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NOTATION
Duct chord

Mean line ordinate of the duct section measured from
the nose-tail line

Complete eliiptic integral of the second kind
(a/2 R,) chord-diameter ratio of the duct
Complete elliptic integral of the first hind
Modulus of the elliptic integrals
Ring-source strength

Duct radius

Cylindrical coordinates

Half-thickness ordinate of the duct section
Free-stream velocity

Axial component of induced velocity

Component of free-stream velocity in direction of duct
axis

Radial comporent of induced velocity

Radiai coordinate nondimensionalized by the propeller
radius

Axial coordinate nondimensionalized by the duct chord
Angle of attack of a duct section

Ideal angle of atteck of a duct =ection

Relative angle between {rec-stream velocity and duct
Ring-vortex strergth

Mass density of fluid

Anguler velocity
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Subscripts 1
d Duct

q King source j
y Ring vortex .

dy - . |
—_— Trailing vortex system of the vortex cylinder

Note: Marny functions are defined in the text,
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ABSTRACT

A computer program is presented which calculates the aerodynamic char-

acteristies of annular airfoils on an IBM-7090 high-speed computer. A brief re- |
' view of the theory is also presented. Experimental and computer results indi- J’
‘ cate that the theory gives reasonable prediction of the lift, induced-drag, and

moment coefficients and al=o of the pressure distribution except when separa- }
tion is presert on the annular airfoil. The computer program can also be used

for the design of ducted propellers if an infinite number of blades is assumed.

ADMNINISTRATIVE INFORMATION

This work was covered by Subproject S-R011 01 01 of Task 0401 under !
the Bureau oi Ships In-House Independent Research Program.

1. INTRODUCTION

Annular airfoils have found use in both aeronautics and naval architecture where
ﬁ their application has generally been as shroud rings around propellers. The aeronautical 1
application has been t) increase the thrust of propellers for hoveriag flight such as applied
# to vertical take-off craft. In naval architec-ure Kort nozzles have been used for many sears
for increasing the efficiency of keavily loaded propellers, whereas pumpjets are a more re-
cent innovation for delaying cavitation.

In most applications the asnular airfoil is used as an integral part of the propulsor,
and a theorctical treatment must conisider the interaction between the propeller and airfoil.

The present thecries, however, use an interative procedure between propeller and annular air-

foil theory so that the usefulness of the complete theory di-perds on the verification of each
part. Oae purpose of this report is to present a comparison of theoretical and experimental {
results for a number of annular airfoils.

The first theoretical development of annular airfoils 1s that due to Dickmann? who l
represented the annular airfoil by a distribution of ring vortices. This approach implies that
the airfoil has no thickness. Other contributors have been Stewsri,? Kuchemann,3+4 Pivko,*

Malavard,® and Hacques.7 A more complete review of each of these contributions can be

* found in References 8 and 9. The most complete theoretical approach to date has, however,

10.11 ywho extended the work of Dickmann and has considered ducts

4 been that by Weissinger
with thickness, of arbitrary shape and at an angle of attack. His mathematical nodel of the

annular airfoil was a distribution of ring vortices and ring sources lying on a cylinder of

xRe(erem:es are listed on pegze 82.
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diametor representative of the duct and of length equal to the duct. This means that the
boundary conditions are linearized and are satisfied on a representative duct cylinder and
rot on the duct surface. .

A number of investigators have used the Dickmann-Weissinger mathematical model a
bave developed numerical methods for computing the pressute distribution on annular airfoi
Bagley, Kirby, and Marcer!2 have presented a simplified method where the boundary condi-
tions are satisfied at only a few points along the chord. A more complete method is that
given in References 13 aad 14, which has presented quite ar extensive set of tables for a
limited r.u nber of airfoil configurations.

In additizn to the comparison of theoretical and eaperimental rosults mentioned pre-
viously, this report presents a computer program for the 1BM-7020 which enabtles not only t’
pressure diswibution of the annular airfoil to be obtained but alsc other acrodynamic chara
teristics. Specifically, the program calculates the rressure distribution, both linear and nc
linear!> for an annular airfoil of arbitrary section, the ideal ungle of attack, the velccity di
tribution, both on and in the flow field, and the various aerodynumic forces which arise. T
cnnular airfoil is assumed to be axisymmetric but may have an ang!: ' attack and be in an
axisymmetric flow field. Consideration of such a flow field allows the inclusion of an infi-
nitely bladed propeller or a central bndy within the duct. The mathematical model used for
these calculations is the Dickmann-Weissinger moudel and the approach is that of Reference
9 and 15.

The fullowing discussion is divided into four 1aain sections. The development of th
theory is reviewed briefly, then the computer program is described, and finally, the results
of ke calculations and comparison with the experimental results are presented.

2. LINEARIZED THEORY OF THE ANNULAR AIRFOIL

The lincarized theory of the annuiar sirfcil has been developed adequately in the rel
erences cited, but a brief development will be repeated here for completeness. Details of
mathematical manipulations which have been omitted will be found in References 9 and 15.

As indicated in the Introduction, the method of singularities is used for representati
of the flow field about the annular airfoil. The mathcmatical model used will be a distribu-
tion of ring vortices and ring sources lying on a cylinder of a diameter representative of the
duct diameter and of length equal to the duct length (the Dickmann-Weissinger model). Int
use of this approach a number of assumptions are implied. Briefly these are:

&. The fluid is inviscid and incompressitde and no separation occurs on the duct.
b. Buody forces such as gravity are neglected.

c. The free-stream flow is, in general, axisymmetric but may have a small cross-flow
c¢omponent.

d. The annulur airfoil is axisymmetric and of (inite length.

R g Y
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o. The annular airfuil can be represented mathematically by a distribution of ring vortices
and ring sources along a cylinder of constant diameter. This implies that the boundary condi-

tions are linearized.

f. The trailing vortex system of the annular airfcil has the constant diameter of the an-
nular airfoil und extends from the annular airfoil to infinity.

2.1 BOUNDARY CONDITIONS

The coordinate system uscd is a cylindrical system (r, &, Z; with the axis located at
the trailing edge and on the centerline of the duct. For convenience,.the axial coordinate
will be nondimensionalized by the chord ¢ and the radial coordinate by the reference radius
of the duct R,. Figure 1 shows the annular airfoil coordinate system and Figure 2 is a de-
lincation of the system.

The cross section of the annular airfoil is assumed known and will be delineated by
a thickness distribution, a camber distribution, and an angle of attack.

In terms of the thickness, camber, and angle of attack, the slope of the outer surface
of the duct is given by

u'(Z) = €(Z) + an a + 5°(2)
and the slope of the inner surface by
b(Z) = C(Z2) +tana - §°(Z)

The boundary conditions to be satisflied o1 the surface of an annular aitfoil are that

the normal velocity must te zero and that the Kutta condition must be satisfied at the trailing

edge. In linearized theory, Reference 9. this means that (he radial velocity at *he reference
cylinder must be equal to the slope of the section, or

W
(410,86, 2) = -(C](2) + tana 5720 (9 £221) (2.0

And at the trailing edge the radial velocity is zero, or

"'
—Vi(.\;, £0,0,0)=0 [2.1.2)
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2.2 DERIVATION OF THE RING VORTEX AND SQURCE DISTRIBUTIONS TO REPRESENT
THE ANNULAR AIRFOIL

in order to calculate the pressure distribution on the annular airfoil, the flow ficld a-

round th> foil, and the aerodynamic forces, it is necessary tc ubtain the strength of the ring
vortices and ring sources. The ring-vortex strength and ring-source strength must be of such
magnitude that they induce radial velocities which satisfy the boundary conditions given hy
Equation [2.1.1}. By substituting the equations for the radial velocity induced by the ring vor-

tices and sources into Equation [2.1.1}, a singular integral equation is obtained whick can be

solved for the various singularity distributions as shown in the following discussion.

The nondimensioral elementary circulation of the ring vortices vill be taken to be
y(&, Z) and the strength of the ring sources to be-g(&, Z). If the ring-vortex strength is a
function of ¢ - angular coc')rdinme, then from vortex theory & trailing-vortex system exists

1
behind the duct. The strength of the elementary vortex is —

dy
d

58" and this vortex sysiem

induces radial velocities at the duct. Since the velocities are linear, they are additive, and
the radial velocities by the duct are found to be

W, W, W,
-‘-r_(“'d - 0' ¢’ Z) = .‘-" (.Yd' ¢’ Z) + “’— (Xd t cy év Z)
= Y q

d¢é
0z
And the various terms are defined as follows:
! The radial velocity i .
[ur (Xd' &, Z)l)_ e radial velocity induced on the duct

At vy s w

by the ring-vortex system.

W (£, to, ¢, 2) The radfal velocity induced on the duct
' g by the rig, source system.

W (X, & 2)) The radial ve'aeity induced on the duct
P g @ ).‘3{ by the trailing-vortex system.
9

< s T RAANEE

“EeT F I L eE

W W
r r
+ "‘V (Xd‘ A, Z)] . + [T (Xd’ Z)] +a, cos &
s )'
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An arbitrary axisymmetric veloc ity at the
duct such as induced by an infinitely
bladed propeller or a center body.

W, (X, 2)]

The radial component of the free-stream
velocity when the duct is at an angle of
attack.

a,_Ccos o)

The radial velocity components induced by the various singularity distributions at the
reference cylinder have been derived in Reference 9 and are

For the ring vortices:

] 1 2=» “ . . sy
ro kop QL ~Z") cos(S-87) y(Z7) -
[—V (X,0 &, z)] 5o — 1 de’ dZ
y 0o [41:2(2—2’)2+4sm25(¢—¢’)]3/2 [2.2.2)

For the ring sources:

W 1 2n ) o
h - 8 - « l 1

["T'(Xd e, g, z-J - 1-// [1-cox{cs-¢) q(l._l, Z) d¢.'dz'1.;q(6‘ 2

- [+ ) [452(Z~Z')2 .4 Sinz';(é-é')]:’/z 32

(2.2.3)

For the trailing-vortex cylinder:

W 1 2n 0 .
r 1 R WMZ-2")
[-‘T("’d‘ S, Z)] =- nf f cot—g—(é-é )&:==—_—=—.——- +1
o 0

1
dy LW(Z-Z')2 +45in=(6-98")
96 i

dy [2.2.4)
— s" Z L4 I L4 dz L4 -
e (&%) do

lv'b.

¢
where A e,
<
These radial velocities are substituted into ihe boun-lary condition [2.1.1] which leads
immediately to

g(&. 2) = =2 §°(2) (2.2.5)

From this equation it is seen that the strength of the source rings is a function only of the
thickness slope and. for an axisymmetric duct, is independent of angle. In tinearized airfoil

e T
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theory the same e¢quation is obtained. Substituting the slope for the sourcc strength into
Equation [2.2.3], the radial velocity induced by the ring sources at the cylinder becomes

W, '
—(X, 0, 2) =--f SUZYVAR(K) -E(R) dZ°F5°(2)  [2.2.6)
)]

‘v
q

where k2 =

and A'(k) und E(k) are complete elliptic integrals of the first and
A(z-2)% 41
second kind, respectively.
Substitution of the various radial velocities into the boundary condition, Equation
(2.2.1], led to the ring-source strength given by Equation (2.2.5). This same substitution
also led to the following integral equation for the ring-vortea circulation:

b P MZ-Z)cos(d-87) y(6IZ) ..
E:f/ 1 3/2d6 az
0o "o [462(2—2')2¢4sin2-2—(¢-d')]
PR WZ-2") dy
+2—"[f col?(é-d)') = +1 (‘;B(é.'Z')dé'dz'
0 0 K7 ~2")2 4 sinz-g(d,--.ﬁ’)

1 'y
= - {[C;(Z) stana+ @, cos & N f SUZ Y kUK(K) - E(K)) dZ ”T" (X,, 2)}
n
c

= U(é, Z) (2.2.7)

This equation is a singular-integral equation for the ring-vortex circulation y(¢. Z).
In order to solve this equation, an assumption is maede that y(¢.) Z °) can be expanded in a
Fourier series in &, i.e.,

y(é) ) = E 9,(Z°) cos nd + E A(Z7) sin ng” [2.2.8]
n=0 n=]}

g
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The function U($, Z) is also expanded in a Fourier series in ¢, but it is immediately obvi-
ous because of the form of U(¢, Z; that only two terms of the series exist, i.e.,

U(¢, 2) = 4y 5 y cos ¢ {2.2.9)

where

P W,
u, = -{[C,’(Z) +tane} == f $2°) KGR B 07 "+ (X, Z)}
0

Il‘s-.'

If Squations {2.2.F] and [2.2.9] are substituted inio Equation [2.2.7] and the neces-
sary mathemat:cal manipulations are performed, a singular integerl equation is obtained for
the Euler coefficients g(Z) ard ¢, (Z). All other Euler coefficients are zero since a Fourier
series is unique and, hence, the coefficients can be equated. Only v, and u exist on the
right-hand side of Equation [2.2.7). The two integral equations obtained are

f‘ %(Z)
AZ-7") dZ’ = I(Z) (2.2.10)
Z-29
4]
Y 9(Z) !
f -~ W (Z-2") dZ‘thf 9(Z27) dZ’ = ~2nm f2.2.11}
(Z‘Z ) 1 r
] [}
where
A(Z-2°) = I:{u.z(z-Z')2 [K(k)-E(©)} - es(k)} {2.2.12]

W 1
H(Z)=4n[C,’(Z)+ianu]--in-i,-'(xd. Z) -4k f S°(Z ) kIK(R)-E(RdZ*  [2.2.13)
0

1
MZ-2)2+1

k-

~ e——
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W(Z~Z") = 3-3-{(2-1-2)2 E(k) - 4(1-£2)2 K(#)]
k

Solution of these two integral equations gives the circulatioa distribution for an axisymmetric
annular airfoil at an angle of attack, i.e.,

(S, Z) = g(Z) + 9,(Z) cos & (2.2.14]

Actuatly, soluuon of Equation {2.2.10] gives the circulation distribution for an axisymmetric
annular airfoil at zeic angie of attack. It should be ncied that the thicknes« distributivn and
the arbitracy axisymmetric radial velocity each contribute to the strength of the ring vortex.
Solution of Equation [2.2.11] gives the circulation distribution on a right circular cyiinder at
an angle of attack with length equal ro the duct chord and diameter equal to the representa-
tive diameter of the duct. This circulation distribution is independent of the shape of the
duct.

The equations for the circuletion distributio: s have been derived in terms of elliptic
integrals. They can also be derived in terms of the half-order Legendre function of the sec-
ond kind.® If the annular airfoil i not axisymmetric ard the propeller has a finite number of
bledes, the use of the Legendre fanctions is preferred.

In the next few sections the two singular integral equations just derived are reduced
to Fredholin equations of the second kind and the solution of these equations is discussed.

2.3 REDUCTION OF THE INTEGRAL EQUATION FOR THE AXISYMMETRIC CASE

Following Mushhedishvili,'® as shown in Reference 9, Eqgnation [2.2.10] can be re-
duced to a Fredholm equation of the second kind by adding and subtracting the term. g(Z~-Z ")
from the kernel. Since at Z = Z “the kernel is equal to -2, i.e., (Z-2°) = g(0) = -2, Equa-
tion [2.2.10] becomes

lgo(Z') iz 1 1[2 27 go(Zo) . 1 [
A (ano) t;[ *g( ~d ) (Z-Z’) pA -;;”(Z):fb(Z) 2.3.1]

The integrand of the integral on the right is not singular at the point (Z = Z°) and has tke
value of zero. This equation is in the form of the weli-known Cauchy-type, singular-integral
equation and has a unique inverse given by

Jzra-zy

1 1
1 1
o N - — ’ " " 4 .8
102} = s ”z( G (24 2! W(Zdz’ | 12.3.2])




To this equation the secon? boundary condition, Equation {2.1.2], is applied. This boundary
condition implies that the circulation at the trailing edge must be zero, and the constant term

1
f 9o(Z *VdZ " is chosen so that ¢,(0)=0. If f(Z°) is substituted into this equation for f(Z ")
0

and the constant chosen as just descrited, a Fredho!m equation of tke second kind is ob-
uined for the circulatior distribution:

! RZ)
93(Z) = Vi=2Z S2Y = 1(Z) +f K(Z, 2°) V—i,;?dZ' (2.3.3)

0

where

, -
1 1 1-2°
Z) = - e T v HZydZ~
f( ) 2"2 V f(Z°Z‘) Z' ( ’

]
1 -“‘F— ) A A
A.l(z. Z,) = _v’-z-f - [ ‘9(4 )]‘ dZ e
22 d | 2" (Z7-2Z7=7)

A new dependent variable is defined by this equation from which the circulation distribution
can easily be obtained. This redefining i3 necessary since the circulation disuridution ¢ (Z)
is generally infinite at the leading edge. The case where g (Z) is not infinite at the lead.
edge will be discussed later.

Both functions f(Z) and K (Z, Z°) are Cauchy Principal-value integrals and to evalu-

ate, part of the integrand will be expanded in a Fourier series. For convenience, a change

1
of vartable of the form & = -2—(1 + cos @) is made in Equation [2.3.3]. Then

4
1
90(0) = 95(6) sin — 6 = {(0) + f K(0, 67 g3(0°) d6” (2.3.4}
o
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(1-cos 6°)

£(6) = -~ cos ~ 0
B e COS - T —————————————
9.2 2 A {cos 0°~cos )

H(6°) do*

1 1-cos6”) 2+ g(co" 9”'=cos
K(eo, 0):-—-cos-—0cos- / -
2 (cos cosf ‘~cos 0

. 0°~z0s 0)

{2.3.5]

,‘Q}do" (2.3.6]

To evaluate the function, f(6), H(6°) is obtained in series form. This {unction is given by
Equation [2.2.13] with the proper change in variable. The following half-range Fourier series
expansions are made for the slope of the thickness distribution and the section mear line:

”l “’ o0

C(Z)-—( o .)_C(a)-— (X 6) = C, ‘Ec cos m0

mx]

where

Wil L
¢ -—;f 20 - L (X 0 do
o
2 [ W,
r
C.(6) = = [C,(l)) -7 (X4 0)] cos m0 do
0
and
8Z) = SIKZ)] = )S_ sinam0
m=l
where

L4
2 .
S, = ;—f (0) sin m0 do

10

(2.3.7)

(2.3.8)
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The slope of the thickness distribution is then given by

a8 2
§(2) ='3Z[0(Z)] aliaireary E' S, cos m6
mel

Use of the Fourier scries expansion causes no restrictions on the th.clness distribution;
however, Equation {2.3.7] requires that the camber line slope be finite everywhere. intro-
ducing the expansions into Equation [2.2.13] yields the following:

H(6°) = {-lm {mnc +C, + )C, cos mO'] + 4A En SMG(O,’m)] (2.3.9]
mu} m=1]

where
l b4
G(8, m) --3-[ kK(k)=E(k)] cos m6°°d0o°*
0

¥or
-f 2R IK(R) - E(R)] cos m(0°=t3) dt (2.3.10]

=0

4

A?[cos 0°~cos(0°=-13))? + 4

k=

The elliptic integral of the first kind A'(k) hss a logarithmic singularity at & = 1, which re-
sults in the integrand of the left-hand integral of Equation [2.3.9] having a logarithmic sin-
gularity at this point. This is a singularity which can be removed by making the change in
variable of 0" - 0°* = ¢3 This has becn done in the right-hand integral.

To complete the solution, the function G(0. m) is expanded in a Fourier cosine series
in 0/ 1.c.,

G(9, m) = ay(m) + Eap(m) cos p0’ {2 5.11)
1
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n
ag(m) "71,' f (07 m) d0°
(1)

”
2
a(m) a—f (6, m) cos p0°do”°
p 7
0

With this expression for G(0, 1), Equation [2.3.9] is substituted into Equation [2.3.5)
and the integral for /(6) crui now be evaluated. After the order of integration and summation
are interchanged. the resulting integrals are of the Glauert type and f(0) then becomes

1 1(6) = [%ana +C) + ES'" F, ] cos %o l

LD

o a————— s

L} . - ' x
+ [—2 ;f‘r sin m@ + ESM Bm(e?)] sin ;0 {2.3.12]

[ D

where

6h
F'. = —;— mao(m)

1 . Bm(0) = -? m Ea (m) sin po

p=1

To obtain the kernel K(6, 0°) also involves the evaluation of a Cauchy principal-value
integeal. The method used to evaluate this integral is to expand the part of the integrand

2+ g(cos §”~ccs (i')‘!
cos ° ~cos 8°

-

in a half-range Fourier cosine series in 0. This term is contiruous everywhere for 050 <y

and has the value zero for 0" = 6.
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I";Hg(cos 0°’-cos 0°)

] = 5(0°) + Ebn(o') cos n@”’ {2.3.13)

|_ cos 0°°-cos 6°

where

244(cos §°°~cos 0°) .
0(0 ) o= ....f ~ do
cos 0”’~cos 0

n cs 0°=cos 0

”
2 2 I 0"- < ol
6(0°) = -f [ +g(cos coq' )] cos n@ " d6”

Substituting this e¢quation into Equation [2.3.6] and evaluating the integrals gives the
following for the kernel k(0, 0°):

o 1 1, . 1 .1 -
K(0,0°) = ~ cos -2—0 -5,6) cos-é- 0+sin ry 635, (0°) sin n (2.3.14]

Both f(0) und K0, 0°) are now in a form which can be handled numerically so that the Fredholm
equation of the second kind, Equation {2.3.3], can he soived for the circulation distribution.
Several methods exist for the solutiun of this type of integral equation;!? however, che ker-

nel K(0, 07) is of ike degencrate (or product) type and the method applicable to this type of
kernel will be used here. Details of this method are given in Reference 17 and anly resulting
equations are given here. Following this procedure, the equation for the circulation di~tribu-

tion becomes?

93(0) = 1(6) + C(0) Dy(0) A+ C(0) Aysin B+... + (&) A, sin n {2.3.15)

where £(0) is given by Equation {2.3.12])

1 1
C(0) = —sin—0
&

4

1
Dy(6) = ~cot ry 0
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and 4 is given by the following set of simultaneous equations:
A (1-Cop) =4,y =4,C52=----=AC,, =4,

~Aglio +4(1=Cy,) 4,0y~ .= AC, =d,

“‘ccno -A‘C" -Az(,'"_,-. .o .é:ﬁn(‘ -CM) =dn
whore
. o
(,'..i --Q—vf b,(o')o,(a') sin 0°d0°; (t,7=0,1,2,... 1)
0
4 1 4

00(0 )- -cot ‘2' 6

D,(O') -~ sin jO°
and

d‘.-

e |

m=l] m= m=l

- 4
1
1 .f 80°) eos? = 0" db”
0
a5
1.4
d.,. -f 6(0°) sin 6°sin m8°do’
0
-4
I .j 5(6°) B_(0°) sin 6”6’
0
14

otan @+ Cp) + Esﬂrﬂ] -2 D d, + ESMI‘_; (i=0,1,2..
1

{2.3.16]

.n)




2.4 THE IDEAL ANGLE OF ATTACK

In discussing Equation [2.3.2] of the previous section, the statement was made that

the circulation distribution oi the annulaz airioil was generally infinite at the leading edge.
j This is not the case, however, if the annular-airfoil section is at its ideal angle of attack
®,,, i.e., if the stagnation point occurs at the leading odge. This angle can be obtained
from Equation [2.3.2! by not only making g,(®) = 0 but also by taking tho circulaticn at the
leading edge to be zero, g,(1) = J, and solving for the angle @:

«. . 1 ‘ “—"'"",l(z ) d ( }
'.. . Ly TR pimiooy i 2.4.1
he, xe®;y 9.7 / N-z32° s

{ where
fl(Z VelZ)+2mre

1 If this value of the ideal angle is substituted in place of the section angle @, an equation is
obtained for the ideal circulation distribution:

1
va= o+ [ K2 2y vz 02

o

where

l *
@) - L VIR f i )trimel .
272 A

(Z°=2)YVZ(1-Z")
1 24+9(2°-2°)
KA(2,2)=— JZ(1-Z L S Add
W& 20 oq2 ( )fol(Z"-Z')(Z"-Z)\IZ'u-z")

In this equation it. is not necessary to solve for a pseudo-circulation since y ,(0) is not sin-
gular at the leading edge. By the following the procedure of the previous section, the coef-
ficients [ ,(Z) and K ,(Z, Z°) are obtained as foliows:




|
§

DT OR,

£46) = [-2.(.,‘:‘ sin m6 ZSLBM(G)]

mel m=]

and
» x : rd “ » 4
K, (6, 0°) = 5— sin 6 IEb”(& ) sinnd
4
LR

The coefficieuts C_, S, B, (0), and 3 (6°) are given in the pievicus section. The
ideal circulation distribution [g,(0)],, is given by Equation [2.3.15] wiuls

C(6) = 51;
Dy(®) = 9
sud d_ is given by
A4(1-C ) -A4,0,, ~...... -4C,. =4

~4,Cyy +A(1-Cp) = ~AC, =d, -

{2.4.2)

—4,C,, ~AC,, = ... +A(1-C, ) = d,

All the coefficients are the same as given in the previous section exzept for d, which is
given by ..

d = -2 EC'.Q.”#ESM/‘.M; (i=1,2.3... n)

m=l, m=}
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Once the ideal circulation distribution is obtained, the ideal angle of attack at which the
section must operate for the stagnation puint to be at the leading edge is given by Equa-
tion (2.4.1). Substituting for [, (Z°} i+w this equation yields the following for @, :

” L
1 . . » hJ l
“un g f 8(0°) Lgg(0°)),q sin 0°d0° = [ 3= NSUF, (2.4.3) !
Q m=l

2.5 REDUC"ION OF THE INTEGRAL EQUATION FOR THE ANNULAR AIRFOIL AT AN
ANGLE OF ATTACK

In Section 2.2 an integral equation was deiived for the circulation distribution of an
annular airfoil at an angle of atta k. This equation showed for the linearized theory that the i
4 section shape had no effect on the circulation distribution, which was dependent only on the
i chord-diameter ratic 4 and the angle of attack @, i
Tha redu:iivn of tins Equation [2.2.11] to a Fredholm equation of the s3cond kind fol-
lows the procedure outlind in Section 2.3 and is more fully described in Reference 8. The
resulting equation is

g3(0) = (sin% ) (0

1. e0) 1. :
= 2@, cos -2—0-:_[ cos-é-O' [-bo(lﬂ ros;()

- ")
. (sin-;-o b (8°) sin m0J j» 3(6°) do- [2.5.1]

mw=]
where

Wy(cos 6" ~cos 6°) -1

.4
” 1
5(9) == A -/ do’
o(?) 2 *’o {cos §"°~cos 0°)

(cos 6”°~cos 6°)

2 s | W(cos 0”°~cos 6°) -1
5,(07) =~ f cos m0"" do** J
”
0
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Here, as in Section 2.3, it is necessary to solve for a pscudo-circulation. From Reference 17
the solution of this equation for the pseudo-circulz:in is obtuired in the following form:

-
-

e 1 2 - ]
97(0) = 2@, coaé - - A, cos ; 0- ",',"[‘41 sin 9+ ,sin 20+...4+ 4 sin n6) [2.5.2)

The coefficients 4, are obtained from the set of sim.iianeous equations given by Equa-
tion [2.3.1], except that the cvefficients C,, and d s

-4
C.n=Lf 50y D(0%)sin0°d0%; %, j=0,1,2...n)
ij = i ]
0

4

1
":"2""[ cesz-2- 0°8(0°) 40°; 5=1,2,3...4)

with
4 1 ’
Dy(6°) = ~cot -é—o
D(o°) = sin j@°; (/=1,2,3...n)

3. VELOCITY, PRESSURE, AND FORCES
3.1 VELOCITY DISTRIBUTION

In linearized theory the flow field is given by summing the (ree-stream velocity and the
velocities induced by singularities in the flow field. For the annular airfoil at zero angle of -
attack, this means that to the free-stream velocity must be added the velocity induced by the
ring sources and ring vortices. For the zero-incidence case. only axial and radial velocities

are induced by the duct and these are®

Axial-induced velocity:

w, aw 4r?
SXD| = f 90°) ky | K(ky) - EC,)

1 ey =m0 -

- cos—-(63+6) 6° gp (3.1.1)

X 2 2

k%(ccs 0-cos 0°)2 4| —-
X4
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% W, A » 2Mcos ~cos 6°) E(k,)

s X,2)| == —— [ S0k, d6’ 13.1.2)
H 14 x\i/2 * n - X 2

: 9 af— 0 h3(cos 6-cos )2 4+|— -~

= Xd Xd

» Radial-irdaced velocity:

W, A : . ,
[;(X, Z)] 3 ——;Y-;z'f 3]5(0’) kJ?h(Cbs B-co8 @ )] [K(k,)—E(kl)
Y 2:7("' i 0

2 —x' Er)
X : 1
- cos—6°do’ (3.1.3)
"2 X \ 2
h?(cos 8-cos 6°)%+[— -1,
X

W 7-0
'zl .- 2 S0V k.| K(k,)~E(k,)
F x\3/2 2 2 2
9 n --) =1

+ 22 dg (3.1.4]

where

)

2
2 - w2 X
&%(cos 0-cos 6°)°+ X +1

d
()
Xd

- X 2
A?[cos 6-cos(63 +6))2 *(I- : l)

2
ki-

2
k3=

d
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1
Z--2-(1+cos 0)

0°-0=03 (3.1.5)

The foregoing equations for the induced velocities have been derived in a form for ease
in making numerical calculations. Changes in veriables have been made in order .o remove
singularities fromthe integrand.

On the annulsr sirfo:! itseif, these equations are considersbly simplified since X = X,
However, across a singular vorte. sheet there is a discontinuity in the tangential velocity
while across a singular source shees there is a discontinuity in the normal velocity. On the
duct itself then; i.e., X = X, and 0 £z< 1,

Axial-induced velocity:

—t
1

W rl
[—f(x,. J,] f g'(0 ) k{K(k) - E(k)) cos —5 3_6) 362293 " %(0) (3.1.6]
Y =ve

n [
S’ KE(k 2
_(Xd’ Z) (67) KEC 2O R di’= - — Ea sinn@ i3.1.7}
(cos 0-cos 07) sin @, "

and
2 2
a, -;—/ £(0°) kE(k) cos n6°do”
(1}

Radial-induced velocity:

(cos 6-cos 0°)

W, 1f w0k 1
-;(xd, 2) --f —{k(crs 0-cos 8°)2 (K(k}-E(&)} ~E(K) cos—¢°dg’
” -
) ()

! E' in né {3.1.8]
= a_ sin n 1.
sin 6, B

n=l




mi

and

T
- 2 P » l . ’ ’
a, =;.f 950 )cos-2—8 cos n0’ d0
0
u’ 3h yﬂ°e
T;(Xd, Z)} = ~— f §°0°) k(K(k)-E(k)} 6> 6d T 28°(9) {3.1.9]
’ 7
q =0
where .
k%= A

h%(cos O0-cos 6°)% + 4
{3.1.10)
7 !

4?[cos 9-cos(034 0)12 + 4

If the annular airfoil is at argle of attack, then to these induced velocitizs must be
added those induced by the trailing-vortex system and the circulation distribution g,(Z). The
free-vortex system from the duct, when it is at an angle of attack, is straight-line vortices
trailing from the duct to infinity and parallel to the 2-axis. Consequently, they do not induce
any axial velocity but only radial and tangential velocities. These induced velocities are
given ia Reference 15. On the duct itself, the contribution to the axial-induced velocity due
to angle of attack arises only from the vortex distribution on the duct and is

Wa g | 4 ."_ I.g.l(_z_'?. 2 or
L 6. 2) - [ T {(1-#) (B -2K(A]

9%
+ 35(1:)-5'(&)} dz° s g!(Z)} cos ¢ [3.1.11}

i

It should be noted that at the duct leading edge, the linearized thecry gives rise to
infinite velocities unless the duct section is operating at its ideal angle of attack; i.e., un-
less gy(1) # e.
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3.2 PRESSURE DISTRIBUTION ON THE ANNULAR AIRFOIL

Since the flow field is rssumed to be irrotational, steady, and incompressible and body
forces are neglected, on the duct itseii the pressure distribution is obtained from Bernoulli’s
equaticn as

1
-p¥V?
2P

W 2 ’ 2
s TXe S ] o Xy &, 2) (3.2.1]

The velocities W, W, and K, are the total velocities induced by the various singulari-
ties in the flow. The pressur p, is the pressure infinitely far ahead of the duct while
#(X;, &, Z) is the local pressure on the duct surface. If the perturbation velocities are small,
then the squured terms in this equation can be neglected. This gives the linearized Bernoulli
equstion, which on the duct itself is

) P(th ¢, Z)‘Po Wa wa 2
€, mmm———— = 2=ty 6, D)~ | S (X 8, 2)

W
a
C, =2~ Xy 8, 2) (3.2.2)

Since, as discussed in the previous section, in the linearized theory the axial veloc-
ity induced by the ring vortices has a singularity at the duct leading edge, so does the pres-
sure. An approximate nonlinear correction to the theory which removes this singularity can
be made using the argument given in Reference 15. The result of this argument is to multi-
ply the axial velocity by the coefficient

1
Vi+ (@)

As normal airfoil shapes have infinite slopes at their leading edges, this coefficient will
suppress the singularity arising in the velocity.

[3.2.3]
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3.3 FORCES ON THE ANNULAR AIRFOIL

The forces on the annular airfoil follow directly from the Kutta-Joukowski law,!8

which for each section is
F=pVr (2.3.1]

The velocity V is the velocity perpendicular to the direction of the force F and does not in-
clude the self-induced velocity. The function I" is the circulat.on and p is the mazs density.
To obtain the total force in any one direction, the force on each section is integrated around
the duct.

The totul lift L is defined in some orbitru:y direction which here will be taken to be
positive radially outward, perpendicular w0 the 2xial coordinate 2, and at ¢ = 0. For the axi-
symmetric case, the lift on each section is radially outward but, since it is equal at each an-
gular position, *he total lift is 2ero. By the sare reasoning, the lift in an arbitrary axisym-
metric velocity is also zero. The only net lift occurs when the duct is at an angle of attack,
and this is given by?

1
L
€L =———— =2n fg,(z VdZ’ = /g'(o)cos —08df (3.3.2]
VaR
Py d 0
The induced drag also follows directly from Equation {3.3.1]. As for the hift, the in-
duced drag ¢f the duct at zero incidence is also zero. However, an arbitrary axisymmetric-

radial velocity by the duct, such as induced by & propeller, does indice a drag. The induced
drag then follows? as

U ”'
Cp. = ~——— (¢, Z°) [”.] [-'- d¢dZ (3.3.3]
% o ViaR, .l f ) Ly

0¢

For the duc: at zero incidence, this equatior. reduces to

) Y 4 LA
’ 1
CD. = -4,,fgo(z ) [‘;(x‘, Z'J dZ’' = hfg&(()) -(e)coq--odo {3.3.4)
° (1}

3
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| where the velocity W is the arbitrary axisymmewic-radial velocity by the duct. Obviously,
JP for the duct at zero incidence and purely axisymmetric flow, the induced drag is zero. If the i
duct is at an angle of incidence 1n otherwise purely axisymmetric flow, Equation [3.3.3] be-
) comes, after some mapipulation, j
) ]
l Cp. = — C? {3.3.5) ‘
: D‘- 4n L
5 which is the result obtained by Ribner.!® To find the total drag, the viscous drag must be ﬁ
added to the induced drag.
{ Tke total moment on the axisymmetric duct at zerc “ncidence and, also, in the pres- y
{ ence of an arbitrary axisymmetrical flow is zero. Consequently, the oniy moment arises when X

{ the duct is at an angle of attack. This moment arises {rom two sources, one being from the
i vertical forces (lift) and the other from the horizontal forces (drag). This differs somewhat 1
from two-dimensional airfoil theory where only the lift force contributes. The moment ¥ fol-
lows also from Equation [3.3.1} as

Cy » ——— =, ¢ 3.3.6
N o VialR Myt My, 3.3.6]
where, about the leading edge
d 1
(CMV) = - n[ g7 (#) sin 0 sin 5-0 dé [3.3.7]
L.e. 0

‘. and

c. f
Ch =— (0 cosl()do
My 4 / 95(0) <08 3

d 1 {F . 1 .|Mcos6-cos@’) )
i + [ g3cos 3 88 [ 93(0°)cos 3 0 P K(ky-E(k) | d0°?d6  [3.3.8] i
()

0

The moment from the drag force is normally small compared to that from the iift force, hut it
should not be neglected.




To obtain the moment about any point on the duct, the contribution due to the vertical
forces is shifted from the leading edge Ly the following relation:

Le.

4. COMPUTER PROGRAM

The calculations based on the theory for the annular airfoil operating at a given angle
of attack have been programmed for the IBM-7090 high-speed computer. Input consists of the
section camber and thickne=s ordinates, the section sugle of attack, and the chord-diameter
ratio of the annular airfoil. An arbitrary axisymmetric velocity can alsv be included.

The standard outpul con<ists of the lift, drag, and moment coefficients as well s the
circulation and pressure distribution on the duct. There are options also for obtaining the
ideal angle of attack of the duct section and the velocity ficld inside the duct.

It takes approximately 10 minutes on the IBM-7090 high-speed computer to zalculate
the duct forces, pressure distribution, and the velocity field inside the juct. The input-
output format and the FORTRAN listing of the computer program are discussed in th> foilow-
ing sections.

4.1 INPUT FORMAT

The duct identification is key punched on the fi st IBM input card using Format 12A6
where Coluinns 1 thrniugh 72 can be used. The remainder of the input data is pinched on IBM
cards using Format F8.6 where up to nine fieid point p-.rar ~ters, each having u field width
of eight columns, can be punched on a card. Theset ticular formats are described in Ref-
erence 20.

Seven parameters are punched on the s cend input card with the first four quantities
being the nuiaber of camber ordinates, the numbe: of section thickness ordinates, the chord-
diemeter ratio of the duct, and the section angle of attack & in degrees, respectively. If
the camber is zero, the number of camiior ordinates input is zero and if the ideal angle of
attack is desired, the section angle iuput is zero. The number of camber and thickness ordi-
nates which can be input is & minimum of 17 and a maxirum of 39.

The fifth quantity on the secund input card is an option for calculating the ideal angle
of attack of the duct section. If the ideal angle of attack is not to be calculated, the fifth
input quantity is zero; if this angle is to be calculated, 1.0 is used. The sixth and seventh
quantities on the second iuput card are input options concerning the induced radial and axial
velocities, respectively. If these velocities are taken as zcro, the input values are zero; if
either or both of these velocities are zero, 1.0 is used.
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The stations along the section chord and the corresponding camber ordinates, nondi-
mensionalized on the section-chord length, are punched on the first and second sets of input
data cards, respectively. These cards are omitted, however, if the section camber is zero.

The stations ulong the section chord and the corresponding half thickness ordinates,
nondisnensionalized on the section chord length, sre punched on the third and fourth etz of
input data cards, respectively. If the section ideal angle of attack is to be computed, no
other input data is required for the computer program.

The numher of points (a minitnum of 17 and a maximum of 39) along the section chord
where the radial velocity is given o5 tupul shouid be punched on the next input data card.
Following this card, the stations along the section ch.=d and the corresponding radiel voloe-
ity, nondimensionalized by the ship speed, are punched on the fifth and sixth sets of input
data cards, respectively. If the input radial velocity is zero, these data crids are omitted.

The number of points (a minimum of 17 and a maximum of 39) along the section chord
where the axial velocity is given as input shou.d be punched on the next input data card.
Following this card, tl.e stations along the section chord and the corresponding axial velocit
nondimensionalized on the ship speed, are punched or. the seventh and eighth sets of input
data cards, respectively. If the irput axial velocity is zero, these data cards are omitted.

The number of different geometric angles of attack for computing the duct pressure
distribution (which must be less than 41) is punched on tiie next input data card. Geomeuric
angles of artack in degrees and the corresponding angular positions of the duct section in

‘degrees at which the calculations are to be made ace punchrd on the ninth and tenth sets of

input data cards, respectively. The p:ugram always mahes calculations for & = 0; thus it is
not necessary to input this value.

The next card is an option card for calculating the velocity ficld inside the duct. If
this velocity is not to be calculated, the input quantity is zero; if the velocity is to be cale
culated, 1.0 is used. If the input is zero, no additional ¢ ata are required for the computer
program.

Two input quantities should be punched on the next card if the above input data are
1.0. The first quantity gives the number of different radial positions (which should be less
than or equal to 11). The duct radii and the stations along the durt chord are punched on
tho eleventh and twellth sets of input data cards, respectively. An example showing the in-
put data for a duct where the radial and axial-induced velocities are zero and the pressure
distribution and velocity field inside the duct are desired is shown in Appendix A.

Optiov. 10, which allows the program to overload the operating system. 2 must alsc
be added to this program. The binary common reassignment card must have a minus sign, 7,
and 9 punched in Columa 1, a plus sign punched in Column 2, and a plus sign and zero punct

ed in Column 6.
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4.2 OUTPUT FORMAT

The input is printed on the first page of output and the duct. forces, including the lift,
drag, and moment coefficients, are given on the sevnd page. The third page of output gives
the duct circulation distribution, nonlinear corrections, and the nonlinear pressure distribu-
tion inside and outside the duct for a given geometric angle of attack. It should be noted
that the pressure distribution includes the effect of adding the axial-induced velocity given
as input to that induced on the annular airfoil. !f more than one geometric angle of attack is
given as input, ihe parameters presented on the third pege of output wili be printed on a new
page for eech additions! geometric angle of atlack. The axial and radial velocities along the
duct caord at a given radius iaside the duct are printed on the next page of output i{ desired.
If more than one duct radius is given as input, these velocities ate printed o a new page
for each additional duct radiuz given as input.

Note that if only the section ideal angle of attack is desired, tiis computed value,
rather tharn the duct forces, will be printe:d cn the second page of output. The output obtain-
ed from the input date of the annular airfoil given in Section 4.1 is also shown in Appendix A.

4.3 FORTRAN LISTING

The FORTRAN listing of the computer program is given in Appendix B. In addition to
the subroutines furnished automatically by the Bell Monitor System on the iBM-7090, the bi-
nary coding for the BE-ELIP, E2-AMGMHA, B4-LACBRT, DI-GLGAU2, AMMAT1, AM-SIUF,
VG-AS+C, and 1X1-AQAKK1 subroutines must be added to the FORTRAN listing of this
Frogram.

5. EXPERIMENTAL AND THEORETICAL RESULTS
5.1 EXPERIMENTAL RESULTS

Two ducts, 20 inches in diameter, were manufactured and tested in the Subsonic Wind
Tunnel of the Aerodynamics Laboratory. The tests were run at a Reynolds number of
2.06 » 10° Both ducts had chord-diameter rat; s of 0.8 and the section shapes were as
shown in Figure 3. The cross section of Duct I is an NACA 0010 thickness distribution
with an NACA 250 mean line of maximum camver-ctord ratio of -0.0375. Each section op-

‘erates at an angle of attack of 6 degrees. Such an annular airfoil typifies the shape used for

Kort nozzles. Duct 1 has a cross section made up of an NACA 66 Mod. thickness distribu-
tion of maximum thickness-chord ratio of 0.10 with an NACA a = 0.8 mean line of a maximum
camber-chord ratio of 0.04. The angie of attack of the section is zero.

Also shown in Figure 3 is a duct shape tested by the Bureau Technique Zborowski in
France.2! This duct kas a chord-diameter catio of 0.96. The section is an NACA 66-006
with no camber, and the angle of attack of each section is zero.




Force data in cocfficieat form, i.e., lift (C, ), drag (Cp), and moment (C,), are plotted
in Figure 4 for Duct I. These tests were carried out for geometric angles of attack covering
a range of X 10 degrees. Pressure distributions w ‘re made on both the inside and outside of
the duct at geometric angles of attack from (1 to 10 degrees in steps of 2 degrees. Flow sepa-
ration occutred on this duct even for zero angle of attack thus only the results for 0 and 6 de-
grees arc shown here. Figure 5 shows the pressure distribution plotted against the chordwise
location of the pressure tap for the zero angle ot attack case. The resuits for the 6 degree
angle of attack are plotted in Figures 6 and 7. Figure 6 is the pressure distribution for the
duct section which is in the upward position as shown in Figure 1; i.e., ¢ = 0 degrees. Fig-
are 7 chows the pressure distribution at the lower section; i.e., ¢ = 150 degrees.

The force data for Duct II are niotted in Figure 8 and again, the range of tests was
2 10 degrees. Pressure distributions for this duct are plotted in Figures 9 through 15. Fig-
ure 9 gives the pressure distribution of the inside and outside of the duct for zero angle of
attack. Figures 10 and 11 give the pressure distribution for 4-degree angle of attack for the
position ¢ = 0 degrees and ¢ = 180 degrees, respectively. Figures 12 and 13 are the pres-
sure distributions for § degrees and ¢ = 0 degrees and ¢ = 186 degrees, respectively; Fig-
ures 14 and 15 are for 10 degrees for ¢ = 0 degrees and ¢ = 130 degrees, respectively.

Thae force data for the BTZ duct are shown in Figu-e 16. «nd the pressure distributions
are given in Figure 17 through 19. Figure 17 gives the pressure distribation for the zero angle
of attack case; Figures 18 and 19 are for the 9-degree angle of attack with ¢ = 0 degrees and
& = 180 degrees, respectively.

5.2 THEORETICAL RESULTS
5.2.1 Axisymmetric Duct

In this section, results of theoretical calculations are compared to the test results
just presented. The theoretical calculations were made on an IBM-7C90 computer by the
Applied Mathematics Laboratory with the FORTRAN program presented in Section 4.

In making thecreticel predictions of the eerodynamic characteristics of the annular
airfoil, the first step invoives the calculation of the section circulation distribution as given
by Equations {2.3.4] anc [2.3.15). The circulation distributicns for the three ducts are de-
scribed in the previous section are shown in Figure 20 for a zero angle of attack. Since the
BTZ duct has zero cember, the circulation distnibution is solely a function of the thickness
u-ztribution. For Duct | the effect of local angle of attack is {ominant near the leading edge,
which no doubt gives an indication of the separation which uccurred on the duci. For Duct 11
it must be concluded that camber is the dominant effect since the thickness distribution leads
10 8 negative circulation distribution. It should be noted that these circulation distributions
must be divided by \/1=2 in order to obtain the actual circulation.
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The actual circulation distribution is singular it the leading edge except when each
section is operating at its ideal angle of attack. This ideal angle of attack is obtained from
Equation [2.4.3]. For these three ducts, this equation gives the ideal angle of attack as:

a4 @ Design

degrees degrees
Duct I ~1.67 6
Duct 11 0.78 0
BTZ 0.020 ¥

Tha theoretical pressure distribution on the ducts is given by Equation {3.2.2). Re-
sults of evaluation of this equation, using the nonlinear corrcction given by Equation (3.2.3])
for the axisymmetric case, are shown as solid lines on Figures 5, 9, and 17 for Ducts 1, 11,
and BTZ, respectively. The-prediction is poor for the outside of Duct 1 where separation oc-
curred near the leading edge. Inside the dect, however, the prediction is good. For both
Duct Il and the BTZ duct, the agreement between theory and experiment is quite good. Also
shown in Figure 8 is the pressure distribution fos Duct I, calculated from the linearized the-
ory and by the mcthod of Chaplin.2? This last method is a nonlinear theory; therefore, this
plot gives the comparison between the linear theory, nonlinear theory, und experiment. It is
clear that the lii.ear theory does not give quite as good a prediction as either the nonlineas
correction or the nonlinear theory. However, the theoretical pressure distribution by any of
the methods is quite reasonable except when separation occurs or the duct.

The separation occurrin,g near the leading edge on Duct I is undoubtedly a iaminar sep-
aration. With this type of scparation, usually called leading edge bubble, the flow reattaches
itself near the transition region. At high angles of attack, turbulent separation, of course,
does occur and the anrular foil stalls. These various flow regimes have been mapped on an
annular airfoil by Eichelbrenner.?3

In addition to knowing the pressure distribution on the duct {or velocity distribution),
it is desira.sle to know the velocities induced anywhere in the flow field by the presence of
the duct. These velocities, for the axisymmetric duct at z2ero angle of attack, are calculated
by the compater program from Equations [3.1.1] to [3.1.4]). Figure 21 shows the radial varia-
tion of the velocity at the 1/2 chord point of Duct II as calculated from these equations. No
experimental results are available for comparison.

v
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5.2.2 Duct at on Angle of Attack

For the duct at an angle of attack, the forces and the effect on the pressure distribu-
tion are independent of the section shape except for the moment which arises from the hori-
sontal forces C',”. The forces and pressure distribution are, of course, dependent on the

ckord-diumeter ratio A.

Figure 22 shows the theoretical lift coefficient versus the chord-dirmeter ratio. Also
plotted on this curve are the test spots from Ducts I, Il, and BTZ along with test results by
Fletcher.?* The ducts tested by Fletcher had Clark-Y sections with thickness-chord ratios
of 0.117. The thoory gives a surprisingly good prediction, even for Duct I which had separa-
tion. The theoretical !ifi is also plotted on Figures 4, &, and 16 as a solid !ine. These plots
show that the thecry giver good pre“iction of the lift through 10 degreos.

The induced drag is a function of the lift sequared as shown by Equation [3.3.5). ‘The
theoretical valucs, calculated from this equation, are shown c¢n Figures 4, 8, and 16. Here
the drag at zero angle of attack was taken as the profile drag and no attempt was made to cal-
culate this dreg.* It can be seen that the theoretical drag gives a good prediction; however,
at the Ligher angles of attack, more deviation occurs than for the lift. For Ducts I and II the

theory underpredicts the drag a: the high angles of attack, which ro doubt is due to separation.

It should be noted that the much higher profile drag of Duct 1 is a consequence of a high pres-
sure drag.

The theoretical moment, as given by Equation {3.3.6], consists of two parts, one due
to vertical forces C,V aad the other due t> horizontal forces Cu”. The moment CMV, as given

by Equation {3.3.7], is plotted in Figure 23. Figures 4, 8, and 16 show the total theoretical
moment us a solid line compared to the experimentat values. Also shown on Figures 4 and 8
as a dashed line is the moment C”r. The effect of the horizontal term is small but its use

does give a better prediction, especially for Duct Il. It would Le expected that the moment
of Duct I would deviate somewhat from the theoretical value since the leading edge consid-
erably alters the pressyre distribution.

The theoretical pressure distribution contributed by the angle of attack as calculated
using Equations [3.1.11] and [3.2.2] is shown in Figure 24 and is further tabulated in Ta-
bies 1 through 10. It can be seen that the chord-diameter ratio has a considerable effect on
the pressure distribution and that the shorter tke chord, the greater the effect. To obtaiu the
total pressure distribution on a duct at an angle of attack, these values are added to those
obtained for the axisymmetric case. For Duct I, the pressure distribution is shown at a
6-degree angle of attack in Figure 6 for the angular pesition ¢ = 0 degrees, wad in Figure 7

*The :aethod of predicting drag of azisymmetric bodies as dizscussed by Gnnvi!!czs

estimate of the profile drag.

should give a reasonabl~
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for the angulas position ¢ = 180 degrees. Becauso of the flow separation occurring on the
outside of the duct, the pradiction iz poor at ¢ = (1 degrees; however, for ¢ = 180 degrees,
the predicted pressure distribution is quite reasounble. It ° apparent that no separation is
occurring in this part of the duct at the 6-degree angle of attack.

Theoretical pressure distributicns are shown on Figures 10 through 15 for Duct If at
various geometric angles of attack. All theoretical pressure distributions look reasonable
up through 8 degrees. At 10 degrees, however, separation occurs on the inside of the duct
at the angular position 5 = 180 degrees (Figure 15). At R degrces there is some deviatics
from the experimental values as shown in Figure 13, which would indicate that flo'v is start-
ing to separate at this angie. The predicted pressure distribution on the outside at ¢ ~ 0 de-
grees is quite reasonable even at 10 degrees (Figure 14).

For tne BTZ duct, theoretical pressure distributions ara plotted with the expezimental
points on Figures 18 and 19. The geometric angle of attack is 9 degrees, and for buth the
¢ = 0-degree and ¢ -~ 180-degree angular positions, the comparison hetween theory and ex-
periment i3 good. Some deviat on does occur near the trailing edge inside the duct at
& = 0 degrees.

CONCLUSION’

From the results of this investigation on the aerodynamic characteristics of annular

airfoils, we can make the {o!lowing conclusicns:

1. The theory gives good predictions of the lift, induced-drag, and moment coefficients
even when laminar separation occurs at the leading edge.

9. The theory giies good predictions of the pressure distribution except when separation
is present.

3. The moment coefficient from the drag forces is normally small compared to that from
the lift force but should not be reglected.

4. The nonlinecar correction to the pressure distributions is normally small but should not
be neglected.

5. The computer program, as compared to other methods, is eificient and quite versatile.

6. The computer program can be used for ducted propeller designs with the restriction of
the assumption of infinite number of blades since an arbitrary axisymmetric velocity can be
given as input.

7. The computer progeam can be used to obtain the ideal angle of attack of the duct sec-
tion which is important for design purposes.
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Figure 1 - The Annular Airfoil Coordinate System
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Figure 2 - Delineation of the Annular Airfoil Section {
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ERASE SUMI. SUM24,SUM3

DO 1200 M=l P}

SUMLIZSUMI ¢SSM(M)EF M)
SUMZ2=SUM2¢SCM(M+LY<SIT(INNM)

H 1200 SUM3I=SUM3IeSSM{M)I® B(INM)

L IF(AT) 131641323.,1316

f 1316 FF(1)x2-2,85UM2¢SUM3

N GD TO 1300

« 837 FFUIDIT((2.8SINFIALFA)/COSF(ALFA)42.9SCMLT ) *SUMLI)I®CTH(TI)*STH(TI)R(~2
iy 12SUM2¢SUN3))

1300 CONTINUE
DO 1301 Xxi,.MP1
ERASE FlJ.IN
DO 1201 1=11,13.,12
INZING 1
£201 FI=FIeB{INK)IOCTH(LI)0a0SH(L)ODX
2301 FII(K)=FI
DO 1405 K=1.,MP§
, 00 1500 M=l MP1
ERASE DIMF 1M, IN
DO 1400 t=[1e13e¢12
INZING L
OIM=0IMeB(INKIOST(I)®SUT{INJM)OSM(T)®DX
3400 FIMZFIMAR(INK)ISCO(INM)IS®ST(I)®SM(i)*D..
. DIMM{M}=DIM
! 1500 FIMM{M)=FINM
: SAx2,8(SINF (ALFA)/COSFIALFAI4SCM(L))IOFTITI(K)
: ERASE S1¢S24+53
DO 1404 M= .MPI
S12514SSM(M)SF(M)RFTIT(K)
S2=52¢SCM{N+1) CDIMMINM)
1408 S3=S3¢SSM(M)OFIMM(M)
IF(AT)1318,1333.1318
. 1318 A(K)==2,852¢S53
A(1)=0.0
GO TO 1405
1333 A(K)=S1~S2¢.5853454
31405 CONTINUE
IF(AT)22C2.2000.2220
2200 WPI=MPL~1)
00 3333 K=l MP1
00 3333 Jul (MP}
CiIKeJ)I=CiKOLoIeL)
3333 A(K)TA(K+D)
. 2000 CALL MATINV(CeMPloAs14041D)
IFCID-1: 1601¢1600,1601
1601 PRINT o8&
86 FORMAT(14H C IS SINGULAR)
GO TO 1603
1600 IF(AT)1660,1670,1660
1670 GICU)=FF(1)~e318309%A(1)
IN=1
19=11¢12
D0 17001=19,.13.12
INZIN®]
ERASE SUM
00 1701 4x2.MP1}
1701 SUMZSUM$431B8309¢STHII)®A(JI)OSIT(INI—1)
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1700 GI(I)=FF(I)~e3183098CTH(I)®A(1)4SUM
CALL SUB AT

29993 NH=236
ERASE NX
00 20003 I=11.13s12
NXzNXe]1

20001 GX(NX)=Gi(l)

NNz2O0NX~2
KXZNX=2

D0 20002 KK=]l KX
NXI=NX+KK
NX2=NX-KK

L 20002 GX(NX1)=¢GX {NX2)

CALL GNHAS(NNeNHeGXsRY(200))

AO=RY(200)

1 DO 20003 J=1.NH
JFIX=200-J0%
AXCI)I=RY(JIF IX)

20003 B8X(J)=RY(JF IX~-1)
B80=RY(199)

1 20004 FORMAT(110,2E15.6)

ERASE 1IN

PRINT 103

D0 20006 I=11,13.12
INSINGS

ERASE Yi.Y2

D0 20005 K=1.Nrt
YI=Y1¢AX(K) 8CIT(INK)

20005 Y2=Y248X(K)8SJIT{IN.K)
Y3=A0¢Y1480eY2
IF(1-1127000+27001.27000

27001 GG(1)=Y3/SINF(1:/57+.29578)
GO TC 27002

27000 GG(I)=Y3/STHM(1)

27002 L=1-1

b XE=~(+S®8(Le¢CT(1)))41.0

20006 CONTINUE
ERASE Y}

O 28001 Ix1,181,S

28001 Y1=Y1¢12.56640G1 (1) 0W(I)OCTH(I)OSMN(TI)®DX
COl=v]
CTD=2.H%CDO1/3.1416

230084 FORMAT(110.2E1546)

26000 FORMAT(9F8,6)

26009 FORMAT(T7E1S.6)

PRINT 103

ERASE INeJ

DO 1900 I=l1,13.12

ERASE xv

IN=INSL

00 190! =l NP1
1901 XUSXUSFLOAT  (M)ESSM{M)ISCIT(INM)
1900 SU(l)=XxU

ERALSE IN

L | 00 20007 IB8=11.83.12

IN=INe}

: 1F{16-1)20009.20008,20009

20009 J=Jel2
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20008

20011
20013 e

20013

20032
2001S

20016

1802
1808

1809

1810
1807

0666

T2FLOATF(J)/5T7.29578
SLY=~-CUBERTF(T}
WT=CUBERTF(3.,1416-T)
PR=GAUSSISLT+tILTeNPL,OT)

AK=ZSORTF (A /{HER28(CT(IB)-COSF(DTS834T) )00244,.))

IF(AK=1le) 20011420012,25012
SF{AK=~,99) 20014,20013,20013

CALL ELLIP{(X!sAKeX3sXAsBF,.ES)

GO TO 20015

AK2=AK w82

CALL YSELL(AK2,b5+8F)

GO TO H (4] 015
ERASE B8S.DF

ERASE Yi,Y2

D0 20016 K=1 ,NH
ZX=FLOATF(K)&(DT®E34T)
YixY1¢AX(K) ®COSF(2K)

Y2=Y2+4BX(K) ¢SINF(2K)

Y3xA0+Y1480¢Y2

PREYISAK® (BF-B8S)SCOSF(.SH(DTEE34T))83,8DT882
VGlIB)Ix1591540HEPR

00 1807 I=11e13,12

ARZSORTF (4 7/(HOB20(CT(IEI~-CT(I))08244,)?
IF(AK—~1.)1802,1810.,1810

IF AK=699)21808,1809,1809

CALL ELLIP(X1.AKeX3eX4+BF.RS)

GO TO 1807

AK2=AKEE®2

CALL YSELL{AK2,8S+8F)

GO YO 1807

85=1.0

BvOo(1)=Sull)eAKeBS

ERASE GXO

00 6666 1=11,13,12

GXO0=6GX0+BVA(1)

eSM(1)*0OX/3.1416

6661
6662

11908

11912
11907

11908

11906
20007

20000

DO 6662 M=l NP)

ERASE GXX»INN

DO 6661 I1x11,13,12

SNN= INN+
GRXX=GXX422BVQA(IIESMIIIPCIT(INN.,M)I®DOX/3.1416
GX(M)=GXX

ERASE SUML0,.5UM9,SUMB

00 11905 M=1.mP}
SUNIO0=SUNICHGX(MN)IGSUT(INM)
SUN9=SUMI=FLOATF(N)SGY.(M)e2,
SUMBISUMB 2% (=1 8N )*FLOATF(M)OGX(M)
IF(16~-1) 11912.,11908,11912
IF(18~-181) 11907.119064+11907
W0=z(-2./5Y(1B))*#(GX0¢5UML0)
GO TO0 20007

wa=SUM9

GO TO 20007

wO=SUMS

va(i18)=wQ

ERASE 1IN

00 20020 IBr-l1.13.12

IN=INe )
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D WG =N

1F(18-1)20021.20020,20021
HV6=VG(1B)+T2(1B)

GISTH=.58G1(18)/5TH(IB)
WGO=HV6-GISTH
WG I=HVOeGISTH
waaQo= vat i)
wGG=vGL1B)
PO=2.8(WGO+wWQQ)
PI=2,8(wGlew0C)
POLLIB)=PO
fILilB) =21
PON=S( IN)*PD
PIN=Y(IN)®P]
X{IN)=+5%P0O
XXCINY)=5%P]
CONT INUVE
FORMAT(110.7€1546)
GO Y0 1603
ERASE IN
A(1)=0.0
00 1669 1=11,.,13.12
IN=IN®]
ERASE SuM
DO 1661 J=2.MP1
SUM=SUMeA(J)*SIYT(INJI=1)
GI(I)=FF(1)4.157]15685UmM
GGLLE)=G1(1)
Ix=t-1
CONT INVE
ERASE T.IN
00 1238 I-11,13.12
IN=IN3]
T=T¢B(INL)SGI(T)OST(TI)OSK(])®DX
ANT=ATANF (. 0795778 T-,50SUMLI~SCM(1))257.29578
ERASE AT
FORMAT (55H1 IDEAL ANGLE OF ATTACK IN DEGREES

1F9.6)

PRINT 17534 ANT

09 20024 1=11.13.12
GICI¥=GI(L)eSTHIL)
IF(AT) 1667.1668,16067
CALL SuB AT

GG T 29993
FORMAT{110.5E1546)
FORMAT (BF9.6)
FORMAT(S14.AF10.6/1814)
FCRNAT(BF10.0)

FORMAT (8E15.6)

CALL SUBWR

CALL €&nd JUB

ERC
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2%01

21993
21990
21998

2601

2599
2602

2593
3000
21005

FOR

SULROUTINE SUB HA ’

DIMENSION SSM(181)eSCHM(1B1)eCT(I8E)eSTIIBLI)CTHILIHL) STH(L101)4SITI(
140440)sCIT(A0:,40)4GlA0:20)eSMILIR2)eAPM{20:20)4F(20)¢CB(A0,20)¢B(40
2420)cCl2U20)FF(181)sA120)G1(181)owW(181)eSULLIBL)4VG(200),V0(200)
3, Bva(181),

QFL11(20)¢ OIMM{20)e FIMM(20)sAX(100) +OX{500)4RY(200),GX(200)

COMMON SSMySCMe LT o STsCTHISTHsSJITICIT 4G SMeAPMF ,CR,DeCoFFoeAsGl WS
Uy VG VOIRVO ¢ ¢ T T sDIVMMFIMMGAX gHX ¢ RY sGXoMoll o126 1360XeX1oX3eX8eNPNH

DIMENSICN Y(I181) . 5(181)s TITLE(12)4X(181)eXX(iR]1)eXC{A0e2)eXT(5062)
1¢XS5C(40,2)

COMMON YoSe TITLE ¢XeXXoXCoeXT¢XSC

DIMECRSICN AXI(Q01.HX1(A40)AX2(40)4:iX2(40)

COMMON BF +0SsAKoADTI0AO20ALFAJMPY

DIMENSION GGU181)eGP(L1¥])eSMZL20)eX1(20)eTE(181).T2(181),21(20)42
12220) e WR2(20:40),wT2(20,40)

COMMON GGeGP ¢SMZ X1 oT1eZ1eZ2eT2,WRL,WT2 L¥K o AY

DIMENSION WRA(20:40)ewWT6(204a0)0wWRL(20)

COMMON wWRA, T4 ,WRE,CO!

DIVMENSICN POLI181)+PILILIBL1).PORL(18LI)1.PIRLILIBLIPOO(1IBI).PII(18L)

COMMON POLPIL +PORLPIRL ¢POO+PILeCOLI+sCTDALFARCL4CDsCMCM] 4CM2,FPH
11

ENASE IN.Tl T2

00 2901 1=1.181,+5

INSINe?

XX{IN)=aS58( 1.~-CT())

X{INI=FLOATF(I-1)

PRINY (23
ERASE XCoXT
ERASE AX.B8X

KEAD 21993, VITLE
PRINT 21990.TYXTYLE

REAC 21998,CCeTT  HoALFALAT WKW
PRINT 175S2¢CCoeTToHoALFAJAT WKW

NC=CC

NT=TT

=NC/2

FORMAT{12A6)

FORMATUI1]1, 12A6)

FORRAT(9FB. 6)

ERASE XSC.SCM

IF(CCY20601+2602,2601
READ 21998, (X(1)el=1eNC)

READ 21998+ (Y(1)e1=1,NC)

PRINT 1752,(X(1)s1=1,NC)

PRINT 1752 (Y(1)01=1eNC)

DO 2599 1=1,37

S1=xx(1)

CALL DISCOT(S1eSleXeYeYe=120:N"7,0.52

Ti{l)=S2

READ 21998, (X(1)elx]oeNT)

READ 21998s (Y(§)¢1=1aNT)

PRINT 1752, (X(1)sI=1,NT)

PRINTY 1752 ({Y({1)el1321eNT)

00 2598 1=1,37
Si=xx(1)

CALL DISCOT(S)eS1eXe¥eYe~120eNTo0¢52)

T2(1)=S2
FORMAT(3E13.4)

FORMAT(110,+,EL1Se08)




000

597

q01
498

001

408

409
410

978

977
976

997

996

1000
1000
1983
1982
{980

(§-1.3]
£995

198e
3000

FORMAT(IB8.AFBeC)
DO 21888 IC=3%,2
00 2597 1=1,37
Yety=riq1)
Y{1)=.0

T Y(37)=.0

FORMAT(9E13.4)
FORMAT(3E1S.0)

D0 21001 KK=1,.39
NX1=37+KK

MX2=37-KK

Y{tNX1)=-YI{NX2)

IF(IC~2) 2408,2409,2408
1G=2

GO YO 2410

16=1

00 21002 1S=1.1G
IF(TL(S)) 21977,2197A,21977
ERASE RY

GO YO 21976

CALL GMHAS(72¢36,Y,RY(200)}
AO=RY(200)

XC(1e1S)=A0

00 21997 J=1,36
JFIX=200=-40%
AXC(IY=RY(JIFIX)
XC(JI*+1,1S)=220J)
BXCJII=RY(JIFIX=~-1)
XT(Je1C)=BX(J)

BO=RY(199)

ERASE (¥

FCRMAT (1104, 2E15.6)

ERASE IN

00 29000 1=1.181,5
INSINe]

ERASE Y1,Y2.SS

L=1-1

D0 21995 K= 1,36
YI=YLI¢AX(R)OCUT(INK)
Y2=Y2483X(K)*SIUT({ IN.K)
IF(15-2)24000,23000,24000
ERASE S

GO TO 21984
IF(1-1)21983,21982,21983
IF{1~181)21981.2:980.2193%
TOS=2e/SINF(1./757.29578)
GG YO 2199S
TOS=2./SINF(179¢757.29578)
GO T0 21995

Y0S=2./57(1)
SS=SS—-FLOATF (K 18B8X{X)SCIT(INX)®TOS
Y{IN)=z=-SS

XSC{IN,IC)=~SS

S(1)=-~SS

Y3=A0¢Y1¢BO¢Y2

CONT INUE

DO 21006 Ki=1,3%
NX1=37+KK
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NX2=37~KK
21006 YI(NX1)=eY(NX2)
Y{37)=v{36)
21002 ¥(38)=3Y(36)
D0 2596 1=1.437
2%96 Ti1(1)=72(1)
21888 CONYINUE
21994 FORMAT(I1002E1546411063E15461)
ALFA=SSINFLALFA/S57629578)/7COSFLALFA/ST.29578)
29001 DO 22001 1=1,37
SUI)=1s/SARTIF( 1o+ IXSC Ll )PALFA+XSC {2000 2)
L2008 Y(I)=1e/SOAUTF(1e+(XSCl1ol)¢ALFR-XSC(lyzr)ee2)
DO 22889 s=1,36
SCM{U)==XCl Je2)
22689 SSM(J)I=XT(JSe2)
St1)=a0
Y(1)=.0
S(37)=.0
Y{37)3.0
ERASE INeVw
DO 22222 1=1,4181:5
IN=IN+]
XCIN)=FLOATF(I-1)
22222 XX(IN)=eS5¥( 1~-CT(1))
ERASE iIN
IF(UK )96497 496
97 ERASE w
GO TO 190
9% READ 21928, ANT
NR=ANR
READ 21998. (T1(1)eI=1eNR)
READ 21998, (T2(1)e1=1sNR)
PRINT 1752+(T1(1)eI=1eNR)
PRINT 17%2, (T2(1)e1=14NR)
ERASE IN
D0 2699 1=1,4181,5
INZ INe}
Si=xX(IN)
CALL DISCOT(S1e¢S1eT1eT2¢T2¢~1200NRe0+S2)
2699 wW(1)=S2
190 IF(Ww)196+197,196
197 ERASE T2
GO YO 95
196 READ 21998, ANA
NAT=2ANA
READ 219984 (T1(1)elx3keNA)
READ 21998.(T2{(1)el=1oNA)
PRINT 1752.(T1(1)el=loNA)
PRINT 1752:(T2(1)eI=1eNA)}
ERASE IN
00 2698 1=1.181,.5
IN~ING
Si=XX(IN)
CALL DISCOT(S1e51¢T1eT26T20~120eNAL0,52)
2698 Ti(1)=S2
1752 FORMAT(9F10.6)
103 FORMAT(1n})
95 RETURN

END
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556
94
98

9

11t
108

199

FOR
SUBROUTINE SUB AT

OIMENS)Ot: SSM(181)¢SCHMIIBE)CTIILL)STIL181).CTHI181).STH{1B1)+SJITI
180¢80)eCUT(R0,80)eG(80:20) cSM(182)cAPM(20+20)+F(20)¢CB(A0+20)+8(40
2020),CL20220)FF(181):A020)¢G1(181)¥W(181)+SUL1IBL)VG(200)+vQ(200)
3. B8VQ(181),

AFJI(20)e DIMM(20)e FINM{20)+AX{100),BX(100)RY(200)¢GX(200)

CONMON SSMs SCHMeCT o STeCTh s STHeSITeCIT eGeSMeAPMF oCBsBsC.7FeAeGl WS
UG VGeVOAIBVG o FIToDIMMF IMMoANe BX RYeGXoHe 3012413 ¢DXeXieXTeXaoeNPoNH

OIMENSION Y(181),S{181)sTITLE(I2)+X(38°2Y,XX(183)eXC(V042)¢eXT(40.2)
LeASCL404:2)

COMHUON YoSeTITLE s XeXXeXCoX2To4XSC

DZHENSION AX1(40)eBX1(40)sAX2(40)¢BX2(40)

COMMON BF ¢BSeAKAOL s AG2,ALFAMP]

OIMENSION GG(181)GP(181),SMZ(20)eXI(20) ,T1(181):,T72(181)+21(20/02
i2(20) s WR2(20640)ewT2(20,40)

COMMON GGeGPosSHMZaXIcTVoZ1eZ2,.T2:4R2,¥T2 HWK o AT

ODIMENSION WRA(20,40),wT4(20,40),WR6(20)

COMHON WRA.¥TA,WRA.CDL

DIMENSION POL(1I81)PILIEN]1)+PORLI1IBL)PIRLILIBL)POUO(L181),P11(18))
COMMON POLoPILPORLIPIRLPOOPIToLOI«CTDoALFARGCL +COsCMCML 4CM2,PH
11

DIMENSION SCD(3081).,CXT(131),P(181)
DIMENSICON RC181)

ERASE PlI.POOALFARPHILCLCOCHeCNELCH2
ALFALI=ALFA

NM=10

NPP=S

Ki=10

Ji=10

NH=236

ALFAR=z %o

PHI=e0

ALFAZALFAR

FCRMAT (BELS»A3

FCRMAT(8FSe6)

Xixz0s

ERASE IN

0C 11 I=[1,13.12

IN=INe¢L

00 10 K=] 1M

HaK~1]

NP=NPPs+A

PAxGAUES(0060e301016eMPCT)

THC=COSFLIOT) -CT(1)

+FLCHUCI99:2.99
AKRSQARTF(8 /(M
: *020c rRe204,.))
IFt AX =le 11l 7,2
F(AX~o¥9)08+109¢ 309
ALL EILIP(X1e¢AX3X3eX3.BF,85)
L0Y0 107
AK2=AK S 82
CALL YSELL(AK2,0S.8F?
GOTO 107
2x0.
GOTO 80
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107
60

10
11
20
40

501

800cC

1100

1200
100

1300

200

1600
1500

101

702
rT00

799

B I e

2a(((2.~AKBE2) 8820054, (1.~AK002)88288F)//CNCIAKS¥3) -1,/CMC)

IF(M)6:6¢5
2= 2¢COSF(FLGATF(M)»DT)
PR=2
IF (M)7.7.8
BlINK)I=~1.5708%4¢,.318309¢PR
GO 70 10
BlINeK)=6e630018#PR
CONT I NUE
NPx=NPP
CORMAY( 181a6)
FORMAT( 14/ 1CF7.3))
OX=FLOATF(12 )/171.8872s
00 SO0} 1I=2,13,2
SM(I)=4.0
SMi{I+})=2.0
SM(1)=1.0
SKH{t3)=1.0
ERASE Cl1.F1.C120IN
CO 1100 I = 11 o 13.12
INTIN+L
Cl1=C114.630518%8B(IN1)ISCTH(LI)®428SM(1}8DX
FISF1=2.8ALFASBlINLI)SCTH(LI)S®ZISM({1)®D)"57.29578
C12=C124:3183098B(INs1)0ST(1)e02eS5M(]l)%DX
Cl(1+1)=Cl12
Cl1+2)=Ct2
Fll)=F1
00 100 JU=3,41
ERASE XCl.IN
00O 1200 1t = 11 o 13,12
IN=INeL
XC1=XC14+3183098ST(I)8SIT(INGJI-1)8SM(I)®OX2B(IN.1)
Clledd)=XC1H
D0 200 Kxz2,K1
ERASEXCKY ¢XF
ERASE [N
00 1300 1 = 11 o 13 12
IN=IN+]
XCKEI=XCK1~e 6366188B(INK)ISCTH(TI)0028SM(]1)eDX
XF=XF+2.%AL A®B(INXK;®CTH(()®e28SM{[)®DX/57.29578
Fi(K)=XF
C(K.1)=xCK}
DO 1500 K = 2 o K1
DO 1%00 J = 2 o Ji
ERASE XCeIN
uUd 1600 I = 11 o 13,12
IN=In4)
XC=VC=e31830948( 11" "3#SIT(INsJI-1)OST(II®SM(])®DX
C(KeJI)I=XC
D0 700 X=j.%1
DO 700 J=x=1,41
IF (K=J)T702.701.702
Clred)=1e=C(KoJ)}
GO TO 700
CIKeI)=~CKeJ)
CONT INUE
00 799 K=x{.K?
A(KI=F(K)
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FORMATY (////77/8BE15.6)
) CALL MATINV(CoKleAsloeXel1D)
IF (1D0~1)901.900,901
PRINT 88
FORMAT (14H C IS SINGULAR)
GO TO 803
¢ ERASE SUMA.SGeSGleNXsIN
DO 1000 f=1e13s12
INTING)
SUMA = 0.0
00 1001 J=2.J1
SUHAZSUMA+A I J)ELIT(INeJ-1)
IFU1-1)1003.1002,1003
! RULII=(Z%ALFA/ST2295T8)-+6366188A(1)
GOTO 1004
I R(II=2.¢(ALFA /5T«29578)8CTH(1) ~.6365188STH(LI)S(A(I)OCTH(T)
1 /STH(1) +SUMA}
t SG=SGH+R(IIOCTH(I)I®SM{] )
NX=NX41
GX{NX)=R(I)
SG1=SGIeR(IIOSTH(I)®e2eCTH(T)ESI(] )
CL=€.2832%SG%DxX
CM=~602832¢S5G} #0X
CD=.,07957TaHeCLOR2
! ERASE CML,CM2
I ERASE F1l.lE
00 2497 I=f1,13.12
CXTL(II=GI(EI®CTH(L)
" FISF14GIC(1)OCTH(TI)OSM(1)ODX
00 2200 1-11.13.12
ERASE XSCD
DO 23100 tP=11.13,12
AK=SCGRTIF(Qe /7 (HER28(CT(1)-CTI1IP))082+4.))
IF/AN=1)3111,2100.3111
i IF(AK=~¢99)3108,3109.3109
3 CALL ELLIP(X1:AKoX3eX4,BF¢BS)
GO TO 3107
? AK2zAK®E2
CALL YSELL(AKZ2,8S.87)
7 XSCO=XSCO*{R{IP)*CTH(IPISHE(CT(I)I-CT(IP))IZAK)®(BF-BS)eSK(IP) DX
) CONYINUE
) SCO(1)=XSCD
ERASE CM1
D0 2300 I={1.13.12
) CMI=CMI+CXT{1)*SCO(I)*SK(TI)IeDX
CHMIZ4250CL*F1+CMI
CM2=CMeCHML
NN=2ONX~2
KX=NX-2
D0 2301 XK=],KX
NX $ =NX KK
NX2=NX-KK
I GXINX1)=-GXINX2)
CALL GMHAS{NNNHeGXRY(200))
AO=RY (200}
00 S000 J=1.NM
JFIX=200-J505
AXL I I=RY(JIF IX)
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8006

e

$0N3

8093

[ ——

7502
7500

7309

A s, o Sama

7510
7507

7303

8700

a7ot

et et aa  m [ Catmrabee meh w mmwes ah

7500
2699

30
7383

803

N VR o R ia a e O h o, o SR s Fet o

extJisnviFixK-1)

80anY ({199}
PORMAT(180.2€03.0)

00 5093 iIslle03012

ERASE VYi V2

Lel~}

00 S0C) ®Kai e
TX=FLOATP(LOK 3 /2729578
YinsVieARINK) OCOSFLTIXR)
Y2uVPeBRI{RIOSINCLIN)D
Y3sA0eYL B0 Y2

CONT I NUE

ERASE 1IN

00 79500 (sliel3et2
INsiNe ]

EsFLOATFL( ~1)/757.29570
SLVs-CUBERTIFLE)
WLTsCUBERTF (3. 16868~-E,
PREGAUSSISLT LYo NPP 0T )
ARSSUATF (8. /(10020 (CTL1)-COSFIOTE030E))002¢4,.0))
IPIAK=140) T5027510.7310
IFLAR=c90) 79508.7509,730¢
CALL ELLIP(RL AR AI¢X8,BF.83)
GO 10 7507

AK28AKOO2

CALL YSELLIAK2,83,0F)

GO YO 7507

ERASE BF .83

ERALE Yi,.V2

DO 7503 K=l N
ZK2FLOATF(r )o(DY0030E)
YizYieAR(K) ®COSF I 2X)
Y28Y2¢BRX(K)OSINF(2X)
Y32A00Y1e00eY2

PQOCDY..Z.VJIAl)O((Oo-AKOOIl'OS-l00’3.'AKO'2)'55)'COS'(.S'(D"OSQQ
1)) e(DTeOYeE)®2

Ptid)=(~

b 3 3.0/ 3. 1415)0PR

1F(1-1)8701.,06700,870}

PLi(1)=.0

P00(L1)=.0

GO0 710 7300
P00(1)=(P(L)-R(I)I/STHET))OCOSOF(PIHL)
PLICL)I=(PIL)}eRIII/STHL LI I®COSTIPHED
CONTINUVE

FORMAT( 110 TE1S5.6)

FORMAT(9FB. 6)

ALFA=ALFAL

RETURN

CALL ExNDJOSB

€END
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PON

SUNROUT INE SubeRl

DER NSION SIMEIBEIeSCHNILBEICTLIBL)cSTUIAL)CTHIPOL) STHIIBL)IL,SITL
100,000:CIV(00,80),G180:203.50(82),APNI20.,20).,F(20),(0(00.20),8(40
2020)eCIT00273ePCL181):A(203,G30183),0(181),5U(18))eVG(200),VQ(200:
3¢ WVOLiBL)Y,
QF 116200 OINNIZ20), P IAN{LOIGAK(300)eBX(IVOINRYLI200),GX(200)

CONNRON SIMSCHCT oSToCTHeSTHeSITeCIT sGeSM APMF (CBB.CoFF1A9Gl oW S
IUsVG o VO BVAP S eDINB FINM AR BRXRY(GR Mo llolZel3eDReXTaXIeXQ NN
OLINENSION YIS oeStI01)VSTLECI2)XEIBL)AX(181).XC(40,2)4KT(6C.2)
$a23CLQ0. 22

CONNON V.5 TETLE ¢ R AR AC o AT o XSC

OSNENSEION AXS(Q0)B31(202,4K2(40),3%2(%0)

CONMLON BF ,05:AKA0L.AD20ALFA M)

OSNENSION GLILOI ) eGP 183)SMECL0I.RE(20)T2(183),72(181):21(20)02
121203 e9R2(20:80),972(20,40)

COMNOM CGoGCPeSMH2 RI T80l . 022:72.002,872 Jwx oAT

OINENSION PRALL20,40),874('0,80),9R6¢(20)

CONNON WRE.¥TA,¥RG.,COL

OINENSION POLLIIBLI.PIL.10L) PO LIAL)PIRLILIBLI)IPIO(18L).PILI(16L)
CONBONM POL.PLLPORL JPLIRL POO0PITCUICTDALFAR CLoCDCHM CME 4CH2,PH
it
00 116801 Is§i,l3,82
ERASE ORG.BDNG
00 11807 v¥sllellel2
ARSSORTF Q.7 tHEIC20(CTLII)=CTI(IP))0C204,.))
: IFlAK~1:)00802.,11810.11010
11802 1F1AK~,99211800,11809,11809
Li008 CALL ELLIPIRL AR GKILRABF ., 0S)
GO 0 11831}
31009 axzsaxes2
CALL VvSELL(AX2,85.08F)
GO Y0 13181
11810 ERASE UBRG.URNQ
11838 BROSORC-eI18309MOSULIP)olur-AS)eSu([P)eDX
11807 ORGEBREC.OTOITTIEOGILIPIVARSG(HO28(CTILILI-CTI(IP)) 0020(BF-US)-2.811S) @
1CTH(IP)OSNL IP)ODX
vo( 1t )=BRQ
11801 VG(1)=BRG
ERASE 1IN
00 12000 1=31,33,12
s iNne]
Lot~
REs=( 50 1e0CTiid)}e1.0
w0OsvQ(I)=-2.°5U(1)
WA isvQ(l)lez.o5u(])
wO0svC(1)¢vQ0
wisvGil)ewdt
PORR = (=1,0X(IN))CO2-],0w00e2)
PORN:S(IN)OPLR
PIRs=({ (=10 aX(IN})CO2-] 0n]0082)
bianzv(in)ePIR
PORL (1 )sPOR
PIRL(L i=PIR
12006 CONTINUE
1793 FORVAT (5% CHORD DIAMETER RATIO
1FQ9.877/755% LIFT COEFFICLIENT PF- LEGREE (E0QY.3-2)
1F9.877/755H INOUCED DRAG CLeFFICIENT (€03.3-5)
1FQ9.,47.275%1M RMOMENT CCEFFICIENT FROM VERTICAL FORCES (EQ3el3-T7)
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1FQe8//7/55H MOMENT COEFFICIENT FROM HORIZONTAL FORCES (£031,3-8)
1F9.4//7/755H TOTAL MOMENT COEFFICIENT AUOUT Lo Eo (EC3.3-6)
TO RADIAL INDUCED VELOCITY (EQ03.3-4)

1F9.4//7/755H INDUCED DRAG OUE
1F9.4)

PRINT 1753¢0HeCLCOsCH,CML,CM2,C08

READ 26000,AXA
NOAzZAXA

READ 20025, (AX2(1A)+IA=1.NOA)
READ 20025, (AX1(1A). 1A=].NOA)

00 8889 [A=1.nNOA

1755 FORMAT (S5.41 GEOMETRIC ANGLE OF ATTACK IN DEGREES
1E13.4 /55%H POSITION OF SECTION AT ANGLE (PA) IN BEGREES

1756

77

1757 FORMAT(SSH T AND X=STATIONS ALONG CHORD
/55H GSTAR =CIRCULATION DISTRIBUTION
Z/55H NCO AND NCI=NONLINEAR CUORRECTION OUTSIDE AvD INSIOE

SSH DUCT RESPECTIVELY (EQ3.2-3)

/55H PO ANV PI=NONL INEAR PRESSURE DISTRIBUTION OUTSIDE AND
S$SSH INSIOE THE OUCT RESPECTIVELY FUR PA=0 DEGREES

Z/55SH POP AHD PIP =NONLINEAR PRESSURE DISTRIBUIION OUTSIDE
SSH AND INSJIDE THE DUCT RESPECTIVELY FOR PA=INPUT

88089

1801

26021

1E13.4/)

PRINT 175S.AX2(IA)+AXI(IA)
FORMAY (1151 T

b B PO Pl

PRINT 1756
AXI(EA)=COSODF(AXTI(IA))
ERASE IN
00 7777 I=f1e13.12
INSING]

POT={POLI1) ¢POO(I)®AX2(IA))IES(IN)
PIV=(PILIIY*PIIC(I)SAX2(IA))I®YLIN)

GSTAR
POP

PORT={POLII ;+POO(1)®AX2(LA)®AXLI(EA) ) ES(IN)
PIRT=(PILI{IIPIIC(IY®AX2CIAY®AXICLIA) ) EY(IN)

IX=1~1
Lz=(58{1e¢CT (1)) )01

NCO NC
PLP )

PRINT 20023¢1IXeZeGI{TI)eSIINIeY(IN)+POT.PIT,PORTPIRT

PRINTY 1757

0 e ss 00 B0 g0 o

)
PRINT 103
CONTINUE

DIMENSION AAT(S0) e XXT(50)+2ZT(50)

READ 260000 ANT
IF{ANT)1801,1802,1801

READ 260004 ANX o ANZ

NNXx=AMNX

NNZ=ANZ

NHT=}

AAT(1)=1.0

READ 260004 (XXT(I)eIxloNNX)
READ 250006 (Z2T7{1)e IxmioNN2)
FORMAT' 318)

D0 26022 JA=]1¢NNY

D0 26022 JIX=1eNNX

PRINT 1758, XXT(JIX)

00 26028 JZ=1.NNZ

ERASE VAGoVRGeVAQ.VRO

DO 26023 I=14181,.5
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26032
26038

26037

26030

B1S2.0(ZZT(JIZ)-AAT(JIA) )=1-CT(1)
B2=HOR20D10 824 (XXT(JUX)~1s)0082
BS=HEM B8 824 (XXT(JY )42 )002
PA=SORTF(XXT(JIX))

l4=g38e]
AK=SORTF (4. *XXT(JX)}/ES)
IF(AK~3s) 26032,26030,26030
IF(AK=.92) 26030¢26039:26039
CALL ELLIP(X1+sAKoX3sX4o8F, BS)
GO TO 26037

AKZS=AK S &2

CALL YSELL(AKZ2¢8S.8F)

GO TO0 26037

8S=1.0

26037 VAG=VAG(—-H/(6.283208B3))9G1(1)0AKS(BF-BS—-2.*(XXT(JX)-1.)*8S/82)¢CT

HUI)eSM{])eOX

VRG=VRG+{H/ (62832984} )8GI(1)CAKSHEBI® (BF-BS~2.#XXT(JUX)®#B85/82) #CTr
1tL)eSH(L)eDX

VAQG=VAQ¢(-H/(3.1416%83))2SU(I)®AKE2 2ep]#BSESM(])*DXsrB2

26023 VRO=VRO+(-H/(3.14162848))18SU(I)AKB(BF-BS+2.,¢XXTIJIX)I®(XET(IX)-1.)¢EB

26024
26022
1758
1

286000
26009
20024
20025
801
103
27023
<802

S/782)8SM(1) *DX

VA=VAG+VAQ

VR=VRG+VRO

PRINT 2600v:22T(J2)«VALVR
CONTINUE

FORMAT(SSHI INDUCED VELOCITY SINSIODE THE DUCT AT A DUCT RADIUS OF

€S/ //55H 4 va VR
FORMAT{9FB8.6)
FORMAT(7EL15.6)
FORMATL(918)
FORMAT(9F8.6)
FORMAT{//BE1546)
FORMAT( t+1)
FORMAT(18+8E13.4)
CALL END J0OB
RETURN

END

FOR
SUBROUTINE YSELLI EKS » ELE , FLX)

PKS = 1.0 - EKS

ALA = 1.,38629 - (0.5 ¢ LOGF(PKS))

ELK = ALA ¢ ((ALA - 1.0} @ 0.25 o PKS)
ELE = 1.0 ¢ (0.5 ® (ALA ~ 0.5)ePKS!
RETURN

END
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