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ABSTRACT

A linear flat strip antenna lies between several dielectric layers in a
direction parallel to the interfaces. Its impedance is formulated variation-
ally as an infinite double integral. For thin half-wave antennas in a homo-
geneous medium the double integral is evaluated analytically and it gives
standard impedance expressions. For antennas of finite width the integrals
are evaluated numerically and for a homogeneous medium the impedance has been
correlated with the theories of King and Middleton, Wu, with the impedance
computed from a complementary slot antenna and with available measurements.
The impedance is also computed for antennas in a dielectric layer, and the
decrease of the radiation efficiency observed with increasing electrical
thickness of the layer 1s explained with the increased amounts of surface
wave power and in part ty local dielectric losses. For insulated antennas
located in a dissipative medium the theory presented here yields results in
better agreement with measurements than the conventional transmission line
theory. The transmission line theory is shown to give too large a resistance
and rcactance at the full-wave resonant peaks of the impedance and too low a

resistance for short antennas.
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1. INTRODUCTION

Numerous investigations have been reported of the input impedance of linear antennas in
homogeneous lossy media [King, 1956; King and Harrison, 1960; King and Iizuka, 1963). Treat-
ments of insulated antennas in & highly dissipative medium have been based on transmission
line theory [Moore, 1951, Ghose, 1960, Guy and Hasserjian, 1963]. The theory of insulated
antennas in an infinite dissipative medium has been further refined by King [1364] but there
are at present no impedance calculations for linear antennas in the presence of stratified
media of arbitrary parameters. This may be due in part to the difficulty of treat’ng the
cylindrical boundary of the antenna and its insulation simultaneocusly with the plansr bound-
ary of the dielectric layers.

Slot antenna impedance for plasma and dielectric layers have been considered by Galejs
(1964, 1965a,b]) and by Villeneuve [1965) and the impedance of an insulated loop in & dissi-
pative medium has been calculated by Galejs [1965c]. A similar variational impedance formu-
lation 18 derived herein for linear antennas surrounded by a stratified dielectric. The lin-
ear antenna is assumed to be in the shape of a rectangular strip of zero thickness that is
excited at its center and is sandwiched between parallel dielectric layers as shown in Fig. 1.
The dielectric regions are surrounded by free space, but the layers may be unsymmetrical with
respect to the antenna. For semi-infinite media one of the boundaries between the dielectric
and the free space can be made to recede to infinity.

For dielectric layers that may be lossy or that can support surface waves the power
radiated into the twc lossless half-space regions will gsnerally differ from the power sup-
plied to the antenna, Hence, separate expressions are derived for the input impedance of the
antenna and for its radiation resistance. The integrals of the resulting expressions are
evaluated in closed form for antennas in & homogeneous medium. The well known results for a
thin half wave antenng in free space or in & homogeneous dielectric provides a simple check
of the development, as is shown in section 3.1. In section 3.2 the present formulation is
compared with available theories for homogeneous media. Calculations for an insulated strip
antenna in a dielectric layer are repcited in Section 3.3. Section 3.4 considers the insula-
ted antenna in a dissipative mediium., Comparisons are mad= with the conveniional transmission

line the sry and several measurements.




2.0 ANTENNA DRLVING POINT IMPEDANCE AND RADJATION RESISTANCE
The driving point impedance of a fiai tirip entenna may be computed from the expression
JIE -3, dax dy

Z = - (1)
[ 1(x=0)1?

vhich is stationary with respect to small changes of the surface current density ie or of the
current I(x,y) about its correct value (Harrington [1961], Section 7-9). The surface current
Qe is assumed to have only an x-component Jx’ vhich in addition, is an even function about
x=0, y=O, The anterna fields can be expressed as a superposition of TE and TM modes and it

follows from the Appendix that

® e
2 = b[\ /‘ F(u, V)LZYS (x,y)cos ux cos vy dx dyJ du dv (2)
[2x I(x-O)]
where
2
2 1-R 1-R -1 2 k1 1l -1
Fu,v) = s |7 2% 4 g _aiq] - lfﬁz_ﬁen,, j’iﬂa} : -
u2+v2 L °P l+'Raop iq 1+Ra1q 2 ~7 1 R'bop 1 Rbiq

The designation of the dielectric layers by subscripts 1s seen from Fig. 1 and in particular

the subscripts op and iq designate dielectric layers next to z=0C for z 2 O and z < O respect-

ively. The other symbcls are defined as k = J;?u e +hnu o

2 _ye-
oOy¢ » Typ = 3 VEE v v2 |, where
j=0 or {1 and £ = 1,2...p or 1,2...q9. The reflection coefficients of the TE modes Rajt and of

the T™M modes Rle depend on the dielectric structure for |z| > 0. For stratified dielectric

layers as shown in Figure 1 the reflection coefficient R (d=a or b) in the region of |z

L&Y l+1|

< |z] € |zl| 1s related to the reflection coefficient R 1) Of the region |zl| <lz| €12

a(e- z-1i

by the expressions
27!|z,|[e "Ra(z-l)] "
= @ v
ajl 27, 412, Y 27 T gl
2-1'"12 2-1 1-1'"¢
[e +R (l-l)] + {e 2

27, 412,

(%)

/k 1\2

27|7-|\k)[ HIZI*R"“ ] 7
]

Foge = ¢ i1 [ Tl (5)

K, / L +Rb(z-l)
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vnere ths subscript "J" has been omi“ted in the right hand sides of (4) and (5). Rdjl 12 de-
rived by considering the scalar functions (k0) to (43) in two adjacent layers and by requir-
ing the tengential field components (ik), (45), (47) and (4B) to be continuous across the
interface. The computations should start with f=1 where RdJ(I-l) - RdJo =0 1in (4) and (5).
A series of computations gives then RdJl’ Rdja’ Rd33 and finally Rde or Rqu in (3).

The antenna current density is assumed to be representable by [Galejs 1963, 1965) the
trial function

I (x,y) = (A sin{k(2-|x|)] + B{1-coslk(2-|x|)]))t(y) (6)

vith f(y) = 1/(2¢) = const. Substituting (6) in (2) and utilizing the stationary character
of the impedance expression for determining the complex amplitudes A and B, it follows that

[ Galejs 1963, 1965]

A T8 A - 7an Fp (1)
B 7 Fp - Tap '
2
Vi Yo = 7
2.0 23 AD (8)
with
=
BBy - B v B (9)
F,= sin k¢ (10)
FB- 1 - cos k& (11)
e mu
- [ (.m ¢v> [ 2u F(u,v)gy(u)gy(u) (12)
gA(u) - -§l—§ (cos ut - cos ki#) (13)
k -u
(u) = (- sin uf - sin k¢) . (14)
“s X% -ul

The impedance can be also computed for the sinusoidal field distribution term by setting
B=01in (6). This gives

4
AA
Zs. ;2— . (15)
A
The power radiated into the region outside of the dielectric slabs can be computed as

Pr-Reffgxg'-dg (16)




vhere the integration is carried out over the outermost surfaces of the dielectric (z = z

and zil)

1ield expressions of the Appendix, (16) becomes a six fold integral.

are carried out first and they give delta functions.

trivial and the remaining double integral becomes

and vhere ds is in the direction of the outward normal,

RR 445

ol
After substituting the

The x and y integrels

The two subsequent integrations are

5 k2-u
16“ 4( du4[ VB2 (u (17)
' 2 2, .2 2 ,.2 2
3 | |
[|Am, +|a 1% +x |B_ 1 + K |B, | ]
where AJo and BJo designate the complex amplitudes of TE and ™™ modes for z > z, (when j=0)
and for z < 255 (vhen j=i). The amplitudes Ajo and BJo are related to the corresponding amp-
iitudes in the dielectric region near the antenna AJ and B (l-p for J=0, smq for j=i) b
matching the tangential field components across the dielectric interfaces. This gives
7301234 7312yl
s + RO. ) e
Mo | T e (18)
=1 "3(2-1)'7380 L o e 3(2-1)1732
L aj(2-1) a
e7Jl|le| 73512y ,
i .
BJO = i y Tz r Ji ~y ]Z l ;Jl BJ' (19)
=1 "3(2-1)'"38" 3(2-1)1%32'| "0
_ Roa(2-1) .

where RaJ

0" RbJo = 0 and vhere Tl = 1 in absence of dielectric layers (s=0). A

j8 and BJ.

are

related to the amplitudes A and B of the trial function for the antenna current density {6) by

1-R
v a
“J.'m;; 7@1;1;22*

2
- _u

758858 "

with

o 2
H(u,v) 2 2 (].) sin ve

ve

k- 1
Y2 722 1t;r
ijs op

71q

ettt | )

aqu

2

+ m_g —:52—9
71q

Rbiq

R(u,v)

[AgA(u) + BgB(u)] .

(20)

(21)

(22)
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The minus sign of (21) should be used with j=o and sep, the plus sign vith j=i and s=q. With
P of (16) related to A and B by (17) to (22), the radiation resistance R may be defined as

Pr Pl‘

R = o |2 (23)

T |1(x=0)|2 AR, + B

vhere the complex ratio A/B is given by (7).

With no losses present in the dielectric layers the pover carried by surface vaves that

are guided along the dielectric interfaces can be computed as

P, = Rejfg x H* - as (24)

vhere the integration is carried out over the surfaces x = + ® and y = + ®® and vhere 1s in
the direction of the outward normal. Considering an antenna located at the center of a single

lossless dielectric layer (pmqsl) of thickness 2a =z .- z the integrals representing the

ol "11’

2 2 2
fields in (24) are singular for those values A\“ = u“ + v°, where Ryor™ Rayp® 1 or R =R .=

-1. This gives

tan (;k. vr_—:;%> qﬁ;_:;z (25)
a
R (s, o)+ - T (26)

with 1 < (v-)./k ) < e , and € =t /¢ as the equations for determining the character-

o/ %011
istic values A for TE and TM modes respectively. Equation (2%5) has real solutions for the TE
modes for any thickness of the dielectric layer. Equation (26) has real solutions for the TM
modes only for ako J!T—T > x/2. For lossless dielectric there are no complex solutions which
satisfy the radiation condition following Whitmer (1948].

Substituting the field expressions of the Appendix, (2i4) becomes a six-fold integral.
In the integrals over the x = $ ®(y = £ ) surfaces the y (x) integrals give delta func-
tions, which makes one of the v (u) integrals trivial. The two u (v) integrals are computed
by evaluating the residues at the poles given by (25) and (26). The z integrations are triv-

ial and (24) is reduced to




where

TE ™
ap y 2 sin(-21y .a) cosa(~i7 a)
p .o [ 00 ] {a [l . ol ] i ol
e Bx xtl-noo) ( -217 ) b
(1 et Iyl)

sin(-217 .a) 751 2
N T |t 3 i (e (T )

7'OO

A dv v2 2

o NE2

g( YZ2-v2) n(v)

I

p 8
Iyl - "[ au VA2 g(u) n( ¥a2.u2)
o

A
Ix2 - ‘)[ dv W2 gl 412-3) h(v)
o

A 2 2
du u /‘r‘g
I - — ] = (u) h ¥A% -y
y2 o Wa2.y2 ¢

() = 2 [4 g(w) + 3 eyw)]

(28)

(29)

(30)

(31)

(32)

(34)

h(v) = sin ev/ev, gA(u) and gB(n) are defined by (13) and (14), 7o, 18 negative and 7, 18

purely imaginary. The antenna input resistance R' associated with the surface wave power is

computed from (27) by analogy with (23).

b\
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3.0 NUMFRICAL CALCULATIONS
3.1 The Free Space Impedance of a Thin Antenna

The antenna impedance (8) or (15) is expressed in terms of double integrals (12), which
can be evaluated analytically for the antenna in a homogeneous medium. The free space imped-
ance (15) of a thin half-wavelength antenna will be considered as a simple example. For £ =
b = /(2K ), k of the trial functions (6) set equal to k_ = oVme , and vith R, =0

ajs

7pa Of (12) simplifies to

du cos“(35 =
a sin ev [ 2k .
i T [ v( ) K-u2v2(x2-u2) 420

With F, = 1, substitution of (35) in (15) gives the real part of the impedance as

dv
—_— (36)
K2-u° -

Re 2, = —5~
x

2o [k du cosa(g %) Ji2-u2

s, k du cone(-;- i-')
"= (k-u)(x#a) °

After expanding the denomimator in partial fractions and changing the variables of integra-

tion to (k-u) and (k+u)

2 e8in §x
Re 2 = 60 [ —5— dx = 30 [1og(2x) + 0.5772 - Ci(2x)] (37)
= 73.1
where Ci(x) is the cosine integral. The imaginary part of the impedance is obtained as

Im Z o [ka f. av + .a [.a (38)
. e 5843 \'2 u \'4
P R [

o8 (5 X <-1n o\ 1

(38)

The v-integrations become elementary by noting that (sin ev/ev) ~ 1 over the range of v vhere

Vil 2 $ v. (This applies strictly if ¢~ 0 amd u < u = finite,) It follows that




- ® 4 °°'2(g§ u u
Im Z. -;?:5 [ —;—-:-(—-g)—a—'—[losll “x l +1°8(1+E‘] (39)
X

® 2
- 20 [ &y log yeln oY . _ 30 s1(2x) = - 42.5
b-y

vhere Si(x) is the sine integral. The numerical values (37) and (39) are recognized as stan-
dard results [Kraus, 195G, Sec. 10.3].
Considering the previous example of free space and a thin half-wavelength antenna, the

radiation resistance R_ (23) simplifies under similar assumptions to Re zZ, of (36) and (37).

3.2 Antennas in a Homogeneous Delectric

Impedance calculations for an antenna of a finite width are first carried out for homo-
geneous media vhere other solutions are already available.

The free space impedance of & A/2 antenna is shown in Figure 2 for various values of the
vidth ¢ or of the parameter R = 2fn(kf/¢). Also shovm in Figure 2 are the impedance of &
cylindrical antenna of radius a = ¢/2 (Table II,30.1 of King {1956]), and the impedance Z
computed from the admittance Y of a camplementary slot antenna [Galejs, 1964} using the form-
ua Z = v,lol/lac(lﬂ tan 8)]. The assumption of a sinusoidal current distribution is shown to
give an incorrect resistance for antennas of finite width. For f1 < 10 the reactance computed
by King [1956), is nearly the same as for the assumed sinusoidal current distribution and it
differs from the other computations. There is good agreement between the various computations
for antennas of i > 11,

The admittance of the strip antenna in a lossy medium is compared in Figure 3 with the
admittance of a complementary slot antenns [Galejs, 196k}, with measurements of Iizuka and
King [Fig. 10, 1962] and with the theory of Wu {1961, Gooch, et al 1963]. The antenna ad-
mittance calculated from King {1956) for a lossless dielectric is also indicated in Figure 3.
The antenna length is equal to one-half vave length for lov dielectric losses and ¢ = (d/co
changes from 78 to 69 with increasing losses as indicated by Iizuka and King [1962]. There
is good agreement between the various theoretical curves for tan °d < 2. The measured con-
ductance appears too low for a low loss dielectric. The theory of Wu gives lower susceptance

figures for high loss tangents. The admittance of the complementary siot has been computed

el 0 o 2 o s o Sk ok Sk Sl SR Al R R S B B 2
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using & complex value of kek Je &% J1# tan 8, in the trial functions (6), vhile the ed-
mittance of the strip antenna was couputed using resl values of kek Je d/‘o' This may account

for some of the differences between the two sets of calculations for larger values of tan bd.

3.3 Antenna in Dielectric layers

The impedance of a linear antenna located either in the center or on the surface of di-
electric layers of various thicknesses 24 1s shown in Figures 4-9 along with the correspond-
ing efficiency figures. All the calculations of these figures are made for antennas of & = 8
and the heavy horizontal lines indicated on the sides of the figures denote the impedance for
d=0 or o computed from a complementary slot antenna. The radiation efficiency is computed
as & ratio between the power radiated normally through the dielectric surface as indicated in
(16) and the power supplied to the antenna., The surface weve efficiency denotes the ratio
between the total power carried by the surface wave for a lossless dielectric in the direct-
ion parallel to the dielectric surface and the power supplied to the antenna. For a lossy
dielectric that part of surface wave power which flows outside of the dielectric layer will
be eventually dissipated inside the dielectric and this power will not appear as part of the
pover radiated outside the lossy dielectric in (16). The sum of the surface wvave efficiency
and the radiating efficiency are & little less than unity for a low loss dielectric (tan 8,
= 0,03) in figures 4 and 5, and appreciably less tbhan unity for higher dielectric losses
(tan 8, = 0.1 and 1) in figure 6, vhen significant dissipation occurs in immediate vicinity
antenna. For antennas located in the center of the dielectric layer the radiation efficiency
1s decreased by increasing the dielectric constant of the layer (figure 5), but it is unchang-
ed for the several antenna lengths shown in figure &,

For antennas located on the surface of the dielectric layer (figures 7 and 8) the radia-
tion efficiency is practically unaffected by changes of the antenna length shown in figure 7,
and it is slso decreased for higher values of ¢ a The calculations of surface wave efficiency
have not been carried out in the case of antennas located on the surface of the dielectric
layer.

For dielectric layers of ¢ d/ LR < 1 (approximation of a plasma layer by an isotropic d4i-
electric) the impedance curves of figure 9 are much smoother than for e d/ ‘o > 1, when the

layers could support surfuce vaves. Also the radiation efficiency is decreased more gradually




with increasing layer thickness.

Variational approximations to the current distributions of the antenna configurations
shovn in figures 4-9 are computed from equations (5) and (7) and are shown in figures 10 and
11. There are significant deviations from the usually assumed half wave sinusoidal current
distribution and these deviations become more significant with increasing thickness of the
dielectric layer 4, the antenna length £ or the dielsctric constant ¢ a Thick layers of a
lossy dielectric make the current distribution approach a triangular one. A similar change
is observed with increasing layer thickness d if e a < < and with the decreasing e d in figure
11 vhen the antenna tends to become electrically shorter.

The above approximate current distributions are the best possible fits to the actual cur-
rent distribution using the trial function (6) and should be indicative of the trends observed

in the actual current distributions with changing antenna parameters.

3.4 Insulated Antenma in Dissipative Medium

The calculated admittance of an insulated sirip antenna in a dissipative medium is com-
pared with admittance neasurements by Iizuka {1963] in Figure 12. A cylirdrical wire of rad-
ius a insulated by a cylindrical dielectric shell of outer radius b from the surrounding dis-
sipative medium is compared with a strip line of width L4a laying in the center of a dielectric
layer of thickness 2(b-a). In the limit of & highly conducting outer medium the characteris-
tic impedance of the line Z in the cylindrical geometry of b/a = 1.4k to 10 approximates Z, of
the corresponding planar geometry with a 10 percent accuracy [ Reference data, 1956] which may
indicate an approximate equivalence of the two geametries for tan bd >> 1. The comparisons of
the calculated and measured admittance data indicates a qualitative agreement.

In Figure 13 the impedance of an insulated cylindrical wire measured by Cuy [ Figures 3.24
and 3.25, 1962] is compared with transmission line calculations following Guy and Hasserjian
[1963) and with calculations for the approximately equivalent model of the strip antenna. The
calculated resistance data agree very well wvith measurements but there is only fair agreement
with the measured reactance. The transmission line theory gives too low resistance figures for
small antenna lengths and it also produces too large resonance peaks in resistance and mct-v
ance. These observations are particularly pronounced in the prezsiit example where tan 68 var-

ies from 2.4 to 0.3 in the frequency renge indicated in Figure 13. The samc basic differences

10
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between transmission line theory and the measured data can be seen from other measurements
with higher loss tangents (Figures 3.12 to 3.29 of Owy {1962] or Figures 3 and 5, Fenwick and
Weeks [1962]).

The impedance of an insulated strip antemna located near the interface between free space
and a lossy dielectric half space (ground) is shown in Figure 1k for several values of the
loss tan 58. The transmission line theory is applied to an spproximately equal geometry with
a cylindrical conductor in Figure 15. For tan 88 = 100 there is fair agreement between the
tvo sets of calculations, but for tan bg = 10 the transmission line theory gives an increase
in the size of the resonant peaks, while they are definitely lower for the calculations shown
in Figure 1%. Alsc there is a significant increase of the resistance for short antenna lengths
and there is a relatively small variation of the resistance component with the changing an-
tenna length for tan bg = 1, The high values of resistance for a small antenna lengths in-
dicate significant power dissipation in the vicinity of the antenna. For a dipole in direct
contact with the ground, the resistance should approach infinity, but insulation and the
finite antenna length have the effect of keeping this resistancz finite. The radiation ef-
ficiency should be improved by decreasing values of tan 68, but for short antenna lengths and
for tan 88 = 10 the effiriency is nearly the same as for tan 88 = 1, due to the very high re-
sistance components shown in Figure 14 for tan bg = 1, The resistance components shown for a
short antenna in Figure 14 with ¢ 5/eo = 6 are higher than those of Figure 13 with € g/eo = 80
for the lower frequencies, because in the latter case there is a large difference in dielec-
tric constant between the dielectric and ground, and as a consequence, less cf the near fields

is stored in the ground with smaller attendant ohmic losses.

3.5 Conclusions

In the present variational formulation the antenna impedance is expressed as a double
integral that is evaluated numericelly, except for the trivial case of a thin half-wave an-
tenna. For an antenna in & homogeneous medium the present formulation gives reasonable agree-
ment with other theories [King, 1956; Wu, 1961] and it has been correlated also with impedances
computed from complementary slot antennas [Gelejs, 1964). The antenna impedances and radia-
tion efficien.ies have been also computed for antennas on or within dielectric layers and
radiation efficiencies of 60 percent or more can be achieved witn dielectric layers of mod-

erately dielectric constants (¢ d/‘o < 3) and with layer thickness of less than 0.0l \.
11
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For insulated antenna within an infinite dissipative medium the calculations have been cor-
related vith measurements c¢f Iizuka [1963] and Guy [1962] and &lso with transmission line
theory. Further comparisons have teen made between the present formulation and the trans-
mission line theory for insulated antenns neer the interface between free space &nd a semi-
infinite lossy dielectric. ‘The transmission line theory is shown tc give tco large resonance

peaks of the input reaistance and reactance., Also it gives too low resistance for shorter

antennas.
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APPENDIX
FIELD COMPONENTS

The f1. !ds excited in the geometry of Fig. 1 will be expressed as a superposition of
TE and ™ modes that are derived from scalar functions !J and ¢ 3 respectively. The region
of z > o next to the antenma 1s designated by a subscript o, the region of z <o -bya

subscript 1. For an exp(-iwt) time dependence of the fields the scalar functions are of

the form
Y = 0 Ao(u,v) otiwx e-ivy(e7oz + Rwe-7°z) du dv (40)
o = [f B_(u,v) e lux -ivy (e7°z + Rboe-7°z) du dv (41)
Y, = ﬂ Ai(u,v) o -lux  ~ivy (e.71z + Raienz) du av (42)
o, = ﬂ B, (u,v) e~ lux o-ivy (e.71z + Rbieyiz) d-“ L (43)

where Ra J and Rb j are reflection coefficients. The field components are related to

Y, and ®, by
J J 3 32
EXJ = & YJ+ .-~ °J (hh)
E 3 y & ®
W T xRy Y (L5)
PP
EzJ=-\gx?+ ;yg) OJ (46)
1 * 2 9
HXJ- 1W° [az&',j"kj & OJ] (h?)
1 &£ 2 2
fyy T Tem [azw ok X °J] (48)
1 /¥
RzJ"1w°<ax2* ay2> (49)
13
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The current of a linear density Jx is assumed to flow only in the x direction along the

1 " Exo’ Eyi * Eyo’

Hy =B Hyi = Hyo +J , for z = o. After substituting (40) to (43) in (4k4) and (45)

and applying the Ex and Ey boundary conditions it follows that

antenna and the field componentes satisfy the boundary conditions Ex

- \

A (148 ) = A (14R,,) (50)
7B (1-R ) =7,B(-14R ) (51)

The Hx and Hy boundary conditions lead to

K2 ( 4R ) k2(1+1ab )
g Ry
" 7% (l-nbo) [ 7:(1-§b:) ¥ 71(i:§5£) ]

\ (52)
Wi u
- 25 (R [ e ey

u +v b

1-R 1-R

ao al
Ao(l+Rao) [70 1+R + 71 1+4R ]

a0 al

(53)

Wi v 2
1l i
- 25 b [ et ey
u +v

The amplitudes A‘j and BJ are related to the linear current density of the antenna Jx

by (50) to (53). The scalar functions 'J and ¢ and the field components (4l) to (49)

are thus uniquely related to Jx'
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