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ABSTRACT

The paper introduces new methods of graphical
plotting by means of theoretical four-dimensional
descriptive geometry, re-introduces known methods
derived from theoretical three-dimensional descrip-
tive geometry and compares the latter with the
usual two-dimensi~-nal plotting characterized by a
third parameter to indicate the three-dimensionality

of the representation.
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1.

THREE-DIMENSIONAL PLOTTING

Assume that three parameters are interrelated, and

that to the given value of one it corresponds a series of

values of the other two, This may be represented in a table

such as that of figure 1.

TABLE 1

J
sz, xX=zx, T2z T:xg X- Xg l
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Figure 1

The usual approach of graphical representation is to
plot two-dimensional diagrams, making use, for example, of
a cartesian system of reference. To indicate the three-
dimensionality of the variation, each diagram is charac-
terized by the value of the third parameter, in our

example, x. (Figure 2),




This representation seems to be satisfactory (if only

judged by the wide use of it) but, presents one problem:
interpolation. We would not care to discuss the merits of

any method of interpolation, let it be intuitive, analytical
or graphical, but we do care in pointing out that the average,
daily user of grarhical representations of this type, does

not have either time or means, to make use of those intuitive,
analytical or graphical methods of interpolation. Therefore,
we propose to modify the way of looking at the problem, in
order to arrive to a more easily understood and applicable

method of interpolation.

The modification is this: 1instead of 1ooking at each
two-dimensional diagrams as independent plane representations,
let us place them together, by making use of some interesting

properties of the representation of a plane through theoretical
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three-dimensional descriptive geometry,
. . 1)
This property is the following 7:
In the three-dimensional descriptive geometry, we deal
with two planes, perpendicular to each other, which form the

system of reference. A pictorial view is shown in figure 3.

Plane 1 L Plane 2

(Plane 1)x(Plane 2) = Linc

Figure 3

Assume now a plane X, perpendicular to Plane 1 (sec

figure 4),

L) For more details consult a treatise on Theoretical Threce-

Dimensional Descriptive Geometry (Mongean representation),.
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Figure 4

This plane will determine a line XX 1’ in Plane 1 and
a line X 2,in Plane 2, so that & 2 is perpendicular to
Rll.

Assume next, a point (a) in this plane and through this
point draw perpendiculars to Plane 1 and Plane 2, We will
obtain a, and a,, which are the projections of (a). The
interesting property that we mentioned is that a, is found
on o 1+ Therefore, & , is the geometric locus of the

projections of all points of plane & in Plane 1,

The method of three-dimensional descriptive geometry,

calls for the rotation of Plane 2 about line RL, clockwise,




5.

until its superimposition on Plane 1. Therefore, we obtain

the following plane representation (orthographic projections)

of the plane & . (Figure 5),

Figure 5

Now, since the point (a) is a point in the three-
dimensional space, we characterize its position by three
coordinates, which are identified as x, y, z, in figure 5.
Notice however, that the coordinates y and z, fix the value
of coordinate x. Therefore, we may disregard x and operate
only with y and z, to locate any point of the plane, as long

as we know the angle between X 1 and RL. (See figure 6).




Figure 6

Let us l1look back at figure 2 and conclude that the

angle O may be associated to thecoordinatex&.

Therefore, we may arrive to the following type of
representation of the points which coordinates are given in

Table 1 (Figure 1), See figure 7.
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Figure 7

This representation, as it stands, allows the reading

of the coordinates of :iny point in the curves C C

1, C2’

000 Q Cn, as rapidly as in the mode of representation of

81

figure 2.
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However, this is not all. Notice that the curves Ci
are generatrices of a surface, in the three-dimensional
space, and that the representation as shown in figure 2,
indicates the result of a plane section in that surface.
The variation between two consecutive sections is not so
immediately obvious. But, in figure 7, we may obtain,
immediately, the configuration of that variation, as shown
in figure 8, by simply drawing the curves connecting the
corresponding points of each plane, Interpolation is,

therefore, easily made, as shown in figure 9,




NOTE: the use of the coordinate xi may be
made, in substitution to the angle 9,

as indicated in this figure,

Figure 8
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Interpolation

for x = Xy

Figure 9
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In figure 10 we indicate the application of another
method of descriptive geometry, namely, rotation, and the

result obtained can also be used for interpolations.

Figure 10
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A variatiomn of the representation used in figure 8 is

indicated in figure 11. The method of rotation has bheen

applied. *3

Figure 11
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The representation just presented, by means of three-
dimensional descriptive geometry, is the simplest one,
involving three variables or parameters, Because the
representation of a plane, in descriptive geometry, can have
any degree of sophistication that we may think of, so will
the plotting of a curve or a group of curves in one of these
planes. Naturally, we should make use of these particular
position, with a purpose. For instance, in cases of extra-
polations, it will be more desirable to use a plane occupying
a very general position in relation to the planes of the
system of reference. This will permat the use of certain
properties in the plane that will help to reduce somewhat
the guessing of how the variation is extended beyond the

boundaries of the plotted curves.

Let F;Le a plane referred to the system of the two

perpendicular planes, (figure 12),
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The orthographic projections are shown in figure 13
and we have also indicatzd two points (a) and (b), of the
plane, belonging to lines parallel to P1 and P2.

!

r b,

\\a, %

Pz
Figure 13

Since we have no intention of going into the details
of demonstrating the conditions of belonging between the
points (a) and (b) and the plane @;2), nevertheless we
indicate, in figures 14-a, b, and 15-a, b, how to correlate

the projections of a point of a plane,

2) Consult a treatise on Theoretical Descriptive Geometry

(Mongean representation).
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Propcrties

a)

Take two points in the plane, (a) and (b) and
determine the points (x) and (y) as indicated

in figure 18,

Property: the points (x), (y), and (k) are
colinear, and the two projections, alb1 and
a2b2, of any line of this plane will be

concurrent on a point of that line. (Figure

17).

Figure 16
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Pz

Figure 17

b) In figure 18

(1)
(2)

(3)
(4)

(5)

through m, draw perpendicular to F»2;
radius (kml), center in (k), cut the
perpendicular in (m)l;

draw (k) - (m)l;

araw perpendicular through n, to Pz
and determine (n); in (ﬁlh;

draw parallels to ﬁh through (m)1 and

(n)y;

e T



17.

(6) draw perpendiculars through a, and
b2 to p2 and determine (a)1 and

(b),.

Property: a2b2 and (ab)l will be concurrent
in a point (w) of &2.

mi a_‘

@

P.

Figure 18
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The use of these two important properties of the piane
in the plotting of curves is as follows:

The properties also apply to any curve of the plane,

Thus, in figure 19 we show three points (a), (b), (c),
of a curve in the plane and the relationships between the

projections, using those properties,

Notice that any point is characierized by three coor-
dinates. It should be kept in mind that two of the coor-
dinates fix the value of the third (due to the two-dimen-
sionality of the plane), 1In this case, we still can use
this method of plotting by considering that the graduation
of one of the axis of coordinates (in the example, the RL),
is made in function of the projections of the point obtained

by use of the two other coordinates.

o e gy -
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FOUR-DIMENSIONAL PLOTTING (e

It would be futile to try to enumerate the possible
ways of plotting data by use of four-dimensional descrip-
tive geometry. One should realize that, because of what is
object of study in that geometry - namely, the 3-D space -
these possibilities are a function of the number of w2ys

that we can relate this 3-D space to the 4-D system of
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reference and of the number of positions that a plane

occupies within this 3-D space.

We have dealt with two of the possibilities of plane
representation which should provide working tools for most
of the types of data plotting. Evidently, a more developed
and sophisticated analysis of theoretical descriptive geom-
ctry will provide a much more broader scope of possibilities

and variation in the method of plotting.

If we now take all these possibilities and apply taem
to the equally broad scope of posvibilities in representing
a 3-D space, we would have created a somewhat large amount

of means and methods of data plotting.

However, one thing must be clarified: it is not the
number or even the quality of each method that is important.
Important is, to have a good grasp of the mechanics of one
method, baseua on theoretical information. This alone
should permit the proper analysis and understanding of any
other method, for they all are based on one common foundation:
the theory of the three and four-dimensional descriptive geom-

etries.

In discussing a method for four-dimensional plotting we

will, therefore, make use of a representation of the 3-D
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space which, by extension, corresponds to the representation
of the plane used in three-dimensional plotting. We would
recommend the consulting to some of the work done on theoret-
ical four-dimensional descriptive geometrys), for more
information on some of the aspects of the problim, that will
not be fully discussed here, and for the derivation and
creation of other methods of plotting which could be found

to be more appropriated to one specific problem or to one

specific group of data,

The resulting representation, by orthographic projections,
of a 3-D space L) referred to the 4-D system of reference is

shown in figure 20,

3) Contact the Departmnent of Graphics and Engineering Drawing,

Princeton University, Princeton, New Jersey.
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Figure 20

Here we have three planes, Lpl- u)2, u)l- u)a,
27 lL>3’

descriptive geometry. These three planes determine the 3-D

w represented in the same way as in three-dimensional

space L1
By conditions of belonging betiween plane and 3-D space,

a plane & , in which one of the coordinates is constant, is

represented as shown in figure 21.
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Figure 21

In this plane we can mark points, with at least two
given coordinates and relate it to an arbitrary point on
the reference line. Thus a point in the plane will be

charaterized by four coordinates. Figure 22,
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Furthermore, all the constructions and properties
indicated in the study of the plane in the three-dimensional
representation, apply to the plane o and to any other plane
of the 3-D space f2 . In figures 23a, b, we show two other
planes, ﬁ> and ¥ , of the 3-D space L1 , the first with

constant coordinate y and the second with constant

coordinate z.

¢
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(a) (b)

Figure 23

With this brief presentation we can readily see that
the three planes, and the curves plotted in each one, shown
in figures 8, 9, and 10, can be represented in three planes,

,/0 . 1L R f , of a 3-D space /\, as shown in figure 24,



Figure 24

T T e
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Since each point is characterized by four coordinates,
we see that we have the possibility of assigning one more
coordinate to the group of points plotted in figure 24,
making the diagram, four-dimensional, Naturaily, this
fourth coordinate is a function of the other three, and the

use of it as an independent coordinate may be made by

considering that its determination in function of the other
three corresponds to a graduation of the axis where it is

read, in the case, the reference line.

The 3-D space Z&., of figure 25, perpendicular to one
of the 3-D spaces in the 4-D system of reference may also
be used for the plotting of the points shown in figure 24.

Its advantage is obvious.
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Figure 25
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MULTI-DIMENSIONAL PLOTTING

To plot multi-dimensional diagrams we have two choices:

1)

2)

Examgle:

Use a necessary number of "spaces®" with one
dimension less than the number of variables
or parameters and "connect" the corresponding
points, This corresponds to "translating" a
given "space" to generate another, with one

more dimension.

Use the descriptive genmetry method for the

defined multi-dimensional space,

Take two or more planes, represented by three-

dimensional descriptive geometry and in each,

plot the points of a curve, characterized by a

constant coordinate. By connecting the corre-

sponding points, we will obtain a three-dimensional

representation of the variation. (Figure 26),

Compare this representation with the one shown in

figure 25,
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Figure 26

In figure 26, the first choice is applied. A1l
representation is based on the study of "two-dimcensional
spaces" (planes) while in the figure 25, we used the sccond
choice, with the application of a four-dimensional descrip-
tive geometry where it is possible to analyze the *"thrcee-

dimensional space®" defined by the variation,

The important thing to notice is that the representation

as shown in figure 26, does not allow the introduction ot .

fourth coordinate, In figure 25, this is perfectly possible,

e ——— oo o e m e gy
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So, figure 26 is, in essence, a three-dimensional
diagram, while figure 25 is a four-dimensional one,

incorpo.r)ating the three-dimensional diagram of figure 26,

Suppose then, that we want to express grapnically, the
relationships among a group of points characterized by say,
five coordinate¢s., What would be the proper choice? Well,
the answer is a function of the nature of the coordinates.
If there are no groups of points characterized by f{our
variables and one constant parameter, we have but one
choice: use the method of a six-dimensional descriptive
geometry. This method in itself is not very difficult to
develop as we will show, by representing a five-dimensional

space referred to a 6-D system of reference.

Let us assume, however, that the points are characterized

as indicated in Table 2, figure 27,

TABLE 2
X =%, = X, -7711 X = X,
Y- w ([t lylsfuwlt] [/ ]9la|«]t
PowrT 4, {g
Povt b. 7) __J

PowT C ¢ 4]{
[

/]
'

Figure 27
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The solution is obtained by representing cach group

Ciy vy Ny in as many four-dimensional

bi’ i

of points, ajgy
spaces as required (function of the number of values for the

parameter xi), and "connecting”" the corresponding points.

The resulting diagram will encompass five coordinates,

Undoubtedly we will need the development of a five-

dimensional descriptive geometry, and the task is a major
one, However, in the outcome, the graphical representation
by orthographic projections of a four-dimensional space is
as simple as indicated in figure 28, Here, we can char-

acterize 3-D spaces and planes within these, and so on,

%
CaulTAu*r

4-D space (S) - shown is a 3-D spacce

[&, geometry locus of points w.th constant coordiniate 1.

Figure 28
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Thus in figures 29 and 30 we indicate how to obtain the

X

location (projections) of a point (a) with coordinates a?

Yas 249 Uy, ta. (NOTE: the correspondenc: between coordinates

and sub-index of the projection 1is arbitrary).

y

Se

1 . e _
2
54

L.D space (2D
Figure 29




4-D space (T)

Figure 30
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Thus, to represent graphically the points of Table 2,
we would consider a series of parallel four-dimensional

spaces, characterized by x and within each one mark the

i’
corresponding points ay, bi""’ni' This is shown in

” "e

]
figure 31, where the points a , a , a , are plotted in

three 4-D spaces. The diagram is five-dimensional.
All points with coordinate x = Xy should be plotted
in the first 4-D space; those in which x = Xo in the

second 4-D space; and so on.
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Let us assume now the second possibility, when there is
no one coordinate characterizing a group of points. As we
said, if the number of coordinates is five, the only alternative
is to use a 5-D space which is to be represented, in ortho-
graphic projections, according to a six-dimensional descrip-
tive geometry., Figure 32 shows the representation of one

such 5-D space,

| d
e = /

. % ! ‘->\
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5 -D space (X)
Figure 32




COMMENTS AND CONCLUSION

It is clear that the possibility of representing
graphically the relationships among points characterized by

an arbitrary number of variables or parameters, is unlimited.

A very clear pattern can be seen of how the descriptive
geometry of more than three dimensions can be developed. 1In
fact, it all seems to be just a matter of adding more lines
to the representation of a given "space" to obtain another
f"space®” with two, three, or more dimension-, Indeed this
is the procedure, and we can think of no other example to
demonstrate the rigid and logical, and yet simple, reclation-
ship among "spaces" of two, three, four, and many dimensions,

And all under the light of the descriptive geometry.

We would not attempt, naturally, to explore the graphical
properties to be found in a five or in a six-dimencional space,
through studies in the corresponding descriptive gcometry.
However, we want to reinforce the fact that the reclationships
concerning to the conditions of belonging among the geometric
elements, remain unaltered in each multi-dimensional space,
Thus, by properly relating these geometric elements, we will
find that the properties established for a 3-D space, through
studies in four-dimensional descriptive geometry, are found
unaltered in any 3-D space located within a 4-D space. And

SO on,
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By looking at the constructions showing such multi-
dimensional spaces, one can realize that the simplicity of
the method used in maintaining these relationships can be
casily expressed through analytical expressions, 1In f:ct,
by working from the orthographic projections, where all
graphical constructions express the true relations in multi-
dimensional space, the analytical geometry to be used should
be simply two-dimensional. This affirmation may sound a
little bold. May be so. But let us remember that the
relations in multi-dimensional space are already established
and indicated through a graphical language, in a two-dimensional
way: in the plane. All we have to do is to Erogerly express
these relations, in the plane, And for that we need no multi-

dimensional analytic geometry.

If anyone doubts it, give it a try.
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