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r ABSTRACT 

Properties of the nonequilibrium hypersonic turbulent wake 

have been calculated from an integral solution for the coupled dif¬ 

fusion of mass and energy. £mphasis is placed on: 

1) A comparison of a slender body calculation 
from the present simple method with results 
obtained for the same case by more advanced 
mathematical techniques such as finite dif¬ 
ference methods 

2) New blunt body results in which the reacting 
inviscid flow is entrained by the turbulent 
inner wake 

3) The effect of contaminants on both slender 
and blunt body wakes 

4) A comparison of the present calculations 
with ballistic range measurements for wake 
velocity and electron density. 

The analysis described herein is a direct extension of the 

method proposed by Lees and Hromas for the equilibrium wake. 

By using two parameters to describe the distribution of each spe¬ 

cies in the wake, the integral method applied here provides suffi¬ 

cient generality to permit the determination of a variety of react¬ 

ing turbulent flow fields, yet retains the basic numerical simplicity 

inherent in integral techniques. In the chemical kinetic model 

studied, particular attention is paid to the processes of far down¬ 

stream electron decay, and for the first time combined atomic and 

molecular oxygen attachment, charge neutralisation, and charge 

exchange reactions are considered. In addition, some new explicit 

solutions are given which provide useful criteria in evaluating the 

respective roles of chemical reactions and diffusion in the wake. 

These solutions are useful in obtaining scaling laws which are not 

always evident in detailed computer calculations. 
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NOMENCLATURE 

B(x) 
h(0,x) - hf(x) 

oo 

Cq Wake drag coefficient 

d Body diameter 

g Invitcid enthalpy radial distribution function 

G Turbulent radial distribution function 

h Thermal and chemical enthalpy 

H h.(0)/h - 1 
Li 00 

H# Free stream stagnation enthalpy 

k Reaction rate 

K Universal diffusion constant 

m Two dimensional (m * 0) or axi-symmetric (m * 1) exponent 

M Mach number 

Molecular weight 

n. Species number density 

p Pressure 

R Gas constant o 

T Temperature 

u Axial velocity 

V Radial velocity 

x Axial coordinate 

y Radial coordinate 

Y Howarth-Dorodnitsyn scale 

cr Species mass fraction 
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Specific heat ratio 

Turbulent diffusivity 

Density 

VV 
Species production term, d(atp)/dt 

Subscripts 

Refers to atomic species 

Attachment rate 

Backward reaction rate 

Refers to electrons 

Equilibrium valu» 

Denotes edge of wake; also forward reaction rate 

Denotes i^1 species 

Inviscid flow quantity 

Quantity at wake origin (x * xq) 

Recombination rate 

Species quantity 

Turbulent flow quantity 

Free stream value 
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INTRODUCTION 

The trail» behind meteore entering the atmoephere have long been of 

internet to a.tronomical obeerver».1 Recently, new empha.ie ha. been 

placed on the analyaie of re-entry wake» due to the problem» of detection 

of, and communication with, military and apace vehicle». Over a major 

portion of an atmoepheric re-entry flight, the wake ie turbulent. At pre.- 

ent a number of analy.e» of the chemically froren or equilibrium wake are 

available. For example, Reference» i and 3 treat the ca.e where the en¬ 

thalpy in the external »tream ia uniform, while Reference» 4 and 5 take 

into account the entrainment of vorticity in the external flow by the growth 
of the turbulent core. 

However, chemical equilibrium prevail* over only the very lowest 

part of the re-entry trajectory, thus more recent attention ha* been given 

to the reacting turbulent wake. Initially, Lee.6 gave a .imple integral 

solution for electron concentration in the flow, with a given temperature 

distribution. Next, Bloom and Steiger7 reported some early results of an 

integral solution for the nonequilibrium laminar and turbulent wake of a 

slender body. A single parameter was used to represent each chemical 

species and the species radial distribution was related to the velocity dis¬ 
tribution (Oocco relation). 

A sirnple version of the technique used herein was then given by the 

present authors in Reference 8, where sample calculations were presented 

for the wake of a slender body. The present work extends these early re¬ 

sult. to blunt body flow, and include, results for the contaminated wake, 

of both blunt and slender bodies. In addition, comparisons with ballistic 

range measurement, of wake velocity and electron concentration and com¬ 

parisons with deuiled finite difference calculations of other workers are 
also given. 

In in analysis subsequent to References 1 through 8, Lien, Erdos 

and Pallone have applied a refined integral method for slender bodies in 

which both the momentum and species equations are employed as well as 

the energy equation. Wake axis values of the flow variables and a profile 

shape factor are used as parameters, and, as in the original Lee.-Hromas 
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method and its present extension, integrated conservation equations along 

with the axis equations are then used to evaluate the parameters. In the 

method of Lien, et al., the wake width in Howarth-Dorodnitsyn coordinates 

is assumed to be given. The advantage of this refined solution for the 

turbulent wake over the present approach is in the inclusion of a variaole 

velocity which is important in the first 0 to 10 diameters. On the other 

hand, the present approach does not require an empirical wake growth and 

allows for a radial variation in inviscid enthalpy. Reference 9 also gives 

a nonequilibrium analysis for the laminar wake using a strip method where 

five strips are usually used (one "strip" is used in the usual integral 

method). Zeiberg and Bleich^ have compared a finite difference calcu¬ 

lation with results for the laminar wake from the earlier integral method 

solution of Bloom and Steiger.' Appreciable differences for the laminar 

wake were found between the finite difference solution and the integral 

solution of Reference 7. The effect of different diffusivity laws for the 

turbulent wake was also examined in Reference 10 and large deviations 

found among the results. The finite difference method is certainly the 

most general and a primary result of the present paper is a comparison 

of the present method with more elaborate numerical methods such as 

those of Reference 10. It should be noted that in the detailed finite differ¬ 

ence solution, the turbulent diffusivity must be specified everywhere in 

the turbulent wake. It is not always straightforward to do this; even the 

concept of gradient diffusion is not clear at the edge of the wake. 

Except for the calculation by the present authors in Reference 8 none 

of the nonequilibrium results obtained by ihe methods discussed above in¬ 

cluded a variable inviscid enthalpy field, i.e., they are all effectively 

"slender body" results. * However, S. C. Lin and J. Hayes11 have com¬ 

pared the so-called "random inviscid convection model" with a simple one¬ 

dimensional calculation for the reacting turbulent wake of a blunt body. 

The random convection model ignores the fundamental nonlinear interaction 

Important for half-cone angles of about 20 degrees or greater. 
** 

Recently, numerical finite-difference methods for blunt body flows, 
taking into account vorticity swallowing, have been developed by H. Li of 
the General Electric Co. and Zeiberg of GASL. 



oí turbulent eddies which is usually responsible for the relatively efficient 

mixing of a turbulent flow. Flow- properties for the "turbulent wake" in 

their model are obtained by averaging local mviscid properties over a 

specified wake boundary (which is obtained from experimental evidence, 

or from a "homogeneous mixing model" calculation). On the other hand, 

the homogeneous model assumes the entrained flow adopts the local turbu¬ 

lent structure instantaneously. The actual physical case may well lie some¬ 

where in between the limiting cases discussed by Lin and Hayes. However, 

the well-known results of Townsend for incompressible wakes indicate 

that, for the far wake, ihe homogeneous mixing model is a good represen¬ 

tation, and this model is adopted here. A resolution of this question for 

the hypersonic wake must await detailed experimental studies. 

In the Lees-Hromas model, the turbulent enthalpy-excess trail is 

represented by the peak (axis) enthalpy level and by the lateral extent 

(width) of the trail. While the velocity and stagnation enthalpy in a turbu¬ 

lent wake are nearly uniform after a short distance downstream,5 a large 

static enthalpy excess trail persists for a hypersonic flow. For this rea¬ 

son, the enthalpy conservation equation is used to calculate the growth of 

the wake in the Lees-Hromas method. The velocity is assumed constant 

wherever it appears directly rather than as a difference across the wake. 

The essential simplicity of this model is retained herein by representing 

each species concentration by its axis value and by a characteristic profile 

width parameter. Just as for the enthalpy, the species are assumed to 

spread rapid’y into an inhomogeneous inviscid flow with a mass diffusivity 

equal to the conductivity. The turbulent wake thus grows across stream¬ 

lines of the inviscid flow and engulfs the species and energy contained in 

that flow. For blunt bodies such as meteors or for conical bodies of high 

cone angle, a significant part of the inviscid flow field external to the tur¬ 

bulent wake, but near the body, is also reacting. Therefore, the wake 

intercepts streamlines along which dissociation and ionization processes 

have occurred. On the other hand, for more slender bodies, the external 

flow is homogeneous with respect to species concentration, although still 

possessing a variable enthalphy in the radial direction. For this simpler 

case, only reactions in the wake itself need be considered. 
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To o ota in the variation of the species concentrations at the axis and 

of the profile scale parameters with downstream distance, the species dif¬ 

fusion equations including chemical kinetic terms are integrated across the 

wake and, in addition, satisfied along the wake axis. Two first-order dif¬ 

ferential equations result for each species in the wake and these equations 

may be readily solved with the aid of a digital computer through a marching 

technique. It is also possible, by suitable simplifying assumptions, to ob¬ 

tain approximate but explicit solutions for several chemical processes of 

interest in the wake. A consideration of these solutions yields rough esti¬ 

mates of the relative extent of diffusion and chemical kinetic effects and 

suggests the range of applicability of scaling parameters. 

In the chemical kinetic model studied, particular attention is given 

to the ion-electron reactions involved in the electron decay process. The 

influence of molecular and atomic oxygen attachment and associated neu¬ 

tralization and charge exchange reactions has been included in the study. 

As far as the authors are aware, previous chemical kinetic studies of 

wakes have not considered these attachment and charge exchange mecha¬ 

nisms jointly. 

When complete solutions are obtained for the (laminar or turbulent) 

viscous-inviscid interaction problem in the base flow region and near 

wake* a valid initial condition will then be available for the far wake cal¬ 

culation and the results of the near wake solution may then be applied 

directly as input to the far wake analysis. Until such time, the present 

analysis which treats the far wake is useful to determine the nature of 

coupled chemical and diffusion processes for assumed initial conditions. 

It should be emphasized that, while detailed numerical analyses of the 
laminar wake have been reported (References 9, 10 and 13), the pressure 
interaction between the viscous and inviscid flows was ignored in these 
calculations. Since it is this interaction which actually determines the 
solution in the near wake region (References 14 and 15), the usefulness 
in the near wake of analyses such as those reported in References 9, 10 
and 13 is uncertain. By "near wake." the region behind the body which 
includes the Crocco-Lees critical point and over which the wake recom¬ 
pression takes place is referred to; this region may extend well beyond 
axis velocity ratios of the order of 0. 31°. 
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ANALYSIS* 

The diffusion of species for axisymmetric (m * l) or two-dimensional 

(m * 0) wake flow may be described by the boundary layer form of the 

species conservation equation, 

da. da. 

Pu Tx * Pv s: 
1 d / < m 9oA 

'WJ ♦ ti. d i (1) 

and the overall continuity relation 

■^¡r (PUY ) ♦ ’fîÿ (pvy ) * 0 (^) 

In the above, < is the local (turbulent) diffusivity, w. represents local 

species production by reaction, and all length scales have been normalized 

by d. As in Reference 5, the Howarth-Etorodnitsyn transformation is used 

to define a new lateral scale, Y^., for the turbulent wake 

pym dy = PiYTm dYT (3) 

where the subscript f denotes quantities at the edge of the wake. 

Also, a scale for the inviscid wake is defined by 

Pi/" dy s pooYtn dY (4> 

The species mass fractions are assumed to be distributed as 

= p.WG^) . ei s yt/ys (X) 

lo lf 

so that ß.(0) * 1, G(0) * 1, G(0 ) = 0 for 0^0. = Y_ /Yb . 
i i 1 lf 1f *i 

(5) 

The notation used here is generally the same as that of Reference 5. 
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The constant quantities % are assumed known, and denote the initial 

specie, mas. fraction, on the axis; the variable uif(x) are either assumed 

known or are simultaneously calculated and denote the invi.cid specie, at 

the edge of the wake. Thus, two parameter. ß.(x) and Y8.(x) are used to 

represent the »pecie. in the wake. The fir.t, ()., is the relative axi. mass 

tFaction; the .econd, Y,., is a characteristic ma., thickne.. parameter. 

Tht* P»r»m««er i. introduced to allow the profile, to adjust their “flatne..” 

a. the diffusion proceed,. The profile 0(8^ i. assumed.* Solving Equa¬ 

tion (2) for V, inserting into Equation (1), integrating over the wake using 

Equation. (3) through (5), and assuming u ~uf~uœ give, a relation for 

dY. /dx which is conveniently written in term, of 8- a. 

(m ♦ ne'V 
lf lf 

.-U , . --1. 

where 

ä • • 

♦ (m + i)y:*y • ♦ ß^ß •. -,_L_lfxy 
( i *1 pi X - a. \u TT 

l lo lf 00 1 

pi-/>(V)^ ■ . 4 * Yt/Yt 

and the fir., term on the r.ght-hand side represent, the effect of reaction, 
in the inviscid outer region. 

Al.o, using Equation. (3) through (5) in Equation (1) give», on the 
axis, 

jrr hr* been made th* eííeCt oi proiiU ,hiPe in ‘he present 
method. A comparison of calculations for the parabolic shaoe Gfv) - 1 v2 
and the cosine distribution Giv) ^ 1/2/1 4. , 0"c.snaPe y(v) = 1 - v 
diffusivity constant KG"(0) indicates very close Lreement*» V** OÍ thC 
caiculated, and therefore a lack of sensitivity to the specific prome cho.Vn. 
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"(v \y\ 
04 ‘ , X-1 

. r ,(V\) * «“ ♦ 7r-r4 • ' ,V »" •' 
i j oo on 

(7) 

As in the notation of Reference 5, 

< = 
p(x, OtfAm+l), 

The form used here for « is identical to that assumed in Reference! 5 

^Equation (10b)J and 17 since, as discussed later, calculations using this 

form seem to agree well with experimental data. The effective turbulent 

Lewis number is thereby assumed to be unity. 

Equations (6) and (7) constitute a set of relations enabling the species 

parameters ß. and Ygi to be calculated by integration, providing the ther¬ 

mal state and the width of the wake are known. These quantities may be 

obtained by only a slight modification of the Lees-Hromas method. This 

modification consists simply in replacing the approximate equation of 

state p -ph used therein with the exact one, namely 

p.p^T . »r1 = £ «i??;1 
lr\ i 

With this simple modification, integration of Equations (6) and (7) may be 

carried out simultaneously with the integration of Equation (38) of Refer¬ 

ence 5 for Y¢. For the molecular specific heats, linear vibrators are 

In Reference 5 a fictitious inviscid profile between ysO and y * yf was em 
ployed. The variable Yf was calculated for this profile and related to YT 
by introducing a quantity 6 to account for the displacement effect of the Tf 
turbulent wake. It has been pointed out by A.G. Hammitt that, since the 
variable Y is essentially a mass flux coordinate (ignoring the fact that the 
velocity is not quite uniform), by equating Yfm41 with (pf/pop)Yj,”**1 
and carrying out the solution entirely sn mass flux coordinates, the use of 
a fictitious profile may be avoided. The Y coordinate is then interpreted 
as the mass flux coordinate for the actual physical flow, rather than for a 
fictitious inviscid flow. 
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assumed, with the vibration in equilibrium. The atomic specific heats 

are assumed constant. These assumptions seem appropriate for the range 

of temperatures involved. 

To obtain the inviscid species concentrations a^, a simultaneous 

integration along the inviscid streamlines intersected by the turbulent wake 

is required. With a pressure field determined from an appropriate charac¬ 

teristics solution for the inviscid flow, and a given initial radial distribu¬ 

tion, this integration becomes a straightforward procedure. 

IONIZATION KINETICS 

For the neutral air species in the reacting wake, the more or less 

standard set of reactions listed in the appendix have been employed. The 

rate constants used for all the reactions considered are also given there. 

For the charged air species, the following set has beer, chosen to 

represent the ionization kinetics: 

G) NO* + e" ^ N ♦ O 

H) 202 ♦ e‘ 02 + 0¿ 

I) O ♦ e‘ -f M ^ O' + M 

J) O' ♦ NO* — NO ♦ O 

K) 0'¿ ♦ NO* ^ 02 + NO 

L) o ♦ o2 ;=± o' o2 

This set is of course far from complete but represents what are thought by 

the authors to be the most significant types of reactions involved. Reac¬ 

tion G) is the well-known associative ionization-dissociative recombination 

reaction wh.ch dominates the removal of electrons at low air density and 

high electron concentration. Both of the attachment reactions H) and I) 

are considered since either may be significant mechanisms for electron 

removal. The electron affinity of 0(^ 1.5 ev) enables earlier attachment 

than for 02 which has a lower affinity (^0.5 ev). Ho-/ever, unless highly 

dissociated at the beginning of the wake the usually smaller atomic oxygen 

concentration may prohibit significant electron removal by O, especially 
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in the far downetream wake which is mainly molecular. While the neu¬ 

tralization reactions J) and K) are important in the early, high temperature 

part of the wake, they contribute little once the temperature is reduced 

since the forward rates vary as the square of the charge density and the 

backward reactions require large activation energies. The charge ex¬ 

change reaction D) may play a significant role in removing depending 

on whether this reaction proceeds as a simple recombination reaction, or 
g 

whether an activation energy is required. This fact seems to have been 

overlooked in other recent analyses. The presence of positive atomic ions 

and radiative processes has been ignored in the ionization model; this 

assumption is believed to be applicable to the majority of the wake for 

flight speeds at or below typical re-entry vehicle velocities. 

An important, yet imperfectly understood, question in chemical 

kinetic calculations for turbulent flows is the applicability of quasi-steady 

or "laminar" expressions to represent the species reaction terms 

w.. ' Two (at least) crucial questions are involved, viz., the degree 

of homogeneity of the flow field and the use of a mean temperature to 

characterize the local thermal energy of the flow. As previously men¬ 

tioned, the present homogeneous mixing model assumes instantaneous 

development of an equilibrium turbulent structure in the mass entrained 

by the wake. In regard to the influence of temperature fluctuations on the 

reaction processes, it has been suggested (e.g., Reference 18) that as 

long as the energy content of the fluctuations is small compared to the 

average static enthalpy, the molecular collision processes may remain 

unaffected. This criterion is certainly an upper limit; moró stringent 

criteria arc probably actually required to insure the validity of the use of 

quasi-steady kinetic rate expressions. However, an important point rela¬ 

tive to turbulent nonequilibrium far wakes is that the chemical processes 

occurring are predominantly exothermic. Hence the dependence of the 

chemical rates on temperature is weak. This situation is in direct con¬ 

trast to the turbulent boundary layer or perhaps near wake, both of which 

are usually endothermic with rates exponentially dependent on temperature. 

Use of quasi-steady rates for these turbulent flows thus appears more 

questionable than for the far wake. As pointed out in Reference 10, use 

of the quasi-steady assumption should be construed more as a reference 

to the state of the art on this subject rather than to the belief in the cor¬ 

rectness of this assumption. 
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EXPLICIT SOLUTIONS FOR TURBULENT WAKE SPECIES 

Since the problem has been reduced to a set of simultaneous first- 

order differential equations, provided p(x) is assumed, numerical solu¬ 

tions may be obtained with the aid of a digital computer. Examples of 

such solutions are given in a later section. However, it is helpful to have 

explicit solutions wherever possible; by the use of further simplifying 

assumptions, several new explicit solutions have been obtained and are 

discussed briefly below. 

PURE DIFFUSION 

Taking u>. s 0, * 0 in (7) and (8) gives, on integration, 

a"1 a = v"1 v a l/lrn+ l> V ®i, Yi Yfp. IX o o 

ßi= 1 + 2G (0) 

efc 
lf / ? m 

2/(m+l ) 

dx 

-(m+l)/2 

(8) 

To obtain further simplification, it is assumed that the entire 

inviscid drag is contained within the wake; then the wake growth obeys a 

simple power law. For example,for an axisymmetric body (m = 1), 

Yf/Yf =XI/3 
o 

2G (0) = AX 
oo 

(9) 

T/T = 1 ♦ A.X oo i 
2/3 
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wherein 

A 

and 

X = 1 + A(x - xq) 

Inserting the above into (8) gives 

i * e2 (x2/3 
lf 

o 

1) 

l/v/2 

Thus, at small x for 9ifo Œ 1 the particle density on the wake axis n., in¬ 

creases and the characteristic species scale, Ysi, decreases. The^on- 

verse is true for 0ifo » 1. At large distance, 

ni/nifc ~T<Ax>’2/3’ 0¿ ^ 1 
o lf 

lf o 

Further, at all disUnces when 0U = 1, 

"A * (*fAi‘x¿/3)l. = • 
o 

The physical explanation of these simple results is clear. Since the 

diffusion is turbulent with equal mass and energy diffusivities (Le = 1), 

the species concentrations in the absence of reactions diffuse exactly as 

the enthalpy does. The species have the overall constraint of constant 

total particle number over the wake; the enthalpy has the constraint of 

constant drag within the wake. Thus, if the initial density distribution 

is "flatter" than the enthalpy distribution (i.e., if 0if « 1), the species 

distribution will tend to become "sharper" as the wake growth commences 

and the axis concentration will increase. The converse is true for an 

initially "sharper" species distribution. In the limit of large disUnce, 
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the species end enthalpy distribution become identical (0,, i i) ,n<j tj,t 

axis concentration obeys the well-known 2/3 power law. The chemical 

production of species in the wake will certainly modify this process. 

While electron decay processes in the wake are generally rapid relative 

to diffusion, the recombination of atoms is generally slow. Consequently, 

the pure diffusion case studied above may be a valid approximation for the 

atomic species but is significantly modified by chemical kinetic effects 
for the electron denaity. 

ATOM RECOMBINATION WITH COUPLED DIFFUSION 

Further simple solution* may be obuined if only one species parame¬ 
ter is considered. Taking eif r 1 in either(6) or (7) will yield an immediate 

solution if «. is sufficiently simple. For example, for the recombination 
of atoms, 

wherein a factor has been replaced by unity since 1. Insert¬ 
ing (10) into (7) with 0. * 1 gives, on integration 

where 

3 ‘A«*' AjWf^OOdx (11) 

A(x) 2G”(0) 
A, (x) = 

'ïï) 

t P d 
----00 
c u 

CD 

P2<0. x) 
*2- 

oo 
[rA'fA<x> = exp 

To simplify further, a specific reaction rate krA * arA T"3^2is assumed 
and the relations (9) are applied. Then with p^T’1 
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The integral is readily evaluated; for x A~1 

o.^uMAx)273 
aA +-X O 

(12) 

Thus, the atom concentration diffuses as x“2/3 and recombines as x” V 

The recombination will exceed the diffusion for distances greater than 

Xda * a2(3 V*)’3 

value 
WitharAftf 1019 and since 10"3 Cjj^T/Tj, then for a typical 

»a^d'W102 
o 

and with UQo/d = 104 sec'1, there results 10’30PoO<Pao in 8m/cc)- 

Thus, at about 100 kft altitude and below, recombination becomes the domi¬ 

nant process for the decay of the axis atom concentration and a linear decay 

with disunce is predicted. Above this altitude, the atom concentration is domi¬ 

nated by diffusion. 

ELECTRON RECOMBINATION, ATTACHMENT, AND DIFFUSION 

A solution for the electron decay process may be obtained in the 

same fashion. Considering only electron recombination and attachment 

to molecular oxygen 

We _ 2 2 
_ * n - k n n 

r. * 4 °2 « 

and inserting into (7) gives, upon integration 

—r——r f (x) 
p(x, o) e' k1 * L -1 

A2(x)íe (x)dx 

■] 
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where 

A2(x) = -S- k 
r oo e 

P(x.u) 
P„ ■ A3(x) = T~ ka"o2, and fe,x| = exP 

00 ¿ I. (A - A3 

This result is directly analogous to that whkh Leesb originally obtained 

by applying an integral equation across the wake rather than along the 

wake axis. With the wake growth given by (9), and taking 

kf = af T ^ k = const, p*v T ^ 
e e d 

then 

, 1 + A X‘2/3 

ne" = " 1 +~A-fJ”) 
1 

k „2/3, -1, 3/2. 3 
., 3 ,.X (- >- 

"e +7 "TT c (A1+ vf n 
dv 

where 

i (X) = X2/3 exp 

and 

3u rx2/3 ..s/2 

IX 
1 (a, + v) 

- rd. 

For 

ar Q ¿ 2 , 

X = -TTC*1 + A,) —• X = k 
er t*77 1 “co a uoo 

X » X » i* A a 
i.e., at large x but with negligible attachment, 

« -1 a “^/a i2/3 
e A1 

3X 

n 1 + -—-(Ax) 
e n o e 

o 

1/3 
(13) 

a result similar to (1¿) for atom recombination. Here, electron recom¬ 

bination prevails over diffusion beyond xDe = A2(3neoKer)"3. Taking 

are£sí ¿ x 102 then for typical values of uœ/d = 104 sec“ ^ Cd’1 Tœ/Tf Rí 10 

there results x^ ä 1024 nc^ and it is necessary for the initial electron 

level, neQ, to be lower than 10® cm*3 for diffusion to play a significant 

role in the electron level decay. However, for a small blunt body with 

viflo/d = 10b sec T0/ Tq^ = 20, Cq" 1 Tao/ Tf = 10" ^ then x^e lO3^ n¿3 

)dx 
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and diffusion dom,nates much of the wake for initial electron densities as 

high as 10 cm . The strong dependence on the initial electron level 

and temperature ratio ,s clear. These quantities increase rap,dly withfl.ght 

speed so that the electron decay behavior in the diffusion-recombination 

region lor small bodies should show large variations as the flight speed 
is increased. V* hen x »»\ ‘ then 

a 

neane Ai(Ax)'¿/3 
o 

exp x) 
¿ft 

and the decay is exponential. With = 1018, k = 4 x 10U p d/u and 

for u^/d-v 10 sec then ka% 4 x 109 p^. Therefore, at 100 kft, atUch- 

ment is significant beyond distances of the order of x m 10 whereas at 150 kft 

a distance of the order of x %103 is required. However, at x* 10 behind 

the body the wake temperature is still relatively high and the deUchment 

reaction (which has been ignored) will prevent a significant accumulation 

of o¿ ions; that is. below 150 kft the attachment-detachment reaction is 

nearly in equilibrium. When the wake temperature finally falls below 

some critical level, attachment will then rapidly absorb the remaining 

electron concentration, leaving only 0¡ and NO+in the wake. Thus, for 

a fully turbulent wake, since the distance x necessary for the wake temp¬ 

erature to fall below the critical attachment temperature is essentially 

independent of altitude, the final electron "clean-up" in the wake due to 

attachment will occur at about the same x for all altitudes below about 

150 kft until the recombination reaction goes into equilibrium. 



NUMERICAL RESULTS* 

DeUiled numerical calculations are given herein for a variety of 

body shapes and sizes: a large slender cone, a small 6 degree cone with 

several blunt nose shapes, a large 12 degree sphere cone, and a small 

sphere. The comparison of present results with those of other analyses 

is made for the large slender cone. The blunt body shape study is car¬ 

ried out for the small 6 degree cone with three nose shapes. Wakes with 

conUminants are calculated for a large blunt body and a large slender body. 

I ht* calculations of the wakes of a small sphere are for comparison with 

ballistic range results. 

For slender body cases, the inviscid enthalpy and pressure distribu¬ 

tions, which are required as an input to the wake solutions, were obtained 

from an equilibrium characteristics program as discussed in References 

5 and 20. For blunt bodies, an equilibrium characteristics solution was 

used to generate pressure distributions, then nonequilibrium streamtube 

calculations were carried out to determine the rest of the inviscid flow 

field variables. In Figure 1, inviscid enthalpy distributions, normalized 

by the axis value -1 5 H, are shown for several of U.? cases 

considered. The slender cone distribution is, of course, flat out to the 

point where the expansion from the cone shoulder intersects the bow shock. 

The enthalpy then rapidly diminishes to the ambient level at larger stream¬ 

line distances. Due to nonequilibrum ejects, the blunt cone enthalpy 

varies in the nose region, as shown in Figure 1. Twelve inviscid stream- 

ubes were calculated in order to define the shape of the profile shown. 

The nose and base diameters for the 47-6 degree bi-conic shape con¬ 

sidered were 2.4 and 9 inches respectively; the base diameter is used to 

normalize the radial coordinate. Wake pressure distributions as suggested 

in References 5 and 20 were employed in the calculations; however, the 

influence of the assumed variation of pressure in the wake is actually con¬ 

fined to a very short disUnce downstream. 

The computer program was written for an IBM 7094 by Maureen L. Sprankle. 
A standard Adams-Moulton-Runge Kutta (AMRK) predictor-corrector rou¬ 
tine was used for some cases given. For others a method recently suggested 
by Treanor¿1 was applied; the latter appears to improve calculation time 
significantly in near equilibrium cases. An attempt to improve upon the 
Treanor method for a coupled set of species is currently being pursued. 
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SLENDER CONE—COMPARISON WITH OTHER METHODS* 

For sufficiently slender bodies, temperatures in the inviscid flow 

are inadequate for the generation of appreciable ionization or dissociation 

phenomena; thus, the inviscid flow is nonreacting. A typical case of this 

kind has been considered, an 8 degree cone of 2, 82 feet diameter at 

Uqo s H Wt/sec and 150 kit altitude. Recent experimental data indicate 

that the flow near the wake neck of such a slender body may be subie over 

a large range of Reynolds number and that the transition location moves 

toward the neck with increasing Reynolds number.13, 23, A length of 

"laminar run" may therefore precede the turbulent wake, providing the 

Reynolds number is not so large that the body flow or free-shear layer 

flow before the neck is turbulent. The exact conditions under which the 

upstream flow becomes turbulent depend on deUils such as angle ol atUck, 

ablation effects, wall temperature and roughness, and are difficult to pre¬ 

cisely predict. However, a transition location was estimated using the 

laboratory daU correlation of Reference 13. 

Species concentrations for the laminar run were calculated along the 

axis and several other streamlines by using a one-dimensional reacting 

streamline model. The initial composition of the gas at the sUrt of the 

laminar run as well as the stagnation enthalpy and velocity history for 

the laminar streamlines were Uken from estimates for these quantities 

made by A. Pallone. The initial enthalpy ratio used, h(0)/H = 0.30 is 
oo 

of the order indicated by applying to the near wake the approximate model 

of Chapman as modified by Denison and Baum.27 As shown in Figure 2, 

a comparison of electron density obtained by the detailed laminar calcula¬ 

tions of Zeiberg, Lien, and Li indicates that the chemical processes 

Results from the present theory are compared here with results obtained 
by the methods given in References 9 and 10 and with unpublished calcula¬ 
tions of H. Li of The General Electric Co. The last two are finite difference 
calculations. The method of Reference 9 is a "strip" method for laminar 
flow and an integral method for turbulent flow (previously discussed). By 
agreement, the same initial conditions for the laminar run were assumed 
for each method. However, each group performing the calculations made 
its own estimate of the location of transition. The authors wish to thank 
A. Pallone, AVCO; W. Daskin, GASL, and H. Lew, GE for making these 
calculations available. They were initially reported in part in Reference 22. 

i -17- 



determined by the present simple method closely reproduce results obtained 

by these detailed calculations. Thus, the principal effect of the short lami¬ 

nar run is to allow time for chemical reactions to proceed and near equi¬ 

librium species concentrations result. At the estimated location of the 

transition point, the "laminar" streamline properties there were used to 

determine levels and distributions for the turbulent wake calculation; the 

axis velocity ratio at this point was u/u^ = 0.6, hence several diameters 

would actually be required for the rapid turbulent diffusion to raise this 

ratio to the assumed value of near unity (see section on Comparison with 

Experiment). The resulting axis charged particle concentrations calculated 

for the turbulent wake are also given in Figure 2. The attachment of elec¬ 

trons to atomic oxygen is seen to begin before an x/d of about 10¿ and later 

to molecular oxygen just beyond this distance where the temperature is 

low enough (below about 800°K) to permit stable ions. The familiar 

linear recombination decay with distance predominates at smaller disUnces, 

except for an even sharper drop in electron concentration immediately after 

transition. This drop is particularly noticeable in the present calculations 

and those of Zeiberg. It is due to the fact that the effective thickness of 

the electron distribution is initially smaller than the enthalpy thickness 

at the transition point; beyond this point the electrons then rapidly diffuse 

outward to the edge of the wake and the axis concentration is lowered. The 

agreement between the various theoretical methods is reasonably good 

over the entire range of the calculation. 

The temperature calculated for the axis of the wake is shown in Fig¬ 

ure 3. Although the temperature decrease shown for the turbulent wake 

is quite rapid in comparison with the laminar result, nevertheless, tempera¬ 

ture levels as high as 1000°K still exist at 100 body diameters downstream. 

Beyond 500 diameters, the wake intercepts the inviscid streamline from 

the expansion-shockwave intersection point and a slightly more rapid 

temperature decrease then results as the wake mixes with the colder in¬ 

viscid fluid. The divergence among the various theoretical methods appears 

-18- 



to be mainly due to the fact that somewhat different estimates were made 
* 

for the location of transition in each calculation. Thus, accidentally, 

these results indicate the effect of transition location on the axis tempera¬ 

ture history. 

Axis mass fractions for N, O, and NO are shown in Figure 4 for the 

present calculations. The N concentration rapidly diminishes in the turbu¬ 

lent wake due to the rapid NO "shuffle" reactions as the temperature is 

lowered. However, the O concentration disappears mainly by simple diffu¬ 

sion, as previously suggested by the order of magnitude estimates of the 

extent of the diffusion controlled versus recombination controlled wake 

given by the explicit solutions. 

In Figure 5 mean electron density contours are shown. Note that the 

electron attachment to molecular oxygen near the low temperature edge of 

the wake results in an electron distribution width significantly smaller than 

the wake width. This effect is necessarily confined to the low electron 

level region of the wake. A simple one-parameter integral method does 

not allow the calculation of such effects; however they are reasonably 

represented in the present method. 

BLUNT-NOSED CONE 

Three different blunt cone shapes were considered as shown in Fig¬ 

ure 8: a sphere cone, a "flat" faced cone and a 47 degree -6 degree 

biconic shape. The nose radii were taken so that the estimated overall 

drag coefficients were the same. The inviscid blunt cone flow fields con¬ 

tain dissociated and ionized species up to the radial stream coordinate 

where the shoulder expansion reduces the shock strength. The production 

of these species is cut off at the shoulder by the expansion and the partially 

ionized and dissociated gas there (which is nearly frozen due to the low 

pressure and high velocity) then forms the inviscid wake. For example, 

in Figure 6 the radial distributions of ûq- a^. ®¡vjoan^ temPerature 

Comparisons of the theoretical methods were also carried out at 100 kft 
altitude for a completely turbulent wake (Reference ¿¿). In these calcula¬ 
tions, the temperature levels, as well as electron levels, agreed quite 
well among the various methods. 
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r invUcid flow field at the start of the wake calculations for the 47 degree 

-6 degree biconic shape are shown;*these values occurred at the point 

where p/p = 4. With this distribution as a starting condition, along with 

the values of the other species in the inviscid flow, the behavior of the 

turbulent walr, growing into the dissociated, ionized, and reacting inviscid 

field of this blunt body was calculated. Although not shown, the inviscid 

flow fields for the other two blunt shapes were similarly determined and 

used as initial conditions for the turbulent wake calculation of these bodies. 

Shown in Figure 7 are the resulting ti.rbulent axis and wake edge 

temperature for the biconic configuration; an initial axis value h(0)/H =0.6 
s 

was assumed. Figure 8 shows the axis and edge electron concentrations 

for all three blunt nose shapes studied. The axis values in the turbulent 

wake were assumed to be in equilibrium at the initial station. The effect 

of the reacting inviscid flow in maintaining a high electron concentration, 

until the shoulder expansion fan-shockwave intersection streamline is 

reached, is apparent. The irregular behavior of the edge temperature as 

shown in Figure 7 results from chemical kinetic effects at the shockwave- 

shoulder expansion intersection region and is also apparent in Figure 8. 

Each shape considered had the same inviscid drag coefficient. However, 

the momentum defect is spread out to a larger radial distance by the coni¬ 

cal nose shape hence high electron concentrations are maintained farther 
¿0 

downstream for this shape. At lower altitudes, where the core drag is 

initially a smaller fraction of the overall drag, the cone wakes are even 

longer in comparison with the other bodies. 

CONTAMINATED WAKES 

The almost universal presence of trace amounts of low ionization po¬ 

tential substances such as sodium in the materials ablating from high speed 

bodies ensure the generation of high electron concentrations in the flow 

field even at low ambient pressure. Since this ablating material may well 

cause a significant extension of the electron trail length, it is of interest 

The large gradients in the supposed inviscid flow at the shoulder expansion- 
shock intersection will certainly cause a smearing out of these profiles by 
molecular diffusion in the actual physical case. However, over lengths of 
interest this effect is probably small. 
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to estimate the effect of the contaminant on the electron density history 

in the wake. For this purpose, the following reactions have been added 

to the chemical kinetic set; 

Na* + 6 + X -- * Na + X 

Na ♦ O ♦ O 0¿ + Na* + e’ 

Na* + O' ;=£ 0¿ + Na* + e" 

Na* + O' ^ Na + O 

Na* + O' Na + 0¿ 

Na + NO* Na* + NO 

Some of the chemical rates for the above reactions have been meas¬ 

ured, others only estimated. The values used here were taken from the 
¿8 recent survey report by Bortner; based on these values, the above reac¬ 

tions are believed to be the most important. 

Calculations were carried out for the contaminated wakes of a slender 

and a blunt body and compared with pure air results for the same cases. 

As before, Le = 1 has been assumed for all species in the turbulent wake. 

Bortner^** and others ^ have found that primarily due to the Na + O 

neutralization reaction above, followed by the collisional detachment of the 

electron fromO", the sodium will produce equilibrium ionization levels 

both in the boundary layer and laminar run at 150 kit altitude. Thus, the 

level of electrons obtained depends only on the level of contaminants present 
29 

in the heat shield. Typical values which have been measured are 10 to 

100 parts/million. For the present calculations, initial mass fractions 

in the wake of 10-5 and 10'6 (heat shield level diluted by a factor of 10) 

were assumed for the sodium and the sodium vas assumed to be 90 percent 

ionized. Results are shown in Figure 9A for a blunt body and Figure 9B 

for a slender body. It is interesting to note that the initial levels of elec¬ 

trons are not altered much for any of the cases calculated, however, the 

-¿1- 



downstream decay is altered significantly for both the blunt and slender 

bodies. This is due to the slow recombination of the '’sodium electrons" 

until temperatures low enough for oxygen attachment are achieved. 

COMPARISON WITH EXPERIMENT 

Wake Velocity 

Wake widths calculated by the original Lees-Hromas equilibrium 
5 

theory have shown excellent agreement with the early (low Mach number) 
¿5 ballistic range data for the small spheres of Slattery and Clay. More 

recently, Knystautas^* at CARDE has confirmed this agreement for sphere 

sizes as large as 3 inches. Strong support is therefore given to the diffu- 

sivity model proposed in References 5 and 17. While measurements of 

details of hypersonic wakes other than wake width are still scarce, some 

data on wake velocity are available. Primich has obuined microwave 

Doppler-shift measurements of the wake velocity of small spheres and 
33 

Washburn, Goldburg and Melcher have reported measurements of wake 

velocity using the luminous streak method. While in both cases the inter¬ 

pretation of the data obtained is not entirely straightforward, it is of 

interest to compare wake velocities calculated by the present theoretical 

model with the experimentally observed results. In Figure 10, wake 

velocities relative to a coordinate system fixed in the laboratory are plotted 

versus axial distance for the sphere and cone data referred to. The 

theoretical curves represent calculated wake axis velocities; these calcu¬ 

lations were carried out for conditions representative of the range over 

which the data were taken. The cone data were taken directly from Fig¬ 

ure ¿ of Reference 33; a comparison of a curve fit of these data with the 

theory (as well as with that of Reference 9) has already been given in Ref¬ 

erence 33. The data are incl ided here merely for reference purposes. 

The sphere data of Primich shows a much slower decay than for cones 

with again a reasonable agreement with theory. It is significant that al¬ 

though the present theory does not calculate the initial low velocity region 

correctly, this discrepancy is limited to the first 5 to 1 5 diameters; there¬ 

after a close agreement with experiment is obtained. 
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Electron Deniity 

The large variation in inviacid enthalpy reaults in chemical relaxa¬ 

tion processes over a significant portion of the flow behind a sphere. Cal¬ 

culations of this inviscid wake by S.C. Lin and J. Hayes indicate that, 

for large bodies, the wake may intercept ionized and dissociated species 

in the inviscid stream as far back as 100 diameters behind the body. How¬ 

ever, for small bodies the relatively larger skin friction drag causes the 

wake width to begin at a larger value; farther downstream the outer inviscid 

flow is essentially molecular in composition and only kinetics in the turbu¬ 

lent wake need be considered. Calculations for several ballistic firing 

range conditions are shown in Figures 11A and 11B. The data shown were 

obtained at the Lincoln Laboratory, MIT, using a resonant cavity technique 
« 34 

which yields linear electron density. Although early data evidenced 

large variations from run to run, apparently due to range contaminants, 

the experimental difficulties appear to have been overcome and consistent 

repeatable data are now available. 

Experimental results at 80 mm pressure were first chosen to com¬ 

pare with calculations from the present theoretical model. An enthalpy 

ratio at X - 0 of h(0)/Hg = 0. 5 was taVen and, due to the high temperature 

associated with this enthalpy level, the initial species concent- ations at 

X 3 0 were taken to be in equilibrium at the local temperature and pres¬ 

sure (4 p ). The results of the calculation are shown in Figure 11 A. At 

80 mm pressure available experimental data indicates that transition of 

the wake should occur within about 20 diameters, hence an entirely turbu¬ 

lent wake was assumed in the calculation. In this case, fair agreement 

(within a factor of two) with the measured electron level was obtained, 

except beyond 5000 diameters where the experimental results indicate a 

faster electron decay at lower electron levels than predicted. 

A calculation for 40 mm ambient pressure is shown in Figure 11B. 

For this case, an estimate of the nonequilibrium laminar run (similar to 

that described above for the slender cone case) was carried out to the 

The authors are indebted to R. Slattery and W. Kornegay of the Lincoln 
Laboratory, MIT, for providing this recent unpublished data. 
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x/d s 150 station, which was the estimated transition location. The present 

method was then applied to the prediction of the electron line density in the 

far wake. As indicated in Figure 11B, the procedure described above 

appears to overestimate the electron level from 10¿ to 103 diameters and 
3 4 

underestimates it from 10 to 10 diameters. The disagreement prior to 
3 

10 is attributable to the necessarily approximate treatment of the laminar 
3 

wake and the uncertainty in initial conditions. Beyond 10 diameters, the 

electron density history is mainly sensitive to the chemical rates which 

have been estimated for the clean-up reactions. Specifically, since oxygen 
3 

attachment dominates the electron removal beyond 10 diameters, the 

rates taken for the attachment processes apparently need further study. 

While the agreement of the electron density calculations with experi¬ 

mental measurements is encouraging, a final decision on the accuracy of 

the theoretical model must await the accumulation and evaluation of more 

data over a wider range of experimental conditions than is currently avail¬ 

able. Measurements of volume density in the wake concurrent with line 

aensity results, further independent chemical kinetic measurements of 

the pertinent reactions discussed herein over a range of temperatures, 

and additional information on transition and on the distance required for 

the establishment of a developed turbulent structure, would assist in the 

evaluation of the theory. 
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APPENDIX 

Sptcic» Identification Numbers 

1) n2 

2) °¿ 
3) NO 

4) N 

5) O 

6) NO* 

7) e‘ 

8) 0‘ 

9) 0¿ 

Neutral Species Reactions 

A) N 4 N 4 M ^=ÍN¿4M 

B) O 4 O 4 M ?=íO¿4M 

C) N 4 O 4 M f=;N0 4M 

D) N 4 02 í=^ NO 4 O 

E) NO 4 N N¿ 4 O 

F) 2NO ?=í N¿ 4 02 

Charged Species Reactions 

G) NO* 4 e* N 4 O 

H) 02 4 e' 4 M 0¿ 4 M 

I) O 4 e‘ 4 M i=i O' 4 M 

J) O' 4 NO* ;=* O 4 NO 

K) O* 4 NO* NO 4 02 

L) 02 4 O i=i O" 4 02 
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Reaction Rate Table 

Catalyst, 
M 

Reac¬ 
tion 

a. n 
i 

1 
2 
3 
4 
5 

0.276E17 
0. 109E17 
0. 109Er 
0.236E2Z 
0. 109E17 

0.5 
0.5 
0.5 
1.5 
0.5 

0. 502E18 
0.198E18 
0.198E18 
0.429E23 
0. 198E18 

0. 113E6 

0. 113E6 

0. 5 
0. 5 
0. 5 
1.5 
0.5 

1 
2 
3 
4 
5 

B 

B 

0.617E16 
0.799E20 
0.301E16 
0. 301E16 
0.225E21 

0.5 
1.5 
0.5 
0.5 
1.5 

0. 103E18 
0. 133E22 
0. 502E17 
0. 502E17 
0.375E22 

0.594E5 

0.594E5 

0.5 
1.5 
0. 5 
0.5 
1.5 

1 
L 
3 
4 
5 

0. 102E21 
0.102E21 
0.200E22 
0.102E21 
0.102E21 

-1.5 

-1.5 

0.408E21 
0.408E21 
0.800E22 
0.408E21 
0.408E21 

0.755E5 -1.5 

0.755E5 -1.5 

0. 163E14 0.741E14 0. 378E5 

0. 181E22 

0.133E11 0.356E4 1.0 0.319E10 0. 197E5 1.0 

0.241E24 0.430E5 -2.5 0.456E25 0.646E5 -2.5 
-1.5 0.302E14 0.325E5 -0.5 

1 
2 
1 

4 
5 

H 

H 

0. 100E17 
0. 100E19 
0. 100E17 
0. 100E17 
0.100E17 

0.600E8 
0.600E10 
0.600E8 
0.600E8 
0.600E8 

0.533E4 1.5 

0. 533E4 
0. 162E5 

1.5 
1 
? 
3 
4 
5 

0. 110E20 

0. 110E20 

-1.0 0.112E12 0.5 

1.0 0.112E12 0.162E5 0.5 
0. 100E19 0.5 0.653E19 0.918E5 

0. 103E6 
-1.0 

K 0.100E19 0.5 0.111E20 -1.0 
0. 122E13 0.533E4 ÕTs 0.208E13 0. 162E5 075 

Reaction Rate Constants: 

nf 
Forward Rate: * a^T 1 exp |-bj/xj 

a 
Backward Rate: k^ = a^T exp 

Units: (cm^/gm mole)n sec**, where n is reaction order, and temperature 
must be expressed in degrees Kelvin. 

The numerical exponent symbol, E, is standard Fortran notation; e.g., 
0. 1E10 means 0. 1 x 10^. 

Sources for rates: References 35 through 38. 
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Figure l. Wake Axis Electron Density-Comparison of Theories 
For Slender Cone 
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Figure 6. Non Equilibrium Species Mass Fractions and Temperature 
For Inviscid Flow at Initial Wake Station —Bi Conic Shape 
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Figure 9A Effect of Sodium Contamination on Electron Level 
of Turbulent Blunt Cone Wake 
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Figure HA. Linear Electron Density — Comparison With Experiment 
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Figure IIB. Linear Electron Density — Comparison with 
Experiment (40 mm) 
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