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FOREWORD

This two-volume set is the result of an investigation done over
the past several years on basic properties of Strip Tranamission
Iine. The available literature on the subject is scattered through-
out various periodicals, Government reports, unpublished theses and
private communications between individusls. In many cases the theo-
retical developments are somewhat obscure and lack experimental veri-
fication. It was the purpose of this work to pull all basic information
on Stripline together in one place, clarifying theoretical developments
where necessary end experimentally verifying theory where no previous
experimental work had been done., At the same time obvious extensions
to theoretical derivations were made to produce new results.

The investigation was done with three groups of people in mind.
Those individuals who desire only to design Stripiline componer's and
are not concerned with the theory may use the design charts which are
provided with examples on their use in each chapter. People somewhat
interested in the theory but not interested in detail may peruse the
main text in addition to the design charts. Finally, those desiring
detail may refer to the Appendices in addition to the main text.

This work has been previously circulated on an individual chapter
basis. This approach was taken to circulate the information as it was
compiled, thereby making it immediately available to eny interssted
user, While a conscientious effort has been made to keep errors to a
minimwa, some will undoubtedly result. The author will be indebted to
those bringing any such errors to his attention and will appreciate

any ccmments regarding the work.
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ABSTRACT

stripline compcnents for high speed logic are compared to their
equivalent waveguide components with respect to size and cost. A
survey is then made of papers written on Characteristic Impedance.
Cohn's derivation is chosen and developed since it is the most widely
accepted in the literature. Expressions are derived for impedances
in the high and low ranges through the use of the Schwartz-Christoffel
Transformation and the results expressed in easily used graphical
form. Experimental verification of the theoretical equations is nade.

Impedance measurements in Stripline at microwave frequencies

require the use of a slotted line. Since slotted lines in Siripline

were not commercially available until recently, it was either necessary

to build a laboratory model in Stripline or to use a coaxial slotted
line #nd a transition to Stripline. Since commercial coaxiql

Slotted Lines are readily availsble and a Stripline laboratory model
would be expensive and time consuming to produce, it was decided

that the coaxial slotted line with its attendant transition wes the
best epproach. It is in this transition thet the problem arises. The
Junction introduces a discontinuity which must be taken into account.
By making the rather good approximetion that the Jjunction is lossless,
a bilinear transformation may be used to relate the two sides of the
Junction. A theoretical derivation is made and an exanmple worked to

1llustrate the practical esspects of the solution. Tt was found that,
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while this method cannot be used to find the Characteristic Impedance
of Stripline, if the Characteristic Impedance 1is known, the impedance
of any unknown Stipline load can be found.

The history of work done on Stripline attenuation is discussed.
Cohn's 31 analysis is accepted as the most desirable for engineering
use since his results are expressed in a convenient graphical form.
Following Cohn, the attenuation is expressed as the sum of dielectric
atienuation and conductor attenuation. Working expressicns are
developed for dielectric and conductor attenuation, the "incremental
inductance" rule of theler38 being used to determine conductor
attenuation. The results are shown in easy-to=use graphical form.
Experimental verification of Stripline attenuation is shown using a
Stripline Spiral. Good correlation is obtained between measured and
theoretical values of attenuation up to 3.5 Kme. It 1s believed that
the discrepancy sbove 3.5 Kmec is due to an increase in loss ‘tengent
and a decrcase in dielectric constart above this frequency.

A transfer function for Stripline is found using standard
transmission line formulation. Thie transfer function is broken
into two parte, dielectric response &nd skin effect response. A set
of curves is given for dielectric response. Skin effect response is
found from the curves in an article by Wigington and Nahmanh6 vhich is
included as an Appendix. Finally, a practical example is worked

demonstrating the use of the analysis. Comparison of the results of

this example with those determined experimentally shows good correlation,
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CHAPTER I
IITRODUCTION

As men endeavors to delve further and further into the
realm of the unknown, his problems becowe more and more complex.
The invention of the clecetronic computer has greatly aided
this quest for knowledge in thel it enables provlems thet
would have taken a lifetime using antiquated methods to be
s0lved in a short length of time. Computing speed has gradually
been iucrcased in order to handle exiremely complex vrovlews in
o recsonable leagth of lime.

Of course there are wony problems vhose auswvers would
be useless if not obtainoble in a speciiied length of tiwe.
This type of problewm dictates the realization of even faster
couputing sveeds than are uow available. Here lies the
proolem. Ezisting lumped coustent systems are limited in
their upper operating frequencies by the stresy capacitance
ond inductance associated with thew.

The logicel question asked at this point then:

"Wny not use steaderd miercweve techniques to build e
computer?”. The questicn is easily ansvered by two
considerations: Size and cost. A simple example will
serve to show how bulky even the simplest waveguide

computer would be. Suppose a computer having a carrier
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frequency of 3 kmc is made of 1000 logicel elements, the
logical elements being Magic T's. A rough calculation shows
that the logical elements and their assocliated interconnections
exclusive of power supplies, signal generators etc. would
require a roow of 1000 cubic feet (see Appendix 1). Consider-
ing the logical element 1o be made up of one Magic Tee and
a small amount of flexible waveguide or coaxidblé cable as
required by the logical configuration, the cost of 1,000
elements would be roughly $1¢0,000 plus the cost of connecting
sections. These simple examples serve to show the inadvisability
of attempting to build a computer out of waveguide.

Once a computer built of waveguide components has been
ruled out, the reader will undoubtedly ask, "Why not build
it out of some configuration of coaxial and multiple wire
transmission 1ine?".

In the first place, the author has never heard of
logical elements made of coaxial or wire transmission lines.
However, even assum}ng that such logical elements could be
made, tﬁe bulk of the resulting computer would be prohibitive.
Admittedly its coet would be ccnsidersbly less than that of
a microwave computer.

How then are we to build a computer operating at microwave
frequencies? The answer lies in e new type of transmission

line called strip transmission line. Two basic types of strip




transmission line exist; the so called "Microstrip". which
consists of a strip conductor over & single ground pl ae,
and the type consisting of a strip placed symmetrically
between two ground planes. This latter type is varicusly
termed as "Stripline", "Tri-Plate", balanced strip line,
shielded strip line, etc. In this paper it will be re-
ferred to as “Stripline".

While both "Microstrip" and "Stripline" possess merit,
the latter type is in more popular demand due to its lower
loss and smeller stray coupling as compared to "Microstrip".
These considerations indicate a greater versatility of
application for "Stripline" and leed to the conclusion
that for our purposes only "Stripline" need be considered.
All analysis therefore, will be done in terms of the
"Stripline" configuration. "Microstrip" will not be
considered further. Figures 1-1 and 1-2 show the physical

configurations of “Microstrip" and "Stripline" respectively.

UMMM

Fig 1-1 "Microstrip Cross Section"
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Fig 1-2 "Stripline Cross Section"
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The explanation for the continuing interest in "Stripline"

lies in its adventages cver coaxial and waveguide construction,

RIS ey
: :

notably savings in productioun cost, in weight and volume and
in time and expense in the development of new circuits.
However certain disadvantages exist also. The principal of
these are: (1) an apparent unsuitabillty for long vuns of
line; (2) a higher attenuation, lower r»sonant Q and lower
power capacity than waveguide (although the parameters are

at least comparable to those of coaxial line); (3) a dependence
upon dielectric materials for dimensional stability and
strength and (4) a partial loss of constructional advantages
in the case of circuits that cannot be reduced to planar form.
For many circuit applications these disadvantages are un-
important and are far outweighed by the advantages. Also each

disadvantege can be minimized through careful design procedure.
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The manufacture of "Stripline" is well suited to priuted

circuit techniques such as photo-etching of copper foil
laninated on a dielectric surface. As such it vears all of
the advantazes of printed circuits, i.e. ease of repro-

ducebility, low cost and smell size.

A comperison of a 1000 logicel element computer made of

vaveguide and of “Stripline" is iu order. The cost of our

1000 eiement “"Stripline" compute:r would be in the neipibor-

hoed of 3,700 plus connectins sections as opposed to $170,000
plus connecting sections Tor waveguide (see Appendix 1). 1If
the 1,000 logicel elements in the waveguide exauple were made

of "Stripline" the resulting vcluwe would be only 1.95 cu. ft.

as conpared to 1,000 cu. £t. for waveguide.

Logical elements are realized by printing hyorild riags
and using them to perform the logical functions. 'In reelize
a given logical configuratioci then, say an adder, we voula
(1) draw the circuits; (2) ueke a drawing and photograpl it
to get a negative; (3) reduce the negative to the required
size; (1) print tuo double cled boerds on one side and (5)
attach connectors and bolt the woards together with their
printed sides facing each other.

T..~ previous peragraphs have ghown that "Stripline"
could indeed be used to construct a practical couputer
operating at microwave frequencies. The following chapters

of this report will therefore concern themselves rith the

:
:
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basic characteristics of "Stripline" such as characteristic
impedance, attenuation, transient response, etc. in order
that we may exploit "Stripline" to build an operating device.

A second report will be written describing the logical

"design of a toy computer.

[ 2




CHAPTER II

DETERMINATION OF STRIPLINE CHARACTERISTIC IMPEDANCE

LTINS £ o 33

A. History.

Close examination of the literature discloses that

e 5 sy T S

several articles concerning strip transmission lines have

been written. In the opinion of the author the article

e e S

done by Olinerzis by far the best. As a result the past

history of Characteristic Irpedance analysis as done in
this paper is essentially that of Oliner.

Most of ‘the peonle engaged in theoretical work on
symmetric strip lines have in one way or another been
concerned with the determination of suitable expressions
for its Characteristic Impedance. While it is almost |
impossible to include the contributions of everyone in-
volved, the discussion below is felt to be fairly inclusive
and typical of the different methods of spproach that have
been used. The earlier efforts on this topic dealt with

expressions for zero-thickness center strips while the

Jater iavestigations were concerned with strips of finite

thickness.
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Since the dominant mode in symmetrical strip line is a
TEM mode, the field distribution in the transverse plane is
e static one, and the Characteristic Impedance follows directliy
from the knowledge of the static capacity of the line. This
point was recognized by all investigators.

For zero-thickness center strips, pioneer work was
conducted vy Barrett3foz the low impedance range, which
corresponds to lines for which the strip width is greater
than one-hsli the grcund plane spacing. He considered the
line cross-section to be made up of a parallel-plate region
in the center and fringing capacities at the sides, and on
this basis derived a simple and useful expression. At the
time he was unaware of a rigorous solution for zero-thickness
strips by Oberhettinger and Magnus% which is based on a con-
formal mapping and is valid for any ratio of strip width to
ground plane spacing. Haytshas more recently considered the
effect of finite width ground planes. He cbtained a rigorous
solution via conformal mapping procedures for ground planes
of finite width in which the center strip and the ground planes
are all of zero-thickness, and he concluded that for the line
dimensions employed in practice the assumption of infinite
width ground plenes introduces negligible error.

A variety of approximate expressions has been cbtained
for lines with center strips of finite thickness. The first

of these expressions, historically, was deduced by Begovich?

L ¥




3but envloyed the fringing

who followed the lead of Barrett
capacity appropriate to a strip of finite thickness. W ile
such a procedure would yield an expression suitable for the
low impedance range, his result is of questionuble value be-
cause the fringing capacity employed was given in a very
slowly convergent foim. The next contribution along these

lines was due to Cohn7and Oliner§’9

working independently
but arriving at identical results. These results apply
separateiy to the low lwmpedance and the high impedance
ranges, and very satisfactorily overlap in the inter-
mediate region (strip width to ground plane spacing ratio
approximately equal to 0.35). The expression for the low
impedance range is that of Begovich? except for the use of
a fringing capacity which is exact and explicit. The
expression for the high_impedance range was based upon a
far field equivalence between a rectangular and circular
cylinder. These points are elahorated upon somewhet below.
Approximate =xpressions for lines of finite thickness
center strips were also derived by Peaae}o following a
sugpgestion of Wheeler. Their results yield rigorous upper
and lower bounds for Characteristic Impedance, and an
approximate expression which lies between these bounds. The
results are best applicable to the low impedance range.
Pease and Minginsll

which is a composite of simpler ones applicable only to

have also derived a "universal" expression

POt tat e vo:W s
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e Ty
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special renges of line dimensions. Thelr composite expressica
yields the Cheracteristic Impedance to a high degree of
accuracy, and is valid for a center conductor of arbitrary,
but rectangular, aspect ratio. Skiles and Higginsl2 have

also developed an spproximate procedure for the case of
arbitrary but rectangular aspect ratio; their method is
capable of arbitrarily high accuracy if the procedure is
carried out far enough.

Several rigorous soluticns have also been derived for
lines with center conductors of finite thickness. An
expression due to Greenhilll3 hes long been in the literature,
but it is in implicit form and is nct awmenable to calculation.
Begovichl“ has derived a rigorcus result which is expressivle
as the sum of a parallel plate term, a fringing capacity
term, and correction terms. He proceeded by breaking up the
cross-section into elementary regions, solving Laplece's
equation in each region separately, and then matching the
solutions across the respective boundaries. The infinite
set of equalions obtained thereby was then solved and the
solution case into the above-mentioned torm. A rigorous
solution, obtained via conformal mapping procedures, has
also been derived by Snow}S‘Although his result is in implicit
form, numerical results may readily be obtained f{rom it.

His regult has not been published, however, but remains in

his unpublished notes. A recent svlution, due to Bates}6
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has 8180 been derived by conformal mapping methods. It is
also in implicit form, and readily ylelds aumerical results.

B. Recommended Approach.

In the opinion of the writer, the solutions of Cohn
serve as the most practical expressions available for the
Characteristic Impedance of lines with center conductors
of tinite thickness, since the expressions are simple in form
and are rather sccurate (about 2% at worst). In addition,
Cohn's published curves7 are in very useful form. In order
that the reader may understend Cohn's derivation, it is
included in this paper. Cohn's derivation is divided into
two parts, namely (1) the low impedance range and (2) the
high impedence range. Each cease will be discussed in
generel terms in the text in order to satisfy the casual
reader. If rigor is desired, the compleze mathematical
analysis will be found in the Appendices. An Appendix
containing an abbreviated discussion of Theory of A Complex
Veriable is included for ihe rcader who may need a short
review ¢l complex variable theory before attempting to
understand the Characteristic Impedance derivation.

C. Derivation of Characteristic Impedance in the low Range.

The treatment of the low impedance range parallels
that of Barrett® and Begovich? and proceeds as shown in Fig?2 -1.
The actual line cross-section of Fig 2-la is regarded as composed

of a central parallel plate region with fringing capacity at
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the sides. A knowledge of this fringing capacity permits
the construction of the equivalent structure of Fig 2-1b,
which is a parallel plate line of width D. The expression
for D in terms of the parameters of the line of Fig 2-la is

given in Appendix IV.
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Fig 2-1 ‘Treaiment of the low Zo Range

The general development procedure has been described
in the abcve paragraph. Let us now consider it in some detail.

Stripline, 1like coaxial and transmission line operates
in the TEM mode. This mode is characterized by the property
that the electromagnetic waves contein neither electric nor
megnetic fields in the direction of propagation. Since
electric and magnetic field lines both lie entirely in the
transverse plane, these may be called transverse electro-
magnetic waves (abbreviated 1EM).

The above explanation of the TEM mode of propagation

will probably satisfy the casual reader but if more rigor

..
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is desired Appendix II may be consulted. This Appendix
contains a mathematical derivation of the TEM mode be-
ginning with such basic relations as the circuital law

of magnetism and Faraday’s law and concludes with lapiace’s
equation. Since Laplac2’s equation has a static solution,
we may conclude that the TEM mode is exactly a static

distribution and analyze it as such. The equations for

Characteristic Ympedance, velocity of propagation etc.

¥
%
#
d

are therefore the same as these for any standard

[V

transmission line. The well known expression for

Characteristic Impedance in Transmiesion iine theory is:

I

zoé.vl 1/c

(2-1)

Where:
L equals inductance/unit length

and

C equals capacitance per unit length

The velocity of propagation of the principal mode is given

't JT (2-2)

Solving (2-1) and (2-2) simultaneously

oy

0 0 (2-3)

(2-4) |
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where: p = magnetic permeability (Bquals 1 for air and
most dielectrics).

€ = permittivity cf the medium.

v = velocity in the medium with properties

K and €
and
¢ = the velocity of light
=3 x 1% meters/sec
therefore:
20" - (2-5)
5 x 10°C

To find ZO we must now develcp en expression fer C.
Knowing this quantity we can elso find atienuation and
povwer handling capebilities as will be seen later.

In the finding of the correct value of capacitance
to use in formula (2-5), it will be necessary to perform
a Schwarz-Christoffel mapping in the complex plane. Sugin
a mapping requires a knowledge of Theory of a Complex
Varigble for an understanding of the procedure. A short
review of complex varisble theory and the theory of the
Schwartz~-Christoffel transformation is included as
Appendix III. Such a review should be sufficient for
the reader already somewhat familiar with this theoxry.
The reader who ig not familiar with complex variables is
referred to the many excellent texts on the subject, of

17 18 19

whichk Churchill,’ Ahlfers, or Guillemin,” are best in the

euthor’s opinion.

d
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Consider the cross-section of 8Stripline as shown

in Fig 2-2 .

Fig 2-2 Cross Section of "Stripline" used for
Capacitance Calculations

As can be seen by inspection, the cepacity of the
Stripline configuration is essentially that oi' two parallel
plate capacitors connected in parallel plus a correction for
fringing capacitance cf'. The parallel plate capacitance for

Stripline 1is derived in Appendix IV. The result may be

used to compute Characteristic Impedance up to 25 ohms and is:

8.842 €w

=1h
C.= 4 x10 ( -"—-.B-:_E—‘—)

(2-6)

w = Center conductor strip width-cm
b = Ground plane spacing - cm

t = Plate Thickness - em

€= Dielectric Constant

C_= Parallel Plate Cspacitance - f/cm




il

R
q{-“»,&wggx Ragy tew

16

Above 25 ohms we must add a term for fringing capacitance

to Cpp' The total capacitance per unit length of line iz then:

1 o

ctpm-cppe-cf (2-7)
where t

Cf' = £ (w, g) (Fringing field capacitance in f/cm)

Ctp = Total capacitance per unit length of line
Equation (2-6) thea becomes:

-1 .8l A
c :=sl+x101'(88‘2€rw +C,t) (2-8)
tp —-——bT f

Inserting the results of equation (2-8) into equation (2-3)

there is obtained:

Z, = 9h.15 L (2-9)
€ /AR !
F(ﬂéﬁ 0.0885 er>

Equaticn (2-9) is precisely Cohn's result and is in a
convenient workinug form.

Before equation (2-9) is of any use to us, we must
find an expression for the Tringing capacitence Cf'. This
required expression is obtained through the use of &
Schvarz-Christoffel mapping in the complex plane. The
essential procedure is described in the introduction to this
section i.e. finding an equivalent Stripline structure
vhich takes into account fringl s capacitance and con therefore
te treated as an ildeal parellel plate capacitor. The author

has performed this mapping to check the results given in the

literature.
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The results check those given Dy Cohn and can be

conveniently expressed in working form as:

0885
. 0 DG <(_______7b) ln(——-7€

H

-('Tl—_"qg-l) In (_2 -l)>

(1 - t/p)?

D. Determination of Characteristic Impedance in the High Range.

.. . hY e 4 - 0 S
T SRR AC A B0 X WA R 7> YR O T

muf /em  (2-10)

In the high impedance range, the atrip width is small
compared to the ground plane spacing, as shown in Fig 2-3a,
and the epproximation employed assumes that the ground planes
are Tar away from the center strip. As a result, one can
employ a far field equivalence between the actual rectangular
center conductor and a circulaer or a zero-thickness strip
center conductor, as indicated in Fig 2-3b. The insertion
of this equivalence into the known expressions for the
Characteristic Impedance of a round conductor between ground
planes, or a stripline with a zero-thickness center conductor,
yields expressions simple in form for the high impedance
range. While only the equivalence to a round conductor is
employed in Cohn's curVes? the equivalence to a zero-thickness
strip8 yields a result of high accuracy for very thin center
strips. It has also been recognized by Pee.e,eg2 that the
Characteristic Impedance in the high range of the line

possessing a rectangular center conductor lies between that
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of the lines with a flat center strip placed horizontally

and that with a simllar strip placed vertically. The

situation is illustrated by Fi_; 2-3c. Since the Characteristic
Imedances Zo' and ZO" of Fig 2-3c are known, this reco nition

malies available upper and lover bounds on the result of interest.

(b)

Fir; 2-3 Treatnent of the hizh ZO ranze

Exeminetion of the literature shous Cohn's results to be
the rmost widely accepted. As & result, the derivation
given here will be essentially that of Cohn.

The Cheracteristic Impedance of a trensmission line
consisting of a circular conductor of diameter do centered
between two parellel ground nlanes is well knowm. It was

2
4?_)

derived by Franiel ~ in 193 and as it has stood the test

of time, its derivation will not be included here; only

the result will be steted. It is:
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!
zZ = 60 1n ﬁg ohms (2-11)

where the parameters ere as shown in Fig 2-ha. Fig 2-hb
is the familiar cross section of "Stripline" which is
repeated here for convenience. As shown in Fig 2-3 and

discussed in the beginning of this section, il "dg is

Fie 2.8 Center Conductors of Small Cross Section Yielding
Equivalent Characteristic Impedance

small comered to "o", wve can £ind an equivalence beiween

round and rectanguler cross sections via the Schwarz-

ChristofTel Transformation and then use equation (2-11),

This mapping between rectanpular and circular cross section

2l

has been performed by Flammer  and is included as Appendix V.
The results are given in graphical form and are shown as

Fig 2-). When Fig 2-5 1s used in zonjunction with equetion

T, e )
PRl TR LA Sy

ENIICR & SOPIRSRTGNT - ST 1o STy
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.- (2-11), the eccuracy increases s d°¢ 0. However comparison
with 2 more precise analysis Ly Wholey and Eldrede5 shovs
equation (2-11) to be acenrate to within cue per cent feor do
25 large as b/2,

vy

B, Comvariscn with an Exect Casc.

The aceurcey of equation (2-9) and (2-11) roy ve
tested vy comparipg chew Lo Laoeinney seolivion tiven by

'

Overhettinger cnd lims  wiideh s valid Jor © = 0, Tueir

!
: resulit s

50 ;i ’;:2 -

Zo = -—-J —-—‘-—\h( (l..f"]“_:)
(1)
vhere K(..) end X(i.') ere cuoplele elliviic inte rels of
the firet lind and vihwere

P
i 1. = gsech EN
' 18t

= tanh -

<)
! Fi 2-7 ghovs a comyarison of equations (2-0), (2-11) oné
I
; (:-22). The macimum evror cccurs at w/b = 0.3 where (2-0)
'
L and (2-11) intersect end is culy 1.2 per cent. At u/b = 0.2
5 and G.Y, the error is reduzed to O0.% per cent wihile (or
i
: lecsery end greater w/b, tue error rapidly approaches wero.

Similar plote of (2-9) aud (2-11) nove been made Tor
strips having t/L up o 0..25, and in all cases, the curves

tend to merge together ot lerzt as well as in Fig 2-4.

Y]
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As one would expect from a consideration of fringing-field
interaction, the intersection of the curves remeains very
near tue same value of w/(b-t) = 0.35. A study of flux
plots for t = O and t > O leads one to believe that the
error at the intersection point will be no greater in

the lctter case than in the forner, and very likely will
be smaller. Hence the proper use of (2-9) and (2-11) in
their assigned paranmeter ranges is believed to result in
an error of no more then 1.2 per cent near w/(b-t) = 0.35;

end considerubly less at other values of w/(b-t).

F. Graphical Presentation of ZO.

In Fig 2-7, a family of Z_ curves are plotted versus w/b
with t/b as parameter. The ciive for t/b = O 1s exact, the
points having veen computed from (2-12). The other curves
are computed irom (2-9) and (2-11). Equation (2-9) was used
for w/(b-t) > 0.35 and (2-11) for w/(v-t) < 0.35. Tt is
seen that the eflect of thiclmess on the characteristic
impedance is substantial, even for thicknesses only a few
per cent of the plate spacing.

G. Conclusions.

Two simple formulas and auxiliery curves arce presented
for the characteristic impedance of the shielded stripline.
By weang of these formulas, accuracy sufficient for any
engineering purpose is obtainable for ell strip widths end
Tor tiicknesses up to at least a quarter of the plate spacing.
Fig 2-7 displays the characteristic impedance in a form that

should be particulerly useful to the design engineer.
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H. Characteristic Iimmedance lleasurement.

1. Theory.

luch time has been spent in the theoretical
developnent of e:pressions for the Characteristic Impedance
of Striplive. This investigsetion resulted in twe equations.
The Lirst mp»nlies wiien the condition L5 0.3Y is net and is

b-t

] I
3
)

2, = — ohms 2.0)
——---( w/b o crt >
€ +
‘J r N/ 0.0885 €
The seconc equetion epplies when ﬁgf < 0.35 oand ves given as
= 0. B
% in = olms (2-11)
€. 0

Let us exomine equations (2-0) and (2-11) tc see how
Characteristic Iumpedance iy be measured in order to de-
termuine the validiiy of the theoretical development. We

sce that if semples of Stripline were bullt using two double
clad boards, the thickness of the center strip (t) and the
distonce between rcund planes (b) would be rixed as would
the dielectric constant and the frinying; capacitances
(assuming the ground plane is at least eight times wider
than the center strip). The only variable is tlhen the

strip width (w).

[,
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2. Hardware.

In line with this reasoning, a number of Stripline
samples were bhuilt having various strip widths. The boards
vere double clad with two ounce'copper having an average thick-
ness of 2.7 mils. Since two of these boards are placed back-
to-back, the thickness of the center strip was 5.4 mils.

The dielectric material goes under the trade neme of "Dilectro"
or "GB 112 T" and was made by Continental Diamond Fiber Co.

It has a dielectric constant of 2.73 and has an average thick-
nese of 57 mils. Consideration of the cross section of
Stripline then shows that the distance between ground planes
is 119 mils. The strip width (w) was determined by using

the average of five readings made through the use of a
mweasuring device accurate to 0.1 mil. The Cf' term is a
function only of t and b and can be determined from thq
results of Appendix IV (i.e. Fig A4-7). Thus all the para-
meters in equation (2-9) are known. In equation (2-11),

the quantity do mst be determined. Kncwing w and t and

using Fig 2-5, do is easily found. The resulting Character-
istic Impedances for the various strip widths as calculated
from equation (2-9) and (2-11) are shown in the second

colum of Table 2-1 and as the broken line on Fig 2-9.
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3. Measurenent Technique.

We now know what that Characteristic Impedance of
the Stripline samples siould be. The question now is,

"How do we menmsure it?" Consider equation (2-5) which was

Z = J—er

3:{1080

Q

Equotion (2-5) has two unknovns,~[ér and the capacitance C.
The dielectric constaant is given in most hendbooks and for
GB 112 T is 2.73. Since the initial uses of Stripline will
ve et 3 kme, it would be desirable to make Characteristic
Inpedence meesurenents at t:at frequency. However, to the
authors' knowledge, the best RF bridges have a cut oif
{frequency of 100 mc. It was thevelfore desirable to make the

measurements at a relatively low frequency end extrapolate

i
!
;
;
;
';
|

the answer to 3 kme. Discussions between the author ana

the Bureau of Standards indicated that the dielectric

o e o e s

constant is uncheanged at frequencies below 20 kmc and perhaps

30 kme¥ Two bridmes were obtained; a Mcdel B 801 Wayne Kerr
V.H.F. Admittance Bridge useble in the frequency range 1 to

100 megecycles and a Model B 501 R. F. Impedance Bridge

usable in the frequency reauge 15 kilocycles to 5 megacycles.

The iodel B 801 Bridge had en accuracy of + 2 per cent + 0.5 pu?

while the Model B 601 has an accuracy of + 1 per cent.

!There seels to he some disagreement on this point (see Wild et al

"Hagdbook of Triplate Microwave Components”, Sanders Asscciates Inc.,
1955, page 134).

e p—— e = ——
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l‘easurements were made o various components in the overlapping
frequency range. Agreement was found to be good. Furcher
experinent with the Model B 801 showed it to ve inaccurate

at frequencies asbove 50 megacycles. Since the Model B 301

has a finer vernier scale, it was deciced to use it at a ire-
quency of 5 megacycles and checl: the results wiih the Model

B €01.

PR Source c¢f Error.

Several diffienlties were encountered. Ior the
lenstihs of Stripiine used,nar.ow strip widtiis resulted in
low values of capecitances as can bhe seen by reference to
colunn t.ve ct' Table 2-1. Since the accuracy of the llodel
B 801 is + 2 percent + 0.5 puf and the null was not deter-
rinable to wore tnan + 1 i, 11 can be seen that the read-
ing could be 1.5 put off quite easily. For lerge values: of
cepacitance (wide strips), vais error is swall, but it be-
couwes si; nificant for narrcw strip width and is believed to
account for at least a part of the deviatjon between theoreti-
cal and measured values of Cheracteristic Impelence. Other
scur:es of error arisgse from t!~ fact that averajes wvere
uged for t, b, w and the dielectric constant €p

5. Step-oy-Step Measurement Procedure.

This test set up is shown in Tig 2-8.
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5 mc 8 80! COAXIAL | COAXIAL STRIP- | STRIPLINE eron
STRIPLINE TO STRPLINE ==
SOURCE BRIDGE LINE JUNCTION LINE JUNCTION LINE
S—

545
SCOPE
DETECTOR

Fig 2-3 Test Set Up for Measurenent of Stri; line Capacity

The oscillator and oscilloscope were alloved to warm up. The
bridge was theun balanced with no load attached. The short
plece of cocxial cable and the coaxial cable to Stripline
Junction having a short section of Stripline attached were
then attached to the bridge and a weasurement made. Finélly
the lenrsth of Stripline te be measured was attached ond a
measurencnt made. The difference between the two measure-
ments ...& the capacity of the section of Stripline. Knowing
the length of the measured g2ction, the per unit capacitance
was ovteined. The Characteristic Iwpedance was then cal-
culated through the use of cquation (2-5). The results

ere expressed in tabular form as Table 2-1 and in graphical

i'orm as Fig 2-9.
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TABLE 2-1I

MEASUREMENT OF STRIPLINE CHARACTERISTIC IMPEDANCE

30

CALCULATED CALCULATED MEASURED MEASURED
STRIP WIDTH CHARACTERISYIC CAPACITANCE per | CAPACITANCE per | CHARACTERISTIC
(INCHES) IMPEDANCE UNIT LENGTH .
(OHMS) waf / om UNT LENGTH | [WFEDANCE

0.0121 68.5 0.553 0.558 101. .
0.0228 79.% 0.093 0.698 79.8
0.0279 4.5 0.734 0.Thi 75.0
0.0293 73.5 0.749 0.743 Th. b
0.0365 71.0 0.77% 0.772 71.0
0.0456 62.1 0.885 0.900 61.0

i 0.0471 5l.2 0.902 0.878 62.7
0.051¢ 58.€ 0.938 c.c22 60.0
0.1204 36.2 1.50 1.51 36.2
0.1%41 32.0 1.71 1.78 30.9
0.1k52 31.°( 1.74 1.88 29.2
0.2453 20.6 2.0k 2,47 22,4
0.20k7 18.% 2,94 2.7Th 20.1
C. 3458 15.0 3.41 3.25 17.0
0.397h 1%.5 3.76 3.59 14.9
0.45955 11.7 L.71 h,54 12.1
0.5976 9.9 5454 5.39 10.2
0.7954 7.6 643N 5.7C 8.1

I




.t{l-

3!

= S R QIUYNOYD o T T T e e

» 4

: T " R * L : “l-.. : - TR
P { Ly ! ' ; P I B
IR bl e St el St it S S szuz: qs_!:m.qu;¢ it AR AT BT
. R : : . . . : to.; I IR I . : B
" . T 3 T T T : SR SIS SR
ety ; P . t ! th : P S TS A T A
B MJ.-Ww mwo T .-...w.-@.c I.-‘-ili,n‘o..d..:.... - o-;..o'w.lxlsﬂ.o..-:luml. R 4 « SRCASOURSUEREN {+ RET SR SERE R
T : ! . * : : . f . H T . .
> % " " s ' . ' '
cob : s _ m ' | " ] . A N
r!c_x..- qlllv.. e Rl SIS SRR - st - Mu e Al S bt iesl sehh ah R St i =
[P ‘ . N .
B M | @& “l"""l,lw . . S | m e e e e M _ ".PP;.IP!-OIQO»'J
R I e Silndadoly SO ' t 1 '
X LRI H i i T R
” s . : ON O
. 1 ’ ! 1 H H . x
SN “nl-u:-._ R L e e e - e e et — e U PP S S, W —-
A : m - “ : - . -
. i bttt i - o T T e N 3 PR s 1 H -

L ! . . : 4 t : S m
-1 .1!.w- R S S IR P - - | —t s e e e = m .-,
b ; . : . i , ” c-m

3 : : . SINANIUOSYIN - ” N . o5————
~ ] w ; . - ALIOVAVD ” : : n DN DL
T . 4 T B e B A e ey A R
o : $S3T1SSO7T ¥O4 . : : : . m
- r- N
: . 1 .

1

-

U PP PSSy W

S TITT ot teeeeicho. TYOUIHOIMLXS T
i

3
SWHO NI 33N

:
:
: : . : : L Le
e S LIEES S . e e : e e e ea s .. -t
1] e H
i 4 . .
i

.
PR ETTTY T

£r2 .,.mw.-.-lhlcui - mm e .~.-..,!!l R

1154 Rahie nbidd

h

BERE
.

JEEEH PO N S
'

TIENLE S e b " - e ! o= -l
I " I ! !
S SEE TT8y3 .—US(&& amx-k e
R TR H . .o t . B -
b : N e TTe T R “ i . i

! H e @t . — e - == - - - — Fu.it!.b.
.

!

— mmzi.f-w%wlnl...i_:ﬁ- I S3MVA GIUNSVIN SATIVOILINOIL " ] ; .
J.ra-* i ey i ST e T
. ’ . -

m

¢
m..““ st S hlwi-wif- T L T -v-uuzgua__z_ JILSIHILIOVHVHD
D N .-} :

f

i

|

-

.....

1 H
' i : S . . . .




> 5‘;’3:‘! fk::,@,?ﬂ-y-s P

‘e

<.

P

10.

11.

BIBLICGRAPHY

W. E. Fromm, "Charocterlistics and some Applicaticns of
Stripline Comgonents", IRE “ransactions, 14T 3, lio. 2,
Narch 1955, pe 13-20.

A. A. Oliner, "Theorewical Developsents in Syugetrical

Suri) Trensmission Liunes", Proceedings of the Symmosium
ou Modern Advances in Microwave Techniques, w» 0C-:87,
Ann Arbor Michigan, Edvards Brothers Inc., 1055,

R. M. Barrett ard M. I. Barnes, "Etched Sheets Serve
2s Micrcowave Cumponenis), Electrouics, Vol 25, »p 11h-118,
June 1952,

F. Oberhettinger and W. llarnus, "Anvendw; der Elliptische
Funktionen in Physik und Tecimik! J. Springer, Berlin,

Germeny, pp 3-G5, 10h0,

W. H. Hayt, Jr., "A Study of LKediation end Mutual In-
pedence Prowlens in Strivn Transwission Lines) Ph.D.
Thesis, University of Illinois, Part V, 105.,

1. A. Bewovici: end A. R. Marzolin, "Theoretlcal and
E:perimental Study of o Stri> Transmission Line) Huges
Aircraft Company Devort Tk He. 23%, Mey 1050.

3. B. CohnjCharocicristic Irpedance of the Shielded-
Strie Transilssion Line) Prans. I.R.E., Vol MT?-2,
op 52-57, July 105",

A. A. Oliaer, "The Bffect of Thickness on vhe Character-
istic Impedance ol Strip Transmission Lines) memorendunm
to 1. C. Van Atte, Huches Aircraft Ccmpany, July "1, 1G53,

salt
*pd

A. A. Oliner,"private cormunication to W. 3. Froum)
AV AN

Airberne Instruments Laborstory, Feb 17, 1

R. L. Pease, "Characterisuic Impedance of Strir Trans-
mission Lines with Rectan ular Inner Conductors in the
Iov Impedance Region)y, Interim Report lic. 2 on Cceutract
Ko. AF 19(604)-5T75 Tufts College, Jan 12, 19%%.

R. L. Pease and C. R. Mingins, "A Universal Anpro.iimate
Formula foi Characteristic Dimpedance of Strip Trans-
mission Lines with Rectanzular Inner Conductors, Symposium
on Microwave Strip Circuits.




12.

1k,

16.

17.

18.

19.

21.

22.

(&3]
(W]

J. J. Skiles and R. J. Higgins, "Determination of the
Characteristic Impedance of UHF Coaxiel Rectangular
Transmission Lines, National Electronics Conference,
Chicego, Illinois, Oct 4, 1954, :

Y

Sir G. Greenhill, "Report on the Theory of a Stream
Lir. Past a Plane Barrier and of the Discontinuity
Arising at the Edge with an Application of the Theory
to an Aeroplane), Advisory Committee for Aeronsutics,
Reports and Memoranda, No. 19, pp 86-92, 1010.

M. A. Bepgovich, "Characteristic Iupedance of Strip
Transmission Lines? Syrmosium on Microwave Strip Circuits.

C. Snow, unpublished notes.

R. H. T. Bates, "The Characteristic Impedance of the
Shielded Slab Line, parer submitted to the I.R.E.

R. V. Churchill, "Introduction to Complex Variables
and Applications) 148, ilevw York, licGraw Hill Book Co.

L. V. Ahllfors, "Complex Anelysis; 1953, New York,
McGrav Hill Book Co., Inc.

P L

E. A. Guillemin, "The Mathematics of Circuit Analysis)
hapter VI, 1949, Hew York, John Wiley and Sons, Inc.

Ware and Reed, "Communications Circuitsy pp 370-374,
1955, lew York, John Wiley and Sons, Inc.

. H. Skillinz, "Fundamentals of Electric Waves)
pp 38-h0, 1948, New York, Jokn Wiley and Sons, Inc.

R. L. Pease, "Characteristic Impedance of Strip Trens-
mission Lines with Rectangular Inner conductors in the
High Impedance Region) Interim Repert No. 5 on Contract
No. AF 19(50h)-575, Tufts Collepe, May 10, 195k,

S. Frankel, "Characteristic Functions of Transmission
Lines| Commmnications, pp 32-35, March 1943,

C. Flammer, "Equivalent Radii of Thin Cylindricsl
Antennes with Avbitrary Cross Secuions) Stanford
Research Institute of Technology Report, March 1950.

W. B. Wholey and W. M. Eldred, "A New Tyve of Slotted
Line Section) Proc. I.R.E., Vol 38, pp 2l4-2U8, March 1950.




"

-3

M S aps

B

Ve 2y

26. Duizht, "Tebles of Inteygrals and other Metheuatical
Data", McMiillen Co., New York.




B S V0 B

-

CHAPTER III ;
MEASUREMENT OF UNKNOWN STRIPLINE LOADS THROUGH A JUNCTION

A. ;ggedance.
1. The Problem.

Measurement of Impedance at Microwave frequencies
is commonly performed through the use of a slottad line.
While there are commercially aveilable coaxial and waveguide
slotted lines, none exists for the measurement of Stripline.
Several laboratory models Lave appeared in the litereature
but the expense of manufacture is not Jjustified in light of
en existing wethod of measurement utilizing a coaxial slotted
line.

When & coaxial sliotted line ig used, the problem
becomes cne of measuring through a junction. The junction
in queation of course is the transiiion between coaxial line
and the section of Stripline to be measured. The parameters
measured with the slotted line are those on the coaxial side
of the junction. However, we ere interested not in the coaxiasl
side of the Junction, but in the Stripline side of the junction.
The question to be answered is then "Knowing the parameters
ir. the coaxial side of th< junction, how can we find the same
parameters iia the Stripline side ¢f the Junction?! The enswex

to this question lies in a conformel transformatio:: between ihe

35
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two sides of the junction. In the sections to follow, this
transformation will be developed and the results used to
measure impedance of an unknown load in Stripline.

2. ‘Transformetion of the Smith Chart Through lLossless

Junctions%7

e. The Smith Chart: Derivation of Ioci of Constant

Normalized Resistance and Reactance.

The Smith Chart is a coordinate system repre-
senting reflection coefficient as a complex variable.

Por a reflection coefficient of constant
amplitude and varying phase, the plot is a circle centered
at the origin. The angle subtended by the radius vector to
& point on the circle ard a reference axis through the origin
of the diagram represents the phase angle of the reflection
coefficient. One complete rotation about the origin repre-
gents a distance of one-half wavelength. ‘

The circle representing uait-amplitude re-
flection contains the entire diagram. The general equation
of circles of constant-amplitude reflection ccefficient 1is

vritten in the notation of complei variasbles as

pp = K (3-2)
vhere:
(o = Complex refluction coefficient in Flane 1.
p = Complex conjugate of p

k = radius vhen vector p varies in such a manner
as %o describe & circle (< 1)




—1 SLOTTED LINE

A few words are necessary concerning "planes"
1 and 2 which will be referred to in this paper. Since any
microwave circult 1s one having distiibuted perameters, it is
not possible to pick up two pair of leads and specify them as
input and output ports. We therefore establish our inpui and
output ports by means of planes and attempt to find an equiv-
alent circuit for the microwave configuration batween these
planes. YWe shall define plane 1 as the reference plane on the
Stripline side of the junction and vlane 2 as the reference
plane in the cocaxial side of the junction. Figure 3-1 illus-

trates reference planes 1 and 2.

on s e

JUNCTION

LOAD

PLANE 2 PLANE |

Fig 3-) Definition cf Reference Planes 1 and 2

Voltage Stending Wave Ratio is related to p

by the expression

VOSQWCRQ L l_:——pL- (3-2)
-4 pp
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The radial line representing reflection

coefficients of constant phase and varying amplitude may be

written in the form

£ =1 (1 represents length, not (3-3)
o the nunber one

If p is to be written in the form

o uvpp & (3-4)
then:
ls= €J2¢ (3"5)

The normalized impedance z at any plane
in a transmissicn line is related to the reflection co-
efficient at the plane by

Z = %—{—g— (3".6)

Now 2 mey be written as
zmr+Jx (3-7)

where
z = normalized impedance at any plane
r = normalized resistance at any plane

x = normalized reactance at any plane

If equation (3-6) bas its numerator and denominator

multiplied by (1-5) and the result split into its real and imaginary

-
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parts, we can identify the reel and imaginary parts of

equation {3-6) with r and x respe:i.”zy. %L~ result is:

-

r= __1__:_9.@... i (3-8)
1+pp -p -p

Jxw ~LZP (3-9)
14+0p -p -p
Equation (3-8) may be rearranged to read
- r r - i-r
M-t P TP T e "0 (3-20)

The general equation of the circle described by the vector
p measured from the origin, having radius k with center

displaced from the origin by the vector a is

(0-2){p-5)mk (3-11)

or

If equation (3-10) is compared to equation (3-11)
and r is assumed constant, we can see that equation (3-10)

represents a circle for whkich

r
l4r (3-22)

A=

1
k= T (3-13)
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In a similar manner equation (3-9) may be rearranged *o read

pp-(1-3/x)p-(Ley/x)pt1moO (3-14)

If x is assumed constant and equation (3-lit)
is compared to equation (3-11), we see that (3-1%:) represents
a circle for which

aml¢+y/x (3-15)
k= 1/x (3-18)

Equation (3-10) and (3-1#) thus represent the familier
circles of constunt r and constent x that are found on any

Swith Chart.

b. Transformation of Circles of Constant V.S.W.R.

It is well known that the reflection coefficients
of any two planes in & transmission line are bilinear functions,

related by an equation of the general form

8 +5 v -0 +Db -
¢ co + 1 e P ¥~ a (3-27)
vwhere

» = Complex reflection coefficient in Plane 1.
¢ = Complex reflectinn coefficient in Plane 2.

a,k,c = complex constmnts

Utilizing equation {3-17), the relation {3-1) may be

written:

[
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I
<2 ) (“’ + D (3-18) B
(cd - 8 o0 - a i
3
Rearranging equation (3-18) into the torm of eguation (3-11), : }
there results : ;
- (6-15&«. -<b-k2a.5>
00 =-0\1-% cE>-cr 1-X%" cc (3-29)
b - k- aa ;
(Bl -
1-1% cc

Frow the discussion pertinent to equation (3-11), we see

i
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that equation (3-1Y) is a circle displaced #row the origin.

If' A represents the vector by which the center of this circle

is displaced from the origin and K repreeents the radius, then

2 -
As EL;Llingé (3-20)
1l -k cc
and -
2 — (o5 - ¥° aa .
B Af- (oK ol (3-21)
1l -k ce

The conditions for which equation (3-20) and (3-21) are

solved are: (1) The transforming section is lossless A
and is specified in terms of the reflection
coefficient at one plane under conditions
which zive a match at the other.

~y .
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(2)  The reference planes are "corresponding
planes", i.e. an open circuit at the cone
gives an open circuit at the other.
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According to condition one the transrorming
gsection 18 lossless. This implies that with a purely re-
active termination of the line, the modulus of the reflection

coefficient is unity at all planes, 1i.e.

k=
Kel (3-22)
A= O

Substituting the values (3-22) into equation (3-20) we find
that
b = ac (3-23)

therefore
b = ac (3-2%)

Condition two states that the reference
plenes &are chosen such that an open circuit at one plane
gives and open circuit at the other, 1.e.

p=1l
vhen

Om ] (3"25)
Using the values (3-25) in equation (3-17) we find that

a+bmc+l (3-26)

o
+
= 1}
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0
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(3) The transforming section is specified in
terme ¢f the raflection at the one plane
under conditions which give a match at the
other, i.e. the velue of 0 corresponding
to p = O is known. The substitution of p = O
into ecuetion (3-17) gives 0 = b. Thus b and b
are known constants. The point whose affix
is b 1s callea the iconocenter.

Let us now evaluate equation (3-20) in light
of the two specified conditions. Substitute (3-23) in equation
(3-20) obtaining
2
b (L -k
A= ——7—.1 (3-27)
1l -k ce
Solving equation (3-23) for"a"and substituting the result

into equation (3-26), we get

b(l+e=—)mc+1 (3-28)
cc )
or
l-b
C m ———
L
cC
then
Gm 1D (3-29)
..b_: -1
cc

Multiplying equation (3-28) and (3-29) together and simplifying,

there results:
(cE:')"g - (L+wb)cc+bdmO
which can be factored to yield
(c& - 1) (e -bB)moO (3-30)
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Therefore

cc m 1 (3-31)
or

cc = bb (3-32)

If equation (3-31) is substituted into equation (3-27), the
result is A s b, which is the solution for ¢ = 0. The general
solution for cc is equation (3-32). If equation (3-32) is
substituted into equation (3-27), we get the desired result

vhich is

2
A= b (1 -x7)

L - (3-33)

We now wish to evaluate equation (3-21) which

is repcated hert for convenience. It is

- 2 -
2o i (bB__g..E (3-21)

Ezemination of this equation showe us that ae is the only

unknown. Rewmembering that with a purely reactive termination

ce = bb (3-32)
K=l ' (3-22)
A=O
k=1

ve find upon substitution of these values into equation

(3-21) that

8a = 1 (3-34)

e v o
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Since all the psrameters of equation {3-21) are now known

we may substitute and simply obtaining as a final result

k (1 - bvd
- -
1 -k ob

K (3-35)
Circles reprezsenting constant V,S.W.R. may thus be transierred
from the p vo the ¢ planes by means of equation (3-33) and
(3-35)

c. Transformmtion oi' Lines of Constant Phase Angles.

Substitution of equation (3-17) into equation
(3-3) gives the cquation of the loci in the o plane of the
radial lines in the p plane vwhich represent reflectioun co-

efficient of constant phase and varying amplitude.

(Z%%) (%‘:f) =1 (3-36)

Equation (3-36) mey be rearrenged into the form of equation

(3-11), yielding the form

- la - be) = 1bec - a
o (s ().

1c - ¢

+<——-——-—-——18b.fb =0
lec ~ ¢

(3-37)

It may be shown that the coefficient for ¢ and o are conjugate

terms, so that equation (3-37) represents a circle for which
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la = be
Amw — = (3-38) -
le - ¢ .
and
_— —
P 5 . (285 -nb> (3-39)
lc - ¢

vhere K and A are the symbols identified with equation (3-20).
Let us proceed te put equation (3-38) and (3-39)

into a more usable form. Fquation (3-23) stated:

a = b/e (3-25)
and relation (3-20) was

a+bec o+l (3-28)
Also equation (3-32) wes pgiven cos

ce = bh (3-32)
If equetions (3-23) and (3-32) are substituted intoc (3-2G) and

the result solved for c, ve get

B ol (3-10)

Hence

¢ = 22} (3-41)
(1-b)
We recall that equation (3-38) was

la -be
§2  cmcemmm—

le - ¢

A (3-38)

-
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17 equation (3-23), (3-"0) and (3-41) are substituted in
equation (3-38) for a, ¢ and ¢ reaspectively we get our

desired result vhich is

? 4 -yl
Ael (1-b)" v~ (1)
W(1-b)~ v (1<)

(3-42)

To put cquoiion (5=30) into the deslred £ wm, substitute
values of A, &, ¢, aud ¢ os given by equations (3-%2),

(5-23), (3-4%1), and (3-"0) respcctively and reaiize that

11 = 2 (3-&3)
The result is then
(1-0o) ‘
K= ( 3-!].:;.

C 2 b2 2 1dby2
fg U5 - 157 (E2) a7 1 (2R
L

- 1-b

The radisl lines representing constant phase angle in the

p plane may thus be transformed into corresponding circuler
treeds in the o plene by means of equations (3-4%3) and (3-U4).
Siunce the rodial lines in the p plane all pass through the
uriging, it follows thet the family of circles reéreseuted by
cquation (3-37) all pass through the iconocentnr, as may be
showii by substituting o = b in equation (3-37).

d. Transformation of Circles of Constant Resistance

and Reactance.

The form of equatlon (3-G) indicates that the

normalized impedance and reflection coefficient at any plane

c/;v_ .
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are bilinearly related, and since p and ¢ are bilinear '

functions, so are z, and z, (where z, and z, are the normal-

ized impedance at planes 1 and 2 respec tively). We may

therefore state

z,,-azl'*a

(3-15)
Y zl+l

where

a, B, and ¥ ere, in general complex constants.

MM'&&M PR R 14 TG .
RIS SRR . PN o .

Thus vhen p = 1, 2z = @, Since 0 = 1 when p = 1, it follows

g According to our previously stated conditions
N

4

5: (roliowing equation (3-_21)) s P = 1 vhen o = 1. Equation
4 NPT

g (3~0) is repeated for convenience and is

1ep p
# 2 = 23 (3-6)
3 1l -~

b P

#

§

1het when Zy = w, 2, = o, This implies that y" = O in equation

(3-45). Therefore z, 1s a linear function of 219 i.e.

et ol

z=Q 2y + B (3'1*6) }

Yhen 2y is purely imaginary, 2, 1s also purely imeginary
since we have assumed the junction to be lossless (condition

1). This implies in equation (3-40) that @ is real and B
ie dimeginary.
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Condition three stated that the Jjunction
wouw'd be characterized by measuring the reflection co-
efficient at plane 2 when plane 1 1s matches to its

Characteristic Impedance. We define

25 %= Tn *+ 3 X, {3-h7)

(where 2,0y Ty, 00d X, are normalized to plane 2)

es the impedance seen from the cci'xial side of the
Junction (plane 2) when the Stripline side of the junction
(plane 1) 1s terminated in ite Choracteristic Tupedsnce

(zl = 1), When 2, becomes equal to 1, equation (3-4€) 1s

Zy = %y ® Ty i-jxlz-a{-,jﬂ (3-48)

Therefore

0 =1y,

ﬁ-j}:lg

Equation (3-46) may then be written es

22 = r12 zl + 2&2 (3"’"‘9)

Solving equation (3-49) for 2,, We may write
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2y 2
z Z v
X 02 02 -
Tgy - (3-50)
A2 ‘
Z L3

= impedance at plane 1l
b4 = impedance at plane 2

r = Real part of impedance seen at plane 2 with

la
| plane 1 terminated in its Characteristic Impedance
(p = 0)
| :% X1p = Imeginary part of impedance seen at plane 2 with
év plane 1 terminated in to Characteristic Impedance
%, (p = 0)
%
é, ZOl = Characteristic Impedaiice - plane 1

e

Z = Cheracteristic Impedance - plane 2

O *:0‘ %—,ﬁa\
(o]
n

P
A

Equation (3-50) shows us that if we know 1o
and x12 as well as the impedance of the unknown load as seen

on the coaxial side of the junction (plane 2) and the Charsc-

teristic Impedance of both sides of the junction, we may find

the value of the unknown zl. z12 - rl

the "iconccenter" and mey be found by & graphical procedure

o * J x12 is known as

to be described.

o
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B, Determination of Unknown Impedance.

1. The Problem.
The original purpose of this paper was to describe
a measurement technique for the Characteristic Impedance of
Stripline. It was thought that at any given point in the
Stripline, the open circuit and short circuit 1mpeéance
22 and Zgn could be measured on the coaxial side of the

op
Junction, trensformed to the Stripline side of the junction

through the use of equation (3-50) o yleld Zopd and 2.
end the relation
2. = Jaz .z (3-51)
01 NV Zopl %z /

used to find the Characteristic Impedance of the Stripline.
However the author overlooked one important fact; namely
that the answer begs the question. Reference to equation
(3-50) shows that we must knowa Zo1
or 2. in our cese) in order to determine % (zopl or zsl)'

in addition to %, (z‘Ba

While this method is useless for determining Chamcteristi‘c
Impcdance, it is quite useful 1in measuring unknown loads in
general. It is anticipated theat such unknown loads may have
to be deterwined vhen an investigation is made of various
Stripline terminations.

In order to use this method of measurement we nmst
first determine the iconocenter (212)‘ The following section
therefore will concern itself with the graphical determination

of 212.
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2. Determination of the Iconocenter.

In determining tne icunocenter through graphicael
construction on the Smith Chart, it is necessary to introduce
the concept of the projective chart?e

On the Smith Chart, & reflection coefficient or
reflectance p 18 represented by a point W Just as any complex
nuber is represented on the Argand diagram. The distance
OW to the origin is the magnitude r of the reflectance, and
all passive loads are represented by points inside the unit
circle I'. If the line OF cuts I' at points I end J (Fig 3-2)

the ratio

WX l+r
W " 1-r (3-52)

as shown in the pemphlet, is the voltage stending-wave ratio
correaponding to the xeflectance p.

The modification that leads to the projective chart
is to repregsent the reflectance p by the point W with the

same phasz angle as W but at a distance r from the origin

given by
- 2
Pom S (3-53)
l+r

This makes the ratio ﬁi/ﬁﬁ equal to the square of the

voltage stending-wave ratio.

SRR 5 AT SRR e ,‘




Fig 3-2 Relation between the representation of a
reflection coefficient on the Smith Chart
(W) and on the projective chart (W).

If a radiel arm cerrying & voltage-standing-wéve-
ratio graduation in decibels is used with the Swith Chart,
the point W will be in front of the gradustion 2x when W is
in front of the graduation x. Plotting points on the pro-
Jective chart or transforming back and forth to the Smith
Chart is therefore very simple.
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Fig 3-3 Transformation £ and fi-l. Construction of
i from W or of W from W.

The transformetion B from W to W can also be cbtained=> -
by projecting W on a sphere with equator from one of its
poles and then projecting orthogonelly from the splhiere on
the plane of I' . Appendix VI shows the derivation of Fig 3-3.
This justifies the construction shcwn in this figure. WM and
Ol are perpendicular to the radius OW and MN goes through W.
This can ealso be used to perform the inverse transformation

ﬁ"l from W to W. i
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The circles usually drawn on the Smith Chart
corresponding to constent resistance or reactance and to
constant magnitude or phase of the impedance become on the
projective chart straight lines and ellipses as shown in
Fig 3-4. These could be drawn in advance and vsed as on the
Smith and Carter charts to plot impedance measurements taken

for instence, with a bridge.

IMPEDANCE
Z:R+jX
X
R
0 o0 o | o
SMITH CHART PROVECTIVE CHART
IMPEDANCE
™. PHAS® 8 MAGNITUDE
12 1zl s
2
° o oo
CARTER CHART PROJECTIVE CHART

Fig 3-4 Loci on the projective chart and on the Smith:
and Carter Charts of constant resistance R, re-
actance X, impedance magnitude | Z | and impedance
paase 2.

Special notions of distance and augle that have useful

interpretations can be introduced on the projective chart.

Eeere ey

. S -~ s Wi W v

e i Ay e b n b e

TIPS RS
o

- -

JREERY




Y
e o . - -
Mw.w — -
v -
i
3
B \O
_ n
\
Q
o3
2
G4
(o]
(L] g
(o]
: 3
a3 -~
=3
m 32
! >
X QO @
: Q
g 4
” 5 =
.c», M
X g8 A
P o
4 ot o
4 8 4
a9
: £
1 m o
< n m
o)
)
o
[
-4
A
]
3
#
+
!
e R I L RS e S g
- e ?v,t?ll - e R o R - . - - e N X v - T v eve——




Given two points, A,B end the intersections I,J

of AB with (Fig 3-4), the quantity

BI, AT i
10 log, <§J- : AJ’> (A3-5h)

vill be denoted by (AB) and called the hyperbolic distance
between A and B. It will usuelly be expressed in decibels
as in (3-5%) but can be converted to nepers by substituting
1/2 1n, for 10 108, o°

The quantity (3-54) deserves the name of "distance"
becouse it satisfies the triangular inequality (vhich shows
that straight 1ii>s ere geodesics for this particular

measurement systcm) and because it is additive; that is,

vhen three points, A,B,C are on a straight line in this order:

(AB) + (BC) = (aC) (3-55)

The hyperbolic distance between the point W and

the center of the chart is

(OF) = 10 log 14E w20 105 22X (3-56)
l1-r l-r

and can be Iinterpreted as the voltage standing-wave ratio
expressed in decibels.

It has been shown in the discussion concerning
equation (3-17) that a lossless transformer may be repre-

scnted by the relation

— -
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~g 4D
p= (3-17)

We further saw from Section B that circles in the p

plane go over to the o plane as circles under the trans-
formation (3-17). Equation (3-17) is elco a conformsl trans-
formation (angles are preserved). It follows that hyperbolic
distances are alsc vreserved in the following semse. If A,B
are trensformed into A',B' while I' becomes ['', the distance
(AB) defined above is equel to the distance (A'B') measured

ag 1f I'' were the unit circle:

(AB)I, = (A'B )I,,, (3-57)

the subscript indlcating with respect to what circle
the distance is measured.

The special transformation (3-17) that preser@ea the
unit cirele (lossless transformations of reflectance for
instance) are represented on the projective chart by projective
transformations. They itransform straight lines into straight
lines and as a consequence also leave the hyperbolic distances
and clliptic angles invariant.

Let us now put the fact ‘that straight lines go to
straight lines (in the projective chart) under the trans-
formation (3-17) to work for us. The iconocenter is defined

as che impedance seen on the coaxisl side of the junction

2 Wr———

Ly oo
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(plane 2) when the Stripline side of the Jjunction is
terminated in its Characteristic Impedance. If the Smith
Chart representation is used, the impedance seen at refer-
ence plane 1 (Stripline side of the Junction) will be 2oy 7
since the Stripline is terminated in its Characteristic
Impedance. On a normalized basis, zbl corresponds to the
center of the Smith Chart (p = 0). If A,B,C and D are four
equivalent points on the p = 1 circle (corresponding to four
open circuit measurcments one elghth electrical wavelength

apart), the diameter AC and BD will pass through the center

of the circle (p = 0) as shown in Fig 3-6.

A

c
Fig 3-8 Reflectance of four open circuits spaced one

eight wavelength apart on the Stripline side
of the Jjunction.
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If A,B,C and D are transformed through the junction

and measured on the coaxisl side of the lossless Junction, we

have the points A',B',C*,D'. If the projective representation .
is used, the straight lines AC and BD go over the straight

lines A'C? and B'C' as shown in Fig 3-7. Since the junction

is lossless, the unit circle is preserved and the points At,

BiC! and D' 1lie on it.

" G
A S e R PR T

-

A ac Kvine W SO LTS,

Fig 3-7 Reflectances of four open circuits spaced one
eight wavelength apart after being transformed

through a lossless Jjunction.

Rt e emwn e e -

i Print O' in Fig 3-7 is therefore the point g :

? corresponding to the point O in Fig 3-6. However Fig 3-7 ;

i ’

? is the projective representation of Fig 3-6 and not the Smith §

E Chart representation. We therefore perform the construction % '
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ghown in Fig 3-3 where ¥ = O' and iz known as the "crossover'

point. The result is shown as Fig 3-8. Tne point W is the

iconocenter i.e. the impedance in plane 2 corresponding to

a matched load in plane 1.

Mg 3-8 Translormation from the Projective to
Smith Chart representation.

3. An Example Illustrating the Technique.

In order to clarify the actual measurement

procedure, let us work an cxample. The test setup is shown

in Fig 3 8. The first step is to establish & reference plane
according to condition 2 assumed in the solution of the pre-

ceeding equations. It was decided that the reference plane
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STRIPLINE
| COAXIAL | LOSSLESS ft ——4 UNKNOWN
LINE JUNCTION LOAD
OPEN
CIRCUITS
_X_ APART
8

Fig 3-C Test Setup for Measurement of an Unknowmn Load

on the Stripline side of the junction would be esteblisned

directly to the right of the Jjunction.

Accordingly the junction

was attached to the coaxisl cable on the right of the dctted

line and the position of the first voltage maximum was recorded.

A section of Stripline with known Characteristic Impedance of

exbitrary length and open circuited on the load end was then

attached to the Junction.

maximum were noted.

electrical wavelength from the Stripline.

The VSWR and position of the first

It was next desired to remove cne-eight

The wavelength in

Stripline is related to the wavelength in free space by

(3-58)

e

A —
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>
|

Stripline wavelength
}»f = Free Spacc wavelength

€ - Dielectric constent of Stripline

The free space wevelength at 3 kmec is 10 centimeters.
Teflon-Fiberglass (GB-112T) was the dielectric used. This
material has a dielectric constant of 2.6, We therefore find
from equation (3-58) that A.S/B = 0.305 inch. This length was
then removed from the load end of the Stripline and another
neasuremnent of VSWR and the position of the first voltage
paximum made. By repeating the procedure of removing LB/B
three times and measuring the VSWR and the position of the
first voltage maximum, the four points A'! ,Bf ,C' and D' are
obtained (one point was obtained from the measurement made
before eny Stripline vas removed). The results are show;n in
Teble 3-1.

TFrom Table 3-1, it is first uecessary to determine
the wavelength in the slotted iine., This is done by sub-
tracting winima from their corresponding maxima and averaging
the results of all readings. Knowing that the difference be- -
tween ony maximuwm and minimuw is one fourth wavelengtin, we
can find the wavelength in the coaxial line, The position

of each wmaximum ls then subtracted from the reference position.
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TABLE 3-1

Measurements Relevant to the Determination of an ¢

Unknown Load ag Measured Through a Junction

Reference Position on Slotted Line - 378.9
Maxinum VSWR Minimun
350.5 39.2 325.9
Remove 0.305 inch of Stripline
387.2 60 ’ 363.8
Remove 0.305 inch of Stripline
318.5 61 353.¢
Remove 0.305 inch of Stripline
366.8 iy 34k, 3 i
L
|
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This difference is then expressed as & percentage of the
slotted line wavelength. If the position of a voltage
mexinun is numerically greater than that of the position
of the reference , the maximum has shifted toward the load;
if it is less the maximum has shified toward the generator.
The results are shown as Table 3-2.

It has been assumed that the Junction is lossless.
This means that the VSWR on the coaxiial side of the junction

can be shom to be infinite or that ¢ = 1 since

VSWR=1
0= VSiRel (3-59)

Teble .3-1 shiows that the measured standing wave ratios were
not i.finite. Table 3-3 shows how good an approximation we
have to the ideal case (o = 1).
Reference to the reflection coefficient scale -of
Fig 3-10shows that the approximation is not bad. We will make
the assunption that o = 1 for all measurements to avoidthe
more difficult problem of having to consider a 1@55& 1,;@@@_1}5;&: .
The points of Table 3-2 are plotted on ii’f;lg 3-:10ueing -
R = » as the reference point. We use this reféréﬁce:»;bé¢:&\§$§:
our measurement reference was a open ci:cu‘;ul.ﬁcovx'i‘e‘égioxgldgﬁi@gﬁp: =
8 voltage maximum. Since a voltage maxim.un occ&fé? a.'b acnrrcgt

minimw, & resistive meximum is obtained. As discussed previousiy
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TABLE 3-2

Location of Points A',B',C!,D!
with Respect to the Reference Plane

Shift Direction
0.286 toward generator
towvard load

0.00405

A

0.084 A
A toward generator
)N

0.122h toward generator

TABLE 3-3

Conparison of Meessured VSWR with the idesl value

VSWR o
39.2 0.948
60 0.97
61 0.97
W7 0.96
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the points A' and C' are joined with & straight line
across B' and D'. This intersection yields the point O'.
The congtruction of Fig 3-3 is then used to obtain the
point W, which is the iconocenter. From Fig 3-10 we see
that

Wz, = 1.4 + § 0.2 (3-60)

1
Let us now attach the unknown Joad %o the

Stripline and weasure the VSWR end position of the voltage
mazimun. The VSWR is observed to be 10 while the position

of the first voltage waximum is at 370.0 centimeters. From
equetion {3-59), o = 0.82 vhile the voltage waximuz has
shifted 0,09 wevelengths or (4.0 degrees toward the generatox.
A shift toward the geuerator is negative according to siianda.rd

tronsmigsion i1ine theory. Hence normalized, to 202
2, =0.82/ -6h.8

(3-61)
w 0,308 - j 0.7k

Equation (3-48) is now used to trencform 2, back through

the junction. I is
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It is known that the Characteristic Impedance of the
Stripline is 50 ohms while that of the coaxial cable b
is'Sl ohms. rio and x,,. are the real and imeginary perts

12 “
of the iconocenter and are given by equation (3-60). In-

serting those values in equation (3-50) we get

0.318 - 3 o.7h .
51 ’

o
n

3

\1
=

\J

e

-

oth

p

—

= 1207 - J 3“".2
It will of course be noted that it is not necessary ito
know Zoo since it drops out of the equation. It was

put in merely to show that 2

10 and 22 are both normalized

to ZOZ'

c. Conclusions:

S g

(4
h)

It has been shown that it is possible to measure

S

NIH

an arbitrary anknown impedance through e lossless junction

**:I‘;:f Iy .32"{?:

PRI R |

thereby ellowing the use of an existing coaxicl slotted

line to determine the value of Stripline Loads. We can not

however determine the Charecteristic Impedsnce of the Strip-
line by this method since our result will be a single equation j

in two unknowas.
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CHAPTER IV
DETERMINATION OF STRIPLINE ATTENUATION

a0
Ao History of the Problem?

1. Current Distribution on the Conductors.

Belore Stripline attenuation can be intelligently
discussed a fev words must be said councerning the distrivution
ol current in Stiripline.

Many or the people who have wexrked on the
Cheracteristic Impedence of this line have, in conjunction
vith that work, cerried out a conformel wepping of the stripe-
line gecuetry into some simpler geometry. One by-product of
cach caleculations is the current distribution of the inver
aud outer conductors. The rigorovs conformal mapping cafried
out by Olinerf and illustrated in Fig 4-1l, is therefore
meant to be typical of the work of a number of people.

The mapping outlined in Fig -1 procedcs by first
mopping the upper helf region (b) of the Striplins shown in
(a) onto the upper half plane {¢), by meens of & tenh function.
The rectangle (d) is then also mepped onto the upper half plane
(c) employing & sn function, and the weppings are compared in
orde. co determine the overell mapping from (b) to (d). By

taking appropriate derivatives, one finde the following fumeticnsl
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dependence for the current distribution on the ground planes

in terms of the notation of Fig 4-1 (v): oo

I(x,5/2) 1 (4-1)

\/—; PENL sinha(x x/b)

where

2
k = tanh (x v/2 b), X'" =1 - K, (4-2)

The current on the center strip conducior is similarly

shiown to be

I(x,0) = =L (4-3)

\/ 1 - (k'2/1:2) sinh> (x x/b)

where k and k' are given by Fig L-2.

It 1s coen from‘(k-l) that the current on the
outer conductors is a maximum at the midplane of the crogs-
section, and decreased monotonically awey from this point
on eitner side. From (4-3), on the other hand, one notes that

the current on the inner strip conductor is & minimum at the
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b) (d)

Fig 4-1 - Rigorous Conformel Mapping of Stripline Geometry

midplane and becomes divergent at the strip edges (as one
would expect). The actual variations ziven by (4-1) and (4-3)

have a relatively simple form.

Experimental confirmation of the validity of relation
(1) in a practical situation is afforded by Fig }-2 which
presents a comparison of the theoretical values predicted by
(4-1) with experimental data taken at the Hughes Aircraft
Company?h As seen, the theoretical values agree quite well
with the measurements. Fig 4-2 also serves tc illustrate the
rapid decay encountered as'one moves transversely away from

the center strip; at a distanne away from the strip equal to

the strip width the square of the field intensity is 27 d
down from its maximum value.
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Fig 4-2 - Field or Current Distributions Across
Outer Conductor Surt'ace

2. Attenuation Constant.

The evaluation of the attenuation constant is generally
a rather prosaic task, once tlc appropriate current distributions
are known. If one employs the current distribution (4-1), and
perforﬁs the necessary integreations, one finds for the attenuation

constent due to the loss in the outer conductors only.s5

2 .
a R <) 1 in

outer b . ;( ) '
plates bkb X K(k) K(k*)

[ -
+
=

(-1)

2
]
=

where k oad k' are defined in %#-2, X(k) 1s the complete elliptic
integral’ of the first kind of modulus k, A is the wavelength of

the line, b is the ground plane spacing, and & ig the conductor

e R gt R
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skin depth. When similar integrations are perforined for the

inner conductor, using current distribution (4-3), & divergent
result is obtained for the attenuation constant due to loss
in the inner conductor alone. This divergence is due to the
divergence in the current distribution at the sides of the
inner strip conductor for an inner conductor of finite thick-
ness (rectangular shepe) the current distribution at the
edpes possesses a divergence of lower order and thus permits
a finite result for the attenuation constant.

In the course of his work on Characteristic
Impedance.’ Pease had determined the current distributions
on the inner and outer conductors in the low iwmpedance
range when the inner conductor is of finite thickness.
Employing these current distributions in the computation
of attenuation constant, Pease36 obtained explicit expressions
valid for both inner and outer conductors. While the results
are approiimate, they are estimated to be accurate to within
15 for 4, < 75 ohms. The contributions due to the imner and
outer conductors are given separately; the result for the
outer conductors alone is pummerically in very close sgree-
nment with (4-4) when the ihner conductor thickness is amall.
While these attenuation constant results are in explicit form,
they require the insertion of a quantity related to the
Characteristic Impedance which must be determined via a

transcendental relation. The form is definitely computable
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but more involved then that of (h-lU). It is suggested,
therefore, if accurate resuits are desired for lines in

the low impedance range with small thickness inner conductors,
to employ the formulation of Pease for the inner conductor
contributions and expression (I-4t) for the contributions of
the outer conductors.

More recently, Cohn37

has evaluated cxpressions

for the attenvation constant which are valid over the whole
range of Characteristic Impedances, but which are not as
accurate as (#-l4) or those of Pease. Cohn's approximate

results are based on a general formula for the computation of
attenuation constants published by Wheeler?8 The procedure
involves the evaluation of the derivatives of the Characteristic

Impedance with respect to each of the line dimensions; in order

to obtaln results in reasonably simple form Cohn employed. simple,

epproximate formulas for the Characteristic Impedance. He
obtains separate results for ithe high and low impedance ranges,
and the contributions from the inner and outer conductors are
not separately determined. Although the results from the high
and low impedance ranges differ by 8% in the overlap region,
they are recommended which’ approximete answers are sufficient.

B. Recommended Approach.

Cohn's results seem to be most widely accepted in the

literature and are expressed in graphical forwm for convenience.

[N




The following disseration will therefore follow Cohn although
it will be considerably more complete than that given by Cohn.

C. Derivation of an expression for Stripline Attenuation.

In general, two types of losses occur in a tranaﬁiasion

line. These are dissipation in the ccnductors and dissipation

"in the dielectric wedium £illing the line. In the usual case
these losses are small enough to permit the total attenuation

10 be expressed as the svm of each type of attenuation computed

individually.
Thaet is: %
i
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1. Dielectric Attenuation.

Let us first consider the dielectric attenuation,
Oty It was shown in Appendix II that \ — )

T-Jkl-?_.ijue‘_ (A2-56)

Furthermore if equations (A2-22) through (A2-24) of Appendix II

are writtea in vector notation {assuming conducti ity ¢ 0),
there results




Y= j‘m\ﬁx c (1 + ‘5:1‘5 (-8)

T=O+Jp (4-9)

Now

. L AR s x4 s se e e
-

In equation (4-9) O is the attenuation constant and P is the
phase constant. We wish to find the attenuvation constant <.
To do so, we mst divide equation (4-8) into its Real end

Imaginary parts. We therefore proceed as follows.

2 2
Te(ae3B)
2 2 o] .
= J o [pe l+3(_»-€>] (#-10)
Expanding equation (4-10) and separating Redl and
Imaginary Parts, we find the Real part to be '
2y
o - " = - o TR (k-11)

In order to solve equation (4-11) for ¢4, another equation is

needed. Equation (%~8) may be rearranged to read

T-\[-wauei-.jwcu, (4-12)

Now

2 - b
v -rr-aac-ﬁa
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Solving equations (4-12) and (%#-13) simultaneously for

Q@ there resulis

-4
a-nge<l+~%§>1/2 -1 (4-1k)
€ w

The quantity o/ew in equation (l-1lIt) 1s defined as the loss
tangent (tan 5).

)
PR SN
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For the dielectric materials of interest o/ew < < 1. |
Expanding the term %
e (2T
1+ |
&w ¥ 5
in equation (%4-1!) in a binominal series, we get ;

[J. +( &)2 .T/a =1+ 1/2(-;—5 >2 - l/B(—:—; >h .- (4-15)
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Since tan 8 < <1, we mey neglect all terms after the. second 3
term in equation (4-15). Substituting equation (4-15) into , I K
: | S
equation (h-1%), we obtain the result - . i;
;9

o

w 2
A= \/- p € tan B -nepers/unit length (%-16)

: 4

Equation {4-16) mey be simplified by realizing that i
omzgfm 258 . 2 x {4-17) - ’§ :
A o , v ;
ho VB € % ﬁ
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where:

¢ = velocity light Y
A = free space vavelength

free space permeebility

=
]

€ = free gpace permittivity

Equation (4-17) can be used to simplify (4-16) to read

1(‘}€

L— tans nepers/unit length {i-18)

=
A'0

A convenient vorking form of equation (%-16) is

27.3 N €. tan &

Ao

« ab/unit length (4-19)

where:
Py o = freec space wvavelength

er = relative dielecturic constant

s

tan & = loss tangent of the dielectric

2. Conductor Attenuation.

T

We begin our investigation of ~zonductor losses by

Pl

rewriting equation (4-0) which was

V xHe (0¢ jwe)E (4=6)
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Equation {4-C) may be further simplified, since the

displacement current will never be apprecieble in any
reasonably good conductor, even at the highest radio
Trequencies, The terms %o be compared in equation (li~6)
are ¢ and we, The precise valuves of € for conductoixs are
not known, yet most indications show that range of di-
electric constants is much the sawe for conductoré-as
for dielectrica. For jlatinum, & relatively poor
conductor, the term we becomes equal to 4 at gbout

1.5 x lolscps, if the dielectric comvtant is taken as
ten times that of free space. This frequezcy is in the
range of wltraviclet iight. Conseguently, for all but
the poorest conductors {such ss e&rth)ﬂthgxdiéﬁlacemént
current term is completely neglipible éompared to thej
conduction current at any frequency. Assu;ﬁng O>>wE,

equation (4-6) simplifies to:

VxlmoB {he20)

-

Taken the curl of both sides of {4~20)
VXVXHaVZ0E . (4-21)

But, there is a vector identity vhich states

VX7xE=7(V+H) - PR © (4~22)
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Utilizing equation (4-22) equation (4-21) becomes:
(vou)-V2 Hm o VXE (423

Now Maxwell's 2nd and 3rd Laws were derived in Appendix II

end were in vector form

VxE= - %—% (A2-10 thru A2-12)
and
V*B=V+pH=o (A2-33)

Using these two laws in equation (i#-23), there results
+ H=o0pn %‘: (h-2k)

This equation for the variation of II In a conductor
is in the form ol a standard dirlferenticl equation similar to
laploces equation, in the wave equation. The cquation is
of'ten called the skin eflect or distiribution equation and moy

also be derived in terms of B, ylelding

¥ E=o H g—% (h=25)
Since 1 = ¢ B, equation (4-25) mey also be written in terms
of current density (i).

_ o1 c
\/2 iBCpgfb- (=-26) i
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If sinusoidal distribution is assumed, equations (4-2%)

thr (4-26) become

ki

o

e Hs jwopuH (4-27) ¢
VEe joouk (1-28)
VFisjoopi (%-29)

These equations give the relation between space

and time derivatives of magnetic {ivld, electric field, or
current density at any point in a conductor. ;

Let us now ccnsider the case of & plane conductor | ) %
with current flow in the z direction, x normel to the surface
and no veriations in the y end 2 directions. Fig %-3

illustrates this concept. If equation (#-29) is e:panded in

Cartesian coordinates, there results:
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Fig 4-3 - Current Flow in a Plane Conductor
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However, wve have stated that there are no veriations in the

y or z directions thus simplifying equetion (4-30) to

32
) iz = jJopuo iz
o
lte?
= 1 iz (% 31)
where
'reaju)p.o

or

te(L+j) NaTpo
The solution to equation (:+-31) is of the form

-fX 4T
3 I... y
i= C] e + C2 e (' 33)

Current density would increagse to the impossible value of
infinity at x = « unless C2 is zero. Cl may be written as
the current density at the surface if we let iz = 10 when

X = 0. Then

X

(4-33)

iz- io e

R e TRab g

-




w, mas

et

e T RE T, TR o R

O T i L LR T st e s 3. PSRN TR T L T e

Define

O m 1 (2""31")
N fuo

Then utilizing equation (4 3%) in the definition of T, there

results

Tg-l-'—:—i
o

Using cquation (4-35), equation (#-33) may be rewritten as:

-(1 + J) x/6

i=mi e
z O

=1 e x/8 e x/o (4-36)

Frow the form of equation (%#-36) it i1s apparent thet
magnitude of current decrecases exponentially with penetrgtion
into the conductor, and & has significance as the depth at
which current density to l/e (about 36.9 per cent) of its
value at the surface. The phase of current also changes with
increasing depth into the conductor according to the factor
od %5,

To £ind the total current (I) flowing in the plane

conductor, we must integrate the current density over a

width w and to an infinite depth.

Ilew 1, ax (4-37)

(o]

Using equation (4-36) for i,,ve get
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3%
I'io“j (1 ¢ 3) 1By,
(o]
i wad
O hoa
=T (#-38)

The voltage E on the surface along the length of this
conductor is obtained from the current density (10) and

the volume resistivity (o).

E = 10 zZ p ('+-39)

The "intermal impedance” or "surface iupedance" is
computed from the ratio oi the voltage E given by equation

(%-30) and the current I as given by equation (%-38)

E .
72 = T = (1 +) 3% (%=10)

Recglling that

I — (4-3%)
N nflfuo

equation (4-40) becomes:

2= (1+3)z/w Nxzpop (heb1)
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Dividing Z into its Reel and Imeginary Parts results in

ReXmz/u Na fpp (i-b5)

Let us now define the resistance of a suriace of unit

PUGIE PR AIPR N

length and width and of depth © by

—

R = p/o (4abb)

L A ——————
’

Equation (4-4&) may be simplified by u ing the definition
of 5 as given in equation (4-34). The resultant expression

iss

L I8 R
i

RS=~/ prauf (4-h7)

Comparing equetions (4-45) end (4-h7), we see that

e pmar N WA

R = z/v R, (4-43)

The internal inductance cen be calculated from equations

(4-h5) and (4-34). After rearrangement of terms, there
results . )

LaX/vez/v(nd/2) (4-h9)
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This is the inductance of a layer of conductive material

heving a thickness of /2, one half of the depth of ;

penetration. This merely means that the mean depth of é .
!

the current is one half the thickness of the ccnducting

o o R N —
8

layer,

Some inductance formules carry the assumption that
the current travels in a ‘thin sheet on the surface of the
conductor, as if the resistivity were zero. Such essumptions
are usual for trensmiesion lines, wave guildes, cavity resonators,
and piston attenuations. Such formulas can be correcved for
‘the depth of penetration by csswning that the current sheet
is at depth /2 from the surface. This is the same as assuming

that the surface of the conductor recedes by the amount

5 p (45
2, h-50)
2 o )
The second factor has an cffect only if the conductive wmaterial.
has a permeavility u differing from that of space Mo The same

correction is appliceble to shielding partitions, regarding

their efiect on the inductance of near-by circuits.

There is sometimes a guestion vhich surface of a conductor
will carry the curreat. The rule is, that the currcent follows
the path of least impedance. Since the impedence is meinly

inductive reactance, in the common cases, the current tends

to follow the path of leest inductance. In & ring, for example, '




the current density is greater on the inner surface., In

a coaxial line, the current flows oue way on the outer
surface of the inner conductor and returns con the inner
surface of the outer conductor.

In deterwining whether the thiclkness is much greater
than the depth of penetration, the effective thickness
corresponds to the depth of a hypotiietical line. In a
syrmetrical conductor with »enetratlon from both sides, os
in a strip or a vire, tihc elfe ive thickness is the depth
to the center of the conductor. In a shielding partition
with penetratlon into the surface on one side and with open
space on the othier side, the elffective thickuess is the
actusl thickness. If the offective thickness excceds twice
the depth of & penetratioin, the accuracy of the avove
impedance forrmlas is sufficient for most purposes, witkin
w0 ner cent o a plane surlace.

The "inerewental-inductance rule” is e formula which
slves the effective resistance ceused by the skin effect,

but is vased entirely on inductence computations. Its

great value lies in its general validity for all metel objects

in which the current and megnetic intensity are governed by

the skin effect. In other words, the thickness and the redius

of curvature of exposed metal surfaces must be much greater
than the deptb of penetration, sey at least twice as great.

It is cqually applicable to current conductors,shields, end

iron cores.
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This rule is genersalization of (4-48) which states !
that the surface resistance R is equal to the internal
reactance £ as governed Ly the si:in effect. The internal
reactance is the reectance of the internal inductance L
in (4-49). This inductance is the increment of the total
inductance which is caused by *the penetration of magnctic
Tluwx under the conductive surfece. This change of inductance
is the seue as would be caused by lhe surfece receding to
the depth given in (:-50). Starting with a lnouvledge of
this depth, the reverse process cf computation gives the
increrent of inductance caused by the penetration, cud from
that the effective resistance as joverned by the shkin effect.

The incremental-~inducteiice rule 1s stated, that ihe
cflective resistance in a eclrcuit is equal to the change
of reactance caused by the penetration of magnetic Tlux
into necal obgyects. It is valid for all exposed wetel
surfaces vhich have thiciness and radius of curvature imuch
greater than the depth of penetratlion, say at least twice
as" great.

The application of the incremental-inductance rule

W ol et g

involves the following steps:
() Select the circuit in which the effective
resistapce is to be evaluated, and identify the

exposed metal surfaces in which the skin effect

s et 24

is prevalent.
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(v) Compute the rate of chenge of inductence of
this circuit with recession of each of the
netal suriaces, BLO/Bx, assuning zero depth
of penetration?

(c) Note that the increment of inductance caused

by penetration into each surface is

L
o) o]
Lo 3 (%-51)

(a) Cormute the effcctive resistance contributed

by each surface.

oL

Rz ol = -ﬁ-; + == R_olms (h-52)
For a surface carrying the current of the circuit, this is
identical with (%-18). Tor the effect of near-by metal
objects, such as shields, this fornula is cesily applied in
wany practical cases. It is most useful in cascs of non-
uniform current distribution, which otherwise would require

integrations,

!

{

® ) second-order approximation is secured 1if BLQ/Bx
is computed esswning that the surface is below the
ca e \
' } actual surface by the amount given in (4-50). .
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We nust now develop an expression for conductor

attenuation in terms of R and ‘the Characteristic

Iimedance Zo' In the initiel discussion of the theocyy .
of Stripline, we saw that since a TEM mode is genereted,
the esxpressions for transmission lines hold. One of thra

nost basic parameters is the propagation coustant.

‘(::\/—z—y =N (Rejol)(Cejocd) (4-53)

In the construction of well desiymed transmission lines,
it is found that R< <w L and ¢ << C., Using these
apprexzinmations, ve can therefore write our provagation
congstant as a Taylor's Scries and consider only the first

geveral teius.

Ji=Gor+n)? = 4Tat <1+-.-—3—- > (he5h)

J2wlkL

und

«/;:(ch+(})1/"‘, = jwd 1C [1-&- ﬁRG ;

b 1C
\ - f
. (..L:r_ - A
- 00 2L
Men i R

j= Nzy =R/2 JC/L +a/2 NLE +j JIo [1- 5 ] (h-55) .

hoo LC
Since ' :

T= O +3B (h-56)

m/;ﬁ/r-n
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the attenustion constant @, mey be found by teking the Resal
part of equation (4-55) resulting in
¢ =R/2 Ne/L +06/2 JL/C neper/m (%-57)

From transmission line theory, we know that

z =~ L/C (4-58)

(o]

Subsiituting equation (%-58) into equation (%-57) we get

R c'2'0
o = + =3 nepers/m (h=55)

Let us examine equation (4-5¢) more clesely. G is the shunt
conductance betucen ccnductors. With the commuon dielectrics
in use, it is small enough to be neglerted. Using this

appreximation, eguation (h-50) becouwes:

, R
¢, o~ ---2-‘-2—-; nepers/m (h-50)

Equation (4-60) is not in a convenient working form
and rust therefore Le modified further. In Chepter II of

this report were given the relations

= A1/ (2-1)

end

1
2, =55 (2-3)

-~ g = W
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Equating equations (2-1) and (2-3) and solving for L, we get

L= —2 (h-61)

An expression for velocity of propagation (v) as compared

to the velocity of lig 't (c¢) was 21so given in Chapter II.

t—
¢t

\es

Cc
=7 (2-4)
r

The substitution of eauation (2-h) into equation (.2-71)

leads Lo
Zo Ve .
L =~ —t (h-52)

c

Iy cquation (#-7c) is used in equaticn (4-52), there results

5 o [ LN &
R = m ~ K — } (1-53)

Bui

i c=hnx10'7x3x108=376.7
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€5
so that
RS N, €. ) Zo
R = 376.7 a % ('ll-"6)+)

If cquation (h~0h) is nov used in equetion (4-G0) we get

& uore desirecble form for the auvtenuation constent.

R, J e 9 2
[

o= - 2 nepers/cm (4-G5)

-
1
(W8]
i
N
Ce
=

vhere x has bLeeit chenged Lo n to conform to Cohn's notation

of distance perpcndicular to the conductor surfece.

: . 3 7 . -
Ve nast new evaluate the ternm 0 1n equavion (h-Sp).
—
v n

Consider the cross sccticn o Suripiine as shovm in Fig k-l

Fig 4=k - Cross Section of Stripline
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® n 1s perpendicular to the current carrying conductors.

We must therefore consider the inner surfaces of the two ‘

ground plenes snd the Jour surfeces of the center strip. A
change  n inwerdly normal tc the ground plones requires a
change € b = 2 & n in ground plene specing. Similarily, in
the strip, the necessary changes in dimensions are w= - 2 T n

and bt = - 2 & n, The total chenge (total differentiul) for a

wiifern chenge in ¢ n is therefore:

et el e P R R S . TN

9% 94 o %
Z G ot ha(0
o o ] 3-1-)—— Ub‘l‘a——‘-’— W+ ST C (1-60)
1 on

Substitulilg the values fdor & v, & w and ¢ t as glven above

in equation (4-66), there results

" 0% 252 202 202
s ¢) - 0 - o O (-‘L-G’T)
d n oD d v . 5 t

then equation (+-C7) is incorpercted into equation (14-55),
the desired expression for the altemiation constant ap
regults and is

R Je J 2 J 2 A2 N\ .
3 r Q

- 2 0 . e
% = 376.6'20 b R 0t ) nepers/m (1-G2)

R R U A Y PSS T Lo S il L ST O SN
1 2

~ g . i . ———
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a. Wide Strip cage.

Equation (4-08) will first be evaluated for
he wvide strip case (w/b - t > 0.35) using equation (2-0)

vhich is

2 k,‘;_' 1
“o AREY, T olus (2-5)

Ve -
-70 0.003, €

I ihe pertial derivadives of equation (=¢8) cre evaluated

wsing equetion (:2-0), the fullowing results are ohbained:

v

oo J oot

Y _ €y %o u/h + w/o . téb ) °L (4-563)

v T T owiasy 1-¢t/b L2 0.0005 € N e
’ f (l-u/o) r

R ST B ==t S it b T
. .

1.

- ) L
W/ -Ne, 2 < oc.! .
Q = r O 2 + b g . (_\,__70) ' i
NRY: oh.15 b -t/ 0,005 €. VY , ¥
< 2 . | .
” - 7, ) ! .
o . v, % ( uft - 5o S > (4=T1) - &
) AT g o ; A
¢t .15 b (l - ‘t/b)a i 0. D Gr ot {
f 1

Il equations (%-Co) through (4-71) are substituted into § %
equation (2-68), there results %
i

b -~

3

i..
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l
. 3 R8 er Zo [ 1 2 u/b
= 5 + )
¢ (376.6)% v 1=t (1 - t/0)
(%-12)
oc.! oc,! 3C.\ 1
— (- I« L« L > J nevers/m
0,0885 €r Ob ow o1

The partial derivatives of Ci,' may be evaluted through the

use of equation (2-10) which vas

5 ¢
0.0885 € \

\ 2 < 1 ;
¢ = 7% [ o P\ TEE )

- <1—::L7§ -1>1n <m -l> ] L/ em (2-10)

Mal.e the substitution

1
= T 1/6 (15"'73')

in equation (2-10). The result is

0.0885 €. |

¢! = L 2x1n (x+1) - (x-1) 1n (& - 1) J (2=70)

£ n

Taking the partial derivative of equation (h-T7%) with respect

Lo z, we find thet

t
o cf _ 0.0885 €., . ( <+ 1 > (h75)
d x Tt ’ . X =1

”w T ",n.»*
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Now

dx 9 <: 1 '> -0
dv dw \IT-ip

since x is not a function of w.

Also

/b
b (1-t/h )2

"

(oY [o%)
o0 124

and
Q% _ 1
= [}
o% b (1-t/h)
Thereiore
]
o Cp i ) Ce .
sb ~_ o0x v
0.0885 €. <} < +1 )
———————e N See——
1S X -1
N t .t
°Cp - 9 Co ., Ox
LR d x o w
©.0885 €. .
= = (iln =
and

D
\2

{h=76)

(h=77)

(:-78)

- t/b
b (1 - tfo)?

(4-79)
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100

o C,' o C,' dx
3t % Tx Jt

by
=

0.0885 ¢ .
! ( m £X g'_ ) ' L = (=31)
x = b (1 - t/b)°

If equations (%-79) through (%-81) are substituted into

equation (4-72), we see thot

s
s‘?A
%
%
%

1, .2 w/b

)
1 - t/b 1 - th)"

g =
c

bR JZ: 2, \/Z: [
(376.6)° b

Ll

«t{,r"e
=

( /- — +1 “}
+ -3—;- -l-i—q-o—)-,-; 1 < Lo b > | nepers/unit length (4-82)
- (2. - 4/p)” 1 A
; Y
= L
. For copper R, = 8.25 x 1077+, ohias/square
“ ) Jedite

e alsc wish ocur result in decibels ner unit length rather

thaen in nepers per anit lenzth. Remembering that one neper

equals 3,835 decibels and using R, for copper in equation (4-82)

oy

1

i

we obtain the final result, vhich is

T e T N e R i O ) e, TR R

P
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101
2,02 x 100 V3 Je. zie.
a = kme r or X
¢ b
2 [ = B
[ : .140/1) . b % (1 + 't[bzc ) w { i} -lt 5 ] (4-83)
: (1 - t/u) (1 - t/b) 7 -1

Bauetion (%-33) is valid in the same ramge as u/b =t > 0.35.
The term ( 42: Zo) is determined as a functicn of the cross
sectional dimensicns. The ter Cfc is expressed in db/unn‘.t

len_th vhere the unit length is that used to nieasure b. Tor
exermnle if b is in inches, O:C is db/ inch. If the conducting
surfece is cther then co: », the result should be scaled by
the ratic of the surfacc resistivity of this metel to that

of conner,

b. Narrow Strip case.

Let us nov eveluate equation (4-28) fur nerrow
Strip widiths. It vas showm in Chapter II that for w/b -t < 0.35
vhe Cheracteristic Inpedence could be expressed by equation (2-11)
Jhiclh is
&0 in }—LP-
d

JE- o]

ohus (2-11)
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o evaluate equation (4#-63) vhich is

A ) 2\
a, = —T— 3—— - 5——- - a—-— nepers/n (4-68)

d Z 3] Z, o Z
3-- 6—-— and 3—1:_ st be eveluated,

Utilizing cquaiion (:-11), we see that

LA P
—2 = o0 (%Gl
Ob
Je bH
r
o4 s dd . 0 a.
Q = [®) e - 50 . Y (‘P-Bs)
o od ow ow

and

p N\
oz, 9% 94 _ 60 od, (1-66)
3T ~° §a T - 3T e

° feeqg

Incorporating equation (4-84) thru equation (4-85) into

equation (%-08), there resultis

] nepers/unit leugth

T AN
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Making the substitutions R = 8.25 x 107 Jf}:mc and

oue neper = 8.686 dv, equation (1-88) results end is

ho2 f
. 0.018402 erfkmc [1+ b aao od

0 , , ‘
a Sv Y 5% > ] do/unit length
W e o
Fof) ! (4+-88)

Equation (4-88) is valid for EE;

0.35 and
-C

[
(<2
INn
(@]
®
n
(¢
®

LR

Although the equation releting do, waond v is
knowm, it is an implicit function of the variables end to
corple:x to pernii derivaticn of exact lorrmlas for the partial
derivatives. h  ver, o sei o five plece vaelues of do/d,

¥
versus 4"/a' verc available,¥ and permitted a vrecise numerical ¢
eveluntion or thzse derivaiives. A plot of (¢ dofo v + & dofu t)

ne 0

as o funclion of the sirip cross section ratio if given in Fig 4-5.

Values ivow this cwrve mny be used in equetion (%-83) to ohtein

the atienuation per uuit lengih of narrov strip lines.

For a"/d' suell, vhere "d"" is the sweller

e

and "a' the larger of the two dimwensions "vw" and "t", an

evprozimate fornule rfor do cxist539

< g e e e

* These vere conputed in 1950 by C. Flammer of Stanford
Regsearch Institute. “
i
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105

d " »
_‘14‘_:1/2 [10--,‘—‘1?»<l+1n1-‘-319-'- ] (4-89)

Equacion (4-89) is accurate for ¢* ~' . 0,06, It vas

37

found by Cohn~  +that an improvement occurs in equation

(4-89) if it is modified to read

d " $ ]
- d 4x d
-a$ = 1/2 [ 1+ —ar l1+ In -—dwr->
d" 2
+0.510 { 3Fr (4-90)

With this modification, equation (4-50) is extremely accurate
for d"/a* up to at least 0.1l.
Differentiation of equation (4-90) ylelds

34 o4 o d, 34,
3-{]9- * B-T = W + W ﬂl/2f'0¢669d”/d'

- 0.255 (d"/a*)° +1/2x 1n bk x a'fa  (4-91)

Inserting the results of equation (u-éz)
into equation (4-88) gives the final result which is:

.
' - U oy g .
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S L e ol Rt PRI et 2 A

RS L

100
0.011402 v e T "
¢ m = x_lme 1+ 2 (1/2 +0.660 &y
c J__ clo d
( c. Zo) D
/d" 2 a
- 0.255 \a-,- +1/2x 1 hx at/a" ) J (4-92)

Equation (}-92) is applicable for w/b -t < 0.35, t/b < 0.25
and either t/b < 0.11 or w/t < 0.11.

(Al

5« Abttenuation Granhs.

It is of 2onsciderable interest Lo compere the
Tormlas for the wide sud narrov strip cases iu the vicinity
of the transition point w/(b-t) = 0.35. Fig k-6 shows curves
computed from equations (4+-03) and (4-62) for the Lypical case
of t/b = 0,01, It is seeu thot the curves show an spproximate
agreement near vw/(b-t) = 0,37, but differ by about eight per
cent. This discrepany .5 rcosoueble since the two attenuetion
Tormulas utilize the derivatives of iwo approximete Characteristic
Iippedance formules, and, although the letter agree very closely,
their errors will necessarily shov up most strongly in their
derivatives. A reasonable transition between the two
attenuation curves is 8110‘-;11 in Fig 4-6. Tt is reasonable to
believe that the resulting ccimosite curve i3 within a {ew per
cent of the true one.

The above process has been carried out for %/b
ratios from 0.001 to 0.1. Equations (%-83) and (4-88) and

(4-92) were used in their respective ranges of validity. In




"NOI93Y NOILISNVYL
WIHL Ni SYINWNOF NOLLVNNILLY dRILS-MONHVYN PUD -30M 3HL 40 NOSINVANOD 9% Bij

%z 22/~
oel 091 ovi oz 0ol 08 09 o 02

-

' , , $0000
,_ T | *

- VINNEOA \
diNLS-3aM =
90000

\\

— 8000°0

Ba

e

-

Ve o <
o BT i ey e e e e R

seo=2
q\\
e

RS T 2 e sl

VINWYO4
di¥dlS —~ MOYYVYN

\
\
\
438N,
QW) *ap * —— =57~

%-

21000

Y1000

LYY - 2 i e S At
N

P

TS gt

91000

-

T
*
L}
-
»
L4




-

105
0.011402 W €, fl o b a"
¢ = = 1+— (1/2 +0.660 ¢
c J—— do d
{ c. Zo) b
/d" 2 . N
- 0.255 \'&"‘ +1/2x 1w hax at/a" ) J (h-02

Equation (%4-92) is appliceble for wfb -t < 0.35, t/b < 0.25
and either t/b < 0.11 or w/t < 0.11.

3. Attenuation Graphs.

It is of considerable interest Lo compere the
Tormmlas for the wide end narrov strip cases iu the vicinity
of the transition point w/(b-t) = 0.35. Fig 4-€ shous curves
conputed from equations (+-03) and (4-C2) for the typical case
of t/b = 0.01. It is seen thot the curves show an approximate
agreement near v/(b-t) = 0.35, but differ by about eight per
ceiite This discrepany is rcosonsble sinece the two attenuation
Lormulas utilize the derivatives of iwo approximete Characteristic
Impedance formules, and, although the latter agree very closely,
their errors will necessarily shov up most stroangly in their
derivatives. A reasonable transition between the two
attenuation curves is sho'.-;n in Fig 4-6. It is reasonable to
belicve that the resulting cciposite curve i3 within a lew per
cent of the true one.

The above process has been carried out for ’o/b
ratios from 0.001 to 0.1. Equations (4-83) and (4-88) and

(4-92) vere used in their respective ranges of validity. In
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all cases the curves for narrow and wide strips agree at
w/(b-t) = 0.35 within 10%. The family of composite curves
is given in Fig 4-7, as a function of Z, and various values

of t/b.

at Zo, which corresponds to the case of an infinite parallel-

It is seem that minimun attenuation is approached

plane transmission line of spacing (b-t)/2. If field fringing

did not occur, with consequent non-uniformity of current dis-
tribution, the attemuation would be independent of strip width
and Characteristic Iugpedance. The effect of this current non-
uniformity 1s therefore quite large in the useful range of

Characteristic Iwpedance.

Fig 4-T applies to copper conductor: For other conductors

the attenuation should be scaled proportional to R + The ordin-

ate parameter is O o/ N 1 £ ey 1D db(kme) l/". Note that this

gives ac directly in @b per inch at a frequency of 1 kmc, when

er = 1 and b = 1 in. The total attenuation when a dielectric
material fills the line is given by
87.34 er tan &
Gma + db/unit length (k-93)
A
o]

L, Measurewent of Attenuation.

In order to check the correlation between theoretical and
measured values of attenuation several stripline spirals were
built and evaluated. A spiral was used since it was felt that
this was the only practical way to get a representative length
of Stripline in a reasonable amount cf space. All spirals had
a Characteristic Impedance of 50 ohms. Lines A and B were built

and tested by w1gington?°while line C was constructed and evaluated
by the authow,

SRR

A ks b
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The method of measurement is shown in Fig 4-8. From
frequencies of 30 to 2470 megacycles simultaneous measure-
ments were made using both a& Rhodes and Schwarz Diagraph '
and a Hewlett Packard power meter with its accompanying
themistor mount. Good correlation was found between the
values of attenuation determined fxom the Diagreph and from
the power meter. The power meter reading was used since it
could be more accurately read.

The Diagraph 1s essentially an automatic Smith Chart
which will read attenuation and phase shift directly through
the use of a moving spot of light. The power meter was bal-
anced with the Stripline Spiral out of the circuit. The line
vas vnen broken and the Spiral inserted. The attenuation due
%0 the Spirel is then read directly from the meter.

Avove 2400 megacycles only the power meter vas used.
when totel Spiral attenuation exceeded 10 decibels, the péwer
aeter could not e used directly and a slight modification
vag necéésary. Individnal General Redio pads were mearured at
& glven frequency. Enough of these pads were inserted in the |
line so that t'e difference between the total value of the pads
and the cxpected attenuatipn of the Stripline was less than 10
decibels. The pover meter vas then balanned with the pads in
the line. Finally, the peds were removed and the Spiral in- L
serted. The totel attenuation was then the sum of the pad )

atteuuation and the reeding on the power meter.

N T A\ o e P
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METHOD |
2008 RS DIAGRAPH
OSCILLATOR . o ATTEN. Q&
(A—A—|TEE o )
ATTEN. 1
2008 204~ 30- 300 Mc. |
( ZDD~300-2400Mc. —3—
UNKNOWN
REFERENCE LINE LINE

I. SET POWER LEVEL AND DIAGRAPH TO READ O DB.
2. BREAK UNKNOWN LINE AT X AND INSERT TEST LINE.
3. READ ATTENUATION DIRECTLY FROM LIAGRAPH.

METHOD 2 ﬁﬁ‘g POWER
METER
o
OSCILLATOR LR <
608 AN HP 430C
A——AM~ F————{wpar7e oS
ATTEN. TERMINATED

THERMISTER MOUNT

|. ESTABLISH REFERENCE POWER.
2.BREAK LINE AT X AND INSERT TEST LINE.

3. READ ATTENUATED POWER.
4. CALCULATE ATTENUATION.

COAXIAL. COMPONENTS
GR 50 Ohm CABLE, ADAPTERS, TEES, ATTENUATORS, ELLS.

OSCILLATORS

R ¢S SMLM 0SC, 30-300 Mc.

GR 102! SIG. GEN.; PLUG-IN P2,250-920 Mc.
- P4,900-2000 Mc.

GR 12i18-A UNIT 0SC., 900 - 2000 Mc,
HP MOD. 6I6A SIG. GEN., I800-4000 M.
HP MOD. 685A 5200- 8300 Mc.

R€S = RHODE AND SCHWARTZ

GR : GENERAL RADIO CO.

HP = HEWLETT-PACKARD CO.

Fig.4-8. ATTENUATION MEASUREMENTS, METHOD AND EQUIPMENT
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It should be noted that no measurements were nade on %
Spirals A and B above 4000 megacycles. Above this frequency
values were calculated from equation (5-25). This equation

appears in the chapter on Stripline Transient Behavior.

In the measurement of Spiral C, it was observed that |
the attenuation began to rise sharply above 3500 megacycles.
No information was available as to the increase of loss tan-

gent and the decrease of Glelectric constant with frequency

. was available locally. Correspondence with the manufacturer

(Minnesota Manufacturing and Miring Company) provided only
one additiopal value of loss tangent and dielectric constant.
Since theoretical attenuation depends on these two constants
directly, its accuracy is only as good as that of these
perameters. Wigington'suo results are shown as Fig 1-0a and
the author's as Fig 4-Ob. Table h-1 is also included to show
the information of Fig 4-~9b in numerical form. Finally a
picture of Stripline Spirels A and C is shown. Spiral A is
opened up to show its interior, while Spiral C is in its

assenbled form.
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5 LINE A
3 €:=2.73
& 0.3z 2.56 10>
e Zo=50 ohms
g .
LINE 8
€= 5,27
ton.8:133x10°2 [
Zo $Oot\ms >
S
A
LINE A- GLASS -TEFLON DIELECTRIC . =
y LENGTH: 7.40 METERS - . | 53
1.~ LINE 8- GLASS-EPOXY DIELECTRIC e
LENGTH:= 3,68 METERS , ,
-~ ! ' e
) * o-Measured Volues. S s
x-Voues cakuloted from Eq.5-25 . | L
Theore'icol Volues ! P, N
' | . ' 3k
- o ' ﬁ
0 % FReEQUENCY N M. o0 000 1.1,
Fig. 4- 9. ATTENUATION MEASUREMENTS FOR LINES A ond B o
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LINE C- GLASS-TEFLON DIELECTRIC (LAMACOID 6098)

LENGTH - 26.3 ft.
: 30mc - 3500mg. i
300 € = 268 ton. 8:1.5x1073
) 3500 me~ 8200 me. ,
€, = 2.56 ton 8:1.67x10°3 s
Z,= 50 ohms
100| 9
&
(&7
W
(o]
50| Z
4
2
30 ‘3‘
u
- . .
< 0 = Measured Values ;
---=Theoretical Values 1
1.0
1
0.5 i
03 .
20 50 100 200 500 000 2000 5000 E

FREQUENCY (N MEGACYCLES

Fig. 4-9b. ATTENUATION MEASUREMENTS FOR LINEC

i
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TABLE k-1

. Theoretical vs. Measured Attenuation of Spiral C.
Frequency Colculated Measured
(re) Attenuation Attenuation
(av) (av)
30 0. 50Th O.h1
40 0,052 0.52
50 0.7h00 0.60
6O 0.824 0.63
70 0.39h3 0.68
80 0.90::2 0.72 g !
90 1.033 0.82 3
100 1,068 0.9 A
125 1,251 1.0k ,;
150 1.30% 1.15 o b
175 1.510 1.36 : i "
2 1.057 1.50 o
250 1.899 1.70 CF
300 I . 1.602 D
350 Jolith 2.10 b
400 RO 2,40 Ll
W50 P RN 2,00 Vs
500 2ol 2.90
C00 3321 3420 L
‘(00 3.580 3.0,
30v h.0.2) 3.63 ‘
400 by 202 b2 g
1000 L 685 h.3 |
1250 54389 5.2 L
1500 64313 6.2 R P
1750 7»0631 ‘7.0 M
2000 1.67h 7.2 Y 4
2100 3,780 9.0 R o
3500 11.66¢ 11.60 s
r:200 15.890 19.50 H
. (000 17.820 23,50 ]
7000 20,240 27.'70
8000 22,470 28.80
. 8200 22,960 28,90
| 4
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CHAPTER V

A TRANSIENT ANALYSIS OF STRIPLINE

A. Introduction.

Since the use of Stripline to perform logical operations
in a computer 18 a basic aim of this investigation, it will
be necessary to consider its transient propexrties. Any
digital logic operation depending on signal amplitude will
necessarily involve scuare pulses to represent the "1" and "O"
states. The maximum possible rate of performing logical
operations will then be limited in part by the maximum
achievable rise time of Stripline. The weans of predicting
tkis maximum rise time as well as the variables determining
it will be found fx v " “ransient analysis. This analysis
will follow an analysis done by Wigingtcn.uo Wigington's
paper ig the only transient analysis thet has been done to
the author's knouledge.

B. Thecretical Model.

To begin the transient analysis of Stripline it is
necessary to find its voltage transfer function. It was
shown earlier in this report that Btripiine operates in the
TEM mode. 8ince this is the case, the formlas for general
transmission lines hold. The steady state solution for a

voltage wave on & general transmission line is

ns
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VmaeT Tl . pe*? (5-1) -
wvhere .
Te 0+ JBuN (R+ juL) (G + juC)

1 = distance from the sending end of the transmission line

R,L,G,C = resistance, inductance, conductance and capacitance
rer unit length of line

A and B = Complex constants

The function of interest is that of a voltage transfer in
a matched line. The first term of equation (5-1) represents
the incident wave while the second term represents the reflected ’
wave. 8ince a matched line has no reflected wave, the second

term of equation (5-1) will be absent. Equation (5-1) then becomes: |

vV = 7(0) e} (5-2)

where

V (0) is the serding end voltage

From equation (5-2) the voltage transfer function becomres:

F(m) = %—é—} = e-rl = e t e-JBl

= e'q-l(coa Bl - § sin B1) (5-3) k .
In equation (5-1) the propagation constant v was defined as % .
1/2
T = [(R+JmL)(G+JwC)] (5-4) ‘
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Let us now examine the parameters R, L, G and C for the
cage of Stripline. In Chapter IV of this report, it was

/ xfp (1))
T — (4-41)

] 2x r,

shown that

where

z. = Impedance of a round wire for very high frequencies

f = frequency of interest

Bk = permeability of the medium
0 = conductivity of the medium
r, "= radius of wire

It is shown in Ramo and whinneryhl

that equation (4-41) is

valid for ro/a‘ > 5.5 12 a 10% error can be tolerated (vhere

6 1s the depth of current penetration into the comductor).

In Stripline r_ + = since the conductors are sctually plane

rather than circular. Also for copper st 3 Kmec, § =-1.22 x 10'6-cterl.

The assumption that ro/a > 5.5 is therefore quite valid.
Equation (4-41) may be rearranged to read ‘

o
Z”'J 8g2r20 (I’J) (5"5)
o]
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Let us define
kia ) (hnzuioz 052 (5-6)
Inserting equation (5-6) into (5-5) there results
zZ = ! ﬁ: = (1 + §) (5-7)

In the discussion following equation (4-1L4) it was shown that

tan 5 = - (5-8)

vbere
tan © = loss tangent

¢ = conductivity

m
n

vermittivity of the medium

w = angular frequency in radians

The equation for & parallel plate capacitor is

€A
C = "a-' (5"9)

vhere:
€ = permittivity of the medium
A = Ares of one plate

d = distance between plates

2 A A

S
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Equation (5-8) may be rearranged to read
oA
tan § w—— (5-10)
€A
o(F)
Utilizing equation (5-9) and *he basic deZinition of
conductance, there results
tan &= & (5-11)
wC
Now let us examine equation (5-4) which was
/2
T= | Re¢Jjowl)(G+JjwcC) (5-4)

Consider the term (R + J w L). It must be remembered
that there are two types of inductance to be considered,
that due to skin effect and that calculated assuming no
current penetration into the conductor (I,b). The resistor
term R is essentially due to skin effect. The term
(R # J wl) may therefore be expressed with the help of

equation (5-7) as

R+Jwl)m (Zeo+j oL »)

No Vo
'<K_lff2 +J K--l-é +JwL,,> (5-12)

Nov equation (5-11) is
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tan & = u—;%— (5-11)
Define
C tan & = K, (5-13)
Then .equation (5-12) becomes
G =K, o (5-14)

Through the use of emations (5-12) and (5-1%), equation

(5-4) vecomes

R PR o

[(f_lﬂ +) K.l_% +Joloe >(K2m+.jwc> ]1/2 (5-15)

J2

Equatior (5-15) can be rearranged to read

K Vo (qes
T=Jw~/£:5 [14' Jméil"") ]1/2 [14-1;-2]1/2

Equation (5-16€) is rather unwieldy and mey be simplified
by expanding each one of its bracketed terms in a binominal

series. The genersl binominal series expansions is

(5-16)

ey

[Ny wrar o ray
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2
: (lfx)n-1+nx+£@-—;—-%-2-i- ....x2<1 (5-17)

We must first examine the bracketed terms of (5-16) to see
if the condition (x2< 1) is met. The "x" term in the first

bracketed term ie

J'
Ki;m (1 +3) K,

e  e——— 5-18
JwlLe J.a:Leo ( )

Evaluation of (5-18) deperds on evaluation of K- K, in turn

depends on the assumption that

5

J-me

<<l

This assumption will therefore be made and its validity
checked after xl bas heen evaluated. In the second term of

equation (5-16), the validity of

K
l 32 l <<1 (5-19)

must be checked. Now

(5-20)

&
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But from equation (5-13) :.
F’ [ ]
tan 8 = -K—g— (5-21) z

c

, At 3 kme tan 8 < 0.01 for GB 112 T Dielectric. The
4 assumption of (5-19) is therefore justified.
g Using the first two terms of the binominal expansion

in each term of equation (5-16), there is obtained

JK (1+) K,

e [1-2J2J$+1..][1-JE]

K (1 +4) (243)

%; = jovLecC [I-JZJQ i -J %-CJQJ(B‘:)(%) ](5-22)

R A

K
Now it was shown that ( -2%> < <1 and it will be subsequently shown

that

RIS
S K

K, (1+))
24'2&; Lo

<<K1l.

It is therefore valid to drop the last term of equation

(5-22). Under this sssumption equation (5-22) becomes

g et
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JK (1 +9) K,
Y“JwJLwC[l-aJaJZL“ - gc-] (5-23)

or

K, (1+3)Jo @
TejoTe g4~ —F ¢ Kg} (5-24)

where

The first term is a simple delay and is not of interest
in this analysis. We may therefore conclude from eguation
(5-24) that

Ko KR

+ = @ (5-25)
2d2 B 2

a

leco o6
22 R, (5-26)

Ba

The development has now procceeded far enough to eva.luatgf

the constant K, . The work of Chapter IV resulted in Fig 4-7

vhich expresses Stripline attenuation as a function of its

parameters. The ordinate of Fig L4-T iz
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i
}
L3 : Do
ac b (Kme )1/ 2
¥ = (5-27) X
Jikmc €
r

The attenuation constant ¢ in equation (5-27) is in decibels,

whereas the attenuation constant of equation (5-25) is in

nepers. Using the conversion factor from decibels to nepers,

we see that

nep.

¢ % ° -1/2

A y' = nepers (cycle)
"gg fe

- r {

f |
. '
A = 3.6 x 1076 y (5-28)

&
? 1
A
s
3

Equation (5-25) 1is made up of two terms, the first due

to copper losses (0%) and the second due to dielectric

losses (ah). If equation (5-28) is solved for a;nep and the
result equated to the first term in equation (5-25) the

desired solution for Kl results. It is:

2 y'~J&r R S
K, = Ts (5-29)

The expression we wish to examine to determine the
validity of equation (5-22) 1s A

e B
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K »

<<1 (5-30) i

o Lo

let us examine equation (5-30) for a "worst" case.

Take:

. e 5 8 . R Y

¥ = 1.7 x 1073 (meximum ordinate on Fig 1-7)

R~ 9.5
b = 0.125 inch %
€= 2.6 {
C = 0.553 pufd/in. :
{
2
These values were obtained from the Taeble of Characteristic %’,
Impedance Measurements given in Chapter I. If tht je values are '{:
used in equetion (5-28) and {5-29) we find that K, = 8.91 x 10'8. '
%
The value of I» can be found by realizing that
Lo £5.2
Ro" ; ""'é"’ (5 31) ":l
or
. 2 ,
Toom Ro c (5"33)
Inserting the given velues of Characteristic Impedance : ;
and Capacitaace per unit length, we find that le= 5.37 x loﬁghenries. - i,
If a frequency of 3 Xmc is assumed { ’
¥,
E
1
—m 1,22 x 107 <<1 (5-33) e
No L« : %
gy i:‘
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Then the assumptions required for the binominal

expansion are justified and we mey proceed with the

Vg At e . B

development.
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C. Stripline Transfer Functions. S

The transfer function to be investigated can now

be written from equation (5-3), (5-25) and (5-25). It is

el et

-KQROJ.CD - K1

- 1K1
-t N IS A |
In our investigation of equation (5-36), it would be %f

desirable to be able to apply the physical realizability
conditions given for transfer functions of lumped constant
systems to transmission ine transfer functions. Bodeha :

shows that provided the delay of propagation term in the

TR 7 I

expression for the propagation constent (equation 5-24) is
subtracted out, the analogy is valid. Since the first term
of equation (5-24) has already been removed in the derivatiom.
of equation (5-34), P(w) must satisfy the realizability
conditions for lumped constant transfer functicus. These

conditions are given by Bodeb'3 and Ba]bania.nhb' and are: -

WAt A

ffj B e = S B S S S S
[}

o B w——
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(1) Zerves and Poles are either real or occur in
complex conjugate pairs.

(2) The real and imaginary components are respectively
even and odd functions on the real frequency axis.

(3) Kone of the poles can be found in the right hand
plane.

(4) Poles on the real frequency axis must be simple with

ivaginary residues.
(5) NoPoles of the voltage transfer function F(w) can

Are

lie at O or «.

(6) The Zeroes of F(w) may be wultiple and can lie any-

i

a8 ® ++ © and | F(@w) | <1 for.all w.

For those who may be unfamiliar with the pole zero concept

N .
o pe N -,
R VDY 'Y l\n:“‘uwﬁ!\h.m* e ki

vhere in the s plane.
(7) From physical reasoning, it is obvious that Plw) =0 I

the following definitions are given:
(1) A Zero is that value of frequency which causes F(w)
to go to zero. : 4
(2) A Pole is that value of frequency which causes F(w) - i
to go to e, .

I# condition (7) is met, the other conditions will be met.

Examination of equation (5-3%) shows that for w >0, coadition
(7) is met but for w < O this condition is not satisfied.

- ——— i — -
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; |
‘?; Let F(w) be broken into two parts spch that: g :
. :
;'
Fo) = F)() + Fylo) (5-35) -
X t
Eﬁ&_ mm !
&
§§ Fl(a)) = term due to dielectric loss
| g Fa(m) = term due to skin effect
*‘ g Consider first the dielectric term
4 i et
3} rl(w) = e 2 (0 >0) (5-36)
‘.{%
A
i? Since the attenuating case is wanted for both positive and
l:'*;
b negative frequencieg, it seems obvious that for all w, 3109)
i
N should be
- KR1 | o]
2
Fl(w) = e (for all w)(5-37)

Now let us congider the skin effect terms

- le-w 1 -J 1&‘[‘” 1 t
2V2 R, 22 R, -
Fy(0) = e e (5-38)
¢,
For simplicity, define L,
] |
i
) ":_,‘ pros I
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K'.Ll

242 R,

K= (5f39)

With equation (5-39) insertied, equation (5-38) becomes:

K Jo e K Vo

7,(0) = e (5-40).

. o Ko (1+3)

Equation (5-40) must hold for negative as well 88
positive frequencies. Bodehs states: "In any real physical
circuit, the real component of the impedance is an even
function of frequency and the imaginary cowponent is an odd
function. In other words, the real component of the impedance
at a negative frequency is equal to its value at the corresponding
positive frequency, while the imeginary component at a negative
frequency is the negative of the imeginary component at the
correspording positive frequency”. Let us then postulate

- Tol (2 +)

Fa(-m) = e
e KTl (-9 (5-41)

and examine the validity of equations (5-40) and (5-41) under
Bode's conditions. From equation (5-40)
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Re[r@ Jnefe K@

e Ko cos K Nw (5-8%)

and from equation (5-41)

Re[}’g(-m)]aRe [e Kol (1 - j)]

= e kol cos KJ—FBT (5-43)

Therefore
Re [Fz(w) ]a Re [Fa(-oo) ] (514 )

and Bode's first condition is fulfilled. Also from

equation (5-40)
Im[Fa(w) ]nIm[e - Ko (1*3)]

m-e ko sin K Vo (5-45)

and from equation (5-U41)
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In [Fe(-m)] = In [e-KmT(l-J) ]

« e K o sin K« |m| (5-h6)

As a result of equation (5-45) and equation (5-46)

1o |20 | v an [ ] (5-47)

and Bode's second condition is fulfilled. Our postulation

is therefore valid. In surmery then

Fz(w) 3 e- K J-w (l * J) w 20 RS TR
el -9 ., (5-18)

It is desirable to express Fa('a)) &8s a function of jm.

We therefore meke the following transformetions:
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-k No (1 +3) - kNo (1 + ) V2
F, (@) = e =e SR CEED
= RN (5-19)
and
B(w)=e " K Jof (1-4) ce KN o] (1-4) %:—:%;—
ge-K-aj,w (5-590)

Comparison of equations (5-49) and (5-50) shows that for w < O

Fy(w) = F () (5-51)

Now if we let s = Jw and use analytic continustion, we obtain

the final result which 1is

-K1le
K*/E-; 2Ro

Fz(s) =e = e (5-52)

D. Skin Effect Transient.

Equation (5-52) has been solved by Wigington and N l.*6

This paper is included as Appendix VII. From this analysis,

the iwmpulse response is found to be

J e il R
s
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v Sy s

= 0 £t <0 (5"53)

e, 8 S G AN = N

and
K, 172
1

o= [ - ]

o)

In a similar manner, the step response was found to be

ga(t) = erfc v 571‘. t>0
=0 t <0 (5-54)

and the ramp response is

ha(t) = l/aft erfc B/t dx t>0
W

-0 1<0 (5-55) o

where:
wmt-afort>a o

wes QO fort<s

ot

a = 0-100% rise time of a unit ramp. T
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Equation (5-53) is shown graphically in normalized form as
Fig 2 of Appendix VII whereas equation (5-55) is shown
graphically in normalized form as Fig 3, 4 ond 5 of that
Appendix having normalized ramp rise time as a running
parameter. The curve for a = 0O correspond§ to the step
response (equation 5-54). Use of these curves will be
discussed later.

E. Transient Due to Dielectric loss.

The transfer function for the dielectric was given zs:

~K2R01 Jw]
2

Fi'(m) = e

= e (5-37)

The transform of equation (5-37) is given by Cambell and
b7

Foster ' as

£, (t) = —= (5-56)
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Equation (5-56) is the dieleciric impulse response and

is shown in noxmalized grephical form as Fig 5-1.

The dielectric step response can be cbtained from the

impulse response (equation 5-56) by the following manipuletion:

Gl(s) = 1/8 Fl(s)

t
gl(t) -f £ (¢) ar

f‘t Ko 4
o :t('ra + Koa) !
- 1/2 + 1/x tan™ (/%) (5-57)

Let us now examine equation (5-37), (5-56) and (5-57).
The following observations may be made:

(1) Por the analysis performed the mathematics holds
for all time, both nositive and negative, according
to the transform Tables.

(2) Equation (5-37) is supposedly a network transfer
function, yet it is not analytiec.

(3) The time response is from a transfer function
vhich has no phase time and no delay, yet it seems
to satisfy the requirements as a network function,
except for analvticity.

™
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(4) Pnysical reasoning would require that there be no
response prior to an excitation, i.e., the response
should be zero for t < 0 and for t —o, g(t) —+1.
Equation (5-57) fulfills the condition gl(t) -1 as
t —+w, but for t <O gl(t) ~+0 only as t -+~ i.e.
gl(t) ¥ 0 for t <O,

(5) If equation (5-56) is assumed to be true for t >0
only (with £(t, = O for t < 0), then the constant
1/2, in equa.tion— (5-57) is not obtained in the step
response and gl(t) ~+1/2 as t —o rather than a
value of unity as it should.

(6) The dielectric step response was obtained from the
impulse response by integrating in the time domain.
Iet us find the step response in the frequency
domain, then transform it to the time domain. The
dielectric impulse response was

- X, |ol

- K, |l
!'l(a))-e = e °

(5-57)

The step response in the following domain would then be

_ Ky |l
Gy (0) = = = (5-58)
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From Table 1 of Cambell and Foster §
|
- Ko ‘8 -1 K :
Pair 633: 9—-—-—;——-—-— - l/s ------ -+ - 1/x tan < -g) (5-59) ;
1
Pair 107: 5 —————r] t >0 {5-60)
e B B N mrccmocmam = e ../
Pair 201: F, + F, Gy + G, (5-61)

Equations (5-58) through (5-61) may be manipulated o yield

the transform mate of equation (5-58) as follows:

-K |s|
e © 1
F. +Fé= - -3 +1/s ~

1

K
1 -l/ntanJ'(-%o-)

i

=G, + G, = g (t) >0 (5-62) %

g Equation (5-62) mey be further menipulated to yield the g
seme result as that given by equation (5-57) . .
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ke
-1 K
g (t) =1 - 1/x tan™ (“oft)
= 1/x | n/2 + n/2 - ten™> (Ko/“b)]
= 1/x | x/2 ¢ tan™ (/%) :’
= 1/ 1/ tea™ (/K ) >0  (5-63)

liote thot equation (5-03) 1s valid omdy for t > O whereas
equation (5-57) 1s valid for both positive and nerative bLime.
Physical reascuing tells us that ifor t < o! ge(t) shculd be
zero while for t~+e g, (t)+1. Muation {5-63) therefore is the
regcult required. Tet the nothematizy be tmie in detail for

t > 0. In order to overcome the objection resulting from (5)\;}
obscrve that the D value of a step excitation over all time
(from - @ to + «) 18 1/2. Since there is no delay and the
transfer function &t zers {requency is un!.t'y,‘ this appcars

es o step of velue 1/2 at the sutput. The response due 6
frequency couponents greater than zero is described by the
arctengent function and is added to the step due Lo the IC
terms In addition, to preserve the integral relationship
betueen the impulse end step respouse the requlrewent that

the eiea under impulge response for all time is unity, an
inmnlge of value 1/2 at 1 = 0 must Le postulated. I“ic;ura‘ 5=2

chows equation (5-50) in gré.phica‘!.. form.
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Ve now have the impulse and step response for the dielectric.

Finally, the respounse to an arbitrary ramp will be counsidered.

b9

b
It is showm in Gardner aud Barnes

is Inowny the response to any arbitrary driving funclion may be

found by convolving the driving functicn and the impulsc ve-

sponse in the time dowmain. This piinciple has aiready been

used in finding tlhie ramp response Lo skin effect in Appendix VII.

Iet us postulate the followin:z noimalized unit romp:

0 z <0 = tfK
(o}
() =
2/ < IO 1
/ 0<x 2 = o/K,
] x>8
viexre:

a = 0-100j% rise time of a finite ranp.

Fquation (5-',6) nedified as described ebove consists of
tvo perts; the initial fmpulse end the part due to the rest
of the imwulse. Bach part will be dealt with separetely esnd

the results added. In normalized form equation (5-53) is:

2y (4K ) = 1/2 + SO S— £>0

n[l + (1\-./1<°)2 ]

=0 t<o0 (5~65

that 1f the impulse response
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The response to & unit rawp r(x) will be of the form:

hl(y) = 1/2 r(x) + fy f(x) r(y-x) ax (5-66)

o

hla(}’) + hlb(y)

Considering the second term of equation (5-66) in conjunction

with equaticn ( 5-65) and letiin; x = t/Ko there results

N
np = [7 = () (5-57)
0 (Ll + x7)

Observe that when the scale change x = t/K  is made in
equation (5-05), f‘l('t;/Ko) = fl(x) , preserving th~ area under
to impulse response to be unity. Equation (5-57) must be
considered in three parts corresponding to the three parts
of »(x) (equation 5-0h)

Case I: vy <0 hy,= 0 (»-68)

—

o,

ORI SG, Y

& Case II: C0<y<0O
3 i
%‘i ( ) y y.x dx_ }
§ h,, (y) = 1/x f < -_.-) — ,
% N © ¢ (1 + %) ’
g'

g 1 -1 2
H = 5= |yten Ty -1/21n(1+y) (5-69) :
“}z‘ *

. ey ——




Case III: y >«

() = 3/ [ s ey [ (%) 2

X

= 1/x ten ™t (y=) + L/ox  x

) ] (5-70)

I7 the oppropriate roup responges are included in h (y)

<ta.n y - tan” (y-u)> -1./2 ln<

1+ y-a)

the required equations are ohtained:

hl(y) = 0 vy <0

-1

by (¥)=y/20 + 1 /om [y tan "y -1/21n (1 + ya)J 0<yso¢

hl(y)z-l/?. + 1/xn tan'l(y-cc) +1/Cnt [y (tan'l vy - tan'l(y-a)>

-1/2 1n < 1 +(y-a) > ] y>au (5-71)

The behavior of equations (5-73) is correct in thet
1,(0) = 0; b, (@) in Cese III reduces to thet of Case II;
For large ¥, b, (y)- & (y)+1; and for a0, b (y)~e (¥).
For ease in working practical problems, equations (5-T1) have
been put in graphical form and are shown as Fig. 5-3. The
practicel use of Fig. 5-3 in conjunction with the curves of

Appendix VII will now be shown in & practical example.
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F. Experimental Verification:

1., Measurement Procedure:

A theoretical analysis is only as valid as its
agreepent with actual _esults. let us proceed then to an
experimental verification of Stripline transient behavior.

At the time that the transient analysis was begun, it
was thought tc be desirsble to be able to record the input
and output waveforms from a Stripline configuration on graph
paper. Consequently, a study was undertaken resulting in a

report included as Appendix VIII. This report compares

oscilloscope and grephical results and imposes limitations

on the speed of the recording sweep. The procedure employs
a Lumatron sampling attachment and a Ballantine peak read-

ing voltmeter. As can be seen from Fig. 2 of Appendix VIII,
the observed pulses were those of an 8KL pulse generator.

To observe the transient reaponse of & Btripline configuration
then, it is only necessary to; (a) record the output pulse of
the SKL generstor, (b) break the signal line between the m-‘
erator and the Lumatron deley unit and insert the device and
(c) record the resulting output pulse of the device. Since LE
the syntem is assumed linear, any degraedation of the 8Kl
pulse must be due to the Stripline device (the degradation

due to the rest of the system is included in the measurewent o

-

of the 8KL pulse).
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; i )




el {3 . LA e v g 77O TE
L T VP %y s R
s —a st Lo s s .

R SR R S

oot o Ao B -, T ’ -t e

1k9

2. Transient Response Example:

In order to use the theory described in the

preceding sections, it is first necessary to approximate
the input pulse to the Stripline device by & series of ramps.
Rather than use & graphical recording of the input pulse, it
was decided to use the equivalent oscilloscope photograph.
Consequently, Fig. 3b of Appendix VIII was decided on and
blown up to 8 X 10 inch size. It wes overlayed with graph
paper and approximated by a series of ramps. The result is
shown as Fig. 5-4. The reader may wonder why the essentially
straight line from (0, 0) to (1.0, 0.834) was broken into the
three sections, (0, 0) to (0.35, 0.283), (0.35, 0.283) to
(0.715, 0.583) and (0.715, 0.583) to (1.0, 0.834). This was
done in order that the individual remps would £all in the
range of the tabulated curves of Fig. 5-3 and Appendix VII.

The Stripline device under investigation was the Spiral
used for attenuation measurements in Chapter IV. We must
therefore first find the values of K, snd P which respectively
describe the dielectric and skin effect responses of the
Spiral. These constants can be found from equation (5-25)
which was

X Vo X,
¢ (w) = 24‘53; +

=)
€

nepers/unit length (5-25)

13%)

K, Ro 1l
Define Ko .
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and
. [ K, 1 ] 2
¥R,
then
a () =K o +J2 B w nepers (5-72)
Now

1 neper = 8.68 db.

sc
a (w) = 8.68 (K_ o +N2 B w) . (5-73)
From Table 4-1 in the chapter on Stripline attenuation,
we see that
frequency @ theoretical Q measured
400 me 2.45 @ 2.4 a |
3500 me 11.67 db 11.6 @b

Using these values of frequency and theoretical attemtién
(determined from the graph of Fig. 4-7), we can cbtain from

equation (5-73)

8

0.282 = 25.2 Ko X10" + T.1X 101‘43-

and

1.35 = 220 Ko X 108

v 2 x1000F
Soiving equation (5-Tk) and (5-75) simultaneocusly, we £ind
that

Pa7.3x12072

and

K, = 3.57 X 1071
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a., Dielectric Response:

Now that the constants Ko and P have been
obtained, we can use Fig. 5-3 to ocbtain the dielectric

response of the Stripline Spiral. The four ramps obtained

e e o R e o = AR T ——r—. .

from Fig. 5-4 will be considered individually. The total
dielectric response is then obtained by adding the individual

responses (superposition).

al. First Remp:
Amplitude = 0,283

Rise Time = & = 0.35 X 10~ sec.
Ge b nw3:5%200 oo
Ko 0.357 x 10719
X = K: - pyp xtlo'll =28t (tin 1072 sec.)
From Fig. 5-3
t (10'9 sec. ) X=28t Response 0,283 Response

0.05 1.40 0.09 0.025
0.10 2.8 0.22 0.062
0.15 4.2 0.36 0.102 *
0.20 5.6 0.48 0.136 ;
0.25 7.0 0.62 0.176 *
0.30 8.4 0.75 0.212 .
0.35 9.8 0.88 0.249 I
0.40 11.2 0.93 0.263 L

0.45 12.6 0.96 0.272
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155 g
t (107 sec.) X=28t Response 0.263 Response g
: 0.50 14.0 0.97 0.275 g
. 0.55 15.k4 0.98 0.276
0.60 16.3 1.0 0.283
0.65 18.2 1.0 0.283
0.70 19.6 1.0 0.283
0.75 21.0 1.0 0.283 é
0.80 22,4 1.0 0.283
0.85 23.8 1.0 0.283
0.90 25.2 1;0 0.283 ?
0.95 26.6 1.9 0.283
1.0 28.0 1.0 0.283
1.05 29.4 1.0 0.283
1.10 ' 30.8 1.0 0.283 ,
1.15 32.2 1.0 0.283 | e,_
1.20 33.6 1.0 0.283 ‘ g%
1.25 35,0 1.0 0.283 2
The last column mey be somewhat confusing. The response
of Fig. 5-3 is based on & ramp of amplitude unity. Since the
first ramp has only an amplitude of 0.283, the response of ~
. Fig. 5-3 must be adjusted accordingly. E
a2, Second Ramp: | ’
* Amplitude = 0,583 » 0.283 = 3.00 ,;

Rise Time = (0,715 ~ 0.350) X 1072 = 0,365 X 10~2

-9
o wQ:¥5X2077 o,

3.57 X 10™
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t (;0'9 sec.) x =28t m 0.30 Response
0.05 = 0.35 0 0 0
0.10 = 0.35 0 0 0
0.15 = 0.35 0 0 0
0.20 = 0.35 0 0 0
0.25 = 0.35 0 0 0
0.30 = 0.35 0 0 0
0.35 - 0.35 0 0 0
0.40 - 0.35 = 0.05 1ok 0.09 0.027
0.45 = 0.35 = 0,10 2.8 0.21 0.063
0.50 = 0.35 = 0.15 L,2 0.34 0.102
0.55 = 0.35 = 0,20 5.6 0.46 0.138
0.6C - 0.35 = 0.25 7.0 0.58 0.178
0.65 - 0.35 = 0.30 8.4 0.73 0.214
5: 0.70 - 0.35 = 0.35 9.8 0.87 - 0.261
Z 0.75 = 0.35 = 0,40 11.2 0.93 0.279
% 0.80 - 0.35 = 0.h45 12,6 0.95 0.285
! 0.85 - 0.35 = 0.50 14.0 0.96 0.288
0.90 - 0.35 = 0.55 15.4 0.97 0.291
%% 0.95 - 0.35 = 0,60 16.8 1.0 0.30
i‘ 1.00 - 0.35 = 0.65 18.2 1.0 0.30
f} 1.05 = 0.35 = 0,70 19.6 1.0 0.30
% 1.10 = 0.35 = 0.75 21.0 1.0 0.30
i
1.15 = 0.35 = 0.80 2.4 1.0 0.30
1.20 - 0.35 = 0.85 28.8 1.0 0.30
3 1.25 - 0.35 = 0.90 25.2 1.0 0.30

e o B— ™ SIS . B et et L
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The value of 0.35 X 10™7 seconds subtracted from the

time in column one may cause scme confusion.

It must be

remembered that we are interested in the superposition of

tle contribution of a number of ramps.

If ramp one starts

at time t = O, then ramp two does not stert until time

t = 0.35 X 10™7 seconds. In & similar manner remp three

begins at time t = 0.715 X 10'9 seconds and ramp four begins

at time t = 1.0 seconds.

a3. Third Ramp:

Amplitude = 0.834% - 0.583 = 0.251

Rise Time = (1.000 = 0.715) X 1072

= 0.285 X 10~ sec.

49
22X W o g,

3.57 X 1074

«

L
[ ]
®
ct

£ (107 sec. )

0.05 - 0.715
0.10 - G.T15
0.15 - 0.715
0.20 - 0.715
0.25

0.715
0.715
0.715

0.30

0.35
0.40 - 0.715

0.45 - 0.715
0050 Biad 00715

©c O O O O O o O O o

Res

0O 0O o 0o 0 o o © o

C

0.251 Response

0

O O O O © O O o o
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1 (10"9 gec. ) xa 28t Response 0.251 Response

0.55 - 0,715 0 0 0

0.60 - 0.715 0 0 0

0.65 - 0,715 0 0 0
; 0.70 - 0,715 0 0 0
H 0.75 - 0.715 = 0.035 0.98 0.076 0.019
E 0.80 - 0.715 = 0.085 2,38 0.215 0.054
g 0.85 - 0.715 = 0.135 3.78 0.38 0.095
g 0.90 - 0.715 = 0.1835 5.18 0.538 0.138
2 0.95 = 0.715 = 0.235 6.58 0.7 0.178
% 1.00 - 0.715 = 0.285 7.98 0.862 0.216
,?g 1.05 - 0.715 = 0.335 9.38 0.925 0.232
,,,, 1.10 = 0.715 - 0.385 10.78 0.950 0.238
z% 1.15 - 0,715 = C.h35 12.18 0.96 0.240
5 1.20 - 0,715 = 0,485 13.58 0.97 . 0.243
% 1.25 = 0,715 = 0.535 14,98 0.97 0.243
g ali. Fourtn Ramp:
§ Amplitude = 1,00 - 0.834 = 0.166

Rise Time = (1.15 = 1.00) X 207
= 0.15 X 107 sec.
o 0235 X 10:21 b
3.57 ¥ 10

t (167 sec.) xm 2Bt Response 0,166 Response

0-05 = 1.0 0 0 0

0.10 ~ 1.0 0 0 0
j
:




t (1077 gec.)

0.15 - 1.0

0.20
0.25
0.30
0.35
0.40
0.45
0.50
0.55
0.60
0.65
C.T7C
0.75
0.80
0.85

0.90

0.95 -

1.0

1.C5
2.10
1.15
1.20

1.25

1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0
3.0
1.0
1.0
1.0
1.0
«.0
1.0
1.0
2.0
1.0

1.0

0.05
0.10
0.15
0.20

1.0 = 0.25

F o R R R S T R AT DN AN RN 6 T

X = 28 1

0

© o o o ©o o o o o

o O

C

¢

1.k
2.8
h.2
5.6
7.0

Response
0

o © O O O O O O O O O o o ©o O o

0.2k

0.534
0.830
9.905
0.930

W WO A Y, el + o et B o "
S R T e B R T O TR L B et 0 L
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0.166 Response

o O O O O O O O O O O © O o O o O

0.039
0.0

0.138
0.150
0.15k

ey = A . haon
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a5. Total Dielectric Response:

5 The total dielectric response is found

by adding the response of the individual remps at a given

time. For instance, the total response at time t = 1.25 X 1077
seconds is

{0.283 + 0.30 + 0.243 + 0,154) = 0.98

paiael ?ﬁﬁml&ﬁmmmmwww Npr, YU

t (10'9 sec. ) Total Dielectric Response
0.05 0.026
0.10 0.062
0.15 0,102
5 0.20 0.136
3 0.25 0.176
& 0.30 0.212
% 0.35 0.249
z ¢.40 0.290
g 0.45 0.335
0.50 0.377
g 0.55 0.1k
g 0.60 0.461
g 0.65 0,497
: 0.70 0.5kl
0.75 0.581.
, 0.80 0.622
g‘ 0.85 0,666

6.90 0.712

S A— e - - [
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t (10'9 sec. ) Total Dielectric Response
0.95 0.761
1.0 0.799
1.05 0.854
1.10 0.907
1.15 0.962
1.20 0.967 .
1.25 0.980 T

Total dielectric response is shown in graphical form

as Fig. 5-5. For comparison, the input pulse approximation

has alsc been included. As can be seen, the dielectric
causes the rise time of the input pulse to deteriorate somewhat. i

b. 8kin Effect Response:

Now thet the degradation of the input pulse
rise time due to the dielectric has been taken into account,

we wish to examine the degradation of rise time due to skin

R

effect., This is done by approximating the dielectric response
shown in Fig. 5-5 by a series of ramps and applying these

ramps to the graphs of Appendix VII. As in the dielectric

response analysis, the ramps were chosen so that they fell
in the range of the graphs.
bl. First Ramp:
Amplitude = 0.25

Rise Time = & = 0.35 X 20™2 sec. :
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t X 1077

pmt/Pm 5 =137 t {t in 1077 sec. )
7.3 X 10

(P=7.3X% 10722 vas determined in section F 2)

0.35 X 202 _ g

A= a/ﬁ =
7.3 % 10712

For this value of Q, use Fig. U4 of Appendix VII.

Y
B |

t (10'9 sec. ) p =137 t Response 0.25 Response
0.05 6.85 ' 0.0k 0.01
0.10 13.7 0.13 0.03
0.15 20.6 0.25 0.06
0.20 27.4 0.35 0.09
0.25 34.3 0. bk 0.11
0.30 h1.1 0.56 0.1k
0.35 48 0.70 _ 0.18
0.40 54,8 0.76 0.19
0.45 61.7 0.80 0.20
0.50 68.5 0.81 0.20
0.55 T5.h 0.84 0.21
0.60 82.2 0.85 0.21
0.65 89.1 0.86 0.22
0.70 96.0 0.87 0.22
0.75 102.8 0.88 0.22
0.86 109.5 0.8 0.22
¢.85 116.5 0.89 0.22
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t (10_9 sec. ) = 137 t Response 0.25 Response ;
0.90 123.3 0.89 0.22 ‘
0.95 130.1 0.89 0.22 %
1.0 137.0 0.90 0.23 |
1.05 143.9 0.90 0.23
1.10 151.0 0.90 0.23
1.15 157.5 0.90 0.23
1.20 164.5 0.90 0.23
1.25 171.2 0.90 0.235

As was the case in the dielectric response analysis,
the graphs assume a ramp of unit amplitude, Column four
of the above table adjusts the amplitude of the graph to
the ramp under discussion.

b2. Second Ramp:

Amplitude = 0.62 - 0.25 = 0.37

Rise Time = (0.80 - 0.35) X 107

= 0.45 X 107 sec.

-9
U= -—i——ﬁo.h X 10 L 6107

7.3 X 10"
Using Fig. 4 of Appendix VII, we obtain the following table.

% (J.O“9 sec.) p =137 ¢ Response 0.37 Response

0.05 - 0.35 0 0 0

0.10 - 0.35 0 0 0

0.15 - 0,35 0 0 0 i
0.20 = 0.35 0 0 o)

by iiad
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t (10.9 sec.) p =137t Response 0. sponse

0.25 - 0.35 0 0 0
0.30 - 0.35 0 0 0
0.35 « 0.35 0 0 0
0.40 - 0.35 = 0,05 6.85 0.0k 0.02
0.45 = 0,35 = 0,10 13.7 0.08 0.03
0.50 - 0.35 = 0.15 20.6 0.23 0.09
0.55 = 0.35 = 0,20 274 0.32 0.12
0.60 - 0.35 = 0.25 34.3 0.36 0.13
0.65 - 0.35 = 0.30 k1.1 0.U47 0.17
0.70 - 0.35 = 0.35 8.0 0.58 0.22
0.75 - 0.35 = 0,40 5h.8 0.64 0.2h4
0.80 - 0.35 = 0.45 61.7 0.73 0.27
0.85 - 0.35 = 0.50 o8.5 0.77 0.29
0.90 - 0.35 = 0.55 754 0.80 0.29
0.95 -~ 0.35 = 0.6C 82.2 0.83 0.31
0.0 =~ 0.35 m 0.65 89.1 0.85 0.32
1.05 - 0.35 = 0,70 91.0 0.86 0.32
1.10 - 0.35 = 0.75  102.8 0.86 0.32
1.15 -~ 0,35 = 0.80  109.5 0.87 0.32
1.20 - 0.35 = 0.85 116.5 0.87 0.32
1.25 ~ 0.35 = 0.90  123.3 0.88 0.33

It will be noted that 0.35 x Lo'g seconds is suLtizmcted
from all values of time in column one. The reasoring is the

same 88 that used in the dielectric response, i.e., the

R R i e
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second ramp does not begin until ramp one has been on for
0.35 X 10™ seconds.

b3. Third Remp:
Amplitude = 0.96 - 0.62 = 0.34
Rise Time = (1.15 - 0.80) X 107
= 0.35 X 107 sec.
o 2235 X 1(3;2 18
T.3 X 10

Using Appendix VII, Fig. !

t (10'9 sec. ) = 137 t Resnonse  0.34 Response
0.05 - 0.80 0 0 0o
0.10 - 0.80 0 0 0
0.15 - 0.80 0 0 0
0.20 - 0.80 0 0 0
0.25 - 0.80 0 0 0
0.30 - 0.80 0 0o 0
0.35 -~ 0.80 0o 0 0o
0.40 - 0.80 0 0 0
0.45 - 0.80 0 0 0
0.50 - 0.80 o) 0 0
0.55 - 0.80 0 0 0
0.60 - 0.80 0 0 0
Ge65 - 0.80 0 0 0
0.70 = 0.80 0 0 0
0.75 - 0.80 0 0 0
0.80 - 0.80 o 0 0
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t (10~ sec.) p =137 t Respcnse 0.3k Response
0.85 - 0.80 = 0.05 6.85 0.0k 0.01
0.90 - 0.80 = 0.10 13.7 0.14 0.0%
0.95 - 0.80 = 0,15  20.6 0.23 0.09
1.0 - 0.80 =0.20 27.h 0.35 0.12
1.05 - 0.80 = 0.25  3h.2 0. bk 0.15 |
1.0 - 0.80 = 0.30  ¥1.1 0.58 0.20
1.15 - 0.80 = 0.3  48.0 0.70 0.2k }
1.20 - 0.80 = .40 54.8 0.73 0.25 _i y
1.25 - 0.80 = 0.45 61.7 0.80 0.27 ’ ,;
b4, Fc ~th Ramp: Z
Amplitude = 1.0 - 0.96 = 0.0k é
Rise Time = (1.31 - 1.15) X 107
= 0.16 X 10~ sec.

- ‘9 ’
- 0.16 X 4?12 = 21.9 '
7.3 % 10 ;

G

For an ¢ of 21.9, Fig. 3 of Appendix VII was used to determire

the table for the fourth ramp. i ‘
L.(-LQ.?.‘.’E_Q p=137t Response  0.04 Response :

0.05 - 1.15 0 0 0 |

0.10 - 1.15 0 0 0 i !

0.15 - 1.15 0 0 0

0.20 - 1.15 Q 0 0 ‘

0.25 - 1.15 0 0 0 :
0.30 -~ 1.15 ¢ 0 0
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t (10'9 sec. ) o=137 % Response 0.04 Response )
0.35 = 1.15 0 0 0
0.40 - 1.15 0 0 0
0.45 - 1.15 0 0 0
0.50 - 1.15 9 0 0
0.55 - 1.15 0 0 0
0.60 - 1.15 0 0 0
0.65 -~ 1.15 0 0 0
0.70 - 1.15 0 0 0
0.75 - 1.15 0 0 0 ?"
0.80 - 1.15 0 0 0 3
0.85 - 1.15 0 0 0 ;
0.90 - 1.15 0 0 0
0.95 = 1.15 0 0 0 g
1.0 - 1.15 0 0 0 i
1.05 - 1.15 0 0 0
1.10 - 1.15 0 0 ¢
1.15 - 1.15 0 0 0
1.20 - 1.15 6.85 0.12 0.005
1.25 = 1.15 13.7 0.33 0.013 i
b5. Total Skin Effect Response: S
Total skin effect response is found by * >
adding up the contributions of the individual remps at a .

given time. Thus, for ¢ = 1.25 X 10"9 seconds the total
response is (0.235 + 0.33 + 0.27 + 0.013) = 0.84 °
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t (10"9 sec. )

Total Response

06,07
0.10
0.15
0.20
0.25
0.30
0.35
0.40
0.45
0.50
0.55
0.60
0.65
0.70
0.75
0.80
0.85
0.90
0.95
1.0

1.05
1.10
1.15
1.20
1.25

0.01
0.03
0.06
0.09
0.11
0.14
0.18
0.2
0.23
0.29
0.33
0.35
0.39
0.43
0.46
0.49
0.52
0.57
0.62
0.65
0.70
0.7k
0.78
0.80
c.8k
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Now the total skin effect response is really the
transient response of the Spiral, since we started by
approximeting the dielectric response. Figure 5-6 presents
the results in grsphic form.

A photograph of the transient response of the Stripline
Spiral wes made utilizing the method described in section F 1.
The signal line between the pulse generator and the Lumatron
delay unit was broken and the Spiral inserted. The resulting
waveform was photographed and blown up to 8" X 10" size.

This picture is included for comparison and follows Fig. 5-6.
Correlation between the theoretical transient response given
by Fig. 5-6 and measured transient response given by the
picture following Fig. 5-6 is quite s;o00d. Both have rise

times of about 1.25 X 10~? seconds.

w1gingtonh° also did an example of his paper although

his celculations were not included. Ris input pulse is
shown a8 Fig. 5-7. The theoretical vs. measured response

of his Spimls are shown as Fig. 5-8. A summary of the

‘characteristics of these Spirals are included as Appendix IX.
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G. Summary
We have seen that knowing copper and dielectric thickness,

dielectric constant, loss tangent and desired characteristic
impedance, we can find the transient response of a Stripline
device. The analysis proceeds in the following steps: (1)
approximate the input pulse by a series of ramps, (2) apply
these ramps to the graph of Fig. 5-3 and add the contribution
of the individual ramps to cbtain the dielectric responre,
(3) approximate the dielectric response by a series of ramps,
and () apply these ramps to the graphs of Appendix VII and
add the individual contributions to obtain the skin effecct
response. This response is the transient response since we
have taken dielectric degredation into account by considering

dielectric response as the input pulse to the skin effect

analysis.
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APPENDIX I

SIZE AND COST CALCULATIONS FOR A
1000 LOGICAL EIEMENT COMPUTER

A. Waveguide Construction.

1. Size
logical operations in waveguide may be performesd
through the use of a Megic Tee. The dimensions of a

commercially availeble 3 kmc Magic Tee are shown in Fig Al-1.

Fig Al-1 A 3 kmc Magic Tee

To allow for terminations and space occupied by
interconnecting cebles, assume each Magic Tee occupies 1 cu. ft.

One Thousand Magic Tee's would therefore occupy 1000 cu. ft.

Al
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The catalog retall price of a 3 kmec Magic Tee

- ——— -

is $160. 'The cost of 1000 Magic Tee's would therefore be

$160,000.

W e S e s M

;

i ] B. Stripline Construction.
H

§ b 1. Size

_‘i'.A

Iogical operations in ' Stripline may be performed

4 e - . wp

through the use of Hybrid Rings. The theory of the Hybrid

Ring dictates that its mwinimum circumference be 1.5 xg where xg

m e et e e — e

is the wavelength in Stripline. The configuration of a

Hybrid Ring is shown as Fig Al-2.

Ao g e T

don et wwm e

Fig Al-2 Configuration of a Hybrid Ring

The free space wavelength at 3 kmc may be found from

the relation 8
A= 1-2-(—-}—0- = 10 cm ’(Al_l)

3 x 107
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S8tripline wavelength is related to free space wavelength

by: x

(A2-2)

where €. is the rclative permitivity of the dielectric.
Present day Stripline has a Glass Teflon dielectric whose
relative pexrmitivity is 2.82. The wavelength in Stripline
is then:

A = 10 cw = 5.95 cil

T ==t
«/ €. ~} 2.82
The circumference of the Hybrid Ring is then:

C=1.5 A =1.5x 5.95 = 8.03 cm (A1-3)

This circumference corresponds to a diameter of

D = - =8.93cm =2.84cmm1.124n (Al-h)
2 .

This stray coupling between rings must be considered

next. It has been noted in literature that "separation by
gpproximately the ground planc¢ spacing is sufficient to achieve
negligible coupling between adjacent 1ines"t Application of
this statement to a ground plane spacing of 1/8 inch leads

to the conclusion thut the edjacent Hybrid Ring should be at
least 1/4 inch apart. For our approximation let each Hybrid
Ring Le centered on a tquare of Stripline 1 1/2 inches in

a side. Now suppose the 1000 logical element computer is
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constructed of 100 sheets of Stripline with 10 Hybrid
Rings per sheet. Each sheet will be 15 inches on a side
and 1/8 inch thick. A stack of 100 sheets wculd therefore
occupy about 2 cu. f£t.
2, Cost.
The cost of producing a 1000 logical element
Stripline computer can be broken down as follows:

200 Double Clad Teflon Fiberglass boards ii+,000.00

Developer, Sensitizer, and Laquer $  100.00
Labor, Art Work and negative $ 500.00
Drilling and shearing $1,000.00

#4,700.00

It must be remembered that Stripline consists of two
Double Clad boards sandwiched together. Therefore 200

double clad boards are required for 100 Stripline components.

L goc.cd




APPENDIX II

A DISCUSSION OF THE TEM MODE

A. Mexwell's First Iaw.20

The {irst set of equations is based on the circuital

law of magnetism which in equation form and in rationalized

units is: 5{ H *dl=I (A2-1)

vhere H is the magnetic field intensity in amperes per meter
and 1 is the displacement or distance along the closed path
vwhich encircles the current. Iun this derivation, the current
I is expressed in amperes and is equal to the sum of con-
duction and displacement currents, and the displacement 1

is expressed in meters. (It is understood that in general

H is a function of both time =nd space).

y
$Hy
(Ey)
d (8z)
b (] Pz
(8,) dx Hey Jo
(] (Eg
P
d y
| ol
M
AE)
~ (] t
4
. Fig A2-1 FElemeant of volume in the electromegnetic field.

Cartesian Coordinates.
A5
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If all space is assumed to be filled with electric
currents and the associated magnetic fields, it is e
relatively simple matter to establish the relationships
between the space varietions in H and the current densities
vhich exist at any point in space. This set of relation-
ships is sometimes referred to as Maxﬁell's first luw.
let Fig A2-1 represent an elemental section of space tf'illed
with electric and maguctic fields, and with the associated
currents. Also P.) py and pz represent the current densities
in the %, y and z directions respectively. The magnetic-
field intensities along the %, y and z axis respectively will
be represented by Hx’ Hy and Bz' The general principle
involved in the establishment of the first equation to be
considered can be seen by treating only one surface of the
element of volume. Assuwe that the area ocbao is selected.

Through this area the total current is

Ix = pxdydz = pdi {a2-2)

Around the boundary of this surface there exist magnetic

intensity or H vectors, Lwo of which are indicated in Fig

A2-]1; namely H& along the dy path and Hz ;iong the dz path.
The magnetic potential drops around the ocban loop

taken individually are:
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g dUl(along oe) © Hydy
. b(szz) anz
dUa(along cb) = szz + —-é—-y—— dy = szz + = dydz
o(H_dy) oH
- |Hdy + —L— az ] - Hdy - dyd
| U3(a10ng ba) = [Hy Y, = - Hdy iz

dUh(along ao) T T Yz

In arriving at these expressions it is of course recognized

that dz is not a function of y and neither is dy a function

of z. The four magnetic potential drops are to be taken in

the ocbao direction around the locp since ¢ Ix establishes

L
7y

H vectors in this direction around the loop in accordance
wvith the right-hand rule.
From the circuital law of magnetism (equation A2-1),

it is plain that -

ricananihdammad alINY - T
re .
' ER

:{H dl-dUl+d02+dU30dU,‘
o H OH : "
- (.__E © i )dydz = p_dydz . (A2-3) i
x .
oy oz
OH O R 1
or
2 - =L . (A2-4)
dy oz Ly
In this equation Py the current density existing over ?:1
=
the dydz face and directed along the x axis is mede up of ‘
3
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two parts. One 1s the conduction current density 3Ex’ where

g Napen [N

g is the specific conductance per unit voluws and Ex is the

X component of the electric-field intensity .in volts per

meter. The other is the displacement current density,

oD
—~% » vhere D_ is the electric flux density. Since D = ¢ E,

)
R R R

———

where € 18 the permittivity of the medium, the total current

density mey be written,

O
px = gEx + € x

Equation (A2-4) now becomes

: anz E{l anx ( )
: — - = gE +€ —— A2-5
f dy oz X ot

In an exactly similar manner two other equations, for the

remaining two coordinatc directions, may be derived. They are

OH_ ‘anz K
—£ ok . gg e —L (A2-6) |
oz o x J ot i
‘ OH oB
i aud & - X =gk +e¢ z (A2-7)
i ox dy ot
|
: These three equaticns together meke up the expression of one

of Maxwell's laws. They express three of the necessery rsiations
which must always exist between H and B in the electromagnetic e,

field.
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B. Maxwell's Second Law.

Equations (A2-5), (A2-6) and (A2-7) are based on the
circuital law of magnetism. Another set of three equaticns
based on Faraday's law will now be derived. Again Fig A2-1
will be used with the p's replaced by flux densities B and
with the H's giving place to corresponding electric
intensities (E's) expressed in volts per meter.

Consider the area ocbao and agsume that the flux density
Bx is decreasing so that its derivative with respect to time
is negative. Also assume for the moment that the boundaries
of the area are fine wires, gith practicelly infinite resistance
if we wish, ia which emf's a;e induced by the time rate of
¢r.omge of Bx‘ The decrease of flux through the area will in-
duce a voltage e in the wire boundary which will be in the
sense ocbao. The magnitude of this voltage is given by

Faraday's law to be

) . . ae __ae,
e = fE al dtx 'FE,E dydz (A2-8)

vhere L is the electric intensity vector

1 is the displacement directed along the periphery
of loop ovabeco

Oxia the magnetic flux crossing the dydz surface

Bxis the flux density at the dydz curface
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The minus sign accounts for the fact that the voltage

induced in the ocbao loop is measured by the time rate of
decreagse of magnetic flux through the loop.

The electric potential differences around the closed

path ocbao (taken in the right-hand screw direction airound

+B‘() are individually

dvl(along oz) * Eydy
a(Ezdz) aEZ
dv:z(along cb) = }:.zdz + ——b—;(_ dy = Ezdz + g—; dydz
[ NE dy) ] 9 E,
dv., = - Ay + - 4 s - dy - ;
v_)(along ba) Ly Yy ——L—b p Z Ey y Y dydz

dvl'&(along go) = Bz
From equation (A2-8) it is seen that

OE OF aax
e = dv, +dv, + dv, + dv= 3—3 - = ydz = - —= dyaz (A2-9)

1 2 3 Q2 ot
Recognizing that Bx -y H
OE OE dH f
2 %
—_— - -l ——=
oy 9z ot (A2-10)
If the same procedure is applied to faces dxdz and to dxdy F .

respectively, we find that: .

L e .




All

)3 oE oH
TR 4 (A2-11)
0z dx ot

and
OB oE OH
L . E e m —~2 (A2-12)
d x oy o0t

Bquations (A2-5) through (A2-7) and (A2-10) through (AZ-12)
are Jeneralized solutions to laxwell's first two laws in

Cortecimn coordinates. We are interested primarily in the
steady state sinusoidal solution. Since the H's end E's of
the above equations are functions of Lime and space, we may

therelore nake the substitutions:

B« E, o7 (A2-13)

Ey u fl; €(J‘ ot - rz) (A2-2h)

g, = E, eldot-vi) (A2-15)
and

H o= T eld ot - 1z) (A2-186)

Hy - I—{; e(J‘ ot - rz) (A2-17)

o= T elJ wt - 1z) (A2-18)

vhere the H's and E's are functions of space oniy, v is Lhe

propagetion constant and 2 is the assumed direction of

propasetion.

.
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I' equations (A2-13) - (A2-18) are substituted in

equations (A2-5) thru (A2-7) and (A2-10) +hru (A2-12),

the following relations are obtained (assuming g = 0):

i T3 R RTGa e

5w T (A2-19)
; ~——= < T E = - jopu H A2-19
. %
r oy Y
: s i."; B
-rE_ - = -jwu H (A2-20)
g 0 x Y
| e
- =-joy I (A2-21)
J oy
g
X oI - . )
Coh ~ 7T H we E A2-22
: ..} d y Y - d X (
£ ___
1 oI .
. oH -—% = joekE (A2-23)
:@'j ) a X y
p 3 JE .
— - —% s joe E (A2-21)
: o x oy z
Bquetions (A2-19) - (A2-24) may be solved simultaneously for
the E's and H's. The results are:
!
: ]
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g O
— 1 2 2
H = Jwe —= -7 — > (A2-25)
X 2, kl2 <: dy 9 x
/ oF ) A
He—pt—sl doe =2 er =2 ) (a2-26)
¢ ek R o x ay

. oy > 1
Eg-“ém‘;J(T—-‘.qu'lm (Aa"a.()

] 5]’.’-:; o if;
= ""é“""""é'( o —= +J My ) (A2-28)

where kln u)a K €

C. Maxwell's Third Law.=l

Consider a small rectanguler prism with its edges parallel

to three coordinete axis X, Y and 2, as in Fig A2-2. The
limiting cese ies to be considered, in which the prism is so
small that its edges are dx, dy end dz in length. Fig A2-¢
shows & side view of tnis prism, with the piane of the figure
parellel Lo the X-Y plane. We are looking upon a side with
area dx dy. Each end has area dy dz, and the top and bottom

dx dz.
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Fig A2-2 Derivation of Divergence

This small prismatic volume is located in & vector
field which, for convenience, we will call D. [Flux lines
of this field pess through the prism, entering through one
surface and leaving through another. We wish to find how
many lines, if any, originate within the volume.

Referring to Fig A2-2, the number of flux lines enter-
ing the left-hand side of the prism is equal to the arer of
the left-hand surface times the normal component of field
gtrength, which is Dx dy dz. The number leaving the right- «
hand surface 1s different if Dx changes in the distance dx.

It Dx is changing at the rate 0 Dx as one passes from left

b4
to right, the spount of change in the distance dx is

0 Dx dx. Hence the number of flux lines leaving the right-

X 3D
hand surface is (Dx + 0 Tx
X

nurber of lines that leave the right-hand side in excess of

e PR I, N i 5 e s

dx) dy dz. Subtracting, the

[N

the number that enter the left-hand side 1is 9 Dx dx dy dz.
X
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Similarly, the number of iines leaving the top of ‘the prism

in excess of thosc entering the bottom is 0 Dz dy dx dz;
y

and the number lcaving the front surface is greater than the

nunber entering the back by 0 Dz dz dx dy.
2z

Conbining these quantities, the total number ot flux

lincs leaving the volume that do not enter it is

« —L &
dx oy dz

oD oD oD
< X ) dx dy dz (A2-29)

But divergence 1s defined as the number of flux lincs
originating per unit volume; so, if the volume of’ the prism

is dv,

V' Dm| —= & +

dx dy 0z

3D oD oD
X N4 z dx dy dz
) ..__d%_... (A2-30)

Since Lthe volume of the prism dv is equal to dx dy dz, it
iollows that
o D, any oD,

V'Ds= + + — A2-31
dx oy dz ( )

Now consider that space is divided into an unlimited
number of swall cells of volume dv, as in Fig A2-2. The
number of flux lines leaving one such cell, marked "a" in
the figure, is greater than the number entering that cell by
V ' D dv. The nunber originating within the adjoining cell

"o" 18 likewise the divergence at thet location times the
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volume of that cell. The number of lines emanating from

Mt £

the two cells together, consgidered as a unit, i3 the sum

. 1“2‘

of the two products of divergence and volume. Adding more

cells to the group thus begun, the nunber of lines of flux

issuing from eny volume is greater then the number entering

B 5 . 3 . 4 ooty . - PRNIC, L SN I
g B f’“fﬁv,gﬁ'xcﬁnw AL - I T e . Ty i
-, APTRPEHINGFoEL A .o s AN,
e ¥, INGARR T . c e o s SIS RN L

that volume by the sunmation (or integral) of all the indi-

vidual products of divergence and volume. Hence,

Lol TR T N

Excess outward flux =~/ V*°DadvsQ (A2-3<)

: v
: ff The flux oi' the vector [ield D passing through an urea o is
i % det'ined as

§

%%

%

v

PR o

aild from this it follows that the net flux passing outward

through any closed surface (the excess of the outvard flux

PRI

over the inward flux) is found by integrating over the whole

closed surface:

f D da (A2-34)

Now equation (A2-34) and equation (A2-32) are different
expressions for the same quantity of flux and hence may bhe :

equated, giving

TSR T g pv it ppmce ooy
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fD'da-fV-de-Q (A2-35)

In any region in which there is no electric charge, so

Q-O,j(V*D) dv = 0, and hence the V. D= 0 (Az-30)

D. Haxwell's Fourth low.

A basic experiment in the theory of magnetic fields

leads to the equation

f B.da=O0 (A2-37)

Applying Gauss' theorem to this eiperimental result, it
appears that the magnetic field has no divergencc under any

circumstances. 1.e.
Ve Bu=0 (A2-38)

The discussion of Maxwell's first and second laws is

essentinlly that of Ware and Reed2" while the discussion of

the third and fourth laws follow Skilling™> closely.

E. The Wave Equations Governing Electric and Magnetic
Phenomena in Charge-Free Dielectric.

We now wish to operate on Maxwell's equations to obtain

the wave equations. Consider a dielectric containing no charges

'
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and with zero conductivity, so that there ere no conduction
currents in the dielectric. 8ince these are the conditions
implied in the previcus development of Maxwell's laws, the

final equations can just be reproduced for convenience.

e & i o WAk o e et 2 et i o et

e s o =
. e e i
w L,“?y‘l.\“&\‘;w{; B ol

They are:
£
VxH=e %4% (A2-5) thru (A2-7)
VXE= 1‘%}‘— (A2-10) thru (A2-12)
VD= O (A2-36)
V: Bmu (A2-38)

It will be observed thutl the {irsl two equations have been
written ia their vector fori rother than in the expanded
Cartesian coordinetle form used previously. This was done '
simply for convenience in developing the wave equations. The
reader unfamiliar with vector operations will find an adequate
discussion in Skilling?l

In order to realize the vave equations, let us first

take the curl of (A2-10) thru (A2-12)

Copn L o

—— = ——— e —

T TR e sy
2 -




Vx\?xk:-p\?x%% (A2-39)
Now there ih an identity in vector analysis wlhich states:

VxViAm VA+T(V*A) (A2-40)
Substituting (A2-40) into (A2-39)

V(\?-E)-V%L‘--u‘?x%—% (A2-41)
But by equation (A2-36)

V' :D=V-+.¢ Em=O (A2-36)
Inserting (A2-35) into (A2-il), there’ ip obtained

V. % = TRAVAPY % (A2-42)

A little reflection reveals that I and H are continuous
functions of “time &.nd gspace and that thelr partial

1
derivatives may be taken in any order. Utilizing this

|
result, equation (A2-42) can be put in the form

VoEa pgé:i (VxH) (A2-43)
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But equation (A2-5) thru (A2-7) states

VxHme g—% (A2-5) taru (A2-7)

Inserting this result in (A2-Wh), we get

v aE-:%% (¢ g% ) (A2-lti)
or
VvV Ea TR ab% (Ac-ih)
ot~

This is the general form of the wave equation. A wave
equation in terms of H cen also be obtained simply by
starting with equetions (A2-5) thru (A2-7) and proceeding
in precisely the same wainer as in the electric field case.

The result is:

2
\% &H = U € %—g (A2-46)
ot
Again ve nssumed o sinusoidal steady state solution, so
thut the E's and H's of equations (A2-45) and (A2-46) are
those of eqiations (A2-13) thru (A2-18). Therefore for

sinugoidal variations equation (A2-45) may be written as:

VE - - 0f peE (A2-47)
end (A2-4,) as:

Vol a - p el (A2-18)
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Now as was used in equations (A2-25) thru (A2-28)

let kl - w‘a ue. Making this substitution, equation

(A2-4T) becomes:

V% - - klaE (a2-49)

znd relation (AZ-U8) becomes:

J ;)
VHas - k, "l (A2-50)

Now let us look at the expanded form of equations (A2-49)

—5 ¢+ =3 + — = -klzmv (A2-51)
J x dy d z° -

d %~ ) y2 d 2° 17z !
Equation (A2-50) is similor in forw. It should ve obvicus

by inspection that (A2-49) can be split into two parts es

t'ollous:

) _,
V'E = \fqn+ _g_“_g_ - -k
A

S
| 231

(a2-52)
Assuming our sinusoidal variation E e (9°tY2),

-5 = 7 (A2-53)
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Substituting (A2-53) into (A2-52), we obtain

e

% JqVE = - (Ya + kla) E (A2-54)

Equation (A2-50) is opersted in a similar manner to obtain

vEH= - (P e (Az-55)
The mode of propagation under discussion is the 1EM
mode. This mode is characteriZed by ihe property that the
B and H fields in the direction of oropagation is zero i.c.
if 7 is the direction of' propegation, Ez and H , Ore zero.
The generul relaiions between wave corponenis as expressed
by cquations (A2-25) thru (A2-u8) show that with E, and H,
zero, then all other components must of necessity also bg
Zero, unless ) )' + kl2 is at the sume time equal to zero.
Thus, & tronsverse electromugnelic wave must satisfy the

condition

< & k,“ =0 (A2-50)

LIRS 3 f’“’\/ Me

Iv equation (A2-5G) 13 inserted in equetions {A2-54) and

or

T et e . .

(A2-5Y), then is obtained ]
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vaxyE =0 (A2-5T)
and
\'/2xyd = 0 (A2-58)

But relations (AZ-57) snd (A2-58) are Laplace's equations
{or E and H in the transveise plene. Since Ez end i 2 are
zero, the rield is transverse. The solutions for Laplace's

equation are electric and magnetic fields under static conditions.

Therefore we may concluds that the TEM mode is exactly a static
distribution and analyze it as such. The equeations tfor Zo’

velocily in thé pedium, etc. are the same as those ftor any

fw

standard transmission line.
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APPENDIX III

ELEMENTS OF COMPLEX VARIABLE THEORY AND A

DISCUSS8ION OF THE SCHWARZ~-CHRISTOFFEL TRANSFMORMATION

A. Elemants of Comple: Variable Theory.

1. The Cauchy-Riemann equations.

We arc aware that s comple:x plane exists that
has & real and complex axis. We call this comple:x plane

the Z plane. Any point in this plane may be identiflied by

the coordinates:

2= X + Jy (A3-1)

We may further def'ine the W plane,

W=t (2)ru+ dv (A3-2)
vhere: u is the real vari of £ {2)
and v ig the imagilueary part.

Fig A3-1 A and B {ilustrate the Z and W planes.

y V-3

ey x>

PIT SN

SARRRIERAREINRY.

B A R R

-




st

Vg
2 .

s

Y

aox

jy

AR

o
=)

v

%

TN y A TS P A St e e, 2w T ey

vy s T ES
2l LR N

A B

& Z Hlane W plane
A
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To determine vhal conditions £ (2) must satisfy to fulfill

LRI Oy
o ”::\\\« ¥ ;-

the above reletions, let uvs examine the derivitive:

P

= linit Qv (A3-3)
az-+0 Az

A, -
&l
[

In order lor the limit (A3-3) to be valid, Az nust Le sble

Lo apyroach zero Lrom any direction. Ilet us write

Jdv du + jdv al)
dz " &+ 4dy (A3-h)

Rewenbering Lhat
u = leal part ol f (%)

we may write:
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du = a“ dx + %u; dy (A3-5)
Also v = Imeginary part of £ (Z), so
ave 3 ax + %v; ay (A3-6)

Substituting (A3-3) and (A3-6) into (A3-%), there is cvtecined:

dw du . Ov Su dvy d
e (o +J~.3:‘{‘) v g+ ?X) o (A5=7)
1+ %Y-

Inspection of (A3-7) shous that the direction or du is determined
oy dy/dx. It (As=() is to be independent of direction, certain
conditions wusl be savisfied. Dividing numerator wvnd denominator

of (A3-7) b

(«-— +J %}—;)

W "
A3-8
J. + J gl ( . )
X
NI
3 M &
Mov let: 3y
T N} (43-9)
(& 51—)
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Substituting (A3-9) into (A3-8): i
i
f
d
( 31' =) P
e R A | (A3-10) Lo
dz J 14 J %% 3- ‘

Equation (A3-10) is obviously independent of direction and

therefore meets our criterion. The restriction on u and v

Dk may be gotten from the equation (A3-9) which mey be written es:

du . oV ov . Ou

¥ tis TRt (A3-11)

Now in order for (A3-11) %o be true the Real purts musl be

equal and the Imeginary parts nust be equal; i.e.,

xg du ov

*-;é; x " ¥ (A3-12)
X and

; du ov o e
g 5 ° ° & (A3-13)

Lquations (A3-12) and(A3-13) are known as the Ceuchy-Riemann

equations. Only those functions w = u ¢ j v which satisfy

these equations can be called functions of a complex variable.
Such functions ure analytic tunctions i.e. they have a
derivative everywhere within a arbitrarily small region in '

the vicinity of some point.
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2. Conform:l Mapping.

Conformal mapping applies only to analytic functions.
‘ Since we now have a mathematical relationship between the Z and W
. planes, it is possible to map the points of z on the Z plane
and the corresponding (or imogze) points on the W = P (2) plane.
Il to each peint there corresponds only oune peint w, ithe
funclion W = F (4) is said to be single valued.

How let us see what is meant by the word “coniormal".

In Fig A3-2(¢) let the elemeni oi distance pp' in the 2 plene

represent dz. Then there will be an image distance dw repre-

s — o

sented by qu' in the W plane. Now dw may be written as:

PR
B
7N

-
r

P N
P q

v
B T
t

(A) 2 Plane (B) W Plane

Fig; As-< Conformel Mapping in the Complex Domain

dw = (%—}) dz (A3-14)
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Now -g% is complex and may be written as:
Wy o d¢ e
a8 ce (A3-15)
where
v | o
dz
and
dw
% = argument (‘a-z-)
Substituting (A3-15) into (A3-1)), there is obtained:
aw = (ae‘”) dz (A3-16)

We therefore find that en element dw can be obtained from

the corresponding element dz by mltiplyini its length by
"a"and rotating it through an angle ¢. It therefore

follows that any element of area in the 2 plane is represented
in the W plane by an element of area that has the same form
as the original elewent but whose linear dimensions are "a"
times as great and whose orientation is obtuined by turaing
the original element through an angle ¢. Because angles are
preserved (lines at right ansles to each other in the 2 Plane

remain at right angles in the W plane) » the transformation

is called "conformel".
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»
B. The Schwerz-Christoffel Transformation.

An extremely useful mapping function, of considerable
generality in its ability to meet various geometrical config-
urations, is given by the so-called Schwarz-Christoffel formule,

which reads

- p - u') -
we) et [ 7 (o) (o) E (o) Ya @b i (aap)
2 3

0

Here & is a runing variable in the Z-plane, %)) 2y o 0o zn
are n finite nouints on the real axis, numbered in such an
order that

s 900000

1 y <z (A3-18)
and the quantities iy, Mgy + ¢ + ¢« By appearing in the
expounenis are any set of positive or negative real numbers..
The constants M end N way have complex values, with the
possibility that N be zero, but M must, of course, have a
non-zero value. The lover limit z, of the integral is an
arbitrary point, in the upper half plane, It may be chosen
equal Lo zero, or equal to one of the points Zg o v 200

T:ie independent vurisble tor the mapping function w(z) is the

upper limit of the integral. For this reason the derivative

or the function is given by

* This developmeut follows that of Guillemin as given in
"Mathewatics of Circuit Analyaisl9? pp 380-38L4.

e e

e
e A ov——— -
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. =M (z-zl) (z-za) (2 Zn) (A3-19) ‘
as may be seen from the fact that if one has Lo
w(z) = f 2 o(s) ab (A3-20)
2z

0

the usvel definition for the derivative

%g = limit [ﬂiﬁ—ilgfflfﬂLfl] (A3-21)

yields

VA
Wz + 6 2) - u(s) = _/ A2 e) s (Asmee)

e
-~

A M e e
>
~N
L
o

i

A TN

Since & z 1s ¢ small displuaccenent (becoming zero in the limit),

cne way say thai for the integration in equation (A3-22) the

e
«

function () is essentially constent and equal to the velue

AL
G

i(z). It is assumed, oi course, thut the function 1(d) is
corntinucus in the vicinity of the point &=z, which is a
recosnized conditicn ior the existence of the derivative in
the first place. With £(5) equal to the constant value £(z),

it may be placed in front of the integral sign, and (A3-22)

o e

yields
~ , tA 2
Wz +4z) - w(z) = f(Z)f adm£(z) Az (A3-23) :
z
the approsimution becowing eixact in the limit Az—0. *

Completing the limit, one finds, therefore, that

= 2(2) (A3-24)

3
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The essential character of the function w(z) may now be

recormlzed from a study of the behavior of the derivative

. (A3-19) in the viciuity of tle point z = z,» The first step
- in this direction 1s to represent the lfactor (z - zv) in the

polar fore as Lllustrated in Fig; A3-3. This revresentation

1Teads
. Sy 1 )
(z - 2,)= |z-2, | eI (2y + 2t k) (A3-25)
In which X is an inlcger.
Then ( )
~}4 K, “J(K, & + 20001 n
(n-2) Ve lez, |V e VOV Y (A3-26)

Since the quuntlity Ky is not necessorily an integer, the right-
hand side o equublion (A=) muy have muny different velues

. Tur different integer vuluces ol k.

Mg A3-3 Representation of (z.-zv) in polar

form in the study of dw/dz.
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-p. !
In order to remove this multivaluedness of the tuctor (z-zv) v, '

it is specified at the outset that k shall assumc only the

value zero. This specification is equivalent to stating that

the function dw/dz is to be studied on only one of che wany j
leaves of its Riemann suri'ace, namely, on that one which

corresponds to & = 0 in (A3-26). A typical factor in (A3-19)

then becomes

) By

- K _
€ {A-27)

(z - zv) Ve lz- zvl

and il the poiult 2 is allowed Lo lie only in the uwpper
hali plane or on the real axis oi the Z-plane, it is clear

from Pi_ A3-3 thet

0 & = «x (A3-28)

v

When the polar forns
. jc
Me | 1] eY (A3-29)

and

o

-u
1 lz"zl' Cone

B o || U ] | ey |

s~
>
o
11
w
(o
~
MM‘.‘"——@_‘”\W'_‘«

ere introduced, it follows thut

O &by -, - e B O ' (43-31) .

L L R
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It ic now assumed that the varisble z in the function (A3-19)
i8 restricted to real values only; that is, the variable
point z is thousht of as rioving along the real axtis frow
. - w to w,the only deviation from this beiavior occuring wherever

the varigble point z encounters one of the ceritical points 2z,

o -

B e o o = i

/«:@u oy s e
,'//

7
VA

Fi; A3-F The path along vhich dw/dz is studied
in the Schwartz-Christoffel transformation

4
//

. 3
[ R .
A

There 1t mekes a sligbt detour around the critical point

instead of pessing directly throuch it. These detours may

-

be visualized as having the form of vanishingly small semi-

£

< : )
N «
P g prgl), aem————— -T,A—Lw-q-«-w -
. Yoo
\

cireular arcs lying in the upper half plane, as shown in Fig A3-k.

As the point z traverses a smell semicircular arc in the vieinity

Cot

of the point z , the angle @ changes from the value x to zero,

s e Sty o

vhereas the angles of the remaining factors do not change at

all because of the asswned vanishingly small radius of the

senicircular detour. Hence for the range

2,0 <2<2, . (A3-32)
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one has
°l- 023 “'°-°v-la 0 = 0-0
(A3-33)
®V+l’ QV'.‘Q | R d’n =7

andR according to (A3-31)
v vel n vel T ve2 n

Throughout the range (A3-32), the angle 8 is, therefore, in-

creased by the amount
L6 =p (A3-35)

the important feature being that +this increment occurs only

£s the point z traverses the snall semicirculer arc. In

other words, as the point 2z moves along lne real axis, the

angel. © remains constant as 2z proceeds from one of the

eriticrl points to the next, receiving a sudden increment

AO= H, ® only us 2z passes directly over the critical. point 2,
According to the discuesion of conformal mapping, it

is recognized that the map of the function w(z) in the W-

plane, corresponding to the reel axis in the Z-plane, consistis

ol a succession of sgtraight-line segments between the points

\

10 wa,....correspond.ng respectively to Zys2 » e+ ythe angular

2

* I? Hy is negative, the inequalities are reversed.
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directions of two consecutive segments confluent in the
point v, differing by pvﬂ. That is, the wap in the W-

plane of the function (A3-17), corresponding to the real
exis in the Z-plane, traversed from -e to =, has the
general character shown in Fig A3-5. This result follows
from ithe fact that ihe angle of dw/dz equals the difference
hetween the angles of the increments dw and dé, and since the
angle of the latter rewmains zero as the puint z moves along

the rcal axis, the angle of du/dz must equal thai of du.

™ A3-H The map in the W-plane of the real axis
in the Z-plene shown in Fig A3-h
Tuis anglc, lhowever, is shown to remain constant except when
z passes over one of the critical quantities 2 At the
corresponding points Wy, then, the direction of the increment

dw suddenly changes by the amount e &

HQW
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The plot in the W-planc corresponding to the real
axis in the Z~plane is thus seen to be & polygon with the

points wl-...wh as its vertexes. If

Fp, t b p s 2 (A3-36)

Hy

tiie sum of the increments A 0 at the n vertexes wl...wn

equals 2 t. We moy relate the eiterior angles to the

interior angles by the relation

) . o
a, - mu = % (A3-37)
or
av
— -
\
\
\
\
\
\
\ a
Ly -
\N -7
. Hy
\
\
\
\
\
\

Fig A3-6 Relation of interior to exterior angles
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Substituting this result into equation (A3-19), there is
obtained: ;
aw ?}- -1 f-zg- -1 3,31 -1 ?p_ -1 ‘
- M (. S “foun - 2.0
az - M (& ZJ) x (z 42) n (Z “3) n eoo(2z “n) n (AJ 39) %

C. The Inverse Function.

Suppose we are interested in going, i'rom the W to the
A plane viu the Schwarz-Christoffel Trensformation. We must

excmine the inverse function du/dw to do this. It wuas

. o e e v——

previously stoted that

v o(z) =u (xy) «gv (,Yy) (A3-40)

We wey invert

P i

z= o(v) = x (u,v) + Jy (u,v) (A3-h1)

vhere a 1 to 1 relationship exists between z and w.

e et €

Lot us consider the following relations:

dx = gﬁ du + gﬁ av (A3-h2)
dy = %Z du + él av (A3-13) i
u ov *

., -

Equations (A3-42) and A3-h3) arc the inverse of cquations

(A3-5) and (A3-0) which are repeated here for convenicnce.

A

e A et ~‘K.-.M'
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du = g?— dx ¢ g—u}: dy (A3'5)
av = g—"; dx + g%’r dy (A3-6) ?

We have Tor the determinant of (A3-5) and (A3-()

du v du v a_lLk
D = S 5—}-’- - 5—}; 5= (A3-h4)

But the Cauchyy Riemann equations state

g‘_ = g;_’ (A3-12)
and
%‘}.g-gﬁ (A3-13)

Substituting (A3-12) and (A3-13) into (A3-4h) we obtain:

Now it vas previously stabed that

S NS I T L85 0 1 T vak e e Y R

() = u + Jv (A3-2) ‘
Hence :

g_\l ‘f du + J d_V_ 2

az = t'(z) = dx ¢ J dy (A3-16) °

PO b - Y v

Iet us reexamine equation (A3-7). This relation was

e
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aw _ (3u/dx +30v/3x) + (/3y + § dv/dy) ay/ax (45
az 1+ 4 dy/ax

o e e e

We have shown in our earlier discussion that if a function
is enalytic, the velue of the derivative is independent of 3
the angle of the incremeat dz = dx + J dy. If this angle is
zere, dy is zero.

Letting dy equal zero in (A3-7) *

av ou ov
helid 2.4
% " 5 Y (A3-l7)
i
!
Now apply the Cauchy-Relmann conditions. i
i
(Equation (A3-12) and (A3-13) to equation (A3-47)). The §
result is: - ?
av dv v dv f
2114 2.l !
2 % T I%T Yy Y % (A3-18) :-
Recalling equations (A3-15) 3
P [0
)’ @)
1T
D= 5% + Sy, (A3-15)

Comparing equations (A3-It5) and (A3-48) and remembering the

definition of the absolute value, we see that:

D= |1 (2)f = | (A3-49) '

We previously made the statement that the following

relations were inverse.
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%‘3 dx + % dy (A3-5)

g% ax + g% dy (As-C)
o o

= dv

fs

mdu'ﬁ

(A3="12)

N
g
oY
<

du +

If tihese rclations truly cae inverse, then thelir matricies

st ve 1nverse; Lhet is

o O

5'-,1 Qv

oy 0
-

o ou
3. oy

(A3-50)
S N

o
=

de remenher irewm the decerniliat theory of inverse matricles

thit

und

)]

"
o

o

(A3-51)

is the element belonging to the jth row
and kth colum

is the mluor of tue kth row and ith colunn

ig the value of delerminant under consideroting
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In order for (A3-51) to hold, the relations between the

matricies are:

& ‘% %y" (a3-52) :

|

x .1 (43-53) g

;

2 |

SRR (13-5") |

|

AR (3-55) B

Now ‘
ax  dy *

aw du + j dv

Inserting dx and dy as given by (A3-h2) end (A3-i3)

dz _ (9x/%udu e 3x/dvav) e ) (3y/du du e /N &v) (43 cn %
v du ¢ § av >

Divide top and bottom of (A3-57) by du

dz _ (Ox/du ¢ dx/dv dv/du) + j(3y/du + 9 y/dv av/du)
av 1+ Jav/du

(A3-58)

.
e s an e o

Rearranging, (A3-58) becomes ,
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dz , (Ox/Ou + § 3y/du) + (dw/Ov + § Oy/dv) &v/du (45 s

aw 1+ § dv/du

Since dz/dw must be independent of the increment of
dw = du ¢+ j dv ,
if the angle equals zero (i.e. J v = 0).

Then:

L o (3x/3u + 3 3y/) (A3-60)

But from (A3-52)

1l ov

g% - D S (A3-52) -

and from (A3-5h4)

A (A3-5h)

Substituting (A3-52) and (A3-54) into (A3-60) we obtain

dz ov/dy - 3 ov/dx

= = (A3-61)
Multiply top end bottom of (A3-61) by
G o3
giving
dz . (3v/oy - ov/dx) (Sv/dy + § dv/dx)
v D (3v/dy + 3 dv/dx)
(A3-62)

(3v/2y)° « (dv/3x)°
D (ov/dy + J ov/dx)

Samnate sl LT LeL oS S - S e e RTINS 2R - T e Wi L2t
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But equation (A3-45) stated

@) )

Substituting (As-5) into (A3-62)

dz 1 7
Friall o (#3-63)

One of the Cauchy conditions states:

. (43-12)

Substituting (A3-12) into (A3-63), there is obtaineg

dz 1
av © Ou/ox + J ov/ox : (A3-64)

Equation (A3-h7) stated that

R R (A3-k7)

Inserting (A3-47) into (A3-64), the desired result is
cbtained.

o 1l
gi" dw/dz (A3“65)
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The inverse function therefore has a derivative that
is the inverse of the given function. We may therefore map
a function from the W to the Z plane, or from the Z to the W '
plane. The Schwarz-Christoffel transformation from the W to

the Z plane has already been written as equation (A3-3%).

The equation from the Z to the W plane is the inverse and

; may be written:
J .
dz a“J:' -1 "a'g' -1 ':"xl -1 ‘L
== M (w-ul) !t (w-ua) T ...(w-un) x (A3-CA)
vhere:
14 is a complex constant

ul..un are the image points of the corresponding z's

In the U plene

o.l. .C4n are the interior angles of the nolyron.

D. Successive Transformetions.

In solving two dimensional potential problems, it is

frequently convenient to use successive transformations.

: Let W= F (z,) (A3-67)

§~% and

:z: - L0 .

%ﬁ 2= F,(2) (a3-08) ;

%}f By elimination of z, betveen (A3-67) and (A3-(8) we obtain

1 | |

: W E,(2) (43-69) .
3 ?

|

¢
§
%
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The relation (A3-68) expregses & transformation from the

2 plane into the Z, plane, while (A3-67) expresses a further
transformation from the Zl plane into the W plane.

Therefore the final transformation (A3-£G) may be regarded

as the result or two successive transformations.

§
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APPENDIX IV

DETERMINATION OF THE CAPACITANCE OF STRIPLINE

A. Capacitance of 3tripline per unit length neglecting fringing.

Upon consideration of the cross section of stripline, it can
be seen that the capacitance of this configuration is essentially
that of two parallel plate condensers connected in parallel,

' ?

neglecting fringing capacity, Of . An expression for Cr will

be develoved at a later point in the Apvendix.

E 3

-
.

|

|

B!

- = Tu T T
W, ' |’y',, L..
:'\‘Cf €r Ct "E

(a) {b)

Fig Ak-1 Cross Section of Striplir

Fig Alk-2 shows the upper half of fig Ak-l. Fror this

figure CT can be determined.
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5

B
§ Fig A4-2 Upper Half of Fig A4-1

%

The electric field between the plates of Fig A2-2

= is piven by the expression:

Ew ¥ m— (Ak-1)
¢ bt
2
vhere E = electric field between the plates
V = potential difference between the platee
d = distance between plates

i h = ground plane spacing - cm

&

& t = plate thickness - cm

? The electric flux density is then:

?

’

e 1 -2
" D= eoer E (A& )

\i
" So°r b-t

I‘Jl

vy
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where D = electric flux density
€" per;itivity of free space
€= relative permitivity
The electric fiux originating at the positive plate

end terminating on the negative plate is:

Y=DA= eo:f v, (wx2 ).- Q (Ak-3)
=z

vhere Q = charge on one plate
A = area of one plate

w = gtrip width - cm

The capacitance of the parallel nlate condenser is then:

2ee W

Q or
C = Vl )-m—)——- (All--'ll)

Nowv remembering that we have two capacitors in parallel,

we ohtain for the stripline capacitance neglecting fringing

effects.
)
C = -—--——--." €O€1“Y_
P b-t
bk 3074 (8°8h2“f£i) (Al-5)

b-t

where C 18 in farad/cm,

B. Cepacitance of Str}pline including fringzino capacitence.

Equation (A%-5) can be used to compute Characteristic

Lupedance up to 25 ohms. PFor Charscteriatic Impedonce calculations

.
.
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above 25 ohms, a term for fringing capacitance must be added

!
to equation (AL-5). Designating fringing capacitance by C ¢

and referring to Fig Al-1, we seec that equation (Ah-5)

becomes:
'
8.842 ¢ w+C, )
'll‘ ( r - f )
I s —_—— . Wt
Cpp = ! x 10 =1 farad/cm (Ah<5)

.
<
-

C. Developnent of an expression &. r Fringing Capacitance Cf

We now wish to put the Schwarz-Christoffel Transf{ormation

to work in order to find an expression for the fringing capacitance

?
C, - Equation (A3-C5) is repeated hepre for convenience with

v replaced by 2,

., Ctn
dz -— -] — .1 i — ]
dzl = M (Zl - ul) b1d (Zl . ue) R 000(41 - un) n

where the notation is the same as that given in Avpendix III
except for 2y whilch represents points in a plane Zl inter-
mediate to the A and W planes. In other words we will perform

a mapping from the Z to the Z, plane and then a second mapping

1

Trom the Zl to the W plane.
Congsider Fig At-3. This figure represents one half of

the cross section of 8tripline. Th; polygon used to perform

the Schwarz-christofrel Transformation is shown in broken lines.

As the points + a8, proceed toward infinity, the anples associnted

with theze points approach zero degrees, while the angles

associated with the points + b approach the value 3 x/2.

m*—'?—p

v —————— - _——

(A3-66)
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Fig Ak-3 Schwarz-Christoffel

Mapping of Stripline: Z plane representation

In the limit, the polygon becomes degenerate and assumes
!

the configuration of the Stripline. It is now neceasary'to
choose the points uy......u for equation (A3-66). The points

u, are those points in the Z, plane correspending to the

points & ap‘ and + blin the Z plane. We choose the points

zy =41 t'{) correspond to z = & b, and choose z, = ta, to

correspond to z = 4 a,- We ulso choose the imuZe of O in the

W plane to be infinity in the 2.1 plane. Consideration of Fiy
a /i -1
A3-h shous that this drops out the factor (z-un) n/ connected

with the point O in equation (A3-66). It is showm in church11117 &

that only 3 of the w, are aribtrary. We have picked + 1 and




e e

oyt

infinity as these 3 arbitrary points, leaving + Y to be

determined.

there 1s ovbtained:

T L
92 1 (2, - 1)-‘%-’E T e 1)%t
dz, | Aha |
> 1/2
(2,7 - 1)
« M —— 5
(zl - e'l )
or in intezrel form
(zle ) l)1/2
zZ = M~/. ———— g 2
(z,° - a.%)
1 1

The image of the pcolygen in the 2

Inserting these constants into (A3-61),

(Ak-7)

(A:-8)

1 plane is shown in Fig Abd,

Fig Ab-b  Schwarz-Christoffel

Mapping of Stripline: Mapping of Poly<gon in Z, plane
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Fiz Ah-h 18 easily understood@ if the discussion pertinent
to Fig A3-4 is remembered. The line segment ) to (-al) in

the Z plane corresponds to the segment O to (-al) in the 2,

plane: the senment -8, to -bl in the Z plane to -al to -1

in the zl plane; the segment nbl to ¢ bl in the Z plane to

1 to al in the 2

plane to ¢« 1 to 8, in the ZJ plane and the segment al t0o O

-1 to ¢ 1 in the Zl plane; the segment b

in the Z plane to a, to 0 in the Z1 plane. Finally, since
the Sclwarz-Christoffel transformetion maps the polygon onto
the upper half of the W plane, the points - infinity and +
infinity are jjoined by a semicircle having an infinite radius.
To avaluate (Al-8), let us first find the values of the

constan M and + a,. The notation used in this evaluation

will be that of Fig Ah-4,

To find M, let
30)

Zl = rl € (A!"“g)
"Men
dz.= dr, %1 30 = § 2. a8 (Ak-10)
1" N 1 1%

Substituting (Ah-10) into (AL-7), we get

57 (%, 40) (Ak-11)

R P ki M LM I - S s S s BN S

P P

———




o
P
i
=
¥

R QT R PN I e g

A5k

Now let 24 apprcach infinity i.e. let ry approach infinity.

Assuninz 2y mich much greater than 1 and zl rmeh much freater

then &, (A%-11) becomes.

do= JMA6 (A4-12)

ReZerence to Fiz Ah-3 and Aid=b show that as z ‘oes *ron +; B

to - § B et the p2int O, ry rotates throuszh arn ansle of n radians.

Inte~re*in7 both sides of (Al-)2)

r -.3 _ con
' we = o0 ae (A-r-13)

Interretin; both cides o2 (At-13} and sclviny for ), we find
. - .
- —? (A-?-l’i)

Te, Zecercine al, le:

Y-
= -2 4 rl e”el

il 1

(Ah-25)
then
' '91' ' '
dzln J ¥y' € dOl = j 2y dé

] )“"/’
1 (ah-2 )

Ststituting (A%-15) and (A:+-1%2) into {A%-7) we obtein:

1/

”) 1 - Iy ’ ]
(.m) (2 -8 n! o 4 r ' 3201 )
dz = = — - Y- (jr,' €
n 2 o t i i 1< .§29~T 24" 1
(a1 2a, r,' e 1l o+ r'" e ey )

1 &) ne— P -
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de may simplify the numerator of (A4-17) by observing that %

i

as rl' approaches O, both ri'e and ri' go to zero very %

quickly compared to -1l. Thé_denominator may be simplified %

|

by ohserving that as rl: approaches zero, r,

zero nmuch faster than rl'. Utilizing these observations

apnroaches

in (A%-17) and simplifying, we observe that
]

iBla?ai ao

dz = {AL-28)

! .
ta, | !
Frem Fig's Al-3 and Ah-h; ve see that as z jfoes from -JB :

te -JA in the 2 plane,,ri' rotetes from # to O in the Zl Plane.

Usinz these facts we may integrate {Al-18) and solve for 8-

The result i3:

B
&) = I | (A%-19)

\l Y (_—'B".{-)

.

L .
llow Lhat we have delermined that conslarts + Y ard M, let
us receed toointecrate (A -C) which is repeated here Yor

soavenience.

2 1/
R A
= Z = (AM-B)

.. (21 -.al )

V4

"o facili.ate Lhe iutecration, let ug divide (Ah-8) into

‘ue, naris (after insertins ihe nonstant M).




Tie reosulil is:

Consider the first term. We rearrange it to read:

, dz dz
Y R W f 1 (Al-21)
t oy — x
2 -
jzl -1 1 zl

, dz

E “"’i—:. = J'g% sin™t 2, (Ah-22)
>
zl“
The second term of (AM-20) is
2
-B (&l -1) f ,dzl (hh-23)
x (2‘12“ "*12) 212 .

We may use formula 387 from Dwight's Inteyral Tables

provided the condition 312

let us examine a practical cross-section of stripline and see

is pgreater than 1 is met. Therefore,

whether this condition is met. Utilizing the dimension of

one sixteenth inch double clad boards plated with 2 ounce

¢

copper, and referring to Fig Ak-3, we £ind A approximately

ecuale 2 mils and B approximately equals GO mils. Inserting

H

L] tasmmwxmmmm&%}mmﬂw;m;m [ [T A




these results in (Al-19) we find:

ala = 153 5> 1 (AL-2})

)
The condition aI“ greater than 1 18 then met and we procecd

.

to uge Dwight 387. The result is:

e o e Tk =

) 2
-8 (al -1) az
x -
2 2
(z -8 ) | 0
| A
’- ) (Ab-25)
2 1/2 Z, ¥
(a.” -1) l\l 2
= ] 3 L tan™t & -1
% a
' 1
a,. — - -
| 1/1- zl“

The total - integration of (Ah-8) is therefore:

2 4\1/2
. (a -l) - z 2
[sin'l 2, + 1 tan 1 1~/a1 -1

. 8

a
i 1 ’ 2
; All = 21

Several simplificetions wmay be made to equation (Ah-20).

|3

]
[x*]
e

By substitutlion and algebraic manipulation we get the identity:

(“12 “1)1/3 .
- 5= (Ak-27)

!

PR, o
e e e e e e <4 S At - -

|

| I

(A-26)
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Furthermore a little trigoncwetric manipulation shows that

A 2
1 - 1/ 2
te.n-l '\jal 1 = sin~t \/al -1 (A%-28) )
a, ™ ~, 2.0 ”
2] bl
’{ll =y R .

Substituting (An-27) and (A:-28) into (A4-27) there is obteined:

2.7 T T
1 <
2JB -2 B-A -1 \/ g
7 = sin zl + —ﬁ— sin (Ak-?.o)
2
$ "%

e have now transformed the function from the Z or
primary nlane o the zl or intermediate plene. However,
this is not the form we wish for the result. The desired
result will be in the form cf two parallel planes from
which a parallel plate cepacity can be found. Thz required
transformation from the Zl to the W plane is realized by the

relation:

z, = &, tanh =« w/2 (A4 -30) :

1 1




; A59
v
2, plane W plane
! au cu
!
¢ |, ® A " A'fp c'u
ad I B Y IR Y- '

(a) : (b)

Fig At-5 Transformation from the Zl to the W Plane

i

The 1ine serment A' B' in the Zl plane nops into the
sepment A" B" in the W plane;the segment B'C' maps into B" C"
and C' D' maps into C" D".

We now wish to substitute (Ah-30) into (A4-29) and’
simplify the result: Bquation (AM-29) is repested here for

convenience. It is:

Sk
1

sin"t z. + 2R g4p” z
1 B 1
a 2 -2 2
1 1

Consider the 2nd term. Upon substitution of (Al-30) for 2,

2w BB — ] (Ab-29)

and the use of a trigonometric identity we find:

o -
e g L0000
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. B-A

-1 ~ o
— £ —— - LY
5 oin = 7§ s \131 -1 sinh nt 3 (A4-31)
/ 3 ) N =
A al

- z te
i

Ju
B-A -1 2 i
1

ig

It was previousiy shown that 8, is large corresponding to

large u in the U/ plane, (where W = u + jv). For larse u
't

2 n u/?2
- \, e
o L sinh n w/2 - “1

2

- (A4-32)

'

as is obvious by cypanding sinh n v/2 in exvonential form and

reelizin: that vwe are interested in the function on the

real eaxis.

For principr.’l velues and remembering; that B is

much much greater than A Dwight 507.20 simplifies to:

sin ™’ x = 7/2 - ) cosh 1y (A4-23)

Substituting (A¥-33) and (AM=32) into (A%-29) we find that

7 = ?—P [ nf2 - ) cosh™> B + %& .
\/A(ZB-A)
(/2 - i cosh™! bk en'u/g)] (A'-3h)

[aay

Nov we are only interested in the reel part of (A%-3h).

Taking the real puart, we get




A6l

) ) , ) 1 /2
No= ig [ cosh ™ B + BBA cosn™t BAe ] (Ah=35)

J A(2B-A) 2 / A(2B-A)

Using Dwighl 701 and (Ah-a?), we ovtein the relation:

cush™t Gy = tanh ™ 95# (A"-350)

How remcidhesin; vhe definjtion of 8, as siven in (Ah—lf), ve

rcy suhotitute (A%-37) iutd (A"-37) with the result:

: ' m/i
- - - =) -
= 5% [ tomun L Bﬁé + 25% cosh & BAe ] (AW~3T)

aka( B-A)

Hou w. wish to solve (Al-37) tor u. ‘Puis can be done 'y

tronsnosing end toliing the cosh o both sldes. The result is:

CEEXMSSN IR A

_ nu/.: T ,
(B-x*.) € = cosh [ m .Bl—EI tg,n_‘]-] ]-3—;:- :l (:\'1-38)

Cleiria, wnd tadd,, Lhe la o holh sides

[i.lf.‘:;'tfz

] {081 123 - B Lt B-A TWgTe!
TR JLQS:][m) BoA cenls F ] (A-3%)

8

Pou by dedinition:

eli + E e
cosh = I E— (Al1-40)
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In actual practice x >> B-A (i.e. the width of the yround
planes 1s much greater than the distance between ground
planes). Therefore the ¢ - term in (Al-40) is negligible.

Making this assumption we may meke the followin¢; stetement:

=K ~-B -1 -A
cosh [2(35) g% ‘temh 5 J (x >>B-A)

94 B -1 B-A r
= e(’?(ﬂ) * g tenmh T) (A'r1=h1)

Using {A1-#L) in (A4-3%), we see that

u = 2/x 1n [jﬁ(%ﬂ_ e<’23(%-7\') * ﬁ%f tanh™ %")] (Al-42)
B-A

We may simplify (Ah-hi2) to reed

F =B -1 B-A !
u= 2/x1n ’ A(B-a) *BA ta(Bog) tenmd B (Al-h3)
B-A

We must now find out whet x would be 1f there were no
fringing effect nresent. If the fringing effect is
neglected, the capacitance in the Z and W planes must be
the same. We may therefore equate the expression for

perallel plate capacitance in the Z and W planes.

‘a




A63
€ €A € € A
.Q.é.l‘_.‘i = .9_53._...&_ (AbubL)
W 2

vhere the subscripts indicate the plane of applicability.

For unit lensth (Al-bh) simplifies to

%= (B-A) u (A%-h5)

lultiplying sides of (Ah-4%3) by (B-A) we get

JA(2B-A)

(B-A) U = 2/x (B-A) 1n Sy + 3

.4;:( ;1 B-A (Ahh )

Solving (Ad-%0) ror x we ontain:

JA(zB-A) 2B, -1 B-A
BoA tanh

x = (B-A) U -2/x (B-A) 1n = 5

Since in the ideal case of no [ringing

x= (B-A) U (Al=}5)
the other terms in (Ah-47) mst be due to the fringing
elfect i.e.

x +4 x= (B-A) U (A%-h8)

Therefore

Ax = 2/1([(B-A) 1n —-g-——w +B tanh™ 1-3]—;5 ](A’t-’@)

(Ah-h7)

L
>
.

Bz

k2
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We may put (Ak-49) in a more useful form through the identity

i
tanh™ x = 1n| %X (Al-50)

1-x"7

Utilizing (A-50) in (Ah-49), we 1ind that

B-A TTTBR

Ax= 2x [B 1n BBy anA (28-A) __] (Ah-51)

We may now Tind an expression lor fringing canacity qf‘ by
ins. eting (Ah-51) 1into the expression for parallel plate

canacitance vwhich is:
Cw —5— (Ah-22)
Upon meking the subsiitution of (AW-51) into (A¥-52) and

remnenmbering that we are considering capacitance ver unit

lenatn; we get

g -2 in
\_ 5.842 2 10 Gy BA _, s (mea) ]mmi‘ .
oft = SImTE o e [ =B lngg - A — = (A4-53)

In orier to make (Ak-53) agree with the notation of the
literature, it is necessary to redefine A, B, and d.

Cohn defines hie dimensions as shown in Fig Ah-6,

s
|
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Observation of Fig Ak-3 and Ak-6 indicetes the following

equivelence:
d= 'b‘g (AL-54)
A= t/2 (Ak-55)
B = b/2 | (A4-55)

I {Ab-5h) through (Al-56) are substituted in (Ak-5)
and a little algebraic manipulation ;:rformed, Cohn's

result is obtained. It is:

8.842 x 10

2
2 1
X €y [ g5 B (g +l)

CP' =

(Ak-5T)

82

C (o ) 1 (kg ) |

Equation (A4%-57) has been put in graphical form

and is shown as Fig Ah-1T.
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APPENDIX V

POLYGONAL CROSS SECTIONS

Consider cross sections whose peripheral. curve is a
closed polygon with n sides and external angles, Mo To
map the outside of the polyron in the z-plane on the outside
of the unit circle in the &-plane, we shall first nep the
region outside the polyson on the upper half of the t-plane.
To do this, an extended version of the Schwarz-Christoffel
transformation will be used which 1s not quite the same
as the well-known Schwarz-Christoffel transformution which
meps the interior of a closed nolygon onto an uwpper halid-
plane. The reason for this is that the point in the t-
plene which corresponds to the points et infinity in the'
z-plene rmst now be considered. Xt may be ahown* that the
napping function f'or transforming the region outside a
closed polygon in the z-plane to the upper half of the t-

plane is ziven by

® 0. D. Kellogy, Foundations of Potentia) Theory,
Julius Springer, Berlin, 1929.
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X .1

fﬂ‘t-ﬁr)“

2 -2z,=C dt (A5-1)

(t - B) (t - B%)°

where the‘tl

to the vertices of the polygen, C and z, are constants, B 1is

the point in the upper half of the t-plane corresponding

to z w w, and the asterisk denotes complex conjugate. Since

I
the sum of the exterlor engles of a polygon with n vertices
' f
is (n + 2)?, the necessary condition on the engles is

11 "
Z = "l= ¢ (a5-2)
r=1

How let B = 1, and

i1(d -1

'+ tg.tl'.'itJ'“
- 5 + 1

=, (a5-3)

b =
su thol U= 1 correspends to 8= w, But t = B= {1
corresponds t0 z = «, so that inrinitely remote regions in

the z-plene and d-plane correspond. PFurthermore,

+t,+1¢2t

2 2

+1- 2t2

| iV
o e

N

t, ¢+t

i+t
i-t

8] =

o
(M)

2

;\g

r are the points on the real axis of t corresponding
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so that, for t, = 0, | 8|= 1. Thus, the t, axis is transformed
into the unit circle in tf)e 8-plane. Moreover, for t2 >0,

| 5] | > 1, that is, the upper half'-plane of t poes over into

the outside of the unit circle |® | = 1. Hence, the outside

of" the polygon in the z-plane 1s transferred to the outside

of the unit circle in the 8-plane, such that infintely remote
points in the two planes correspond.

With the trensformation equation (A5-3), the mapping

function equetion (A5-1) becomes®

Hy

IrI (6 -8 )% ™
2 - ZO = a] ﬁ db (A‘,}")"’)

5?

in vhich the 8 's wst satisty the conditions |61[ = lg =-eem | brl = 1
since they lie on the unit circle. Expanding lhe inte;rand of

equation (A5-4) into inverse powers of 8 and using equation (A5-2),

we obtain

T 1 2
) s

m N M
R T Y D Y P
1750 L x no_ < e

(A5-5)
and, therefore, upon integration, a logarithmic term will

arise unless the condition

% Por an alternative derivation of this transformation, see P. Frank
and R. V. Mises, Differentialpluchungen der Physik, Vol II, p.658-662.
Friederich Vieweg and Soin, Brunewick, Germany, 1935, Mary S. Rosenberg,
New York, 1943,
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br (;‘-— - 1) = 0 (AS-
r= 1

is satisfied. This condition must be fulfilled in order
that the mappinz be conformol et «. Integratior o equation

(A5-5) yields a series develoument of the form

a 8
z:alﬁ'i'&.o-f--——l + --—g—

 me-
5 5

vhich is valid for large d. Since the polyi;on is mapped
onto the unit circle, it follows that ay is the equivsalent
radius oi the polyyon.

We shall resirict ourselves here to the calculaetion of
the equivalent radius of rectaagular cross sections. In
this case, the angles have a cormon value | = % %, SO tyat
B o121

x a2’
condition equation (A5-6), and symwmetry considerstions, 1t

The mepping 1s shown cn Fig A5-1. From the

mey be inferrced that the points br on the unit circle corres-
nonding toc the vertices form on inscribed rectangle. Therefore,

ve cet

¢ 51 = ei°0, 53 = ei(,t -¢°), 53 = ei(“ -¢°), 6;‘ = e-i%,

and obtain




/// 7

'

b3 tq

///%/ |
Zniv A8
.

Fig.A5-I MAPPING OF THE REGION OUTSIDE A RECTANGLE ON THE
DUTSODE OF A CIRCLE |




‘ A’{a

L

2 ! 2
Il (6 -8)° = «/5%1-25 cos 20,
r=1

dd

Iet us integrate alony the unit circle; we sct b= elo and the

transformation becones

2 -2 =is
(o} lfJEcostb-ZcosQ«bodd'

Integrating ¢ from

ol

to 0, we obtain (see Fig A5-1)

s-ita:ié.’&lf

“/2 \[2c032¢-2cos200 ds

0

vhere s 1s ‘the width of the rectangle, and t the thickness.

With the transformetion

¢ - -9 &

VY

this becones
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s - 1t = 242 &y f \/;osayl-cosawo ap
0
Making the substitution
2
b= * B
we obtain finally
/2
s-it=2~[28. f
1 VYo cos 2 +s8in2p 4y (A5-T7)

The integral in equetion (A5-7) is an elliptic integral
and may be expressed in terms of complete elliptic integrals
of the first and second kinds. The reduction to complete
elliptic integrals is carried out in the appendix. The

result is

}n25)]

B-ibsal [)‘E(\/]‘#B%P._?..’ )_2(1_ein2ﬁ)xijl+s

[

2

- da, [ uzil T-sin 2P =) -2 (1 + sin 2B) xc(\ll_sm 2P
2 —5

(A5-8)
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afa. - - 1—2..'3
l‘;(!.) = f .l F3s d‘\,

0
J (1-t2) (1-1°%7)

vithk < 1, are complete ellipilc integrals of the first end
seccnd kinds respectively, and are tebulated in the litera"c.ure?
From cquation (A5-8)

(A5-9)

g ey g cpeiete

=

t = { !:-1-".(.\/ 1 - sin 2B) - 2(1 + sin 2P) K( J 1 - sin 28) ]
) ! o

and thus,

e w——

- - n—- fr -

* ¥. Jalmke and F. Eide » Tables of Functions, Dover Publications,

New Yori 1945,
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A‘J
28( [ 1 - sin 2B) - (1 + sin 2B) x(\/ 1 - sin 2B) e
2 2 b
.
5 (A5-10)

2B( [ 1 +8in2B) - (1 -8in 2B) K( [ 1 + sin 2B)

b

tew

Equation (A5-10) serves to determine B from the ratio of t to s,

end equation (A5-0) gives the equivalent radius 2, in terms

of 8 or t.

Particular cascs are:

. square cross section, = O
W 3 2K -, |
setmn B % @G
so that
B,q = & = 0-59025 s (A5-11)
that is
the equivalent radius = 0.59025 side of the square
2. tihin strip, £ = ﬁ ,
t=a [23(0) - EK(O)} =0
1
S = lalE(l)-I&al
so tvhot
8= % g
il is,

the equivalent radius = 1/4 width of the strip. (A5-12)
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Tiie ratio of the equivalent radius to the width ol the
rectangular cross section is plotted on Fig A5-2 for values

of the ratio of thickness to width frew C to 1.
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elliptic intesrals. o

We huave

/2
22 Jeos o + sin 28 af = al2

0

n/2
V1 ¢ sin 2B - 2 sin)"]—l. ag

Og\

2

— /i
= :B«f2~}1+sixle;3f \/l-

0

Let

sinyf = 2
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\/ 1l + .s;ln 2h
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2(1 + sin 2B)f \] l-x
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'\/l-— 1 4 sin 20 2
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=

= :_’(l 4+ 5in 3{))f — (1 - ) dx
0

D sin 28
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1l + 8in 2B
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K(k)nfl _ dt

0
” o)
\/(1 - 7)Y (1 - KRt5)
Corl "
B(.) = j 1l - 1{2"0“ at
v
G

~\/(J. - uz) (L - l;e't.g)

vith k <1, are cumplete elliptic integrals or the first

and second kinds respectively, associated with tle modulus k,

1
K'(k) = K(k') = f dt

0
\/ (1- ta) (1- k'ate) . (AA-})

is the complete elliptic integrul of the first kind associated

with the compleuentory modulus k' defined by

2 2

K+ k' =1 (AA-5)
and it moy be showm that®

1/L
iK' = f I -

—— -

1 .
\j(l -7y (1 - k%)

st @ Gue cmamre - -

® 144 teker and Webson, livdern Analysis, Cambridge University Press, 1927.
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so that,

1/x
K + iK' = f dt

0

\/(1 - ) (1 - K3%°)

EJ is delined by

: 2
j‘g\ zfl/L J. - ket

1 at

- e W a——

1 - " -
\/(1 - %) (1 - K%P)

and nay be reduced to corplete clliptic integrals of the

Pirst and sccond kind s follows:

- 1.1 -
.i.]:‘.l = J 1 - k57

1 - ¢ bl
:) 2
J(l-::‘)(l-kax)

1/x . 1/k ,
= {. —_—O f Koxc
1l
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2y/- 2
\}(J. S [ AR A |

Phe first interral is iK!(kx). In the second interral, we let

> 2 2
.\](1 - 1) - xERT)
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APPENDIX VL

Relation Between tihe Iconocenlier
ané the Crossover Point
Tae existence of the crossover point and its relation

to the iconocenter mey bLe proved by considering the sphere

S having['! as 1ts equator (Fig A6-1). By stereogrephic
projection from the pole L, any circle y' passing through O'
and orthogonal to['* is transformed into circle v on 8, also
orthogonal tol ¥ and passing through the stereographic pro-
jection I of O'. By projection on the plane of the equator,
this circle becomes a straight line, which goes through the
projection 0 of K. The construction of Fig AG-2 is a re-
production of ICO'KO on the plane of [I'' obtained for

instance by rotation through 90 degrees sbout CO'.

Fig A5-1 Transformation froit the Crossover Point to
the Iconocenter.
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Transient Analysis of Coaxial Cables
Considering Skin Effect’

R. L. WIGINGTONt aNp N. S. NAHMAN{, ASSOCIATE MEMBER, IRE

Suramary—A translent analys's of coaxial cables i made by
coneldering the skin offect of the conter conductor as the distorting
elemont, (Jeneralized curves are presentad by which the reeponse of
any length of coaxial cable can te predicted it one polnt on the at-
teauation vs frequency curve is known. An experimental check on
the analysis is made by comparing measurements and prediction of
the sesponses of several different coaxial cables.

INTRODUCTION

N A STUDY of oscilloscope systems for use in ob-
I serving voltage wavefornis of the duration of a few

millimicroseconds (1 mpss=10-* sec), the problem
of the distortion of waveforms by the high frequency
loss of coaxial cable was enconntered. Elementary con-
sideration of the problem indicated a degradation of
fast rise times (1 mus or less) due to greater attenuation
of the high-frequency components of the signal.

In polyethylene dizlectric coaxial cables, the conduc-
tance loss is extremely small. Polyethylene has a dissi-
pation factor of 0.0031 at 3000 mc! and less at lower
frequencies. Likewise, in air dielectric cables the con-
ductance loss is even less. Therefore, the major portion
of high-frequency loss could not be blamed on leakage
conduciance. The other source of loss in coaxiial cahle is
the series resistance of the center conductor, For analy-
sis the skin effeci of the outer conductor was considered
to be lumped with the skin effect of the center conductor
increasing it slightly. Using empirical data to evaluate
the skin effect constant achieves this directly. Ordinary
analysis of transmission lines ignore this resistance as
being negligible. However, at frequencies at which the
skin effect of conductors hecomes significant, the analy-
sis must include i‘s effects, both as series resistance and
inductance.

In this analysis, it transmission line is treated as a
four-pole network. With the aid of an approximation
which is good at high frequencies, an analysis including
skin effect and neglecting diclectric effects can be made.
All calculations are in mks units.

PossiBLE APPLICATIONS

Before proceeding with the analytical details of the
problem, a few words about the engineering applications
would be indicative of the role which akin effect distor-
tion in coaxial cables may play in contemplated and
future systems using fast transients.

® Original menulcrirt received by the IRE, August 20, 1956;
revised manuscript received, October 18, 1956.
Nati. Security Agency, Washington, D. C.
Univ. of Kansas, Lawrence, Kan. Formerly with Natl. Se-
curitx Agency, Washington, 1. C. .
3 *Relerence Data for Radio Engineers,” Federal Telephone and
Radio Corp., 3rd ed., p. 51.

The origination of this problem was in the design of
an oscilloscope system for observing very fast rise times,
1 mps or less. In triggered oscilloscope svstems a signal
delay path (usually a simulated line or a coaxial cable)
is necessary te allow time for the trigger circuits to
detect the pulse to be observed and to start the sweep,
The delay of this path is 50 mus or longer in present
systems. As shown in this paper, the distortion in this
amount of coaxial cable is very serious for millimicro-
second transients. Therefore, along with the other
limitations of oscillosccpe systems (such as rise time of
the signal amplitiers, writing speed, and vertical senal.
hility), the distortion due to the signal delay cable must
be considered. Perhaps a knowledge of the form of this
distortion will enable the extension of the range of obcil-
loscope systems which are limited by the signal delay
distortion.

If preserving the rise times in fast pulse circuits is in
any way critical to the proper operation of the circuitry,
one aust begin to consider the skin effect distortion in
10-i1c prf circuits for long cable runs, and in 100-m¢ prf
circuits, the distortion would be troublesome even in
short cable lengthe. The practice of using special small
size couxial cable to conserve spuce results in greater
attenuation per unit length than for larger cable of the
same characteristic impedance, and thus, also makes
the skin effect diatortion greater.

Another example of a problem in which the analysis
may be very useful is in the analysis of regene:ative
pulse generators, a circuit which is essentially a locp
consisting of an amplifier and a delay circuit.$ For pruc-
tical, high rep-rate pulse generation, the delay circuit is
usually a coaxial cable. The pulse shape obtained is a
composite of the characteristics of the cable and of the
amplifier.

In short, for any eiectronic circait application using
coaxial cables as transmission medin to provide either
time delay or transmission of millimicrosecond pulees,
the effects of skin effect distortion must be considered.

ANALYSIS

For a transmission line of length, J, terminated in its
characteristic impedance, Z, and with propagation con-
stant, v, the following relation exists between input
(E)) and the output (E,) voltages as functions of com-
plex frequency:?

8 C. C. Cutler, *The regenerative pulse generutor,” Prot, IRE
vol. 43, pp. §40-148; February, 1955.p il '

* The complex variable is the Laplace Transform variable 2.
Eqo. (3) and (2) comprise the Laplace Transform equations of the
system differential equations,

5

.
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Ey = ¢E, (1) K’ U
where in geneul ’. term u , ,
y = V(R + pL)(G + #C) (22) “ 1 em |~ | Xpn V dLpn
R+ oL L
Zym (2b)
" Veree ™
For high frequencies (skin depth smatl with respect to ““”’f
conductor radius), the skin effect impedance of a round Using the first two terms of (6) in (5) and letting
wire s:¢ Ry= VIJC, T'= /IC, results In
Z, = Kvp (3a) E
— Re) ' A
ami E. G HTHEIIR) ™) (8)
K= 1 V v (3b) The exp (—Up) la simply a delay term oo that the in-
2V ¢ verse transform of (8) is the inverse transform of

where r is conductor radius, i is the permeability and ¢
is the conductivity of the wire.

At high frequencies the series resistance of a wire is
expressed by the skin effect equation. Since an increase
in inductance is also caused by skin effect, it is treated
as an impedance rather than as a resistance. Therefore,
replacing R in (2) by Z, and neglecting dielectric leakage
(G =0), (2) becomes

v = VIKVp + pLIIC (42)
Kvp+ pl.
Zo= {4/ — : (4b)
oC
The transfer function of a length of 'ine is then:
b - g1 = IV ALOYORYS, (5)

E,

The inverse Laplace Transform of the transfer func-
tion (5) is the impulse response of the section of line, For
simplification, the following approximation”was made.
Expanding the square root in the exponent of (3) by the
binomial expansion, one obtains

1P = (PLC + pmcx)m
Ky

- pVIC 4 —— + 2( — 1)

( . 2-(:.'; - 3)) ,.-,1/ = P (6)

The first term of (6) is the delay term and the remain-
ing terms describe the waveform distortion. The series
is an alternating convergent series (for p*LC> p¥3CK).
Approximating it by the second term of {6), the pi/
term, results in an error less than the next term, the 2%
term. The ratio of these two terms will be used as a
measure of validity of applying this approximation to
specific 2xamples,

‘S. Ramo and J. R. Whinnery, “Fielda and Waves in Madern
Radio,” john Wiley and Sons, Inc., New York, N. Y.; 1944.

exp (—~IkpH3/2R,) delayed an amount IT, The latter
exponential {s a common transform and is listed In
ordinary Laplace Transform tables.® Its inverse giving
the impulse response is:

D martiete 220

9
=0 <0 ®)
where
I IK\?
d-‘k.\/;_:ﬁ'(a , and £= - T4,

Of greater utility in studying the distortion of fast
rise times by skin effect are the step response and the
responae to a linear rise. The step response can be ob-
tained by finding the inverse transform of 1/p times the
transfer function. As before, the transform 1/p exp
(—kp'3/2R,) is listed in tables.® Therefore in terme of
x and 8 as defined ahove, the step response ic:

h(s) = cert V% z20
=0 2<0

cerf (y) in the “complementary error function of 9.”

The linear rise referred to previously {s defined ape-
cifically as the following, and it will be relerred to as a
ramp input.

(10

F@t) = 0 1<0
=ifa 05iISs
O | {1>a

The response to F(t), called f(t), in given by the con-
volution of F(f) with the impulse response of the line,

().
‘
) = L F(t = 1)g(r)dr.

This integral reduces to the following special cases:

0 8. Goldman, *Transformation Calcul nd E .
slents,” Prutlm Hall, Inc., New York, N. “l“ ;.423.%‘.0“ Tran
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to8

Case 1: 0SS Tl f(1) =0 since g(r) =0 for r < Tl
Case 1I: TIgt1£ Tl 4a

X —r
JOE f (- _._) 7 Mg Bledy
n ]

Case IHI:t>T14a
Q) = f " anng gy

+ f ( 1) y MgBindy x = — Tl

Note that Case U is contained in Case HI providing
that the integrandsare limited1o positive values of 7 only
for Case 11.

Considering Case 111 only and evaluating with the
aid of the identity derived it Appendix I, one obtaing

J (0] wcerf g/ - - +- (cctl ,‘/— ~-cerf ) an
--i-f.:.rar"“a"”'alr..

Integrating the last term of (11) by parts one ohtains

x=4-T

l f rar-Ytg-birdy
a FEy }

-— cerf V—« - i- ---- cerf -—ﬂ-—
t—a
1 3
- —-f cerf Vﬁ dr,
[ ey T

Obgerying that the first two terms of (12) cancel the
corresponding terma of (11), the function f(¢) is simply,

j(l)-——f CCI’f,‘/ -dr x20

x=¢—-Ti

with the uaderstanding that for x <a the lower litit is
zero.

As verification, one may note that the limit of the
ramp response as “a” approaches zero is simply the step
response. Also, as x gets large, the function approaches
unity; physical interpretation of the function required
that this be true.

(12)

(13)

EvVALUATION OF (CONSTANTS

Using the first two terms of (6), the propagation con-
stant is approximately

v(p) = o7 . e
2R,

(jw) K1/w-{'(7‘4Ka‘/—J)
RARL 2R, 2 J\w 2K, 2
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‘The real purt of ¥(jw) is the attenuation constant of the
transmission line, for the purposes of the analysis,
called C(f).
21
C(f) = —— — nepers/meter. (14)
2R,

Any coaxial cable whose attenuation constant obeys
the above law will have a straight line relation of slope
one-half hetween the logarithm of the attenuation con-
stant and the logarithm of the frequency. ‘The majority
of types of coaxial cable have very nearly this character-
istic (sce Fig. 1). The ratio of C(f) to \/] from (14) is
therefore a constant for each type of cable and can be
calculated from the attenunation characteristic of the
cable.

~ T 7T //0

w o //:
. A A
- d Z17°1

A A 4
) ANA A %%
; //// % ,///4
] ,// 4,4/ A
| T4 a 2% o=
¥ oe /4/ //
7//’
yara
* ORI We 200 €00 10ee 9060 008

FAEQUENCY W MESACYQLES

Styroﬁex 1§ luches 6) General Radio—874A2
RG—S8 A/u

Styroﬂex nch 7
3 Stgroﬂex inch 8; RG—JS. 39, 40/u
.'!/u
References:

; 2), 3)—Brachure of Phelps-1)dge Copper Products Corp.
4 ) 7, % 9)—*Reference Data for Radio Engineers,”
Federal elephone and Radio Corp., 3rd cd.

6)—Catalog N, General Radio Co,

Fig. l';—':ttenuation vs frequency characteristics for common coaxial
cables.

In this way, the value of K, and subsequently of 8,
can be evaluated for each case as follows:

5 (gf_)' _ (b 2R Y (lc(f.)
4R, 4Ry Vfs 2Vxfe

where fy is the frequency chosen to evaluate 8. Fot con.
venience in calculation let L= T'y/T where T s the time
length of the cable and T'=+/LC is the delay per unit

length.
Tlc(fo)
f= ( 2TV/=fs )

(15)

(16)

»
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RESISTIVE TERMINATION

The analysis assumes that the transmission line is
terminated in its characteristic impedance which is
given in (4b). However, in the ordinary circuit, a purely
resistive termination of value Ry=+/L/C would be
used. To see at what frequencies Ry would be a good
approximation for 2., the following comparison of
actual Z, with R, is made.

From (4b)

L+ KV ( K )”’
o /TR (g K
’ " o+c\/'
K?*
e e e a e,

BR/C*) (7

K
ERARPTY
The {ractional deviation of Z, from Ry an a function of p
is less than the second term of (17) divided by Ry. The
smallness of the magnitude of this fraction indicates the
closeness of approximation.

|Z¢(P) - Rol < | K I - K
Ry IRCVDl  4RNCVIRS
Since Ry*C=L then (18) is the same as (7). Thus, 4, the

validity conatant calculated previously is also an expres-
sion of the departure of Z, from R,.

(18)

GENERALIZATION oF THEORY

In order to present curves with which any transient
prablem involving skin effect distortion of rise times
could be solved, the theory is generalized. First, the
assumption is made that any rising function can be ap-
proximated sufficiently closely for engineering analysis
by a series of .a few straight line segments. The response
to any function can then be obtained from the sum of
the responues to the ramp functions used for approxima-
tion. A generalized ramp response is then the function
to be plotted.

Recalling from the analysis te three basic functions,

Impulse response = g(3)

- ‘(3 4 T’) - V% s83g-8is (9)

step response m f(§) = f(x 4 TI) = cerf 4/ .g. (10)

Ramp response m k()
t pr* i}
w (x4 TI) = ;—f._.cerf ‘/—:dr (13)

z 2 0, all cases,

the problem is to generalize them so that 8. the constant
which is determined by the specific case, does not appear
in the functions, but only in the scales to which the
responses are plotted,
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As the first step, the transformation x=pp is used in
(9. The reculting function of p is*

~$184—14},
no =L a;?’ »2 0 (19)
or
—818,—1/,
Besip) = 2 \,'; © a0, (20)

To apply the normalized impulse response (20) as
plotted in Fig. 2 to a specific case, the § is calculated
from (15) or (16) using physical data. The horizontal
scale is then multiplied by 8 and the vertical scale di-
vided by A to obtain the impulse response g(x +T¥) ve x.

T "V\\”
N
/ ~—__

o 1 S B
[ Z - F—

e R

L XD " 10 te [Y 1) ie
) e
Fig. 2—Normallsed impulee vespornse,
W8
felp) = v

Performing the same transformation in (10), a nor-
malized atep response is obtained.

ho(p) = cerf ,‘/—}. p2 0. (21)

To obtain A(x+ TV) vs x the horizontal scale is multiplied
by the proper 8.

Likewise, performing the same operation on (13), the
normalized ramp response is obtained.

Lo T
wo = ctgf~b o @

where a8’ =a/8.

This represents a family of curves (Figs. 3, 4, and S)
with a’ as the parameter. Practical utilization of them
again requires only a time scale multiplication of mag-
nitude B. Thus, the response of a particular piece of
coaxial cable is obtained for a series of ramp inputs with
0-100 per cent rise times of a’f. For a’ =0 the step re-

¢ This trans{lormation le simple; however

much
if ons doss mot state and leuslise the probiem. This is particular
true with topact to obtaining (13). Sor Apreei | toe e icularly

-




.
-

7z

=

e

it

e e e R T T

170 PROCEEDINGS OF TIUIE IRE

Fig. 3—Normalized ramp responses,

fo(p) = f.' LLI‘/-- dp.

[

2.
R

Fig. 4. Notmalized 1amp responses,

o) = f mu/»- .

“ - ees s

sponse (21) is obtained. The vamps conesponding to g’

Larger than the largest one plotted ate relatively undis-
torted,

EXPERIMENTAL VERIFICATION

The esperimental verification of the analysis which
has been presented requived the ase of an extremely
wide-hand oscilloscope, Fadilities which were available
at the Noval Rescarch Laboratony were nsed to obtain
the transient 1esponse of eight picces of coaxial cabile 7
Two time lenaths of each of four ty pes of cable, namely,
RGBT RG-S8/ AU, General Racdio 87402, .ot ¥ inch-
diameter St vioflex. were tested, Fhe signal .mphc-«l 10

1 See Aeknowledgment.

——

Fadrvary
. I I S —
y dill
(_- / /.._”___ /]
| s A
ol /
) s —

«}

Fig. $—Normalized ramp responses,

o) = —f cm/rdp

the cables was approximated by five ramp functione,
and the response was calculated and compared with the
observed response for each case.

EXPLRIMENTAL SYSTEM

Fig. 6 shows the cable comparison test circuit em-
ploying the NRI. TW-10 traveling-wave cathode-ray
tuhes as the indicating instrument. The TW-10 has a
handwidth well in excess of 2000 inc, which should be
sufficient for displaying rise times of the order of 0.1
mus.

ll'l’lll (“l

[-o_j ‘tf—{_:?q-t_—__r_] e,

nmu
t® viATICM
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Fig. 6 - Cable comparison test circuit,

The test pulse was generated by a mercury contact
relay pulser giving a 60-volt pulse, 45 mus wide and
having a rise time of 0.25 mpus. Some signal dalay
(179 mps of J-inch Styroflex) was required to allow time
for operation of the sweep and intensifier circuits of the
at The pulse observed at the end of the 179-mps delay
was called the standard pulse. Cable test sections of
either 150 or 250 mps were added, and the response
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of the added sections to the standard pulse, as well as
the standard pulse itself, were recorded photographi-
cally. Time reference was added to each photograph by
applying a 1000-mc sine wave to the crt and taking
double exposures.

ANALYSIS OF DaTA

Data was taken from the photographs using the sine
wave as the time reference and the maximum amplitude
of the standard pulse as the amplitude reference.

The rise of the standard pulse (Fig. 7) was approx-

L ST SN — 12 TP T (ot NI —

]

Tt a0 ue

te w® ue

Fig. 7—Standard pulse and linear approxination,

imated by five straight line-segments as specified in the
following Table I.
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segment, were calculated from the general curves in
Figs. 3, 4, and 8.

The general curves consider ramp responses for rampes
of amplitude unity; therefore, it was necessary to cor-
rect the amplitudes as listed in Table 1. Pointa (in time)
for calculation were preselected so that when the ramp
responses were shifted according to the correct ¢ (listed
in Table I) addition of ordinates would give the re-
sponsc to the standard pulse. The calculated responses
as compared to the observed respanzes are given in
Fige. 8-11 (next page).

In all cascs no attempt was made to keep track of the
zero time position of the tranaients, No information as
to the time at which the transient first departed from
zero amplitude after paseing through a test section with
respect to the time at which the transient “entercd” the
test acction could be obtained. This difficulty is the
same as is always met in reluting physical transient data
to mathematical prediction. The mathematician can
define exactly a time hefore which the system is quics-
cent. However, the engincer must deline the beginning
of a transient as the tinte at which the waveform reaches
same measurable value,

For comparison of calcutation and observation,
therefore, the curves were shifted in time relative to
cach ather so the leading edges most nearly coincided at
the region of steepest slope.

EXPERIMENTAL RESULTS AND DEPARTURKS
FROM THEORY

From the comparisons of Figs. 8-11, one may conclude
that in the coaxial cables considered the major.cause of
distortion of fact rise time transicnts is the skin effect.
Each type of cable scems to have its own characterisiic
departure from the predicted response. During this
study the causce of some of the departure has become
apparent.

First, the analysis involves an approximation in tak-
ing the inverse transform of the transfer function ns

TABLE | .
ANALYSIS oF STANDARD Puise
Line Segment (';:89. ':cog::::l:"l\:;m:z::) Amglitude 0-100 l‘}l'_a;"(.c.;-nt Rise fo

) T (03, 0; 068,029 | 0.30 | 0.4x10vscond | 0

2 0.68: 0.33); (0.91, 0.80%) 0.538 0.2.‘x 0.34 X100 second

3 0.91, 0.808); (1.12, 1.03) 0.165 oA 0.87

4 (1.12, 1.03); (1.34, 0.92) -0.110 0.22 0.28

s (1.34, 0 92); (.00, §.00) 0.080 3.66 1.00

The approximation to the stundard pulse is then a
succession of ramp functions having rise times and
amplitudes as specified abave and each starting at the
appropriate ly.

The B and appropriate values for ¢’ {or each case swere
calculated from (16) and o’ =a/8 [sce (22)). Congidering
now cach example (i.e., 150-mpus delay of J-inch Styro-
flex), five ramp responses, one for each approximation

— ———

expressed in the vadidity constant 4 (7). The 4 for each
case is indicated on the graphs (Figs. 8-11). As vet no
quantitative measure has bean developed to determine
limits of error duc to a particalar value of 4. However,
the values of A in the examples considered are befieved
to be sufliciently small as to canse negligible error in the
time range plotied. One may note that in the propagit-
tion constant ¥(p) (6) the first term ignored is a con-

e e ——————




172 PROCEEDINGS OF THE IRE
©® - q-r I
LTI B Lad JVA::A;-L‘L
'] s o
. gt i s /
" ] o¢ )-V’
'Y ol . iz
o ./ @ SALOLATED ot |/  CALCULATEY
7 X SR0SRVEN o 1 X osesAvEs
o2 A
& | ; [ Y .
» i o "/
¥ ° ' ¢ » N . ° :
(] t ) 4
& (=) ©
o0 .t
[ ] ot (-
o o? RS -]
‘ . o chonares ; - . ,/;,/‘
3 . X L0 ; . o \ ./’/
a4 - by o2 s Y /
o LA o ; @ caLcwLaTed
; ot L L] ,-"'. v ) X saservip
[ I 2 ;7'(.’ 1] _.( b
0 et ). l‘- -[..4 S S ° ,l'* -
. ' ) ’ ’ 4 ’ . 1 : » 4 ¢
‘ (b) ®)
§’i—° Fig. 8—Reaponse of RG—58 A/u; A(100 mc) =00.56. Fig. 10~Response of RG—8/u. 4 (100 mc) «0.0024,
s.) 130 mus of cable—p = 4.5010"'* second. z; 150 mps of cable—g=8.14 10!t second,
. b) 250 mus of cable—8 = 1.23%10-? second. 250 mps of cable-—3=2,26 X10-'% sacond.
o N o b-tal K!* .l BRI o o
BB "l [ :
o8 | ~f—}- t sy :
A er g - — roid Ll —ra § i LA -
e . ot . ** .-_{_.- F
‘.. T S A} 8 - had daand
) ¢ chauwatse co loh L] 1o enmuares
o [ X wosivs AR . X ashvee
ol RN o Hif- 17
o _._‘.( ot |-
a / : (]} ,
. ,ﬂ.i o 111 . V_ L -
° ' N Y 'y s ¢ [ L 4 3 4 )
. N ) @)
e 1) o8 j—} -} B _‘_u"*_‘_‘,-.c po s o=
“ 'Y} ! I I oe bl '..4.—.:.:7? | ]
,: L1 , //;/.T.'-’ . w}’p.
;?' (1) -4 L b - Y'Y
o8 f--}-- "/‘l/' - 20 —-J'
i ~ L L] - »' - [ V.
i B 08 |t Cl_]e cacanns B o Ll --L o CALEVLATES
Y Ll Ji LI i } i x eseavip
K . . " o OO b il e PY Y 9 X SO VN S S
o - " Ol!‘-/-l--- [- ; “f-- 'Y} S SRS SN U SR SRV S S
% ['] '—Lw-d.. _____ - p— - ¢ F___ — I
Zb - [} ' 3 ] 4 ] [ [ ] ] 4 s
{% (b) (D]

X
M

Fig. 9—Response of GR -874A2. 4 (100 nic) =0.0027,
(a) 150 mps of cable—82 102X 16-" second.
(b) 250 mpus of cable—p =2.83 X 10~ second.

¥

R

Py 8

Fig. 11—Respense of § inch Styrofiex. A(100 mc) =0.60087.
a) 150 10 of cable—peed.57 % 101 second,
) 350 s of calde -8« 1,27 10-% second.

I e T P =

9 ~

fdhwry

NN LAY R ity g+

R

»




W

AP N I A A L e o T

1957 Wiginglon and Nakman: Trensient Analysis of Coaxial Cables Considering Skin FEffect 173

stant (p* term) which adds nothing to the distortion
and only insignificantly affects the amplitude,

The analysis assumes a f*9 law for the varistion of
attenuation with frequency [see (3) and (4)]. This is
very uearly true for Styroflex cable. However, cther
cables have a somewhat greater exponent, GR-874 being
as high as 0.6, A more elaborate analysis using f™,
0513505, has been made; however its usefulness is
questionable since it cannot be directly refuted to the
tead physical problem. A vealistic approach is (o search
for a second distorting factor such as dielectric joss
which in this study was assumed -to be negligible.
Diclectric loss shonld be greater for GR-874 and other
polyethylene diclectric calles thau for Styroflex, al-
though still it should net be the major distorting imecha-
wlam. Work on this phase of the problem is continuing,

Uschil engineering result~ may bhe obtained even
though the 1% law is not followed exactly by the cable,
‘The choice of the frequency at which g is evaluated (16)
thee becomes important. The frequency chosen in this
atudy was fo = 1000 e because the components of most
importance were in the region of 1000 me. (considering
a logarithmic frequency scale).

The handwidth of the TW-10 wus considered to be
sufficient not to distort appreciably the response. The
10 90 per cent rize Gine of the standard pulse is 0.5 mps.
Approximately 700 900 me: of bandwidth (1o the 3-0b
points) is needed to pass suely a rise, The designers of
the TW-10 oscilloscope system have established that
the 3-db point of the deflection stracture is well in
excess of 2000 me although no detailed data of deflection
as a function of frequency is available. The ringing
which is evident in some of the responses is probably due
to the slight impedance discontinnities in the system,

Anather poesible source of eiror is in the noadineisity
of the crt deflection as a function of input amplitude,
Checking this possibility showed that the crt deflection
was within approximately Z per cent of being linear. A
slight curvature of the field of view (wometimes called
“pin-cushion effect™ made transcription of amplitude
data difficolt for time values of 3 {0 5 mus alter the be.
giming of cach response. Errovs of up 1o 4 per cont
(positive) may arise from this cause.

The RG-8 llexible connedtion between the ‘I W-10
and the waveform to be observed (not explicitly shown
in Fig. 6) does intradduce appreciable distortion in the
crt display; however, it does not invalidate ihe tech-
niqgere used to check the analysis.

Refeering to Fig. 6, let the wavelorm emtering the teat
section be represented by Fy(p).® Let the teansfer fune-
tisnt of ihe 15.mups RG-8 connecting cable be Gy(p). Also
let Fy(p) vepresent the waveferm obscrved on the CRI
(the standard pulse) when thie test section is not in.
chaled. Then, Fy/(p) = Fy(p)(p). Now let Gy(p) be the
transfer fuaction of the test seetion of cable. "Fhen,

L here expressions aee given i complex variable formas Lapace
teansdoemn of the tinwe functiom,

Fu(p) which represents the waveforin observed on the
CRT when the test section is included is given by

Fy(p) = Fi(p)Gs(p)G(p)
= (PG I(P)G(P) = F\'(p)G(p)

since transfer functions of passive networks are com.
mutative.

In words, what this means is that the distorting ele-
ment, Gy(p) having been present both in observation of
the input and output of the test section allows isolatior:
of the characteristics of the test section alone. This is the
basis for all comparison type measurement techniques.
For accuracy, the distortion due to Gy(p) must be of the
same order of magnitude or preferably less than that
due to Gy(p). 1t is less in all canes,

CoNnctusioN

The analysis as described is a first order theory for
the transient response of coaxial cables, As presented,
it is useful in engineering problems involving milli-
microserond transients, however, later refinements in
the theory may permit greater accmacy for cables in
which dielectric loas is an appreciable factor,

Avrinmx |
The following identity was useled in the analysis.

. L
HA) = V r VBl dy o ..,V,_, )
' f. ST ro=cer :

tomay be vertified by using Laplace ‘Fransformation
operational theorems.® Letting Lindicate the operation
of taking the Laplace Travsform awl- L-1 the inverve,

I.[l(x)l = l— l[,‘/ﬁ x-»mcd/c] - '. e b
’ X ’
- I 3
1(x) = IMLfH(x) ) == 0] — e w8 | o cort ‘/__'
» s

This inverse has been listed

Since a function which is expressed as a definite in-
tegral withs a variable in the linsits is o funetion only of
the limitn, then

e

I(x — a) = f' ‘/ﬂ— - Ve-Pdy = corf | L
. L4 z—a

Aryvenmix 11 -

The normatization of (9), {10), and (13) to obtain
(19), (21), and (22) is performed as follows. Consider
tirst (9) amed (10).

s+ T = 4/_9. x-W8g=Pl1 220 (9)
L4
8
h(x |- Tl = cest V; 20 {10)

¢ C. R. Wylie, “Advances] Enginecring Mathenatios,® McGraw-
Hil) Book Co., Inc., I‘WW Yok, ﬁ.. Y. I%Sl... mathca,” McCieaw
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Let x=pp
-.Ilc-ll'

B e
£(Bp + TI) 1/ . (Bp)~d'3¢-tie v

v

Ko+ T1) = cerf V _'."

As written above, the functions g and b are still plotted
on the x time scale although x docs not appear in the ex-
pressions. Changing the time acale to the dimensionlcss
p (8 has the diimensions of (ime) new functions g«(p) and
hi(p) are obtained.

PRl mld 0 19

to(p) = v s (19
T

he(p) = cetf 4/ -~ 0. 2

o(p) = cer V 5 re (2t)

FFor plotting, {19) is changed to

p-Me-tle

Bralp) = =— o0 (20)
vr .

Note that in the transformation the shape of the
functions werc preserved, and in order to plot the func-
tions g(x-+T8) and h(x+T71) for any particular physical
case the horizontal scaie is altered by the factor 8 for
that case. 1o (20) the vertical seale must also be aliered
by the factor 8.

Considering (13), more care must be used in the
change of time scales,

fx 4 Th = ~ f " cert V B4 sz (13)
I T

In the’above, change the scale on the dummy variable

February

by the substituticn ¢=fp. A corresponding change of
scale must be made in she limits by dividing by 8

{ T

Hx+Th = — cerf 4/—~ Bdp.
6V s-at [

The function is now set up for normalization by

letting x=f8p and plotting the resulting function

Jolp)=f(Bp+T1) va p

8 hois T
fi(p) = f(8p + Ti) = ” cerf 1/ " dp.

Bs—n)if

Finally, letting a’ =a/8,

{ o T
wo) == [ ot V e szo @
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CORRECTION

. The editors wish 10 point out the following correction
. to “SSB 'erformance as a Function of Carrier Strength,”
; by Williaum L., Firestone, which appeared on pages 1639~
. 1848 of the December, 1956 issue of ProcripINGs. On
page 1843, the illustrations in the ficst column identified
as ig. 10 and Fig. 11 should be transposed.
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APPENDIX VIIX

USE OF AN X-Y RECORLFR WITH A SAMPLING OSCILLOSCOPE

Abstract:

A method has been described for using an X-Y recorder
to record waveforms having both low and high repetition rates.
Pictorial and graphical recordings were made and limiting
sweep rates establishedé for accurate graphi:al recording of
waveforms having repetition retes in the order of 100 cps
(assuning the use of the specified equipment). It was also
shown experimentally that the inertia of the X-Y recorder was
sufficient to integrate waveforms having a repetition rate of
over 10 megacycles per second. Finally a 300 megacycle sine
wave is recorded and a statement 1s made about observation of
waveforms having higher repetition rates.

I. Introduction:

During a recent investigation into the transient properties
of strip transmission line, it became degirable to use an X-Y
recorder to record graphically a fast rise time pulse before and

after passing through a length of strip transmission line.

Considerable difficulty was enccuntered in ectually implementing
the recording of these pulses. Since interest has been shown in
the solution of thig problem it was felt that the problem and its

solution should be reported.
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XI Statement of the Problem:

Any X-Y recorder has two independent inpute, one for the X
axis, the other for the Y axis. If it ie¢ desired to plot voltage
vs. time, & linear sawtooth is placed on the X axis and the voltage
of interest is placed on the Y axis. These voltages must of course
be of sufficilent amp’.itude to drive the vertical and horizontal
amplifiers of the recorder and must vary slowly enough so that the
recorder can follow them. The recorder used was & Mosely Autograph
X-Y Recorder, which has a basic sensitivity of 5 millivolts for full
scale deflection both on the X and Y axis. Through the use of step
attennators, this sensitivity can be reduced to 100 volts for full
scale deflection. Both X and Y axes require a minimun of one second
for full scale travel. These figures are felt to be representative of
most commercially available X-Y recorders.

Now that the signal requirements have been specified, let us see
how these requirements were met. The linear sawtooth required for
the X axis deflection was easily obtained from the Tektronix 545
Oscilloscope by setting the sweep on 100 milliseconds per centimeter
or slower and taking the output from the "Sawtooth - Main Sweep" terminals.
This voltage has a peak value of 150 volts whereas the maximum voltage
the recorder wil] take is 100 volts. This problem was easily solved
through the use of a one mezohm potentiometer as a voltage divider.
The axis zero is set through the use of a zeroing control on the
recorder and the maximum deflection was set by varying the setting of

the one megohm potentiometer.
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The voltage requireﬁents for the Y axis were not so easily met
as those of the X axis. The principl: wvaveform of interest was a
pulse having a:rise time of 0.Y nauosecoqd and a pulse length of
50 nanoseconds. Clearly a recorder requiring a full second for
full scale defiection cannot respond to & rise time of 0.5 nano-
seccnd! low tpen ere we to meet the requirements of the recorder
for the Y axis deflection? The answer to this problem lies in the
use of a1 oscilloscope sampling attachment, whose operation will be
described below. ‘

The output of the sampling attachment ic & series of negative
pulses which are amplitude modulated to‘correspond to the shape of the

i

wvavefornm under observation. The svweeping rate is set by the attach-
ment and not by'the sawtooth from the oscilloscope. Sveep speed is

a function of the slope of the sawtooth but not of the repetition
rate. To provide a slowly varying voltage for the recorder input, the
peuks of Lhe nedative pulses must be integrated. If the number of
pulses per unit time is great enough, the inertia of the recorder

wlll provide the desired intergration. Since there is one pulse for
each cycle of the input waveform, a high pulse rate depends on a high
repetition rate. For low repetition rates, an integrating network is
required. TFast rise time pulsea such as the output from the SKIL. Pulse
Generator have low repetition rates of the order of 100 cycles per
second. Fer such pulses an integrating network will be required. It
will Le shown below thet since the slowest sweep rate of the sampling
unit used (Lumation Model 222) was 100 nanoseconds for full scale

deflection (assuming that it 1s desirefble to see at least one cycle

of the waveform), & minimum repetition iate of 10 mezacycles is of
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interest. For this frequency the inertia of the recorder will
intesrate the negative pulses quite satisfactorily.

IIT OCoveration of the Sampling Oscilloscope:

The sampling attachment used was the Lumatron Model 222.
The principles of operation described below as well as Fig. 1
are taken from the specification sheet for this unit. "The
sampling unit produces & very narrow strobe pulse which samples
the signal wave form under investigation. The sum of the
sampling pulse and the instanteneous level of the signal at the
moment of sampling is applied to the sampling diode. The output
of the sampling diode is a narrov pulse, which varies in amplitude
in proportion to the signal at the instant of sampling. This voltage
is amplified in a linear amplifier of only moderate vand width,
stretched and applied to the vertical plates of the oscillloscope.
Therefcre, vertical deflection at any instant is proportional the
applitude of siznal at the instant of the strobing. In ordér to teke
successive semples of the signal, the moment of sampling is advanced
progressively, relative to the start of the signal. This is done
by e fast rawp which is started by a trigger signal. When the rear
reaches a preset voltage, it fires an avalanche transistor. The
instant of firing is delayed by a slowly increasing voltage on which
the fast ramp rides. The slow ramp provides reset of the sweep tc
zero, so that the sampling process mey be repeated. The slow ramp is

derived from the oscilloscope swee, sawtooth output.
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SAMPLE SIGNALS i
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IN W :
lc o~ RATE unsLANKiNG () |] /
(From scope SELECTOR | .*. : Unblanking oof
sweep cathods (to scope Z-axis)
foliower)

Fig.l. BLOCK DIAGRAM MODEL 222  SAMPLING UNIT

Il should be noted chat the sppurent sweep speed of the suwpling

wseiilosceope i1s only o function of the glope of the rawp, end not of

the uctual sveep speed of the oscilloscope. !
The Model 2257 syme trig-er circuit locks tou very hipgh rep
ruile sipual pulses to provide a 50 ke output to trig:ier the sampling
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IV Recording of Waveforms having low repetition rates:

As mentioned above, fast rise time pulses normally heve low
repetition rates. The repetition rate of the Model 305 SKL Pulse
Generator for instance is continuously variable up to about 150 cps.
Since one negative amplitude modulated spike 1s produced for each
cycle of the input waveform, it can be seen that even at slow sweep
speeds, the number of spikes per sweep will be relatively small.

Since a slowly varying voltage is required to drive the Y axis of

the X-Y recorder, it is necessary to integrate these negative spikes.

Of course an integrating network could be built to do the job,
but it would certainly be more attractive to be able to use a
cormercially available instrument. Such an inscrument is a peak
reading voltmeter. A peak reading volt meter incorporates circuitry
that responds quite rapidly to fast rising positive or negative pulses
but whose response decays slowly in order to hold the peak value of
the wvaveform between pulses. This rise and fall time of thé circuitry
will vary with the meter used. For purposes of this work a Ballantine
Model 305 peak reading voltmeter was used and the miniwum rise and
fall times were determined experimentally. The test eetup is shown
as TFigure 2.

Jsing the experimentel setup shown in Figure 2, the rise and
fall times of an output pulse from the SKL Pulse generator were observed.
The results were recorded both photographically and graphically for

comparison purposes and are shown es Figures 3-6. Several comments

S
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Fig. 2. BLOCK DIAGRAM OF TEST SETUP FOR GRAPHICALLY RECORDING
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a. Verticel: 1v/cm b. Vertical: 1lv/cm
Horizontal: 0.5 x 1072 sec/cm Horizontal: 0.5 x 10~ sec/cm
FIGURE 3

Photographic record of Pulse Rise Times
for varying time scales
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c. Vertical: 1v/cm d. Vertical: 2v/em
Horizontal: 2 x 1072 sec/cm Horizontal: 5 x 107 sec/cm

FIGURE 3

Photographic record of Pulse Rise Times
for varying time scales
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b, Vertical: 1v/cm

a. Vertical: 1v/cm
-0
Horizontel: 1 x 107 sec/cm

Horizontal: 0.5 x 1072 sec/cm

FIGURE 5

Photegraphic record of Pulse Fall Times
for varying time scales
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c. Vertical: 1v/cm d. Vertical: 1v/cm
Horizontal: 2 x 1072 sec/cm Horizontal: 5 x 1072 sec/cm

FIGURE 5

Photographic record of Pulse Fall Times
for veryirg time scales
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regarding the pictures and graphe should be made. First, the waveform
as observed on the oscilloscope is usually thought of as a series of
dots. The continuous tr#ce shown in the pictures was ﬁroduced by the
100 millisecond/cm sveep'and taking a time exposure with the camera.
For the graphic recording, a sweep of twelve seconds per centimeter
was used to allow for the time constants of the peak reediing voltmeter.
Sweep calibration showed the sweep to actually take 170 secords rather
than the 120 seconds expected.

It was stated above that the peak reading voltmeter will follow
quite well a voltage swinging from ground to a plus or minus value but
it will not follow as well as voltage swinging from a plus or minus value
to ground. The voitage swinging from ground to a negative value
corresponds to the fall time of the SKL Pulse. Comparison of the fall
times shown by the photographs and the graphs shows good correlation
for all sweep rates. We maey therefore conclude by a simple calculation
chat 1f 14 seconds are allowed for full scale vertical deflection,
pulse fall time as shown by the recorder can be expected to agree with
the value shown by the oscilloscope. If the pulse rise time is compared
in a similar manner, it is found that disagfeement between picture and
graph rise times begins with Figures 5c and 6¢. For this sweeping rate,
the time constants of the peak reading voltmeter do not allow the re-
corder to follow the pulse rige time correctly. If the sweeping rate
shown by Figure 5b and 6b is taken as the maximum alloweble a simple
calculation shows that 50 seconds should be allowed for full ascale
vertical deflection of the recorder in order to obtair agreement between

oscilloscope and recorder.
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A101

V. Recording of Waveforms having High repetition rates:

48 previously stated, for higher repetition rates, the inertis
of the recorder serves to integrate the pulse without the use of
the peak reading voltweter. If it is desired to see at least one
cycle of the waveform, then the lowest frequency of interest will
be 10 negacycles since the slowest sweep rate, as determined by
the samwpling attachment, is 10 nanoseconds per centimeter. If the
connections marked "X" in Figure 2 are broken and the dotted wiring
inserted, the equipment will be set up for high frequency waveforms.
Essentially all that is done is to by-pass the peak reading voltmeter.
Figure 7 shows pictorial recordings of 10 and 300 megucycle sine waves
while Figure 8 shows graphical recordings of the same two vaves.
Lxamination of these fipures shous good correlation. Three hundred
megacycles is the upper frequen linit of the Lumatron sampling
Attachment. It is felt that if some type of count down unit could bve

used, much higher frequencies could Le recorded.

L

. e B AT A S IR (L i sasrtai a2

..,




e

A102

: jw M&..Ju% e

a. 10 megacycle sine wave b. 300 megacycle sine wave
Vertical: 2v/cm Vertical: 2v/in
Horizontal: 10 x 1072 sec/cm Horizontal: 1 x 1077 sec/cm
FIGURE 7

Photographic Record
of 10 mc and 300 mc sine waves
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APPENDIX IX
PROPERTIES OF MATERIALS, MEASUREMENT RESULTS,
CALCULATION OF LINE PARAMETERS

Nominal values for the Stripline delay lines are as follows:

Item Line A Line B

Dielectric Material Glass~Teflon Glass-Epoxy Resin
Dielectric Constant (meas.) 2.73 5.27
Dielectric Loss Tangent (adv.) 0.003 0.03
Dielectric Loss Tangent (calc.) 0.00256 0.0133
Ground Plane Spacing, b {meas.) 0.113 in. 0.116 in.
Copper Thickness, t (meas.) 9.003 in. 0.003 in.
Characteristic Impedance, Ro 50 ohms 50 obms
Strip Width, v (calc.) 0.070 1in. 0.35 in.
Length (calc. from spiral design)  7.40 m.,2k.3 £t. 3.68 m.,12.1 ft.
Total Delay (calc.) 4.15x10"2 sec. 26.2x1077 sec.
Delay/unit length, T (calc.) 5.59x10™ sec. 7..65x10"9sec.
Inductance/unit length, L_ (calc.) 270x10 h/m 382x10"7 h/m
Capacitance/unit length, C (calc.)  112x™° f/m 15310722 £/n

Value of the convergence factor,

K2 2, L at 10 Mc (For accuracy 2.18x107° 5.14x10"2

this should be << 1.)

o, 8t 1 Kme (calc. from meas.) 0.0716 db/tt. 0.232 db/ft.

o, 8t 1 Kmc (cale. from curves ) C.113 db/tt. 0.185 db[ﬁ'..

3 (calc. from meas.) 3.221.3:10.12 sec. 8.29):.10.12 sec.

K, (cale. from meas.) 5.23120"1F gec.  1.88x10710 gec.
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