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ABSTRACT

A study of some empirical and theoretical functions for the
effect of temperature on liquid viscosity indicated that the viscosities
of the n-alkanes are well represented by the equation log (7?/d) =
log (A/T) + B/(T-To), where d is the density and A, B and To are smooth
functions of chain length. The effect of increasing static pressure is
to increase A and To, while B is only slightly affected. A relaxation
theory developed by J. H. Gibbs relates B to the barrier to rotation
about chain bonds. The To (n) values are predicted for n-alkanes of more
than n=6 carbon atoms by the Gibbs-DiMarzio theory with a flex energy of
490.8 cal./mole, in agreement with estimates by other methods. A
diagrammatic method for evaluating steric effects in polymer chains was
developed, based on the Pitzer model for alkanes. Some excluded volume
effects in rings and short chains of the -CX2 - type are elucidated in
this way. An empirical approach to estimation of flex energy and hence
To is suggested. A statistical-mechanical theory of the glass transition
was developed, based on the concept that the observable communal entropy
is time dependent. At Tg a contribution to the communal entropy due to
backbone motions disappears, giving rise to a time-dependent glass
temperature. Glass temperatures are theoretically predicted with good
accuracy from viscosity data obtained far above Tg. The Eyring
transition state theory for relaxation processes was modified to conform
with observed polymer behavior. The activation free energy, enthalpy
and entropy at the glass temperature were evaluated for several polymers.
Intermolecular interactions in liquid alkanes were studied, and an additive
property Q = (BpV)0.72 4 0 was found, where Bp is the Antoine vapor pressure
constant, and V the molar volume. Q is dependent on the number of C atoms,
the number of side branches, and the number of pairs of vicinal branches.
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1. Mechanism of Relaxation in Polymers

The temperature dependence of the viscosities of even simple
liquids such as the n-alkanes cannot be adequately represented by the
Arrhenius equation, since it is generally found that the activation
energy for flow increases as the temperature is reduced. This effect is
more pronounced in high polymers, and is most spectacular in the transi-
tion zone Just above the glass temperature. Miller, has pointed out
that the empirical equation proposed independently by Fulcheir and by
Tasmann and Hesse 3 ,

log log A + B/(T-To), (1)

is of particular interest not only because of the precision with which it
fits accurate viscosity data on most liquids over a wide temperature range,
but also because it can be transformed into the WLF 4 equation,

log aT = -Cl(T-Ts)/(C2 + T-Ts), (2)

which is widely used to represent the temperature dependence of relaxation
processes in polymers. In these equations, ý is the shear viscosity,
aT = 7s, is the viscosity at a reference temperature Ts, and A, B
To, Cl and C2 Are adjustable parameters. It can be shown that c 2 = Ts-To
and ClC2 = B.

Equation (1) indicates that 77---4o at a temperature To not
necessarily equal to zero. The statistical-mechanical theory of glass
formation developed by Gibbs and DiMarzio 5 predicts Just this type of
behavior. It is therefore not unreasonable to identify To with the point
at which the configurational entropy of the liquid goes to zero. This is
estimated6 to be 40 to 50* below the glass temperature, and can be
calculated by the relationships given by Gibbs and DiMarzio, if the "flex
energy" (see Section 3)'in their theory is known. The purpose of this
portion of the program was to determine To for chains for which the flex
energy is known from independent measurements, for comparison with the
theoretical prediction.
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The compilation of selected values of the properties of
hydrocarbons published by the American Petroleum Institute's Research
Project 447 is considered the most reliable source of precise viscosities
on n-alkanes over a wide temperature range. The domplete set of data on
each n-alkane from methane to eicosane was fitted to Equation (1) by
machine computation using a non-linear least squares iteration procedure,
to obtain the three adjustable parameters for each compound. Additional
values were determined for n-alkanes of 28, 36 and 64 C atoms from data
published by Doolittle8 . -

It was found empirically that Equation (3) gives a consistently

log (?/d) = log A + B/(T-To) (3)

better fit to the data, as can be seen by comparison of the residual sun of
squares for each compound in Table I. d is the liquid density. The use
of kinematic instead of absolute viscosity is indicated by Eyring's9
treatment of viscous flow as a rate process and by the statistical theory
of elasticity of chainsI 0 .

The precision of the estimates of all three parameters in
equation (3) is rather poor, even though the viscosity predictions which
they provide are quite good. This is because of the high correlations
among the parameters, resulting perhaps from the fact that the measurements
were made above the melting point, while To is very much lower. Since the
data were smoothed by the American Petroleum Institute workers before
tabulating, no meaningful statistical statements can be made concerning
the precision.

Gibbs and DiMarzio 5 predicted that the (free energy) barrier
restricting flow from one configurational state to another should increase
with decreasing temperature as To is approached from above, in agreement
with the Fulcher equation, but this idea was expressed only qualitatively.
Professor Gibbs has recently developed a quantitative relaxation theory,
which he advanced during his last visit. Briefly, the theory is as follows:

A segment of polymer which is in some high energy configuration
as a result of the application of a shear stress will relax to a configuration
of lower energy at a rate

ki = A exp (-zU/kf ) (4)
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where z is the number of bonds in the segment and U is the average
potential barrier. At least two configurations must be available in
order for relaxation to occur, so in general, there will be some
minimum configurational entropy required for relaxation. Denoting
this by sk, and observing that entropy is an extensive quantity,

= = Sczk/N (5)

where Sc is the molar configuration entropy, zk is the number of bonds
in the segment of critical size for relaxation, and N is Avogadro's number.
The average rate of relaxation for the entire system containing segments
of all sizes is

fzk A exp (-2zU/kT)dz A
k ________- exp(6

fz*0ex (-zU/kT)dz 2 \ T

Hence, from Equation (5)

A -Ns*U
k - exp (7)

2 kc

Assuming that the configurational entropy is responsible for the
increase in specific heat at Tg, we can write

Sc(T) = ST-ST f To A d 1n T. (8)

If it is assumed, as a first approximation, that ACp is a constant, then

Sc(T) - ACP •n (T/To). (9)



Therefore,

A -NskU
k - exp (10)

2 kTACp ln (T/To)

Setting the relaxation time T equal to k-1 and combining the constants
in (10) we have

BI
A' exp (U)

T in (T/To)

Professor Gibbs found that Equation (U) reproduced the WLF
function over a wide range to within a few per cent. The Mathematical
Analysis Group was requested to test the equation for goodness of fit to
the n-alkane data. At the same time, an empijical modification of these
equations was tested, in which a factor of T- is included in the pre-
exponential term. The equations actually used, in addition to Equations
(1) and (3), are listed below.

log 77 = log (A/T) + B/(T-To) (12)

log (7/d) = log (A/T) + B/(T-To) (13)

log7 log A + B/ T ln (T/To) (14)

log (n/d) = log A + B/ T •n (T/To) (15)

log n• = log (A/T) + B/ T ln (T/To) (16)

log CTn/d) = log (A/T) + B/ T ln (T/To) (17)

The sums of squares of the deviations from these functions,
for the "best" choice of the adjustable parameters, three in every case,
are shown in Table I. For 18 out of the 23 liquids, Equation (13)
had the smallest deviation from the observed viscosities. The values of
the parameters determined in this way are shown in Tables II through V
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TABLE II

Estimates of Parameters in Equation (1) for n-Alkanes

Number of
Carbon Atoms log A* B To (K)

1 -1.533 45.31 37.0
2 -1.545 136.6 8.8
3 -1.14o9 157.0 21.3
1 -2.023 458.8 -68.7
5 -1.434 2o4.5 40.0
6 -1.537 263.4 36.3
7 -1.520 273.8 51.6
8 -1.634 345.4 41.2
9 -1.6o9 346.8 56.2

10 -1.698 412.6 46.2
11 -1.698 427.9 52.6
12 -1.749 5477.3 46.2
13 -1. 763 501.0 47.7
14 -1.800 542.3 42.9
15 -1.797 556.2 45.8
16 -1.818 588.8 41.9
17 -1.794 585.3 49.1
3B -1.818 619.4 43.9
19 -1.796 616.8 49.8
20 -1.798 631.4 50.3
28 -1.801 771.4 31.4
36 -1.6o5 708.2 64.3
64 -1.230 659.9 107.1

* For viscosity in cp.
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TABLE III

Estimates of Parameters in Equation (3) for n-Akamnes

Number of
Carbon Atoms log A* B (*K) To (*K)

1 -1.019 30.90 44.9
2 -1.076 90.70 25.8
3 -1.065 128.2 28.4
4 -1.374 261.8 -12.9
5 -1.073 154.7 54.5
6 -1.130 187.8 58.9
7 -1.132 202.6 71.3
8 -1.196 242.7 69.6
9 -1.191 252.1 81.2

10 -1.235 286.6 79.4
11 -1.236 300.1 85.4
12 -1.256 325.5 84.9
13 -1.259 339.9 88.1
14 -1.271 360.1 88.2
15 -1.265 369.3 91.8
16 -1.270 385.7 91.7
17 -1.254 387.9 96.9
18 -1.258 402.8 96.4
19 -1.238 402.2 1o0.6
20 -1.237 41u.4 103.1
28 -1.249 524.8 86.1
36 -1.121 514.6 105.9
64 -0.829 522.9 133.7

* For viscosity in an.
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TABLE IV

Estimates of Parameters in Equation (13) for n-Alkanes

Nfuber of
Carbon Atoms in A* B (OK) To (°K)

1 3.0615 18.132 62.652
2 3.5813 59.822 56.0o84
3 3.6442 142.73 14.995
4 3.6763 199.77 44.833
5 3.9639 152.57 83.711
6 4.0272 176.57 97.581
7 4.01425 215.33 1014.91
8 4.0632 245.34 113.29
9 4.0726 278.69 119.40
10 4.0896 308.06 124.76
11 14.1094 334.79 129.27
12 4.1319 360.87 132.51
13 4.1549 383.141 135.76
114 14.1771 405.65 138.37
15 14.2100 420.65 142.O0
16 4.2384 436.85 144.49
17 4.2773 41/16•53 148.30
18 4.3o66 458.88 150.80
19 4.3520 462.59 154.99
20 4.3741 475.06 157.07
28 4.14808 628.37 146.66
36 4.7276 652.62 158.78
61! 5.33147 734.61 174.92

• For viscosity in ca.

8



TABLE V

Estimates of Parameters in Equation (17) for n-Alkanes

Number of
Carbon Atoms Jn A* B (OK) T, (*K)

1 3.1-167 21.206 61.1
2 3.6812 89.775 49.1
3 3.8519 244.85 36.o
4
5 4.1277 231.49 73.0
6 4.1831 274.97 83.6
7 4.2263 328.52 91.0
8 4.2390 393.70 94.7
9 4.2718 435.67 101.8

10 4.2841 500.71 103.4
11 4.3154 541.18 107.5
12 4.3381 597.00 108.3
13 4.3673 635.47 110,7
14 4.3899 683.40 il.4
15 4.4265 705.97 114.8
16 4.4541 741.64 115.7
17 4.4978 747.92 120.0
18 4.5242 777.46 120.9
19 4.5720 TT7.80 126.0
20 4.5958 794.58 127.4
28 4.7228 1199.2 105.0
36 4.9945 1165.7 121.2
64 5.6579 1213.6 142.8

* For viscosity in ca.

9



for four of these functions. Except for Equation (1), all of these
equations yield a set of To values which increase smoothly with the
number of carbon atoms. The estimates of To for any one liquid vary
somewhat from one equation to another, and there seems to be no way of
choosing among them on grounds of physical reasonableness. Since we
are primarily interested in the values of To for long chains an effort
was made to locate viscosity data on higher polymers. Tung reported
zero shear melt viscosities as a function of temperature for branched
and unbranched polyethylene fractions, which should be suitable for
calculation of To. However, the points were too scattered for a
reliable estimate.

Aggarwal, et al.12 reported viscosities at different temperatures
for low density polyethylene fractions, and these were fitted to Equation
(1). Two of the sets of data were too scattered to be useful, and To
for the other three ranged from <0 to >220K.

Marker, et al.13 gave melt viscosities for a whole polymer of
low density polyethylene with Mn = 33,330. The data fit Equation (1)
with To = 33"K and B - 2,6420K. These values do not seem to fit in
with the results for the n-paraffin series. It was concluded that the
available viscosity data on polyethylene are not sufficiently accurate
for our purposes, possibly due to shear degradation or oxidative
degradation.

While this work was in progress, the paper by Karapet'yants and
Tan appeared, giving the constants in Equation (1) for 35 hydrocarbons.
However, these workers found it necessary to use a separate set of
constants for the upper (>0.85 cps) and lower (<0.85) ranges of values,
making a total of six adjustable parameters for each liquid. Furthermore,
many of their To values are negative, in contrast to those in Tables II
through V all of which (except for butane) are positive. Other workers
have also reported negative values of To. This seems to result from the
use of viscosity data at temperatures far above To, and possibly from
improper weighting of data.

The viscosity data of Fox and Flory15 on polystyrene fractions
can be used to calculate log A, B and To as a function of degree of
polymerization, P. The data had already been fitted to an equation of
the same form as (1) by William1n6 , and as Miller 1 has pointed out, the
constants in Equation (1) can be obtained by a simple transformation. The
resulting values of B and To are shown plotted against P in Figure 1.
Both B and To approach limiting values above P = 200, and drop off rapidly
below that. This type of behavior is predicted by the Gibbs-DiMarzio
theory, but no attempt was made to fit the data to the theory, since Gibbs
and DiMarzio had already obtained 5 an excellent fit to the glass temperatures
of these samples.

10
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2. Pressure Coefficient of the Glass Temperature

When the temperature of a liquid is reduced, or its hydrostatic
pressure increased, the liquid forms a glass (unless crystallization
intervenes) at a characteristic temperature which increases with pressure.
The location of this "glass temperature curve" on the phase diagram is one
object of this study. Glass formation is preceded by a marked rise in
viscosity, and this behavior is satisfactorily represented by Equation
(13), for example.

An attempt was made during this program to develop a theory for
the effect of pressure on viscosity, to complete the picture phenomenologically.
While successful to a degree, the adjustable parameters calculated from
published data were complex functions of temperature, and furthermore,
significant deviations from the predicted behavior were evident on plots
of log 7 vs. pressure. On inspection of families of isotherms on these
plotsiR was noticed that the deviations show systematic trends with
changing temperature. In fact, it was found that a suitable combination of
vertical and horizontal shifts results in almost perfect superposition of
all the isotherms. As an example, a master curve is shown in Figure 1 for
1, 2, 3, 4, 5 6, 7, 8, 13, 14, 15, 16-dodecahydrochrysene, in which all the
reported dataJ 7 for this liquid are superposed on the (extended) 135*
isotherm. Two additional points obtained at 37.8* are not shown, since
they would require compression of the viscosity scale to accommodate two
more logarithmic decades, although they also superpose nicely.

The pressure scale for each isotherm was shifted horizontally by
an amount pT (atm.) and the viscosity scale was shifted vertically by an
amount log vT to produce the master cm-ve in Figure 2. These shift factors
were found to be well represented by the following functions of
temperature:

PT = 42.1 (135-t), (18)

log vT = 3.175 (1O00/T-2.45), (19)

where t is the temperature in degrees Centigrade and T is the absolute
temperature. The coefficient of 42.1 atm. deg.- 1 in Equation (18) has the
dimensions of a thermal pressure, and corresponds to a cohesive energy of
304 cal. cc -" at 25. The activation energy from Equation (19) is 14.5
kcal. mole-.

12
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In order to determine To as a function of pressure, it is
necessary to extrapolate the master curve in Figure 2 to log vT =c o.
Designating the corresponding pressure on the master curve as P*(t),
then the external pressure at To is given by Po=P*(t)-PT, and the "To, Po
curve" for dodecahydrochrysene is predicted as

Po = P*(135)-42.1(135-t). (20)

The pressure coefficient of To from Equation (20) is 1/42.1 = 0.0237
deg. atm.-, which is at the upper end of the range (o.OO4 to m.024) of
values for ten substances tabulated by O'Reily1S from direct observations
of glass transitions.

Of the fourteen liquids studied by Lowitz, et al.17, sufficient
data were reported on seven to give a critical test of the general validity
of the temperature-pressure superposition principle. It was thought
desirable to work with kinematic viscosities, 7/d, since it had been
found earlier that these obey the Fulcher equat on more closely than
absolute viscosities. The densities of some of the liquids were given
in Reference 17, but had to be interpolated from values tabulated at
different intervals in a previous publication1 9 for the others. The
Mathematical Analysis Group was requested to perform the interpolations
and to calculate log (77/d) and log log (7ý/d). R. M. King provided the
author with values of d, 77/d, log (7/d) and log log ( 7/d) at every
temperature and pressure f~r which was reported, for the seven liquids
chosen.

It was found that the log (17/d) vs. P isotherms for perbydro
chrysene could be accuratly superposed by a suitable combination of vertical
and horizontal shift factors, just as for dodecahydrochrysene. PT was found
to be linear in temperature. and log vT was linear in T-•. The activation
energies and pressure coefficients for the two liquids are compared in
Table VI, where it can be seen that the saturated compound has the lower
activation energy and higher pressure coefficient, both indicative of a
lower cohesive energy.

14



TABLE VI

Effect of Temperature on Shift Factors

Activation Energy Pressure Coefficient
(kcal. mole-l) (deg. ate.-1)

Dodecahydrochrysene 14.5 0.0237
Perhydrochrysene 9.3 0.0263

The precision with which the viscosities of these two liquids
fall on the master curve; the smooth trends in shift factors with changing
temperature; and the physically reasonable values of the activation energies
and pressure coefficients, all lend credence to the principle of temperature-
pressure superposition. The situation is actually more complex than this,
however, since the isotherms for the other five liquids studied do not
superpose on a plot of log (T /d) vs. P. It was found that isotherms for
these liquids could be superposed if plotted as log log (7j/d) vs. P, but it
would be preferable to have a single form for the master curve, especially
if a good analytical representation were known.

Since Equation (3) is known to fit the data at constant pressure
over a wide temperature range on all the liquids for which it has been
tested, it was decided to construct master isobars, which could then be
fitted to Equation (3). A number of fumctions were tried before it was
found that a simple plot of log /d vs. temperature forms a family of
isobars which exactly superpose when shifted by appropriate horizontal and
vertical factors. The master curve is of the form

log 7 /d - log vp= f(t-9) (21)

The vertical shift factor vp represents the effect of pressure on the
parameter A in Equation (3), and the horizontal shift factor 6p the effect
on To. The fact that the curves for all pressures superpose means that
B is independent of pressure. B is equivalent to CIC2 in the WLF equation,
and it was originally proposed 2 0 that this is a universal constant with a
value of 9000 for all polymers.

15



Master curves of log N/d vs. t reduced to one atmosphere were
constructed for perbydrochrysene, 9-(2-cyclohexyethyl)heptadecane and
9-(2-phenylethyl)heptadecane from the data of Lowitz, et al. 1 7 The
precision with which the points can be superposed is illustrated for
perhydrochrysene in Figure 3. The shift factors log Vp and 6p were found
to be smoothly increasing functions of pressure, both slightly concave
toward the pressure axis. Since

To(P) = To(l) + e%, (22)

the plot of Sp against P represents a phase boundary for the glass-liquid
transition.

The Ehrenfest condition for a second-order transition is

TolodT/dP - vAw/Acp%, (23)

where ACX is the difference in thernl coefficient of expansion below
and above the transition point, and LC, the difference in specific heat.
Since both thermal expansion and specific heat are reduced by compression,
we might expect, from Equation (23) that d In To/dP might be independent of
pressure, at least over a limited range. However, it was found that the
plots of log To vs. P were also concave toward the pressure axis.

The Mathematical Analysis Group was requested to determine the
best least squares values of the parameters in Equation (3) under the
restriction that B be independent of pressure, for the four liquids for
which the most data are given in Reference 17. A computer program was
written for the simultaneous estimation of the least squares values of B,
log A and To for the viscosities reported at eleven different pressures, a
total of 23 parameters for each compound. At the same time, least-squares
estimates were obtained for an unconstrained model in which B was permitted
to vary with pressure, giving a total of 33 parameters for each compound.
The parameters and the sums of squares of the deviations in log (77/d) for
both models are given in Tables VII to X for the four liquids studied. The
curve drawn in Figure 3 represents the values predicted from the least-
squares parameters in Table IX with B constant. Figure 4 is a plot of P vs.
To for all four compounds.
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The residual sum of squares is lower for the 33 parameter
unconstrained model, as expected. A statistical test of the variance
ratios indicates that the difference is significant at the 99.5% con-
fidence level, and hence that a single value of B, independent of
pressure, is not supported by these data. However, it should be
pointed out that the data were reported at integral pressures by
interpolation of the raw data, so that the calculated variance does not
give a true indication of error. To establish the validity of the
model in which B is independent of pressure, a statistical test would
have to be made on the original, unsmoothed data.

The fact that the parameter B in Equation (3) is only a slowly
varying function of pressure, but different for each liquid, suggests
that it is responsive primarily to intramolecular effects and much less
to intermolecular interactions. According to Gibbs' relaxation theory
(see Equation (10), Section I), B = Ns*q/kA(7p. Since N, s*P k and zCp
are all constants, the small variation in B with- pressure must be due to
a small variation in U. It seems reasonable to identify U with the
average intramolecular barrier to rotation about single chain bonds,
which should be relatively insensitive to intermolecular separation.
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3. Test of the Gibbs-DiMarzio Theory

The purpose of this section is to test the Gibbs-DiMarzio
theory5 against the To(n) values for the n-alkanes, obtained by applying
Equation (3) to the reported viscosities, and to estimate the flex
energy of a polymethylene chain by this means.

The Gibbs-DiMarzio theory considers a quasi-crystalline lattice
model with vacant sites (free volume). Every bond of each chain is
allowed z'-l possible conformations, where z' is the valence of the chain
atoms. One conformer is assumed to be of lower energy than the others,
the average energy difference designated as C.

The energy differences calculated5 from glass temperatures for
several polymers have values which are reasonable for rotational energy
levels, but have not been verified by independent means. The corresponding
values of C derived from dilute solution viscosity measurements and from
thermoelastic measurements are for the most part questionable, as pointed
out in recent compilations of published data 2, . Only in the case of
polyethylene do the results seem to be in complete accord with expectation,
the energy difference by both solution and bulk measurements being about
500 cal./mole2 3 . Furthermore, this is the expected magnitude for a -CH2-
chain from spectroscopic measurements on butane, pentane and hexane24.

The Gibbs-DiMarzio theory was applied to values of To calculated
by fitting Equation (3) to viscosity-temperature data on the lower n-alkanes,
to determine whether the trend with increasing chain length is correctly
predicted with a flex energy E of approximately 500 cal./mole.

The configurational entropy of a bulk polymer is calculated by
the quasicrystalline lattice method developed by Huggina25 and Florye6

for the entropy of mixing polymer with a low-molecular-weight solvent.
Solvent sites are left vacant in the case of bulk polymer, corresponding
to a free volume fraction. The mixing is considered to take place in two
stages: (1) disordering of the perfectly ordered polymer, and (2) mixing
disordered polymer with solvent (vacancies). It is necessary to take
account of the fact that there is an energy change in going from a state
of perfect order to one of random arrangement. There is no way to estimate
the magnitude of the change in intermolecular energy, so the energy change
is attributed entirely to the intramolecular effect of rotations of single
bonds into higher energy conformations. If the shape of the chain is
sufficiently symnetrical when in its lowest energy level, then crystallization
is predicted2 7 to occur below a critical value of f, the fraction of bonds
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rotated out of their ground states. If not, the number of configurations
available to the system will continue to decrease as the temperature is
reduced until it reaches such a low value that further changes occur at a
negligible rate because of the energy barriers separating them. The system
then remains frozen in one configuration at lower temperatures.

The relations given in Reference (5) yield the following
expression for the entropy of disorder per atom when chains of n lattice-
site-occupiers of valence z' are placed on a lattice of coordination number
z:

Sc z-2 la v 1 zV (z-2)n +2 I
S- - + - (z-2 + - ) In -- (l-V ) + 1

R 2 1-v 2 1-v L znv

[(z-2)n + 2] (z-l) n-3 l
+ n" in + - (n~ l + (z'-2) g]

2 n

+ (zt -2) g (24e)

1 + (z,-2) g ET

Here, v is the fraction of vacant lattice sites (free volume), g = exp
(--C/RT) and C is the difference between an average energ of "flexed"
bonds and the energy of the preferred conformtion.

Equation_(21.) has a number of interesting properties which should
be pointed out. When zwz'A and S is set equal to Zero to solve for
C/To, negative values are obtainea for n=5 or less, meaning that randca
packing is always possible no mtter how stiff the chains, provided they.
are shorer than six units. -Since we have To data for chains of as few
as five atmae, we assme that the lattice-site occupier is a single
methylene group, and seek to reduce'the .entropy by varying some of the
parameters in Equation (24). AdJustment of the free volume v over a
reasonable range of values does little to improve the fit to the data.
Hence it is expedient to neglect free volume in calculating the flex
energy E.
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Gibbs and DiMarzio assumed that the conformational energy of
each bond is independent of the conformations of neighboring bonds. In
actuality, certain coubinations of torsional angles result in large steric
effects. In the case of polymthylene chain, in particular, a gauche bond
followed inmediately by a gauche rotation in the opposite direction (GG')
is virtually excluded by reason of its high energy. Mathematical techniques
for treating the pro lem of pairwise correlations of rotation have been
developed by Lifsond' ad applied to the calculation of random coil dimensions
by Nagai and Ishikawa29 and by Hoeve30, and to the entropy of melting by
Starkweather and Boyd3l. The decrease in entropy due to the exclusion of
GG' pairs (pentane effeqt) is greatest when e/T w 0, and is negligible2 9 , 3 1

for E/T '= 5 cal. deg.' mole-l. For n-400, Equation (24) gives C/To - 3.81

(for v=O and z=z'n4), and C/To increases as n decreases. The formula given
by Taylor 32 for the fraction of "forbidden" conformations yields 0.05 R
for the entropy decrease in pentane. and this is too small to resolve the
difficulty with the calculation of To. Hence, modification of the Gibbs-
DiMarzio theory to include pairwise correlations does not seem warranted.

Setting Sc=O in Equation (24) and letting vuO, we arrive at the
final expression to be ccqpared with the set of (To, n) values for
kinematic viscosities listed in Table III:I n 1--1n2 x
-u + n In3(n + 1)] RT- (E )

n-3 I +2 ep (RT 0  'EO

+2 n-3 1 + ((25)

Since Equation (25) predicts a negative To for va5, it is not
surprising to find a large error in the prediction for nu6. Therefore,
only the values of To for n-7 through 20 were used in the computation of
the least-squares value for G, which was found to be 490.8 cal./mole. The
calculated values of To are shown in Table XI for this choice of C. The
agement with To calculated from viscosities is considered excellent, th ,
flex energy-of 490.8 cal./mole agrees with that estimated by other wethods,32 4 .,
and the limiting value of To - 128.89K as n approaches -oo seems reasonable
for linear polyetbylene.
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TABLEzC

Gibbs-DiMarzio Equation Using Data From Heptane to Eicosane

S= �490.8

n CacltdT (Observ'ed To - Calculated Tq)

20 100.1 3.0
19 99.1 2.5
18 97.9 -1.5
17 96.6 0.3
16 95.2 -3.5
15 93.6 -1.8
14 91.8 -3.6
13 89.7 -1.6
12 87.3 -2.4
3. 84.5 0.9
10 81.0 -1.6
9 76.7 4.5
8 71.0 -1.4
7 62.6 8.7

Toý as n-3.oo= 328.8
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Glass formation has of course not beae observed in the n-alkanes
because of the high rates of crystallization in these compounds, but
Cohen and Turnbu313 3 point out that there is reason to believe that any
liquid vould foru a glass if cooled rapidly enough. Naturally, there is
no available data on the properties of these glasses, so that we cannot
independently evaluate the volume of a lattice site. or the van der Waals
energy, which are parameters in the Gibbs-Dilbrzio theory. Neglect of
free volume is equivalent to assuming a van der Waals energy which is
large compared to the flex energy. This is probably justified in the
present case.

The use of a lattice model for liquids is in many respects a
poor approximation, although the approximation becomes more appealing
below the melting point, and especially as the glass temperature is
approached. The fact that a reasonable prediction is made for heptane
and all the higher homologues is a remarkable confirmation of the Gibbs-
DiMYArzio theory of glass formation.
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4. Estimation of Flex Eneroy

The relative energies of different rotational conformations
(conformers) are required in order to apply the Gibbs-DiMarzio theory
to prediction of glass temperatures. This problem also arises in the
interpretation of n.m.r. spectra. infrared spectra, chain dimensions of
polymers in solution, and stress-temperature coefficients for cross-
linked rubbers. Most investigations have assumed that the main contributing
factor to the rotational potential is the interaction between non-bonded
atoms adjacent to the bond about which rotation takes place. Mason and ---
Kreevoy-54, for exanple, calculated the rotational potentials for substi-
tuted ethanes from the interactions between substituents. The interaction
potentials were approximated by those found for rare gases having siaiiilfr
electronic structure to the substituent. For example, the interaction
between F atoms was replaced by the potential found from the second virial
coefficient of neon. A correction was added for the interactions between
bond dipoles. These same potential functions were later used by iquori,
et al.v3, in calculating the configurational energies of isolated polymer
chains.

In the calculations discussed above, the known bond lengths and
angles were used. These are very difficult to predict for any given compound,
yet the non-bonded interactions are quite sensitive to their exact values.
Even when the known lengths and angles are used, the calculated energies are
in only rough agreement with experiment. It has been suggested36 that in
addition to the non-bonded interactions, each bond has an "intrinsic"
resistance to torsion. The contribution of this effect to rotational
energies is not known.

In view of the uncertainties in the origin of the energy
differences between conformers, it is not surprising that the calculated
values are very unreliable. Nevertheless, even a crude estimate of
conformational preferences would be of assistance in estimating flex
energies, or at least in ranking structures in order of increasing stiffness.
The following simple model for steric effects in alkanes was introduced by
Pitzer 3 7 in 1940. The carbon-carbon bonds are assumed to be of equal
length, to meet at tetrahedral angles, and to be in staggered conformations.
Certain configurations can be excluded from consideration because of atom
overlap. Certain others result in close approach of one or more pairs of H.
atoms, and these are assigned an energy a per pair. With a = 800 cal./mole,
the model was found to account satisfactorily for entropies determined
spectroscopically.
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Pitzer used Fischer-Hirschfelder models to determine the number
of interactions, but models can be very unwieldy when the umber of atoms
to be considered is large. During this program a scheme was devised for
diagrammatically representing spatial configurations without atom overlap,
so that the number of non-bonded nearest neighbors can be determined for
the various allowed configurations, and hopefully correlated with known
values of chain stiffness. The atoms are located on a tetrahedral lattice,
shown in projection, with the relative levels of bonded atoms depicted by
the "flying wedge" symbol. The bonds normal to the plane of the projection,
so that the atoms bonded are superimposed, appear as in a Newman projection.
Only staggered conformations are possible on a diamond lattice.

Schematic representations of some polymethylene chains are shown
in Figure 5. The bonds are designated trans(T), gauche positive (G), or
gauche negative (G') depending on the orientation of the preceding and
following bonds. The all-trans sequence contains no non-bonded nearest
neighbors. Rotation of one bond by 1200 to the gauche position introduces
one pair of non-bonded nearest neighbor H atoms (structure I). An additional
G bond., either adjacent to the first (structure II), or separated from it
by one T (structure III), introduces an additional pair. Hence the number
of such pairs of H atom, with interaction energy a, is simply equal to the
number of G bonds. This is a justification for the use of a single value
of the "flex energy" for all of the n-alkanes.

The pairs of interacting H atom occupy adjacent positions on an
open, six-meabered, cyclohexane-chair-type ring, which can appear on the
diagram in only two ways: on edge as in structure I or flat as in II and
III (which have the additional ring on edge).

Configurations which are disallowed because of atom overlap are
easily detected if the overlapping atms are separated by six bonds., since
these occupy the same position on a closed six-mubered ring. More distant
atoms may overlap, and it was decided to study the conditions under which
this occurs. It was pointed out by Taylor32 that for chains of the type
-CX2-, where X is a monovalent atom, overlap of X atoms separated by six
bonds occurs when any pair of successive chain bonds have the conformation
GG'. Nagai and Ishikawa29 determined that the next longest disallowed
sequence for this type of chain is GGTGGTGG or its mirror image (formed by
replacing every G with G'). This sequence results in double occupation of
one site on a twelve-membered ring, as shown for undecane in Figure 5,
structure IV. In general, the number of sequential rotations required to
produce double occupation of a ring site equals the ring size minus four,
for -CX2- type chains.
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Overlap to close a fourteen-membered ring was found by the use
of the diagram to be possible with six different bond sequences not
including GG' or GGTGGTGG. An additional six sequences which close a
sixteen-membered ring were also found. The study was discontinued at
this point, partly because of the publication by Smith28 of the enumera-
tion of disallowed sequences for rings of up to eighteen members, obtained
with a computer. This reference should be consulted for application of
the method to the problems of chain dimensions and ring stability.

The above discussion concerns only "one atom" chains of the
type -CX2- where X is a single atom. "Two atom" chains such as -CH2-CHX-,
or -CH 2 -CX2 - would be of greater interest, but involve further complications:
first, the pairs of side-chain atcs separated by five bonds can be of two
types, H--X or H--H, and second, the steric effects resulting from bond
rotation are probably no more important than the electrostatic effect
resulting from the change in orientation of bond dipoles. In the case of
poly(vinyl chloride) (PVC) the electrostatic interactions have been
estimted by Fordbaaz' by the use of a diamond lattice model, with the
results sumarized in Table XII. The eight possible configurations of the
two bonds to a methylene group in isotactic (i) and syndiotactic (s) PVC
result in four different electrostatic interaction energies. The steric
interaction energies from Pitzer's model are included in Table XII. The
most stable configuration for s-PVC is predicted to be TT, in agreement
with experiment, the next highest energy configuration is TG, and the
difference in energy is predicted to be 670 + a. The corresponding
predictions for i-PVC are TG, GG, and again a difference of 670 + a.

The value of To for high molecular weight PVC is seen in Table XII,
Section 6 to be 42*C. As shown in Section 3, the Gibbs-Di~arzio theory
predicts that C - 3.81 To for long chains. Setting this equal to 670 + a,
a value of To - 3160K corresponds to a - 540 cal./mole, which is close to
the H--H interaction in alkanes. The H--Cl interaction which occurs in
alternate TG configurations is presumably of higher energy and does not
contribute appreciably to the glass transition.

While the results of the calculation Just described are in
satisfactory agreement with experiment, the method has not yet been
extended to other polymers because of additional problems which arise.
For example, the most stable configuration of poly(vinylidene chloride)
(PVCI2) is TGTG'90. This sequence is determined by the relative
orientations of three successive methylene chloride groups, requiring
evaluation of steric and electronic energies of six allowed configurations
on a diamond lattice. Even longer sequences should be examined in the case
of polymers whose configurations have not been established, to insure that
the configuration of minimum energy will be found.
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Electrostatic and Steric Interaction Energies in PVC (cal./mole)
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Another problem which has not been solved concerns the fact
that polymers with two bulky substituents on the same chain atom, such
as polyisobutylene, have no allowed configurations on a diamond lattice.
This will require assignment of interaction energies to pairs of atoms
occupying the same lattice site, to determine the configuration of
lowest energy.

The problem of energy differences between rotational isomers
in polymer chains has been studied by various means, all dependent on
the fact that the mean square separation of the chain ends <r o

2 > is
determined by the energy differences and hence varies with temperature.
In recent reviews2 1 , 2 2 of published values of d ln<ro2 >/dT, it was
concluded that while satisfactory agreement can be reached using
different methods, no satisfactory interpretation of the results exists.
In particular, the theory developed by Ptitsyn2 3 predicts zero or
negative values of d In<-o2 >/dT for all vinyl polymers, whereas this
coefficient is actually found to be positive in most cases.

The dilute solution values of d ln<ro2>/dT are open to some
question, due to specific polymer-solvent interactions. Thermoelastic
measurements on bulk polymers are, of course, not subject to this
perturbation, and hence are probably more reliable. The flex energies
computed from these measurements should agree with the Gibbs-DiMarzio
estimates of flex energy from glass temperatures. However, it should
be pointed out that the chain dimensions are very sensitive to correlations
of rotations of neighboring bonds, and the flex energies calculated
depend upon what assumptions are made concerning bond angles, rotation
angles and correlations of rotations.

Table XIII shows flex energies C calculated by Ptitsyn2 3 from
thermoelastic measurements, except for the value for isotactic polymethyl
methacrylate), which was calculated by Sakurada, et al.41 from intrinsic
viscosities in different theta solvents. The corresponding flex energies
from the Gibbs-DiMarzio theory shown in Table XIII were calculated from
the relation

E = 3.81 To (26)

as discussed in section 3. The To values for polyisobutylene and natural
rubber were taken from Ferry's book:4, using the relation To - Ts-C 2 , where
Ts is the reference temperature (Tg in these cases). For the silicone,

34



C%

0
r4S

~.\0

W ~ W

92
rI,

0

t*CHO

,00

-H-

00
04 P

35)



To was estimated from To and C2 reported by Barlow42, et al. On the
assumption that C2 is independent of tacticity, To for isotactic

oloy(methyl methacrylate) was calculated from the glass temperature of
* for the isotactic polymer, and C2 - 44 reported by Saito, et al.43

for conventional polymer. The value of To for polyethylene is taken
from section 3, Table XI.

The agreement seen in Table XIII for the first three polymers
is encouraging, but for polyisobutylene the two methods disagree as to
order of magnitude. Moreover, if Ptitsyn's 2 3 equation for isotactic
vinyl polymers is used to calculate flex energies from the data copiled
by Ciferri2 2 for various polyacrylates, the largest C- found is 97.i
cal./mole for poly(ethyl acrylate), whereas G " 970 from Equation (26)
with To - Tg-4 0 - 295*K. The atactic nature of the polymers probably
accounts for the small effect of temperature on chain dimensions of the
polyacrylates. That is, even in its lowest energy configuration an
atactic polymer will be highly coiled due to the random arrangement of
d and 1 units, which differ in directional properties. The higher
energy states are not necessarily smaller in <ro 2 >.
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5. The Cell Model of the Glass Transition
A simple kinetic model for the glass transition has been

formulated using the concept of communal entropy. Communal entropy is
a contribution to the total entropy of a system which exists vhep the
molecules or other elements of the system are indistinguishable4 4 . The
amount of communal entropy in the system is determined by the partitioning
of the system into cells containing indistinguishable molecules, i.e., the
degree to which the molecules in the system are interchangeable. If there

are n molecules per cell, the volume per cell is V/ N , and the number of

permutations of n molp-cuJles in all N/n cells is Just (n! )N/n. HirschfIelder.,
Stevenson, and Eyring'5 felt that solids acquire essentially tq total
communal entropy on melting. This view was criticized by Rice4 and
Gurney and Mott 4 7 . The latter authors showed that a liquid possesses
almost 2/3 of the full communal entropy with only 5 molecules per cell.

If it is assumed that the main glass transition in polJymers is
due to motions involving s backbone atoms, where s = 5-10, it is possible
to construct a simple model for the glass transition based on the comnal
entropy concept. The glass transition should occur when there are s atoms
per cell.

In a system containing N polymer molecules, there will be a term

in the partition function equal to W/(L):, Vhere there are n chain atoms

per cell. As the temperature is lowered toward Tg, this term will remain
unchanged in the equilibrium partition function. However, measurements
made using a finite time scale will reflect a gradual decrease in n. At
Tg, n=s, and there will no longer be an entropy contribution from the

i/( -n-)! term. Thus by producing an expression for JL in terms of T,
s

it should be possible to evaluate Tg.

If we partition all of the volume into cells of n/s segments,
the number of segments per cell is given by:

n vp N
" -- 9 (27)

S M'S
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where

v - the cell volume

N - Avogadro's number

P - the polymer density

M' = the molecular weight per backbone atom.

The cell volume v is obtained as the volume of the sphere
whose radius is equal to the root mean square distance travelled by each
segment in time t in self-diffusion.

v - 7T (6n 2tD)o' (28)
3

Here D is the molecular self-diffusion coefficient and n2 is the number
of chain atoms per molecule. Equations (27) and (28) are combined:

n N•( -- r()(6nD)3/2
--- 3 - (29)

5 M'S

This expression gives the number of segments per cell in terms of D.
Unfortunately, there are very few da reported in the literature for
self-diffusion of polymers. BuechO40 has derived an expression relating
D to the viscosity coefficient, 7 :

D a - , (30)
36M3
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where

R is the gas constant, 8.314 x 107 ergs mole" 1 deg"1 ,

h2 is the unperturbed mean-square end-to-end distance
in cm., and

M is the polymer molecular weight.

Substituting into FEquation (29), we obtain

n ()0 ,2( 471, tf2 3/2 f1

s \M'/ 3s / 67' J
The viscosity is well represented by the Fulcher 2 equation:

B
logy =log A + - (32)

T-TO

The appropriate substitution is made to reach the final expression:

n 1/2 4TrNtRh 2 T3/
( ) (6A c 2.303B )(3/)

s 3s 6A exp T- To

n

The condition for Tg is that .- Thus, at Tg

5 ( 2 47-WN th 2Tg loA0 - log + - log + log t- - log A
3 3 3s 6

-B - .(341)
L Tg'o J
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Equation (34) is a transcendental equation and therefore a
solution cannot be obtained by ordinary algebraic ethods. However, a
solution is obtained rapidly by using a self-consistent iterative method.
Since Tg = 0 (300"K), it follows that T >>log Tg. Therefore, if an
approximate value of Tg is used in the fog Tg term, the equation becomes
linear in Tg. This equation is solved for Tg, and then the solution is
used as the estimate in the log T term. The process is repeated until
the solution and estimate agree within the desired tolerance. Ordinarily
no more than two iterations are required.

Although Equation (34) is the result of a rather simple
derivation, it may be seen readily that it is in qualitative agreement at
least with current theories of the glass transition. The equation predicts
that Tg will increase with the monomer molecular weight and decrease with
increasing time scale of the experiment, approaching a lower limit of To
as t approaches infinity. The latter prediction agrees with the Gibbs
and DiMhrzio5 theory of a lower limit to Tg at an equilibrium second-order
transition temperature, T2. The inverse relationship between Tg and the
end-to-end distance h in Equation (34) can be disturbing unless one
considers the effect of the viscosity (see Equation 31). It is well-known
that in the high-molecular weight region5

<Chi> . AM (35)

and

7= A'IM 4 . (36)

Thus the net result is a positive dependence of Tg on K.

A test of the theory was made using Miller's 1 results for two
low- lecular-weight polystyrene fractions, for the choices 8=5, t=lO00 see.,
and J=L1.0 g/cc. The results are given below in Table XIV.
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TABLE XIV

Glas's Temperatures of Polystyrene Calculated with Equation (34)

Mvis TV, 0K, Exptl. Tg, OK, Eq. (34) Error,, "K

6650 350 353 +3

3041 337 336 -1

1675 313 319 46

Viscosity-temperature data based on a number of polymers were
fitted to an equation of the form of Equation (12),

B
log I T log A' + -- , (12)

T-To'

in order to obtain activation parameters. (This wil.l be discussed in more
detail in the next section.) The results were used to calculate glass
temperatures for these polymers after Equation (34) was modified to conform
with Equation (12):

5 P) 2 4T7N tWh2T2

0 - log + - log - + log -log A'
3 Mt 3 3s 6

- B'ITg-To'). (37)
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Glass tit-es were calculated with t=lO00, -5o, and P-1 as befope.
All values of h2 in this work were taken from Kurata and Stockmayer's49
values, which are based on intrinsic viscosities. The results are given
in Table XV.

In general it may be seen that the results are in good agreement
with experiment. This is especially gratifying in view of the fact that
the lowest measurement temperature was often well above the experimental
glass temperature. In the case of poly(decamethylene adipate), for
instance the glass temperature is predicted with an error of 60K from a
point Ai-K above it.

During this study it was found that virtually all recent
publications concerned with transitions in polyisobutylene use the
Flory-Fox equationl 5 ,

T9g, "c -63 - 6.9 x lo4/, (38)

to express the relationship between T and molecular weight. quation (38)
is in fact based on the measurement o4 Tg for a single polymer sample5 3 ,.
plus certain free-columa considerations. The few other values of Tg
appearing in the literature do not conform closely to this equation, there-
fore, only one experimental value of Tg is given in Table XV for
polyisou•7tyene.

It was demonstrated in this program that the use of kinetic
viscosity instead of absolute viscosity in the Fulcher equation results
in a better fit of the experimental data:

B

log 1 -log P+logA+ - (39)

This of course results in changes in each of the three parameters A, B,
and To. Substitution of Equation (39) into Equation (31) leads to the
following expression for Tg2
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2 4WrNP 5 logAT
0 -- l -og- ---- log .'4 log - -

3 3s 3 6

-B .. (40)
g-20

Equation (40) was tested using constants for Equation (39) previously
deterAined (ase Table II) onamoothed n-alkane kinemtic viscosity
data?..

Values of T we calculated using Equation (40) for a 'op
of n-alkanes ranging rZ 3 equal. 7 to 64 carbon atmm with t-l00 seconds
aed s-5. The calculated values ae presented in Table XV. The values
were plotted according to the method of Fox and LosbaeOk,6,

1 1 K-- --- + a--#-,1
Tg Tg•° x

to yie3l Tg", defined as the glass transition twerature at infinite
molecular weight. The plot showed an even-odd alternation (see Table XVI)
which made it difficult to see trends in the data. This effect was
removed by plotting average values for each pair of data points.,

a n - * n + l P

2

3- n )+ ( .n+j (42)

h r2 2

where n is an odd integer. The result is shown in Figure 6.
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TABLE XVI

Tg Values C .puted for n-Aikanes Using Equation (39)

__ TZ.- OK TiR-To

5 67.9 13.4'
6 75.0 16.1
7 88.4 17.1
8 89.4 20.3
9 102.1 20.9

10 102.9 23.5
11 109.9 24,5
12 U11.41 26.513 115.6 27.5
1i U17.2 29.0
15 121.5 29.7
16 122.6 30.9"
17 127.9 31.0

s8 128.5 32.1
19 133.6 32.0
20 135.8 32.7
61* i75* •1. *

* Based on data of A. K. Doolittle, Ref 8. Equation (39) parameters'
shown in Table III.
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i

Extrapolation of 1/Tg to - = 0 camnot be performed accurately

because of the curvature of the function and the lack of higher alkane
data. It does appear that 1/TgOO will be near 4 x 10-3, however, giving
a value of Tg0 O of approxiuately 250*K. This corresponds closely to the/3transition range in polyethylene, which lies near 250*K.
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6. Transition State Thermodynamics in the Glass Transition Region

In the study of the n-alkan s described in Section 5, it was
observed that (Tg-To) increases with molecular weight. In an effort
to explain this, we examined the relationship between the Fulcher
equation and the simple Arrhenius equation for the viscosity of liquids.
According to the two expressions, the following equality exists:

log ? -log A + B/(T-TO) = log A' + - ET (43)
2.303 RT

Take the derivative of log ý with respect to l/T and rearrange to obtain

E•= 2.303 RB (T 2To (44)

the activation energy in terms of the Fulcher parameters. At the glass
temperature this becomes

Eg - 2.303 RB ( (5)
\ g-o 1

The use of kinematic viscosity rather than absolute viscosity leads to
a complication. If kinematic values are used, Eg in Equation (45) gives
the kinematic value of Eg. Differentiation of Equation (39) yields the
result

Eg, absolute = Eg, kinematic + 2.303R(YT 2, (46)

where CC is the expansion coefficient. ()( is equal to 1 x 10-3 deg-I to a
good approximation for the n-alkanes, leading to a correction term of
0.04 kcal. for a glass temerature of 1000K. The calculated values of
Eg kin. and Eg abs. are given in Table XVII.
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TADIZ XVII

Activation Energies for n-Alkanes

ofknE. ,Eg abs.

Number of 1 g E abs - 102
Carbon Atoms kcal, teal.T

5 3.59 3.61 5.32
6 4.01 4.04 5.39
7 4.80 4.81 5.48
8 4.92 4.96 5.52
9 5.65 5.70 5.58..

10 5.75 5.80 5.64
11 6.17 6.23 5.67
12 6.26 6.32 5.67
13 6;54 6.60 5.71
14 6.66 6.72 5.73
15 6.92 6.99 5.75
16 7.01 7.0o 5.77
17 7.34 7.41 5.80
18 7.38 7.:6 5.81
19 7.70 7.78 5.82
20 7.82 7.90 5,82
64* 10.3* lo.4* 5.95*

* Based on data of A. K. Doolittle, Ref. 8. Equation (14) parameters
shown in Table III.
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Examination of the data revealed that the ratio Eg abs./Tg is
nearly constant over the range of alkanes studied, and appears to be
approaching a truly constant value at higher molecular weights.

This treatment was not based on experimental values of Tg.
Therefore, a study of literature data on the temperature dependence of
viscosity and dielectric relaxation time for a variety of polymers was
initiated. The bulk of the viscosity data was obtained by Fox and FloryS0 .t51.
The dielectric dispersion data was published by Saito4 3.

It has been amply demonstrated in the literature that the
temperature dependence of the shear viscosity and dielectric relaxation
time of amorphous polymers can be expressed over broad teFRerature ranges
above the transition region by the Fulcher equation57 ,5 9 ,60. Miller57
has shown that the well-known WIF equation is mathematically equivalent to
the Fulcher equation. Cohen and Turnbufl 3 3 have derived a slightly
different relationship for self-diffusion using a statistical mechanical
approach:

B
log D= log A + log ()/2 + (47

T-TO

The utility of this equation has been discussed by Miller 5 7 . Angell58

has had considerable success with it in describing the temperature
behavior of self-diffusion and electrolytic conductance in glass-forming
molten salt mixtures. It was shown in Section 1 that another relationship,

B
log ? =log A- log T + -- , (48)

fits n-alkane data better than the Fulcher equation, as indicated by
-much lower variance estimates in least-squares calculations. Equation (48)
is a very convenient one for the study of the transition state. This
will now be demonstrated.

The Eyring9 theory of the transition state defines the free energy
of activation, i.e., the free energy difference between the initial state
and the transition state in the expression
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Kk AG'*
log k = log - + log T - - - (49)

h 2.303 RT

where k2 is the reaction rate, K is a transmission factor usually
taken as unity, which accounts for the fact that not all species reaching
the transition state actually decompose to products, and the other symbols
have their usual meanings. This theory, although originally conceived
to describe chemical reactions, has frequently been applied to other
irreversible phenomena including viscous flow9 and dielectric relazation6 l.

The description of viscosity and dielectric relaxation time
requires the inversion of Equation (49), because these properties are
inversely proportional to rate or frequency of motion:

AG*
log =log A -log T + - . (50)

2.303 RT

h
Here the - term is simply called A, indicating that it is a constant.

Kk
It is felt that A should be a constant independent of temperature, since the
only variable is K and this should depend only on the nature of the
polymer.

Comparison of Equation (48) and (50) indicates that as T approaches
infinity, the two equations become identical, with AG/2.303 R - B. This
mmans that the values of A in both equations are the same, leading to the
following result for all tem tures:

. -2.303 RBT
A (53.)

T-To

The activation energy E (or Err) is obtained by differentiation of log

with respect to -, giving
T

T 2
E tT +2.303 RE (T) 0(52)
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!iJally, by iaking the usual assumption that the activation

enthalpy A HA is related to E7  by

A t- E9 - - RT,, (53)

we can obtain the entropy of activation:

As*= -(5-4)
T

Equations (51) and (52) show that the activation energy and
free energy increase with decreasing temperature, approaching infinity
as T approaches To. It can be shown that the same is true of the
entropy of activation. Combination of Equations (51), (52), and (54)
yields the expression,

AS* 2.303 RB T (55)
T-T0 T-T0

which clearly goes to infinity at To.

The viscosity and relaxation time data43,50"52 were used to
evaluate the parameters A, B, and To in Equation (48) employing a
non-linear least-squares method. The transition state functions E7 (and
Er), AG, and Ad* were then computed at the glass teqmerature. '

Tables XVIII and X=l give the results of these calculations.

Eyring9 derived an alternate expression for the free energy of
activation in viscous flow by assuming that the molecules of a liquid
move from one equilibrium position to another under the influence of an
applied force:

A m - 2.303 RT (log + log V - log NhJ. (56)
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The subscript, v. indicates that the free energy defined by Equation (56)
is being used. By comparing activation enthalpies of linear polyesters
with heats of vaporization of analogous simple esters, Zyring concluded
that the molar volume V of a moving polymer segment is about 500 cm3 . In
order to follow his theory through, we shall assume the same value.

Equations (56) and (48) may be combined to yield

B
AGv= 2.303 RT [log A -log T +---- + log V - log hJ. (57)

T-TO

Nov A4 the free energy defined in Equation (51), is taken out
of the brackets to give

A G4 - Aj - 2.303 RT (log A.- log T + log V - log Nh]. (58)

Equation (58) is simplified numerically by substituting the value
of log V and log Nh,

V A4 = 2.303 RT (log A - log T + 5.098]. (59)

Values of A 4 and A S! computed using Equation (59) are shown
in Table XX. It my be seen tbaX the free energy values are somewhat
higher, and the entropy values slightly lover than those in Table fIX.
Thus., the results are still basically the same as before. Therefore, the
discussion which follows applies to both sets of results.

It is quite obvious that in contrast with the n-alkane results
in Table XVII the ratio of activation energy to temperature is not a
constant at the glass temperature, except possibly within the same polymer
series.

Several comments on the nature of the transition state near the
glass temperature can be made.
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TABIR XX

Transition State Pmaamters at Tg Based on Byring Viscosity Theory

____________ _______ Gv,0 kcal. Bu<

PS 1.930 31.5 564
1.330 30.5 533
0.665 32.5 741
0.359 26.2 451

PIB 0.54 17.2 1i3

Decmetbylene Adipate 0.4151 16.2 ...-3.29

Dietbylene Adipate 0.090 17.6 481
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First, the activation energy is quite large, around 200 kcal.,
at the glass temperature, except for those polymers with very low glass
temperatures. It is obvious from this that a rather large region in
the polymer must be involved in motions leading to the glass-transition.

The activation entropy is large and positive in every case.
This indicates that the formation of the transition state requires
considerable disordering of the polymer in the transition region. At
least two explanations for this are possible. First, the size of the
volume element affected by the motion of a particular group may increase,
and second, there may be an increase in short-range order in the neighbor-
hood of the transition temperature necessitating the creation of relatively
more disorder to reach the transition state. It is likely that both effects
contribute to the large positive entropy of activation.

The free energy of activation at the glass temperature was found
to be positive in every case. The variation in this property was much less
than that of the entropy or activation energy, ranging from a value of 12
for poly(decamethylene adipate) to 30 for PNMA..

A rather obvious result of this work is the close correspondence
between the a dielectric dispersion process and the viscous flow process
above Tg. Although both processes were not studied for any given polymer,
the activation energies seem to be approximately equal for polymers with
the same Tg in either process.

This correspondence between dielectric and mechanical properties
has been observed before6 2. These results supply additional evidence for
the equivalence of dielectric and mechanical relaxation phenomena. Although
the similarity between the response of a dipole to an alternating electric
field and the response of a polymer to a mechanical stress may not be
apparent at first, it is easily understood when we consider the size of
the region involved in the response of a single dipole. The magnitude of
the activation energy at Tg is a clear indication that this region is
quite large, involving coordination with seemingly unrelated portions of
the polymer. This is qualitatively similar to the coordination required
for mechanical relaxation.

It has been observed by several workers6 3, 6 4 that the activation
energy for the a relaxation process has a maximum value near the
dilatometric glass transition temperature. Figure 7 shows the results
obtained by Somero3 from dynamic mechanical measurements on poly(vinyl
chloride) with an average molecular weight of 35,000. Superimposed is the
activation energy curve predicted by Equation (48) and (52), based on
Saito's43 dielectric data on poly(vinyl chloride) with Mvis equal to 36,000.
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It can be seen that the value of the activation energy at Tg is somewhat
higher for the mechanical process than the dielectric process. This is
not unreasonable, especially in the case of polymers, where the coordination
required for motion of a single dipole should be more localized than that
required for over-all mechanical relaxation. If this rationale is correct,
the dielectric and mechanical activation energies should be nearly
identical for small polar molecules. Davidson and Cole6O found this to be
so in the case of n-propanol and glycerine. Actually these authors
evaluated the Fulcher equation constants for dielectric relaxation time
and viscosity and found B and To to be virtually identical for the two
processes, which of course indicates equal activation energies.

Below the glass temperature the experimental (mechanical) value
of the activation energy declines, but the calculated value continues to
increase and will in fact go to infinity at To.

How can the discrepancy between experimental observation and
calculation be explained? Fox and Floryl 5 suggested that the decrease in
activation energy was due to a condition of constant free volume below Tg.
A more satisfactory explanation has been proposed by Saito43. He found
that the activation energy for dielectric relaxation can be increased in
the transition region by cooling the sample to the measurement temperature
more slowly. He proposed that the decrease in activation energy is caused
by the non-equilibrium nature of the sample below Tg. In other words, the
time required for equilibration below Tg is so long that the polymer
behaves as though it were still at some higher temperature.

The activation energy peak In Sommer's plot occurs at 351*K,
which is within the range reported in the literature for the Tg of
poly(vinyl chloride). It would appear on the basis of the discussion
above that the position of the activation energy maximum corresponds
closely to the glass temperature determined dilatometrically. The glass
temperature measured in this way depends only on the sample and not on an
arbitrary frequency of measurement.

An illustration of the proposed method is shown in Figure 8. The
glass temperature is shown in the figure as the first temperature at which
the experimental data deviates from Equation (48), since this is the first
indication of a non-equilibrium condition in the polymer.- A hypothetical
maximm-loss frequency curve is also shown in Figure 8, to show that it is
not absolutely necessary to calculate and plot the activation energy in
order to determine Tg.

It would be of interest to study the /9 transitions of several
polymers in order to see if there is a corresponding peak in the activation
energy. If such a peak exists, it should lead to some new thoughts con-
cerning the nature of the O transition, particularly regarding free volume.
Similarly it should be determined if there is a second maximum in the
activation energy of the /3 process in the neighborhood of Tg.
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VII. Intermolecular Interactions

The forces of interaction between molecules play an important
role in the equilibrium and transport properties of liquids, and hence
also in the transition to other states such as the glass. It is not
surprising, therefore, to find that many theories and empirical cor-
relations related to the glass transition temperature are expressed in
terms of some measure of intermolecular attraction, such as the cohe-
sive energy density, the hole energy or the thermal coefficient of
expansion of free volume. The pressure coefficients in Table VI are
also a measure of intermolecular forces. It would be desirable to be
able to predict the effects of molecular structure on intermolecular
interactions.

A correlation proposed by §tall 6 %, derived from the
van der Waals equation, treats (EV) 1 / as a constitutive property,
E being the cohesion energy per mole and V the molar volume. Since
E is a function of temperature, an attempt was made to adapt this
correlation to the prediction of the Antoine parameter Bp, which is
temperature-independent, by means of the relation

E = 2.303R BpT 2 /(T-T 0 )2 -RT. (60)

The values of the An oine constants B._ and T selected by API Project
44 for the n-alkanes7 were submitted -o the Mathematical Analysis
Group to test the function

[.303 RBpT 2/(T-To)- 1/2l/2 =a 1 n +bI
1/2

which follows from Equation (60) and the additivity of (EV) . The
values of the adjustable parameters a1 and bI were chosen so as to
minimize the sum of squares of the deviations in B . As shown in
Table XXII, the fit to the data is quite poor, whiKh may be due to the
approximations inherent in Equation (60), rather than shortcomings
in Small's correlation.

It was thought that (B V)/2 might be an additive property,
by analogy, but this is not the Ease. However, it has been found that

0.724o
(B V)_ = 835.59 n + 732.14 (62)

give.s a very good fit, as seen in Table XXIII. A number of empirical
correlations for the Antoine constants were studied, and the results
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Tab leXXX

Constants for the n-Paraffin Hydrocarbons*

n m/d d To B

;:3 89.48 0.49281 25.16 813.20

4 101.43 0.57305 33.16 945.90

5 116.104 0.62143 41.16 1064.63

6 131.598 0.65486 48.794 1171.530

7 147.456 0.67957 56.260 1268.115

8 163.530 0.69854 63.643 1355.126

179.670 0.71386 71.541 1428.811

195.905 0.72631 78.680 1501.268

11 212.217 0.73658 85.138 1572.477

2 228.579 0.74522 92.849 1625.928

13 244.924 0.75276 98.877 1689.093

261.312 0.75923 105.626 1739.623

277.698 0.76494 111.869 1789.658

294.083 0.77002 118.632 1831.317

310.51 0.77445 123.140 1880.61

1i8 326.93 0.77847 128.63 1920.60

9 343.36 0.78207 133.56 1961.6

359.83 0.78525 139.96 1994.0

Values taken from Reference 7
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Table XXII

B = (aln + b 1)2 + 592.4" (298•5 :,7 0 2]

aI = 1.5845 x 102

b = 1.7165 x 10

n CalculatedB (Observed B - Calculated B p

3 605.24 207.96

4 823.53 122.37

5 1012.43 52.20

6 1178.736 -7.206

7 1322.793 -54.678

8 1444.803 -89.677

9 1538.378 -109.567

10 1620.845 -119.577

11 1694.582 -122.105

12 1730.077 -104.149

13 1777.412 -88.319

14 1796.684 -57.061

15 1811.130 -21.472

16 1802.062 29.255

17 1826.68 53.93

18 1820.97 99.63

19 1817.6 144.0

20 1772.1 221.9
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Tab l e XXIII

B - d [a 2 n + b2 l C
2

p m

a 2 - 8.3559 x 102

"b- 7.3214 x 102

02 = 1.3813

SCalculated B Bobserved Bp- Calculated Bp

3 789.03 24.17

4 955.72 -9.82

5 1080.32 -15.69

6 1184.205 -12.675

7 1274.868 -6.753

8 1355.915 -0.789

9 1430.191 -1.380

iO 1498.587 2.681

11 1562.112 10.365

12 1621.634 4.294

13 1678.130 10.963

14 1731.577 8.046

15 1782.607 7.051

16 1831.474 -0.157

17 1878.14 2.47

18 i923.09 -2.49

19 1966.4 -4.8

20 2008.0 -14.0
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are shown in Tables XXIV to XXVII. The three predictors for To are roughly

equivalent, and that shown in Table XXVII is probably the best choice

(TJd) 1.3248 = 46.879 n + 27.514 (63)

0 7 2eEquation (62) shows that a constant increment of 835.59 in

(BpV)0'" results from an increase in chain length of one atom. Re-

arranging, and defining a new parameter Q = (BpV)v'i72/835.59, we have

Q = n + 0.876 (64)

for n-alkanes. Q was calculated for some branched alkanes, using

values of Bp and V tabulated by API Project 44.7 it was found that

the presence of a branch reduced the value of Q by about 0.15 for
each side group s, compared with the expected value for the normal
isomer of the same n. To illustrate the magnitude of the deviations
from this rule, the values of Q - n + 0.155 - 0.876 are listed in

Table XXVIII.

The values for 2,3-dizethyl isomers are omitted from
Table XXIII because they were higher by an average of 0.037 than those
calculated from Q - n + 0.15s - 0.876. While the deviation is very
small, it seemed to be consistent, so a number of other compounds
with vicinal side chains were studied. The average deviation for
12 compounds with vic side chains, and for which B was reported to
at least 0.10, was 0.035 for each pair of vic side-groups v. To

illustrate the adherence to this rule, values of Q - n + 0.15• - 0.035 v
- 0.876 are listed in Table XXIX Data for the last eight compounds
in the table are from Driesbach.A

The largest errors in the use of Q = n - 0.15s + 0.035 v
+ 0.876 occur in those compounds where Bp is reported only to the
nearest degree, and are therefore the least reliable. The worst case
is 3-isopropyl-2-methylhexane, Table XXIX, for which the calculated
Bp = 1474% an error of 455 or 3%. Of those compounds for which
Bp is reported to better than 0.X, the largest error occurs with
2-methylheptane, for which the calculated Bp = 1315.96', an error of
21.51e or 1.6%. The most convincing evidence, however, of the pre-
cision of this correlation, is the fact that it is able to distin-
quish a third-order effect, that due to the placement of side chains
on adjacent carbon atoms.

It is recommended that these correlations for the Antoine
constants of alkanes be extended to include other classes of compounds.
Furthermore, the structural effects which have been observed must have
an influence on glass formation, although this aspect of the problem
has not yet been adequately studied.
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Table XXIV

Bp = d~a 3n + b3]3

a 3 = 8.1227 x 106

b3 = 3.7871 x 107

c 3 - 4.1048 x 10" 1

n Calculated B (Observed B - Calculated B

3 779.74 33.46

4 953.52 -7.62

5 1081.44 -16.81

6 1186.632 -15.102

7 1277.565 -9.450

8 1358.330 -3.204

9 1432.113 -3.302

10 1499.958 1.310

11 1562.925 9.552

12 1621.945 3.983

13 1678.023 11.070

14 1731.141 8.482

15 1781.934 7.724

16 1830.668 0.649

17 1877.27 3.34

18 1922.30 -1.70

19 1965.7 -4.1

20 2007.5 -13.5
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Table XXV

To = B(a 4 n + b4)c4

a 4 = 7.6210 x 10-5

b4 = 3.7362 x 10-5

c4 = 4.07977 x 10"1

n Calculated T, (Observed T, - Calculated T-I

3 24.73 0.43

4 32.98 0.18

5 41.12 0.04

6 49.099 -0.305

7 56.889 -0.629

8 64.442 -0.799

9 71.501 0.040

10 78.611 0.069

11 85.768 -0.630

12 92.033 0.816

13 98.914 -0.037

14 105.120 0.506

15 111.341 0.528

16 117.073 1.559

17 123.328 -0.188

18 129.01 -0.38

19 134.78 -1.22

20 139.98 -0.02
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Table XXVI

T = dIa~= t a5 n + b 5 ]cTo m 5 5

a 5 - 2.3518 x 10

b = 7.8325

c 5 1.7555

n Calculated T. (Observed TO - Calculated T,

3 23.64 1.52

4 33.05 0.11

5 41.58 -0.42

6 49.598 -0.804

7 57.257 -0.997

8 64.619 -0.976

9 71.760 -0.219

10 78.689 -0.009

11 85.430 -0.292

12 92.007 0.842

13 98.461 0.416

14 104.779 0.847

15 110.989 0.880

16 117.099 1.533

17 123.098 0.042

18 129.014 -0.384

19 134.844 -1.284

20 140.583 -0.623
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Table XXVII

To = d~a 6 n + b6 3
6

a6 = 4.6879 x 10

b6 = 2.7514 x 10

c6 = 7.5484 x 10"1

n Calculated T (Observed T - Calculated T,

3 23.59 1.57

4 33.03 0.13

5 41.56 -0.40

6 49.596 -0.802

7 57.262 -1.002

8 64.627 -0.984

9 71.771 -0.230

10 78.702 -0.022

11 85.442 -0.304

12 92.018 0.831

13 98.471 0.406

14 104.787 0.839

15 110.994 0.875

16 117.100 1.532

17 123.095 0.045

18 129.01 -0.38

19 134.83 -1.27

20 140.57 -0.61
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