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FOREWORD

This final report covers three years of work in the Engireering ksy-
chology Laboratory at the Institute of Seience and Technology of The Ui -
versity of Michigan. The work was performed for the Operationsl Applications
Laboratory of the Electronics Systems Division of the Air Force fyastsmy Comne
mand, and was conducted in accord with the terms of United States Air Force
Contract AF 19{604;-7393. Controcts and Grants to The University of Michizan
for the support of spornsored research by the Institute of Science and Techinslogy
are administered through the Office of the Vice-President for Research,

The author wishes to acknowledge the contributory work of M. Guyer,
W, L. Hays, R. Norman, L. D. Phillips, 5. M. Rubin, M, A, Swain, and
M. T. Zivian; and to indicate his gratitude to J. T. begley, Col. A. Debons,
G. P. Mandanis, W, E. Organist, L. J, Savage, E. H. Shuford, Jr., A. W. Story,
and D, H, Wilson for information, adevice, and criticism,

This is Institute of Science and Technology Report Number 3786-23-F.

REVIEW AND APPROVAL

Thig Technical Documentar;, Report has been reviewed and is approved

DONALD W, CONNOLLY
Chief, Display Division

Decision Sciences ia

MORGAY, Col, USAF
recior

fit

— -~ e wAE o« s s s aseeas

13i0n Sciences Laboratory

Anca

LR SN

g

B

LF e

C ey




PWAATY

it 2t o ot T et e e

Pt L 00,

N AR

bty

ol il

CONTENTS

ForeWord . « o s v o 06 0 0o 0o 6 s 0 868 03 0a00
Listof FIgUreS . + o + ¢ ¢ ¢ v 2 2 ¢ a s s 062650
Listof Tables . . .o v a0 v o v v co vt s s
ADBIIact ., 4 . v ¢ o v s s s s s s e o s b e a
1. ASclentificOverview . . , ., . « . . . v o s 0

.

*

*

*

*

-

[3

*

2. Conservatism in Complex Probability Inference - + « + « - - . &

3. The Fffect of a Fiattened Conditional Probability Distribution on

Probability Estimation . . . . - -« ¢ s ¢ ¢ ¢ ¢ e s a5 254«
4. The Estimationof CredibleIntervals, . ... ... ..., ..
5. Conservatism in a Very Simple Probability Estimation Task ,
6. Response Modes and Probability Estimation . . . . . .. ...
Appendix A: InstructionstoSubjects . .. . .. ¢ v st 0o
Appendix P: Publications . . .. .« ¢ o v 206 et oseesee

References . . . .. s e e e s e e e

+ e v € &+ & 3

snomap - -«

------

iii

vii

S8 8

69
74

PN e

g
£
Z
|
=
g
%5
5
2
£
|
=
=
§
-
?::
g
1

r\lzmmwmm\mmmmummmmwmmwmm




R L e T ey ﬂ"’l""‘frTh‘*3i*l4-“‘l5'i@f'"ﬂl‘m!"!E‘i!Wr“mwlm[‘lm‘Nmmﬁm‘““mmmmmm{llfI{lll"nln"«l;'\!ll"‘il e :nmlumﬂillliﬁlli\ltllil}l{i!tﬂi{mﬂ-wwbw

P S

b At 1 s) Y

g

Y T N

-gmmlmum-m LR SN

ol

*

12

13.

14.

15.
18.
1%,
18,
19,

206,

21.
22.
23.
24.

zﬁé

FIGURES

A Sample Display of Six Impact Pofmts . . . . . . . . . oo e

Prior Probability Stalements, ~onditicnal Prﬁbamlh} Oispla} s, and

Response Levers e e e e e e e e e e e e e e s e e s s e s

Piois of Bayesian Posteyior Probabilities . . . . . . . . .. P

Average Sum of Posterior Probability Settings as a Function of

Number of Stimulus Dots. . . . . . . . . . . .. e e e e
Representative Plots of Subjects Normalized Estimates - . . . . - . . .

Scatterplots of Bayes's Posterior Probability as a Function of

Posierior Estimates by Subject One. . . . . . . . . . . . ... . .
Performance Index as a Function of Number of Stimulus Dots. . - - . -

Bayvesian Posterior Probabilities as 3 Function of Number of

.. 15

Stimulus Dots for Sequence 41. © . . . . . . L L Lo oo s oL s

Distribution of Stimulus Dots for Old and New Sequences . . . . - . . .
Bayesian Posterior Probabilities for Old and New Sequences . . - . . -

Averaged Subjective Eriimates of the Probability of the Hypothesis

Copfirmed by Data, Using the Basic Matrix: Sequencei. . . . . . . -

Averaged Subjective Estimates of the Probability of the Hypothesis

Conlirmed by Data, Using the Basic Matrix: Sequence 2 . . . - . - -

Averaged Subjective Estimates of the Probability of the Hypothesis

Confirmed by Data, Using the Degraded Matrix; Sequencel ... ..

Averaged Subjective Estimates of the Probability of the Hypothesis

Confirmed by Data, Using the Degraded Matrix: Sequence 2. . . . . .
Objective Posterior Probability Estimates, Using the Basic Mairix. . .
Objective Posterior Probability Estimates, Using the Degraded Mairix . . .

Width of Credible Intervals Averaged Over Seguences . .
Sum of Absolute Deviations of Subjects’ Means {rom Bayesian Means .

Theoretical Likelihood Ratios, for 70-30 and 60-40 Bookbags, as a
Function of the Difference Between the Number of Successes and the

MNamberof Failures . ., . . . ., . .. ... ... 0.,

Subjact One’'s Estimateg, for 70-30 Bookbags, Expressed in Log
Likelihood Ratios as 2 Function of the Difference Between the

Numoer of Successes and the Number of Failures . . . . . . ... ..

Logarithmic Scale for Subjects’ Registering of Probability Estimates

Inferred Likelihood RHatios for VO Subject Five |, ., . . ., . . e .

Inferred Likelihood Hatics for ODL Subject Five
Inferred Likelihood Ratics for PR Subject Two

Percent of Improvement Shown by VO and ODL Groups Over PR

Group in Accuracyof Estimation . . . . . . . .. ... ........

~ s = 2 = g = 2 s T = & 3 =

.............

Inferred Likelihood Ratios for PR Subject Three. . . . . . . . . .. ..




TABLES

Analysis of Variance of Subjects’ Deviations From Bayes’'s
THEOTeIM o 4 4 o 4 ¢ 5 ¢ 5 ¢ o o v v 8 3 2 2 8 50 6520 0ecss

Deviations From Bayes’'s Theorem of Subjects’ Estimates on the

Correct Hypothesis . . . 4 o v ¢ s o v s ¢ 0 s 0 2 2 2 ¢ 5 0 ¢4

Analysis of Variance of Posterior Probabilities for Old and New
Sequences, Calculated From Bayes's Theorem. . . . .., ...

Summaryvof Analysisof Variance . . . ¢ ¢ 4 4+ s v v s ¢ s 2« c o n

Summary of Analysis of Variance of Final Estimates of Probability
Using Basic Matrix . . . . ¢ . ¢ ¢ o o ¢ o 2 2 2 o 25 0 ¢ 3 v s

Summary of Analysis of Variance of Final Estimazes of Probability
Using Degraded MatriX . . . . . 4 s ¢ ¢ o 6 o 2 0 c e v s 2 s 2

Resulits of t-Tests for the Significance of the Difference Between
Mean Subject Estimates and Objective Estimates . . ., ., . . .

Scales and SeqUENCES . . . . s 2 2 s ¢ 2 2 5 6 0 0 v u s 0 0 5.

Experimental Design - « ¢ « = ¢ ¢ ¢ o o« v o e s 0 s v s a0 e 0

Range of p Vaiues That Will Yield Bayesian Performance Identical
toSubjects' Estimates. , . . . . ¢« s s v s 4 s 08 - 2 e v e e

Slope Constants, Correlation Coefficients, and k Value- for Each
Bubject and GIOUD +» + 5 + + « = o = o 0 s 2 s s 2 s o« 05 3 284

vii

40
.

s 60




iy

SR et AT R S 3ER S g s T

HUMAN PROCESSING OF EQUIVOCAL INFORMATION

ABSTRACT

This report contains a series of studies investigating the abilities

of subjects to revise probability estimat®s on the basis of new information.

These studies show that subjects' probability estimates are reliable but

deviate considerably from posterior prababilities calcuiated from Bayes's
. theorem. The deviations are almost always in the conservative direction,

i.e., low Bayesian probabilities are gverestimated, 5,d high ones are
underestimated. Only when each datum is very ambiguous do subjects’
estimates become more extreme than Bayesian probabilities. Further,
when subjects are asked to give 90% or 50% credible intervals of a pos-
terior probabd.ity distribution, their estimates are wider than Bayesian
credibic intervals. This finding of conservatism has led to the design of
a man-computer system that should minimize the effects of human short-
comings in making diagnoses.
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INTRODUCTION: A SCIENTIFIC OVERVIEW' S

This is the final report of a three-year program of research inio human information proe-
essing and decision makirg, applying technigues based on Bayes's probabliily theorem io the
design of man-machine systems for information processing {Bayes's theorem is explained in
detail in Section 2). Appendix B briefly summarizes the publications already in print or in-
press that have developed from the contract. In erder io keep this finai report to reasonabls
length, no attempt will be made to duplicate information contained {n publications sammarized
in Appendix B; the primary purpose here is o report research compieted under Contract
AF 19{604)-7353 but not yet published,

Certain activities conducted under this contract cannot be proverly refiected In 2 final
report. One of them is the development of research plans for semisimulation experiments
concerned with probabilistic information-processing systems. These research plans occupied
a great deal of time and attention during the last 18 months of the contract, but have by 5o means
reached fruition as yet. This work is being omtinued under Contract AF 19{628}-2823, and will
appear in publications sponsored by that contract.

A second class of activity that cannot be adeguately refiecied in this final report is the
proceedings of a conference on Bayesian Information Processing Systems held at The University
of Michigan ias May, 1983, Participants in this conference exchanged information about research
on men as Bayesian information processors aznd about the design and evaluation of Bayesian

H
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'This Section was prepared by Ward Edwards.
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information-processing systems. No formal publications were intended to result from this
conference; its purpese was to facilitate informal interchange of information and to bring dif -
ferent researchers concerned with related problems into interaction with one another so that
their research would coordinate and make a more cohesive whole than might otherwise be
possibie.

Research conducted under Contract AF 19(604)-7333 was of three major kinds. One con-
sisted of primarily theoretical investigations into the formal characteristics of Bayes‘s theorem
as a mathematical model for the revision of opinion in the light of information. This work cul-
minated in a long article about the relevance of Bayesiu: ideas to statistics, another concerning
the optional stopping problem, and several minor efforts. A second kind of research consisted
of laboratory studies comparing man and Bayes's theorem as information processors, and
finding that man is the more conservative; a number of studies elaborated this finding and
examined some of the parameters that affected it, The third kind of endeavor under the program
was the development, elaboration, and thinking-through of an idea for a Bayesiar. information-
processing system, or PIP, followed by the development of semisimulation resea ch techniques
for the exploratio~ and validation of that idea. Of the three classes or research, this one had the
least visible product, since it consisted primerily of intellectual effort, mostiy of a nonpublishable
nature, Nevertheless, this class of endeavor seems likely to have the greatest impact in the long
run on military technology and Air Force system design.

1ais scientific overview, which is really nothing more than a brief introduction both to the
publications that have already emerged from this contract and to the chapters that follow, will
ignore the first kind of effort completely. The {ormal work on Bayesian statistics and optional
stopping has been fully reported in publications, stands on its own feet, and needs neither amp-
lification nor review. The summaries of publications in Appendix B briefly report what was done,

The main research endeavor of the contract was concerned with the comparison of men with
Baves's theorem as probabilistic information processors. When the contract began, essentially
no information about the quality of human information processing in unspeeded tasks was avail-
able. It was widely supposed that men were good information processors, but little was known
about how good, mostly because there was no formal model for proper information-processing
methods. The research started from the premise that Bayes's theorem was an optimal model
for information processing, and consequently that straightforward experiments comparing human
performance with the output of Bayes’s theorem might lead to insights regarding the quality of
human information processing. Thus the experiment described in Section 2 was designed as a
frontal attack on the problem. It used a very complicated task involvin 4 mutually exclusive
hypotheses and 12 diffe rent possible observations, displayed to the subjects a set of 48 proba-
bilities of the data given the hypotheses, and then required the subjects to generat. posterior
probability estimates. Not too surprisingly, it turned out that their estimates differed from
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Bayesian probabilities, What was more iuteresting, however, was that these differences were
consistently in the direction that we have come to call conservative; that is, subjects consistently
overestimated low Bayesian posterior probabilities and underestimated high posterior probabil-
ittes. No subject extracted from the data anything approaching the certainty it would justify.

It seemed entirely possible to us that these deviations from Bayesian probabilities, over-
whelming in size and consistency though they wers might have been attributable to artifacts of
one kind or another. Consequently, we designed two experiments intended to examine two
artifacts that we thought might be relevant —and happily found that neither artifact need be
considered too seriously. In one of these exper ‘ents {Section 3} we asked whether subjects
might have been confused by the fact that in the ¢ -.ginal experiment the data did not resemble
any of the distributions of data to be expected with the given hypotheses: it turned out that this
made no difference whatever, In the other experiment we examined the effects of seguential and
nonsequential presentation of data and found much the same amount of conservat'=m, whether the
subject in effect started from scratch each time or was allowed to retain his previous posterior
probability estimates for use as prior probabilities, with only an incremental datum added.

in another study, {H. C. A. Dale, unpublished}, subjects were allowed to specify their own
values of the probability of the datum, given the hypothesis [P{DIH)]; still they were conserv-
ative. It seems that whether or not the value of P{D!H) conforms to the subject's inkuitive
appraisal of what it ought to be makes very little difference to his information-processing
performance.

Still another study {(Section 3) raised the question of whether it is ever possible to get sub-
jects to overestimate a posterior probability. It turns out that the answer is yes, if the infor-
mation given to the subject is sufficiently worthless for diagnostic purposes. That is, when
Bayesian posterior probabilities are very little different {rom Bayesian prior probabilities,

a subject’s estimates of posterior probabilities usually are more s¥treme, N

Next we turned our attention 1o the question of whether this conger »/ism could be found
also in much simpler, more straightiorward kinds of experiments. In one su.it experi: aut
{Section 4), we presented subjects with observations drawn from a normal distribution apo 72
quired them o estimate a posterior credible interval for the mean. Findings {rom thiz study
were entirely consistent with the findings from the previous, more complicated study subjects
were consistently conservative. The task of estimating a credible interval, however, i3 unfamiliar
to subjects and their estimates were rather variable.

Finally, we sought the simplest possible task in which subjects could perform this kind of
information processing (Section 5). We ended by using a simple binomias task in which subjects
must decide which of two hypolheses about the percentage of rod poker chipe in a bookbag full
of red and blue poker chips i8 correct. Here, to0, we obtained conservatism, though not quite
s0 much of it as in the experiment reported in Section 2. The data indicated very clearly that
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even in this simplest of all possible Bayesian tasks, sukb).-ct3 are unable to extract from infor-
mation ail the certainty that is latent in it, This situation seemed appropriate for further study,
80 we designed a number of experiments, many of them still incomplete, examining varicus of
its parameters. One, sufficiently complete for inclusion in this report {Section ), compared
three different modes: estimating probabilities on a device displaying a linear scale of proba-
bilities, estimating odds verbally, and estimating odds on a device displaying a logarithmic
scale of odds. It had seemed possible that one reason for conservative performance was that
the probability scale is bounded at zero and one, and subjects are consequently reluctant to
come too close to the boundaries at which they have no more freedom to move. However, the
experiment on response modes indicates clearly that this factor, while relevant, is not the
primary cause of conservatism. The two odds groups show less conservatism than the prob-
ability group but still plenty of it; the logarithmic scale seems to producs very slightly less
conservatism than the direct verbal reporting of odds. Research of s rind continues.

The fundamental finding of the first study has required no guslitication or mudification ar a
result of its amplification by these further experiments. The basic lizs seems (¢ be strong and
very nearly universai (at least among coliege students). alticugh ¢f _urse the magnitude of t7e
e{fect is influenced by a variety of such peripheral factors 28 responst modes, prosense or
absence of payoffs, complexity of the task, amount of training received, presence or absence
of feedback concerning the correct hypothesis, etc. And it is appropratz to ask whar effects
this consistent bias in human behavior might have on such practical probliems ss the design of
information processing systems.,

Existing systems intended for processing information in detisio) making, such g8 command
and control systems, may be extremely sophisticated in their information gathering, dispiay, and
communications. But their technique for processing the information ohizined is ideahical with
that used by Alexander the Great: dispiay it to the commandér srd let him decide. Tlearly, ary
bias that the commander may bring to his process of deciding will be a biss in the operation of
the system. It seems very Fkely, in view of the research find'ngs and aiso on inkibive grounds,
that commanders have a congervative bias in such systems; that is, that they are unable 1o ex-
tract ail the certainty from the data that the data would justify. Thereicre one problem in the
design of information-processing and declision-making systems may be defined as the problem
of how to prevent the natural conservatism of human information processing from muaking such
systems less responsive than they should be,

One step toward the sclution of that problem consists of analyzing information-processing
into subtasks. It seems clear that at least two such subtasks czv L. discriminated. One consists
of assessing the impact of a single item of informution on some hypothesis, or set of hypotheses,
of interest to the system. The other consists of aggreguting ‘hese |. pacis uver data and over
hypotheses into a picture of the current status of the hypothesos The first of these tasks, for
the kinds of qualitative information that are characteristically gvailable to infol mation-processing

4
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systems, must inevitably be per(vrvmed by expert heman belngs., DU e sefond o7 hers 2Bl 15
naturally performed by Bayeosg's theccem ~u7 consequentiv is easy {0 mechanize.

The ezsence ¢f the proposal o the desym of 2 provstilistic formation-provessing syrem
that has smorged from the research of Wik project is that hunan beingy shouid esiimate the
probability of each deium given each hypothesia — WDNR) —or somyg closely related quanlity,
suck as a set of kelinoon valival, and 193t » machine ghould DF usad W sggregale theus Zuti-
reztez into a posterior distribulion over dwe hypotheses o /L Iorest o e sysiem.

K numan estimators are naturailly less conservative in éesiimaiing li¥eiihood rafing thes i5
estmltyy  oeterior probabiitieg, or can e waught o bo sa, then ihis procadyre shoid cope
witl: the probiem of conservative ings. In any case, b se2ms miraciive oo off o yrounmds: it
perniis Irgginentation of the 1ask of informationgrocessing into many subtasks that can be
parceled auf among wen and machings in & yanner respecting the capabililiss of each. More-
wer, it permits full mechanizulion of what 15, {rom e human point of view, hasicaily @ book-
teeping task: the aggregation of data into posterior diat-ibutions

The res” “reh problems of specifying and evallating this ides are numerour and very di-
ficylt. One problem asks how men ¢an be selectsd, {rainad, and provided with suilali~ diaplavs
and controis so thit they can work effectively as estimsiors for PIDIE] or a related guantity.
Another, which a&’ . mes thal {rained men 2an provids suitsbie epiinntes, 28k & ¢ a zyStem 2an
be desipned to explojt that fac:. Ouly the first of these two questions has been of primary -
terest in the research program of this contract; the sther is the business of Contrast
AF 19{628)-2823.

Simple, Chort-term, inexpensive laboratory experiments are incapable of studying proas-
ability estimation in really complex gituations under full experimental control. Either the
expertise of the subjects and the context in which they estimate probabilities must be artificially
created in the laboratory, in which case the experiige canaot be very deep nor the coniext
compiicated, or =lse contexis and abilities pre-existing in the real world must be studied, The
former procedure obviously falls short of examining performance under realiztically complex
circumstances. ohe lafter procedure sourds more attractive. Unfortunately, it is almost
impossible to determine the "correct” probabilities in real-world contextr, H is also nearly
impos:ible to insure that different subjects have comparable amounts of information abcat the
real-world contexts chosen for study. Sc the resulis obtained from the use of real-world con-
texts and adpilities would be hard te interprei, especiaily if the question asked is how "correct”
these estimates are,

One product of the research program of the coricact is « proposed sciution to these dif-
ficuities. The proposed solution i8 expensive, time-consuming, and difficuit, but it may work.

It is to synthesize a partially artificial world, of the greatest complexity consistent with tracta-
Hlity, that has well-specified probabilities built into {2, Once this complex artificial world hasg
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been invented, it {8 necessary o train subjects to ve expert about it—a long process. Aftcr that
has been done, they can be exposed to {nformation-processing tasks apprapriats 1 that artificiai
word, and asked to estimate FDiR) or similar quautitie for suitabie dats and hypetheses, Doth
thelr estimates and the performance of the mobshilade information-processing system that
uses them can be evahiated by comparieon with the “true” poobabilities built into the world to
sizrt with, and perhais aiso by compariscn with the poilormance Jf nenprobabilistic systems

The semusimulation rasearch planned under thiz contract will do just that.
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CONSERVATISM IN COMPLEX PROBABILITY INFERENCE®
This experiment examines the relationship between estimated probabilities and probabiiities
calculated by means of Bayes's thecrem; it compares human performance with opiimsal per-

fermance in the task of revising opiaion in the light of new informaiion,

¢ provide setting and vocabulary, a number of comemporary ideas concerning probability
must be briefly summarized. The numbers called probabilities are formally well-defined by
the assertinas that they are numbers beiween zero and one, and that over 2 mutually exclusive
and 2xhaustive set of hypotheses (hereafter called a partition) they must add to one. Bui three
fundamentally different operations have been proposed to relate those numbers tc observabie
events in the real world, The currently dominant frequentistic view defizes a grobability as

the limit of the relative frequency with which a pe~ticulir phenomenon occurs; probabilities

can be estimated, for example, by operations like tossing a coin many times under "substantially
equivalent” conditions, and then using the ratio of heads to total tosses as an esiimate of the
probability of heads. The symmetristic view appeals to observable symmetriés to make
plausible the notion of a collection of equally likely elementary events; the faces of a die are
considered equally likely to come up because the die is symmetrical. The personalistic view
defines a probabilily as an orderly and coherent judgment made by a rational person who brings
to bear upon the immediate guestion his relevant past experience, of whatever Kind. Prob-
abilities so defined are called personal probabilities, and describe the person judging the

event as well as the event itself,

Corresponding to these three philosophical positions about the foundations of probability
are three gquite different ways of displaying probabilities. Syvomumetry dispiays are common and
effective; examples are cards, dice, roulette wheeis, and the iike. Freguency displays are
veiy rare, mostly because frequencies are usually based on counts of random samples, and the
notion of randomness is usually defined by an appeal io symmetry. But what migit be czlled
plausibility displays are most common of all, We make intuitive nonnumerical judgments of
probability at every moment of our lives, and any information dispiay that influences such
judgments without necessarily appealing to symmetry or relative frequency (or mathematical
necessily) may be called a plausibility display.

Philip 1], Stevens and Galanter [2], and Shuford [3] have found that simultaneously dispiayed
relative frequencies can be quite accurately estimated on the bhasis of exposures toc short to
permit counting, and Robinson {4] found the same thing for sequentizily displayed reiative
frequencies. Teichner 5], in 2 more complex task using & frequency display, obtained some-
what less accurate performance,

*This section was prepared by Lawrence D, Phillips, William L. Hays, and Ward Edwards.

7

AR

ez

- AR PRt VY

[y

b e e

v A AR

A W e




»g»»
§

4
i

S

N

i

A large number of experiments have attempted to infar judged probabilities from observed
acceptances and rejections of bets, assuming thai subjects based their decisions on some ver-
sion of the well-known Subjective Expected Utility (SEU) model. {For reviews of this literature
and of the model, see Edwards [6, 7L} Such studies typically use symmetry displays of prob-
ability such as are provided by dice, spinners, and the like. In effect, then, probabilities
iferred from decisions via {he SEU model are compared with probabilities displayed directly
by means of symmetry displays. The large systematic differences that are almost always

S s e

found in such studies imply either thai symmetry displays produce severe distortions of judged

fl

probabilities (compared with the generally accurate judgments of relative frequencies, for
example) or else, more plausibly, that the SEU model is descriptively inadequate and 50 is an
inappropriate .asis for inference of judged probabilities, But methodological and formal
difficulties dominate this literature and few firm conclusions are possible,
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Some of the descriptive inadequacies of the SEU model can be alleviated by using a con-
ception of probability that dors not require the sum of the probabilities of a mutually exclusive
and exhaustive set of events to be one, or any other coanstant. Whether such numbers deserve
to be called probabilities could be argued, but they can be so considered, and a nonadditive
SEU model is not internally comradictory {(Edwards [8]), although in such a model, utilities
rmus? be measured on a ratio, rather than an imerval, scale, Such possibly nonadditive prob-
abilities inferred from the choices of real people might well be called subjective probabiiities,
to distinguish them {rom the perzonal probabilities that might be inferred from the choices of
ideally consistent neople.

The clouds on Vorus either contain a lot of water vapor or they do not, For a freguentist,
the probabillly of that proposition is therefore either one or zero, if i is defined at all, A per-
sonalist, however, prefers {c express his uncertainty about the clouds on Venus {and indeed
about any topic) as explicitly as possible, and uses probabilities to do s0. He consequerntly
considers the probability that the hypothesis is true — 3 notion meaningless to frequentists,

Bayes's theorem, an ejementary and noncomtroversial consequence of the definition of
conditional probability and of the raquirement that probabilities must add up to one over a
mutualiy exclusive and exhaustive set of events, has some usefuiness for frequentists, For

P R

pecrsonalists, however, it plays a crucial role: it is the formally appropriate rule specifying
how the probabiiity that a hypothesis is true should be revised in accord with new data. H is
therefore an opt‘mal model for revision of opinion in the light of information-—that is, for
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information processing,
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Bayes's theorem can be expressed as follows:

TR

P{HID) = kPIDIHIP{H) {1
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P{HID) is the probability assigned to hypothesis H, given knowledge of the datum D; P{H) is
the probability assigned to H before D was known; and P(DIH) is the probability of getting data
if H is true, The normalizing constant, k, ensures that

m
ZP{Hi}D} = | over the m elements of the partition
i=1

It is easy to show thai

m
1/k = P(D) =Zpinmi}ﬁxi)
i=1

P(HID) is called the posterior probability of H, and p{H)} is the prior probability: P(D| H) is
called the likelihood {of datum D on hypothesis H). Under circumstances such as those pre-
vailing in our experiment, the likelihood of zeveral data is simply the product of the indivigual
likelihoods., Formally, this simple rule is appropriate only if the data are conditionally in-
dependent of one ancther given each of the hypotheses; for a discussion of the diffizult topic of
conditional independence, see Edwards, Lindman, and Savage [3]

Thus, Bayes'’s theorom says that the probability assigned to a hypothesis after observing
the datum {or data} D is directly proportional to the probability assigned to the hypothesis be-
fore observing the datum multiplied by the likelihood of the datum,

These experiments compared the posterior probability estimates of several subjects with
the probabilities calculated by means of Bayes's theorem and investigated several variables
that affect posterior estimates. Subjecis were told that the artificial environment for this
experimeni could be in exactly one of four states, referred to as hypotheses, and that they would
observe data generated by only one of these hypotheses. Subjects were shown the values of the
individual likelihoods, that is, P(D|H) for each possible datum, and were given the prior prob-
abilities assigned to the hypotheses before observing any data. Then, subjects were asked to
revise their opinions about which hypothesis was true after each new datum, However, subjects
were not allowed to make any computations. They were raguired simply to make intuiiive
estimates of the posterior probabilities, Since the only constraint placed on subjects was that
their estimates be between zero and one, the posterior estimates can be considered subjective
probabilities. Perscnal probabilities were calculated from Bayes's theorem using the given
prior probabilities and likelihoods.

2.1. £ ERBMENT OKNE
2.1.1. METHOD
2.1.1.1. Procedure. Each subject was seated at a console and asked to imagine himself
at the output of a large, computerized radar system. Subjects were told that the environment
g
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in which this system operated was in one of four states. eane.uny attack, friendly activity,
meteor shower, or enemy attempi to spoof the surveiliance system. The system detected
aerial activity and computed the predicted poinis of impact of the objects detected. These
points, the data of the experiment, were displayed to the subject on a repsesentation of a circu-
lar land mass that had been divided into twelve sectors. (A sample display is showa in Fig. 1.)
Impact points zlways appeared within the sectors, never on the sector borders. These displays
were projected from 2 35-mm slide projector onto the rear of a rectangular viewing screen,

12 by B inches, located on the console slightly above eye level when the subject was seated.

After each display the subject estimated the posterior probabilities that the system was
Jotecting each of the four kinds of activity., Their estimates were made by settirg four levers
mounted at five-inch intervals on the sloping {ront panel. Each lever had a 12-inch travel with
the 0 setting nearest the subject, the 1.0 setting furthest from the subject, and calibration

marks every 0.05.

To help him make these estimates, the subject was given the prior probability for the
Enemy hypothesis and all possible values of P{DiH). The prior probability was displayed above
the unused response levers. The displays of P(D|H) for each of the four hypotheses were located
above the middle four response levers. This row of displays and the response levers are
shown in Fig. 2 (the two outside levers were unused), The probabilities shown are the ones used

in this experiment,

The subject was told that the display of P{DIH) for a particular hypothesis represented
the probabilities that the impact points would fall in the corresponding sectors if in fact that
kind of activity was oceurring. He received oo instructions about how Lo nze these numbers,
except the obvious qualitative statements, and he was nottold that the likelihood of several dots
is equal to the product of tne likelihoods for the individual dots.

After making his estimates for a display, the subject pressed a bulton that insiructed the
machine to record them; ¢ tter that, he reset his levers to zerc before seeing the next display.
No constraint was placed on the sum of the posterior probability settings: subi-cts who asked
were told the sum was up to them. Subjects gained familiarity with the apparatus during the
instruction session and during the subsequent trial run. Subjects were never told anything
about the quality of their estimates, {Compiete insiructions are in Appendix A.)

2,1.1.2, Stimuli, Each subject was presented with 32 ordered sequences of 15 stimulus

slides each, and with 32 scrambled sequences constructed from the crdered sequences. The
first slide in an ordered sequence containéd only one dot {impact point}, the second showed the

i0
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FIGURE 1. A SAMPLE DISPLAY OF 5IX IMPACT POINTS
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first dot plus a new one, the third slide contained the first two dots plus a2 new one, and so forth
for the remaining slides. Each ordered sequence was designated with a two-digit number.

The scrambied sequences were constructed by mixing two ordered sequences together and
drawing at random without replacement two new sequences of fifteen slides from the total set
of thirty slides. The scrambled sequences, then, showed nc orderly accumulation or progres-
sion of dots. Each sequence, ordered or scrambled, had one of thres Enemy prior probabilities
associated with it —10%, 25%, or 67%. Plots of the theoretical {Bayesian) posterior probabilities
for three representative sequences are showyn in Fig, 3. Bayesian probabilities were computed
using the Enemy prier probability, which was given, and assuming that the remaining prior
probability was distributed equally over the other three hypotheses.

For any given ordered sequence, the dots feli into exactly three f the 12 sectors, but the

three sectors used were not necessarily the same from seguence to sequence.

To summarize, three variables were investigated: amount of irformation {number of dots)
prior probabilities and order of presentation of information {ordered vs. scrambled).

Subjects participated in two-hour sessiong, during which six to eight sequences were usualiy
completed, until all 64 sequences had been shown. The fotal time a subject needed to complete
all sequences varied from 14 to 25 hours. The order of presertation of the stimulus sequences
was partially counterbalanced over the five subjects by use of a lattice design {Cochran and Cox
[10}).

2.1.1.3. Subjects. Flve volunteers, male University of Michigan {reshman engineering
students, were paid at the rate of $1.25 per hour. This population was chosen 1o insure familiar-
ity with quantitative reasoning and ignorance of Bayes's theorem,

2.1.2. RESULTS. It is convenient to discuss several minor findings first, since they per-

mit great simplification of anaiyses of the major {inding.

2.1,2.1. Sum of Posterior Settings. One subject spontanecusly attempted to constrain the
sum of his posterior settings. Another asked if hig settings should sum tc one, bt when told
that he could do as he liked, did not normalize his settings, The remaining three subjacts did
not normalize their settings. For these latter four subjects, the sums of their posterior prob-

ability settings increased with the number of stimulus dots. None of the other variables had

any consistent influence on this sum. Introspection and inquiry suggest that the main reason
sor this i3 that subjects are much more willing to increase an estimate for a diagnosis favorad
by a new ltem of evidence tha.. o decrease estimates for the diagnoses not {avored by that item,
Plots of the sums for each subject are shown in Fig. 4. These sums are averages over all 84

stirnuius sequences,
13




193¢ e -~ ——
3'*
- Pl
I Y
P !
a 3 £
S i
= i J)
st N ¢
= e /
= #
< g",L R .
= H segoerie o8 !
X e :
= 3N s H
= StF £ N MY e H
=
T s FRIEADLY T
S N METEOR — i —
= pex ——————
v <.
A
o

[ VR

POSTE RIOR PROBABILITIE S

H
904 B e MY e

PRIFADLT e m——

Seqguence 3z

PN E | wmee——— -

POSMTERIOR PHOBABILICRE Y

FICURE 3. PLOTS OF BAYESIAX POSTERIOR PROBABILITIES

14




1.90
1.80
1.70
1.60
1.50

1.40

1.30
1.20
1,10
1,00

0.90

STERIOR PROBABILITY SETTINGS

AVERAGE SUM OF P

1 ! H 1 1 i i i 1 } S | i i 5

Subject Two—
}---J

//.-—o-— ‘\\v," /.,.

/  Subject Four
/ A
/ v

7 e~ ,f-:-'/
ST

7‘:'" / <Subject One

Subject Five

/ / Subject Three
AR LTS P LeTenenenrsass ‘e, . hegers T Te e,

s,
v, Wt .’ s

1 2 3 4 5 8 7T 8 8 10 11 12 i3 14 15
NUMBER OF S§TIMULUS DOTS

FIGURE 4. AVERAGE SUM OF POSTERIOR PROBABILITY SETTINGS A8 A FUNCTION OF

NUMBER OF STIMULUS DOTS

15

oG o R R R e g ol

Wby Gt

B T T

h

!,

‘I“\ %n




2.1.2.2. Analysis of Variance of Deviations. Squared deviations of subjecis’ pesterior

estimates of enemy attack from the theoretical Bayesian values were computed. The mean
over the number of dots of the squared deviations was defined as a2 measure of the amount of
deviation from optimal performance. Analysis of variance of this measure showed that the
main effert of prior probabilities was significant beyond the (.01 level., The order of presen-
tation of information showed absolutely no effect; the interactions of order with prior prob-
ability and with individual sequences were insigntficant. For that reason, subsequent data
analyses combine data obtained {rom both ordered and scrambled conditions, or else con-

sider only the ordered condition.

Lack of significance of {he order variable is surprising. Apparently, subjects' deviations
from optimality are unaffected by the order in which they receive information. In this respect,
subjects' behavior is like that of Baves's theorem. In order te rompute posterior probabilities
for any given slide, the theorem needs to know only the conditional probabilities of observing
al} the data displayed, and the prior probability that obtained before thedata were observed.
These probabilities can be obtained without knowledge of any other slides. We conclude, then,
that for this task, subjects are little affected by the sequential nature of the information in the

ordered sequences; each slide is treated as a separate problem.

To facilitate more meaningful analyses of the data. subjects’ posterior estimates were
adjusted proportionately so that the sum over the four hypotheses was one, Analyses in the

remainder of this report use only the normalized data,

2.1.2.3. Deviations from Bayes's Theorem, Figure 5 shows representative plots of sub-

jects® estimates {afier normalization) as a function of the number of stimulus dots. These
estimates should be compared with the Bayesian probabilities shown in Fig, 4. The iack of any
systematic difference between ordered and scrambled presentation is evident. But the most
striking finding is the very smail amount that subjects changed their probability estimates
irom one stimaius {0 the next, even when Bavesian probabilities showed considerable change.
In nearly every sequence, subjects exhibited thus conservatism, Subject Three is the only
#xception: he sometimes moved more than Bayes's theorem. In some cases, notably for
Subject Four, the posterior estimates moved *~ward one another instead of toward zero or one
as the number of dots increased. This subject apparently became less sure as the evidence
mounted up. Even on problems as easy as the top one in Fig. 4 and 5, four of the five subjects
failed to reach anything like the extreme posterior probabilities that would be appropriate,
Subject Three, the most nearly Bayesian subject throughout the experiment, did better than any
of the others, but still not well. Though the details vary from seguence to sequence and from

subject to gubject, the {inding is the same for nearly aill: subjects failed to be as sure as Baves's
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theorcin would permit them to be, and stopped modifying their opinions in the light of adantional

information while they were still very far from posterior probabilities of one and 2ero,

2.1.2.4. Scatierplots. To determine whether this conservatism was consistent, scatter-

plnts were coustructed of the normalized posterior probabilities estimated by each subject as
a function of Bayesian posterior probabilities for the ordered presentations, In Fig. 6 one set
of scatterplots is shown for Subject One, who was neither the most Bavesian nor least Bayesian
subject, Two variables have been retained. One is the uumber of stimulus dots, This variable
is represented at a different value in each row, The first row is for one dot, the second for
three, the third for six, and the fourth for nine. Because Bayesian prohabilities {though not
subjects’ estimates) generally go to zero or one for more than nine dots, no further plots were
made. The other variable is prior probability of the Enemy hypothesis. The first column is
for all sequences with a prior probability of 0.10, the second for 0.25, and the third for 0.67,
Estimates for the individual hypotheses have not been distinguished on these plots because
more detailed analysis showed nothing systematically meaningful, except for the occasional

underestimation of the Enemy hypothesis.

Subject One showed remarkably Bayesian performance for one dot. He seems to have used
the prior probabilities effectively and to have been able to modify them properly on the basis of
the first dot. But he became progressively less Bayesian as he obtained more information.

His deviations from Bayes's theorem, however, were relatively consistent, He appears increas-
ingly to have underestimated lugh posterior probabilities and overestimated low ones, until by
the ninth slide the best fitting lines through his scatterplots would be almost horizontal.

Subject Three does not show such consistency. He initially underestimated the low posterior
probabilities and overestimated the high probabilities, However, in general, the best fitting
lines through his scatter plots would be nearly 45° lines. The cother subjects showed varying
degrees of consistency. The underestimation-pverestimation tendencies of these subjects

varied with the number of dots and wvere ofter confounded with prior probability,

These plats clearly show no single function relating their posterior estimates 1o Bavesian
posterior probabilities for all subjects. Some subjects are more Bayesian near the beginmng

of the sequence, others nearer the end, this depends, in part, on the prior probabii..y of the

sequence, The variabie that has the most proncunced effect on the relationship between posterior

estimates and Bayes's probabilities is the sumber of stimulus dots,

2.1.2.5. A Performance Index. In order 10 show, on oaiy one plot, the: toial performance

of an individual subject, we devised a Performance index {(Pl). Squared ceviations from Bayes's

theorem aire misleading indices of performance, I a very conservative subject sumply set the

18
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posterior estimation levers at 0.25 regardless of the stim: lus, his sguared deviations would
be lower for the more ambiguous, and thus presumably more difficult, sequences such as 38,

And his squared deviations would be higher for the less ambiguous, easier, sequéncées such as

IR nahmanson. -, o

28, While it is obvious that this subject’s performance is more like Baves's theorem for the
more ambiguous sequences than for the less ambiguous ones; it would be misleading 10 conclude
that the quality of the subject’s performance is different when he deals with the ambiZuous ones

than when he deals with the unambigucus.

Thus, a good Performance Index should have the properties of indicating very non-Bayes:an

=

performance and remaining constant with varying number of dofs whenever subjecis leave

their levers at 0,25, It should also indicate perfect Bayesian performance and remain constant
whenever subjects make estimates identical to numbers caiculated according to Baves's
thearem, A ratic of squared deviation scores wiil exhibit these properties:
1 : P CEE - Fat :2
Yty (1, IDy - P_(H, DY}
L 0o H n H h
H )
Pl_= - x 100
? S 6.2 P
) 10,25 - P_{H ID};
7 2’; i z

.’.—:
i

AR cq i o ae

where i&qiﬁi ID) is the normalized posterior probability of hypothesis Hi estimated by 4 given

subject for z given number of dots, and PPH 1D} is the posterior probability of hypothesis Hi
from Bavyes's theorem for a given number of dots. In words, this measure s defined as the
ratic of the sum over the four hypotheses of the squared deviations of an individual subject's
posterior estimates from Baves's thegrem {o the sum over the four hypotheses of the squared

deviations of 0.25 from Bayes’s theorem.

H a subject is perfecily Bayesian, his Pl will be zero., I he leavex his levers at 0.25, his
PI will be 100; 100 is therefore a kind of baseline or definition of absurdly poor performance,
But if a subject gets a s ore of 100, he did not necessarily have all his levers at 0.25; he only
indicated settings that gave summed deviations precisely the same as those set at 0,25, One
difficulty with this measure is that only the values 0§ and 100 are easiy imerpretable. Figure 7

shows PI as a function of the number of dots averaged over all sequences {ordered and scrambied:

o
L]

with the same prior probability. Ir interpreting these piots H 18 necessary to kee

‘o

particular property of Baves’'s theorem as more and more data are collected, th

3]

prior prob-

ability becomes more and more irrelevant to the value of the posterior probabilnny. This 1s

Lt

fllusirated in Fig. 8, for Sequence 41. Enemy and Spoof probabilities are piotted (Friendiy and
Meteor probabilities are very low} for Enemy and Spoof prior probabilities of 0,67 and §.11,

respectively, and for .25 and §.25. For more than five dots, the curves are ressonably close

ﬂ#

¢ one another. This is even more marked in sequences where the probabiitties do not cross and

L
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where they quickly converge on 0 or 100. Thus, for a subject to be perfecily Bayesian, he
would have to give less weight to the prior probability the more dots he sees. Failure to
correctly weight the prior information relative to the observed data will cause the Pitc be

greater than zero,

The Performance Index can give only a rough indication of why subjects deviate from
Bayeslan performance, Some subjects show PI scores tha! are initially very low {close 12
Bayes's theorem) and then increase {o a constant value, Others start very high, sometimes
above 100, but then decrease to 3 constant value. Notice that the constant value attained by

these latter subjects is usually lower than that of the subjects who start low,

A PI curve that starts low and then increases can bt explained as characteristic of per-

formance which tends to weight the prior information too heavily, at least for n greater than

one, As more and more dots appear, giving {00 much weight to the prior probability will re-
sult in 3 graduaily increasing PL A curve that starts high and then decreases wouid resull

from performance that tends to weight the prior nformation insufficiently; as the data accumu-

Ed

late, ignoring the prior probability becomes less and iess serious, and the Pl decreases. In
both cases, a constant value is reached because, on the average, the performance of neither the
subject nor Baves's theorem changes very much after about seven dots. The constant value

shouid be lower {better) for thoze subjects who welght prior information less heavily than those

R

who do the opposite, sincethe prior information becomes increasingly irrelevant as data in-
creases in amount, This relative difference in the constant values will only be true, of course,

if the differences in estimating the conditional probabilities are not too great.

sein

Thus, Subjects One and Four, and to a lesser extent, Two, appear to weight prior information

B Y O )

toc heavily, Note that the shape and smoothness of the curves for Subiect One agree very well
with what ~an be predicted from his scatterplots. Subjects Three and Five appear to under-
weight prior informatics, at least for sequences with prior probabilities of 0.10 and 0.25. And
their constant values are less than those for Subjects One, Two, and Four., The data of Subjects
One and Four suggest that high prior probabilities may partially correct the tendency to under-
weight prior information, for the shapes of their curves for sequences whose prior probability

ig 3.87 are guite different from changes produced by the otheér prior probabilitiss,

The terminal value of the performance Index for Subject Three —a little less then 40— is

smalier tiar that for any other subject, but not moch. The central tendency of his performance
is cioser to haves's theorem than thal »f =uy ofer subject, but his estimates scatler more

widely around the centraj tendency than do those of any oiner subject. This observation highlights

Ao A

a deficiency of the Performance Index {and of any other error-measure based on mean

squared error}; it cannot discriminate between random and constant error. The errors found

O PRI Y

in this experiment are mostly canstand rather than random errors—as 18 “Pen the cage when
perinrmance 1s Deing compared with some standard of perfection
23
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Thus, the PI plots show that subjects’ deviations from Bayes's theorem can be partly ex-
plained by failure to weight the prior information properly. And they confirm that actual level
of performance is dependent on subjects, prior probabilities, and the number of dots. No
further information was gained by plotting PI as a function of the number of dots for all sequences
in the same set, PI plots averaged over subjects for the interaction between prior probability
and sets showed nothing of interest,

2.1.3. DISCUSSION. The primary conclusion indicated by this experiment should surprise
no one: men are subcptimal processors of probabilistic information. Several things about the
finding are a little surprising. For one thing, the size of the discrepancy is large— surprisingly
large compared with our expectation. For ancther thing, we have failed 1o find any subjects
who consistently ieaped to a conclusion more quickly than is justified by the evidence. In fact,
most subjects simply refused to estimate an extremely large posterior probability at all, in
spite of the fact that they seemed to find it easier to judge what diagnosis was favored by a new
item of information than to judge what diagnosis was made less probable by that item. Even in
coliege populations, some men must have atendency to jump to conclusions; yet this experiment
has failed {o exhibit any such tendency in any subject. Perhaps such men do not find service as
paid subjects in psychological experiments sufficlently attractive to veiunteer for it,

Underestimation of high probabilities and overestimation of low ones, often reported in
decision-theory experiments {e.g., Mosteller and Nogee {11}, Preston and Baratta {12])}, are not
invariably found in this experiment. They are largely absent in one subject, dependent on amount
of informalion for sthers, and confounded with prior probabiiity for all, Siil, the congruence
between the findings of this experiment and those of experiments concerned with estimation of
relative frequencies {Philip {1}, Stevens and Galanter [2]} or with probabilities inferred from
chotces among bets (Griffith [13], Mosteller and Noges {11]}suggests an underlying tendency
toward conservatism in estimation and use of probabilities over a wide class of tasks—at
least among college students. {But for conflicting evidence see Dale {14}, and for an argument
that things are more complicated than this, see Edwards [8].}

Other factors that may have influenced performance are display parameters. A pretest
of several different methods of displaying P{DiH) resulted in the displays shown in Fig. 1.
Although no subject complained about these displays, the guestion lingers whether they may have
accounted, in part, for the conservative behavior. None ofthe displays shows a sector probability
greater than 0.25, Perhaps the {necessarily} low numbers on the P{DiH) displays suggested to
the subjects that there should not Le 100 much difference between their estimates, whatever the
data,

Further, we assumed that it was pecessaryi2display only Enemy prior probability be-
cause subjects wouid distribute the remaining probability equally among the other three

24




hypotheses. In view of the finding that subjects’ estimates do not always sum to one, it is
questionable whether they knew how muzh probability was left to be distributed among the re-
maining alternatives. The consistency shown by some subjects on the scatterplots indicates
that this is probably not a seripus probiem, but prior probabilities will he displayed for each

hypothesis in future experiments,

Another methodological issue concerns the utilities that some subjects may have attached
to the particular hypotheses, One subject showed occasional underestimation of Enemy proh-
abilities, suggesting that he was especially conservative in making tais diagnosis, However,
the scatterplots were originally drawn o that estimates for each hypothesis could be examined
separately, and the estimates made for one hypothesis very rarely showsed any consistert

deviation from the other estimates. So this issue is probably not very important either.

The remaining experiments reported in this section examine two factors that could have
contributed to the conservatism of the subjects, One is the artificiality of the stimulus display,
and the other concCerns the method of responding,

2.2, EXPERIMENT TWO'

in Experiment One the stimules dots were constrained to appear in oaly three of the twelve
sectors of the display. I each sequence of 15 dots had beer randomly generated under the fruth
of exactly one of the hypotheses, then the gots would have been distributed over more than three
sectors. The artificial cotraint on ne distribution of dots produced sequences that looked
unlike any of the hypotheses; that might be why subjects estimated conservatively,

This experiment tests the hypothesis that conservative posterior probability estimation in
the original experiment was due, at least in part, to the artificial consiraint on the dots variable,
For the experimen!, new seguences were generated, each having postericr probabilities approx-
imately equal to the posterior probabilities of a s¢quence in the original study; however, the
dots were distributed over several sectors, to logk like a more representative sample than did

the original sequences,

2.2.1., METHOD

2.2.1 1. Apparztus, Conditicnal probabilnty displays and apparatus were the same as those

used in Experiment One,

2.2,1.2, Sumuli, Subjects were shown eight sequences of fifteen dots each. For all se-

quences, prior probabilities were given as 0.25. Four of them were sequences 35, 44, 24, and

H . R .
This experimens was run by Hichard Norman,
25

S

oy

RIPIRY

g

=

&
5]
=
=3
=
&%
=
=
Z
=
=
=

=
=

pATERBARl

"
It

M

s wear ke

| B GRE IEATIek d




41 of Experimem One, with the douts appearing in only three of the twelve sectors. Four new
sequences were constructed in which the dots were distributed over more than three sectors.
However, the new sequences had posterior probabilities verv nearly identical to the posterior prob-
abilities for the old sequences when the posterior probabilities for all sequences were calculated
trom Bayes's theorem using prior probabilities of 25%. By the fifteenth dot, the posterior
probabilitie. Jf e;erv sequence are near one or zero, Figure 9 shows the distributions of dots
for the original sequence 44, and for its equivalent new sequence, Fig, 10 shows the Bayesian
posterior probabilities for these gequences,

2.2,1.3, Procedure, Each subiect was shown all eight sequences in random order, in two

segsions lasting a total of about three hours, Conditions were comparable to the ordered se-

quence presentation of the Phillips, Hays, and Edwards experiment.

2.2.1.4, Subjects. Four men, University of Michigan undergraduates, served as subjects.

They were pald $1 5 per hou-.

2.2,2. RESULTS. The amount that subjects revised their estimates from one dot to the

next was generally r.ore conservative then the revision of probability calculated {rom Bayes’'s
theorern.,

An analysis of varisnce was computed using as the dependent variable the absclute devia-
tions of subjects' estimates {rom Baves’s theorem for the correct hypothesis, The fifteen
deviations generated from a single sequence by one subject were treated as independent meas-
ures, an assumptio justified bv the insignificance of the order-of-presentation variable in

Experiment One,

Three nd.>pendent variables were examined: (1} Distribution of dots, representative or
unrepresentative; (2) Sequences; and {3} Subjects. The sequences variable is, of course, nested
within the dots variable, Table I shows th- variance due t¢ subjects is highiy significant,
Variance due to dots is mildlysignificant, while the dots-by-subjects interactions is not sigmificant,

TABLE 1. ANALYSIS OF VARIANCE OF SUBJFTT®
DEVIATIONS FROM BAYES'S THEOREM

Source df MS F

Dotg (D} 3 1,481.08 4,97
Sequences {Se} nested in L § 532.61
Subjects {Ss} 3 10,654.42 34.81%»
D> Ss 3 305.58 1.29
Se (D) x Ss i8 1,194.38
Within cell 480 260.9¢6
Pooled error 504 %086.11

*p < 05
=P < 01
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FIGURE 5. DISTRIBUTION OF STIMULUS DOTS FOR OLD AND NEW SEQUENCES. {a) Distribution
of stimulus dots for Old Sequence 34, (b} Distribution of stimulus dots for New Sequence 44,

/-;,,_/ s gt

POG TFRIOR PROBABSLITY

W t{-

—— W=l 190 ——
e - !

x &

e = wmne B rtendly

———r=ve  Melecr

st E O Y i
- Sp—?.‘-f E

POSTERIOR PRODABILITY
-
“h.,".

Sequence 44. (b} New Sequence 44.

w



s ?1

2.2.3. DISCUSSION. Once again, the primary finding is conservatism, Every subject in
this experiment extracted less certainty from the data than 15 justified by the Bayesian calcu-
lations,

The analysis of varfance indicates that the distribution of dols does make some difference,
though a glance at the mean square of the dots variable shows thal this variable is not a large
source of variation. The magnitude of the deviation scores 15 shown 1n Table I The total
deviation score for the old sequences indicates that performance was more Bayesian for the
old sequences. Thus, the distribution of dots certainly does not explain the conservalism at
all; what effect the dots variable does have seems to operate in a direction opposite to that
hypothesized.

TABLE II. DEVIATIONS FROM BAYES'S
THEOQOREM OF SUBJECTS' ESTIMATES
ON THE CORRECT HYPOTHESE

_ Sequences

Subject New Old
1 2,287 1,995
2 2,428 2,324
3 2,088 2,110
4 1,338 864

Total 8,15% 7,233

Deviations are suinmed over the fifteen
estimates per sequence and over four se-
quences of each class.

To satisfy ourselves that the new sequences had posterior probabilities nearly esgual to
the corresponding old sequences, we computed an analysis of the variance of the Bavesian
posterior probabilities. The results, shown in Table IIl, do indeed confirm that the differences
between old and new sequences are very small. Thus, interpretation of the {irst analysis of

variance is not contaminated by differences n old and new sequences.

TABLE III. ANALYSIS OF VARIANCE OF

TOSTERIOR PROBABILITIES FOR OLD

AND NEW SEQUENCES, CALCULATED
FHOM BAYES'S THEOREM

Source df MS F
Dots {1} 1 218 61 a8,
Sequences nested 1h D 8 1,884 2¢ 4.32**
Withn cell 112 388 12

~*p < 0}

[
o +4




We conclude, then, that congervatism in this task {s unaffected by the representative

character of the stimulus display.

2.3. EXPERMMENT THREE
Experiment One suggested that there is a correlation between task difficulty and the degree

to which subjects approach Bayeslan performance in processing probabilistic information.

Many subjects appeared to be more Bayesian when the sequences were simple, that is, when the
data clearly pointed to only one hypothesis as the most likely cne, Sequences appeared to be-
come more difficult as the information became more ambiguous and contradictory, The experi-
ment we are now reporting studies this variable, using three sequences representing three
levels of difficuily, and one other variable,

The other variabie studied concerns the difference between the two possiblie interpretations
of Bayes’'s thecrem, The input to the theorem can be correcily expressed in two ways. One
way is to use the conditional probability of n dots for each hypothesis with the prior probability
for n = 1. This we will call the nonsequential version ¢f Bayes's theorem. The other way is
to use the conditional probabilities of only the new dot at slide n with prior probabilities that
are the posterior probabilities from slide n - 1, This we will call the sequential mode]l. Both
methods of calculation lead to the same posterior probabilities.

Sin¢ e subjects in the original experiment were presented with dots that accumulated, and
were required to reset their levers after each set of estimates, the cards were stacked in favor
of their adopting a nonsequential mode of behavior, though not necessarily Bayesian, The

present experiment examines the efiects of presenting only one dot on the viewing screen {or
any value of n, where n is the total number of dots shown, Subjecis were not required to reset
their levers. In fact, they were told to revise on trial n + 1 the settings they left at trial n. In
other words, they were encouraged {0 use their posterior settings af trial n - 1 as the grior
probabilities for trial n.
Thus, the question of 1nferest is whether subjects are more or less Bayesian for the se-

quential mode than for the nossequential mode,

2.3.2. METHOD

2.3.2.1. Subjects. Six summer studenis were subjects. All were volunteers hired through

LN

the Rtudent Employment Office, and each was pald $1.25 per hour, All subjects completed the

experiment in less than two hours.

4
This material was prepared by Lawrence D. Phillips and Ward Edwards,
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2.3.2.2. Apparatus and Method. Apparatus and conditional probability displays were the

same 35 used 1n Ex;vérzmen? One. Each subject was presented first with three sequences from

o

the original study, numbers 12, 28, and 38 {see Fig. 3}. Sequence 28 is relatively easy {the
data clearly indicate only one hypothesis as the “correct” one}, 12 18 moderately difficult {the
data point ambiguously to two hypotheses}, and 38 is difficult {the data are ambigucus about

all four hypotheses). The order in which these sequences were presented was completely
counterbatanced for the six subjects. The prior probabilities were displayed above each of the

conditional probability displays and remained in view throughou! the entire sequence of {ifieen

dots. Response levers had to be reset after each slide,

e

only differences being that the data and the conditional! probabiiity displays were inverted and
reversed and dots did not accumulate, These seguences were designated 62, 78, and 88 {add
50 to the original sequence number} and were presented to each subject in the same order in
which the {irst three were given. The prior probabilities were displayed on a slide just prior
to the first dot. The subjecis were reguired (o set their jevers according to the prior prob-
abilities displayed on the first slide, and were told to revise that estimate when shown the {irst
dot. They were not allowed to reset their levers to zero, and were instructed to revise their

lever seitings as they received new information.

Normalization of posterior estimates wag required under both presentation conditions,

The cover story attempied 1o attach egual utilities to the four hypotheses.
3 g po

Subjects were asked at the completion of all sequences if they noticed any similarities be-

tween the {irst three sequences and the latter three. No subject reported that he did.

2.3.3. BRESULTS. On Seguences 28 and 78 all subjects tended to underestimate the high
probabilities and overestimate the probabilities for the other three hypotheges., This tendency
is evident to a lesser degree in Sequences 12 and 82, but not very apparent in Sequences 38 and
88; this is probably because the Bayes:ian posierior probabilitiss are not as extreme for these

sequUences,

Performance Indices were computed for each subject on each sequence for each value of
n. An analysis of variance on these PI's gave the reauits shown in Table IV, Because only ane
observation appeared tn each cell, the error term used in the analysis was the {igure representing

the mean squares of the sequences times presentation times dols times subjects variable,

In interpreting this analysig of variance, it is important to keep tn mind that Pl is being
ex.ainined, so the experimer;ia} variables must be undersicod to affect the degree to which sub-

ects were successful in approaching Bayesian performance. Three of the main effec
3

lm

are

significant. Sequences, {or one: subjects are less Bayesian for the more difficull sequences.
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The number of dots is mildly significant, the trend being towards the less Bayesian performance

as the number increases, though there are some exceptions for some subjects at some séguéncas,

For Sequences 28 and 78 all subjects became less Bavesian with more dots: for the other two
sequences the PI peaks sharply and rather irregularly, but there is enough consigtency among

subjects to give a2 sequences x dots interaction.

TABLE IV. SUMMARY OF ANALYSIS OF VARIANCE

Source df M5 F
Sequences Z 104,525.5  43.Tg*+
Presentation 1 5,314.0 2.23y

{sequential or

nonsequential}

Number af dots 14 3,111.1 2.14"
Subjects 5 17,870.4 7.49%*
Sequences

X presentation Z 2,554.0 1.077
Sequences

x dots 28 9,729.1 4.88%*
Sequences

% subiects 16 13,835.14 5.80**
Presentation

x dots id 1,457.3 -¥
Presentation

X subjects 5 8,913.2 3.73%=
Dots x subjects 76 4,167.5 1.75%*
Sequences X pre-

sentation x dots 28 2.017.3 -1
Sequences X presen-

tation x subjects 1o §.,048.8 3.79%»
Sequences x dots

x subjects 140 3,334 3 1.40%
Preseatation x dots

x subjects 70 2,107.1 -1
Sequences X presenia-

tion % dots x 3s 140 2,386 8 -
2P < 01

*p . 05

tn.s.

Individual differences among subjects are high: thus, the subjects main effect is signiftcant.
For some subjects the method of presentation makes 3 difference. This {8 not {rue for all
subjesrts, however, so there is a presentation x subjects inferaction, but not 2 main effect due

to presentation. Further, for those to whom presentation condition does make a difference,
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2.3.2.2. Apparatus and Method. Apparatus and conditional probabiitty displays were the

Same as used in Experiment One, Each subject was presented {irst with three sequeénces from
the original study, numbers 12, 28, and 18 (see Fi. 3). Sequence 28 is relatively easy {the
data clearly indicate only one hypothesis as the “"correct” one}, 12 1s moderately difficult {the
data point ambiguously to two hypotheses), and 38 is dufficult {the data are ambiguous about

ali four hypotheses). The order in which these sequences were presented was compietely
counterbalanced for the six subjects. The prior probabilities were displayed above each of the
conditiona] probability displays and remained in view throughout the entire sequence of [ifteen

dots, Response levers had to be reset after each slide,

Foliowing these sequences, the subjecis were presented with the f'r ot uree sequences, the
only differences being that the data and the conditional probab:lty displays were inverted and
reversed and dots did not aceumaulate, These segquences were designated 62, 78, and 88 {add
50 to the original sequence number} and were presented to each subject in the same order in
which the first three were given. The prior probabilities were displayed on a slide just prior
to the first dot. The subjects were reguired to set their levers according to the prior prob-
abilities displayed on the first slide, and were told to revise that estimate when shown the first
dot. They were not allowed to reset their levers to zero, and were instructed to revise thejr

iever setiings as they received new information,
Normalization of posterior estimates was required under both presentation copditions,
The cover story attempied {0 aftach equal utilities to the four hypotheses,

Subjects were z3ked at the completion of all sequences if they noticed any similarities be-

tween the first three sequences and the latter three, No subject reported that he did,

2.3.3. REBULTS. On Sequences 28 and 78 all subjects tended to underestimate the high
probabilities and overestimate the prebabiiities {for the other three hypotheses. This tendency
iz evident to 3 lesser degree in Sequences 12 and 82, but nol very apparent 1n Sequences 38 and

88: this is probably because the Bayesian posierior probabilities are not 48 exireme for these

Performance indices were computed [or each subject on each sequence for each value of
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sis of variance on these PI's gave the results shown 1n Table IV. Because only ane

observation appeared in €ach cell, the error term used i the analyeis was the figure represeating

the mean sgquares of the sequences 1imes presentation times dots times subjects variable,

In interpreting this analysis of variance, it 18 important to Keep in mind that Pl is being

examined, so the experimental variables must be understood to affect the degree to which sub-




The number of dots is mildly significant, the trend being towards the less Bayesian performance

as the number increases, though there are some exceptions for some subjects at some sequences,

For Sequences 2B and 78 all subjects became less Bavesian with more dots; for the other two
sequences the Pl peaks sharply and rather irregularly, but there is enocugh consistency among

subjects to give a sequences x dots interaction,

TABLE IV. SUMMARY OF ANALYSIS OF VARIANCE

Source df MS F
Sequences 2 104,525.5 43.75**
Presentation 1 5,314.0 2.231

{sequential or

nonsequential)

Number of dots 14 3,111.1 2.147
Subjects 5 17,870.4 7.49% ¢
Sequences

X presentation 2 2,554.0 1.07%
Sequences

x dots 28 9,725.1 4.08% ¢
Sequences

X subjects 10 13,8351 5.80**
Presentation

x dots 14 1.457.3 -1
Presentation

X subjects 5 £,913.2 3.73s»
Dots x subjects 10 4.187.5 1.75%*
Sequences x pre-

sentation x dots 28 2,017.3 -1
Sequences x presen-

tation x subiects 10 9.048. 8 3,792
Sequences x dots

% subjects 130 3,334.3 1.40%
Presentation x dots

X subjects 70 2,101.1 -1
Sequences x presenta-

tion x dots x Ss 140 2,386 8 -
*sp < .01

sp < .05

tn.s.

Individual differences among subjects are high: thus, the subjects mairn effect is significant.
For some subjects the method of presentation makes a difference. This is not true for all
subjects, however, so there |g a presentation x subjects tnteraction, but not 2 main effect due

to presentation. Further, for those to whom presentation condition does make a difference,
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the direction of this difference varies according to sequence. The effect of subjects 18 apparent-
iy strong, for there is no significant sequences x presentation interaction {although lack of this

(teraction may be due to the low number of degrees of freedom}.

Sequences x subjects is significant; while some subjects are most nearly Bayeslan on the
easies: sequence and least bayesian on the hardest, some are not. The significance of the triple
interaction, segquences x subjects x dots, undoultedly results only from the great number of

gegrees of {reedom.

Some subjects tend 1o be less Bayesian at the start of a sequence and more Bayesian near

the end, while others reverse this trend. This leads to the dots x subjects imeraction,

To summarize, the only highly significant mair effect is that of seguences. This means
that highly conflicting, ambiguous information leads to performance which is less Bayesian
that produced by unambiguous information, Other factors also influence performance, but

are less important.

2.3,4. DISCUSSION, This experiment shows that more ambiguous information produces
less Bayesian performance, I seems likely that ambiguity interacts with the number of hy-
potheses considered by the subject. Of course the subject, being conServative, may be con-
sidering as plausible hypotheses that have negligible Bayesian posterior probability; 1t may be
possible 1o improve performance in multihypothesis situafions by reducing the number of hy-

potheses under active consideration as rapidly as the data permit,

The other maijor firding of the experiment 18 that sequenhial vs, nonsequential presenta-
tion of data makes very hittie difference. This finding 18 not too surprising. Experniment One
showed that subjects were treating each slide as a separate problem, whether or not 1t appeared
in ordered sequence. In this experiment, no subject performed better under seguential than
under nonsequential conditions of presentation: some performed worse, Apparently the differ-
ence in the kind of information processing reguired makes littie difference to performance. Of
course all informalion necessary to caloulate valid posterior provabilities is present under
both conditions, If, in the sequential {only one dot on the screen at a time} mode of presentation
the subject nad been required to reset his estimation levers 14 zero, thus putting a load on his

memory, presumably performance would have deteriorated,

Methodological issues cioud the picture. All subjects were {irst presented with the three
sequences in which displayed dots accumulate, and then with those wherein the dots appear
sequentially. This order may have caused subjecis i¢ Lry to perform the sequential task in

the same manner ag the nonsegquential even though their irstructions for the former were ig

revise their last lever setling as they gained rew information. Since subjects were aot told
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that the revision was to be based only on the new dot, they couid have bassd their revision on
the new dot and on what they remembered of the previous dots. This suggests the possibilily

that memory {actors are affecting performance of the sequential task, and that it is for thi

o

reason that performance there doesn’t consistently differ from performance

ne nonseguential
problem,

2.4. OVERALL DISCUSSION

Experimenis Two and Three suggest that conservatism I8 a very pervasive phepomenon,
little affected by different simulusdisplays or different response modes. This conservatism in
processing information conforms 1o our intuition and {0 our observations. We believe that men
typicaily want 10 be more certain than they should want to be, and seek too much information;
that generalization ¢ ombined with the rules of the game 18 often enough ic play winalng poker.
Furthermore, uuilion suggests an interacnion with payof{: the larger the payoff, the larger
the excess of information that a decision- maker seeks over what he should seek. Anecdotal
observations that people seek too much information have often been atirihuted to 2 “'desire for
certainty,” or to g “disitke of intermediate probabillties,” or to a “fear of failure in excess
of desire for success,” or to some simtlar motjvationa! construct, These findings suggest 3
different interpretation: people seek too much information not because they want ioo much
certainly, but rather because they cannot extract from the information they have as much
certainly as U in principle justifies. In other words, the suboptimal behavior may be the re-

guit of intellectual, not motivational, deficiencies.

Twe speculations about the reason for the intellectual deficlencies that lead to conserva-
tism in information processing occur 10 us. First, the real world is always changing; certain
kinds of hypotheses that seem irue today may not be true tommeorrow. Thus, evidence aboutthe
truth of one hypothesis in the real world may be misleading, not because the hypothesis was
not true at the time the evidence was collected, put rather because the world hns changed since
then. One possible defense again3t being misied is to resist persuasion, to require large
amounts of evidence before acting. I is not difficult to imaghe 3 learning process for acgquiring
that defense: experiences should not be hard 10 come by in which acting ir accord with the weight
of the evidence and being wrong leads to punishment,

4 second similarly speculative explanation of the conservatiem concerns the dependence

of data. If two data are independent given 2 hypothesis, then

Piﬁjfﬁ? P‘[.:fz, Ek‘f and P‘EKH = Pfij Bf

for that hypothesis under consideralion. {Notetha! the reiation o} independence is 3 relationship

among &l least twodala and a hypothesis, sothat dafa may be indepencent given one hypothesis and
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dependent given another.) In the real world, data are often not independent of one another. More-
over, one kind of dependence is far more frequent than any other: repeated observations of the

UG R e ¢ 23008 00N

same datum. Thus when you look around your office and see John there, and a moment later lock
again and again see John there, you do not conclude that there are two people in your office; in-
stead you conclude that John has remained there. Men may be accustomed to discount the sigaif-
icance of items of evidence that resemble one anocther. I s0, one might expect that quahtatively

different items of evidence would have more impact on opinion than qualitatively sumilar items,

In any case, our findings strongly suggest that men should not be required to estimate

posterior probabilities in information-processing systems, If the conservatism in information

=

= processing suggested by this experiment is also reflected in decisicn-making, questions are
: raised about the quality of men's decisions in such cases,
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3
THE EFFECT OF A FLATTENED CONDITIONAL PROBABILITY DISTRIBUTION
ON PROBABILITY ESTIMATION?
In experimental situations where subjects are given a set of hypotheses, prior probabilities
for the hypotheges, and conditional probability distributions for information or data given the
respective hypotheses, the usual finding has been conservatism; subjecis changs their probabil-

ity estimates less than the amount prescribed by Bayes's theorem.

A series of studies conducted by Harold C. A. Dale (1962, unpublished) approached the ques-
tion of probability estimation as a training problem in probabilistic dizgnosis. In the Dale siud-
ies, the subject is placed in 3 simulated war game. He {8 told that enemy forces may launch aay
one of four types of attack and his task is 10 estimate the probability of sach as he is presented
with a sequence of information concerning enemy actlvity. For each datum, four different viiues
of P{D3{H} are possible, one for sach hypothesis; these values are displayed to the subject. Thus,
thig task is very similar to the ons reported in Section 2. Here, 100, the normative solution is

given by Bayes's thecrem.

Again, subjects were found io estimate conservatively. Several possibie explanations for
their conservatism were considered and eXxamined by Dale. I subjects, rather than accepting
the displaved conditional probability, operated with a conditional probability matrix that was

congervatisti. H, on the other hand, subiects did not employ the Bayvesian multipitcation rule
tut rather used some sort of addition of probabiiities, ~onssreatism would still prevail. A third
posgimiity is that subjects, while accepting the multipiication rule, make consistent computationai

EYrors.

Studies of .hese possibilities indicate that subjects persist in conssrvatism s#ven when allowed
to set their own conditional probability distributions and prior probabilities. It kiso sesms that
to provige subjects with 2 demonstration of the multiplica’ ‘'on rule and training in its use does
not improve the accuracy of estimation unjess subjecis are allowed io actually carry sut paper

and pencil computation.
The persistence of congervatism je=d to conjecture a8 to whether there could be construiied

a conditional probabtlity matrix that would not result in conservatigm; this guestion gave rige {o

the experiment reporied here.

*This section was prepared by Melvin Guyer and Ward Edwards.
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2.1 INTRONDUCTION.

In a sumulated war game, subjects were instructed 10 esl.mate the prebantlities of each
of rour muiunally exclusive hypotheses when provided with data and conditional probability
displiays for the data given tise hypotheses, and an altempt was m- Ie {0 consiruct a set of
conditional probabulity distributions 1. at would lead subjects to revise thesr probability
esuimates more than the smount prescrioed by Bayes's theorem, Achieving these results
would suggest certain explanations of the conservatism found fairly corsistentlv ip imila-

situations reported in the literatyre,

3.2, METHOD
Egach ~f 20 University »f Michigs male undergraduate studenls was randomly assigned to
one of four experimenial groups in a 2 < Z-desigp expevimont. Two sets of conditional prebabil-

tty mai-ices were devised, One, hereafier referred 1o as the “basic” matrix, had the form

€y £y ey gy es
Bi 8.4 48,10 020 020 40.10
HZ 6.10 040 0.10 8,180 030
H, 0.20 0.10 0.190 0,40 920

H, 030 030 0,18 010 030

e

where Hi through H 4 Were a set of mutually exclusive hypotaeses concerning the form of 3 pos-
sibie enemy attack, and ey through e, were a set of possible messages that the pibject might
recesve and whose impact on the probebilities of the bypotheses he would hove {0 estimate, A
secown’ matrix, called the “degraded’ :.airix, was constructed by addlag a4 constant of 2.00 10

each value in the basit matrix and ther normalizing. The degraded matrix had the following form:

EI 62 23 E‘i £‘§
H, 022 0.19 020 020 0.9
H, 019 022 019 013 021
H, 0.20 0,19 .18 0.22 0.26
H, 021 021 019 019 020

The labeling for th> hypotheses ;d the m~gs8ages wus of course the same for both basic and

degl ded matrices.

Ta° ratrices wers dispiay 4 1o the subjecis as sets of bar grap>s, one for sach hypothestia.
toas « €. jars sheets of white (ardboard. Each graph was labv-led so that tre probanility values

couid ve read —asily,

a> demavcal 3, and show:ng the locahwn of an agent who would be the source 7 messages

g 3¢
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concerning enemy activity. The subject was also given a chip board and 100 metal chipe, The
chip board was made up of four columns, each with ten froughg capabie of holding ten chips.
Each column of the board was labeled for one of the hypotheses and the number of chirs placed
in the columns by the subject indicated the subject’s estimate of the probabilities.

Each of the sut,~~ vas run on both matrices, the assignment to order of matrices being
ndowm, and matrix order being an experimental treatment. Since each sybject was to be run
on both, it was necessary !0 construct two different sequences of ten messages sach. The se-
quences not only had different orders of messages but aiso provided evidence for different hy-
potheses. The probability values of the respective hypotheses for each seguence were guite simi-
iar and the values at the end poinis of the sequences were almost identical. The assignment {0
Ssegquence order was random, and was algo an experimental treatment.

Each subject was seated before the map of enemy terrain with the conditional probability
matrix displayed and the chip board close at hand. Initially the chips were distributed equally
among the four columns and the subject was fold that the present rtate of our Enowledge concern-
ing enemy sctivity justified this distributicn of chips. The subject was instructed in the use of
the chip board and was told the nature of the task. He was requested to make estimates of the
probability of each hypothesis as messages from the agent came in {the metsages were presented
to the subject by the experimenter}. The subject made his estimates and then redistributed the
chips among the columns. The experimenter recorded the distribution of probabilities for the
hypotheses afte~ each message. After a subject h. d been run on the first sequence of messages
he was given acditional instructions to sxplain the introduction of the second matrix snd was then
run on the remaining sequence of megsages,

3.3. HESULTS

Figure 11 shows the averaged subjective estimates, using the basic matrix, of the prob-
ability of the hypothesis confirmed by the data. The upper curve represenis the Bayesian
values of the posterior probabilities after each message is received. The middie curve repre-
sents the averaged scores for the group first run on the bagic marrix; and the lower curve, the
averaged scores for subjects run first on the degraded matrix and then on the basic Of ~ourse
the sequence is the same for all curves in Fig. 11.

Figure 12 gives the same information as Fig. 11,except thar Sequence 2 was used rather than
Bequence 1.

Figure 13 shows the averaged sublective estimates, hased on the degraded matrix, of the
probabili'y of the hypothesis confirmed by the data. The solid curve is the objective estimate,
the upper curve i8 for sstimates made when the bagic malrix preceded the degraded, and the
dotted curve is jor est.mates made when the degraded matrix came first, Al curves in Fig. 13

are ~ ~sed on the same sequence of messages to th. subject.
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Figure 14 provides the same information as Fig. 13 except that it i8 based on Seguence 2
rather than Seguence 1.

Figure 15 compares the chjective probability estimates using the basic matrix for Segquences
1 and 2.

Figure 18 compares the objective probability estimates using the degraded matrix for Se-
gquences 1 and 2. These last two figures make it possible to directly compare the rate of change
of probabilities for the two sequences. It should be remembered that the sequeuces increase
the probabilities for different hypothsses and are drawn with respect to the prohable validity of
the hypotheses which they respectively coafirm.

An analysis of variance was done on the subjects’ final estimates of the probability of the
hypothesis that tended to be confirmed by the particular data sequence used. A separate analy-
8is was done for scores on the basic matrix and for scores on the degraded matrix; that is, they
were treated as separate scores and the order of matrix presentatio: was taken as an experi-

mental treatment. The results of the analyses of variance are summed up in Tables V and VL

TABLE V. SUMMARY OF ANALYSIS OF VARIANCE
OF FINAL ESTIMATES OF PROBABILITY
USING BASIC MATRIX

Source of Variation _éi MSs F P
Columns {data seguencs) i 526.2 2.13
Hows {mairix order} 1 1,858 437 P<.10
{cells) 3 £38.9
Rows x columns 1 924.8 3.73 P < .18
Within cells ig 243,85
Total 15

TABLE VI. SUMMARY OF ANALYSIS CF VARIANCE
OF FINAL ESTIMATES OF PROBARBILITY
USING DEGRADED MATRIX

Source of Varnation df MS F P
Columns {data sequence} i 68.45 1.09
Rows (matrix order} H 858,05 1387 P < 005
{celis; 3 448.85
Rows x columns i 414.05
Within cells 18 62 73 6.5 P < 025
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Separats analyses of variance on scores obiained from the basic matrix and scores obtained
from the degraded matrix were done. The Separate analyses preserve the effect of matrix-
presentation order as gn experimental {reatment, and thus do not ignore an impertant independ-
ent variable.

As the primary question raised in the experiment was the possibility of devising a condi-
tional probability matrix that would resuit in subiects' changing their probability estimates too
much, the final estimation scores for the sequences run on the degraded matrix were examined
by way of 3 t-tegt. Here the hypothesis tested was that the difference between the means of the
final estimates and the objective vajue at that point differed significantly from zero; since the
alternative hypothesis was that of overestimation, 3 one-tailed test was appropriate. The results

of the t-tegis are summarired in Table VI

TABLE VH. RESULTS OF t-TESTS FOR THE SIGNIFICANCE
OF THE DIFFEYUNCE BETWEEN MEAN SUBJECT ESTIMATES
ARD OBJECTIVE ESTIMATES

t Value P
Sequence B-D 3.51 P < .005
D-B 40 P<.25

The table clearly inheates that when the degraded matrix is used, scores show a significant
overestimate for the relevant hypothesis {where overestimation is taken 10 be an estimate greater
than the normative Bayesian probabilityl, when *he degraded matrix is presented after the basic
meatrix.

3.4. DIRCUSSION

Figures 11 and 12 provide more evidence of underestimation of objective probabilities
due to subjects’ estimates changing less than is calied for by Bayes’s theorem., The
amount of underestimation seems to be directly related to the order of mairix presentation,
Both Figs, 11 and 12 show that the degree of underestimation ohtained on the basic matrix when
it was preceded by the degraded matrix is of 3 greater magnitude than that produced by the
opposile presentation order. The effect of matrix order on the level of estimation 1s more
dramatically displayed by Figs. 13 and 14, which present the scores for the degraded matrix con-
dition. When the degraded matrix was followed by the basic, the subjects overestimated the
probabilities, when the degraded matrix was presented {irst, subjects again tended to urder-

estimate the probabilities. The underestimate oblained in this condition attests io the persistence
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of the phenomenon; the objective probability was 0,32, but subjects managed 16 unders stimate
the relevant hypothesis and yet favor it over the others. The estimates were between 0.25 and

0.32 for seven out of the ten subjects run on this condition,

Since overestimation on the degraded matrix was only obfained when the degraded matrix

was preceded by the basic it seems that the jarger magnitude of estimations on the basic mairix
introduces a response sel that carries over info the degraded condition. This response set also
seems {0 carry over {rom the degraded to the basic condition, as is indicated by the greater

degree of underestimation on the basic matrix when it is preceded by the degraded.
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The results of this study suggest that conservatism is found only when high-variance condi-
tional probability displays are used. Data that has relatively low diagnostic vaiue isads subjecis
to make probability estimates that are very nearly Bayesian. Under these congditions, suhjects’
facuilties for estimating probabilities are not 28 bad as they would at first seem. B may well
be that even for high-variance conditional probabilities subjects estimate probabilitiss much
better than their responses indicate. This possibility gains weighs from the difficully one has
conceiving a situation in which a person behaves as s pure estimaier of probahbility, without
taking other decision~making parameters into account. Conservatism may be acecunted for in
terms of the utilities introduced into the task of estimating probability; while the situgtion in this
study was only a simulated war game, subjecis did tend to become engrossed in the tagk. Their
concern with the consequences of their probability estimates could, and usdoubtedly did, influence
those estimates to a degree. In further pursuing thig line of thought, it would seem that experi-
mental manipulation of the utilities inherent in an estimation task would answer some of the

G Ao

=
£
=
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questions concerning the abllity of humans to behave ag "pure” probability estimators,
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THE ESTIMATION OF cgzz}zsgz INTERVALS®

A criticism thal may be leveled at many of the probabilistic information-processing ex-
periments is that they deal with discrete hypotheses rather than continucus parameters. For
example, in the exper, - ~=is already described, subjecis were asked to give the posierior prob-
abjlities of discrete . .iheses; they were asked 10 make point estimates, In the present ex-
periment subjects werr sked to estimate 3 continuous parameter, to give the 0% or 30% credi-
ble interval of a pu .1»  or distribution. Subjects were presented with a seguence of numbers drawn
from a normal distyiy, ¢ on with known varnance but unknown means, and after each presentation
of a number were recuired to estimate either a 30% or 50% credible interval for that mean.

It seemed thal th- « nservatism found for discrete hypotheses might reascnably be expected
in the estimaticn of ¢ "inuous parameters also, Therefore, i was anticipated that the credible
intervals given by sul ¢ .18 would not decrease in size with the sguare root of the number of

cbservitions, as they g+ .ald, But would decrease more slowly.

4.1. METHOD

4.1.1. SUBJECTS. Five male summer school studenis at The University of Michigan

voluntesred to participate in the experiment. They were paid $1.25 per hour.

4.1.2. INSTRUCTIONS TO SUBJECTS, Subjects were asked {o make guesses sbout the
average or mean of 3 set of normally distributed numbers. They were toid mat they would see
a sequence of numbers randomly chocen {rom tha! set and that the experimenter was interested
in the degree of certainiy each new number gave them about the average or mean of the set from
which the sequence of numbe~- -i% drawn.

The subjects were asked to show their certainty by giving ¢:=dible intervals within which {hey

were either 50% or 80% sure that the mean should fall. They were {old that as they saw mare

l‘ll

angd more numbers they should become increasingly certain sbout the mean, and thus should
he zbie 1o make their credible intervais amsalier and smaller.

The subjects recsived instruction about the parameters of a normal distribution and its
symmetry. Beiore seeing any numbe=s they were told the standard deviation of the population from
which the numbers were drawn and the experimenter set an a priori creditie interval within which,

without seeing ary numbers, they could be 50% or 30% certain the population mean would fall,




They were informed ihat there was s perfect performance to which their performance wo
compared and thal he who performed best would receive an exira payment for participating in
the experiment,

4.1.3. SEQUENCES. Three sequences of 84 numbers each, which we will cail “original
sequences,” were generated by selecting numbers ai random from 3 1able of random numbsers,

The numbers came from 2 normally distributed population with mean zergo and standard devi-

ation one, From the original sequences nineteen secondary sequences wers generated by mulli-

piving sach number in a sequence by one of 1wo standard deviations {5 or 10} and adding to each
mumber one of four mean values {§, 4, 54, ur 54}. The nineteen secondary sequences were
iateied with letiers of the siphabet irom A to § and were shown in a different random order to
each subject. For sequences A to P, sublects wers asked to estimate 90% credible intervals,
for Q to 8, 305 eredible intervals,

4.1.4. DISPLAY OF SEQUENCES. The sequences were dispiayed to the subjecis on long
rolis of adding machine tape which passed 3 window in a2 screen about three feet in front of the
subject. A subiect was shown a number, he made his estimatle, and then the next number was
roiled into view. Once he saw a number, i stayed in view until all 84 numbers were visible in
the window.

4.1 . PRIOR SETTINGS. When subjecis were asked io give 30% credibie intervais, the
3 priori inlerval set by the experimenter was that interval about the mean scual to M 3 {1 545;
{s.d.}; for the 50% credible interval eshmation, the a priori interval sefting was at M & {0.874)
{=.d.}

4.1.5. RESPONSE APPARATUS. The response apparatus consisted of 3 wooden stand upon
which were iwe pointers that could be moved along 3 calibrated scale. Different scales could
be mounted on the apparatus. Each subiect was asked 1o piace the two pointers along s scale
iy indicate his ceriainty {50% or 30%) that the population mean lay within the interval he s=t,

4.1,7. SCALES. For each seguence subjects indicated their credible intervals on one of
four scales. Each scale was calibrated in unit intervals.

ale 1 ranged from -30to 30, Ii was used conjunction with sequences of standard de-

viation 10 and population mean 0 or 4. Subjects estimated 309 cradible intervals on this scale.

either 530 or 34 and standard deviation was 10, Subjects estimated both 90% and 50% credibie

Subjects estimated 80% credible intervals uging “his scale.

-

4

Scale 2 ranged from + 20 {0 +B0. It was used for sequences of which the populaticn mean was
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Table VIII summarizes the information about the sequences and scales used in the experi-

mental design.

TABLE YIIl. SCALES AND SEQUENCES

Secondary QOriginal  Standard Credible Prior
Sequence Sequence viation Mean Interval Sething  Scale
A 1 3 0 90% M: 8 3
B i 5 4 964 M: § 3
C 1 5 50 9% Mi: 8 4
D 1 5 54 0% M: B 4
E 1 1o 0 0% M+ 16 i
F 1 10 4 50% M 16 1
G 1 16 50 80% M 16 2
H H i0 54 80% Mz 16 2
H 2 § 0 50% M: 8 3
J 2 5 4 90% Mz 8 3
K 2 5 50 50% Mz 8 4
L 2 5 54 90% M: 3 4
M 2 i0 a 90% Mz 16 1
N 2 10 4 80% M+ i 1
0O 2 10 50 0% Mz 16 2
P 2 10 54 9% Mz 18 2
" 1 10 50 50% Mz 7 2
R 2 10 50 50% Mz 7 2
s 3 10 50 50% M: 2

§.1.8. PROCEDURE. Subjects were run one at a {ime for {ive experimential sessions of one

hour each. They saw sequences A 1o P and completed thaeir 80% credible interval estimations

P

before seeing sequeénces Q, R, and § and making 50% credible interval estimations, Subjecis

saw the secquences in the random orders given in Table VHI,

The widths of subjecis’ eslumated credible interva.8 were analyzed by comparing them 1o
the Bayestan interval width., Bayesian intervals were found by calculating (3.28) (s.d.)/v N for
the 30% credibie intervals and {1.348) (2.4.})/v N for the 30% credible intervale, where N = the
number of the sample or rial numbers in the sequence. Plots of the compurisons showed no
learning; subjects were ng more Buyesian on late sequences than on early sequences. Thersfore,

over aii suteen sequences ‘or which sublects gave 90% credible
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stmaller than Bayesian interval widths when giving 30% credible intervals, and only Subjects Three
and Four gave intervals equal to Bayesian intervals when setting 50% credible interval widths,
The midpoints of the intervals set by subjects were used as estimates of what the subjects
thought the mean of the population to be at every trial. Bayesian means were found by calculating
""‘ohe « xh}-(h, = L), where .

= iae prior mean, h, = the prior precision, X = the value of the sam-

0
ple,andn = zhg precision of ti?e sampling process. Precisions were defined as the reciprocal of
the prior-distribution variance in one case and of the sampling-~process variance in the other
case. The absolute deviations of a subject’s means {rom th{ Bayesian means were found and
sumnmed at every trial over all 18 sequences. Figure 18 displays the summed deviations from
Bayesian means al every eighth trial. A comparison of Fig. 18 with the widths of subjects’
estimated credible intervals shows that there 1s a correlation between the subjects' ability to

track the Bayesian mean and the 31ze of the credib'e intervals they set,

+.3. DISCUSSION

&3 was expected, the subjects displayed conservatism; in seven of the ten instances ex-
aminefa they did not reduce ibeir wnterval widths by an amount inversely proportional to the
square root of N, the number of samples, but more slowly.

Howuver, analyzing the daia of the experiment peinted to problems: (1) the subjects might
not have distirguished between the concepts of population mean and sample mean; {2} tuere is no
r=a5on why they should have believed that the numbers Jlisplayed came from a stationary proc-
ess; {3} only four population means were used, two of which (0 and 50) were in the center of the
scales on which subjects moved their pointers; and {4} at the beginning of cach seguence, the
pointers were preset by the experimenter to the theoretical size within which, without sampling,
one could be 907 or 50% confident that the population mean fell, and the population mean was

always at the center of this preset interval,
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SUM OF ABSQLUTE DEVIATIONS

FIGURE 18. SUM OF ARSOLUTE NEVIATIONS OF SUBJECTS MEANS FROM BAYESIAN MEANS
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CONSERVATEM {4 A VERY SIMPLEa PROBABILITY-ESTIMATION TASK
In the {irst experiment we have reported, subjects were told that the environment couls be
in exactly one of four possible states, refer: -1 o as hypotheses. A sequence of 1D data. gener-
ated under the truth of one hypothesis, was shown to the subjects. Afier seeing eash datum in
the sequence, the subjects estimated how probable they thought it was that vuch 2f the four hy-
potheses was the true one. Their estimates were compared with probabilities computed from

Bayes's theorem.

The general finding of this study was that the subjects’ probability estimaies, vwhile highly
reliable, were considerably more conservative than those calcuated from faves's theorem; this
ied to the postulation that this conservatism resuited from the wieliectus] difficulty of combining
the diagnostic value of each individual datum in order to arrive at a diagnosis of the eavironmenrt
based on all the available data.

In the present study, we hypothesized that the consorvausm Could be reduced or even elimi-
nated by decreasing the difficulty of the original task. In the new task, only one 9! two hypotheses
could be true, and only two Kinds of data were possible. Thus, subjects were presented with
sequences of data allowing only two different cbservations, and only two probability estimates —
one for each hypothesis —vere required after subjects saw eack datum. This is the simples:

possible task requiring revision of opinion as new informstion is presented.

5.1. METHOD

5.1.1., PROCEDURE. Subjects were shown one bookbag chosen [rom ameng tenbags of which
all were equally likely to be chosen. Each of the t2n bags contained 100 poker chips, some red
and some blue. Every bag was either a Type R bag, in which red chips predominated, or a Type
B bag, in which blue chips predominated. For each type, the preponderant chips were in propor-
tion p while the nongpreponderant chips were in proportion q. Of the ten bags, r were of Type B
and b were of Type B. Subjects were told how muny of the ten bags were of Type R and how
many were of Type B, and they were told the exact proportions p and q.

*This section prepared by Lawrence D. Phillips and Ward Edwards on the basis of data
collected by Richard Norman.




Subjects were told that two hypotheses about the contents of the chosen bag were possible

for 1hig experiment;

Hypothesis R: The chosen bag was Type R.
Hypothesis B: The chosen bag was Type B.

Next, subjects were asked to make intuitive estimates of the probabilities of the two hypotheses.
The proportion r/10 will be called the theoreticai prior probability of Hypothesis R, P{HR), and
/10 will be called the theoretical prior probability of Hypothesis B, P(HB). If the subiects'
estimates differed from the theoreticai prior probabilities, the experimenter ex»lained that lack
of uther information made *he proportions r710 and b/ 10 the best estimates of the prior proba-

bilities. This procedure ensured that all subjects started with the same prior probabilities.

Twenty chips were drawn, one at a time and with replacement, from the chosen bag. After
vach draw, subjects revised their previous intuitive estimates of the probability that Bag Type R
had been chosen and of the probability that Bag Type B had been chosen. This process of select-
ing onc bag at random from ten and then drawing 20 chips from the bag was repeated 24 times;
thus, every subject made 20 pairs cf estimates for each of 24 sequences. The correct hypothesis,
the prior probabilities, and the proportion of predominant chips differed for each sequence, as
shown in Table IX.

Only eight different basic sequences of red and blue chips were actualiy shown to subjects,
as can be seen in Table IX. Sequences are apparently difficult {0 remember; no subject reported

noticing the repetition of sequences. These sequences vere

1. FSSSS SSSFS FS8S88 FSSSF
2. FSF&F  SSSSs SSFSS FSSSF
3. FFSSF  FSFSS  SSSSF SS8S8
4. SSFSF  SSSSS SFSSF  FFFSF
§. SSFFF  8S8Ss §8888 SSSFS
6. SFSSS FSFSS  SBSSS FSSSS
7. SSFSsS SSSFS SSSFF FSFFS
8. FSSSF  FSFSS FSS88 FSSFS

The jetters S and F denote “success’” and “failure”, where a success is defined as th: drawing
of a chip with the same color as the predominant chips in the chosen bag, and a fai'ire ie the
drawing of a chip of the other color. The symboli for probability of success is p, and that for
probability of failure isq, andp +q = 1.

Sequences were presented to subjects in random order, £ix sequences per session. Each
session lasted for about an hour. Subjects were run individually and were seif-paced. Subjects
were never told anything about the quality of their estimaeg nor were they told which hypothesis

was correct for 2 given sequence.
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TABLE IX. EXPERIMENTAL DESIGN
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5.1.2. SUBJECTS. Five males,undergraduatesof The Usiversiuty of Michigen, served as

subjects  They were paid $1.25 per hour

robabtlities for each sequence Can be calcuiated from Bayes's theoren:

veuf
=r
4
o
bt |
(47
.
[
)
Y
Joreer
hy)

{ } =k P(D } PiH_} {1}
P‘HR D} aP,L.Hg PgHH {1:

MH_.D) =k PD.H.} PH.) 2
P‘HB.D, k BP{D HB} P{_HB} {2}

P(HR} and P(H
{

P‘HB

datum D; and ?{D,HR} and P{D:HB}. the likeithoods of the datum or the conditjonzl probabilities

B} represont the prior probabilities of the correct hypothes:s; ?{HR:{}} and

.D}. the posterior probab: ities, or the proiabilities of the hypotheses after observing the

of the daium given the truth of the particular hypothesis. A normalizing constant kK ensures that

?€HR=I)} « PH_.D}=1

B

A form of Bayes's theorem more convenient for analyzing the dala can be obtained by di-

viding Eq. 1 by Eq. 2 whenever H_ is the correct hypothests, and Eq. 2 by Eq. 1 whenever HB

R
is the correct hypcthesis, This gives,

O = 3 {3
2, Lﬁﬁ (3}

where S‘:I represents the postericor odds in fsvor of the correct hypothesis; £, the prior odds

i faver of the correct hypothesis; and L, the likelthood ratio of the data.

Since each draw of 2 chip is generated by a binpmial process, with probability of success

equal 1o p, the probability of getling s successes in n drawhis propoertionai to ;}sqr;-s_ Thus,

the likeilihood ratio of the datum is

7y

8 n-8 &-n i\4q;

Of course, 2s - n = § - {n - 8} = g -{ 18 the difference between the number of successger and

fatures, 50 Eg. 4 car be written

o
1]
i,
-’
N

Rewriting Eq. 5 1n log form g1 es

iﬁgLf{ssf}i:_g (&

This form is convenient because, § sen values of p and q, log L varies (inearly wnh s - £,

[#]
L ]
L]
o
L
(111

Figure 19 shows a pint of ie_"imL 2s a function of 5 - {. Two plots are shown, one for each value

of p used 1n this experiment.
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The log likehihood ratios computed from Eq. 6 and shown in Fig. 19 are thecretical values.
Log likelthood ratios inferred from subjects’ estimates can alsc be computed and compared to
the theoretical values. First, subjects’ estimates wer2 converted to posterior odds. Then,
since the prior probabilities were given, inferred likelihood ratios can be calculated from this

logarithmic form of Eq. 3:

jog L = log 91 - log szo {N

Plotting subiects' likelihood ratios as a function of Bavesian likelihood ratios allows actual per-
formance tc be compared with theoretical performance. This has been done in Fig, 20 for Sub-
ject One, for the data obtained in sequences with p = .7. Plots for data obtained whenp = .6
gave nearly identical results, 8o are not shown here. The scatterpiots of all subjects except

Subject Four were similar to those of Subject One; Subject Four's show greater scatter.

Arother way to summarize these data is to determine what bookbag compositions would be
necessary for Bayes's theorem: to give probabilities identical to those estimated by the subjects.
This has been done graphically, ard the results are given in Table X.

TABLE X. RANGE OF p VALUES THAT WILL YIELD
BAYESIAN PERFORMANCE IDENTICAL
TO SUBJECTS' ESTIMATES

True Value of p

Subject kil .6
1 .51-.556 .50-.5%
2 .50-.54 .50-.56
3 .52-.56 .51-.59
4 .50-.60 .50-.69
5 .50-.53 .50-.54

For exampie, the data generated by Subject One when he saw a 70-30 bookbag could have been
generated by Bayes's theorern: using values of p which ranged from .51 to .35.

5.3. DISCUSSION

Despite the s.mplicity of this task, subjects’ estimates were still conservative, compared
to probabilities computed from Bayes's theorem. Apparently, the conservatism found in Experi-
ment One I8 not entirely caused by the complexity of that task.

Table IX indicates that the amount of conservatism is very little affected by the two values
of p in this experiment. Possibly this i8 caused by pressnting sequencesg in random order. i
all the .6 sequences had been presented together, and all the .7 sequences together, perhaps the
inferred likelihood ratios would have differed more.
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Finally, four of the five subjects show considerable consistency, as ig indicated by the low
degree of scatter in their scatterplots. Behavior in this simple task can best be described as

reliable and consistent, but very conservative when compared to Bayes's thecrem.

A very simple model gives a good fit to these data. It supposes that the subject raises ihe
likelihood ratio to a power less than one befere performing the arithmetic of Eq. 3; it is equiva-
lent to saying that he behaves as though the bookbags are nearer 50-50 than they are. While

this model 15 far too crude to be plausible, it fits these data as well 33 their scatter permits.
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RESPONSE MODES AnD ?R()SBABKUTY ESTIMATION

Previous research {see preceding sections} has repeatedly demonstrated that subjects
exhibit suboptimal behavisr when processing probabilistic information, with Bayes's theorem
providing the standard.

For the first experiment (Section 2) a pseudomilitary game was presented to subjects who
viewed the progressive accumulation of impact points on a display that resembled a radar dis-
play {PP1), and, on the basis of these data, made posterior probability estimates about the truth
of four hypotheses., The subjects consistently underestimated high probabilities and overestimated
low probabilities; they were unabie to extract from the information ail the certainty about the
truth of the hypotheses ihat was justifiable by Bayes's theorem.

Section 5 reports a much sunpler task involving Bayesian inference. Despite the simplicity
of the task, subjects were also unwilling to commit themselves to extreme probability estimates.
Tasks for which posterior Bayesian probabilities were greater than 0.999 eiicited from subjects
estimates between 0.80 and 0.90.

This conservatism seems sufficiently certain to permit investigation into the effects ap it of
other variables. L. D. Phillips (unpublished) employed the same bookbaz and poker chip problem
but explored the effect of making pavoffs to the subjects contingent upon the accuracy of their
posterior probability estimates. Four groups were run, a controi with no payoff, and three
payoff groups in which the payoffs had either a logarithmic, quadratic, or linear relationship %o
the probability estimates. All subjects were more conservative than Bayes's theorem; low
probabilities were overestimated and high ones were underestimated. The logarithmic and
linear payoff groups were more accurate in their estimates than the control group. For some
reason, however, the performance of the quadratic piyoff group fell below that of the control group.

The major purpose of the present study is to investigate the relative effects on performance

of various probability-estimation response modes.

6.1. METHOD

6.1.1. SURJECTS. The subjects were 15 male students of The University of Michigan
randomly assigned to one of the three experimental groups; PR, VO, and ODI.. Those in Group
PR made their estimates by distributing 100 washers over two pegs, which {orced them o nor-
malize their probability estimates. Subjects in Group VO reported their estimates in verba: odds

® This section was prepared by Mary Ann Price Swain and Ward Edwards,
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in favor of the most likely vag., And subjects in Group ODL made their estimater by sothing a

powater ajung a scale on which odds were displayed n logarithriic ndervais:

,000:1
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FIGURE 21. LOGARITHMIC SCALE FOR SUBJECTS' REGISTERING OF PROBABILITY ESTIMATFS

6.1.2. PROCEDURE. This experiment used the bookbag and poker chip parzdign:
explained above. Subjects were run one at a time, and each was run in two different experim "nial
sessions. The first session utilized 70-30 bookbags and the second session 60-40 bookbags. All
bags had a prior probability of 0.5. At each sesston ihe subject was shown six different 2J-chip

b e pelinttanl fod;

sequences. Sequences were generazted randomly and checked by the experimenter for their

Hadihiiy

“representativeness, " Retained sequences always favured the correct point hypothesis over the
uniform hypothesis {i.e., that all compositions are equally likely); this requirement is satisfied

if {n +1) (g)ps(l - p)n-«s z 1, where p represents the probability of cbtaining a chip of the pre-
ponderant color fromn: the chosen bookbag; n, the total number of chips drawn; and s the number of
those chips drawn that are of the color predominant in the bag. Retained sequences also satisfied
the Wald-Wolfowitz test for the expected number of runs {alteraation of colors) in a given se-

quence of s preponderant elements and n-s nonpreponderant elements.

Sequences were drawn and recorded ahead of time. During the experimental session, the
experimenter presented the subject with the chips as if he we-e actuzily drawing them from a
bookbay. Each subject saw the same sequences, although not in the same order. They were
required to make an estimate after each draw of the sample; they were never told which was

the correct hypothesis, nor were they given any {eedback about the sccuracy of their estimates.

6.2, HRESULTS

{For reasons that will be given later, the 80-40 dats failed to yield any consistent results.
Therefore, the analyses to be presented here pertain only to estimates made in the 70-30 problem .}
The logarithmic odds-likelthood ratio form of Bayes's thecrem is converient for data anai-

ysis since it makes optimal performance appear linear. (This statement is fully explained under
“Results” in Section 5.) Remember that this form is-

log L = log QI - log S'ég
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where L represents the likelihood of the datum: {20, the odds before observing urat datum; and
{2, , the odds after observing the datum. If we assume that the subjects have based their esti-

mates on the values of the variable s - {, then we can compute an inferred liklihood ratio for

each subjact by translating each posterior esdmate into its logarithm and subtracting the log of
the prior odds. Figures 22-25 are typical scatterplots of subjects' inferred log-likelihood ratio,
The broken line is the best-fitting regression line that passes through the origin. For ali sub-

jects, the regression lines deviate markedly from the line representing perfectly Bayestan per-

formance. Taile X1 summarizes both group and individual performances. In the table, m 15 the

TABLE 1. SLOPE CONSTANTE, CORRELATICN COEFFICIENTS,
AND kx VALUES FUR EACH SUBJECT AND GROUP

Group m r k

PR 081 668 221

062 .8z8 .169
081 417 .254
118 .92V 314
053 836 145
084 799 .228

VO 114 665 310

083  Fa3 .225
018 BiZ .207
222 513 .603
218 847 587
117 845 318

obL 127 598 345

099 796 .268
113 5858 -307
064 877 173
218 842 756
.281 978 764

Subject

N e 03 A2 e

Subject

Ml K2 DO e

Suijert

L2 7R SN

slope of the regression line, r is t*: measure of correlation between the 5 - f value and the
inferred jog-likelihood ratio, and k .s the constant by which one multiplies the siope of the
Bayes's theoretical line {log p/q} to obtain the subject’s slope {m}.

Table X1 shows that response modes do affect performance. The odds groups are both
superior to the probability estimation group. Furthermore, the ODL group is slightly superior
to the VO group.

Another way to analyze these data is to calculate the percentage of improvement in per-
formance shown by the two odds groups over the probability estimation group. Figure 26 illiss-
trates that by the third draw the VO subjects were 43 perceri more accurate thas the PR subjects

and the ODL subjects were 80 percent more accurate As evidence aciumulates all subjects
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should 1ncrease their certainty about the trutt of a hypothesis; consequently, by the 20th draw the
differential performance of the groups was reduced. At this point, the VO and QDL groups were

only 22 and 24 percent more accurate in their estimates.

6.3. DISCUSSION

This study reconfirms the {inding that subjects are conservative in situations involving
inference from failible information, and are unable to extract from information all the justifia’ ¢
certainty about the truth of a hypothesis. 7The roughly linear scatterplots in Figs. 22-24 are
characteristic of the majority of the subjects. Occasionally {Fig. 25} 2 subject will exhib-7 great
variability in his estimates. In this case, the subject told the experimenter thai he had changed

his strategy in the muddle of the sesgion. A simple model {o describe such a subject’s be-

havior is log L' =k log L

where L’ represents the subject’s inferred likelihood ratio; the vaiues of k sre shown 1n Table XI,

Subjects are Bayesian information processors, but they raise every hiei.hood ratio 1o a
power less than one. Another way of describing this model is that subjects behave as though they
do not believe the experimenter’s statement about the composition of the bockbags. PR subiects
behaved as if they thought the bags were of a 55-45 composition; VO, 56-44; and ODL, 57-43.

In shori, subjects degrade the environment in a consistent way.

If subjects are hesitant {o commit themselves to extreme estimates, then one would expect
the performance of those who estimate odds to be superior t that of those who estimate prob-
abilities, because probabilities have an upper limit of 1.00. Thus, as PR subjects inc.-ease their
estimates they also reduce the upper range of responses remaining {o them. (Odds do not have
this upper limil. Therefore, it is easier for the VO and ODL groups to make larger estimates
since they always have an unlimited range of estimates stiil available, Moreover, the visual
logarithmic display of odds further facilitates making large estimates.

Phillips found that paving subjects for accuracy tended to enhance their performance. The
resalis of this experiment suggest that subjecis should estimate posterior odds rather than pos-
terior probabilities in an information-processing task. It would be convenient if the posilive
effects of pavoffs and odds combined zdditively to influence total performance. That, however,
is an experimental question {0 bt explored.

The data {from the 60-40 sequences were not aralyzed for the following reasons; three out
of fu-e subtects in the VO group and four out of five in the ODL group gave as their odds estimates
the ratic between the nuraber of red chips aad the number of blue chips presented (o them.
Secondly, une subject in PR, two subjects in VO, and one subject in ODL told the experimenter
that they felr confused in the 60-40 case since they were still thinking of 70-30 bookbags. The
data, consequentiy, are ambiguous and difficult to inierpret.
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This study should be repeated, employing more than one Bernouilli probamlity for the
bockbags. Since subjects behave as if the compostfion of the 70-30 bookbags were 1n the vicin-
ity of 55-45, it would be of interes? to see if they are more nearly Bayesian information pro-
cessors when the actual bockbag composition 18 53~45. A more extreme p value should be chosen
{D.85 or 0.9} in order to see if the differential performance of the two 5dds groups i1s maintained.
Asymmetric bookbags would further tes! various response modes. In any case, careful controls
should be exercised to insure that subjects do not confuse an odds estimate with the sample

ratio of red chips to blue chips.




Appéendix A
INSTRUCTIONS TG SUBJECTS

=3

Suppise vou are nthe A:r Force and stationed at one of their radar detection statiors in
Greenland These stations have large, powerful radars that detect many tvpes of zerial
activity — ICBM's, rockets, planes, clouds — sometimes even birds. A.;x cf these things may

show up On the dispigy —the radar scope. Unfortunalely by the time they are displayed they

may look zlike — little spots of light on a dark background., Obviocusly, you have a problem if
you happen to have the job of sitting af one of these scopes and trying to figure oul what are
enemy HCBM's and what are birds. Fortunateiy, the problem isn®t hopeless, For instance,
in the example just given, the [CBM's versus the birds, ICBM spots would obviously move

faster than birds,

You're not here s¢ we can train you to be a good radar operatsr in case you should ever
find vourself in Greenland: however, the series of experiments in which you are about to par-

ticipate does concern the problem of evaluation,

Although the information presented to you will be in simplified form, the basic elements
of the problem will be very similar to an actual situation, You will play the part of an evalua-
tor: it will be your job to decide among four possiblie types of airborne activity [POINT TO
CONSOLEY: enemy, friemily, meteor, or spoo.. Enemy activity may be of any sort, an ICBM
or rocket, for example, For the purpose of this experiment the specific type of enemy threat
15 not important. Friendly activity may alsc be of any sort. Meteors are seli-explanatory.

A spoof is a diversionary or probing activity by the enemy, like the cowboy hers who throws

his hat in the air to see what the bad guys will do about it,

You are seated at the output display of a cor plex detection system. This detection sysiem
covers a large, circular area that «il] pe subdivided, {or ihis problem, into sectors. This

area wiil be displayed here. (TURN ON SECTOR DISPLAY — A SLIDE WITH NO IMPACT
POINTSL

Aerial activity 18 detecied by means of a powerful radar system. radar information on
detected targets 1s fed to a computer that determines the courses and speeds of the targets
and the paths they are following. For this experimert, it will be assumed that the courses and
gpeeds of the targets do not change oace deteclion is made, Once the courses and speeds and

the paths of the targets are determined, the computer determines where the targets will land.

w‘-

[s ')

s of impact will be displayed o nsole within ane of the sectors of this land

These poir
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area. Since we obviously don't really have a radar here, a 35-mm slide projector projects

this display from the back of the console. (DISPLAY SLIDE WITH SEVERAL IMPACT POINTS).
To simplify this experiment, we have not put any dimensions on this circle of land area: just
consider i* as a land mass con which points of impact are displayed. Remember, computed

impact points are being displayed here, not the radar targets themselves,

For each experiment vou will be shown fifteen slides. In some experiments the number of
impact points will increase wilh each successive slide, In others, the number of impact points
will change erratically with each successive presentation. For EO_EE of these types of experi-
ments, the impact points on one slide are all of the same type of activity., Thus, regardless of
whether there are three or thirteen impact points displayed here by one slide, they all repre-
sent the same type of activity, that is, they are all enemy, or all frie—n:i-{y, or all meteors, or
all spoof, not a combination. However, the two types of experiments differ in this respect: in
the series where the number of impact points successively increases, the activity represented
on one slide is the same as for the previous slide. For the erratic series, each slide of the

fifteen may represent activity different from that on the previous slide,

To summarize then, there are two types of experiments in which you will be involved. In
one type you will first be shown one computed impact point (SHOW), then one more {SHOW), then
another (SHOW), and another (SHOW), and so on until fifteen presentations (SHOW} have been
made. The 1mpact points on any one of these slides represent all the same activity and the

activity represented by each slide is the same as that on the previous slide. Thus each and

all of these slides just shown may have represented friendly activity. In the other type of
e.periment, first you may be shown, for example, three impact points (SHOW) representing a
single kind of activity, The next slide may have eleven impact points (SHOW), again all of the
same activity, However, the activity represented by this slide may be different from that of

the previous slide, Thus, the previous slide of three impact p();;; may have represented enemy
activity, while this one represents meteors. Fifteen presentations will be made for this type

of experiment, also,

Before you begin each experiment, you will be told whether the displayed impact points
regresent changing activity or the same activity, Incidentally, slides in both experiments will
be of tie type you see here, that is, white impact points on a black background. Are there any

questicns on what is to be displayed?

It will be your probiem to decide which of the four types of activity is beivg dispiayed by
the computed impact points. To help you in this evaluation, five pieces of information will be

given to you.

First, we will assume that through advance intelligence you have some estimation of how

likely an enemy artack may be, We will limit the experiment {o three possible estimations;
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1-in-10 chance of enemy attack, 1-in-4 chance, or 2-in-3 chance, That 1s, you will be told that
there ig either a 107 likelihood of enemy attack, or a 25% likelihood, or a 67% ltkelihoon,
{SHOW BASE RATES, INSERT 25%). The second piece of information will give you an 1dea of
where an enemy impact point is likely to be. {(INSERT ENEMY DISPLAY). This dispiay shows,

in percentages and in pie diagrams, what probability there is that an enemy missile will land

in any one of the sectors. Here, the probability is highest in this 25% sector and lowest in this

2% sector. In other words, if the impact points are those of an enemy, they are more likely to
show up in the sectors with—t?ie higher numbers, or with the bigger pie slices. The third, fourth,
and fifth pieces of information are similar displays fo. riendly, meteor and spoof activity,
{INSERT THEM WHILE EXPLAINING). You will notice that there is a rough pattern to each

of these possible types of activity, (POINT TO PATTERNS). Enemy attack generally would
come from this direction; friendly activity would more likely be concentrated in this area;

meteors would probably be found here: spoof activity would tend to be in this area.

One important point should be mentioned now. Although the pie diagrams are shown near
the center of each sector, the percentage each represents applies evenly tc the whole sector,
(POINT TO 59 SECTOR). In other words, this 5% value applies evenly to this whole sector,
Thus the dividing line between sectors represents a sharp change in likelihood; there is no

[V

s el

gradual shading from one likelihood to another. Remember, then, each sector is of constant
likelihood.

In summary, you will evaluate the type of activity represented by a set of impact points,
Five pieces of information will be available to use as you desire: the likelihood of enemy attack:
the likelihood that, if friendly activity is being observed, the cumputed impact points would
appear in certain sectors; and similarly for meteors and spoofs. You will make an evaluation
after the display of eack slide. Thus, for 5ne experiment, you will mak. {ifteen evaluations.
{(CHANGE TO BLAN’ELH)E).

Your decisions will be made with the levers on the console, The numbers to the left of

each lever indicate your estimates of che likelihood that the impact points represent the cor-

responding type of activity, The lower end, near zero, represents very low likelihood, the
upper end, near one, represents very high likelihood. ¥ you set the ENEMY lever to .6 {SET
LEVER) this means you estimate that there is a 60% probability, or likelihood, that the impact
points shown here represeant enemy activity, {RETURN LEVER TO ZERO), After the first
slide has been displayed, make your evaluation of the type of target represented by the impact
point, or points. Indicate your probakility estimates by moving the levers to the appropriate

levels,

For instance, if you moved the levers to .6, .1, .25, and ,05 (MOVE LEVERS ACCORDINGLY),
this would indicate that you believe that there is a 60% probability that the impact points
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represent enemy activity, 10% probability they are friendly, 25% probability they are meteor,
and 5% probability they are spocf.

Let's look at what I've just said from a littie different point of view, Before you start an
experiment, the best estimate we have of the probability of enemy attack 1s this advance intel-
ligence statement. All we know is that there is a 25% probability that enemy missiles will
appear. Additionally, this display (POINT TO ENEMY DISPLAY) telis us that 1_f_ the enemy

tacks, his missiles are likely to fall in this way, and simiiarly for the other three types of
activity.

So you see, we're dealing with three types of probability estimates. One is given hefore
the experiment starts: it is a statement of what to expect, Another, shown on these cards,
(POINT TO P(D|H) DISPLAYS), says "if it happens, the impact points are likely to il like
this, (POINT TO ENEMY DISPLAY), and if it doesn't happen, the impact points are ‘ely to fall
like this {POINT TO ANY OTHER DISPLAY).” And the third is your estimaie of what 15 a
actually happening.

Now, are there any questions so far?

The console is operated by this white button. When the green light is lighted, pushing the
button will cause the display here to be revealed. I have already done this. Then, you make
your evaluation and set the levers., When you are finished push the button— go ahead, try it
The red light comes on, indicating that the lever settings are being recordsd or a sperial re-
corder behind the console. You mustn't move the levers while the red light iz on. Wnonihe
lever settings have been recorded, the yellow light comes on. This is a signal for you to reset
the levers to zere, Try it, When they are all reset, the green light comes ¢n, H the yellow
light stays on, check the position of all four of these levers again, as well as these €xira two.

The zero point i< quite sensitive, and sometimes the levers are jarred off this position,

As soon as the green light comes on, you can push the button again ‘¢ reveai the new im-
pact-point display. Now try the sequence for yourself. Make a meaningless evaluation. (WHEN
GREEN LIGHT COMES ON, STOP SUBJECT). Notice that if you accidentally move one of the
levers off the zero position before a new slide comes on, the green light will blink. Resetling

the offending iever will cure the situation.

Finally, you don't have to count the number of slides in the experimeri, The screen wil}
show all black when you are finished, {TURN ON BLANK SLIL.E}, When this happens, let me
know. I'll be in the next room. There is no time limit on any of these experiments, but you
should, after running through a few sets, complete a set of fifteen slides in less than {i'teen

minutes,

Now, are there any questions on any aspect of the experimert? For thie {Irst set, I'll stay

here with you to answer any other questions which may come up as you work the gonssle,
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Appendix B
PUSLICATIONS
This appendix gummarizes gublications airsady produced under O ntract AF 15(6048) <7393,

It confines itself to publications that have uppeared in journals or as technical Soumentaly re-
poris, or that fws &~ accepted and 218 Scheduled 16 agphar 0 Rome such form, plug ons Ph.o
thesis. In the >ourne of Contract AF 13{804)-T485, approsimately 45 gpec nes reporting coniradt
regearel were given zf vartous fo-mal and informa:l meetings. Aithough the more formal
speactes qually as publications aige, no atismrt is made [n this report o list them. The tech-

afeal corte t of evere spsech zurallels some written technload docymentary report.

This liazt of publicationg i8 an important compiement of i praseat repori, gince e sMSHES

hag beer made in the [l | report itself o repeat aiready-publisiied ldeas. The body f the final
report is devoied only to the presestatios of materials not yet publizhed.

1. %dwards, W., "Dynami¢ ecision Theury and Probabilistic Inforsation Processing,”
Human Factors, 19¢ 4, 55-73.

———

This paper is essentiaily &4 program review as of 1961, The deveiopmant of a dynamic
decision theory will be central to the impending ratid expansion of research on human

decision processes. In a taxonom, of six kinds of decision problems, five require a

dynamic theory in whico the decision maker is assumed to make a sequence of decisions,

basicg decision n + 1 on what he learned from decision n and its conseguenceg. Re-
search in progress on information seeking, intuitive statistics, sequential prediction,
and Bavesian information processing is reviewed to iliustrate the kind of work needed.
The relevance of mathematical deveiopments in dynamic programmiag and Bayesian
statistice 1o dynamic decigion theory is examiaed. A man-computer system for proba-
bilistic ' ~ceessing of fallible military information is disci. Sed in some detail as an
application of these wdeas and ag a setting and motivator for future research on human
wformation processing and decision making.

2. Edwards, W., "Men and Computers,” in H. M, Gagne {Ed.), Psgchological Principles in
Systems Development, Holt, Rinehart and Winston, 1962, 15-113.

This expository chapter explains what 2 computer is »=d how i. works, discusses pro-
gramming and programming languages, reviews the technology of the man-computer
interface, and illustrates real-time, on-line use of coraputers in a hypothetical informa-

tinn-processing rystem.
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3. Hays, W. L., "On Lattice Models for Psychelogical Scaling,” Psychometrika, in press.

4. Edwardg, W., Probabilistic Informatios Processiig in Command yod Cenirel Ssiome, BEN-
TDH-62- "35. 8T Repor: NG, T1B0-12-1, Untversity of &‘ Chigan, jostitule ol Seience

and Technology, Ann Arbor, 1963, 34 pp.

This i& the basic ducument about PIP. [t discusses the diagnostic f»  tion ip command

a2l comrd! systems, and presents Baves's thegrem, examives lig roie in the desigo

!
Pt
i~
s
)
As
4
I ]
'4

ol aystems that probabiiistically process fallible information,
After summariring existing rejevant experimentation, the report pownts out major un-
gatved tadhs

nemn,

-

10zl problema aad outlinea a program of research for selving some of

= Emar’izs, w,, Lindmm, H., and Savage, L. J., "Bayesian Siatistical Inference for Psychu-
gical Regearch ™ Payehol. Rev., 3963, 70 183-242,

AP A i s 1S i o g

Beveaian Rgt{sics, a ¢ ntly controver slai viewpolut concerning statistical infer-
ey 18 paged on < delinition of pro!&bx*xt; s+ -~ particular measure ¥ the opinions of
ideally {roRisteal people. Bradstiral infecene® 1§ modification of these oniniong *n the
hight of evidenca, and Bayea'y 30~ em spooil~e (oW puch modificaticons shou ¢ e
made. The tools of Bayesian statistics weluds { a0 thesty @ speclfic distruxniong aand
ihe principle of stable estimation, which specifies waen achud prior ooinions may be
satisfactorily approximated by ¢ uniform distributios. & common feature of many
siassical significance tests is that a sharp null hypothesis ig compared with a 3iifvse
alternatve hypothesis. Often evidence that, for a Bayesidn staristician, strikingly
supports the nuil hypothesis leads to rejection of that hypothesis by ~taadzrd cilassical
rocedures. The likelihood principle emphasized in Bayesiau Statistics impiieg, amony
other things, that the rules governing termination of data collection are irreievant w
data interpretation. It is entirely appropriate 10 collect data until a point has been
proven or disuroven, or until the data coilector runs cut of time, money. or patience.
6. Edwards, W., "Probabiiistic Information Processing by Men, Machines and Man-Machine

Systems, in Proceedisgs of the XVIIth International Congress of Psychology {Washing-
ton, August 23, 1863}, Nortd Holland Pub. Co., Amsterdam, 1964,

This is a speech covering much the s2me materials as the immediately following refer-
ence; a three-page absiract of the speech wiil be published in the proceedings of the
Congress.

7. Edwards, W., Philiips, L. D, "Man as Transducer for Probabilities in Bayesian Command

and Control Systems,” in G. L. Bryan and M. W, Shelly {(Eds)., Human Jrdgments and
Optimality, Wiley & Sons, New York, 1864,

This chapter, a niore recent discussion of PIP, presents s fairly specific propusal for
the design of a class of systems which, by using human judgment in a rather uneonven-

tional way, shouid be able to make more nearly optimal decisions than do present
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Edwards, W., "Optimal Strategies for Seeking Informaiion: Modsals fo

gvstems inle .ded for the same purpose. It supports the propogal by reporting an eXperi-

ment which shows that men reguired 1o graw conclusiong from fallible data do 1t poorly
enough 12 leave room for vast :mprovement,
Edwards, W., "Tae Design and Evaluation of Probabuistic Informaticn Proceszing Systems
?ruceedng; of the Fifth Nauom Symposium on Human Factors in Electronics, Ma;s 3-8,
1uc4, San Diego, Califorai meessmnaz Technical Group on HuZan Faciors in Elec
!r‘sm«:s, gtitute of Elec.r cal znd Electronics Engineers, 1964, pp. 186-181.

A major task of 2 command and control system often i to determine what 1 happening
in its environment. Conclusive information i8 usuaily lacking, so such systems n.ust
attempt fo gynthesize thousands of items of infor mation, each individually worth littls,
It an accurate picture or diagnosis of the relevant environment. Current systems
{e.g., the NORAD Combat Operations Center) use sophisticated display and information
refrieval devices, but leave to unaided human {udgment the tzsk of synthesis foliowed

by decision.

The ideas of Bayesian statistics offer the basis for a new technology of diagnostic infor-
mation processing. In the Bayesian view, probabilities are orderly or consistent opin-
ions, and Bayes’'s theorem of probability theory is the optimal rule for revising opinion
on the basis of information. The crucial input tc Bayes's theorem is the probability,
for each datum to be processed and for sach hypothesis of interest, thar the datum
wouid occur if the hypothesis were irue Research sugygests that experis can es. mate
such probabilities, or numbers that can be translated into them, with fair accuracy.
Once such probabilities are available, a desk calculator or computer can =2asily synthe-
size them into a posterior distribution that gives the current probability of each hypoth-

es8is of interest on the basis of ail the available data.

Details of the design of such a probabilistic information processing system {PIP) are
presensed. Laboratory research completed and in progress is reviewed, ajong with
simulaticn studies intended to compare PIPs with traditionai information processing
systems in complex and realistic envircnments.

r Sratistics, Cholce

REZCUQ!} Times and Human Information Processing.” J. Math, Psych., 1885,
in poess, ~ T

Models for optional stopping in statistics are also normative models 7 3 vanety of
tasks in which subjects may purchase rigsk-reducing informaticr before making a de-
cigion. This paper develops a Bayesian model for sptional stopping in the continuous
caze with two hypotheses; it takes explicit account of cost of information, values of the
possible outcomes of the final decislor, and prior probabilities of the hypotheses, Ex-
tensive tables of rnunierical solutions ¢ the model’s transcerndental equations are pro-

vided.
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Two models for choice reaction time are derived. One 18 based on the normality
assumptions of signal detectability theory, the other is nonparametric. They are for-
maily identical; in this case the normality assumptions are superfivous. The non-
parametric model makes strong predictions about times and errors; it has only one

quantity not directly obserzable.

A second exampie uses the nunparametric model to design and predict resultsof a

binomial information-purchase experiment.

10. Slovic, 8. P., Value as a Determinev of Subjective Probability. Unpublished doctoral dis-
sertation, University of Michigan, Ann Arbor, 1864.

The purpose of this study was 10 explore the manner in which judged probabilities of

events are infivenced by the desirablity of these events.

Subjects were shown five bags, each containing 100 poker chips They were *old that
one bag contained 30 red chups, one contained 40, one 50, one 60, and one 70; the re-
maining chips in each bag were biue. Subjects could not tell which bag was which. One
of the bags was selected by the subjects and the experimenter proceeded to draw a
sample of 50 chips {rom it, one it a time, with replacemen!. Subjects obrerved the
sample and, at various times, made direct probability estimates for cach of the five
possible compositions of the bag. They were told that a2 monetary payoff would be given
te them, regardiess of their probability estimates, depending on what the true contents

happened to be. The table below shows the assignment of payoffs v bags.

True Composition of Bag
30Red 40Red 50Red 60 Red 70 Red

Group 7 and Group I & g 8 g0 8§ 18 3 g 3 g
Group [I and Group lig jose 31 lose $5 § O win $5  win §1
Group It and Group Hig lose 35 oge 81 3 O win §1 win %5
Group I jose §1 iose$3 & O win 8  win §1

Groups 1, Ij, I, and Ii, constituied Experiment I Group Il differed from Group 11

by having received s brief warning not to aliow the values to bias their estimates. None
of these groupe were rewarded for the accuracy of their probability estimates. Groups
ii&’ I}R, and IIIE constituted Experiment [1. These groups were rewardsd for accurate

esiimation. Groups [ and I, were contro}l groups for whom all hypotheses had neutral

R
desirabtiity. A trick device enabled the experimenter {c draw the same sample of chips

for every group.

The results indicated that the value of an event does aflect judgments about its proba-
bility. However, the nature of value biases 18 rather complicated. It varies systematic-
ally among subjects and among trials. Some subjects in the payoff groups were cptimis-
tic. They consistently gave higher probabilities to the desired events and lower
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probabilities to the undesired events than did subjects in the control groups. Others
were generallv pessimigtic. Despite the consistency of individual differences, value
groups showed more optimism {or pessimism} at some times during the samphing than

at others. These d:fferences amoeng trials were similar in both experiments.

The reward for accuracy did not reduce value biases. Some subiects tn Groups HR
and IIIR overestimated the probability of the most undesired event so that, if it did

occur, the larger reward for accuracy would reduce their loss.

Bayes's theorem provides a normative model for probability estimation in this task.
Probabilities given by subjects in the control groups were closer to Bayesian proba-
bilities than were those given by subjects for whom pavoffs were associated with the
events. The inferiority shown by members of vulue groups did not diminish as they

accumulated more information about the bag, and was not reduced by rewards for

accuravy.

The brief warning given to Group Hw effectively reduced value hiases. These subjects
behaved more like those in Group | than like those in Groups I and 11
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