computational SFC form of the reflection factor results

L
R, = > (55)

1

where

Lpr reflected stress ratio, and

L.
pi
This result shows that the reflection factor is independent of the ambient stress

incident stress ratio for SFC materials

acting and depends only on the soil condition. This means, for example, that
stress gages buried in SFC materials will give dynamic readings proportional only
to the incident pressure, quite independent of the ambient (spherical) component
that the incident is creating (neglecting arching). Thus the calibration for
that gage in that soil will be valid no matter what the range of incident pres-
sures (neglecting arching). This simplification may allow closer study of dyna-
mic arching effects because ambient stress--a variable in the incident wave--
does not influence the gage reading. Similar conclusions apply for the design of
subsurface structures.

[t is not, in general, an easy matter to compute % in Eq. (55) for
a reflecting boundary of arbitrary stiffness. The problem lies in determining
L = for the particular conditions. If one is willing to take the limiting case
of a rigid boundary, however, the computation is simple and the results are

enlightening.

For the rigid-boundary case, the computations may be made solely on
energy considerations, using the functions in this section. As some given strain
level ¢ . impinges on the boundary with a unique Lpi (Fig. 72), its energies are
partitioned according to Figure 81. When the strain €oi hits the boundary, it
reflects into itself, with the result that the loading-only situation is pre-
served. The particle velocities, however, come to zero, with the result that the
kinetic energy must go to zero. All the consumed energy, including internal
losses, must, therefore, be converted to potential energy if there are no exter-
nal losses. It is important to recall at this point that the energies under dis-
cussion are in fact energy demeities. It is assumed that, as the strain reflects
back into itself, halving the volume under consideration, the total-energy density
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is doubled in the thin lamina of material directly at the boundary. In other
words, the total-energy density is assumed to double and to be converted entirely

to potential-energy density directly at the reflecting face

Upr = 2Upi = Mpr (56)
where
Upr = reflected total-energy function for SFC materials
U . = incident total-energy function for SFC materials

pi
Mpr reflected potential-energy function for SFC materials
In view of the simplicity of Eq. (56) the solution is now quite direct:

(1) for each incident strain Epi’ double the total-energy versus

density function in Figure 80 to obtain Upr;

(2) enter the potential-energy plot (Fig. 79) with the reflected-
energy density Upr to pick off the corresponding reflected
strain epr;

(3) enter the constitutive relationship (Fig. 72), with the re-
flected strain €pr to pick off the reflected-stress ratio

Lpr; and

(4) divide Lpr by Lpi according to Eq. (55) to obtain the re-
flection factor Rp.

The solutions for rigid-boundary reflection have been carried out
for the three material conditions in this report and are given in Figure 82. It
is significant to note the empirical fact that the reflection factor is rela-
tively insemsitive to density for this sand. That fact makes this sand particu-
larly attractive for arching and stress-gage research. Furthermore, this type
of wave-propcgation test apparently leads to less density sensitivity than is

found in other tests (e.g., the triaxial).

This density independence is shown by the computations given in de-
tail in Appendix C, and summarized in Figurce 83, which contains an analysis of
Test H (248-0900) for which the density was 101.8 pcf. This test was chosen,
although its density was different from the nominal 100 pcf intended, because
it agreed well with the SFC curve at its own density of 100 pcf. The stress-
time input at the front force link (Fig. 83) was converted to strains using the
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known ambient stress (11.92 psi), Eq. (34), and the SFC constitutive curves of
Figure 72. The wave velocity of each strain was computed from the knoom ambient
stress and the wave-velocity function of Figure 75. The time of arrival of each
strain at the end of the sand rod was then computed, and the strains were recon-
verted to stresses. This process yielded the incident stress % shown in the
figure. Each incident stress was then multiplied by the appropriate reflection
factor at the corresponding strain (Fig. 382) to arrive at the computed back-
force-1link readiug o o shown in the figure. This computed result was compared
with the actual back-force-link reading, shown by the heavy, dark line. Except
at low stresses (strains), where both the computations and actual reading were
in doubt, the agreement was within about 10 pcrcent. This agreement tends to
confirm that density differences have minor effects on the entire computation,
and that the assumption of minor external losses and energy-density doubling in
these experiments was valid. In evaluating the back-force-link reading, it is
well to keep in mind the calibration scatter (Fig. 30) owing to eccentricities.
Finally, it is interesting to rote that current design manuals recommend a semi-
elastic approach to this computation, leading to simply a doubling of the inci-
dent stress. The result of that computation, shown also in Figure 83, gives
some feeling for the adequacy of such a procedure. The computed stress waveform
at 30 inches, halfway down the rod, is also shown in Figure 83.

An alternate solution to rigid reflection can be obtained, with the
result that reflected stresses can be computed directly from strains without the
intermediate step of reconversion to stresses. Notice that Eq. (55) can be re-
written as Lpr - Rp Lpi' Also recall Eq. (35), and substitute

opr = Ry Lpi 4 (57)

Now define the SFC reflection function (Wb)

W= R, L (58)

Then the reflected stress may be computed directly from

=W o (59)
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and by use of Figure 84, which has the function Wb computed for the three ma-

terial conditions in this report.

3. Effects of Ambient Stress on Wave-Propagation Parameters.

The effects of ambient stress on propagation at near-zero strains (seis-
mic) have been reviewed from the literature. The conclusions to be drawn are
that wave velocity varies with the 1/4 power of the ambient stress and that other
seismic parameters may be estimated by elastic methods.

The effects of ambient stress on propagation at finite strains up to
failure have been developed above. It has been shown that both wave and parti-
cle velocity vary with the 1/2 power of the ambient stress, that energies are
linear on ambient stress, and that energy partitioning and reflection are both
independent of ambient stress.

4. Effects of Density on Wave-Propagation Parameters.

Although the SFC approach above simplified the problem of the effects
of ambient stress, no such simplification appears to be possible for the effects
of density. The best that can be hoped for is a qualitative feeling for these
effects as shown by the results of this research. In the next few paragraphs
the influence of density on each variable will be systematically studied.

First, it is of some interest to note how the normal static SEC param-
eters Lp and ¢p vary with density. The variation of the stress ratio Lp is
shown in Figure 8S. Lp always increases with density, and the higher the strain,
the greater the variation, =xplaining crudely why triaxial data yield such scat-
tered results. For example, a 1-pcf error in density could yield an Lp error
of 0.18 out of 1.30 at low densities and high strains. This would lead to
almost 15-percent error in deviator stress, a value that would be by no means
unrealistic in view of the bands of triaxial data typically obtained for sands.
The effects of the stress angle ¢p are somewhat less drastic, as shown in Fig-
ure 86. Although there is always an increase, the rate of increase does not

depend strongly on the strain level.

Recall that two functions--f(¢p) and d¢p/dep--went into the computation
of the wave-velocity function. The effect of density on the inert-¢ function
f(¢p) is very pronounced at higher strains, as shown in Figure 87. Just the
opposite is true for the slope function d¢>p/dep as shown in Figure 88: the var-

iation is trivial at high strains, but is quite pronounced at low strains; and
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within the accuracy of the scale chosen, the variation is linear with density
for all strains. Comparison of Eqs. (36) and (41) shows that the product f(¢p)
d¢p/dep is a kind of modulus, called the SFC propagation-modulus function. The
variation of this modulus function with density is shown in Figure 89. The
overall variation appears to be controlled most strongly by the slope function.
The variation is extremely sharp at low strains, but small at high strains, and
is apparently linear. Because the modulus function is linear, the wave-velocity
function (Np) cannot be linear, as is illustrated by Figure 90. The curvatures
are, however, quite minor; and over a restricted range of densities a linear
approximation seems adequate for engineering purposes. The curvatures seem to
increase for smaller strains.

This conclusion should not be emphasized, however, in view of Richart's
finding of a linear relationship between seismic velocity and density, as shown
in Figure 11. The relative insensitivity of this function to density is some-
what comforting: in the worst case (low density, low strain) a 1-pcf error only
results in a less than 2-percent wave-velocity error; and in the best case (high
density, high strain) the variation is almos® trivial for practical problems.
Similar qualitative conclusions can be drawn regarding the variation of the
particle-velocity function (Qp), as shown in Figure 91. Here again the curva-
tures are small; the variations can be linearized for engineering purposes, and
the seismic values should be linear.

The effects of density are given for the kinetic-energy function in
Figure 92 and for the potential-energy function in Figure 93. The variation is
greater for higher strains in both cases, is essentially linear for the kinetic
case, and is much higher at a given strain for the potential case. The downward
concavity of the potential function forecasts possibly a more equal partitioning
of energies at higher densities. Nevertheless, within the range of densities
studied for this sand the effects of density on energy partitioning are negli-
gible, as shown in Figure 81. Similarly, the effects of density on the reflec-
tion factor Rp are trivial, as previously developed and shown in Figure 92.

In summary, all wave parameters increase with increcsing density. As
a practical matter, all variations can be linearized over this restricted range
of densities. This linearity could presumably be valid for other ranges of den-
sity. The effects of density are negligible for energy partitioning and reflec-
tion, small for velocities, but appreciable for energies.
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5. Relationships Between Seismic Velocity and Triaxial Parameters.

There recently have been suggestions that some empirical correlation
between seismic velocity and normal soil properties may exist in spite of the
fact that data in the literature indicate that the dynamic and static properties
of real soils do not in general show any correlation at all (Refs. 58,63,64).
Nevertheless, because the seismic velocities of this sand are well known, and
because the normal properties were accurately determined in these experiments,
the possibilities of such a correlation have been investigated.

The strength of the sand was selected as the specific property with
which to correlate seismic velocity. For this purpose strength is defined as
the stress required to cause 0.5-percent strain. By this definition the vari-
ables to be correlated are reduced to four: strength, density, ambient stress,
and seismic velocity. The strengths are available from the data of Figure 47,
these are shown as functions of two of the variables--ambient stress and
density--in Figure 94. It is interes*ing to note that the data in Figure 94 do
not support the linear-strength versus density relationships reported elsewhere
(Ref. 58). For each combination of the two static variables in Figure 94--
density and ambient stress--there is a seismic velocity that can be determined
from Figure 11. With these available, all four variables--strength, density,

ambient stress, and seismic velocity--can now be investigated.

In general for any soil the seismic velocity is ¢ = S (o3,y), a func-

tion of both ambient stress and condition (density for sands). For a fixed con-
dition, Richart (Ref. 49) has shown that <% = S (03 only), and that the two are
specifically related by a power function

c =h 03’“ (60)

and where m is on the order of 1/4 and h is a constant. Now recall that by the
hypothesized SFC relationship the deviator stress is

%dp T p %3 (35)
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This SFC relationship is probably most valid as failure impends; therefore the
strengths may be written with some confidence as

s=L o (61)

where
LS = strength ratio (ratio of strength to ambient stress)

Now assume that there exists an inverse on Eq. (61)
o, =L s (62)
s Lg

Then the strength and wave velocity can be welated by

1 m
« =h ([ s) (63)
S

\ ¥

Because for a fixed condition LS is a constant, the constants L :u:d (LS)m can be

combined into a single constant k to write
c = ks" (64)

This result indicates that there should be a power-function relationship between
strength and seismic velocity and that the power should be the same as for the
ambient-stress versus seismic-velocity relationship, provided the following

assumptions are met:

(1) only one condition (density) is considered;

(2) the material is coulombic;

(3) the material has a power-function relationship between ambient

stress and seismic velocity.

Then, for these restricted conditions only, one may expect a correlation between
strength and seismic velocity. Such a correlation for the experimental data in
this report is given in Figure 95. The data are indeed essentially parallel to
Richart's data, and show less scatter on density (Richart's data are a 7-pcf
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spread; these data are a 10-pcf spread). For power-function comparison, the
data from Figure 76 representing an intermediate strain of 0.2 percent have also
been included in Figure 95.
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SECTION VII
CONCLUSIONS AND RECOMMENDATIONS

The survey of the literature demonstrated that elastic theory is a valuable
guide for predicting wave-propagation phenomena in soils and for setting bounds
on waveform quantities. The survey also showed that at seismic-stress levels
only the wave velocity is related to ambient stress by a power function, as pre-
dicted by the elastic theory for a packing of spheres. It was suggested that
research is needed to determine the validity of elastic theory in more realistic
clayey materials and to determine the effects of deviator stress on the result-
ing behavior. Finally, the survey showed that for clean dry sands the wave ve-
locity varies linearly with the sand condition expressed as density. This im-
portant empirical fact should be studied for other soils.

The research showed that dynamic experiments can be performed using displace-
ment (or any other kinematic quantity) measurements only. The techniques and
instrumentation used in this research were a first attempt and should be improved
before the research is extended. Nevertheless, it was demonstrated that dynamic
experiments can be conducted and interpreted without measuring stress, with all
the attendant difficulties and uncertainties. It is suggested, therefore, that
the need for the development of stress gages for laboratory wave-propagation ex-
periments is reduced, and the way for a reassessment of experimental techniques
in terms of simple and reliable kinematic measurements is opened.

The survey of the literature emphasized that plastic theory requires two
assumptions: (1) that wave velocity is a function only of material properties,
and (2) that the material is constitutively unique. The most important impli-
cation of the first assumption is that the wave velocity does not depend on the
input function. In the experiments of this report the input waveform was not a
significant variable. It was not possible to find any reference to the second
assumption--constitutive uniqueness--in the literature; apparently all other in-
vestigators, both theoretical and experimental, have implicitly made this same
assumption. It is apparent that these two assumptions are intimately connected,
since their validity depends on the insensitivity of waveform parameters to
variations in the input function. It is recommended that some experimental ef-
fort be devoted to a study of the validity of these two assumptions for realis-
tic soils: if the assumptions are found to be adequately valid, then some sim-
ple but powerful analytical methods can be brought to focus on the soil
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wave-propagation problem; but if the assumptions are found to be invalid, an
objective reassessment of all existing analytical approaches, both unconstrained
and constrained, wil® be required.

The static (triaxial) results showed that this sand acts as an SFC material
(one which follows Coulomb's failure law at subfailure stresses). These results
were restricted in the range of ambient stress (due to the maximum vacuum) and
density (due to the small diameter of the long specimen). The SFC hypothesis
should be checked for this sand and for other soils utilizing a broader range of
ambient stresses and conditions. These experiments need only be static in, for
example, a standard triaxial cell.

The results of the research showed that plastic theory for strain-rate-
insensitive materials accurately predicts the waveform parameters for this sand.
The following general conclusions were drawn:

The sand used is for engineering purposes strain-rate insensitive.

The sand used is for engineering purposes an SFC material under both
static and dynamic conditions.

3. Strain-rate-insensitive plastic theory adequately predicts waveform
parameters.

4, Seismic arrivals from soft-fronted pulses are accurately predicted by

the results of vibration tests.

On the basis of the first three conclusions, strain-rate-insensitive plas-
tic theory was extended to a theory for wave propagation in strain-rate-
insensitive SFC materials. These theoretical developments led to the following
general laws for above-seismic stresses and for a specific soil condition in a
strain~rate-insengitive plastic SFC material:

1. Wave and particle velocities are proportional to the 1/2-power of

ambient stress.

2. All energy densities--kinetic, potential, and total--are linearly pro-
portional to ambient stress.

3. Both energy partitioning and reflection factor are independent of
ambient stress.

Utilizing these theoretical results, the experimental data were analyzed
to assess the effects of soil density on waveform parameters for the sand used
and the limited range of densities utilized in this study. The conclusions
were the following:

1. Minor variations in density (e.g., 1 percent) lead to inordinately large
variations in static parameters (e.g., 15 percent on deviator stress).
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2. Minor variations in density (e.g., 1 percent) lead to tolerable varia-
tions in waveform parameters (e.g., 2 percent on velocity).

3. All waveform quantities increase in magnitude with increasing density.

The increase in waveform parameters with increasing density is greatest
at high strains for the quant1t1es stress ratio, stress angle, particle
velocity, and energies, but is greatest at low strams for the coulombic
modulus function and wave velocity.

5. For the range of densities studied, some of the waveform parameters are
specifically linear with density; and all can be taken as linear for en-
gineering purposes over a restricted range of conditions.

6. Both energy partitioning and reflection factor are sensibly independent

of density for engineering purposes over the range studied.

It was assumed that on reflection from a rigid boundary the total-energy
density was doubled and entirely converted to potential energy at the reflecting
face. With the use of this principle the stress at the reaction end of a dyna-
mically loaded specimen was computed and compared with an actual gage reading.
The results compared within about 10 percent except at low strains.

These conclusions apply only to this sand for the limited range of ambient
stresses and densities studied. In view of the sweeping simplifications they
represent, however, studies should be undertaken to determine the extent to
which they can be applied to realistic soils and to the constrained geometry for
engineering purposes. The experimental data and theoretical analyses showed
that for SFC materials the waveform parameters are much less sensitive to random
variations in condition than are the static parameters; there may be reason to
believe that wave-propagation tests may be more reliable measures of dynamic
soil properties than are conventional property tests. It is recommended that a
study be made of the feasibility of wave-propagation tests as a standard dynamic
property-testing method.

It has been shown that the seismic velocity varies as a power function of
ambient stress, and for clean, dry sands varies linearly with density over re-
stricted ranges.  For strain-rate-insemsitive coulombic materials that possess
a power-function relationship between seismic velocity and ambient stress, an
empirical correlation between seismic velocity and static strength can be estab-
lished. This correlation has the following properties:

1. For all such materials the power of the power function relating seis-

mic velocity and strength will be the same as that relating seismic
velocity to ambient stress.

2. For the sand of this study the correlation is much less sensitive to
density than is the ambient-stress versus wave-velocity relationship.
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In view of its immediate applicability to engineering problems the strength of
this correlation should be checked for other soils. Because the correlation de-
pends on the material being coulombic for failure (strength) conditions, presum-
ably such a study could be part of the SFC study suggested above.
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APPENDIX A
DEVELOPMENT OF EXPERIMENTAL EQUIPMENT AND VERIFICATION TESTS

Appendix A is intended to supplement the material in Section IV. For ease
of reference, Section IV and Appendix A are set up under the same topics and in

the same order.

1. General Description.

See General Description in Section IV, 1.

2. Specimen.
a. Mold and Membrane.

For drawings of the specimen mold, see Figure 96.

The membranes are a surgical type (Davol-Penrose Drainage Tubing,
Latex, No. 9794X), 1 inch in diameter, 3 feet long, with 0.012-inch average
thickness (range 0.009 to 0.015 inch). Although these membranes are flexible
(modulus 200 to 300 psi), they are extremely tough and resilient. For a mem-
brane 5 feet long, two 3-foot sections were butt-cemented with a latex compound

while stretched over a 1-inch-diameter nylon rod.

So that the vacuum could be communicated over the entire 5-foot
length of the membrane, it was necessary to place a thin layer of gauze or ab-
sorbent tissue over the single vacuum fitting and along the entire mold length.
The imprint of this tissue could barely be seen by the unaided eye in the com-

pleted specimen.
b. Soil.
See Soil in Section IV, 2b.

3. Specimen Containment.

a. Foam.

The previously used sling-suspension schemes (Refs. 34,58) were
studied in detail and rejected because: the specimen would have to span between
slings, and the effects of this bending could not be assessed with any accuracy.
From the previous work it was clear that at least three and preferably four
slings would be required at each support point, but the practical problems as-
sociated with the exact alignment and tension balance of each sling set proved
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to be inordinately time consuming; and for reasonable motions at the loaded end,
a three- or four-point sling system could generate appreciable axial force on

the specimen.

A heavy-liquid floating scheme was considered but rejected for two
reasons: (1) buckling could still occur, so that antibuckling provisions would
have had to be made; and (2) waves coupled intn the liquid at the loading end
could have arrived at distant stations before the arrival of the wave through
the soil.

Consideration of these preliminary studies brought the problem into
sharper focus. The containment scheme had to meet three criteria: (1) negli-
gible axial resistance; (2) adequate lateral resistance to minimize buckling;

and (3) negligible coupling and transmission of waves.

On first assessment it seemed that a foam-rubber bed might meet all
tiiree criteria. Samples of several commercial foam rubbers were obtained to
test. Only minimal tests were performed because of the practical difficulties
of making an adequate foam bed. Attempts were made to cut a round bed in the
foam. These schemes all depended on saturating and freezing the foam so that it
could be cut with some precision. The efforts proved fruitless because the ma-
terial thawed from the heat of the cutting operation, and even when refrozen
during cutting (e.g., with a CO, bottle), the resulting cuts were jagged and
rough and were not the proper size after thawing. Furthermore, tests showed
that for reasonable deformations the axial resistance could become a substantial
proportion of the loads anticipated in the wave-propagation tests. Although it
was recognized that the cutting of frozen foams is a developed technique and
that consultative assistance might have overcome the practical cutting difficul-
ties, further studies of commercial foams were abandoned because of the unfavor-
able axial-resistance results. The experience did, however, show that the foam
bed would have merit if the shaping and axial-resistance problems could be

overcome.

The shaping problem was overcome by forming the foam directly in a
mold of the proper shape. Several two-component foaming compounds were tried.
It was found that extremely clean shapes could be obtained by careful mold
shaping and forming techniyues, and the consistency of the foams could in many
cases be varied simply by varying the relative proportions of the two components.
After many tests it was found that a silicon (Dow-Corning, Silastic S5370 R.T.V.)
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mixed in the ratios recommended by the manufacturer met all the requirements
satisfactorily. Further testing of other foams was therefore terminated.

The excessive axial resistance was felt to result principally be-
cause the foam was required to act as a deep shear beam. If this were so, the
axial resistance should show a significant decrease if the bending moment of
inertia could be reduced so that the beam would act in usual moment bending.
This was accomplished by molding the foam with transverse cuts, as shown in
Figure 20.

In the experiments the cantilevers were cocked slightly forward;
i.e., they were bent about 1/8-inch (125 mils) toward the front of the specimen.
In this way the subsequent specimen motions were resisted by a slight tension
decreasing to zero and possibly passing into slight compression. These motions
and resistances tended crudely to average, and were small in any case, as shown
by the data from an axial-load test on the foam with the use of a nylon rod
(Fig. 97). The data in Figure 97 overemphasize the problem: the motions are
larger than those of the experiments; and the nylon rod, being unsupported at its
end, does not strain appreciably. The results in Figure 97 should be compared
with the results from a load of from 10 to 15 pounds used in these experiments.

It is not possible to derive a meaningful number, such as a sub-
grade coefficient, for the lateral resistance of the foam: a compression test
on one of the supporting members would be meaningless because continuity in the
experiment would prevent the instability that would occur in such a test; and a
full-length compression test would not be meaningful because an actual soil
specimen would tend to buckle over only a few of the members. In an attempt,
however, to obtain at least a feeling for the lateral resistance, the following
test was performed: a nylon rod was bedded in one of the sections and loaded
laterally to compress the foam. The results are given in Figure 98.

Although each cantilever leaf weighs about 35 gm, the possibility
of coupling from the soil into the cantilevers was felt to be small because only
a fraction of the cantilever was in effective motion, and the accelerations were
small. Computations of the dynamic reading on the back force link (see page 67)
showed disagreements of only 10 percent, indicating negligible loss.

b. Cradle and Frame.

The specimen cradle is sketched in Figure 99.
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4. Loading Device.

The key to the loading device is the expansion chamber, shown in Fig-
ure 100, and the keys to the efficacy of the expansion chamber are its short
length, which prevents clean-shock formation, and the selection of the diaphragm.
It was found by experimentation that the pulse shape could be controlled ei-
ther (1) by using selected diaphragm materials such as plastic, celluloid, rubber
sheeting, and cemented combinations of these; or (2) by placing a metering plate
(a sheet of thick celluloid drilled with holes of certain sizes and in certain
patterns) on the high-pressure side of the diaphragm and using the thinnest con-
venient diaphragm. Of the two schemes, the metering plate was by far the most
reproducible and dependable, and it was used for most of the experiments described.

5. Displacement Measurements.

a. Light System.

For convenience three standard flag sizes were made: 0.375, 0.750,
and 1.250 inches; these are the dimensions used to denote each flag in the dis-
cussion to follow. The triangular cutouts were made in different ways, depend-
ing on the size of the flag: by overcutting for the 0.375-inch flags, using
razor blades to form the sides of the triangle; by a stamp-and-die cutter for
the 0.750-inch flags; and by hand cutting to the finished product for the 1.250-
inch flags. Each flag was tested for linearity, as described below. The precise
trimming of a flag to linearity was an extremely tedious procedure, resulting in
perhaps one acceptable flag from every five or ten made.

As shown in Figure 26, the light cell was fixed in place, but the
photodiode crystal had two degrees of freedom in the horizontal plane, normal
to the light rays. Before the system was either used or calibrated, the illumi-
nation center of the light-diode system was found by moving the diode about in
the horizontal plane until maximum output with no flag present was obtained. In
practice, because the collimating slit was made so that the incident light beam
was larger than the crystal, the allowance in adjustment for illumination center
was rather generous. For this reason guidelines, which were scribed on the first
setup of a system, were adequate for subsequent positioning of the crystal from
test to test.

b. Sensitivity Calibration.

See Sensitivity Calibration in Section IV, 5b.

179



J43queyd uoLsuedxa jo bulmeuq

ded buL)20)
pLOuU3|0S

SaydulL ul suolsuauiq ¢

i bupary
F & s ri\\\\\hﬁ

e

"00L 34nb1r4

burLaL) auao0jaq aue|d ——  G£°E !

wbeaydeip wouaj “uL 8/¢€ d|LpadN "€ : _
. —— 0E£°E

utL g/g _

jutod 3|paau JO [3AR4] ||N] 2 fe— 02°C
sniped 3plsul “ui-g/g¢ °|

aue|d wbeaydeLqg

[=—ov6"0 —

: S930N _ ig
Z

7
sa|paau

40 |eAOWAL MO||e 03 9A00.b
juawabuedaae burysng |J/ BuLa-Q

m_mxﬂw m:
! _ SpLsu]
\\\x aLqe) LL#

aAd2|S uo|4a] 9LPasN

N I T £

9| dwes |L0S J40j ded Buipeo) :nrm:./ /l..ua._m_._u
uosuedx3

W1z 7 Z
1l09g
"uL-p/g &
aqn]
g agn} ;ﬂ
30 abue|4
gt
/K
320443
3ua| L3se|d
G29°L SL°1
5 Jaqueyd bulbaeyn QI ao
| |
- aqgny jo
UL | 433U)



c. Placement.

See Placement in Section IV, 5c.
d. In-Place Calibration.

See In-Place Calibration in Section IV, 5d.
e. Verification Tests.

Five possible experimental errors are (1) temperature effects; (2)
light-source and photodiode stability over short times; (3) stability of the
power to the lights; (4) errors in flag-to-crystal spacing as a result of the
flag-placement procedure; and (5) errors in transverse flag positioning. The
tests to be described have been performed to evaluate these errors. The errors
are presented in millivolt (mv) output from the crystal, to be compared with a
“typical full-scale output on the order of 25 mv.

In the test for temperature effects an ordinary laboratory thermom-
eter was placed in silicone grease next to the crystal and the temperature was
raised over a reasonable ambient range of 70° F. to 80° F. This range was con-
sidered reasonable because it provided the same temperature ircrease that would
have occurred from a light source in any wave-propagation experiment. The re-
sults are shown in Figure 10la. Over this temperature excursion the cutput from
the crystal changed by slightly more than 1 mv, with most of the change occurring
in the first few minutes after the light was turned on. In practice, the lights
were left on for at least 15 to 20 minutes before a test so that the temperatures
would sensibly stabilize. In this range (78° F. to 80° F.), the errors are in
the submillivolt range and may accumulate to fractions of a percent of full scale.

The short-term stability of the light source and photodiode system
was determined by subjecting the system to the conditions of an experiment, con-
sisting of a 20-minute warmup, an output reading, and a cooloff period. The
system was exercised in this way ten times. The results are shown in Figure 101b.
Because no consistent trend was noted, the test was terminated. The actual read-
ings, as well as the confidence band, are shown. The results show a good degree
of stability, but they also show that misreadings of perhaps 0.5 mv can occur
from cycle to cycle. This is equivalent to about 4 percent of full scale. It
has not been possible to find the source of these readings, and this error is
presently accepted as one limitation of the experiment. These results were taken
to imply that, within the error noted, a single calibrate would be valid for

181

e~



I~

-

Crystal output, mv

Crystal output, mv

Time after light turned on, min

20

31/2

10

Note: Heat is caused by

light source only.

70

75 80

Temperature, °F.

(a) Temperature effects

20

Bank of output readings

10

Sequence:

20-min warmup

1-min reading
1-hr cooloff

10

Number of experiment-simulating cycles
(b) Stability effects

Figure 101. Crystal temperature and stability effects

182




3 or 4-shot day's sories of tests. The true long-term degenerative effects
of the lights and the crystals were measured by the output-displacement calibra-
tion which was performed always before and usually after a day's series of tests.

The stability of the power to the lights was fairly well assured by
the design of the regulated power supply. Occasional checks on a digital volt-
meter were made to verify stability. The regulated power supply caused a crystal-
output ripple of about 8 microvolts (uwv) which could not even be sensed when
normal readout was taken. In order tc assess the possibility of an error due to
this ripple, the voltage sensitivity of the light-crystal system was determined.
The results for three flag positions are shown in Figure 102. Even for the maxi-
mum output (butt position) the ripple effect would lead to negligible crystal-
output reading errors.

As has been described, the flag-carrying needles were placed in the
specimen through rigid guide bushings. Careful measurements showed, neverthe-
less, that the final flag position could vary from the desired flag-to-crystal
spacing of 0.250 inch by perhaps as much as 0.05 inch. For this reason a series
of tests was conducted to determine the errors that could be induced by incorrect
flag-to-crystal spacings. To get readable differences in output and to make sure
that the maximum errors were measured, a very large flag-to-crystal misposition-
ing was selected for the verification test: ¢t 1/4 inch, over twice the observed
mispositioning. Thus for each of the three flag sizes (0.375, 0.750, and 1.250
inches) three flag-to-crystal spacings were used in the test, 3/8, 1/4, and 1/8
inch. At these spacings the flags were calibrated for output-displacement, as
described above. The results are shown in Figure 103.

The results from the 1.250-inch flag are felt to be most represent-
ative of the errors involved: the lack of output difference from the 0.750-inch
flag leads to the conclusion that perhaps a fortuitous flag selection was made;
and the 0.375-inch flag had razor-blade edges from which, it was later found,
spurious reflections could occur (these edges were later sprayed with flat black
paint to reduce the reflections). For these gross mispositionings, the readout
error could be about 0.5 mv and would be perhaps half this value for the known
possible errors involved in positioning the flags for the experiment; therefore
the reasonable error due to this eftect would be less than 2 percent.

The possible errors due to transverse flag mispositioning were
evaluated by moving the flag transversely and measuring the output. This was
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done for each of the three glag sizes (0.375, 0.750, and 1.250 inches), and for

completeness, for the three flag-to-crystal spacings used in the tests described
above. In addition, because the errors would depend on that portion of the fiag
actually in thc field, three flag settings--butt, mid, and tip--were also used.

The results of these tests are given in Figures 104 and 105.

Figure 104 is an expanded and detailed plot of the typical result
for the 0.375-inch flag with all conditions included; Figure 105 shows only the
results of the 1/4-inch flag-to-crystal spacing for all three flag sizes and
settings. These results show that the butt-positioning procedure was fairly
critical (top graph of Fig. 104), but that the system was relatively insensitive
to transverse motions for the mid and tip flag settings. Assuming transverse-
positioning errors of * 0,050 inch, readout errcrs could be as large as 0.7 mv
at the butt setting, 0.2 mv at the mid setting, and less than 0.2 mv at the tip
setting. These represent errors of about 3 percent at the butt, some 2 percent
2t the mid, and perhaps 4 percent at the tip (which was never used). These re-
sults were useful from three standpoints: (1) they showed the overall transverse-
mispositioning errors to be small; (2) they showed a sharp nadir in the butt
position, making the positioning operation easier; and (3) they showed the meas-
uring system to be relatively insensitive to vagrant minor transverse motions of
the specimen during tests.

Another item to be verified was that the response time of the crys-
tal was shorter than the response time required to measure the displacements.
Assuming that the particle velocities of the soil specimen could approach 50 feet
per second (fps), the time required for a point on the flag to transverse the
crystal (width approximately 0.16 inch) would be about 270 microseconds (us).

The manufacturer of the crystal quotes a response time of 20 us or less, depend-
ing on the load resistance.

This value was checked crudely in the following manner. The crystal
was taped to the face of a dual-beam oscilloscope (Tektronix 555), and the bottom
beam of the scope was set for high intensity and positioned in the middle of the
crystal. The upper beam of the scope was connected tc the output of the crystal.
The scope was then triggered, with the result shcwn in Figure 106. The crystal
output rose to its maximum value in about 14 us and then decayed more slowly,
owing to the persistence of the phosphorous screen. The variables involved in
this response-time test were the rise time of the oscilloscope amplifiers, the
luminescent time of the phosphorous screen, and the desired response time of the
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crystal. Because the first two variables are finite (and can be combined to add
as much as 10 us), the value of 14 us was taken as the absolute upper limit for
the crystal response time from full dark to intense light.

If on the basis of this crude test the crystal response time were
taken to be perhaps 10 us, then a physical particle velocity of 50 fps would be
interpreted to be as small as 48.5 fps for an error of 3 percent. Because all
worst conditions were assumed in this test and in the calculations, the 3-percent
error was taken to be an upper limit, and the response time of the crystal was

considered adequate for the experiments.

6. Force Measurements.

See Force Measurements in Section IV, 6.

7. Fabrication and Placement of Specimen.

See Fabrication and Placement of Specimen in Section IV, 7.

8. Remote-Recording System.

See Remote-Recording System in Section IV, 8.
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9. Triaxial Tests.

The technique for the triaxial tests is described in Section IV, 9;
only the membrane-effect tests are described here.

For a crude check on the stiffness of the surgical membrane, a specimen
was tested in it with no ambient stress. The result is shown by the curve at
the bottom of Figure 34. No such test could be performed with the prophylactic
membranes because the 1-inch specimen would immediately collapse in the 1.4-inch
membrane when removed from the mold. If a 1l-inch prophylactic membrane were
commercially available and were tested, some sort of similar effect would cer-
tainly be observed. The effect noted did not explain the observed differences;
therefore study was continued.

It was thought that the prophylactic membranes might be leaking air,
making the true ambient stress less than that recorded by the manometer. The
additional vacuum gage was mobilized to check this. Although some leakage was
noted, it could not be attributed with certainty to the membrane. To eliminate
the uncertainty, the membrane was generously coated with vacuum grease and
covered with another membrane. The leakage could then be traced to a series of
minute leaks in the vacuum fittings, which were eliminated by generous applica-
tion of vacuum grease and by constant monitoring of the vacuum at both ends of
the specimen in all subsequent tests.

It was then felt that if the modulus of the surgical rubber were suffi-
ciently high compared with the modulus of the soil, it might carry significant
axial load on its small area since it was restrained from buckling by the am-
bient stress. Computations showed that the rubber would need a modulus of 6,000
psi at least for any effect of significance. In addition, the circumferential
stiffness of the membrane could cause additional ambient stress on the specimen.
Taking the case of a Poisson's ratio equal to 0.5, the modulus would have to be
more than 3,000 psi for significant effect. Finally, it was possible that the
rubber could be a pressure-hardening material, exhibiting more stiffness when
under ambient stress.

The modulus of the rubber was, therefore, experimentally determined
under the following conditions: An axial-tension test was performed on a 22-
inch-long tube of the rubber. The specimen was linear to about 10-percent strain,
with a modulus of about 250 psi. To test the possibility of pressure hardening,
a strip of gauze was placed inside the tube, and tests were performed under
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vacuums (ambient stresses) of 0.00, 4.26, 7.10, 9.94, and 11.92 psi. The results
were the same in all cases (E = 250 psi), showing that the rubber is not a
pressure-hardening material. * It was then suggested that the rubber might have
different characteristics in tension and compression. To check this, a series

of disks, 0.65 inch in diameter, were stamped out of the membrane with a cork
cutter. These were stacked to a height of about 0.6 inch, preloaded to extrude
all air, and tested in compression. The resulting modulus was about 230 psi.

On the basis of these calculations and tests it was concluded that the surgical
rubber was not contributing either axial or radial stiffening.

At this point it was noted that the mold actually had a 1.045-inch I.D.
Since the I.D. of the unstretched surgical membrane was 1.000 inch when in the
evacuated mold, it was prestretched to an I.D. of about 1.020 inches. To check
the effect of this small prestretch, a double membrane was used for molding, and
the outer membrane was stripped away before testing; therefore the single-test
membrane was unstretched. The results of this test were the same (i.e., less
than 5 percent maximum difference) as the results of a companion test using the
normal procedure. It was concluded that the small prestretch had no effect; but
it should be noted that the mold used in the long-specimen tests had an I.D.
of 1.000 inch; therefore the effect could not exist there anyway.

Previous observations had shown that the 1.4-inch prophylactic membrane
would wrinkle badly in the 1-inch mold, and that there were usually continuous
wrinkles up to 0.1-inch deep running the length of the specimen. On the chance
that these wrinkles might be inducing stress concentrations, a l-inch prophylac-
tic membrane was fabricated by pulling the 1.4-inch membrane snugly around a 1-
inch-diameter nylon rod, folding over the excess and cementing it with a latex
compound. A specimen was then fabricated and tested, with the same results as
for a 1.4-inch wrinkled membrane. It was concluded that the wrinkles were not

concentrating stresses to any significant degree.

A survey of test conditions indicated that when the mold was removed,
the end caps on many of the prophylactic membranes would tilt visibly, some so
badly that the specimen had to be remade. In consideration of the condition and
the work to verify the insignificance of the surgical-membrane effect, the pro-
phylactic membrane was then considered the adverse member of the study. To check
this conclusion, a series of vacuum triaxial tests was run at the true 1.4-inch-
diameter of the prophylactic membranes. These tests agreed with the results of
the 1.0-inch-diameter surgical-membrane tests (Fig. 34). Because of this agreement
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it was concluded that some unknown end effect was occurring when the 1.4-inch
membrane was used to confine a 1.0-inch specimen, and that the tests of surgical
membranes 1.0 inch in diameter were as valid as the tests of the more normal prc-
phylactic membranes 1.4 inches in diameter; therefore, the surgical membranes

were used for the series of triaxial tests reported.
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APPENDIX B
DISCUSSION OF STATIC LONG-SPECIMEN TESTS

1. Recorded Data and Analysis.

The method of performing the static long-specimen tests and of recording
the data has already been described in detail in Section IV: the specimen was
loaded by air pressure slowly built up in the shock tube, and the load was record-
ed with a proving ring. Each time the proving-ring dial traversed 0.0010 inch
(equivalent to 1.07 psi on the specimen), an electrical pip was manually placed
on the remote-record tapes. Typical photographic readout is shown in Figure 107.
The upper trace is the manually induced pulses indicating the proving-ring reaa-
ing; the lower trace is the reading from a typical gage (C-1). So that the data
could be studied in detail, the traces were progressively expanded in amplitude
and time as shown on the sequence of four photographs of the same trace in Fig-
ure 107. (The leading pulse on the upper trace is always the first pulse, here
representing zero load at the start of the event.)

This type of photographic readout is extremely tedious to reduce and is
not entirely satisfactory for accuracy. For this reason, the data were processed
by the computer, with the typical results shown in Figures 108 and 109. The full-
event reduction was obtained to view the entire event and to check the value of
the calibration pulse (which is the step pulse between 0 and 1.6 secords). The
expanded readout was taken for the detailed data study. Each gage was individually
plotted by the computer, as shown in the figures. Data values were picked from
these plots and were replotted by hand according to gage pairs. For example, Fig-
ure 110 shows such a plot for gages C-1 and C-2 for Test C (244-0800). The read-
ings from each gage pair were averaged to obtain the displacement history of that
gaging station. In Figure 110 the gage readings in mils (0.001 inch) are plotted
against the pip number, which is in fact stress on the specimen. The trends evi-
dent in Figure 110 are fairly typical: each gage in the pair agreed reasonably
well at low displacements; but at high loads, particularly when buckling was oc-
curring, the displacements could disagree substantially. For this reason the
average was used for data analysis on the assumption that minor bendings in a
horizontal plane (at least) would be canceled; but less weight was attached to
displacement data at high readings, when substantial disagreements sometimes

occurred.
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Figure 107. Static tests: typical raw data
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Figure 108. Static tests: typical full-event computer reduction
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When all the data were reduced and in the form shown in Figure 110, the
displacement readings for each pulse were plotted as a function of gage-station
position in the specimen. Figure 111 shows the data for Test C (244-0800) for
the sixth pip, for example. When pl>tted in this way, the slope of a line join-
ing the points is in fact the strain. On the assumption of uniform strain, the
line should be straight. Advantage was taken of this fact to draw a best-fit
straight line to the data points, as shown in Figure 111. In all cases the read-
ings at station A were given little weight becacuse any blow-by around the loading
cap or seating errors would unduly affect the flags at this station, which was
only 1/4 inch from the end of the specimen. When gages at stations B and C began
to read higher than a best-fit straight line to the readings at the other stations,
they were discounted on the assumption that buckling had started.

For example, the data in Figure 111 show this trend, indicated by the
dashed line. The result shown in Figure 111 is rather discouraging: it indicates
that buckling was occurring by the sixth pip, which represents about 6 psi on a
specimen with a strength of 20 to 25 psi. This in fact was true, due to the extra
¢ Ooits in the foam bed made for the more closely spaced gaging stations, A through
E. Because the data could not be reduced quickly enough, the situation was not
noted until about half of the tests were completed (Tests C-H, J in Series 244
and 248, Tables I and II), after which reinforced foam beds were used. The data
could, however, be extended approximately, even though buckling had commenced.
This was done by applying the uniform-strain technique of Figure 111, giving in-
creasing weight to the back gages. For example, Figure 112 shows the extended
uniform-strain lines for Test C. The inaccuracies of this extension are discussed
below.

2. Results of Static Long-Specimen Tests.

The vertical intercept in Figure 112 is the displacement for a 60-inch
specimen which, when divided by that length, yields the average or uniform strain.
Each pulse number represents a certain stress in the specimen, from the known area
and the load calibration of the proving ring. From these results a stress-strain
curve follows directly. Because of the extended uniform-strain technique used
(Fig. 112), some disagreement should b expected between the static long-spec.uuien
and the triaxial tests. Specifically, the long-specimen results should lie below
the triaxial results because some, though minor, weight was given to leading-gage
readings, even though buckling might have commenced. Thus for a given pulse
(stress) the computed strain would be higher than the real strain if no buckling
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had occurred. Thus the data are expected to agree reasonably well with the tri-
axial data for stresses below the observed buckling stresses (perhaps up to 10
psi), and then to agree with or be slightly below the triaxial curves above these
stresses, depending upon whether buckling had occurred or not.

The foregoing comments apply only to data taken before the foam was rein-
forced. For those later tests (Series 252 and 253, Tables III and IV), reasonable
agreement was expected, except that at large displacements the static-test results
might lie above the triaxial because the slight extra stiffness of the foam bed
might require slightly greater stress to cause a given strain.

These expectations are borne out by the data, given in Figures 113
through 119. For example, the results for Tests C and D (which were amazingly
coincident) are given in Figure 113. At the specimen densities (104.7 and 104.9
pcf the results are compared to the SFC-smoothed curve and to the triaxial band
at the nominal density of 105 pcf. Up to about 8 or 9 psi the results are in-
distinguishable on the plot. Above this value the static-test results are lower,
passing a 10-percent difference at about 13 psi.

The specimens in Tests E and F, being placed more carefully as the per-
sonnel had gained experience, apparently did not buckle seriously. The results
of Test E (Fig. 119) followed very closely the SFC-smoothed curve and lie above
the envelope of triaxial data, which came (Fig. 42) from specimens at densities
lLower than the nominal 95 pcf. The results of Test F (Fig. 116) show excellent
agreement with the SFC curve and the triaxial envelope, but tend more closely
toward the triaxial envelope. (Note that the triaxial data of the envelope in
Figure 39 and of Test F are both less than the nominal density of 100 pcf.) A
curious excursion should be noted for Test F: at about 11 psi there is a distinct
discontinuity in the static stress-strain curve. It is believed, from events
noted during the test, that the needles at station A bound in the foam owing to
a buckle, thus restraining the displacement.

The results of tests taken after the foam was reinforced similarly bear
out the expectations described above. For example, Test L (Fig. 114) agrees
closely with the SFC curve and the triaxial envelope. Test P (Fig. 115) appears
substantially stiffer at low strains, but soon joins the SFC curve. Close study
of the data from the test verify this result; most of the displacement gages in
Test P simply did not start responding appreciably until substantial load was
indicated by the proving ring. The exception is station D, which showed a sensi-
ble response commencing at the first load, and which, if used as the only data
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point, would yield a sensible stress-strain curve. To conform to consistent
data-analysis procedures, however, the data were analyzed as for the other long-
specimen tests. Similar seemingly anomalous results were occasionally noted in
triaxial tests. Note, for example, triaxial Test El1 (Fig. 36), which contributed
substantially to the low-strain spread in the envelope for that condition. The
results of Test U (Fig. 118) are questionable. The curve for the data as reduced
is much stiffer than both the SFC curve and the triaxial envelope. Ti~™ s rea-
son to believe that the calibrations in this test could have been off b, a factor
of two. However, when the reduced data are divided by two, as shown in Figure 118,
the resulting curve agrees to a stress of perhaps 3 psi and then indicates a buck-
ling behavior. Since buckling is an unstable phenomenon, this cculd have happened;
and since post-test inspection of the static specimens always showed buckling be-
cause the tests were carried to complete failure, it was not possible to determine
definitely if early buckling had occurred. In view of the uncertainties connected
with Test U, the results are ignored as anomalous to the pattern established by
the other tests.

Test S (Fig. 117) agreed very well with the SFC curve.

3. Discussion of Results.

In the preceding comparisons of triaxial with long-specimen data, exact
agreements were not expected. The discrepancies in testing sands are attributed
to the difficulty of determining the density of a long, slender specimen, the
possibilities of nonuniformities in the long specimen, and the unknown validity
of the SFC method for small strains. Even within these recognized limitations
the agreement was generally quite good.

The results of the static long-specimen tests presented a consistent
pattern which, except for explainable deviations, was sensibly coincident with
the conventional triaxial results. These static long-specimen tests were per-
formed to verify the long-specimen setup and to provide the static stress-strain
data for comparison with the dynamic results. The triaxial tests were performed
later to indicate the data scatter to be expected under even ideal conditions,
and, hopefully, to augment the few static long-specimen tests that could be per-
formed. The data presented justify this hope: the static data agree with the
triaxial within the ranges of data scatter to be expected in sands. For this
reason, the triaxial data were taken as a basis for comparison with the dynamic
tests; and in order that the basis for comparison would be uniform and subject to
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minimal effects of data scatter, the SFC-smoothed curve for each specimen at its
own density was used for compariscn.

Close study of the static data leads to a conclusion to be kept in mind
when studying the dynamic data: the agreements are best at low strains up to 0.2
percent and fall below the triaxial data for Series 244 and 248 or above it for
252 and 253 at higher strains, for reasons developed above.

Finally, it should be noted that the normal data scatter is generally
more than the maximum strain-rate sensitivity of 20 percent, as has been pointed
out in the literature (Refs. 34,58).
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APPENDIX C
EXAMPLE OF COMPUTATIONS

This appendix contains an example of how, given the SFC constitutive rela-
tionship, one can compute the stress-time history at a specified point in space
and time. The results of this example are given in Section VI, 2h. Table V
summarizes the computations. The data are from Test H (248-0900), which was
nominally medium dense (nominal density 100 pcf) and which was tested at an am-

bient stress of 11.92 psi.

The problem may be stated as follows: given the stress-time input and the
constitutive relationship, predict the stress-time history to be recorded at the

reaction end of a specimen 60 inches long.

In Table V colums 1 and 2 show the input stress-time history recorded at
the front force link (FFL). Knowing that the ambient stress is 11.92 psi and
by using Eq. (34), the stress ratio Lp can be computed. The results are given
in colum 3. Then from the constitutive relationship for this material in a 100-
pcf condition (Fig. 72) the strain is obtained (col. 4, Table V). By using the
strain, the value of the wave-velocity fuaction (in col. 5) is found from Fig-
ure 75. The wave velocities are then computed by multiplying the value of the
wave-velocity function by the square root of the ambient stress according to
Eq. (42), with the results in colum 6. The amount of time required for the
particular stress level to travel the 60 inches to the back force link (BFL) is
found by dividing 60 inches by the wave velocity, colum 7. As explained in
Section III, 2a, the time at which the wave arrives is this travel time plus the
time lag of the input for that particular stress level, as shown in colum 8.

By utilizing Figure 82 and the given strains, the reflection factors Rp (in

col. 9) can be found. These factors, when multiplied by the input stresses from
colum 2, yield the values of the reflected stresses in colum 10. Columns 8
and 10 are the desired stress-time history prediction at the rigidly supported
BFL. Column 11 is a duplication of the stress-time computations for the mid-
point of the rod (30 inches from the end).

The computed results are compared with the measured results in Figure 83.
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