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ABSTRACT

A particular observation scheme based on the two-frequency correlation
function approach for the measurement of time-varying spread channels
having time-stationary Gaussian statistical properties is analyzed. It is
shown that the scheme works well for underspread as well as overspread
channels. The method also appears to be useful in cases where there is
correlation between the signals arriving with different delays. Expres-
sions are derived for the variances of the determined correlation and
target-scattering functions derived by double Fourier transformation of

the observed correlation function.

Accepted for the Air Force
Stanley J. Wisniewski

Lt Colonel, USAF

Chief, Lincoln Laboratory Office

iii




II.

III.

Iv.

TABLE OF CONTENTS

Abstract

Introduction
Description of Measurement Scheme

Analysis of Measuring Scheme

Evaluation of Mean, No Noise
Evaluation of Mean with Noise Present
Evaluation of Variance, No Noise

Evaluation of Variance with Noise Present

moawp

Uncertainties in Target-Scattering Function
Discussion of Application to Radar Astronomy

Conclusions

iv

iii



MEASUREMENT OF PROPERTIES OF SPREAD CHANNELS
BY THE TWO-FREQUENCY METHOD
WITH APPLICATION TO RADAR ASTRONOMY

I. INTRODUCTION

In many communication channels, even in the absence of additive noise, a signal applied to
the channel might be seriously distorted. This distortion arises because the channel destroys
the original phase and amplitude relationships between the various components of the input signal.
If a detailed knowledge of the phase and amplitude characteristics of the channel exists, the dis-
tortion may be removed by appropriate filtering. In addition to the distortion, there will also be
a certain amount of time variation in many channels. The application of a single sine wave to
the channel will therefore result in an output signal of finite bandwidth. Because of these prop-
erties, it is most convenient to describe such a channel by certain statistical properties. In
this report we shall assume throughout that these statistical properties are stationary in time.
As a result, the various different frequency components in the output will be completely uncor-
related when the input waveform is a single sine wave. Similarly, it will be assumed in the
analysis, wherever convenient, that the statistical properties of the channel are largely inde-
pendent of the radio frequency of observation. This is equivalent to assuming that the signals
scattered at various delays are uncorrelated, and this is often a very good approximation.
However, such an assumption is not necessary for the application of the measuring scheme.

There is considerable literature on the description and measurement of such doubly spread
channels. Green1 describes such a channel in terms of a target-scattering function which de-
scribes the way in which the power incident is distributed in delay and doppler displacement.
Kailath2 characterized this type channel in terms of a tap-gain correlation function which,
loosely stated, describes the autocorrelation function of the time-varying impulse response as
a function of delay. Hagfor's3 describes the channel in terms of a two-dimensional correlation
function describing the loss of correlation between two time-varying frequency responses with
a shift in frequency Af and a shift in time T. An instructive survey of the various descriptions
has recently been given by Gallager.4

Several methods have been proposed for the measurement of the various functions describing
the statistical properties of the spread channel. Kailath5 proposes to use a noise waveform at
the input and compute the fourth-order moments at the output to derive the tap-gain correlation
function. This method appears to work both when the product of doppler spread B and delay
spread L is greater than and less than unity. Gr-een1 and Hagfor-s3 both describe methods of
measurement that only work well for underspread channels, i.e., when BL < 1; however, they

did not consider the presence of additive noise. Price6 and Levin7 dealt with the problem of

additive noise in the estimation of the statistical properties of the channel.




In this report, we analyze a particular measuring scheme based on a two-frequency trans-
mission when additive noise is present. It will be shown that the two-frequency method of ob-
servation, apparently contrary to common belief,5 can be made to work satisfactorily both in the
overspread and underspread situations. A similar discussion has recently been carried out for

the case of pseudo-random or a chirp input to the random channel.4

II. DESCRIPTION OF MEASUREMENT SCHEME

The basic observation scheme is shown in block diagram form in Fig. 1. The transmitter
emits two sine waves of equal strength at frequencies f0 + Af/2. The modulation frequency Af
must be variable and it is highly desirable that Af is very accurately known, particularly when
there are large delays in the channel such as in planetary and lunar radar astronomy. It is
convenient to choose Af as an integral multiple of some smallest frequency separation Afo, and
let this be derived from a frequency standard. The necessity of this requirement will be briefly
explained in more detail below.

The received signal will consist of two spectra which, in the absence of mean doppler dis-
placement which we will ignore in this report, will be centered on the two transmitted frequencies

fo # Af/2. If a mean doppler displacement is present we shall assume that the local oscillators
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Fig. 1. Block diagram of two-frequency measurement scheme.




of the receiving system are programmed to correct for it. When the channel is "underspread,"
nearly all the significant measurements can be made without the two spectra overlapping; in the
"overspread" situation this will not be the case.1 The received signal is multiplied by a distorted
replica of the transmitted signal, the distortion amounting to a change in the modulation frequency
by an amount fL’ so that the modulation frequency of the multiplying signal is fL + Af. Also, the
center frequency of the multiplying signal is different from fo by an amount f2 = fO - fi‘ The
offset frequency fL must be chosen so that it is greater than the maximum bandwidth Bm of the
response of the time-varying channel when a single sine wave is applied at the input. The IF
frequency f2 must be greater than the sum of fL/Z, the maximum frequency separation Af, and
half the maximum bandwidth in order to prevent "foldover" (see Fig. 2). Following the multiplier
the signal is split into two parts by upper- and lower-band filters. In the strictly underspread
situation, these two filters should be constructed so that only the signals centered on f2 + fL/Z
and f2 - fL/Z are passed, respectively. In the overspread situation such a discrimination will
no longer be possible, and we must allow the filters also to pass some of the signals centered
onf, * [(fL/Z) + Af]. This will tend to introduce a certain amount of "self-noise" into the
system.

The upper-band signal is passed into a delay line with discrete delays 0, Ti’ TZ’ etc.,
corresponding to the time shifts in the two-dimensional correlation function. These time shifts
should be chosen to be integral multiples of fl:i for convenience. The delayed and undelayed
signals are multiplied together and the amplitude and phase of the component in the output cor-
responding to the frequency fL are determined by means of the operations shown in Fig.1. The
integration time © should be chosen as an integral multiple of the period Afo.i of the lowest
modulation frequency for reasons that will become apparent from the analysis that follows.

The pairs of numbers, or the set of complex numbers, resulting from the measurement are
shown below to result in a determination of the complex correlation functions with frequency
shift Af and with time shifts 0, Ti' TZ’ T3,

Let us now briefly return to the reason why the modulation frequency must be so accurately

etc.

known. Consider as an example the situation encountered in radar astronomy. The transmission
of the two sine waves corresponds to measuring one particular Fourier component of the target-
scattering function, giving power as a function of range. If this function is to be recovered

completely we must know both amplitude and phase of the Fourier components for different Af.
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The phase and amplitude relationships must be well defined at the target, In radar astronomy
and in other applications there will, however, be a large number of modulation cycles between
the transmitter and the target. A very slight inaccuracy in the modulation frequency might,
therefore, result in a large phase inaccuracy at the target.

The sets of results obtained with a number of different frequency separations Af can, if
desired, be used to compute the target-scattering function by a double Fourier tr‘ansform3
(see Sec. III-E below).

III. ANALYSIS OF MEASURING SCHEME

In this section it will first be shown how the mean values of the output of the processing
scheme shown in Fig. 1 are related to the two-frequency correlation function both for under-
spread and overspread channels, first without additive thermal noise, then with thermal noise
included. In the subsequent sections we will repeat the analysis under the same situations for
the variance of the output so that confidence limits can be placed on the mean values determined.

Before starting on this program it is worthwhile to define the complex two-frequency cor-
relation function in terms of a time-varying frequency response. Suppose the complex amplitude
of a pure sine wave at the channel input is n and that the frequency is f;. The complex amplitude
at the output is then time varying because of the channel fluctuation and can be expressed as

follows:

(t) = H(fo,t) e. . (1)

e
out in

The ratio of mean power at the output to input power becomes

Pout 2
- = <[H{E, 0]
in

avg ’ (2)
where the averaging is considered an ensemble averaging, in general. The (unnormalized) two-

frequency correlation function is now defined as

Af Af
= 3 = &4 (e
R(AL, T) = KH¥(f — S, ) Hifg + S, t+ T, 0 (3)
where we have assumed that the channel is stationary both in time and frequency. In case the
channel is not stationary in frequency, the correlation function will also depend on fy- The
transmission loss is obtained from Egq.(3) by substituting Af = 0 and T = 0. We assume through-

out this report that H(fo, t) is a Gaussian process.
A. Evaluation of Mean, No Noise

The signal at the input of the receiver will have the complex amplitude referred to the
center frequency fO given by
Af

Fin(t) = H(f0 = T,t) e

-irAft + H(fo + éz_f_‘ t) emAft ) (4)

provided the transmitted amplitudes are equal to unity. The complex amplitude at the output of
the first multiplier, this time referred to the intermediate frequency fZ = fo = fZ' becomes
(apart from a constant of proportionality)




1r1th

ZNiAft] o

B Af Af
Fz(t) = [H(fo — —2—, t) + H(fo + —z—, t) e

-rif t

-2miAft L

+H(E + 550+ HE, - 5L 0 e Je (5)

The upper- and lower-band signals appearing separately above can always be separated in the
two filters following the first multiplier, leaving two signals with amplitudes referred to
frequencies f2 + fL/Z and f2 = fL/Z, respectively:

2riAft

Fy(t) = [H(f, ~ —A?_—f, )+ H(f, + 550 e ]

Af -2riAaft

Fz'(t) [H(f + 5= t) +H(f ,t) e ] . (6)

We next filter out as much of the undesired signal as possible by assuming the maximum band-

width of the time-varying response to be Bm’ so that the following representation applies.

-] .
H(f, * Azf t) = S H(f, + —Az—f, v) BEFIR
-0l

B /2 .
S‘ Af )827r1ut dv ) (7)

H(f, = 55—,
(8 /2 ° 2

By including rectangular filters in the lower- and upper-band filters of bandwidth equal to Bm,
the desired signal is passed undistorted and a certain fraction of the undesired signal is rejected.

The results of passing the signals [Eq. (6)] through such filters centered on fz * fL/Z are:

B /2 )
S Hf, + 5Ly —ap 2T 4 Afc B_
Fho = i, - 58,0 + {-(B /2 +af
3 0”2
L0 Af>B_ (8a)
m
( ~(B_/2)-Af .
5‘ . Hit, — 550 +an e®™ W @ aAr<B
S(0) = Hgy + 5T -(B_/2) o2 m
Lo Af>B_ . (8b)

The second multiplication with subsequent coherent detection of the component at frequency fI

is represented mathematically as:

B o +3% =
V(Tl) = S; F, (t) F3(t + Tl) dat (9)
or explicitly,
e B /z .
V(T = X) dt [H*(fo ~4L v+ pB_ - an S‘ He(fy + 55,0 —an e ¥V g
(B /Z)+Af
(B /2)—Af 2riv(t+T,)
[H(f +A2f,t+T)+D(B —Af)S H(fO—AZf,u-l-Af)e ’du] )
(B, /2)
(10)




where D(x) is a function that is zero when the argument is negative, and unity when it is positive.
The mean value of the output becomes

Af

(V(T!))avg = 6 C(H*(f,— A—Zf,t) Hify + 5.t + Tl)>avg = OR(AL,T)) . (11)

The other three terms will vanish exactly if the integration time © is chosen as an integral

multiple of Afo'i, as explained in Sec.Il. This can be seen from the following development,

o (B /2) -Af Af 21riv(t+T!)
S; H’°‘(f0 t) S H(f0 -5, vt Af) e dvdt
(B_/2)
avg
2] w (B_ /2)-Af Af Af -2ri[v'=v}t-vT,]
= dtg du'g ' <H*(f, — =, v'") Hlf, — =, v + Af)D e - dv
»{) 0 _(Bm/z) 0o 2 0o 2 avg
(B_/2)-Af Af 21ivT, PO 5 ingt
=S m dv <|H(f ,v + Af)l avg © i e “m dt
-(B_ /2)
=0 B (12)

and the latter of these two integrals obviously must vanish exactly under the conditions imposed
on ©. The product of the two integrals in Eq. (10) will also vanish for the same reason. There
is only one exception to this, namely, when Af = 0 all four terms in Eq. (10) contribute an equal

amount. Hence, we conclude,

eR(mAf,—’) m>1, £=0,1,...
0* T
_ o _
v, Tl))avg-<V(mAf0, fL)>av = 1
g 49R(0,f—) m=0, £=0,1,... . (13)
L

These results apply whether or not the channel is overspread.

B. Evaluation of Mean with Noise Present

When additive noise is present at the receiver input there will be an additional term in the

input signal.

F(0) = Hity — 55,0 e ™Ay mery + Ay ™Ay ny (14)
in 0 2
Here, n(t) is a noise signal which might be expressed as
f +HAf /2) .
n(t) = S‘O max” " N 2Tt g (15)
fo-(Afmax/Z)

where Afmax signifies a largest modulation frequency to be used. In the output of the processor
certain new noise terms will appear. The terms containing cross products of noise and signal
will not contribute to the mean, because noise and signal are uncorrelated. The noise-noise
term, however, might contribute to the mean output. To see this we may argue as follows.

The noise associated with F;(t) becomes




-(Af/2)+(B_/2) .
Fln = MmN + 1) 2Tt g, (16a)
3'%n 0
-(af/2)-(B_/2)
and, similarly, for F3-(t),
~ (af/2)+(B_ /2) .
Fyit)_ = 51 ™ N ) P g (16b)

(a1/2)-(B_/2)

The noise contribution to the output'signal V(Tl)' ie., Vn(T!), becomes

o -(at/2)+(B_ /2) .
V (T) = SU dt S M Gy Ne(p + fy) g -2wivt
-(af/2)-(B_ /2) '

(Af/2)+(B__/2) 21riv'(t+T1)
S; M @'N' 1) e . (17)

Af/Z)-(Bm/Z)

Taking the mean of this we find

6 -(af/2)+(B._/2) 2 Acivt
V(T =S; dtS ™ g (N +£,) <) 7™
n' 17 avg -(Af/Z)-(Bm/Z) 0
(Af/2)+(B_/2) 2riv'(t+T))
X g I dv' e s(v' —v)
(81/2)-(B_ /2)
ZwiuTl

5) -(af/2)+(B_/2)
i) dtS ™ N +£) 2> v e

(af/2)-(B_/2)

x {D [V—%(Af—Bm)]—D[u—% (Af+Bm)]}

sinnw TI(B — Af)
m
nTl(Bm — Af) ’

= (Brn — Af) eNoD(Bm — Af)

where N is the noise power per unit bandwidth, and D(x) has the same significance as in Eq. (10).

Hence, the output of the processor with noise present becomes

. 1
sinm ¢ (Bm—mAfO)

! _ /5 L -
v(maty, £)> = o|r(maty, #) + N (B —mat) , D(B_ —maf,)
L' avg L T f—(B —mAf,.)
m 0
L
m>1 . (18)

We conclude that the processor gives an output proportional to the desired correlation func-
tion whenever the two lines can be completely separated. When the two lines overlap there will
be a noise bias in addition (see Fig. 3); hence, this bias must be established before the correla-

tion function can be determined.
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C. Evaluation of Variance, No Noise

The variance of the output may be computed directly from the expression [Eq. (9)]:
Avitpl?y, = ? edd’<F+*)F_(+T)F+'F'*'+T)> 19
I avg S 3 (0 Fslt P F3(t) Fy (t L7 avg (19)

Now, since we are assuming a Gaussian process, the integrand can be expanded in terms of

second-order moments as follows.

<F3 (t)F (t+T)F (t')F (v T

= (F;*(t) Flt+ T1)> (F Nt Fg e+ T, )>

e + 1 - P 1
+CFy () Fy(t) o Pyt + T) Fot + T o

4% =% , - L+ ,
+ <F3 (t) F, (t' + Tl)) vz <P3(t +T,) I'3(t » N (20)

The first term on the right-hand side in Eq. (20) can be seen to correspond simply to the square
of the mean value which has already been determined. The last term in Eq. (20) is completely
negligible because it involves mean values of products of frequency responses, either both
unconjugated or both conjugated. Only the middle term will therefore contribute to the variance.

In order to evaluate this term we write

B/z

F0) = H(f, - - G D(B_ - Af) S Hify + 51, v —an STt 4, |
(B /2)+Af
(B /2) -Af .
F,(t) = H(fy + 5 £+ D(B_ — Af) S : H(f, — Zf, v + Af) 2TVt g, (21)
/2

where the factor D(Bm — Af) is unity whenever Bm > Af, and zero otherwise. We have:




B_/2 Bm/z
<F3 (t) F (t')>av = R(0,t' —t) + D(B_ — Af) m dv! S‘ dv
-(Bm/Z) -(Bm/2)+Af
-2ri(v't-pt') i _ A_f Af
X e <H*(f,, v') Hif, + 5, —Af))avg
B /2 B /2 )
+ D(B_ - Af) g v S\ dv e2Tilv't! —vt)
(B /2) (B /2)+Af
Bm/Z
Af Af
X CH(f, — v H*(f, + S, v— A.f)avg +D(B_ — Af) SS dv dv’
-(B_ /2)+af
Of Of 2ri(p'tt-vt)
% = — = —
x {H (fg+ 5, v-AD)H(fy+ 5, v Af))avg e (22)
Because of the assumed time stationarity of the statistical properties we must have
_ Af
CHH(E, - BF,v) Hif, + 5 v)>,,leg = CHH(f, — 55, v) Hlg, + 5F Vv 80 =)
Using this we obtain
B /2 .
<FH FI(t)> = R(0,t' —t) + D(B_ — Af) g dv e2Tiv(t'-t)
aveg (B _/2)+Af
Af Af 2riAft -2rinft!
X (H*(fo - — Af) H(f * 5, —Af)av e + D(Bm —Af) e
B /2 .
S' ) (s + 2L, 0 —ap) Hity - 58 v —an> __ av
(B /2)+Af avg
B /2 .
+ D(B_ - af) S v ™V Cha(e b - AD H(Ty, v —ADD (22a)
(B_/2)+af v
The other moment which must be evaluated is
= -% = =%
F(t+T) F, (t'+ Tl)> = CES(t B (t')>avg (23)

The last equation follows from the time stationarity of the random process. The average in

Eq. (23) can be obtained from Egq. (22) by changing the sign on Af in all arguments of H, by

interchanging the roles of t and t' and by changing the limits of integration. One then obta

(B /2) -of dv e—Zniu(t'-t)

<Fy () Fy (t)) = R(0,t—t') + D(B,_ —Af) e -2miAft! S‘

~(B,,/2)

(B /2) Af

cl dv

2 ’

Af

X(H*(f ; Af - Af) anAftS

v + Af) H(fo - v + Af))avg + D(Bm —

(B /2)

Af (B /2)-Af

2

Af

=2riv(t'-t) =21
X e (H’°‘(f0 - 5.

, v + Af) H(fo + v+ Af))av + D(B — Af) g

LB_/2)

. e-21riu(t'-t) <|H(f vt Af)lz)avg

ins

dv

(24)




Of the 16 terms resulting from the multiplication of Eq.(22) by Eq. (24), only those terms which
depend on the combination t —t' will contribute in the integrals over t and t'. The terms depend-

ing explicitly on either t or t' will all vanish. The contributing terms will be the following six:

(n |R(0,t—t')|2

(B /2) -Af o
(I)  +R(,t' —t) - DB — Af S‘ dy e~2Rilt!-tly <|H(ty, v +an|®> .+
(B /2) mpa
B /2 o
(0)  +R(O,t—t) D(B_ —Af) g a 2™ lme L _an|?> +
(B_/2)+Af [H(% ¥vg
, B /2 /A
(IV)  + D(B_ —af) e~ 2Tibflt'-t) ‘g g 2T (t'-t)
m (B_/2)+af
x CEx(f, — 8%, v —an g, + 5L, N

v e 2t e+ SL 0 v an Hy - 4,0 + a0y

(B_/2)-Af
X S‘ m/

(B, /2) ‘ B ave *
(V) + D(B —Af) e-ZniAf(t'-t) S‘Bm/z dv ez‘lTiV(t'-t)
m (B__/2)+Af
m
Af Af
x CHH(f, + 5%, v —an H(f, — 5, —Af))avg
(B_/2)-Af
x S m dv e 2miv(t'-t) ur(ty - Sty vanme, + 5o vand +
_(Bm/z) 2 avg
(B, /2)-Af 27 iltr=t) »
(V) +D(B_ —Af) g(B "o dv e” ™1 Y (|H(f,, v + Af)] ave
B /2 .
S e2rilt'-tyy <|Hlty, v —Af)lz)av a . (25)
(B, /2)+Af g

The interpretation and discussion of such a complicated expression is rather difficult, and
it simplifies matters greatly if we can make a specific assumption about the channel properties

to insert into the general terms in (25). As a specific example we choose

¢4

Af 1 + 2rit Af
% 2
{H (f0 V) H(f P == u))avg o

if |v| <=5

0 otherwise (26)

This corresponds to assuming an exponential power-vs-range variation with power falling off to

e tatr= T, For R(Af, T), we obtain

Bm/Z 2riv T oan’1 sintTB

_ a _ = m
RALT) = 155007 Af S‘ J W = T owir AT ATE : LX)
o —(Bm/Z) o m

10




The contribution to the variance caused by the terms in (25) in this case is found by substitution

of Eqgs. (26) or (27) and integration over t and t' between the limits 0 and 6. On the assumption

that 6 >> Bn:i, the contributions become

2
Term (I): 6B o« :

26(B_ — Af) o’ it |af] < B
Terms (II) & (III): m m

0 otherwise ;
2 1 .
26(B ~4af)a” ————— if [af| <B_
Terms (IV) & (V): 1+ (217 _Af)
0 otherwise ;

2
6(B_ —af) a if |af| < B
Term (VI): m ! m

0 otherwise . (28)

Half this variance corresponds to the real and half to the imaginary part of R(Af, T), so we

might define the relative uncertainty of the two components as follows (Af > 0).

1/2
1/2 I1 + (2rr AD% +2D(B_ —af) (1 - 2L (3 + (27 _Af) ]})
s (oo o soin, o0 - g4
ReV sinw
’ e 'JBme( TB m)
m

1/2
<1/z {1 + (ZwToAf)z +2D(B_ — 4f) (1 - B—) [3 + (2n7 Af) ]})

6(ImV) m
Im V) o - (simrTBm) (el
Bme ~TB (ZNTOAf)
m
For the singular case of Af = 0, one obtains
5(ReV) _ N7/2 (30)
{Re V>avg 4J— sintTB
1rTB

The relative uncertainty in the imaginary part is infinite at Af = 0 because the mean vanishes at
Af = 0.

D. Evaluation of Variance with Noise Present

The evaluation of the variance proceeds along the same lines as before except that F3(t) has

an additional noise term as follows.

11




B /2

Af 2rivt

+ Af m
F,(t) = H(f, — 5, t) + D(B_ — Af) H(f, + S5=,v —Af) e dv
3 0~ 2 m LB /2+ar 0 2
m
-(af/2)+(B_/2) )
+ g MmN + fo) e21r1ut dv
-(a1/2)-(B, /2)
(B /2)-Af .
F,(t) = H(f, + 5 £+ D(B_ — Af) S‘ H(f, — ‘;f, v+ Af) et g
(B /2)
(af/2)+(B_/2) .
N S‘ N ) ™ (31)

(Af/Z)-(Bm/Z)

For the same reasons as before it will only be the middle term on the right-hand side of Eq. (20)
which contributes. In the expression corresponding to Eq. (22) will be the following additional
term due to the noise:

sintB_ (t —t')
—_m

No m{t —t')

+% Fong
= KF (0 F D, (32a)

Similarly, there will be an identical contribution to Eq. (24), namely,

sinTB (t —t')

No 7r(t —t")

(F () F;(t))avg . (32b)

There will now be the following five terms in expression (25), in addition to those already

present:

3 — ]
sin an(t t')

N (t —t")

R(0,t—t') + R(0,t"' — t)

2 ’sinn’Bm(t —t'N2
o

(e —t) ] N,

(B /2) -Af .
+ D(B_ — Af) g ay e~ 2milt'-thy <|H(fy, v + an|?>
(B /2) an
B_/2 o
+ D(B_ —Af) S\ iy D <|H(t,, v N . (33)
(B /2)+Af ave

With the assumption [Eq. (26)] about the channel properties, these terms contribute the following

amount to the variance after the double integration over t and t':

2
BmNoe + ZBmaNOG + D(Bm — Af) Z(Bm — Af) aNoe

For the total variance in the presence of noise one therefore obtains:

2
6B la®+ N%+ 24N + D(B_ —Af) (1—£) [3012+ 20" 4N ]
m (o] (o] m (o]

(34)
= 1+ (217 _AD)

m

The signal-to-noise ratio, defined as the square of the mean (excluding the noise bias which is

assumed to be taken out), divided by the variance just found becomes:
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(1) For the real part,

(mean signa_l)2 __®© (35_)2 1 2 (SinnTBm)
noise (= variance) ZBm NO s (ZnTOAf)Z ”TBm

P \2 R
1 s s _ _ Af
X {1+ —= (—) + N + ZD(Bm Af) (1 B )

Bm m o m
[ P.\2 3+(27r'roAf)2 P_ ] B
X ( ) - + 0 (35)
ZNo 13;:‘l 1+ (27rroAf)2 ZNoBm

where 2eB =P = total received signal power.

(2) For the imaginary part, the corresponding result is obtained by
multiplication of Eq. (35) by (277 Af)2.

When the signal power is much less than the noise power within the bandwidth Bm, the

result [Eq. (35)] simplifies quite considerably to give

(mean signal)2 __® Es_)2 1 2 Sin”TBm) (36)
N 2 7TB .
1+ (ZnTOAf) m

noise 2B
m o

It is interesting to observe that this closely resembles the signal-to-noise ratio of the output of
Price's optimum processor in the case where the signal waveform spans many coherence

intervals (Prices). A naive interpretation of the result is

(signal)2 _ 1 (signal energy) X (signal-power density)
noise 2 - -
(noise-power density)
_ 1 signal-power density,2
T2 Bme ( noise-power density) ’ BT

E. Uncertainties in Target-Scattering Function

It is not always sufficient to be able to discuss the variance of the outcome of the experimen-
tal scheme shown in Fig. 1. In order to compare matters with the results of pulse experiments
designed to measure the target-scattering function o(r, f ) directly, it is necessary to find the
uncertainties arising in the determination of o(r, f.)) from the correlation function measurements.
Suppose, therefore, that we have gone through the correlation function measurements and have

determined a set of complex numbers:
m=0,1,..., M
V(rnAfo, ITO)

£=0,1,...,L, T,=¢ . (38)
L
and that the integration times € = 6,. Our estimate of the target-scattering function obviously

would take the form

L M .
2ri(mAf THT )
1 0 oD
ofr, f )est ~ Z olm) Z V(mAfO,ITO) e . (39)
£=-L m=-
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We shall not be concerned with scale factors here. A target-scattering function determined in
this manner will deviate from the true scattering function for two reasons. There will be a
truncation error because the summations are carried to finite limits; this indicates a range
resolution of the order A7 = I/MAfO and a frequency resolution AfD = I/LTo = fL/L. Also,
there will be a systematic error due to the finite sampling on the correlation function. Here
we shall not consider these systematic errors. Another source of errors is caused by the fact
that the correlation function is subjected to statistical fluctuations due to additive noise or self-
noise. We shall be concerned with these latter type errors. In other words, we would like to
study the quantity

27i(mAf,7H T _fo)
AdlT, £) ~ L Z e( j {(V(magy, 4T ) —<Vimaty, 4T ), ) e 00 To Dl (40
-L -M

Hence we shall attempt to determine {Ag(T, { )Z>avg' It is found that

M
2 2}
aolr, I, 0~ Y Y L % A<V(mat, 4T ) VemALy, nT D>, o
m=-M £ n
2miT f(2-n)
- <V(mAf0, ‘To)>avg (V*(mAfO, nTo)> avg} e (41)

Assuming here, as throughout, that the channel and the noise are both Gaussian, there will only
be the terms depending on

{F (t) F (t')> (F Lt+ T F (t' + T'))

’

which will contribute to the entire triple sum in Eq. (41). The first of the two factors above will

be identical to the one determined previously [see Eqgs. (22) and (32a)]:

2mitAfym
<F3 (t) F ot )> =R(0,t'—t) + e D(Bm — mafy)
B /2 e~
S‘ av e21r1u(t t)
(B /2)+2Afo
mAf mAf
0
><<H*( -, v - mAfO) H(f0 v - mAf0)>avg
-27it'Af . m B /z o
+e v D(B_ — mafy) S av 2T (t'-t)
(B /2)+mf
mAf mAf
0 0
><<H*(f0 — ) H(f0 - —— .- mAfO)>avg
B /2 .
+ D(B_ — mAf,) Sj day e2mivit'-t)
(B /2)+1Af

sinan(t —t")

X KH*(fy, v — mAf,) H(f,, v — mAf0)>avg N T (42)
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The second factor takes on a slightly different form than before. Putting T'— T =6T = ({ — n) TO,

one obtains

-2ri(t'+6 T)Afom

o -
<F3m(t) Fymlt' — 6T))avg =R(0,t—t'—6T) + e D(B_ — mAfy)
(B__/2)-mAf mAf mAf
xS m .odv<H*(fo+—2'—o,u+mAf0)H(f0—2_0,u+mAfo)>
-(B_/2) avg
m
. 2ritAf. m (B_ /2)-mAf
XeZ7r1v(t'-t+6T) +e 0 D(B_ — mAf )g m 0 v
m 0
—(Bm/Z)

mAf mAfo

0 =27wiv(t'+6T-t)
X<H*(f0 -+ mAfO) H(fo 2, v+ mAfo)>avg e

+ D(B_| — mAf) g(Bm/Z)-mAfo o-2miv(t'+6T-1)

2
/) dv <|H(fy, v + mafy)| s

sintB_(t —t'— 6T)
m

* No m{t—t'—6T)

(43)

In the subsequent multiplication and integration over t and t', only those terms will contribute
which depend on t and t' through the combination t —t'. This leaves the following eleven terms
(note, we put t' —t = At):

(I)  R(0, At) R*(0, At + 6T) +

(Bm/Z)-mAf0

(@  + R(o, at) D(B_ — mAf,) S R(0, v + mAf,) e 2miv(At+eT)
-(B,,/2)
Bm 2rivAt
(OI)  + R*(0, At + 6T) D(B_ — mAf,) R(0,» — mAfy) e a t
-(Bm/2)+mAf0
-2mimAf, (At+8T) B /2 )
(v) + D(B_ - rnAfO) e 0 S' m R(mAfy, v — mAfy) L2TivAt
-(B, /2)+maf,
(B_/2)-mAf, )
X S‘ . O Rr(mafy, v + magy) 2TVIAHOT) g
-(B,,/2)
-2rimAf.At ~B_ /2 .
v) + D(Brn - mAfO) e 0 S‘ m R*(mAfo, by mAfO) e21rwAt dv
-(B_ /2)+mAf
m 0
(B_/2)-mAf o=
X S‘ m Y R(mAfO,V + mAfO) e 2miv(At+6T) dv +

-(Bm/z)
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Bm/ 2

V) + D(Bm - mAfO) R(0, v — mAf) 2R WAL 5

-(Bm/2)+mAf0
(B._ /2)-mAf .
X g a8} Y R(O,v + mAfO) e—21r1u(At+6T) dv +
-(B /2)
sianmAt
(vi) + NO Y v a— R*(0, At + 6T) +
simer(At +6T)
(Vi) + N R(0, At) +

o m(At + 86T)

sintB_At n~(B_/2)-mAf .
(K) +D(B_ - mafy) N — g 17 O R(o, v + mA£) g 2T (ALHOT) 4
-(B_/2)
m
sintB_ (At + 6T) prB_ /2 .
X) +N, W(A‘?+ iE 5 m R(0, v — mAf,) e2Tivat ol 5
-(B_ /2)+maAf
m 0
X 2 sianmAt . sianm(At + 6T)
(XD) +N] 1At - T(At * 6T) (49

Again we make the assumption that the observation time spent at each frequency separation is
large enough so that the integration over At can be carried between infinite limits. Also, in
order to obtain a reasonably simple result suitable for discussion we evaluate all the above
integrals on the assumption that the channel properties are of the form of Egs. (26) or (27). It
is found that:

Terms (I) + (VII) + (VIII) + (XI)

SianméT 2 2
:GT—(Q +ZO[N0+N0) ;

Terms (II) + (III) + (VI) + (IX) + (X)

sint(B_ — mAfO) 6T
= D(B_ — mAf)) a0

(302 + 2aN )
(o]

76T
Terms (IV) + (V)
sinn(Bm—mAfo) 6T az
= ZGD(Bm — l’nAfo) 76T : . (45)

1+ (277 an?
o
When this is substituted back into the expression for the variance, we obtain

- sintB_T (£ —n)
2 1 m- o 2
Aolr, fp) >avg - Z 6(m) Z E 7T (£ —n) (o + N+ D(B, — mAf,)
-M f n

sint(B_ — mAf.,) T (£ —n) 2 27iT £ (£-n)
mT (1_0) e (3a2+ZaNO+¢E e oD . (46)
Tl —n 1+ (2n7 ALl

X
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Certain conclusions can be drawn about integration times ©(m) from this expression. In the
general case, the double sum over £ and n is a function of both m and fD; let this function be
denoted by S(m, fD). Hence,

M
S(m, f..)
2 £
{aglr, ) >avg~ Z o (47)
-M

If we were to ask which set of 6(m) would lead to an optimization of the output signal-to-noise

ratio for a given point (7, ) and for a given total observation time 90 = ¥ 6(m), we would
m

6(m) ~ /S(m,fD) . (48)

However, if the channel is distinctly underspread, or if the noise-power density NO is considerably

obtain

greater than the signal-power density, then S(m, fD) will be essentially independent of m and we
conclude that equal times should be spent at each frequency separation.

IV. DISCUSSION OF APPLICATION TO RADAR ASTRONOMY

Let us finally very briefly consider an example of the determination of the target-scattering
function in radar astronomy by this method. For simplicity we consider the particular case of
a < NO, i.e., where the energy density of the received signal is less than the noise-energy density.
This is a situation most frequently encountered in radar astronomy except in cases of lunar and
Venus reflections by the very largest radar astronomy installations. It is also a situation on
which extensive theoretical considerations regarding optimum detection have been based.8 In
the variance terms in Eq. (46), we then only need include the term involving Nj. First we settle
on a depth range to be investigated; ideally, this depth should be equal to the radius of the target.
In practice, however, we might specify the depth range somewhat smaller than this because the
echo toward the limbs of the object is frequently too weak to be detected anyway. We let the
depth range be Af(;i; this specifies the smallest frequency separation we want to use in the
experiment. Similarly, the smallest time shift To must be chosen about equal to Br;li' The
next question is concerned with the number of resolution cells we want within the specified am-
biguity range. Suppose we desire 2M resolution cells in depth and 2L in frequency. With the

flat noise spectrum assumed in the above calculations we obtain

2riT £ (£-n)

+ —
<aolr, 1p) > N; ZM9 1 Z Z S'I{n:(:— Irll) - oD (49)
£=-L n=-L

If L is at least moderately large, the double sum over f and n will be approximately (2L + 1) To-i
when IfDl < Bm/Z, and zero otherwise. Hence, within the bandwidth containing the signal we
have
{aolr,£)%> = NZ(2L+1) (2M + L) Sm (50)
a7, avg o ¢} :

On the assumption of an exponential target-scattering function, the mean value of the signal will
be

{aD> 2 T—a AT € when lfDl <Tm . (51)
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Now, Afo'ro is some numerical factor depending on the ratio of the decay constant To and the
depth to which we want to investigate the target. Let this ratio be B-i. The signal-to-noise
ratio becomes

2
. 2 B eB -ZT/T
signal,2 _ {_« m o
(hoise ) = (—No) GL+) 2M+ 1) © , (52)

where (2L + 1) (2M + 1) is the number of resolution cells. Finally, introducing the total observa-

tion time 6 = MO and the total power P = aB _2 we obtain
o re m

€

signal 2 _
( noise )

P \2 g%e -2r/r
( s o) o o (53)
2No M(2L + 1) (2M + 1) Bm

V. CONCLUSIONS

We have shown that a measuring scheme can be devised which makes the two-frequency
method of investigating statistically stat‘ionary spread channels possible both in the underspread
and overspread situations. In case the channel has correlated taps, the statistical properties of
the channel vary with center frequency f0 so that the observation must be repeated for several
center frequencies. The method described appears to be a rather flexible one in that the various
channels in the observational scheme shown in Fig. 1 should be rather easy to implement and to
alter at will, particularly if some of the processing is being carried out by digital techniques.

It appears to be rather difficult to compare the method with other methods of obtaining target-
scattering function estimates because few such estimates are available and the constraints on
the measuring methods are often different. One might think that a direct comparison could be
made of the results of Gallager's chirp experiment4 and the present results. It turns out,
however, that it is not at all obvious how such a comparison is to be carried out because in the
present report we measure R(Af, T) for a particular Af with variable T, whereas the chirp
method measures R(aT, T) where a is a constant determining the rate of change of the fre-
quency in the chirp. We believe, however, that the method described might be advantageous
in cases where there is a peak-power constraint on the transmissions that can be used. A dis-
advantage under these circumstances would be the fact that the average transmitted power is

only equal to half the peak power.
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