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ependl i ess ratlo, there appeared different num-

bers £} . ne length, whereas the load per unit area
f sect! ! al., During the third pericd, cons~’ '+ ng
1/250 sec, there curred a change of the form of loss of stauviiity
with tr 11 alf-wave. Finally, the fourth period (1/10
sec) cong? D¢ vibrations of the plece ir one half-wave.

In Fig. 6.4 . ' :d different configurations of bars of two
ypes, ] i .o==three frames of the filmstrip, reflecting dy-

namic g f t 111ty with three half-waves.

Thus, in theory we described

( {?J\k o above only one of the phases of
A\y | / { )( ) oending of a bar upon impact; we
) 1f '( ( ( )" did not investigate preliminary

\- ) } phase of propagation of deformation
d b ars ¢ h = along the bar, and we did reflect
kf'x '}. t plecesn transition from large number of

half-waves to a smaller number in
ne fina pha
Judging by data of experi-

ments, work of falling load, ex-
pended 1n process of buckling of
bar, can be for more flexible rods
higher than for rigid ones, since
in case of a flexible bar there
will be formed a larger number of

half-waves,

4 » 4 oy - 1
ig. 0.5, Juckling of bar in
three -W ®
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the first nd second

As a result critical stres: TKV an, as before, be presented in
&)
the form =D
‘-p"’K'.t,. . (7.168)

Definitized values of coefficient K are given in Table 7.6.

4 Alld

.
-
e
e
<

.

a/b l 10 ' 1,1 I 12 ’ 13 I 14 l 16 ' 18 ’ 20 ] 30 | 50 | =
= Lt el Dol TRl e 3 N E =
' .
K ) 9.34' 8.47‘ 7,97' 757{ 7.30 ()ml’ B,M; r._u! 6,IN| 5.7" 534
s | | |
For determination of K 1t 1s possible also t use approximate

:‘ )m'Jlr'i ( I & l) K
K =534+ . (7.169)

For limiting values @ = 1 and @ = ® this formula gives magnitudes K,

coinciding with those given in Table 7.6. In Fig. 7.27 18 shown the

4~

and a = 1,0,

- 4
(D
-
)

+
:3
~
li

o
.

form of the deflection surface of

T
!ni;

- .
~ -——
N TR\ 3
, ™. )
\ Sa.ziu e ""
A Q) E &3
1\ Q— F »
BN AN =5 -
[——— —_— Q— :l_'
a-05 a-10 cCS ¢
Fig. T7.27. Wave forma- Fig. 7.28. Buckling of
tion of plate with ratio surface of reinforced
of sides 0.5 and 1 dur- plate with shearing
ing shearing straln. strains a) at moment of

loss of stability, b)
during post critical de-
formation,

3

*This study was made by Seydel [7.19], Hartmann [0.18] and by
H. Stein, J. Neff, [NACA TN 1222, 1947].
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Fige 7+38. Forces in middle sur-

face durling buckling of a plate.

8, where transition from one number waves
rompanied by knocks. In Fig. T.39 1s sh

n of plate for moment when strees in reinforc

eds critical stress for the plate.*®

ider first post-critical deformation of plat
iges with rigid ribs and compressed in or

hat reinforcing ribs remain rectilinear, but

the middle section stresses differ little

wlde, the

- age stress by wildths
- °
- C;;:faldy.
o
Lahde and We er, Luftfahrtorschung,

Il

12 o 1+ 1 . 4 c 1
i ire 4y 4ad )X g the rlibs. conslaer
dicular to t iirection of compress
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)

e compressive stresses are d

n after buckling they 1lncrease more
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Process of deformation of a reinforced plate under gradual load-

ing by compressive forces consistse of the following., If plate is

sufficlently thin, then local buckling of it sets in at comparatively

b s’

Bt
- .

P

i

Flg. T.51. Buckling of
skin in compressed zone of
an ailrecraft wing,

low compressive stresses (Fig, 7.52.)

114 1147 1147 11(7

Fig. 705 - -
a plate reinforced by thin-walled ribs.

Consecutive stages of buckling of

Subsequently the hollows deepeni here from time to time there occurs

a change 1n the number of hollows, frequently accompanied by knocks.

When skin 1s divided into panels of different width, for instance

with reinforcement by U-shair= ribs.then in a later stage there occurs

loss of stability of "narrow” panels (Fig. 7.53). If the reinforeing

303
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rib 1s thin-walled, then the following stage consists of local 1loss
of stabllity of members of the rib — wall or flanges. At separate

stages of loading in the skin and webs of reinforcing sections there

appear plastic flows., Finally, there appears total loss of stabllity

or the structurey 1t buckles as a whole, like a compressed bar or a
plate secured on its edgesj; together with this the sheetlng and walls
of sectlons are additicnally bent. At this instant the supporting
power of the structure 1s exhausted.
‘Thus, determination of support-
ing power of a structure i1s reduced

to calculation of it for total

stability, where sheeting, and in
separate cases the walls of rein-
P of a compressed rein-
o forced panel. foreing sections must be considered

taking into account reduction fac-
tors. Since reduction factors depend on magnitude of compressive
stress 1n the ribs, the calculatlion is made by successive approxima-
tlons: glven tentatlive values of maximum load, they find reduction
factors, determine load, anew, etc. In examining total stabllity
reduction factors for sheeting and walls of a section are
usually assumed the same as in the case of "static" compression,®

l.e., by data of Section 92,

Example 7.3. Determine supporting power for panel of width B =

= 450 mm, thickness h = 1 mm (Fig. 7.54a), reinforced by four stringers
ana compressed lengthwise. Section of stringer is shown in Fig. 7.54b,
by C is understood center of gravity. Material of skin and stringers 1is

*A more strict approach to problem requires determining reduction
factors taking into account the fact that compressed edges of the plate
shift relative to one another (See [0.3], p. 155).
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5.

zone

[~

membe we write differentlial equations of flexure type
1180 ¢C i1tio f 1linkage. Results of calculations f
wit . 3tant web thickness are shown* in Fig. 7.00.
regsive astres 1 preser ed by formula
c.p-_kf(:)z.

Along the axi f abscissas 1 "g. T.60 1is
axis of ‘dinates, values of k, Above 18 located the
instability. Here too are given curves determining on

s > +
v A ’
para

Y & . 1 4 n & 4124
flexural instabilityj;

meter 88 a
B L
As one should have been led to expect, fo
f stability 1s dangerous. Zone of torsilor

of Hertel,

low

S€

e

-

O

-~
Vi

o
i

values m

l=-flexural

plotted ratioc b/aj on

local

flexural

the following magnitude serves as

total

instabl-










































































































































































































































































































































































































































































































in process of buckling number and dimensions of hollows are variablej
therefore, diagram of equilibrium forms constitutes an envelope of
certain serles of curves, corresponding to one or another numbers of
waves., In works of other authors, published in the last two decades,
there were offered definitized varlants of solving the problem. In

certain works instead of the Ritz method there was used the Bubnov-

Galerkin method in application to equation (26).

| |
- )
i o
<.
e j
i !
el g )
s, -
(4 -
L i
R =

Fig., 11.4. Different forms of
buckling of shellj a) axisymme-
tric, b) "checkerboard," c) dia-
mond-shaped.
We shall give one of the simplest variants of solution of prob-

lem by Ritz method.* We select expression for w in the form

w=[,§n—.l‘ign%+/2gnz:'l’i_{_+_jo_ (11.46)

*This solution belongs to P. G. Burdin.
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1t pertains to case Rh/L2 < 0,016.

a) b) c)
Fig. 11.23. Construction of surfaces

1sometric to ecylinder in case of buck-
1ing under external pressure,
It is desirable to compare subsequently results of calculations
by formula (95) with experimental data, pertaining to fairly thin
shells.

§ 132, Experiments with Shell, Subjected to External Pressure.
Recommendations for Practical Calculations

Let us give data of research on buckling of shells subjected to

external pressure. We start from those experiments in which

shells were prepared carefully — from pipes on lathe — with obser-
vance of rigid tolerances with respect o dimensions, Diagram of
one testing unit 1s shown 1n Fig. 11.24.% One of ends of testplece
(1) is fastened to piston (2), and the other, to flange (3). Pres-
sure q 1s transmitted to plece from liquid, forced into chamber (%)
by pump (No. 1). In order to exclude extension of shell, in lower

chamber (5) from another pump (No. 2) there 1s fed pressure, depending

*These experiments were conducted by V. A. Nagayev.
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L/R, along the axis of ordinates — ratlo of width 1_ of

“:i',. 11.2‘. With £ r‘ 'J
hirged fastening on ¢ . A
iges of shell there “* -

Sl .
b) form "pec
FRR S F S -
s Form of buck=- waves,

o = -
shells in case of
clamping at edges.

circumference to length L. Solld

line corresponds to theoretical calculatlons of § 130,

" a N

'-—! ol

s T
il

Lh-‘!"" > = “

[ A 3 .‘

L L B
2y =Y

d hWIdoo

e W .0 2 B

‘ :
.~
&

4
L

ig. 11.27. Shells, with dia-
phragm resisting bend, after
loss of stability.

We give, further, summary of experimental values of v = qu/qB,

sbtained by different authors with various conditlioas of nanufacture

»

and test of pleces (Fig. 11.29); by q. .. 1s understood real magnitude

L
»f pressure during buckling. In certaln series of experiments models

o

were obtained from flat sheets and had signlf ant 11tial
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of angle torsion of 8 = d(L/h)2 for shell of ideal form and for shells

=
=
ct
o 3
[
=
e
+
e
w
,4
(o8
o
s
®
0
-+
(=N
O

n, when 8 = 1/200,

Ratio of maximum initial
deflectlion to thickness 1s desig-
nated by Pq- On graph are marked
points, corresponding to upper and
lower critical stresses sz and 8 e
General character of these curves

18 the same as in case of external
pressure,

Judging by data of experiments,
experimental values of critical
stress lle, as a rule, in fork, con-
stituted by upper and lower criti-

cal stresses., Therefore, in prac-

calculations for determination of 8p 1t 1s necessary to use

L |
o T ]
Py 3
. - )
; ]
)
’
; 3
-
— .
Fig. 11.38. Shell
after buckling under
torsion.,
tical
graph of Fig. 11.37
L
i
130
P00
——.———ﬁéam
120 aos
ar
a
"
. 3
o ”
E 80 L4
7
Fig. 11.39. Influence of
initial deflection on upper
and lower critical tor-
sional stresses,

or (for shells of average length)

formula (120).

Calculated value sp,.y One should
take for R/h £ 250 equal to vsg,
where v = 0,8, For larger values
f R/h influence of initial deflec-
tion will be strongery therefore,
v should be decreased in approxi-
mate accordance with table v for
external pressure (p. 607), where
lower 1limit for R/h =~ 1500 1is equal

tov= 0,5,
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~".%9 In Fig., 12.2 sign A marks values of parameter exp’ obtained in 1'

experiments depending upon ratio

R/h. Solid and dot-dash lires -

constructed by formulas (26) and

(29) , the first of which corresponds
7) ) " to deformation theory, and the sec-
b C

ond to flow theory. It is interes-

2)

e 120 Somereselon  ing to note that graphs By(W/M,
buckling with plastic de-
formationsy for testplece
C) plastic deformations
are the greatest.

constructed by these two theories,
differ 1lilttle from each other, while
in case of flat plate diagrams

pr(b/h) sharply differed from one another., Dotted line in Fig, 12.2

ﬂ.}mhl .
3500 1.
% . :
S \_ Flow ' 4
theory
A 3
Jooo
Deformatio } P
theory
i 3
\Ragion \\ nﬁl‘st%‘
of experie \ solution
Armental dat: \\Cﬂ-aﬁ
\\
2008 \
3500
'} w b7/ o
2/h

Flg. 12.2. Dependence of upper
critical compression stress on ratio
R/h by different theories of plas-
ticity in comparison with experi-
mental data.

pertains to elastic region, where we take @ = 0,5, During buckling

590



































































































For all carefully prepared shells experimental value of criticel
pressure turned out to be somewhat higher than theoretical, determined
by formula (54) (for shells closed at vertex) and (57) (for truncated
shells), and lower than pressure from (51) « On the average experimen-
tal magnitude of critical pressure was approximately 5% higher than
value from (54 and P about as much lower then magnitude determinred

by (51) «

In practical calculations it is possible to use formulas (54)

and (57) for upper critical pressurejy here one should introduce c ef-

4
"L

cient v as was recommended for cylindrical shells (see § 132)

Example 13.2. Check for sta-

bility of the conical part cf 1lnter-

4 -4l

GRAPHIC NOT
REPROGUCIBLE

Fig. 13.6. Form of

wave formation dur-

ing buckling of coni- Fige 13,7 End

cal shell, view of test plece,

nal wall of diffuser, of thickness h = 2,5 mm, located between adja-

cent reinforcing ribs (Fig. 1%.8) and under action of external pres-

sure q = 6,3 kS/Cmg. Dimensions are given on figurej using them, we

2.-120

lgﬂﬂmﬂ‘ﬁ, ¢=56°m'
430 350
S A S T

A 25 -3 Iy 632 =
T-ﬁ-w.lo » ‘—.—777—-0.81-1
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created & vacuum, loss of stability occurred in the process of a sharp
knock, During loading by liquid (oil) effect of knock was signifi-
cantly less,., Shell initially lost stability, as & rule, in
tric form. For shells with high rise, where H/c = 0,6 to 0,7¢ (s
Fig, 14.1) there were observed different pictures of buckling, For
certain test pieces there appeared a crescent-shaped dent, adjacent
to edge; with subsequent loading this dent continued to expand, embra-
cing whole peripheral part of segment (Fig. 14.9). Another example
is shown in Fig., 14,10, from results of high-speed filming, Initially
near boundary here there formed one dent, fast deepening; then there
appeared adjacent dents, Comparison of separate frames shows that
dres of dents changed their outlines in process of buckling, A case
of clearly expressed asymmetric loss of stability, occurring in the
form of a very strong knock and accompanied by formation of several
waves on circumference, is shown in Fig, 14,11, Last, in separate

cases there took place pressing through of central zone of shell

Judging by these experimental
data, available theoretical research
is far from covering whole range of
different forms of loss of stability
in the large.

As for experimental values of
Fig. 14.9, Crescent-

shaped dent. critical pressure, they turned out

to vary greatly and depend on mag-
nitude of angle subtended by segment., We shall characterize curvature

of segment by parameter (see Fig, 14.1)

— 19701 o c’ -
g A BT (14.48)
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We give =21so experimental formula, recommended in work

o e e N I r e L~ 4 o YaT s - .
1ls with ratio R/h lying between 5 and 2000, and ar

p

h\2
Gpace = 0.3kE ( ﬁ) :
here coefficient k is determined by the formula

x =(1 —0.175£:40£-) %

In conclusion let us note that recently during raising

cending branch BD of Fig.

a series of conclusions, pertaining to strength and stabilit
lomes: it is desirable to analyze this question in mor dets

157. Ellipsoidal Shells

) Let us give, further, data for a calculation of stabilit]

teral load and displacements

such shell should correspond

!‘)

ellipsoidal shells of revolution, encountered in aircraft constr
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buckling of shell, a)
with formation of dia-
mond-shaped dents, b)
axisymmetric.
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compression was conducted also by Smitt [18.23] and

experiments of these authors pertained
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considered above. Nonetheless,
correspond to theoretical con-

i that during dynamic loading size

dents in cross section was greater

force, In work [18.22] special

3ttention was 2llotted to form of

buckling of shell under a blcw.
It turned out that here the same
geometric approach to the problem

may be applied, as was offerec
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In Fig. 18.22 1is shown form of wave formation of real shell, approxi-
mating isometric. In the following figure isometric form obtained

by construction (Fig. 18,.23%a) is comparable with actual configuration

of dents (Fig. 18.23b).

GRAPHIC NOT
REPROGUGIBLE

a) b)

Fig. 18.23. Shell bulges under bl.ow (b)
in a form, very close to isometric (a).

§ 183. Spherical Shell Under External Pressure

We shall consider now spherical shell, subjected to dynamic

action of evenly distributed external pressure. We are talking both

)

bout a closed spherical shell and also about a spherical segment
enveloping a sufficiently great central angle (see Figs. 14.1 and
14,2). Up to loss of stability of shell compressive stresses in wall
are equal to o = gR/2h.

We shell 1imit ourselves to solving problem of dynamic statl

of the shell in linear formulation. Considering in (1) and (2)

kx = ky = 1/R and rejecting nonlinear members, we arrive at equations
D 1 R o R

et SAES AL S (18.35)

VD= — 5 V(@ — ). (18.36)
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