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ABSTRACT

A scheme has been set up for an analytical investigation of an arbitra-
ry Van Atta reflector. Each pair of antenna elements is represented by an e~
quivalent circuit using equivalent x~circuits for the transmissionlines, Re-
radiation from the elements and mutual impedances have been taken into account.
The theory is illustrated with some numerical exemples of a linear reflector

consisting of four half-vave dipolee,
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. 1., INTRODUCTION

. In 1959 L.,C. Van Attal) ratented a new type of reflector, the advantage
of vhich waes that the reradiated field showed a maximum back in the direction
of arrival of the primary plane wave. Some experimental investigations were
carried out on this type of reflector and many suggestions for improvement
and utilizations of the reflector were giver.. However the development has
run so fast, that a thorough theoretical treatment of the properties of the
basic Van Atta reflector never was given (at least such one has not come to
the knowledge of the present author)., At this laboratory a theoretical and
numerical investigationa) of linear Van Atta reflectors was carried out in
1963 as a M.Sc, theeis vork. These celculations showed that a Van Atte re=-
flector only to some degree will behave as predicted in the patent deacripe
tion. It is the purpose of this note to set wp a general scheame for a theo-
retical treatment of a Van Atte array and to illustrate the theorg)with some

i

numerical results obtained by using the previous computer program na

slightly modified version,
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: 2. THE VAN ATTA REFLECTOR

The basic idea of the Van Atta reflector as given in the patent deacrip-
tion and as repeated by all subasequent authors is illustrated in fig. 1 for
a one dimensional array, The reflector consists of a number of antenna elements,
which are mutually interconnected with transmissionlines of equal length, If
the reflector consists of an odd number of elemente, the center one is connece
ted to a short-circuit transmission line with half the length of the other li-
nes. A plene wave approaching this array with the angle of incidence ¢; will
induce voltages in the eclements the phase of which will grow along the array
wvith an amount kd sin 94+ Vhere k ie the propagation ¢onstant and d the diw
stance between adjacent elements(shown in tvist line of fig. 1). These indu-
ced signals will be transmitted through the connecting lines and will produ-
ce a current distribution with the relative phases as shown in the bottom i~
ne of fig. 1. It is seen that a current distritution like this vill prodface
a plane wave reradiated back in the direction of arrival of the primaxy wave.,
Two facts are neglected in this simple explanation of the way of action
of the reflector, First it is assumed that the elements do not reradiste any
amount of the energy induced in themselves, and secondly mutual impedances
sre neglected, If these fects are taken into account both the length of the
transmissionliney and the distance between adjacent elemente will influence ’
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the properties of the refiector. In section 5§ it will be shown that if the

two facts mentioned are taken into account the reradiation pattern will vake
various forms depending on the parameters of the reflector, On the other hand
it is shown in the appendix, that if the two above mentioned facts are neglece
ted, the reradiation pattern will be as predicted in the patent description.
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3. BURVEY OF PREVIOUS WORK

L.C, Van Atta's patent was applied for on June 8, 1955 and granted Oce
tober 6, 1959. The idea of the reflector vas described in the literature al-
ready in 1536 by BloehB),‘but the main bulk of literature appeared °ft%£ Van
Atta had got his patent in 1959. Most of the papers have concerned thé}hne
of auxiliery active equipment in connection with a Van Atta reflector or the
various applications of this type of reflector. Only the sxperimental work of
Sharp, Fusca and Diab 4)5)6) on an electromagnetic reflector and that of Walther
m on en acustic reflector seems to be of basic character. No thorough theo=
retical treatment of the properties of a simple Van Atta reflector has been
found in the literature,

The work of 8harp, Fusca and Diab descrides the construction and exami-
nation of & two dimensioned array conaisting of 16 dipoles mounted on quarter
of a wavelength above a conducting plane. A simplified theory for this array
wag given and a number of diagrams of the back scattering cross section as &
function of the angle of incidence were presented. These diagrams were measured
for various polarisations and frequencies, For all the examples shown the array
had & high back-scattering cross section over a wider range of angles of inci-
dence than the normel flat plate reflector of the same size,

Walther constructed an acoustic Van Atta array consisting of 36 conical
horns arranged on & flat surface, Measured back scattering cross section dia-
grams showed high reflection over a greuter range of angles of incidence that
a conventional reflector of the same size of aperture.

Two short notes tend to give an analytical treatment of the Ven Atte re-
flector. Bauera) has as the only one taken into account reradiation from the
antenna elements themselves, but as the main purpose of his note is to suggest
amplitude modulation of the reflector, he does not mention the influence of
other parameters on the properties of the basic reflector. Furthermore his ex~
pression (6) for the total reradiated field is wrong, as he has forgotten the
phase difference due to propagation from the antennas 0 the wavefront of the
reflected wave, Kurss and Kahng) give a short general theory for the effect of
logssless interconnections of elements in a passive array. However they anticie
pate vithout justificetion that the current distribvution causing rersdiation

show the same numerical value on all elements and e uniform phase progression,
which should cause a reradiated plane wave directed either back in the direc=
tion of the incoming wave (Van Atta principle) or in a direction determined
by an angle of refeletion equal to the angle of incidence with opposite sign
(normal plane reflector principle).




The idea of making the Van Atta reflector active by inserting active
components in the transmission lines was firet given by Bauere), vho suge
gested the introduction of modulated phase shiftere in the tranemisaion
lines. The insertion of amplifiers in the transmission line wag auggested
Yy Banoen“). Mechanicel modulation by means of a cavity resonator was pro-
posed by WQnaelonll). Daviesla) discussed the effect of amplifiers in the
transmission linee, as well as the features of a circular Van Atta array.
Further he proposed a way of varying the angle of retransmission by introe
ducing & frequency change in the delay pathe. A duocueaionla) of Davies'
work vae later on published together with the desoription of an experizental
investigation related to Davies' theories and carried out by Hhithersiu).

One application of the Van Atta reflector is for satellite communice-
tion, and both passive, semipassive and active asystama have been discussed,
especially by Ryeraonlﬁ)ls), Hansenl°) and Keiser and Kale). Other applica-
tion are for navigational aids, for example used to enhance the reflection
from radartargets on small ships and airplanes (discussed by Daviesle)). Pu-
scaS) suggested an ECM systam based on the idea that and artificial enhance-
ment of radar returnsignals would confuse enemiese, Banera) suggested esort of
a passive IFF system by using & coded modulation of the reflector. Bauer's

idza vas criticised by Bahretle).

The Van Atta reflector is considered to be one of the most aimple forms
of the group of adaptive or selfphasing errays, which hes received a great
deal of interest in the recent literaturelg)aos. Most of these systems are ace
tive and rather complicated, and the applicaticna seem to be aumerous.
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L, THEORETICAL INVESTIGATION

In vhat follows an analysis of the properties of a Ven Atta retlector
will be given taking into account all relevant characteristics. The aim hes
been to give a general treatmert, which could be used for a number of inve.
stigetions. The elements are suppored to Ye dipoles (but the theory could
easily be extended to other antenna types) placed on and parallel to a {iwma-
ginary) smooth surface, for example a plene, & (rlinder, n sphere. The inciw
dent field is a prane wvavae,

The couraes of the cal_ulations are as follows. First the cp-n 2ircoat
voltage induced at each eaterna elvment by the primery plane wave is celrni-
lated (sec. 4.1). Next n system of equations arc set up (sec. bL.l) fc- e.ln
culating the currents in each antern: taking into account rmutual impedenco:
(sec. L.2), the charecteristics of t*e “ransaission lines {cec 4,3} and tan
induced voltage at tha cler>nt i:seli and at itz mate. Whan the currcnts ere
determined the resadiated field ic calculaled frem the theory of enterra  ra
rays (only applicsble for reflectors with all clements parallel) (sec. L.5).
Finally the properties of the reflecto~ array are determined by the celeculaw
tion of the differential scattering croes section (sec. 4,6),

4,1, The induced voliage

In fig. 2 is shown the reflector surface aad the incident plene wave,
A reference plane is introdvied es the plane tangential to the surface through
a conveniently selected point 0. Purther a rectangular coordinate system with
0 as the center and Lhe Z-direction perpendicular wo the plene .is introduced
(%, ¢ and 2 denote unit vectors)., The angles of incidence of the primary pla-
ne wave in this systen is °i and Oi, and *he angle betwecn the elcctric vecs
tor Eo of the incident wave and the plere of incidence is v. A dipole entenia
element is placed at the point (Xn, Yn’ Zn) inclined the angles ¢ and On to
the X~ and %« axes respectively,

Now the open-circuit voltaege induced at the terminals of an antepna c-
lement will be given by

vetE L ., (1)

vhere { is & phrse factor and ﬁeff the eflective length?l) of the antenrta e~

lement.

If the 1 .a8¢e of the plane wave in the planc through 0 is zero we have
=-iut
)

(time factor

et AR 11 b
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= e-ik(chowi sinei ¥ ain¢i einei + choeei) . (2)
In the reference coordinate system we have for Eo 1

Eo - E [(~einv sing; - cosv cosy, coaei) by
+ (sinv cosg; - cosv sing; cosd,) § + cosv sind, 2] . (3)

The quality r’eff has the same djrection as the antenna element and will

for dipole be given by
cos (% L cosu) ~ cos -} L

A
1’, '-n-

of £ (oin@n cosd 2

™
8in L sinu
+ 8ino sing ¢ + co88 2) . (1)

where L is the lensth of the dipole, and u is the angle between the direction
of the dipole and the direction of propagation of the primary vlane wave, With
our notation vwe have that u is givea by

cosu = sing sine; 000(6n-¢i) + cosb cosd, . (5)
It is seen that the induced voltage may be written
)
VaE ?-f(pn.ei.¢i) P (ei°¢i’v,en'¢n‘n) . (6)

where £ is the complex phas: factor with numerical velue one given in (2), and
P is the real dimensionless quantity

cos ( -E-L cosu) - cos % L
Pp= X
sin -;—t L sinu

+ c08®  cosv smei} . {1T)

k,2. Self- and mutual impedences

The problems involved in determining the selfe and mutual impedances of
antennas are discussed in most textbooks on antenn theory, f.ex. Jordan's book
22)

Using the induccd-EMF method the self-impedance 2 A of a dipole antesina of

total length L (fig. 3 a) is given by
L

1(z) Ez(z)
dg . (8)

2
I]

o]

[T
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vhere I, is the terminal current, I(z) the current in the antenna, and Ez(z)
the electrical field strength at and parallel to the antenna due to the own
field,

The mutusl impedance hetween two entennas is defined as the ratio be-
tween the openwcircuit voltage induced across the terminals of one antenna
due to a current flowing in the other antenna, and this current. Using the
induced~EMF method the mutual impedance between two dipoles (fig. 3 b) is
given by

rLe

o IQ(Z) Ezel(z) a

2 - = z

12 g .
j, 12
h

I TR R )
L,

Jo

where Ia(z) is the current in antennas 2, Il(u) the current in antenna 1,
Ezal(z) the elctricel field strength at an parallel to antenna 2 due to a
current in antenna 1, and Eaiz(u) the field strength at and parallel to an-
tenna 1 due a current in antenna 2, I1 and 12 are the terminal currents of an-
tennas 1 end 2, respectively.

These integral expressions for the impedance will usually lead to very
lengthy and complicsated computetions, which have been carried out in special
cases only. Stearne23) has igsued a teble of the muiusl! impedances between pa-
rallel side-by-side, half-wave dipoles with sipusoidel current distribution.
This table har been used in the numerical examples discussed in section 5, At
this laboratory two Algol«computer programseh) for the computetion of mutual
impedances between antennas have been worked out. One is for linear dipoles of
arbitrary length and direction sinusoidal current distribution, the other for

completely arbitrary vire-antennas with e known current distribution.

k.3, Equivalent diagrem for & transmission line

A section of length a of a transmission line may as other passive two-
ports be repreaented by an equivalent circuit, Usually a T-circuit or a n -
circuit is used, but in order to get an squivalent circuit, which is valid
for all values of & it is necessary to use the more general x=circuit. This
circuit is shown in fig. 4 a. It is assumed to be symmetrical and lossless,
The values of the impedances Z,, and ZN are

. ka
ZM s - 1Zotg = . (10)




D=

D)

-10"'

”1!ﬂ
fo)
te"2

Z, = 12 (11)

N

vhere Z is the characteristic impedance of the transmission line.

The variation of these impedances with a is showm in fig. 4 b, It is
seen that for & = (2p + 1)1, 2y is zero and 7, intinite. This gives the simple
equivalent circuits shown in fig, 4 ¢ and known from ordinary transmiassion line
theory.

k.4, Equations for determination of antennsa currents

Let us consider a reflector array consisting of N elements numbered n,
1 %<2 &N, The elements are nutually interconnected with transmission lines, and
if N is odd one of the elements is connected to & short-circuited transmission-
line. In this way we get S pairs,nunbered s, 1< s € S, For N even, 8 = 3 o Bnd

2
for N odd, 8 = Nl . Pair no. s consits of elements nos n = g and n = (K+les)

connected with aatransmission line. For N odd we get an additional system, num.
bered 8 = S+1, consisting of element no. n = E%i connected to a short-cireuit
transmiasion line.

The self-impedance of ecach of the elements is called ZA’ and the mutual
impedance between elements nos. m and k 2ok ® ka. The open=circuit voltage in-
duced by the primary plane wave at element no. m is Vh, and the total current in
the same element is Im'

In fig, 5 a is ghown the equivslent civcuit of a pair of anteana elements,
and in fig. 5 b is shown the equivalent circuit of an element connected to a
short circuited transmission line. For the sake of simplicity the elements are
numbered m,“kland p respectively (according to the definitions given above k =

+

N4lem, p = =5~

The mesh currents I' and I'' are introduced as shown in fig. 5 a. We have
r ] Tt

Im = 1" + 1

Ika'ﬁI' +I”o

From the mesh described by I' we get
N
Vo = Vi = (Bl (3T ) ngl 1 (5 ~Z,) (12)

nfw,k

end from the mesh deecribed by I'' we get

N
L (ZA*ZN*ka)(Im”z) + nil In(zmwnk) . . (13)
nfm, k

] o uwu.mduﬂww

‘%‘

4
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From fig. % b we obtain directly

V =1 (3, +2 J+ 1 12 . (1%)
P P A ﬁN*ZM nal n np
n¥l

Next we want to normalize thess equations to include dimensionless ¢uan-
titiss only. Looking at equations (6) section 4.1 for the induced voltage it is
seen, that a suiteble normelization factor for the voliage is

E X
(=]
’ A *
v, = (15)

A convenient normslization impedance would be the characteristic impedance ZO
of the traunsmission line. This yields the normalization current

Eol
I, 57 (16)

(o]

Further we introduce the vajsues for ZN and ZM found in section L.3, U«

sing lowver case for normalized quentities we finally get

(7, =v, Jeos E% = (= isin~5% + {2~z ) cos 5% Wi i)
¥ . xa
+ nil iz -2 ) cos =5 , (17)
niun, k
(vm+vk) slﬁ‘ﬁg = (icce~5% + (2,42, ) sin E%$(1m+1k)
N : .. ka
+ nil i (2 ptep,) sin =5, (18)
nfm , k
N
v, cosks = ip (z, cos ka - isinks) + I i 2,pC08Ka * (19)

n=l

n#p

This way of writing has been intrcdiced in order to avoid the infinite values

of L and Zye From the equations it is seen right away, that for

a= (2p0) §, i=0, (20)
e = (2pn) £, i=ip, (21)
a = pi . im = - ik . {22)

It ia now pogeible to set up

[t 2

matrix aguation for the totel numter of

systems:
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vhere
- _ ke
v, = (v-'vN+l-s) cos =5 (24)
+ . ka
v, = (v Pialos) 0TS (25)
- 2. g = - isin £& ka ,
Zes T 7 g Neles © = 1IN TH 4 (mpezg gy ) eos T, (26)
- - - &
Zon =~ PNeles,n (z, - zn.N+l~s) cos =5 , n¥s ,N+l-s , (27)
—_ cop 8 - ,
Zgs = Ig,Neleg = 16O <3 + (3A+za,N+L-s) sin =5 , (28)
+ _ t . ka P
&8"1 b zN"’l"’s o0 = ( zn8+zn JNtlas ) sin 2 ? DT, Neles ¢ (89)

For N odd we get the additional quantities (shown in brachets in (23))

e G b AR 1M o 1 b1 LAt BT AL S e

Vg = Vg4 coska , (30)
) . -

%501,541 = Zp coska ~ iginka , (31)
29 = 2 coska ; n$S+l (32)
S+1,n 8+1,n ¢ *
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AL the guantities of the matrix equation (23) are complex., So in ore
der to perform numerical computations a 2N-dimensional matrix equation has to
be salved. A typical single equation will for Ns2 have the form

VE B,

or with subseripts r and i denoting real end imeginary parts, respectively,
and with r and x being real and imaginary parts of the impedances we get

Vo ® Tl = Xqlgg * Toloy ~ Xolpg
VEni o rd i

h

From this and the N°P order complex matrix equation (23) we are led to t*:
th

2N order real metrix equation, the construction of which Ig shown in fig.
6,

4.5, Reradiated field

The field reradiated from the reflector array may be determined from
the theory of antenna arrays. An antenna array is defined as a system of simie-
lar and similarly oriented antennas. A spherical coordinate system (R,6,¢) with
origin at O will be used for describing the reradietion pattern. The far field
radiated from an antenna array is found by using the principle of pattern mula
tipiication as the product of the field E}ef(ﬁ,€,¢) radiated from a reference
antenna (= an antenna similar and similarly oriented as the other antennas
placed for example at 0) and a factor G(0,4) called the array characteristic,
which takes into sccount the position of all the elements.

B = Eref (R,0,4) + G(o,¢) (33)
where eikR
Eref = COIO S F(o,4) (34)
c el ;i oK R . (35)
n=l

Here L, is the characteristic impedence of free space, F a dimensionless vec-
tor function characteristic of the type of antennas used, En is the radius-

vector from the point of reference to antenna n and K ig a unit vector in the

direction from O to the field point.
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k.6, Description of the properties of the reflector

The most commonly used quantity for desoribing reradiastion or scattering
propertiee is the ascattering cross section ¢, which independent of the distance
gives the far field scattered from a target for an incident plane wave, The
scattering cross section in the direction opposite to the incoming wave is ters
ned the backscattering cross section Ops while the cross section in an arbitra=-
ry direction is called the differential scattering cross section ¢, The backe
scattering cross section is useful for radar applications, and wes used in most
of the literature mentioned in section 3.

The scattering cross section is defined (see for example Mentzer 25) by

(fig.7)

8.(0,¢) ¢ l
|s (e.,¢ ) o |

2(0,4) = m@ (36)

vhere §r and 51 are the Poynting vectors of the reflected and incoming field,
end fi_ and A, are unit vectors in the direction of the reflected and incoming

field, respectively,
For the incident plane wave we have
E2
. 1_9o,
I8; « m5l = 3

%o

and for the reflected wave from (33) end {3k

021"22

~ 21
Isr nrI =7 % nZ

R
where F = [P .,
We thereby obtein
C
0(0,¢) =-:$ 22 (52)° F° ¢° . (37)

2)
%o

o ok i RO
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5. NUMERICAL EXAMPLE OF A LINEAR REFLECTOR

In order to illustrate the theory developed in the preceeings sections
e numerical investigation of & linear Van Atta array vith U elements is induced.
The array configuration exemined ig shown in fig. 8, and & rectangular coordinste
system is introduced, The antenna elements are half wave dipoles (L = A/2 paral-
lel to the y-axis and placed equidistant with separation d along the x-axis.
The transmiasion lines are of equal length and with a characteristic impedance
z, = 75 Q. The dipoles are supposed to be matched to the transmission lines, s0
that ZA is 75 . The primary plane wave is incident in the xz-plane and po=-
larized parallel to the antennas.

The numbering of the elements is shown in the figure. The coordinates
of antenna n is

N 1
(xn.yn.zn) = d(n=- =510 0) (38)

and the direction of the antennas

L ‘l'l)

(#n,en) = (5,3 . (39)

The characteristic angles of the primary wave are
L
(¢5,85,¥) = (0,0,, ) . (40)
Thus we find for the normalized induced volteges from (6)

. N 1. . o
- < o e 2 I

v =e ikd {(n 5 = 5) sin o, (41)
The self- and mutual impedances of the dipole antennas are found from

Stearns' table 23). The factor F is for a half-wave dipole given by

cos('% cos ¢)

=1 I
F(0,¢) = 2% sin ¢ T 2n (42)

for ¢ = %' and independent of 0,

By electronic computer calculetions the currents of the elements are
found from the matrix equation of fig. 6, and next the normelized scattering
cross section o is found from (37) and (L2) giving

0
o =37 =';r~;(-;- (N (43)

Q
—
™
~—
n

o

Reradiation patterns for various values of the perameters have been plot-
ted in figures 9 -~ 1k,
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Figures 9, 10 and 11 show the variation with the length of the trense
mission lines, a being O + pA, A/h + pA, and A/2 + pA, respectively, p being

an integer, d = 0,20, It is seen that there in all cases is some Van Atta
effe t, however maximum reradiation is usually not directly back in the
direction of arrival. Further there is a normel reflector effect (mirror)
giving reradiation patterns which are symmetrical with reapect to the normal
for a = 0 4 pA and«% + pA, (this corresponds to the two cases, where I" and
1', fig, 5a, are zero, respectively). For a --ﬁ + pA the reradiation patterns
are not symmetrical, however the reflector effect is still present. Further
it is seen, that for normal incidence the reradiated field is exactly zero

for a = 0 + pA ana Llncreasing with the length of line until a = A/2 + pi,

In fig. 12 4 is 0.5X, while in fig. 10 4 was 0.2X, & in both cases
being A/4 + pA, By comparison it is seen that the greater distance bvetween
adjacent elements gives rise to more, and more pronounced lotes of the rerea-
diation pattern.

In fig. 13 is shoun what happens when mutual impedances are negieeted
(shown for the case a = A/h ¢+ px and 4 = 0,2)). By comparison with fig. 10
it is sken, that the reradiation pattern becomes symmetrical and for angles

e il TR o TN S04 A A

of incidence around normal incidence o' takes much greater vaiues when mutual
impedances are neglected,

Finally is in fig. 1k shown the effect of a mismatch between antennas
and transmissionlines (z, = 73,08 - i k2,521, Zy = 500). It is seen that for

certain values of the angle of incidence the Van Atta effect disappears come ‘
pletely.

The curves shown should only be taken as samples of whet could.be ob-
tained with a Van Atta reflector. In the next scientific Report of the con-
trect a more analytical treatment of a four-element linear reflector will be
given, Further experimental investigations have been started. The intro=-
ductory measurements agreed well with the theoretical resultas.
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=y 6. CONCLUSION

- A method of calculation hes been set up which should be applicable for
investigation arbitrary Van Atta reflectors. Only linear reflectors with four
elements have bLeen treated numerically. The numerical results indicate that
vhen the antenna elements are matched to the transmission lines a Van Atts
effect is obtained to some degree. However additional effects arec present,
the wost pronounced being, that the reflector also acts as a normal plate re=-
flector (mirror). Further it is found that only & very small amount of enere
& will be reflected for angles of incidencs near normal, when the transmis-
sion lines have a length which is equal to an integral number og wavelengths.

The influence of the mutusl impedances and of a mismatch between anten-
na elements and the transmission lines indicate, that these effects might ve
utilized to change the reradiation pattern to compare better with a prescribed
form.

The numerical results will be checked with an experimental investigation.
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T. APPENDIX

In what follows & matrix equaticn equivalent to (23) will be set up under
the simplifying assumptions made in the patent description and in all subsequent
papers. Thee> assumptions are : 1) the current used for calculating the field re-
radiated from an antenna is only caused by the voltage induced at its intercon-
nected nmate, 2) mutual impedances are neglected.

The equivalent circuits corresponding to fig. 5 a and b will under the-

se assumptions be as shown in fig. 15 a and b. From these circuits we find

. 2 . . '.
Vo " I- 2z, cos ka + i (1 + 2z, ) sinka] i, =z iy (Lk)
and
e
v cos kIl = [z, coskl - i sinkl] i_=12 i 45
Lcos K1 = [z, cosid 14 ; (u5)
lecding to the matrix equation
) ( )
=" \ (o 0 0 i

| . .
(Bap ={ - C oy g G

2 2
L] L] . e e [
[} O 3 [ ]
L 0 .
v A 0 1
LN { J \ N
where
o " .
Vhel = Viel cos xl1 and 2z only excists for N odd.
2 2

The results of electronic computer calculations based on this equation
is shown in fig., 16 for N = L, a = O + pA, dr = 0.2) . It is seen that the re-

flector in this case shows a pronounced Van Atta effect.
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=)0 and + refer to superscripts of the voltages (25), (26) and (3] .

The bores of the upper half of the matriy should be. Frlled like
" “ C lower " ¢ ¢ " u o “ ]
where r and x refer to real and imaginery parts of the iwpedances.

=

Siymature used for the verious impedences :

TN - formula (27)
1 14:' formuta (2% )
=z, fomua (27)
] zj:, formula (30)
3 25y, femaa (32)
ZZ zﬁ,’m formula (33 )

The double arrows Indicate same value ond opoosite sign.

=

single . “ . yov seme Y

R and [ indicate real amd Imaginary parts of the curremis respectively.

Fig 6. Construction of matris equation with real elements
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