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NOTATION

a Duct chord

CI(Z) Mean line ordinate of the duct section measured from
the nose-tail lne

E(k) Complete eliiptic integral of the second kind

h (c/2 Rd) chord-diameter ratio of the duct

K(k) Complete elliptic integral of the first kind

k Modulus of the elliptic integrals

q Ring-.source strength

Rd Duct radius

(r, 0, Z) Cylindrical coordinates

S(Z) Half-thickness ordinate of the duct section

V Free-stream velocity

'W Axial component of induced velocity

WO Comnonent of free-stream velocity in direction of duct
axis

Radial component of induced velocity

X Radial coordinate nondimensionalized bht the propeller
radius

Z Axial coordinate nondimensionalized by the dtct chord

a Angle of attack of a duct section

:id Ideal angle of attack of a duct '.ection

a. Relative angle between free-stream velocity and duct

r Ring-vortex strength

P Mass density of fluid

Angular velocity

S... 2" •" V



ij Subscripts

d Duct

q ~Ring source

y Ring Vortex

0"• Trailing vortex system of the vortex cylinder

Note: Mai;- functions are defined in the text.
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ABSTRACT

A computer program is prt-sented which calculates the aerodynamic char-

acterisltcs of annular airfoils on an IBM-7090 high-speed computer. A brief re-

view of the theory is also presented. Experimental and computer results indi-

cate that the theory gives reasonable prediction of the lift, induced-drag, and

moment coefficients and also of the pressure distribution except when separa-

tion is presert on the annular airfoil. The computer program can also be used

for the design of ducted propellers if an infinite number of blades is assumed.

ADMINISTRATIVE INFIRMATION

This work was covered by Subprojec: S-R011 01 01 of Task 0401 under

the Bureau em Ships In-House Independent Research Program.

1. INTRODUCTION

Annular airfoils have found use in both aeronautics and naval architecture where

their application has generally been as shroud rings around propellers. The aeronautical

application has been t. increase the thrust of propellers for hover:ag flight such as applied

to vertical take-off craft. In naval architec-ure Kort nozzles have been used for many dears

for increasing the efficiency of heavily loaded propellors, whereas pumpjets are a rare re-

cent innovation for delaying cavitation.

In most applications the a,,aular airfoil is used as an integral part of the propulsor,

and a theoretical treatment must con.;ider the interaction between the propeller and airfoil.

The present theories, however, use an interative procedure between propeller and annular air-

foil theory so that the usefulness of the complete theory d.perds on the verification of each

part. One pvrposc of this report is to present a comparison of theoretical and experimental

results for a number of annular airfoils.

The first theoretical detelopment of annular airfoil!, s that due to DickmannI who

represented the annular airfoil by a distribution of ring vortices. This approach implies that

the airfoil has no thickness. Other contributors have been Stewart, 2 Kuchemann, 3 . 4 P;vko,5
Malavard, 6 and Hacques. 7 A more complete review of each of these contributions can be

found in References 8 and 9. The most complete theoretical approach to date has, however,

been that by Weissinger t°' I I %ho extended the work of Dickmann and has considered ducts

with thickness, of arbitrary shape and at an angle of attack. His mathematical niodel of the

annular airfoil was a distribution of ring vortices and ring sources lying on a cylinder of

1References are listed on page 82.



Ir
diameter representative of the duct and of length equal to the duct. This means that the

boundary conditions are linearized and are satisfied on a representative duct cylinder and

riot on the duct surface.

A number of investigators have used the Dickmann-Weissinger mathematical model a

have developed numerical methods for computing the pressure distribution on annular airfoi

Bagley, Kirby, and Marcer 1 2 have presented a simplified method where the boundary condi-

tions are satisfied at only a few points along the chord. A more complete method is that

given in References 13 and 14, which has presented quite an extensive set of tables for a

limited r.u nber of airfoil configurations.

In additizon to the comparison of theoretical and experimental rcqults mentioned pre-

viously, this report presents a computer program for the IBM-7090 which enables not only t

pressure distribution of the annular airfoil to be obtained but also other aerodynamic chara,

teristics. Specifically, the program calculates the rressure distribution, both linear and nc

linear1 s for an annular airfoil of arbitrary qection, the ideal angle of attack, the velocity di

* tribution, both on and in the flow field, and the various aerodynemic forces which arise. T

* annular airfoil is assumed to be axisymmetric but may have an an!-4- .- attack and be in an
axis)mmetric flow field. Consideration of such a flow field allows the inclusion of an infi-

nitely bladed propeller or a central brdy within the duct. The mathematical model used for

these calculations is the Dickmann-Weissinger model and the approach is that of Referencc

9 and 15.

The following discussion is divided into four main sections. The development of th
theory is reviewed briefly, then the computer program is described, and finally, the results

of the calculations and comparison with the experimental results are presented.

2. LINEARIZED THEORY OF THE ANNULAR AIRFOIL

The linearized theory of the annular airfoil has been developed adequately in the rel
erences cited, but a brief development will be repeated here for completeness. Details of I

mathematical manipulations which have been omitted will be found in References 9 and 15.

As indicated in the Introduction, the method of singularities is used for representati
of the flow field about the annular airfoil. The mathematical model used will be a distribu-

tion of ring vortices and ring sources lying on a cylinder of a diameter representative of tho

duct diameter and of length equal to the duct length tthe Dickmann-Weissinger model). In t

use of this approach a number of assumptions are implied. Briefly these are:

a. The fluid is inviscid and incompressii01e and no separation occurs on the duct.

b. Body forcec such as gravity are neglected.

c. The free-stream flow is, in general, axisymmetric but may have a small cross-flow

component.

d. The annu!ar airfoil is axisymmetric and of finite length.

2
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e. The annular airfoil can be represented mathematically by a distribution of ring vortices

and ring sources along a cylinder of constant diameter. This implies that the boundary condi-

tions are linearized.

f. The trailing vortex system of the annular airfoil has the constant diameter of the an-

nular airfoil und extends from the annular airfoil to infinity.

2.1 BOUNDARY CONDITIONS

The coordinate sy:vten, used is a cylindric.- system (r, 6, Z/ with the axis located at
the trailing edge and on the centerline cf the duct. For convenience.the axial coordinate

will be nondimensionalized by the chord a and the radial coordinate by the reference radius

of the duct Rd. Figure 1 shows the annular airfoil coordinate system and Figure 2 is a de-

lineation of the system.

The cross section of the annular airfoil is assumed known and will be delineated by
a thickness distribution, a camber distribution, and an angle of attack.

In terms of the thickness, camber, and angle of attack, the slope of the outer surface

of the duct is given by

u'(Z) = C1'(Z) + tan a + S'(Z)

and the slope of the inner surface by

b "(Z) = C1 (Z) + tan a - S'(-")

The boundary conditions to be satisfied oi. the surface of an annular airfoil are that

the normal velocity must be zero and that the Kutta condition must be satisfied at the trailing
edge. In linearized theory, Reference 9. this means that ;he radial velocity at lhe reference

cylinder must be equal to the slope of the section, or

;(.-i 4 0, 0, Z) -([C'(Z) + tana ± S(Z)] (9Z 1 1) [2.i.I;

And at the trailing edge the radial velocity is zero, or

S(Ad O0, 0, O) 0

3
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2.2 DERIVATION OF THE RING VORTEX AND SOURCE DISTRIBUTIONS TO REPRESENT
THE ANNULAR AIRFOIL

In order to calculate the pressure distribution on the annular airfoil, the flow field a-

round tb.'. foil, and the aerodynamic forces, it is necessary to obtain the strength of the ring

vortices and ring sources. The ring-vortex strength and ring-source strength must be of such

magnitude that they induce radial velocities which satisfy the boundary conditions given by

Equation [2.1.11. By substituting the equations for the radial velocity induced by the ring vor-
tices and sources into Equation 12.1.1), a singular integral equation is obtained which can be

solved for the various singularity distributions as shown in the follawing discussion.

The nondimensior.al elementary circulation of the ring vortices %:il be taken to be

y(o, Z) and the strength of the ring sources to be-q(e. Z). If the ring-vortex strength is a

function eft'. angular coordinate, then from vortex theory a traili rig-vortex system exists

I Od
behind the duct. The strength of the elementary vortex is - , and this vortex sysLem

induces radial velocities at the ducL Since the velocities are linear, they are additive, and

the radial velocities by tre duct are found to be

:~V . 01.•, -- o ,Z) ('Yd- -( 01 ,,Z) + ( ± 0-e '6, Z
Y

+ .. ,Z+a Cos6

(0 -< z <5 1) 12.2.11

And the various terms are defined as follows:

[W, (d, 0, Z)J The radial velocity induced on the ductby the ring-vortex system.

0' , •I, Z}lq The radial velocity induced on the duct
KW, 1by the rini, source system.

1W, (.At, , Z)]Jy The radial v.'!ocity ir.,uced on the duct
by the trailing-vortex system.

4
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An arbitrary axisymmetric veloc ity at the
[• ('Vd, Z)) duct such as induced by an infinitelybladed propeller or a center body.

The radial component of the free-streamar COS velocity when the duct is at an angle of

attack.

The radial velocity components induced by the various singularity distributions at the
reference cylinder have been derived in Reference 9 Pnd are

For the rirg vortices:

j, df -Z co0- -6Z)y(•,Z) d'dZ"

Y 4 sn(2.221

For the ring sources:
1 2n 1Co(6 q(3ZA-1 co(- (do-' ddZ" q(6, Z)

q 0 0 [4A2(Z-Z )2 4 sin2 -;(6-1$)3/2

For the trailing-vortex cylinder:

i oI2 Z -Z"

[ (.Vdl 6, Z)1 -f2 cot-( 6)~ AZ
4o o)2 ÷4 sin -,(0 -61

S ", "12.2.41

56.'Vd d

where A
2Rd

These radial %elocities are substituted into ihe boun.!ary condition 12.1.11 %hich leads
immediately to

q(d. Z) , -. 2 S'(Z) 12.2.51

From this equation it is seen that the strength of the source rings is a function nnly of the
thickness slope and. for an axisymmetric duct, is indepenient of angle. In linearized airfoil



theory the same equation is obtained. Substituting the slope for the sourcc strength into

Equation [2.2.31, the radial velocity induced by the ring sources at the cylinder becomes

01 Z)1Z) [.26
' 4,' (Xd -!,-f S '(Z ) k jK(k)- E(k)1 dZ '"() [2.2.61

i'here k 2 = and A(k) and £(k) are complete elliptic integrals of the first and

1,2(Z-Z,)2 #.1

second kind, respectively,.

Substitution of the various radial velocities into the boundary condition, Equation

[2.2.11, led to the ring-source strength given by Equation [2.2.5). This same substitution

also led to the following integral equation for the ring-vortex cirt-ulution:

2Ar (Z-Z') cos(-6°)y(.Z) - ddZZ

"o 0 [4A 2(Z-Z) 2 + 4 sin2L(6-6")] 3 / 2

2

1 2a
+• cotT("'l•. 1) z + L-• (6" Z) do WZFAf f 7)(6-C1)

o o 1'4 h (7,-7,I+4 s r'. •-.•'
2

-{CI(Z) tan a + a, cos 61 - S'(Z )k[K(k) - E(k)) dZ" (Ad, Z
C

= U(A, Z) 12.2.71

This equation is a singular-integrmd equation for the ring-vortex circulation y(4., Z).

* In order to solve this equation, an assumption is made that y(O: V ) can be expanded in a

Fourier series in 4, i.e.,

tm

i y(6,'- "1 g (Z") cos n6 A (Z') sin no' 12.2.81

6



The function V(O, Z) is also expanded in a Fourier series in 9S, but it is immediately obvi-

ous because of the form of V(O, Z1 that only two terms of the series exist, i.e.,

V(4, Z) u, cos 1, (2.2.9]

where

A W

Uo -[Cs'(Z) + tan,]- f S(Z -k[K(k)-E(k) 0, +.- (A, Z)I
0

If Equations 12.2.F0 and [2.2.91 are substituted into Equation [2.2.71 and the neces-

sary mathemat~cal manipulations are performed, a singular integrrl equation is obtained for

the Euler coefficients go(Z) arid yj(Z). All other Euler coefficients are zero since a Fourier

series is unique and, hence, the coefficients can be equated. Only u0 and ulexist on the

right-hand side of Equation 12.2.7]. The two integral equations obtained are

I z- o( z )- dz 1(Z) [2.2.101
0 ' ' (Z -V

0 0

S1. (--) 1r(z-Z ) Z+ Sh 9=12Z) dZ "= -2,70, [2.2.111

where

9(Z -Z) k t4h2(Z _Z )2 [K(k) -E(k)] - 2E(k)} 12.12.121

Ht(Z) =4([C,(Z) + iana -4w ta1i, Z) -4hf S-(Zlk[gK(k)-E(k)]dZ" [2.2.131

S1
/A2(Z-gZ) 2 + 1

7



W,(Z-Z') .-!(2-k- 2 E(k) -4(1-k 2) 2 K(k)]
k 3

Solution of these two integral equations give, the circulation distribution for an axiqymmetric

annular airfoil at an angle of attack, i.e.,

y(0, Z) -g,(Z) - g1(Z) cos 0 (2.2.141

Actually, soluutn of Equation (2.2.101 gi'es the circulation distribution for an axisymmetric
annular airfoil at zeic anngle of attack. It should be noted that the thickne.-" dibtribution and

the arbitrazy axisymmetric radial velocity each contribute to the strength of the ring vortex.

Solution of Equation [2.2.111 gives the circulation distribution on a right circular cylinder at

an angle of attack with length equal t0 the duct chord and diameter equal to the repre.renta-
tive diameter of the duct. This circ:jlation distribution is independent of the shape of the

duct.

The equations for the circulation distributio: s have been derived in terms of elliptic

integrals. They can also be derived in terms of the half-orJer Legendre function of the sec-
ond kind.s If the annular airfoil i,• not axisymmetric and the propeller has a finite number of
blades, the use of the Legendre finctions is preferred.

In the next few sections the two singular integral equations just derived are reduced

to Fredholn equations of the second kind and tht. solution of these equations is discussed.

2.3 REDUCTION OF THE INTEGRAL EQUATION FOR THE AXISYMMETRIC CASE

Following Muskheaishvili, 16 as shown in Reference 9, E~tation 12.2.101 can be re-
duced to a Fredholm equation of the second kind by adding and subtracting the tern. g(Z-Z')

from the kernel. Since at Z Z'the kernel is equsl to -2, i.e., g(Z-Z') = g(0) = -2, Equa-
tion 12.2.101 becomes

'go'(Z) 1Z go(Z')

/ ( - Z '• ) 2 j -Z-)]
00

The integrand of the integral on the right is not singular at the point (Z -Z ") and has the
value of zero. This equation is in the form of the weli-known Cauchy-type, singular-integral

equation and has a unique inverse gien by

""- , foz'd,' f2 go(Z 'dZ (2.3.21
V? (Z -_Z Z) 1232

8
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To this equation the secon, boundary condition, Equation [2.1.21, is applied. This boundary

condition implies that the circulation at the trauling edge must be zero, and the constant term

1

J qo(Z')dZ 'is chosen so that y0(0) =0. If fo(V') is substituted into this equation for fo(Z')

0

and the constant chosen as just described, a Fredholm equation of tlhe second kind is ob-

tained for the circulatior distri bution:

g-(Z ;.T:T Z) - fZ) + f X(Z, Z -) -0 - dZ' 12.3.31
0

where

2v2 o (Z-Z) Z
0

fu.i'•!/- Z" _____"-')

KIM(Z, Z) = 1) \, i. : .'---Z-- dv"
.2 v 2 J r Z '" ( Z "'- Z ) i T "'- Z ') -

A new dependent variable is defined by this equation from which the c-irculation di'tribution

can easily be obtaiaed. This redefining i3 necessary since the circulation distribution _Q,(Z)

is generailly infinite at the leading edge. The case where go(Z) is not infinite at the lead"

edge will he discussed later.
Both functions f(Z) and K,(Z, Z') are Cauchy PrinciDal-value integrals and to e,.alu-

ate, part of the integrand will be expanded in a Fourier series. For convenience, a change
I

of variable of the form Z. (1 . cos 0) is made in Equation 12.3.31. Then

ff

g•10) = .o1) sin 2 fn•- 1g()dO 234

0

9



where

1 1~~~~I -(1Cos 03 I(d0 .. 5f(O) = -cos--f 0-cos o) o'
21.2 2 (cos 0'-cos

r 0

-- cos-- cos 1 (1-cos 0" 2+9(co- "-coso d.
(Co o- "-ososCs- -os0

K(O 0" = 2 2 (cosO"-cosO) co•sO "'-cosO"

To evaluate the function, f(0), 11(0') is obtained in series form. This runction is given by
Equation [12.2.13) with the proper change in variable. The following half-range Fourier series
expansions are made for the slope of the thickness distribution and the section mean line:

C;(Z) - (Xd, Z) =C;(o) (d, 0), cos C2.3.71
rn-

where

0  -~( ,F(. d.o)J do

CO

c(o) . ,() - (Xd' cos mO dO
0

and

00

8I O(= Z)I sin]O (2.3.81

where

S(0) sin mO dO
0

10



The slope of the thickness distribution is then given by

as
S'(Z) -'.,[O(Z)] = - ,L cos mO

Mn-1

Use of the Fourier series expansion causes no restrictions on the th.cl'ness distribution;
however, Equation [2.3.71 requires that the camber line slope be finito everywhere. intro-
ducing the expansions into Equation (2.2.131 yields the following:

() I {4r [Lane + Cos MO] 2m G(Ot'm)] (2.3.91

where

1?

Re )f 1f k(K(k)-E(k)1 cosm dO
0

S 2k[K(k)-E(k)1 cos m(0"-t 3) dt [2.3.101

4
k2 

4f

A2 lcos 0"-cos(0"-1 3)12 + 4

The elliptic integral of the first kind K(k) has a logarithmic singularity at k 1, which re-
suits in the integrand of the left-hand integral of Equation [2.3.91 having a logarithmic sin-
gularity at this point. This is a singularity which can be removed by making the change in

variable of 0'- 0" = A3. This has becn done in the right-hand integral.

To complete the solution, the function G(O[ m) is expanded in a Fourier cosine series
in O, i.e.,

G(0)'m) c 0(n4; (m) cos pO" [2 3.111
p-i

11
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where

a0(M) f GQ),'m) '
ff

0

a O(M) 2 f G(O,'m)dO'

ff

0

With tOis exprassion for G(O ,in), Equation 12.3.91 is substituted into Equation [2.3.,!

and the integral for /(0) cai now De evaluated. After the order of integration and summation

are interchanged, the resulting integrals are of the Glauert type and f(O) then becomes

S(o) - [ na + C)+sol f' • cos-m

S 2 '
+ sin MO B,,(O) sin--O 12.3.121

.SM1 2

where

6AF11 =-- nao(m)

7(O) -- M . m) sin p

To obtain the kernel K(o, 0') also involves the evaluation of a Cauchy principal-value

integral. Th~e method used to evaluate this integral is to expand the part of the integrand

12 + g(cos 0"-cui, V1
Cos O°'-cos O" .

in a half-range Fourier cosine series in 0: This term is continuous everywhere for O0-OS 0

and has the value zero for 0" 0."

12



Co+g(os 0"-cos 0) -

L.co "-'c--Tos " e'J " be(°') ~(0') cos 5o"03.

where

bow' I F (Cos Cos1) dO0 Cos O'-cos 0'
0

•.2 [2+g(cos o"-cos 0')

_fI cos nO"dO'S CI"S 0-cos O0

Substituting this equation into Equation [2.3.61 and evaluating the integrals gives the

following for the kernel F;(0, 0"):

1 1 1b(" cos [2.3.14
K(O, 0') -- cos L-0" b ' 0+sin 0') sin n2.3.141

2 2lu

Both f(A) ,nd K'iO, 0) are now in a form which can bo handled numerically so that the Fredholm

equation of the second kind. EquaLion, [2.3.31, can he ,.olved for the circulation distribution.
Several methods exist for the solution of this type of integral equation; 1 7 however, .he ker-
nel K(O, 0") is of the degenerate (or product) type and the method applicable to this type of

kernel will be used here. Details of this method are given in Reference 17 and only resulting
equations are given here. Following this procedure, the equation for the circulation di.-tribu-

tion becomes
9

go*(0 = f(O)+C(QO) o(O)Ao+C(O)Ajsin O+... +.C()Ajsin nO 12.3.151

whcre A(0) is given by Equation (2.3.121

1.1
C(0) -- sin -0

DO(O) - -cot - 0

13



and A. is given by the following set of simultaneous equations:

A0(1-Coo) -ACoI -A 2 Co 2 -.... *-A.Co. "0 d

-.AoC1o +A,(1-C 1 1) -A 2 C 1 ,-... -A,C, .d,

[2.3.161

- AcCo -A•,C., -A C,.:-...... A.(I -c..) #

whore

2wC 4(OlD(l) sin 0dO;" (, j 0, 1,2,... n)

0

zI

DOW)- -cot - 6"
2

D403') sin j0'

and

rO
rn-

i / ,

d.f b,(O9) si 'i mOd '
7i -

0
! •d~,. b,(o') sin OsinuaO'dO"

' o '

4. " b(0') 11(0-) sin O'dO'

0

14



2.4 THE IDEAL ANGLE OF ATTACK

In discussing Equation (2.3.21 of the previous section, the statement was made that

the circulation distribution oC the annular airfoil was generall) infinite at the leading edge.

This is not the case, however, if the annular-airfoil section is at it8 ideal angle of attack

aid, i.e., if the stagnation point occurs at the leading edge. This angle can be obtained

from Equation (2.3.21 by not only mar.king g,(O) - 0 but also by taking the circulation at the
leading edge to he zero, gy(1) - J, and solving for the anglea:

I 1 f1(Z-)tan,,idftaid - -f•V• Zr -.• zdZ"(..1
- -3--f Z' (2.4.11

where

l(z ")- f0o(Z") + 2 ta-i e

If this value of the ideal angle is substituted in place of the section angle a, an equation is

obtained for the ideal circulation distribution:

id - 'fid(Z) + f KUM(Z, zX') Y( dZ
0

where

I(Ht(Z')-4n tans d
id(Z) - _ j - (z'-z)iz4 -z ')

2v 2  o

1i(Z Z' ro-Z 2 + 9(Z "-Z d)K • (Z, z").-- ,/ThCl-ZJ -zz(;))t - z "
•2u2of (Z"-z " ) (Z "- Z) N4z"( -z " )

In t66i• equation it. is not necessary to solve for a pseudo-circulation since Y,d(O) is not sin-

gular at the leading edge. By the following the procedure of the previous section, the coef-

ficients fld(Z) and K~d(Z, Z ") are obtained as follo~s:

15



nsin m e

and

I

K,4(O, 0") sin 0 n(0*) sin nO

The coefficie.nts c, 8,,(0), and &,,(O ) are given in th, p;,i:tus section. The

ideal circulation distribution [g0(0 )]jd is given by Equation (2.3.151 wdih

C(O) - 21r

DOo- 0

atd A, is given by

AI(I- C ,1) - tZC, 2 ....... . A , C l,. -d,

-AC21 +)A 2 C•; 2-2) ..... -A4 c2C .'

-,I.c,,.... ..,.. ...... .+A,('-'..) - d.

All the coefficients are the same es given in the previous section eN:ept for d., which i*
given by

di - fC - • lli,fS fi~ (i'-1, 2. 3-..- n)

m1*e m1

16
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Once the ideal cire7tiation distributior is obtained, the ideal angle of attack at which the
section must operate for the stagnation point to be at the leading edge is given by Equa-
tion (2.4.11. Substituting for f,(Z ) -"%to this equation yields the following for a,,:

Oid - 4 bo(o') [ Iio(o)i O,'d'- + (2.4.31

2.5 REDUCT, ION OF THE INTEGRAL EQUATION FOR THE ANNULAR AIRFOIL AT AN
ANGLE OF ATTACK

In Section 2.2 an integral equation w!-s deaived for the circulation distribution of an
annular airfoil at an angle of atta.-k. This equation showed for the linearized theory that the
section shape had no effect on the circulation distribution, which was dependent only on the
chord-diameter ratio A and the angle of attack a'.

Tha redu'L:.n of t~is Equation [2.2.11) to a Fredholm equation of the s-cond kind fol-
lows the procedure outlinvud in Section 2.3 and is more fully described in Rc'ference 9. The
resulting equation is

gj (O) - (sin-O),,()

1 2/ [
- 2., cos -0-;f { os 4 6otP" o D•* 0

"2

4 sin .! ) (0°) sin mO •.l(OG) dO" [2.5.11

where

- j~ 1 O'-cos ')-
b0 (t) -A+ IdO'

2 If (os 0 --Cos 0')

b0 2; FO'-cos "o0') -11csw"0"( J [ o c 0) J cos -Ocd 0"

17
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Here, as in Section 2.3, it is necessary to solve for a pseudo-circulation. From Reference 17

the solution of this equation for the pseudo-circulth.-n is obtuir.ed in the following form:

1 2 2
a, cos-0--Acos_ 10 .0A ,sin 0+ 2 sin 20+... + A, sin nOl 12.5.21

SThe coefficients Aa are obtained from the set of siw,,'Laneous equations given by Equa-

tion (2.3.11, except that the coefficients C., and d4 a'•.

S f b.(O'1 0.(o') sin o"dO'; j- O, 1, 2... ni)
0

s=2zf os!'b/(o')do'; :
di =2a f c os2 0- b,.=do ;1, 2, 3 ... nj

0 2

It with

D6(0') -cot -0'2

SDý40") = sin jO'; (i = 1, 2, 3 ... n)

3. VELOCITY, PRESSURE, AND FORCES

3.1 VELOCITY DISTRIBUTION

!n linearized theory the flow field is given by summing the free-stream velocity and the

velocities induced by singularities in the flow field. For the annular airfoil at zero angle of

attack, this means that to the free-stream velocity must be added the velocity induced by the
ring sources and ring vortices. For the zero-incidence case. only axial and rad;al velocities

*I are induced by the duct and these are 9

Axial-induced velocity:

f - )(ok k2 [K(k2)-E(k7)
X 1 /(2-

2( -) E(k.,)--
S"-( Cos,2.(93 + 0) 03z dý 13.1.11

k 2(ccs O-cos 0p)2 2 X

18



!W2h(cos O-co ' E~k 1j d'1312

LAh2(cs O-cos jo)2+('

Radial-i rdacod velocity:

[rxz]-Afqo*(O') k*112A(Cs 19-eos 0'))]KklEI1
X2w z 3/2f

2J 2

(I X

[X9 Z]I.- (ia)/f ICs ( o)2 [.(d)o' 2

h2(COS Ocos0,2

2x 1

X, ho/2 Oc S'(0 k )12.(k 2)-Ek2

ýVr (7 9
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Z -- (I + cos 0)

2 j3

The foregoing equations for the induced velocities have been derived in a form for ease
in making numerical calculations. Changes in variables have been made in order io remove

singularities from the integrand.

On the anpubbr L.rfo:! itseif, these eciations are considerably simplified since X f X.
However, across a singular vortc'. sheeL there is a discontinuity in the tangential velocity
while across a singular source sheet there is a discontinuity in the normal velocity. On the

duct itself then; i.e., X . Xd and 0 5 Z -< 1,

Axial-induced velocity:

(Xd, '; I g0(0 ') k[/K(k)-E(k)1 cos 2 (O_0) 362._ O - ga(O) [3.1.61

(X, Z) (odO'= - - a sin nO 13.1.71
(o -cos 0') siq !--0

and

a's if F'(O') kE(k) cos nO'dO"

IF-0

Radial-induced velocity:

0 Cos 0-cos 0' {fJ
1 si••5 sin nO 13.1.81

nin

20



and

Y" g(O) cos- ,'cos nO'dO"
a wJ 2
.0

[I 1;(.X-d, Z)] = S f , ) k(K(k)-E(k)] P di; 2S'() [3.1.91
lq

%.here

4

T 2 = 4

A21cos 0-cos(03 4 0)j 2 + 4

If , annular airroil is at ,,r.gle of attack, then to these induced vploeities must be

added those induced by the trailing-vortex system and the circulation distribution g,(Z). The

free-ortex system from the duct, %hen it is at an angle of attack, is straight-line vortices
trailing from the duct to infinity and parallel to the 2-axis. Consequently, they do not induce

any axial velocity but only radial and tangential velocities. These induced velocities are

given in Reference 15. On the duct itself, the contribution to the axial-induced velocity due

to angle of attack arises only from the vortex distribution on the duct and is

a 2 )"•,(.1d. 6,Z) "- - k -k2 [E(k)-"K/t(k]€)

.+ 3E(kc) - K~k)j d7, 9,Mg(Z] Cos

It should be noted that at the duct leading edge, the linearized theory .gives rise to

infinite velocities unless the duct section is operating at its ideal ang!4 of attack; i.e., un-

less go(l) re
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3.2 PRESSURE DISTRIBUTION ON THE ANNULAR AIRFOIL

Since the flow field is assumed to be irrotational, steady, and incompressible and body

forces are neglected, on the duct itseif the pressure distribution is obtained from Bernoulli's
•, equati.on as

P(Xd, 4, Z)-P 0  W) 
2

= 2 - Z) 4,Z Z

2

4'], +V-xd 4M 23.2.11

The velocities I1'0 W,, and K' are the total velocities inducei by the various singulari-

ties in the flow. The pressur p0 is the pressure infinitely far ahead of the duct while

p(Xd, 4, Z) is the local pressure on the duct surface. If the perturbation veloc;ties are small,

then the squared terms in this equation can be neglected. This gives the linearized Bernoulli

equation, which on the duct it.-elf is

W
C, 2 (xd, 4, z) [3.2.21

S;nce, as discussed in the previous section, ;n the linearized theory the axial veloc-

ity induced by the ring vortices t,as a singularity at the duct leading edge, so does the pres-

sure. An approximate nonlinear correction to the theory which removes this singularity can

be made using the argument given in Reference 15. The result of this argument is to multi-

ply the axial velocity by the coefficient

1r +[3.2.3i

As normal airfoil shapes have infinite slopes at their leading edges, this coefficient will

suppress the singularity arising in the velocity.
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3.3 FORCES ON THE ANNULAR AIRFOIL

The forces on the annular airfoil follow directly from the Kutta-Joukowski law,18

which for each section is

F = pV" (3[.3.11

The velocity V is the velocity perpendicular to the direction of the force F and does not in-
clude the self-induced velocity. The function r" is the circular on and p is the mass density.
To obtain the total force in any one direction, the force on each section is integrated around
the duct.

The total lift L is defined in some erbitru~y direction which here will be taken to be
positive radially outward, perpendicular u, the axial coordinate z, and at . = 0. For the axi-

symmetric case, the l'ft on each section is radially outward but, since it is equal at each an-
gular position, *he total lift is zero. By the sar.e reasoning, the lift in an arbitrary axisym-
metric velocity is also zero. The only net lift occurs when the duct is at an angle of attack,
and this is given by 9

d 0 0

The induced drag also follows directly from Equation [3.3.11. As for the lift, the in-
duced drag of the duct at zero incidence is also zero. However, an arbitrary axisymmetric-
radial velocity by the duct, such as induced by a propeller, does induce a drag. The induced
drag then follows 9 as

. AR 0, Z ") (j ddZ [3.3.31

For the duct at zero incidence, this equation reduces to

"-4v go(Z L) X, Z" dZ°- 4v 0 (d6 13.3.41
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where the velocity W1 is the arbitrary axisymmecric-radial velocity by the duct. Obviously,

for the duct at zero incidence and purely axisymmetric flow, the induced drag is zero. If the

duct is at an angle of incidence in otherwise purely axisymmetric flow, Equation [3.3.31 be-

comes, after some mapipulation,

nC', = [- C3.3.51

which is the result obtained by Ribner. 19 To find the total drag, the viscous drag must be

added to the induced drag.

The total moment on the axisymmetric duct at zere .neidence and, also, in the pres-

ence of an arbitrary axisymmetrical flow is zero. Consequently, the only moment arises when

the duct is at ap angle of attack. This moment arises ,r-om two sources, one being from the

vertical forces (lift) and the other from the horizontal forces (drag). This differs somewhat

from two-dimensional airfoil theory where only the lift force contributes. The moment M fol-

lows also from Equation [3.3.11 as

C(M - = CA1, + CM 13.3.61
p.p.V2a 2 Rd 11'

2

where, about the leading edge

=-sin 0Osin-0OdO [3.3.71( 2

and

. o
CA, 2 . gJ*(O) cos - 0dO

0H T 4 

1 
2 

lI
+f 900cs 1*1Co A(cos -o V' ((k)-E(k) dO 0d 13.3.81

The moment from the drag force is normally small compar•dt to that from the lift force, hut it

should not be neglected.
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To obtain the moment about any point on the duct, the contribution due to the vertical
forces is shifted from the leading edge by the following relation:

CM V + CL(I(-Z)[)..,

4. COMPUTER PROGRAM

The calculaLions based on the theory for the annular airfoil operating at a given angl,
of attack have been programmed for the IBM-7090 high-speed computer. Input consists of the

section camber and thickntr-s ordinates, the section aigle of attack, and the chord-diameter

ratio of the annular airfoil. An arbitrary axisym.r-etric velocity can also be included.

The standard output con-ists of the lift, drag, and moment coefficient-, as well .s the

circulation and pressure distribution on the duct. There are options also for obtaining the

ideal angle of attack of the duct section and the velocity field inside the duct.

It takes approximately 10 minutes on the IBM-7090 high-speed computer to calculate

the duct forces, pressure distribution, and the velocity field inside the Juct. The input-

output format and the FORTRAN listing of the computer program are discussed in tbI." foilow-

ing sections.

4.1 INPUT FORMAT

The dt•t identificntion is key punched on the fi s. IBM input card using Format 12A6
where Columns I thirugh 72 can be used. The remainder of the input data is p-inched on IBM

cards using Format F8.6 where up to nine fi.id point p'.ra,' ,ters., each having ai field width

of eight columns, can be punched on a card. The.-e c ticular formats are described in Ref-

erence 20.
Seven parameters are punched on the s ccd input oard with the first four quantities

being the nutaber of camber ordinates, the numb(-: of :section thickness ordinates, the chord-

diameter ratio of the duct, and the section angle of attack a in degrees, respectively. If

the camber is zero, the number of cani:er ordinates input is zero and if the ideal angle of

attack is desired, the section angle iiuput is zero. The number of camber !%nd thickness ordi-

nates which can be input is a minimum of 17 and a, maximum of 39.

The fifth quantity on the second input card is an option for calculating the ideal angle

of attack of the duct section. If the ideal angle of attack is not to be calculated, the fifth

input quantity is zero; if this angle is to be calculated, 1.0 is used. The sixth and seventh

quantities on the second input card are input options concerning the induced radial and axial

velocities, respectively. If these velocities are taken as z.ro, the input values are zero; if

either or both of these velocities are zero, 1.0 is used.
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The stations along the section chord and the corresponding camber ordinates, nondi-

mensionalized on tho sect;on-chord length, are punched on the first and second sets of input

data cards, respectively. These cards are omitted, however, if the section camber is zero.

The stations along the section chord and the corresponding half thickness ordinates,

nondimensionalized on the section chord length, are punched on the third and fourth sets of

input data cards, respectively. If the section ideal angle of attack is to be computed, no

other input data is required for the computer program.

The nunther of points (a minimum of 17 and a maximum of 39) along the section chord

where the radial v,!ocity is tiv..- •,,put should be punched on the next input data card.

Following this card, the stations along the section cl-.d and the corresponding rodi.l ,,-loe-

ity. nondimensionalized by the ship speed, are punched on the fifth and sixth sets of input

data cards, respectively. If the input radial velocity is zero, th,'se data c.'ds are omitted.

The number of points (a minimum of 17 and a maximum of 39) along the section chord

where the axial velocity is given as input shou~d be punched on the next input data card.

Following this card, tie stations along the section chord and the corresponding axial velocit

nondimensionalized on the ship speed, are punched or. the seventh and eighth sets of input

data cards, respectively. If the ir.put axial velocity is zero, these data cards are omitted.

The number of different geometric angles of attack for computing th.- duct pressure

distribution (which must be less than 41) is punched on the next input data card. Geometric

angles of attack in degrees and the corresponding angular positions of the duct section in

-degrees at which the calculations are to be made a:e punchod on the ninth and tenth sets cf

input data card-%, respectively. The p:zogram always makes calculations for 6 - 0; thus it is

not necessary to input this value.

The next card is an option card for calculating the velocity field inside the duct. If

this velocity is not to be calculated, the input quantity is zero; if the velocity is to be cal-

culated, 1.0 is used. If the input is zero, no additional rata are required for the compt.ter

program.

Two input quantities should be punched on the next card if the above input data are

1.0. The first quantity gives the number of different radial positions (which should he less

than or equal to 11). The duct radii and the stations along the duet chord are punched on

the eleventh and twelfth sets of input data cards, respectively. An example showing the in-

put data for a duct where the radiul and axial-induced velocities are zero and the pressure

* distribution and velocity field inside the duct are desired is shown in Appendix A.

SOptior. 10, which allows the program to overload the operating system. 20 mu st a!so

be added to this program. The binary common reassignment card must have a minus sign, 7,

and 9 punched iin Column 1, a plus sign punched in Column 2. and a plus sign and zero puncd

ed in Column 6.

I
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4.2 OUTPUT FORMAT

The input is printed on the first page of output and the duct. forces, including the lift,

drag, and moment coefficients, are given on the sew'nd page. The third page of output gives

the duct circulation distribution, nonlinear corrections, and the nonlinear pressure distribu-
tion inside and outside the duct for a given geometric angle of attack. It should be noted

that the pressure distribution includes the effect of adding the axial-induced velocity given

as inp•.• to that induced on the annular airfoil. !f more than one geometric angle of attack is

given as input, !he parameters presented on the third pirge of output wili be printed on a new

page for each additionr! geometric angle of a'act. The axial and radial velocities along the
duct chord at a given radius inside the duct are printed on the next pagp of output ia desired.
If more than one duct radius is given as input, these velocities are printed or. a new page
for each additional duct radiue given as input.

Note that if only the section ideal angle of attack is desired, t:his computed value,
rather that, the duct forces, will be printed on the second page of output. The output obtain-

ed from the input date. of the annular airfoil given in Section 4.1 is also shown in Appendix A.

4.3 FORTRAN LISTING

The FORTRAN listing of the computer program is given in Appendix B. In addition to
the subroutines furnished automatically by the Bell Monitor System on thl- 'BM-7090, the bi-
nary coding for the BE-ELIP, E2-A%fGMHA, B4-iACBRT, DI-GLGAU2. AMMATI, AM-SItF,

VG-AS*C, anti B1-AQAKKI subroutines must be added to the FORTRAN listing of this

Frogram.

5. EXPERIMENTAL AND THEORETICAL RESULTS

5.1 EXPERIMENTAL RESULTS

Two ducts, 20 inches in diameter, were manufactured and tested in the Subsonic Wind

Tunnel of the Aerodynamics Laboratory. The tests were run at a Reynolds number of

2.06 x 10 Both ducts had chord-diameter rati is of 0.8 and the section shapes were as
shown in Figure 3. The cross section of Duct I is an NACA 0010 thickness distribution
with an NACA 250 mean line uf maximum camtDer-chord ratio of -0.0375. Each section op-

erates at an angle of attack of 6 degrees. Such an annular airfoil typifies the shape used for

Kort nozzles. Duct II has a cross section made up of an NACA 66 Mod. thickness distribu-
tion of maximum thickness-chord ratio of 0.10 with an NACA a - 0.8 mean line of a maximum

camber-chord ratio of 0.04. The angle of attack of the section is zero.
Also shown in Figure 3 is a duct shape tested by the Bureau Technique Zborowski in

France. 2' This duct has a chord-diameter ratio of 0.96. The section is an NACA 66-006
with no camber, and the angle of attack of each section is zero.
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Force data in coefficient form, i.e., lift (CL), drag (CD), and moment (C.), are plotted
in Figure 4 for Duct I. These tests were carried out for geometric angles of attack covering

a range of 1 10 degrees. Pressure distributions - "re made on both the inside and outside of

the duct at geometric angles of attack from 0 to 10 degrees in steps of 2 degrees. Flow sepa-

ration occurred on this duct even for zero angle of attack thus only the results for 0 and 6 de-

grees are shown here. Figure 5 shows the presture distribution plotted against the chordwise

location of the pressure tap for the zero angle ot attack case. The resuits for the 6 degree

* angle of attack are plotted in Figures 6 and 7. Figure 6 is the pressure distribution for the
duct section which is in the upward position as shown in Figure 1; i.e., 0 - 0 degrees. Fig-

:ire 7 thows the pressure distribution at thc- lower section; i.e., 6 i 180 degrees.

The force data for Duct 11 are niotted in Figure 8 and again, the range of tests was
±t 10 degrees. Pressure distributior:- for this duct are plotted in Figures 9 through 15. Fig-

ure 9 gives the pressure distribution of the inside and outside of the duct for zero angle of

attack. Figures 10 and 11 give the pressure distribution for 4-degree angle of attack for the
position 0 - 0 degrees and , - 180 degrees, respectively. Figures 12 and 13 are the pres-

sure distributions for 8 degrees and 4, - 0 degrees and SS -i 1IG degrees, respectively; Fig-

ures 14 and 15 are for 10 degrees for , = 0 degrees and 4, = 130 degrees, respectively.

' The force data for the riTZ duct are shown in Fig'•'e W. -nd the pressure distributions

are given in Figure 17 through 19. Figure 17 gives the pressure distribution for the zero angle

of attack case; Figures 18 and 19 are for the 9-degree angle of attack with 4 = 0 degrees and

0 - 180 degrees, respectively.

5.2 THEORETICAL RESULTS

5.2.1 Axisymmetric Duct

In this section, results of theoretical calculations are compared to the test results

just presented. The theoretical calculations were made on an IBM-7090 computer by the

Applied .,athenatics Laboratory with the FORTRAN program presented in Section 4.

In making theoreticLI predictions of the aerodynamic claracteristics of the annular

airfoil, the first step invoives the calculation of the section circulation distribution as given

by Equation.; 12.3.41 an. 12.3.151. The circulation distributions for the three ducts are de-

scribed in the previous section are shown in Figure 20 for a zero angle of attack. Since the

BTZ duct has zero camber, the circulation di.-tributiun is solely a function of the thickness

t::.tribution. For Duct I the effect of local angle of attack is loininant near the leading edge,

which no doubt gives an indication of the separation which uccurred on the duct. For Duct II

it must be concluded that camber is the dominant effect since the thickness distribution leads

to a negative circulation distribution. It should be noted that these circulation distributions

must be divided by ý./i2 in .,rdpr to obtain the actual circulation.
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The actual circulation distribution is singular it the leading edge except when each

section is operating at its ideal angle of attack. This ideal angle of attack is obtained from

Equation [2.4.31. For these three ducts, this equation gives the ideal angle of attack as:

C1 aid CDesL&O

degrees degrees

Duct 1 -1.67 6

Duct 11 0.78 0

BTZ 0.020 0

The theoretical pressure distribution on the ducts is given by Equation 13.2.2). Re-

suits of evaluation of this equation, using the nonlinear corrcetion given by Eqvation (3.2.3]

for the axisymmetric case, are shown as solid lines on Figures 5, 9, and 17 for Ducts I, II,

and BTZ, respectively. The-prediction is poor for the outside of Duct I where separation oc-

curred near the leading edge. Inside the duct, however, the prediction is good. For both

Duct II and the BTZ duct, the agreement between theory and experiment is quite good. Also

shown in F'gure 9 is the pressure distribution for Duct II, calculated from the linearized the-

ory and by the method of Chaplin. 22 This last method is a nonlinear theory; therefore, this

plot gives the comparison between the linear theory, nonlinear theory, and experiment. It is

clear that the lii.ear theory does not give quite as good a prediction as either the nonlineaz

correction or the nonlinear theory. However, the theoretical pressure distribution by any of

the methods is quite reasonable except when separation occurs on the duct.

The separation occurrii., near the leading edge on Duct I is undoubtedly a laminar sep-

aration. With this type of separation, usually called leading edge bubble, the flow reattaches

itself near the transition region. At high angles of attack, turbulent separation, of course,

does occur and the anrular foil stalls. These various flow regimes have been mapped on an

annular airfoil by Eichelbrenner. 23

In addition to knowing the pressure distribution on the duct (or velocity distribution),

it is desira,)le to know the velocities induced anywhere in the flow field by the presence of

the duct. These velocities, for the axisymmetric duct at zero angle of attack, are calculated

by the comp:iter program from Equations [3.1.11 to [3.1.43. Figure 21 shows the radial varia-

tion of the velocity at the 1/2 chord point of Duct II as calculated from these equations. No

experimental results are available for comparison.
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5.4J.2 Duct at on Angle of Attack

For the duct at an angle of attack, the forces and the effect on the pressure distribu-

tion are independent of the section shape except for the moment which arises from the hori-

Lontal ftrcen CM . The forces and pressure distribution are, of course, dependent on the

chord-diatmeter ratio A.

Figure 22 shows the theoretical lift coefficient versus the chord-dirmeter ratio. Also

plotted on this curve are the test spots from Ducts I, II, and BTZ along with test res.ults by

Fletcher.24 The ducts tested by Fletcher had Clark-Y sections with thickness-chord ratios
of 0.117. The th,,ory gives a surprisingly good prediction, even for Duct I which had separa-

tion. The theoretical !ift is also plotted on Figures 4, 8, and 16 as a solid !!ne. These plots
show that the thecry gii e-3 good prediction of the lift through 10 degreps.

The induced drag is a function of the lift sequared as shown by Equation [3.3.51. The

theoretical values, calculated from this equation, are shown on Figures 4, 8, and 16. Here

the drag at zero angle of attack was taken as the profile drag and no attempt was made to cal-

calate this drag.* It can be seen that the theoretical drag gives a good prediction; however.

at the higher angles of attack, more deviation occurs than for the lift. For Ducts I and II the

theory underpredicts the drag at the high angles of attack, which no doubt is due to separation.

It should be noted that the much higher profile drag of Duct I is a consequence of a high pres-

sure drag.
The theoretical moment, as given by Equation [3.3.61, consists of two parts, one due

to vertical forces C., and the other due to horizontal forces C. . The moment CM 1, as given

i by Equation [3.3.71, is plotted in Figure 23. Figures 4, 8, and 16 show the total theoretical
moment as a solid line compared to the experimental values. Also shown on Figures 4 and 8
as a dashed line is the moment CM. The effect of the horizontal term is small but its use

does give a better prediction, especially for Duct II. It would be expected that the moment

of Duct I would deviate somewhat from the theoretical value since the leading edge consid-
erably alters the press-ire distribution.

The theoretical pressure distribution contributed by the angle of attack as calculated

using Equations 13.1.111 and [3.2!.21 is shown in Figure 24 and is further tabulated in Ta-

bles I through 10. It can be seen that the chord-diameter ratio has a considerable effect on
t the pressure distribution and that the shorter the chord, the greater the effect. To obtain the

total pressure distribution on a duct at an angle of attack, these values are added to those

obtained for the axis)mmetric case. For Duct I, the pressure distribution is shown at a

6-degree angle of attack in Figure 6 for the angular position 0 - 0 degrees, and in Figure 7

*The ;aethod of predicting drag of auisymmetric bodies as dhscussed by Granville 2 5 should give a reasonabl-

estimate of the profile d:ag
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for the angular position 0 . 180 degrees. Because of the flow separation occurring on the

outside of the duct, the pr-ediction is poor at q -' degrees; however, for S = 180 degrees,

the predicted pressure distribution is quite reasos•blo. It ` apparent that no separation is

occurring in this part of the duct at the 6-degree angle of attack.

Theoretical pressure distrihuticns are shown on Figures 10 through 15 for Duct I1 at

various geometric angles of attack. All theoretical pressure distributions look reasonable

up through 8 degrees. At 10 degrees, however, separation occurs on the inside of the duct

at the angular position • = 180 degrees (Figure 15). At 8 degrces there is some deviatio!,

from the experimental values as shown in Figure 13, which would indicate that fJo'o is start-

ing to separate at this angle. The predicted pressure distribution on the outside at 4 -. 0 de-

grees is quite reasonable even at 10 degrees (Figure 14).

For tne BTZ duct, theoretical pressurfa distributions ar, plotted with the experimental

points on Figures 18 and 19. The geometric angle of attack is 9 degrees, and for both the

0-degree and 0 - 80-degree angular positions, the comparison between theory and ex-

periment is good. Some deviat on does occur near the trailing edge inside the duct at

0 degrees.

CONCLUSION')

From the results of this investigation on the aerodynamic characterietics of annular

airfoils, we can make the following conclusions:

1. The theory gives good predicttons of the lift, irnduced-drag. and moment coefficients

even when laminar separation occurs at the leading edge.

2. The theory giles good predictions. of the pressure distribution except when separation

is present.

3. The moment coefficient from the drag forces is normally small compared to that from

the lift force but should not be neglected.

4. The nonlinear correction to the pressure distributions is normally small but should not

be neglected.

5. The computer program, as compared to other methods, is efficient and quite versatile.

6. The computer program can be used for ducted propeller designs with the restriction of

the assumption of infinite number of blades since an arbitrary axisYmmetric velocity can be

given as input.

7. The computer program can be used to obtain the ideal angle of attack of the duct sec-

tion which is important for design purposes.
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Figure 1 - The Annular Airfoil Coordinate System
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Figure 2 - Delineation of the Annular Airfoil Section
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(0 C0LL

~oto F

CAL V~fa f"*4l*Iw

04V0 04" e.I.

aartaeI~ M.**:o
00* 6*06 eOP*1.0

00 130 .WP
#*0&%& Pee%
00 1** 1011082611
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60 to *00

40 10 607

60 to "04
6410 rUu.4 4g*4CMI 9 01 &. *&me w@0jZCOC402640ISIbS 1-206"S1 1

"04 Poses

I(t0 IF0 03Fpr3

ofI*1* &a3.as$.
Go tso e6u9a1 u

CORme C1C310033W6

CS 141101301Z4@ 610

00 933s JOSOMPI
@0014 AC14.IW
00 *or' 30s60130.9

093 C& a~is..4%V3%s*9aC O&A

00 916 0 *.1.w

00 413 3.318*33.3

00 91Sj'.W3p

LOA~t ac. sf

00 910: 3.31*3.33.

9sla CIS JIe. 1 , 3*@R*0

3s%* COR013e*000

00 $GO OSOle-S

toot3 48 caa t*-o le~

(.0 1 3300
ti30 1 CS5Jv-CfS.Jl

&toco"ItORLw

6000 00 3100 3.3le3.3.2



ERASE SUMI. SUM2*SUM3

DO 1200 NMuI.Pt
SUNISSUMI *SSM( MleFfm)
SUM2=SUM2*SCU(M*I )'SJT( 1N.N)

IF(AT) 131691323*1316
13200 SUM3)=-2OSUM3,SMN*.(NM

leoSUM2*SUM3))
I.toCONTINUE

00 1301 KwI*MP1
ERASE FI9IN

00 1201 1-11913*12
tN=IN+

1201 FI=FI*6(IN.K)OCTH(1)*Od'SM(t)O0K
1301 FII(K)=FI

00 1405 Ku1.NP1
00 1500 mulompt
ERASE DIM.FIM.IN
00 1400 t11,13.12

IN=IN* I
DIMOIMB0(IN.K)OST(t)*SJTUtN.M)OSM(1)*DX

* 1400 FIM=FIM~i3(IN.K)*CB(IN.M)@ST(1)*SM(I)OD..

DIMM(M)=OIM
* 1500 FIMM(M)=FII4

S4z2. OIS IN IALFA I/COSF IALgA) 46CM( 1) )OF 11(K)
* ERASE Sl*S2*S3

00 1404 HN1.MPI
Sl=SI*SSM(M)*FtM)*FltI(K)

S2=S2,SCM(M41 )*OIMM(M)
1404 S3=S3+SSM(M)*FIMM(M)

IF(AT)1318. 1333.1318
* 13148 A(K)=-2.*SZ.S3

Al 1)=0.0

GO TO 1405

t.333 A(K)=51-S2+*50S3.54
1405 CONTINUE

IF(AT)22C'392000*2230

2200 MPI=MPI-1
00 3333 K=I*NP1
00 3333 J=1,NP1
C(K*J)=C(K. I J+I)

3333 A(K)=A(K.1)
* 2000 CALL MATINV(CoMP1.Aol.0.ID)

1601 PRINT 96
88 FORMAT(14H C IS SIN4GULAR)

GO TO 1603
1600 IF(AT)166091670*1660
1670 GIll)=FFI1)-*318309*A(1)

INsI

19z1 1,12

00 17001=t9*13912
INZIN~l

ERASE SUN

00 1701 Jv2*MPI

1701 SUM=SUM+*318309*STHl1)SA(J)@SJT(iN.J-1)
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3700 6(il)uFF(1)-.31I83O9@CTH(1)OA(1)4SUM
CALL SUB AT

29993 N14=36
ERASE NX
DO 20003 1=11.13.12
NXUNX* £

20001 GX(NX)=G1(I)
NNz2*NX-2
KX=NX-2

DO 20002 KKR1.KX
NX 1NX#KK

NX2=NX-KK
20002 GX(NX1 )=GK iNX2)

CALL 6NI4AS(NN*NH*GX*RY(200))
AO=RY( 200)

00 20003 J=31 NH
JFIX-200-JOS
AX(J)=RY(JF IX)

20003 8X(J)=RY(JFIX-I)
8O=RV( 199)

20004 FORMATtI 10.2EIS96)

ERASE IN
PRINT 103

DO 20006 t=11913912
INZIN41
ERASE YI*Y2

00 20005 K=1.NH

YI=Y1.AX(K)OCJT( IN.K)

20005 Y2=Y2+SX(KIOSJT(IN*K)
Y3=A0+Y I 80*Y2
NFl 1-1)2700092?001927000

27001 GG(l)-Y3/SINF( 1./57o29578)

GO TO 27002

27000 66(1 )-Y31STH( I)

27002 L1-1l-
XE=-( .'( 1.*CT( I)) )O1.

20006 CONTINUE

ERASE VI

CO 28001 1=1.181.5

28001 YI=YI.12.S6640G1(1)OW(1)*CTH(1)'SN(l)ODX
COIxYI

CTD=2.*N*CD 3/3.1416

.28004 FORMATI 10,2E15.6)
26000 FORNATC9FO96)
26009 FORMAT(7E15.6)

PRINT 103

ERASE tN*J

00 1900 jul1.*13.12

ERASE XU

0O 1901 l4w1.mp1
1901 XUCXU4FLOAT' (N)SSSM(M)'CJT(INM)

1900 SUII)-XU
ERASE IN

DO 20007 t8uII.53*12
I~uIN*I
IF418-I )20009P20006.20009

20009 J-J*12
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20008 TaFLOATF( J)/57.29578
SLT=-CUBERTF( T
ULTOCUBERTF( 3.1436-T)
PR-GAUSS(SLT.,'Lt*NP*or)f
AK=S~QrF(..d'(Hee2o(CT(l0)-COSF(DTOO3+T))0 02*4.))
IF(AK-1.) 2001 1e200129ký...12

20011 IF(AK-*99) 20014.20013.20013

20014 CALL ELLIPI Xl9AK.X3*X4.BF9HS)
GO TO 20015

20013 AK2=AK*02
CALL YSELL( AK29.6x*8F)
GO TO 2 0 015

20012 ERASE OS40F
20015 ERASE Yl*Y2

DO 20016 K=I.NH
ZK=FLOATFIK )*(DTO*34T)
Y1-Y14AX(K) *COSE(ZK)

20016 Y2=Y2+ox(t)OSINF(ZK)
Y3-AO*Y I *80Y2
PR=Y30AK'(BF-8S)'COSF(.S*(DT0*3.T))'3.0DT'O*'
VG(181z. 159154*HOPR

00 1807 1=11913912

AK-SORTF(4./1*H0020(CT( t& -CTI 1 1.2+4.))
IF(AK-1.) I60?91810. 1810

1802 IF'AK-o99)t808*1809.1809
1808 CALL ELLfP(XI.AK*X39X4*BF.RS)

GO TO 1807
1809 AK2=AKO*2

CALL YSELL( AK2*BS.BF)
GO TO 1807

1810 aSz.oo
1607 BVQ( I)=SuflI)'AKOSS

ERASE GXO

0O 6666 3*I1113.12
6666 GXO-GXO*BV0( I)

x *SM(I)*OX/3o1416
0O 6662 NsI.NPI
ERASE GKX.1#NN
DO 6661 1-11.13.12
INN-INN*I

6661 GKXXGXX*2.o8Va(l)0SN(1)OCJT(1NN.M)*DX/J.1436
6662 GX(M)=GXX

ERASE SUM1O.SIJM9*SUM8
0O 11905 W=19"PI
SUNIO-SU"IC4GX(M)*SJI( IN.N)
SUN9-SUM9-FLOATF (N) GX (N) 2.

1190S SUMOZSUN~tIZe0(-l.OOM)OFLOATF(M)@CX(N)
IF( 18-1) 11912.11908.11912

11912 IF(18-161) 11907.11906.11907
11907 V0Z(-2.lST( I8))*(GXO*5UM1O)

GO TO 2000?
11908 WO=SIDN9

GO TO 20007
11906 W0=SUMS
2000? VOl IS)uWG

ERASE IN
20000 00 20020 18-~11.13912

INs IN*1
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IF(11-1 )20021920020.20021
I HV6=VG(18)4T2(10) Im-5GlB/TlB

UG0#1V6-GISTH
W6 1HV6+GISTN

WGG=VG( 18)

P0=2.*( WGO.WGO)

PIZ2.'(WGI#WOG)
POLi IB)=PO

PILl I8)'!'1
OON=S(IN)*PO
P1N=Y( IN)*PI

(IlN) =*5*PO
xxI IN)=.5*PI
ICONTINUE

3 FORMAT(11O.7EI596)
60 TO 1603

) ERASE IN
A( I )0.O
00 1669 1=11.13.12
IN-IN, 1

ERASE SUM
Do 1661 JZ.MPPZ

a SUM=SUMA(J)*SJTIINOJ-1)
6) (I)=FF( 1) *. 5915&*SUM

661 I)=G11 1
1x a-I

; CONTINUE
ERASE TOIN
00 1234 1=!1.13e12
1N=1N4 I

* T=TGB( IN. 1)061(1)*ST( I)OSM(tI)GDX
ANT=ATANF(.*0795770T-.SOSUMI-SCM(1) )*5?.29578

ERASE AT

3 FORMAT(55H1 IDEAL ANGLE OF ATTACK :N DEGREES

IF9*61
PRINT 1753. ANT

003 20024 1=11.13.12

* C~h(Ilt-GI(I)*STH(1)
IF(AT) 16679166891667

7 CALL. SUB AT

GO TEP 29993
2 FORMATlIIOeSE15.6)
I FORkqAT(8F9.6)
0 FORN4AT(514eAFl0.6/I814)

2 FORMAT(8FA0*6)
I FOg4MAT(8EI596)

3 CALL SUBWR
8 CALL END~ JO8



F OR
SUbRO.JTINE SUB HA
DIMENSION SSMtl81).SCr.O(t8b).CT(I81).5Tf181),CTH(1b1).STH(1OI).SJT(I 1l40.AO) ,CJT(40.,O).G(40.20).SM(182).APM(20.2O).F(20).CB(*O.ZO).8(4O

3. IJVO( 181).
4FII(20)9 DOWPM20)o FIMM(20),AX(100).OX(100).RY(200).GX(200)
COMMON SSM.SCM.CT.STCTH.STH.SJT.CJT.G.%M.APM.P.CP.0.C.FF.A.G1 .W.S
IUVG.VO.H4VO.c~tIOIWMMFIMM.AX.HXkwY.GXohI1,Iz.I3.cDXoX1.X3,X4.NPNH

1.XSC(AO.2)
COMMON Y.S. TITLE**X.KX.C*XT*XSC

DIR1CISICN AXI (40).tiXI(40) .AX2(40).:;X2(4O)
COMMON 6F~dS*AK*AOI .A029ALFA9MPl
DIMENSION (aG( 181).GP(1Ie ).SMZ(20).XI(20).TZ(181).T21181).ZI(20).Z
3~202)*uR2(2O,4O) .WTZ(20*AO)
COMMON GG.GP.SML.KI.T1.Z1.L2.T2.WRe.wT2 *WK .AT

* ~DIMENSION WR4( 2094O)#WT4(2O.4Q)*WRb(20)
COMMON WRA*0r..WR6.ýCog

DIMENSION POL( 181).PIL(181).PiWL(T81).PIRL(181).POO(181),PII(18)1

COMMON POL.ePIL.PORL.PIRLPOO.PI I.COI CTD.ALFAR.CLCD.CM.CMI .CM2.PH

* EnlASE IN*TI *T2
00 2901 Izt181951

* IN=IN*'

2901 X(IN)=FLOAIF(I-1)
* PRINT '.a3

ERASE XC*XT

* ERASE AX98X
READ 219939TITLE
PRINT 219909TITLE

REAC' 21948.CC.TT,HPALFA.AT*WK*WW
* PRINr 1752*CC*TT9H9ALFA*AT9WK*%W

NC=CC
NT=TT

M=NC/2
21993 FORMAT(1?A6)

* 21990 FOS4MATt1H1.*12A6)

21998 FORMAT(9F8*6)
ERASE XSC.SCM
I~FCC)2601. 2602.2601

2601 READ 21998.(X(1)91=1*NC)

READ 21998*(Y(I)otI*NC)
PRINT 1752.Cx(I)*I=1.NC)
PRIPT 17b2. (Y(l)ol=1.NC)

* 00 2599 1=1937
* S1xXX(I)

CALL OISCOTISI.SI.Xy.y.-120.N'.0.S2f
2599 TI(l)S52
2602 READ 23996.(X(I).1I*INT)

READ 219989(Y(5)sI=1.NT)
PRINT I752,(X(I)vI=1.sNT)

PRINT 1752.ioY(t)I)xI*NT)

00 2598 I1=137
SIAxx(I)
CALL DISCOT (SI .53 XVY.Y.120.NT.0eoa2I

2598 T2(1)=S2
3000 FORMAT(3EI3.A)

21005 FORMAT(II0.'%ElS.6)
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000 FORMAT(1894Fbet)
D0 21888 1C=192
00 2597 1=1,37

597 Y(1I=TI(I)
Y( 1)=.0
Y37 1 .0

q01 FORMAT(9E13*4)
498 FORMAT(3E15.6)

00 21001 KK=1I:15
NX 1=37*KK
NX 2= 37-KK

001 Y(Nx1)=-V(NX2)
IF(IC-21 2408.o2409.2408

408 IG=2

GO TO 2410
409 IG=1
410 00 21002 IS1.*IG

IF(TICS)) 2197792197892197r
978 ERASE RY

GO TO 21976
977 CALL GOIIAS(72936*Y*RY(200))
976 AO=RY(200)

XC(1.IS)=AO
00 21997 J=1.36
JFK X=200-JAS
AX(J)=RY(JFI131

XC(J*11 1S)=AK,(J)
OX( J)=RY( JF IX-1)

99? XT(J.IC)=831(J)
80=RY( 199)
ERASE IF 3

996 FCAMAT(11092E1596)

ERASE IN
00 29000 1=1*181.5
IN=:N~1
ERASE V1.Y2*SS
La I-

DO 21995 K=1936

Y2=Y2*ax(K)*S~jT( 1N.K)
IF( tS-2)24000*2.3000. 24000

1000 ERASE S

GO TO 21984
1000 IF(I-1)21983.21982*21983
t983 1FtI-I8I)2I98I*.z9a0*21981
1962 TOS=3.#*SINF(I .57*2957a)

GO TO 21995
1960 T0S=2./SINF (1?9e./57*29S78)

GO TO 21995
1981 TOS=2./ST(I)
t945 SS=SS-FLOATF(K )'BX(K)OCJT( IN.K)OTOS

YVININ=-SS
XSC4 IN. IC)=-SS

SI! )=-S
1984 Y3=AO4YI.8O*Y2
0000 CONTINUE

DO 21006 go;=1935
NM 1=37*KK
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NX2=31-KX

21006 Y(NXI)s4Y(NX2)

Y( 37 )*Y(361
21002 W(38)=Y(36)

DO 2596 1=3,37
2596 TICI)T211)

21880 CONVINUE
21994 FORMAT(II0*2E15*6*IIO.3E15*63

ALFA=SINF(ALFA/57.295?a),COSF(ALFA/57o29578)
29001 DO 22001 1=1.37

?201II)=I./SO4rF(a.,(XSC(191),ALFA-XSC(I.kpJe2Z

00 22889 J=1936
SCM(J)=-XC(J,21

*228609 SSMCJh=XT4J*2)

S137)=.0
YI 37)=.0
ERASE INoW

DO 22222 1=1.181*5
INSI N#-I
XI IN)UFLOATF( 1-1)

ERASE 114
IFI WK 96.97 .96

97 ERASE W
GO rO 190

96 READ 2199e#ANR
NR=ANR
READ 219989(TI(I).I11.NR)
READ 21998.9(T2(1)I)=1.hR)

PRIN.T 17S2o(TI(I~l)11.NR)
PRINT 17T,2.1T2(I)*1=1.NR)
ERASE IN
DO 2699 1=l15*195
IN=IN*1

SI=XX( IN)
CALL DISCOT(S1.Sl.TI .T2.T2.-120.NR.0.S2)

2699 W(I)-S2
190 IF(WW)1969197*196
197 ERASE 12

GO TO 95
196 hFiAD 219980 ANA

NA-ANA
READ 21998*(Tl(I)9I~l.NA)
READ 219989(T2(I)oIzI.NA)

PRINT 1752,(TltI)*ZsINA)

PRINT 1752.(T2(tlgtI#NA)
ERASE INd

DO 2698 1=1.181.5
tN'.IN+I

SI=XX( IN)
CALL DISCOT(S5.SlsTl.T2.72.-120.NA.O.523

2698 TI(I)=S2
1752 FORMAT19FIO*6)4
103 FORMAT(IMI)
95 RETURN

END
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FOR
SUBROUTINE SUB AT

OINENSYIOH SSM(181).SCMIISII.CT(181).ST(181).CTH(181).STH4(181).SJT(
1AO.40) .CJT( 40.40) 6( 40.20) SM( 152 1AP4( 20,20) .F( 20) .CB( 40,201 B( 40
2.20).C( 20.20) .FF( 181) .A( 20).G1( 181) .u(lea1.SU(asz) .VG( 200) ,VQ( 200)

4F)1(20)9 DIMM(2O)o FIMM(20),AXIIOO).BX(1OO).aY(200).GX(200I
COMMON SSM*SCM.CT.ST.CTh'.STH.SJT.CJT.G.SM.APM.FCB.5.CFF.A.G1 .W.S

DIMENSION Y(181).S(181).rITLE(12).X(18¶l.XXUSI ).XC(bO.2).XT(4092)
1.ASC(4092)
COMMON Y*S*TITLE*X.AXXXC*XT*XSC
DgIMENSION AXI(4O)98XI(4O)9AX2t4O)9BXZ(4O)
COMMON SF*BS*AKeAOI.A02.ALFA*UP1
DIMENSION GG(181).GP( 181).SMZ(20).XI(20).TI(181).T2(181).Z1C20).Z
12(2O)*WR2(20e40)sWT2( 20940)
COMMON GG.GP.SMZXt&T'.ZI.Za.T2.WR2.VT2 .WK *AT
DIMENSION WR4(2094O)9dF4(2O94O)9WR6(20)
COMMON WR4eVT49WRA.sCfl

DIMENSION P0L1181).PIL(k'ji).PORL(181),PIRLE 1813.POO(181).PII(l81)
COMMON POL.PIL.PORL.PIRL.POO.PII.CDI.CrO.ALFAR.CL.CD.CM.CMI.CM2.PH

DIMENSION SCD(181)9CXT(I3I)iP(I8l)
DIMENSION R4181)
ERASE PII.POO.ALFAR.PHteCL.CD.CN.CM1.CN2
ALFVAI-ALFA
NMXIO

KIm 10

14H=36
A*.FARaI.

556 ALFAzALFAR
?94 FCPMAT (8LSE15*6
198 FCRMAT(8Fgo6)

ERASE IN
00 11 1=11913912
t"IN+14*

9 Z, 0O 10 pKIqfNm
04=K-1

PP~jGAtJS5(O.0.3. IAI69NPeCT)

CMCzCt)SFI3T) I-CT( I)
, F(CMC 199.2.99

99 AKmSORTF(4./e("

tit F(A%-eV9)4O89I09.IO9
108 X~LL E;L1P(X1.A'K.X3.X4*8Fv6S)

ý.OTO 10?
109 AK2uAK90l

CALL 'rSELL( AK2.8S9BF)
GOTO 107

2zMO.
4GOTO 60
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107 Zu(((2.-AKOO2)w*2*BS.-A.*(1.-AXeo2)ee2oeF)/ýCMCeAK.03..-ieCMC)

60 EFIM16,695

5 Z*Z*COSF(FLOATF(M) 'OT)I IF (M)797*0
9 ( IN9KI=-lo5708*tH+*318309*PR
GO TO 10

*8 B(1N*K)=.63bol8*PR
10 CONTINUE
11 NP=NPP
20 r0RMAYC 1814)
40 FORMAT(14/(fCF/.,3))

OX=FLOATF412 )*'171*88734
D0 501 1Iw;'*13#2

501 SW(I+I)=2.0
SM( 1)z1.O

SM( 133=1.0
6000 ERASE C11.F&*C1Z.IN

00 1100 1 = It 9 13.12
3IN=IN,1

CI 1C114.63b61 '8( IN. 1)*CTHtI)**2OSM(I3'DX
FZ=FS-2.@ALFA@8( INI 1)*CTH( I )02'SM( I)*O9'57.2957a

1100 C12=C12..31830908(IN.1)'ST(I)e'2.SM(l).OX

C(l * £)=CZII
* Ctl92)=CI2

00 100 J=3.Jl
ERASE XCI9IN
00 1200 1 = It 9 13.12

IN=IN,1
1200 XCI=XCII.318309*STCI)'SJT(INJ-1).SM(I)*O~XD(IN.1)
100 CT1.J)=XCI

D0 200 K=2*Kl
ERASEXCgCI *XF

ERASE IN
00 1300 1 = 11 13 .12
IN=IN+l
XCKI=XCK1-.63661808( IN.K)'CTH(1I)0*2'SM( I)@DX

1300 XF=XF+2.*AL. A'BUIN*u(,CTHt~f)@.2OSMCI)'DX/57.29578

F(K)-XF

200 C(K.1)=XCKI

DO 1500 K = 2 *Ki

DO 1500 J =2 *J1

'ERASE XC*IN
LiO 1600 1 11 *13.12

IN= 1N4

1600 XC=XC-.316309*8(Iz' *'*SJT(IN.J-1)*ST(I)OSN(l)*Ox
1500 C(K*J)=XC

DO 700 K~i*KI
00 700 J=1.JI
IF (K-J)7029701*702

101 C(K*J)=1.-C(Kti)
G0 TO 700

702 CIK.J)=-C(K*J)
700 CONTINUE

00 799 K=19K?

799 ACK)=F(K)
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FOR14AT (///////E15*6)
'CALL MATIt4V(CoKleAsI.XtID)
IF (tD-1)901*9000901
PRINT 88

FORMAT 414H C IS SINGULAR)

GO TO 803
ERASE SUMA*SG*SGI*NX91N

DO 1000 I1z113.12

SUMA -0.0

DO 1001 J=2*J1
SUA;A=SUMAA4AJ)4!>JT(IN9J-l)
IFII-1)1003. 4002.1003
RI I)=(2.@ALOPA/57.29578)-.6366180A(1)

GOTO 1004
1 R(I)=2.*(ALFA S57.29578)*CIH(I) -o6366180STN(I)*(A(1)*CTH(11
I /STH(I) *SUMA)

iS6=SG4R(IIOCTH(1)*SN(I
NX=NX* I

GX(NK)=R1 I
ISGIuSGI*R(I IOSTh(l)*02.CTM(it)'S:t(1
CL=6*2832*SGODX
CM=-6o2a32*SGI 'DX
CO * 079577*t4OCL**2
ERASE C0419CO2

I ERASE FI.IE

DO 2497 1-11*13912
CXT( I)=Glt(I ICTHI 11
FI=FI*GI(l)*CTH(I)*SM(1)ODX

DO 2200 1?II.13*12
ERASE XSCO

DO 2100 IP=11.13.I2
AK=SGPRW(4./(H@@20(CT(lI -CT IIP) 1002+4.))
tF:Al(-1.)3311.92100*3111

I 1F(AK-e99)3t08.3109o3209
,l CALL ELLIP(XI*AK9X3*XA.OF.SS)

GO TO 3107
P AK2=AK**2

CALL YSELL( AK2,BS*BF)
f XSCD=XSCO*CR(IP)OCTH(IP)'HO(CT(I)-CT(ZP))tAK)o(SF-BS)OSM(1P)oDX

) CONTINUE
) SCD(11=XSCD
ERASE CHI

00 2300 Iuilol3*12
1CN1=CMl4CXV(I)OSCD(I)*SM(I)ODX
CMI=**25*CLOFI*CMI
CM2=CM*CNI
NN=2*NX-2
KXwNX-2
10O 2301 KKzI.KX
NX INXKK
NX2=NX-KK

I GX(NXI)z-GM4NX2)
CALL GNHtAS(tNN.NH*GX9RY(200) 1

AO=RY( 2001

DO 5000 JzI.NH
JFIX-200-JOS

.1 AXtJ)nRY(JFIX)
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1000 S(b06 NI

Boo& OUoftATIm somaissoo

00 S00~f3 SCOSPIIK

S0')3 VtsVP*OX4KI*S1"F(1X)

* V3uA**Y**SO*VV

5093 CONT INUE
ERASE in
00 7500 laS 5.13o12

EsPLOATFI -5)1709576

IATxCUIW0RIP 3.34I6-E*
PU.GAUSSISLI.,A.1.NPP*OTI

75*IfEA-.oo) 7502.7510.7510
7S2 F(AK-*99) 7S500.7509.509

?S06 CALL ffLLP(tP4I9AK*A39X4*OF.6St
0 O ?0SOT0

7509 AK264KO&Z

CALL VSELLIAk2*9SSSFl

7510 ERASE 41F963
7507 EMAt.E VIleV

* 00 7503 K*I.NM

ZKaVLOATF4MI*(olT*03*E1
* Y1&;VI*AX(K)*COSFfZK)

*7503 V~wV2*Ol4K)6SINU(ZK)

P~aAg*T.2O*V2 -)((.AK*Z)9OS-I4.-3.*AKEZl 'W boCOSPI .5(DT0*3*t

* 3)) (OTO*3*fEI*2

x 3*OWI39Itle)*PR

IFI 180.6700.6701
870P00(5 )=*

GO TO 7500

750 CONTINUE

2499 FORMAT(I5097E15.0)

50 FORMAT(9F3.65

*7555 ALFAwALFAI

END
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PON

01wSb5OoW $SM15 set)OCNI got $CT, let I ST1I InaICTHI tat I stN(1365)OSJTl
5.O04e@ICJTI.0..@)oGIAOelO).SM(SMdZI.APM(20.Z0l.P(201.CS(4O.ZO).O(4O

3e ev@EO4146
4P551*0)@ 090069201. lbi 7Z4M4oa.AK 1001 *.S Vl 9~0)m42001 *GX(200)
COMMON SSW& SCN.CT ST 9C IHSTN.*SJT CJV.*Go$M*APM.9F oC0989C FF 9A9GI *V.#S

COMMON V.~.fSTLC*.A.AMegC*XT*XSC
O9JMESIOW" AESIAGI .AI1(A0f*AX2l40l.LX2iP.O5
CONSA-01 SFedSoAK*AOI*AOZ.ALFAeMP3
DIMENSION G35.P S)Sn(O.52bTI0)T(ObZlO.

COMMON GG.GP.SNl.A5.T5e.l.Z?.TZ..wZ*uT2 9WK *AT
DIMENSION 0RA49O.40)eT4.E'0e40)eu,6420)
COMMON. 90e9Ui...o69COI

DIMENSION POLE *SlS.PIL.5011.P0RLEIAII.PIRLE ISI~ePOOI ISI 1PgI(161 I
COMMON POL.,PIL.P0RtL.P5RL.PO0.Ptt.CuI.C1O.ALFAR.CL.CD.CM.CM41.CMZ.*.4

Is
00 s3603 5.3 5.313.2
ERASE 11GSRQ01
00 Ilea? 100119363.2

50ZIF4AK-.99111000.15809.11800

I14000 CALL E1l iP E1Av~oXSqA4o6Fobl3
GO to ustal

asi09 AZUsAKODZ
CALL TSELLISA~t2*8S#6fl
Go TO atoll

Islas EQASE URG.UUO0
14611 UR0uORQ-.3183O~09*SUEIP5OEUF-fSS5OSullP)eOx

ICTWIIP)*$mt IP190DI

&to0& YGEIIuSRG
ERASE IN

MEu-EeSOC I.*CTt 55 55..0

VOISVOS I .209Su(

WIRVGI I).005

POPH~ 3.E aN S ( 1-N 1 * *ZS

b'Isam.zn lhiSPIR
PORLEI )SPOR
PIRlLE itu

12006 CONTINUE
17S3 tQRWATE55" CHORD DIAMETER RATIO

3F9e44el5SH LIFT COEFFICIS14 PF- aEGQEE (EOI.3-?5
IF904.*4/55M INDUCED DRAG CatFF1CIENI (CO3.3-51
3f9*4.4*'05H MOMENT CO~EFFICIENT FPO" VERTICAL FORCES ?E03e3-7)



IF9*.4///55H MOMENT COEFFICIENT FROM HORIZONTAL FORCES (C03*3-8)
1F9&4///#SSH TOTAL MOMENT COEFFICIENT AbOUT Lo E. (E03.3-6)
IF9o.4///55H INDUCED DRAG DUE TO RADIAL INDUCED VELOCITY (E03*3-4)

k PRINT 17S3*HoCL*CD*CMoCM19CMZ.CDI

ATEAC 2::EGRES PI

DO 8869 IA=..dOA

* 1E13*4 /f5bH POSITION OF SECTION AT ANGLE. (PA) IN nEGREES

PRINT 175S*AX2CIA)*AXI(IA)
* 1756 FORMATIIS151 T x GSTAR NCO NC

11 Po Pt1O I
PRINT 1756
AX) £IA)-COSDF(AXI( IA))

IERASE IN
D0 7777 1.31.13*12

POTI(POLE I)*POO(I )OAX2( IA) )OSIIN)
PIT-(PIL(I)*PII( I)'AX2(IA))'Y( IN)

PORT.(POL(I ,*POO( I )AX2( IA)OAX1( IA) )@S( IN)
PIRT-(PILII )4PII( I *AX2( IAY'AX1( IA) )*Y( IN)

IX=t-I
Ls-(*5*tI.GCTI 1)))+1.

7777 PRINT 20023.IX.ZoGl(t).S(IN).Y(IN).POT.PITPORTPIRT

PRINT 1757
* 17S7 FORMATCSbH T AND X=STATIONS ALONG CHORD WHEPE X=.5(1-0.:S(T))

*I 1 $55H GSTAR -CIRCU.LATION DISTRIBUTION (EQ2.3-15)

* I ,fSSH NCO AND NCI=NONLINEAR CO'RRECTION OUTSIDE AioD INSIDE
I 55H DUCT RESPECTIVELY £E03*2-3)
1 *55H PO ANO PI=NONLINEAR PRESSURE DISTRIOUTION OUTSIDE AND

* I 55H4 INSIDE THE DUCT RESPECTIVELY FOR PA=O DEGREES

*I t 5514 POP AND PIP -NONLINEAR PRESSURE DISTAIBVrKON OUTSIDE
SS551 AND INSIDE THE DUCT REiSPECTIVELY FOR PA=INPUT

PRINT 103

8869 CONTINUE

DIMENSION AATC50)9XXTC5O)qZZT(5O)
READ 26000*ANT
IFI ANT) 16019*1602.1801

* 1801 READ 240009AXeANZ
9NNM.AhX
NNZ=ANZ

NNTu I

AATI I )l.O
READ ?6000*(XXT(13.I1.1NNX)
READ 2%%000*(ZZrtl).I=1.NNZ)

26021 FORMAT' 318)
DO 26OZ2 JA1.*NNT -

DO 26022 JX=1.NNX
PRINT 17S6.XXT(JX)

DO 26024 JZ-19NNZ
ERASE VAGeVRG*VAO.VRO
DO 26023 1=1.181.5
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8122.@(ZZT( JZI-AAT(JA) 1-1.-CYC I)
82=H*02*001'2.(XXT(JX)-I. 1002
BS=H**Z0I*a1*24CXXT(J'l),1. )*2
'lnSORTF(XXT( JX) 3

AK=SORTF(4.o*XXT( JX)/6S)
1F(AK-lol 26032.26030926030

26032 IF(AK-.'Q9) 2603o*26039.26039

26038 CALL ELLIP(XI*AK.K39X4*BF. BS)
GO TO 26037

26034 AK2=AK*02
CALL YSELLCAK2*BS*BF)
GO TO 26037

26030 SS=19O
26037 VAG=VAGd(-H/(6.28320I83))0GICI)OAK@(t3F-BS-2o0(XXT(JX)-to)B1St842)*CT

IMi 1 )*S4( I )ODX
VRG=VIIG4CH/(6.2832084) )*GI (I )AKOHWBIO(BF-8S-2.OXXT(JX)08S/82)@CTti
I(1)*SM( I)oDx
VAO=VAO,(-H/(3.1416'83))*SU(I )'AK*2.*H*81g6SOS4( I)'DX/82

26023 VRo=VRO,(-H/(3ol416.e4))*SU(I).AK.(EsF-BS,2o.XXT(JK).(XP.rCJx)-1.)*B
IS/0B2)OSM 1) *DX
VA=VAG+VAO
VR=VRG+VRO

26024 PRINT 26009,!Zr(JZ)*VA*VR
26022 CONTINUE
1758 FORMAT(S5H1 INDUCED VELOCITY INSIDE THlE DUCT AT A DUCT RADIUS OF

LE904///S5N Z VA VA

26000 FORMAT19F8.6)
26009 FORMAT(7EI5.6)

20024 FORMAT.1918)
20025 FORMAT(9F896)

801 FORMATiZ"EIS.6)
103 FORMAT(tI1)

R1023 FORMAT(I88E 13.4)
ý802 CALL END JOB

RETURN
END

FOR

SUBROUTINE VSELL( EKS ELE F LKI

PKS a 1.0 - EKS
ALA a 1.38629 - (0.5 0 LOGF(PKS)i
ELK a ALA * ((ALA -1.01 0.25 * PKS)
ELE - 1.0 * (0.5 I ALA - .S)OPKSV
RETURN
END
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