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ABSTRACT
Let us consider a photon which is emitted by an excited
atom, the atom being surrounded by like atoms in the ground state.
In the present paper we make an estimate of how iar the photon
can travel before it is absorbed by a ground state atom.

In

making this estimate we make use of the selection rules of the
atom and thereby take into account the Doppler shift in energy
and angular momentum of the photon.
A discussion is presented which indicates how the mean free
path gives us an indication of whether or not the gas is optically
thick.

On the basis of the formula which is derived for the mean

free path, it is shown that in general gases

are more transparent

to the shorter wavelengths than the longer ones.
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1.

INTRODUCTION
In the present report we wish to consider a gas which consists

of atoms or molecules, some ol which may be in an excited state.
When these excited atoms drop to the ground state, they will emit
photons whose frequency is determined by the usual Bohr rule in
terms of the energy difference between the excited state and the
ground state.

Some of these photons may escape the gas without

exciting any of the atoms

; the ground state.

But there is a

probability that the photons will excite some of tue atoms in
the ground state, since ^.e photons have the proper frequency to
do so.

The photons so absorbed are "trapped" until the atoms

which are excited in this way drop down to the ground state.
Such trapping will slow down the cooling rate of the gas due to
the escape of ^he photons.
If the trapping is considerable, the
gas is said to be "optically thick" and in some circumstances the
radiation in an optically thick gas approaches thermodynamic
equilibrium. On the other hand, if there is no trapping, the
radiation escapes freely from the gas and each ground state atom
has no effect on any radiating atom other than possible resonance
scattering.
In such circumstances the radiation is not characterized in any way whatever by thermodynamic equilibrium.
The object of the present report is to estimate the mean distance L, through which a photon, which is emitted by an excited
atom, can travel before it is absorbed by an atom in the ground
state.

If L is greater than or of the same order as the smallest

linear dimension d of the mass of gas which we are considering,
the gas is clearly optically thin.

If on the other hand, L is

many orders of magnitude less than d, some trapping is possible
and more detailed calculations are called for.
Our considerations are valid for gases which consist of
mixtures of two different gases.

We could, for example consider

the radiative cooling of hydrogen atoms (using the Lyman-a line),
whore the hydrogen is only one of the constituents of the gas
which might be largely nitrogen, and oxygen.

It is clear that

the nitrogen and the oxygen would play no role, provided the
densities are low enough to preclude pressure broadening.
We shall Dc concerned essentially jnly with dipole radiation,
though the considerations herein can be extended to forbidden
lines also.
Our approach is based on the idea that both energy and
angular momentum are conserved in the emission and absorption of
a photon. Energy conservation is indeed usually taken into
account in the sense that the frequency of the emitted and absorbed photon satisfies the Bohr condition. However, it does not
appear that in most treatments that the selection rules are taken
into account.

These selection rules are the consequence of the

conservation of angular momentum.

Wher a photon is emitted by

an atom, the photon carries away with it the angular momentum
difference of the atom between the excited and ground states.
Conversely, wnen the photon is absorbed by an atom, the photon
wave function must have within it a finite probability of having
enough angular momentum to make up the difference in angular momentum between the ground state and the excited state of the atom
We are thus led to the problem of finding the probability that a
photon has a given angular momentum in a frame of reference (the
absorbing atom) when in another frame of reference (the emitting
atom) it is in an eigenstate of angular momentum.
This problem has been solved in reference 1.

We shall use

the results of this reference in our calculations, We shall find
that the use of the concept of conservation of angular momentum
or, equivalently, the use of selection rules takes into account
the Doppler effect for both the frequency and angular momentum.

Finally, we want to emphasise the provisional character ol
the present treatment.

To find a mean free path accurately would

require knowledge of the emission and absorption coefficients of
the atoms and the averaging over gas configurations iti each of
which the path of each photon would have to be traced by some
random walk procedure.
practice

This procedure is extremely difficult in

However, despite the provisional character of the

present calculations, we believe that we obtain at least some
idea of the numbers involved.
2.

CALCULATION OF THE MEAN FRiE PATH FOR ABSORPTION
We shall denote the ground state of the atom by the subscript

1 and the excited state by the subscript 2. We denote by E, and
Er, the energy levels of the ground and excited states respectively.
When a photon is emitted by an atom, in addition to having
the angular momentum which is the difference between the angular
momentum of the excited state of the atom and the ground state,
it will have a natural line breadth.

This breadth is usually

expressed in probabilistic terms by saying that the probability
that the emitted photon has a frequency outside the range
u o -b<u<u o +b where u o = iEn2-E.)/h
is essentially^ zero.
1
erence 2. We are idealizing the situation somewhat.)
b is very small compared to u

(See refThe quantity

and is called the half natural line

breadth (in frequency terms).
The photon will not have a definite linear momentum, since
the linear and angular momentum operators do not commute.

Instead

the components of the linear momentum will ha' e a certain expectation
value which can readily be calculated from the resulcs of reference 1
In order to have a phenomenological treatment we shall consider an
ensemble of photons which are continually 'icing emitted by excited
atoms located at the origin.

On averaging over all orientations of

the photons, the jxpoctation value of any component of linear
momentum can be shown to bo zero. Thus for the ensemble we may
regard the problem as having spherical symmetry.

We regard tlu
photons as being emitted continuously in a radial direction fr<oni
the origin, all of which have angular momentum one with respect
to a frame of reference at the origin.
In the phenomenological model these photons stream through
a gas of atoms in the ground state, this gas being uniformly
distributed throughout space.

The velocities of the atoms are

distributed in accordance with the i>Ia; well-Boltzmann law.
Let us denote the density of ground state atoms by N, and
the density of photons by n(r).

As indicated by the notation

the density of photons will be a function of the distance r fr om
the origin because absorptions tak ' place as the photons move
through the gas. We shall eliminate the diminution of n(r) due
to spreading by using the flux.
We shall let S(r) be the flux of photons through a sphere
of radius r.

Clearly

S(r) = 4TTr2cn(r) ,

(2.1)

where c is the velocity of light.
We shall require that

S(r) decay exponentially,

S(r) = e~Wr
where W is a constant which we wish to determine.

(2.2)
Then the mean

free path L is given by
L = i

(2.3)

As we shall set«, the requirement (2.2) puts a severe assumption on the nature ol the absorption oi a photon ol specific angular momentum.

Still, since this absorption has not been calcu-

lated, equation (2.2) seems to be a reasonable requirement.
Let us now consider the change in flux as the photons pass
through a shell of thickness ir;
S(r+Ar)-S(r) - ~ S(r) ir.

(2.4)

The difference in the flux must equal the negative of the number'
of absorptions of photons per second in the shell. We must now
make an assumption about the probability per unit time that an
atom in the shell will absorb a photon.

Since the atom will not

be able to absorb the photon unless, as seen in a frame of reference whose origin coincides with the atom, the frequency lies in
the range u -b<u<u +b and the angular momentum of the photon is 1,
we shall assume this probability is proportional to the number
density of photons which satisfy the frequency and angular momentum requirements. This number density is n(r)P(r,v) where P(r,v)
is the probability that the photons have the correct angular momentum and frequency as observed by an atom in the shell when the
atom moves with the velocity v with respect to the origin.
Thus the probability per nit time that an atom in the shell
will absorb a photon will be written
K(r)n(r)P(r,v)
where K(r) is a "constant" of proportionality.
We make K(r) a
function of r to take into account the possibility that K depends
on the distance of the atom from the origin, which in a sense, is
a point source of radiation.

In principle, K(i

can be calculated

from quantum mechanics and, indeed, we intend to carry out this
calculation ultimately.

However, for the purposes of the \

>-

visional calculation ol our paper we shall use phenomenological
methods of obtaining it.
Then the number of absorptions of photons per unit time in
the shell of thickness Ar is
4nr2NÄrK(r)n(r)P(r,v) = ^2- N K(r)P(r,v)Ar
c

(2.5)

On equating the change in flux (2.4) with the negative ol the
number of absorptions (2.5) we obtain a differential equation for
S(r):

\ S(r) = - iNKCr P(r,v)S(r)

(2.6)

which can be integrated readily if K(r) and P(r.v) are known
explicitly as a function of r.

However, the assumption of

exponential decay of S(r) given by (2.2) states that
W = -K(r)P(r.v)
(2.7)
|K(0)P(0,v)
Hence, as mentioned above,

the absorption constant K(r) has its

character determined by the exponential law (2.2),
Since p(0,v) is given in reference 1, we need only find K(0)
to obtain W and hence the mean free path from (2.3).
To obtain X(0) we shall consider the special situation in
which the temperature of the gas is very lovv so that vve may set
v = 0.

Let us consider an atom which is in the ground state and

which is very near ihc origin.

An observer attached to this

atom will observe that all the photons which arc being emitted
from the origin have their frequencies
in the range u o -b
^
o 'b
and will have «ngular momentum equal to 1. Upon the original
radiation we could superpose radiation of any other frequency or
angular momentum and not affect the probability that the atom
absorbs one of the original photons.

We see that by superposing

the additional radiation in a sufficiently clever manner wo
could simulate, as far as the absorbing atom is concen ed. a
black body environment.
Then the probability per unit time that
the atom will absorb the radiation in the range
u -b<u<u +b is
to
o
o
B

12 Pu

where p

is the energy density per unit frequency of the radia-

tion and B,2 is the Einstein coefficient for absorption.
Thus in a shell of the low temperature gas which is near
the origin the number of absorptions per unit time is
4TTr2B10 o Nar = 4TTr2K(0)Nn (r) arP(0 . 0) .
iZ

u

(2.8)

In (2.8) we are really considering the limit of very small r.
Hence we have used r = 0 in K(r) and P(r,0) since these functions
exist in the limit.
From reference 1, P(0,0) = 1.

Also p

which is a function

of r can be expressed in terms of n(r) by
n(r)h
P

-2-

.

(2.9)

Equations (2.8) then yields the result
K(0) ^ Bl0
12

-fe
"Jb

.

(2.30)

In (2.10) we have dropped the subscript zero on

because we

shall no longer have to distinguish the center of the spectrum
line from its extremities.
Then
hu

m

W

i2$5c

(2.11)

P(ü V)

-

Further simpliiications oi (2.11) are possible.
Einstein coefficient of spontaneous emission.

Let A„,

be the

Then from the

usual Einstein relations
3
c g2

B

where g.
the atom.

12

~ ;

3

~

8nhu g-^

(2.12)

"21'

is the statistical weight of the i'th energy level of
Also we have from the Heisenberg uncertainty principle
2 b-

(2.13)

l

21-

From reference 1
H2

p(0.v) = Hg- X

9

(2.14)

V

where X is the wave-length of the photon

For our purposes

HO

shall replace v by the average velocity of an atom in a Maxwellian
gas of temperature T.

Thus

2RT

(2.15)

where u. is the atomic or molecular weight.
Then on substituting (2.12)- (2.15)

8

into (2.11) we obtain

4 2

Thus on usin^' numerical values for the universal constants we
obtain our final expression for the mean free path ol a photon
in a gas:
ir

iU

L = 1.67 x io

(r

T

-i-i

j .

■'^N(g2A2i)

U.n)

In reference 3 experimental values ar^ given for goA^, .
Thus
for a given line L can be computed from (2.17) explicitly. As
an example, for the sodium line 5889.95A we have
L = .56 x 10

3.

in T
^
N .

(2.18)

A SUGGESTED TECHNIQUE FOR VIEWING GLOWING GASES
When a glowing gas is examined spectroscopially, one sees

either a continuous spectrum, single lines, or sometimes lines
superposed upon the continuous spectrum. Usually a spectrum has
a different one of these cha.ucteristics in different frequency
ranges.
The continuous spectrum arises in those frequency ranges for
vtiich the gas is optically thick while the single spectrum lines,
which can be used to identify the components of the gas and
whose doppier breadth can be used to obtain temperature estimates
occur at frequencies for which the gas ^s optically thin.
An examination of the expression (2.17) for the mean free
path of a photoii shows that the mean free path is inversely

proportional to the fourth power of the wavelength of the photon.
It would therefore seem, on the whole, that to see single lines
one should go toward the shorter wavelengths in spectroscopic
measurements.

For given values of A^, tne gas is much more trans-

parent to short wavelengths than long ones.
It one knows the dimensions of the glowing gas it is possible
to use (2.17) to make estimates of T/N in the following way.

One

looks for a wavelength for which the gas is optically thick, i.e.
where single spectrum lines can be seen.

One knows for this wave-

length L is much less than the dimension of the gas.

One then

looks for a wavelength for which the gas is optically thin.
this wavelength L is greater than the dime- sion of the gas.
(2.17) ore can then put upper and lower bounds on T/N.

10

From

If one

has an independent way of estimating T, such as through the
Doppler shift, one can then put bounds on N.

For
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