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ABSTRACT

Heat and mass transfer studies for flow over a cylinder having a
longitudinal-strip source of heat or mass, are presented. A theory
for the two asymptotic cases of P~ o0 and Pr ~ 0 is developed, giving
the temperature profile and the transfer rate for such a strip. The
theory includes the effect of the conductivity of the heating strip mater-
ial. It is shown that if the conductivity of the strip material is very
high, then the transfer rate is a measure of local wall shear-stress
provided the Prandtl number of the convecting fluid is high.

Experimental studies described include electrochemical mass-
transfer studies carried out on a rotating cylindrical electrode carrier,

and heat transfer studies carried out in an oii tunnel. Fair correlation

between theory and experiment was found.
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LIST OF sYMBOLS

A interfacial area
(ﬁ’ function of X, see eq. (2.9)
o) width
Bi Biot modulus = HZ/K
solid
(o concentra’ .on
. L. 2
cf friction factor = 7/(pU )
C constant
b diffusion coefficient
f frequency; function
F Faraday constant
g acceieration of gravity
3
)
Gr Grasshoff modulus = s~2-£€-
Vo
H heat transfer coefficient; also mass transfer
coefficient
1 index
I electrical current

electrical current density

B

K thermal conductivity

L characteristic length

L axial length of cylinder

m index

M reduced heat source strength

n index




X, ¥V, 2

E TS

Vi

Nusselt modulus = q""£/(K . 98)
chemical valence
dimensional pressure

dimensionless pressure in terms of 2
velocity heads

Peclet modulus = U/«
Prandtl modulus = V/k
heat flux

heat, source strength
radius, Appendix II
radius

Reynclds modulus = pU4/4

index

Strouhal modulus = f£/U

Schmidt modulus = V/8

S5herwocd modulus = H4/8 (mass *ransfer)

reduced dimensionless temperature
transfer rate
velocity vector components
dimensional velocity components
outer flow velocity

1/2 .
v - Re ' “; also voltage (Appendix II)

dimensionless cartesian axes of cobrdinates

dimensionless coBrdinate; in (3. 7) and Appendix
I[I: dimensional abscissa

'"gtretched' dimensionless cobrdinate




vin
ys dimensional ordinate
e smallest abscissa for which 8 ¢ 0
X dimensionie coordinate (Appendix II)
Y y Rel/z
B dimensionless shear stress at the wall
= cf‘/Re

function of x, (§ 2.1-2)

gamma function
thickness

difference; also angular extent of strip
in x direction

density change taking place at interface
small parameter

dummy variable

dummy variable

dimensionless temperature.difference

temperature difference; also, dimensionless
temperature differen.

thermal diffusivity

generalized function

dynamic viscosity

function of x (§ 2.2-1); kinematic viscosity
in Appendix [, dimensionless pressure
density

electrical resistivity

shear stress




IX

P angle

Abbreviations

FSP Front stagnation point

RSP Rear stagnation point

TR Transfer rate

Subscripts

o, & refer to surface {except in Appendix II where

s refers to source)

(o0 refers to outer flow




1. Introduction

The purpose of the present report is the presentation of both theoretical and
experimental results fo’r th> transfer of heat and mass from or to a long circular
cylinder immersed in a two-dimensional flow of an incompressible, isotropic,
Newtonian fluid. The flow is of laminar boundary layer type, with a step type
heat (or mass) flux source on the ¢ylinder envelope.

The subject of heat transfer in external flow has been studied previously by a
large number of investigators, both thooretically [1-7:\ and experimentally [8, 9) =,
In particular, asymptotic solutions for the cases of extremely large and extremely
small Prandii or Schmidt moduli, and for many kinds of temperatiure bouncary
conditions at the cvlinder surface have been known for some time (7). nNow, hese
analytical solutions depend upon the detailed knowledge of the e-ternal flow around
the cylinder as a function of coordinate. This information is ob®._u.ble either
from the analysis of an assumed idealized flow field (see c. {. ilO]), at least up
to that value of the cocrdinate in the flow direction where boundary layer separation
takes place; or else it has to be obtained from 1 semi-empirical approach which
takes into account actual test conditions (see c.f. '_'13, 14]). However, beyond the
point of boundary layer separation little is known about wall snear-stress values
and local heat and mass transfer rates.

There has recently been some interest in the reinvestigation of two dimensional,
incompressible, laminar, steady and separated flow behind blutf objects (14, 151
This problem is both of obvious practical significance in the estimation of the drag
of such bodie~, and of fundamental theoretical importance in the investigation of
the stability of two dimensional flows and the uniqueness of the flow field at
(comparatively) high values of the Reynolds number. The choice of suitable flow
models tc represent such separated flows must perforce depend on at least some
rudimentary knowledge of the fiow conditions inside the region of separation (the

wake vubble).

*F¢r a suimmary of previous work see c. f. {10, 11] and [12].
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The present report will describe a mass and heat transfer sxperiment in which
the flux *oucce (or sink) is a narrow strip bounded by twe genervating lines on the
cylinder envelope. It will be shown that, provided thie¢ strip is su tiziently narrow,
the transfer rate from its surface depends only on the local vali shear stress.
Thus the measurement of the transfer rate may be translated irnmediately into a
local wall shear stress, information probably not obtainable frary any other simple
experiment.

The design of the experimental apparatus will be described, and expeszimental

results will be compared with theoretical predictions.




2. Theory

It will be found useful to review here briefly Lighthill's {3 Jasymptotic solution
for the heat (or mass) transfer to laminar boundary layer flows at very high and
very low values of the Prandt]l modulus (respectively the Schmidt modulus in the
case of mass transfer).

We shall introduce the boundary layer approximations into the dimensionless
equations of momentum, continuity and energy for the flow of an incompressible,

non-dissipative, isotropic,Newtonian, constant physical property fluid to ottair,

du du 3p 3°u
= 7 —_— o =
Y ax v x T i
du v l { )
oy -0 eyt
20 20 1 d*e f
—_— — = mum —
“ox T Vay T Pravye

with boundary nanditions,

x <€ x¥*; e = 0;
x 20, Y = O n a8 ¥ = B8 b ... (2.2)
Y = oo, 9 = 3; g = U(x);
2 v - , (%) |
X x¥* Y = 0; 6 = 8i(x);

In what follows interfacial velocities will be neglected so that the equations
above will be applicable to both the transfer of heat and mass. For the latter case
the Sherwood number is to be read whenever the Nusselt number appears, and the

Schmidt number for the Prandt! number.

2.1 Large Prandatl or Schmid moduli

For Pr >21 the thermal boundary layer may be assumed to be very thin in
comparison with the momentum boundary layer. u(x,Y), being an analytic function

within the flow field, may thus be cxpanded in a Taylor serics around 1its value on

{(*) sec list for explanation of syrnbols
(**) respectively 98/9y prescribed.
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the boundary. Following Lévéque (16] only the first term of the expansion will
be retained {see Appendix I). Then a soluticn of equations (2. 1) satisfying (2. 2)

is found to be (see c.f. (7)),

9 = -—l-----j'“e-'i3 d \;
N3 [ L . .(2.3)
08 dGs(x) '

Ao % h
g e Bl TG -
dy’ y=o YRy VoW g [J/: ﬂ(g)c\ﬂ/s ,

Here x* is the dimensionless abscissa of the first point of non-zero Gs .

Several subcases representing idealized situations may now be considered:

2.1-1 Interface temperature (or concentration in the case of mass transfer) zero

for x<x*, and equal to a non-zero -onstant for x 2 x*.

For this case the second of equ~tions (2. 3) reduces to,

e ——

_ Re™ Pr \//}(X) , (2. 4)
T Q'Y 4 : x 3 P F
9 (%) [L *//3(5)&3]

To get the average vaiue of the Nusselt modulus in two dimensional flow cver a

Nu

heating surface extending from x’* to x, we may integrate equation (2. 4):

LB dg] ™

. 3

_ N
Nu = E—Ta——-m Re* Pr

...{2.5)

If the heat_ed surface is relatively narrow in the x-direction, then Z({>) rnay be
bi ) Yy

assumed to be essentially constant from x¥ to x; the equation above then simplifies to -

3 y
3pr 3 (%) -J} e

X - X*

- Re"'i
N T m{

where ﬂ is some average value of/} '\%) :

[3(3) . [Lx’@‘f{)l ... (2. 6-2)

It is appareat from equation (2. 6) that the measurement of the surface temperature of

a strip of suitable dimensions and the calculation of the average dimensionless flux
will furnish directly an amplified value of the local shear stress at the wall, quite

independently of previous boundary iayer history.
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2.1-2 Zero interface heat flux for x< x*, non-zero interface flux for x 2 x*.
We shall investigate the case in which the surface flux changes in steps of finite

size; cases of continuous flux variation are easily derived from these results by

superposition and passage to the limit. Define,

( Pr Re -
- Q . = " == . = - 1 = o P 27
Nt = g % Y (i=0, 1,2, n) (2.7)

where qi” is a surface heat density increment; 1 is a characteristic length and

x, is the coordinate location considered. Then,
8 (x,) = N\ o)+ (A - AL By -xn +
+ (A - A oen ] A ey 4
=_/\.o ‘f:%’(x') +Zn: (x1-x(m*)) (ﬁ;{t ey O ..(2.8)
o A

Here the ./\_ ; are the step magnitudes, occurring at abscissae x1%, and -

X4
_ dx
Feo - | e TIoOT S
) (x) f ﬁ() d3 ...(2.10)

Specializing for a single step, we get Shah's expression ([ 17], p. 60):

- X,
,@ Pr :’Re/* dx
8. (3 s q. 0 =5 =2 .y . (2,11
) T T K TET (g, « OX O ¥ ng] 7 et
- b
Also,
- s
T e K
-3
X -1
7 & / ‘/r/ 1 dx
3. M(&) pr’ Re™ . ~ (2012
2 g0 TFr1)- K07 @12

-

for the single step-type flux variation at the wall.
The equivalent mean surface temperature and the mean Nusselt number over a
strip of small finite width in the direction of flow, bounded by two parallel cylinder

generating lines, may now be calculated. Proceeding in a manner analogou« 'o

§ 2.1-1 ana assuming 4 /ﬂ(S) constant over the strip width one obtains,
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_ q;"z 2 X q-x% Yy -7
e Tk T () R 2 00llo 1L

and

] .
Nu = -‘-r‘(:;:)[lﬁpf 1 Re'/;‘ (2. 14)

2 X1' xX*

2.1-3 Cases departing from the idealized situations of piecewise constant interface

temperature (respectively concentration) or flux

In actual practice none of the idealized situations analyzed in the preceding
paragraphs is ever attained. Usually an interface walll containing distributed heat
sources, cr their equivalent, over part of its length is convection cooled by some
fluid. In general the distribution of these heat sources will not correspond to the
rates of convection to the cooling fluid: indeed, only one unique distribution could
be thus compatible. Consequently some circumferential conduction (i.e. conduction
parallel to the direction « ¢ fluid flow) will ensue. If the resistance of the wall
material containing the heat sources to the conduction of heat is slight, then the
inte~face may be expected to approach an isothermal surface. If however that
resistance should be very large, then the interface flux rate will correspond to the
local wall flux density, and we approximate case 2.1-2. By small and large resis-
tances to the conduétion of heat within the wall mterial are here meant small and
large values of the Biot modulus respectively (see Appendix II).

It will be shown ir Appendix II that the temperature distributicn for the case of
an almost isothermal wall is easily derived through a regular perturbation scheme,
while that of the almost constant flux case may be solved through a singular per-

turbation method, at least in principle.

2.2 Small Prandtl or Schmidt moduli

For Pr <<1 the momentum boundary layer will be rather thin compared to the
thermal boundary layer. Thus the momentum boundary layer may be disregarded
entirely in the solution of the energy equation and the velocity will be afunction of
the lengthwise coordinate only. Appropriate asymptotic solutions may ‘hen easily

be obtained.




2.2-1 Interface temperature zero for x< x* and equal to a non-zero constant for

xe x¥*

&
. _ [Pe (U(x))" s
Nu = [ - fx:U(x)dx .l ... (2.15)

Whence the average value of Nu over a strip width Xy - x* is obtained,

X 4
- Pe A
Nu = 2| 4U(x) dx] ... (2.16)

2.2-2 Zero interface flux for x ¢ x*; non-zero, constant flux for x » x*

The methods described in the previous paragraphs may again be used. Thus,

»
F{f [y(x) v(x)]’i} C(2.17)

Y (x) =[%(3) at

We may again 2assume a mean, constant octer-flow velocity to be operative over

with -

the strip width; then,
. -M (_'- s,
Nu = ,/ Uﬁpe ‘ Z")(xl - x%) ...(2.18)

X - X .. .(2.19)

and,

O
l
4
\'_/’F
0
o
(4 9]
-

The further extension to a prescribed, stepwire variation in wall flux rates is

carried out without difficulty, and will therefore not be elaborated upon here.

3. Experimental: Mass Transfer Studies

3.1 Introduction

An initial survey of the relevant literature showed that the little work which had
been done on local mass transfer rates from cylinders in forced convection at low
Reynolds numbers (Schnautz 1958, Grassmann et al. 1961) was concerned with
constant interface concentration over the entire cylinder envelope. It was also

found tlat of the various techniques available for mass transfer studies, an




electrochemical methods appeared to be the most suitable. According to previous
studies ( [19) to [Z l] ) such systems should have been capable of yielding results of
‘great accuracy and good reproducibility with a comparatively simple experimental
arrangement and without elaborate instrumentation. Consequently this was the first

experimental system chosen for investigation.

3.2 Electrochemical details

By choosing a suitable electrochemical system, in which electron transfer at a
test electrode surface is proceeding at a very high rate, it is possible to obtain a
range of E. M. F. over which the transfer rate, i.e. the current measured,is inde-
pendent of the driving force (the E. M. F.) applied. The transfer rate will depend
only on the characteristics of the chemicals involved, of the surface at which
transfer takes place and on the rate of supply of ions through the mass transier
boundary iayer, that is on the convection rate. The current measured in this range
is knrown as the limiting current.

Electrochemical systems which may be successfully used in this way must possess
the following characteristics: (a) the active, transported chemical should have a
very fast reaction rate at the active electrode surface; (b) the active chemical
should be reasonably stable so that no not ceable changes in concentration occur
while the experiment proceeds; (c) a supporting electrolyte should be present in a
concentration sufficient to eliminate electrostatic field effects in the bulk fluid,
and such that the polarization resistance at the . surface is always the controlling
factor; {(d) the rate of any other electron trans.:r reactions taking piace must be
sufficiently slow so as not to affect the primary reaction rates studied.

Reliable quality gauges of an electrochemical test system are supplied by the
following: (a) the ' residuai current', measured with the experimental electrochemical
apparatus under test conditions, however with the active species in the solution
missing, is a measure of the rate of extraneous, unwanted reactions taking place
concurrently with the rate which is to be monitored. This residual current may be
reduced to very low values through the use of clean solvent and chemicals, and the
protection of the solution from the abscrption of atmospheric oxvgen and {rom
incident light when necessary; (b) the functicnal dependence of the current on the
E. M. F. applied will enable a conclusion to be rcached as to the suitability of the

system and the activity of the exchange surface. When the current measured (with




the electrode at rest, or at any one, steady speed) is plotted versus the voltage
the limiting current should indeed be constant over a substantial range cf E.M. F.
{of the order of one volt). The level of this current '"plateau’ should be unaffected
by cycling. A deterioration in reproducibilit- of the polarograph and a "sluggishness"
in attaining a stationary value of the current when convective flow or voitage are
changed may be an indication of surface 'insuitability or poisoning. Most surfaces
appear to deteriorate after a period of coeration: this phenomencn does not appear
to be well understood.

The first system to be chosen for stidy was the reduction of oxygen on a
metallic gold surface in a (nominally) 1.eutral solution, with KCl (or KClOg4) as
a supporting electrolyte. This system was reputed to have worked satisfactorily
before (Dr. P. Stonehart): neverthelvss no proper limiting current plateau could
be obtained with the test system here ‘lescribed, and reproducibility of data was
generally poor. It has the added disacd antage that, with the method of oxygen
saturation recommended for this casc =y the electrochemists (simply bubbling air
through the solvent) no reliable value for oxygen concentration could ever be ob-

tained, while at the same time the solut:on must have contained appreciable amounts

of contaminant gases.

Larer a more classical redox system. Fe(C.\’)b 3 = Fe(CN)6 was used.
This system has been well documented in the relevant literature and property values
are well known. Tests were performed with several concentrations of active
ions , and with different supporting electrolvtes: for all test series up to and
including XI both the trivalent and the tetravalent salts in 1/100 normal concentra-
tion each were used (Vielstich, 223]; Stonehart), with KCl excess: for test series
XII and XIII the concentracion of the hexacyanoferrates was increased to 5/100
equivalent per litre, to reduce the importance of any stray reactions and residua!
currents (Dr. N. Ibl, (23] ), in excess NaOH. lastly, in test series XIV only the
ferri salt was used, as all tests were performed with the exchange surface electro-

negative. This last composition of the solution secmed to lead to the best repro-

ducibility of results.

3.3 Experimental rig

3.3-1 General

Figure (1) shows the experim2ntal equipment schematically; figure 12) is an
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electrical circuit diagram while the plats, figure (3), shows the assembled equip-
ment,

The apparatus  ..sists essentially of a cylindrical vessel of soda lime glass
17-1/2 inches in diameter and 18 inches deep. A "Parspex' cover carries a drive

mechanism to which a rotating arm assembly is attached. A cylindrical electrode

carrie~ of 1/8 to 1/4 inch diameter is mounted on the rotating arm, and the latter
is driven in a circular motion by the drive mechanism. Thus the test electrode
moves along the circumference of a circ’e of about 4. 62 inches radius. The glass
cortainer is filled with electrolytic fluid to a height of about 5-3/4 inches.

A constant voltige transformer supplies an induction motor which in turn drives
the rotatii.g arm assembly through assorted step-down devices.

The D.C. to the test bath is supplied from a potentiostat: the test surface is
usually acting as the cathode. The anode is a platinum foil "counterelectrode'.
Current ‘s taken off tlrough a trailing wire connected to the test electrode. This
method of current take-cff was chosen for its simplicity over the more elegant and
orthodox mercury pool slipring or sintered carbon brushes: thus also the number
of items requiring developn ent was reduced by one.

Much time was spent on insuring that both the test vessel and its cover were
mounted horizontally. To reduce free surface effects the active test e’ ctrode
area extended only a comparatively short vertical distance deep insizie the body
of the fluid. Finally, to insure a steady rate of rotation of the electrode carrier
the driving motor used was of amnle size, and the final step down pinion was
mounted on ball bearings. Anti-vibration mounting was used throughout.

’ During initial tests at very low transfer ratrs and speeds it was found that

strav vibration and cantilever bending resonance of the test electrode carrier
were on occasion increasing transfer rates notably. It took mn<l effort to
s!minate these secondary effects, but the phenomenon pointed towards the
potential usefulness of the experimental method for the measurement of insta-
tiorary mass transfer processes. [n this respect the present technique has the
advantage over heat transfer measurements in that, when used with a fluid of
¢ high Schmidt nu.nher (which it almost invariably is), there are almost no time
lags of transfer rate associated with 2 ~hange in convective rate. Thus the
resolving power of this techni jue should be potentially higher than that of heat
transfer experiments.

— -
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3.3-2 Electrodes

Initially a solid, metal cylindrical electrode (1/8" diameter) was used. The
metal cylinder was coated with an insulating lacquer and a slit about 1 cm long by
0.15 cm wide was cut in the lacquer. This then formed an active electrode area
the sizewgf.which was known with reasonable accuracy. However, once the electrode
carrier / assembled only a single angular orientation could be tested at a time. The
test surfaces were usually made of one of the noble metals, so that this mode of
construction was also rather expensive. Finally, none of the insulating lacquers
used would last very long under sctual test conditions.

Later ""Bakelite'" and "Ebonit:'" carriers of various diameters were developed.
These had axial groves milled, :nto which wires of the test electrode material were
glued with epoxy resin. An active electrode area was then obtained by grinding
a length of about 3/4 inches of carrier length in such a manner that 2 fresh metal
surface lay bare on the cylinder envelope. These test pieces were inexpensive and
sturdy, and the number of angular orientations which could be tested without dis-
mantling the rotating arm assc¢mbly depended only on the number of axial groves
which could be conveniently milled in the carrier. There was however one disad-
vantage in that the active test area was not known accurately and thus calibration
tests had to be run.

Electrode materials used were annealed gold, platinum and nickel wires. The
wires were of 0.010' to 0.025'" diameter. The counterelectrode was an annealed
platinum foil on all test runs,

One of the objects of the study here reported was the study of flow conditions
in regions of separated fiow behind bluff bodies immersed in a flow. In particular,
it was hoped that the degree of stabilization achieveable by splitter plates piaced
downstream of the electrode carrier could be demonstrated. Accordingly several
carriers with attached splitters were produced, at first with stainless steel vanes
coated with an epoxy resin, later with platinum vanes. Electrode carrier construc-

tion and a carrier with vane are shown in the plates, figures (4) and (5).
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FIGURE 4 CONSTRUCTION OF TEST ELECTRGDES

FIGURE S TEST ELECTRODE WITH VANE
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3.3-3 Preparation of the test slectrode surface

For the first test series,using the oxygen reduction reaction on a gold surface,

)
no preparation apart from cleaning of the gold surface with an organic solvent
was undertaken {Dr. P. Stonehart). For the last of the hexacyanoferrate series
the activation procedure used by the Zdirich teara (Ibl, [237]), was employed:
after each test series the surface of the electrode was first ground to a smooth
finish, whereupon electrode and carrier were cleaned briefly in trichlcroethylene
and rinsed in distilled water. The test electrode was then electrically cycled for

about 5 minutes in a solution of about 10 ppw KCN, 30 ppw NapCO,, 30 ppw KOH

3!
in 500 ppw of aqua. The test electrode was connected cathodically and the applied
voltage was raised until gas evolution took place. The electrode thus prepared
was rinsed and immersed in the test bath.

The counterelectrode :nd the free convection foils were similarily prepared.

3.4 Measuring equipme:..

3.4-1 The refererce elecgrode

A standard mercury pool type reference electrode was used in order to measure
the potential difference between the test electrode surface and the solution. For
the first test series a calomel solution in KC! was used for contact with the
mercury, later HgO {mercuric oxide) in NaOH. In order tc reduce the diffusion
of mercury salts into the test bath a special type of test electrode hoider was
developed, figure (6).

The voltage between reference electrode and test piece was measured at no

current, by an instrument with a 100 M{l input impedance.

3.4-2 The current was measured by inserting a low impedance galvanometer
in the return from the test electrode. The period of rotation was measured by
electrical timers which were first calibrated.

The accuracy of the instrumentation used finally exceeded by far the accuracv

and reproducibility of the system as a whole, so that a detailed analysis of

measurernent error did not seem to be warranted.

3.5 Data reduction

3.5-1 Theory of electrochemical process
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SATURATED SOLUTION
HQO + NaOH ™

HgO

" ¥~ p1 WIRE

SIN _RED GLAS3S
FILTERS

FIGURE 6 REFERENCE ELECTRODE AND ELECTRODE HOLDER.
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Assuming a single reaction at the test electrode curface, the transfer-rate is

given by the following expression:

. t
5 i i 1
TR ——_FxNv ...13. 1)

where i is the interface current density; F is the Faraday constant and N, is

the reaction valence. The ._'n_ass-transfer coefficient is obtained as follows:

H = —I& .(3.2)

c =-cC
a o]

where c, is the concentration of the active species in the bulk fluid and co is

the interface concentration. This latter value ic commonly assumed to be zero
for reactions proceeding at a fast rate. An expression for the mean Sherwood

number is obtained by inserting (3. 1) into (3. 2):

Sh = 1.1

Sh = Ao, e WFE ..(3.3)

where I is the current measured; | is a reference length; A is interfacial area

and 7) is the diffusion constant.

3.5-2 Calibration tests .

For most of the test conditions neither the interfacial area nor the diffusicn
3 \ - . - .
constant were known with great accuracy a priori. Independent calibration tests

were therefore run as follows. The diffusion constant was determined by meas-

uring the natural convection mass transfer rates on platinum foils of accurately
known dimensions, suspended vertically in the fluid. For this case the mean

dimensionless transfer coefficient at large Sc number is given by,

Sh = 0.653 (Gr*Sc)4 .. (3. 4)

where the reference length |l is plate height.

Inserting (3. 3) for Sh and sclving for ‘D ,

1 \/ 1\
D - 0""009'(1)11?1\1‘,(coo-do))3(1“;)/3//:> ) 302

where b is plate width. Or, in dimensionless forms,
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D

...{(3.0)

el q/
0.7009 Gr S( I ) 3
b Nv F (cm-co) V-

Usuzlly, at least two tests were run, using plates with different dimensions.
. . , 4 s .

Yalues of Gr obtaining in practice were in the range 4 x 10 to 3 x 10 in

order for the asymptotic, boundary layer type theory outlined above to be appli-

cable, we must have,

u a
Sc > 10° 5x 10" ¢ (Gr-Sc)< 10

The upper limit on Gr-Sc is introduced by the onset of transition to a turbulent
boundary layer. Also, in order to reduce three-dimensional {low effects, the
ratio: foil height to foil width, . /b, sbould be smaller than 1/4,

In order to be able to ev2luate the Grasshof number at test conditions, a
knowledge of the change in density taking place at the test electrode surf-ce is
necessary. The relevant data for the system here used, but at different concei-
tra‘ions, have fortunately already been previously reported (247 . The accuracy
of which the experiment described here was capable did not warrant an indepeident
detailed check of these data. which can be done by using the method of Fouad
and Ibl {25}, and interpolation data between the reported test points 124) were used.

The kinematic viscosity of sclutions of the composition and concentrations
used in the present series of experiments has previous!y been reported (c. f.

L203, p. 530), but these were in part repeated independent!y.”™

Once the Schmidt number was known, the test electrode arca was obtained by

assuming equation (2. ) to be applicable at the front stagnation point when the

test electrode is measured in forced convection. Insertion of -

- e Xy =
ﬁ(x) = 3.4865 21 = 3.4865« 2 s
x* = 0 -
into (2. 6), (2.6a) and comparison with eq. (3.3) yields,
—~ 4
/3 (x) = 35 /3(x)
I. R “Ya -
2 i e 5 C ...{3.8
A 069 C Nv F'tlv Re S¢ ( )

(%)

Values found:Y=1. 325 centistokes at 23

®C.1.267at 25;1.212 at 27; 5 = 1.090 at 23.9 °C

GCras=mann et al. 24 reported a value of ¥=1. 2¢€ centistokes. See also Appendix II1.
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3.5-3 The direct measurericat of wall shear stress

Once both the diffusion coefficient and the interfacial area have been determined
the local wall shear rate at locations away from the front stagnation point may be
obtained directly by eliminating Sh from equations (2. 6) and (3. 3) for the constant

wall concentration case:

- ’ 4
o[ 2P(3)R Ay I°
[3(5)"( A F NyWac ) 3Sc Re % ...43.9)

>. 6 Results

The graph figure (7) shows an example of a polarograph obtained during one
of the first test series with the oxygen on gold reaction. It will readily be
realized that there is no real limiting current ''plateau’ and that the effect of
cycling hysteresis is very notable. This latter phenomenon may have been due
both to continuous change in oxygen saturation, or rather supersaturation, on
the one hand and surface activation, later counteracted by surface poisoning, on
the other.

The graph, figure (8) shows an example of polarograph obtainable with
hexacyanoferrates redox reactions and with a reasonably clean technique. When
quite fresh, electrode active areas may yield limiting current ""plateaux' which
extend virtually from +0.25 to -1.0 volts without a noticeable change in the
value of the current passed.

The graph, figure (9)*gives transfer rates for a system of which graph (8)
represented the polarograph. It is scen that the front stagnation point transfer-
rate values (marked FSP on the graph) follow the theoretically expected line
within a reasonable amount of scatter. Surprisingly, though, the - ulues for the
rear stagnation point (marked RSP) also fall on a line with slope |/? 'n the log-

log plot. Values for ar angle of n/2 fali above those for 0° and for w, as expected

from the theory (equation 2.6 above).

In the graph figure (10) results are given for the case of cylindrical! electrode

*Figurc (9) is not directly comparable with the following figures due to the
different conc~ntrations of chemicals used.
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carriers with and without a stabilizing vane attached to their downstream side.

The plate figure (5) showed an electrode carrier .ith attached stabilizing vane.

It is seen from graph (10) that the level of transfer densities is reduced when

the electrode carrier with a vane ‘s tested, as compared to the same carrier

1
when the vane was cut off. The character of the curves is, however, not altered.
Figure (11) illustrates the results when the electrode carrier with vane
attached is rotated in the opposite direction, so that the vane faces upstream.
Predictably,transfer rates are reduced at what is row the F.S. P, in the low
Reynolas number range, as the F.S. P. electrode is now bathed in the viscous
wzke from the upstream splitter vane and local wall shear-rnte values are

reduced. At high Re, however. transpor rates are incieased: this may be

attributed to the fact (hat the upstream splitter \ane sustains a non-zero argle

l
of incidence to the flow, and thus a sizeable velocity from the pressure side
of the pla.e to the sucticn side may sweep pasi the electrode surface.

l The graph figure (12) shows complete results of test series XIV giving
values of transfer coefficients at various Reynolds numbers, with the angle

substended to the flow as a parameter. The small amount of scatter obtained

1is notable.

3.6-1 Comparison of the experimental results with the theory of para. 2. 1-1

In ti.e graph, figure (13) the results given in the previous figures are re-
drawn sc as to give the ratio of Sherwood number to {Sherwood number with
the mass transfer strip at the front stagnation line), plotted versus the circum-
ferential angle substernded by the median of the strip, and with the Reynolds
1 number as a parameter. A'so drawn in the graph is the result obtaired from
equation (2. 5) based on the following:

An experimentally determined velocity distribution around a cylinder in

l stabilized laminar channel flow has been obtained by Grove {29] , and his data
may be correlated by the following, Acrivos (%],
u® = 3.758),-*- 2.84y‘-" + 0.574?" L (3.10)

*lere the velocity u has been rendered dimensionless by using as reference

’ velocity the value obtained vithin the channel at the location of the <ylinder

before the latter's insertion. In view of the fact that the blockage ratio of the
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channel was appreciable,(3. 10) eannot, of course, be t-ken to represent a good
correlation for the widely differing case here considerec%. Another esthetical
flaw is that (3. 10) is not symmetrical with respect to f(q It was used neverthe-
less as there are few reliable experimental data available.

From (3. 10) the local shear stress at the wall ma+ be calculated using one
of the approximate methods. We used here that of Acrivos [13jand obtained,

R(¢) = 14.97 - 4.84¢+ 1.157 ’*T"/4 E R
A E 1

The values of ﬁ thus obtained may be intrcduced into equation (2. 5) together

with the requisite source-strip width (11. 6 degrees in the present case) to give

an estimated curve of the circumferential distribution of mass transfer coef-
ficients. It is seen from the graph, figure (13), that there is fair agreement

over that part of the cylinder circumference where such an empirical relation
could be expected to yield reasonable results, id est not too close to the boundary -
layer separation point. The results plotted in graph (13} thus give us some
confidence in using the experimentall; determined mass transfer data in order

to estimate wall shear rates in the range 92° to 180° where no other direct

measurements have been available heretofore.

3.6-2 Critique of method and suggested imnrovements

The main difficulties experienced were electrochemical in nature: (a) the
diffusion coefficient found from our free convection experiments is rather low
compared o that reported by other investigators. The value found here was
5. 1l 3 1070 @n ces i 0o0t serdes SN 5,88 107 6e 2188 aad 4, 18 = 00
at 25. 3OC, in test series XIV. The value reported by Grassmann and coworkers
is 5.8 x 10-6 at ZSOCI;H(b) after a very short time of operation the response time
of the system to altered conditions of speed or driving force (E. M, F.} became
verylarge indeed. Once the surface had thus deteriorated, values of current
measured v nder any given conditions were invariably higher thar the true
steady-state values obtained with a fresh surface; (c) it would appear likely that
in order to obtain consistently reproducible experimental data a continuous

activation of the test electrode surface by sup ~position of an A.C. component

on the D.C. p» sed through the system is necessary.

()

The use of t1i- absolute -ralue for the second term would render the function
non analytical. S:milar rema: ks apply to equation (3.11).

{+
)g‘,,x ales Sop i 177,
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3.7 The frequency of Kdrman Vortices shed behind blunt objects in an essen-

tially two-dimensiona!l flow

As pointed out in section 3.3-1 the electrochemical system described
measures transfer-rate oscillations, with amplitude and frequency distortions
which can be made arbitrarily small by choosing suitable measurement inctru-
mentation. Thus it is singularily wel! suited to the measurement of the vortex
s}?edding frequency behind blunt ohjects placed in a stream. when the monitor-
ing electrode is placed near the rear stagnation point: the oscillatory frequency
in the current measured corresponds to a synchronous oscillation in the local
shear-rate at the wall.

It is shown in ciassical work that the oscillatory frequency can be correlated
with the linear dimensions of the obstacle. the fluid velocity and fluid kinematic

viscosity in a unique way:
S = F (Re) ... {3.12)

where S is the Srouhal number, S = f. 1/U® , with f equal to the frequency;
'1' a characteristic length fusually the greatest extent of the body in a direction
perpendicular to that of the flow velocity at great distance from the body, U@I);
and Re is the Reynolds number. The functional relationship (3. 9) cannot be
determined from analysis and must be fourd from tests. However F is very
little dependent on the detailed cross-sectional shape of the blunt body tested.

In the graph, figure (15) measured values of frecuency (obtained by timing
the oscillation of the current observed on the galvanometer in the test electrode
circuit) are compared to data reported by Roshko, (267, {27], and by Shair, r28).
Shair's data are apparently not very reliable {30 ' as in his tests the velocities
were incorrectly measured: however, in conjunction with Roshko's very
careful measurements and the data reported here, they secem to indicate that at
any given Reynolds number at which nstability does indeed take place, the Strouhal
number is the higher the larger the channel blockage ratio. This result cannot
be taken too seriously without much additional careful testing.

Another interesting point apparent from graph (15) is that while the stabilizing
vane did not suppress instability of the wake within the range of Reynolds numbers
where it was expected to dc sq it nevertheless reduced gross turbulence somewhat

and thus gave rise to lower Strouhal numbers. The same effect was found by Roshko,

(27].
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4. Experimental: Heat Transfer Studies

4.1 Introduction

[t was pointed out in sections 3.1 through 3.2 above, that the initial
expectations were that the electrochemical mass transfer studies wonld
yield rapid and accurate results with little expenditure and complica-
tion. From the exposé in section 3.6 it will however have become clear
that the acc‘uracy and the reproductibility of these experiments were rather
‘worse than one was led by electrochemists to believe. Also, ro conclusive
evidence of the degree of stabilization achievable with the splitter plate,
and the influence of this stabilization on RSP mass transfer rates for flows
with very low blockage ratios was forthcoming. So it was decided to run
some equivalent heat transfer studies.

A closed circulation laminar-flow oil tunnel was available in the
Department and has already been described previously fia”, T1s], D171,
(28], [29], [31], [321. Itis apparent from thcese previouc studies that
this oil tunnel may not be an ideal research tool {or the study here proposed
due to some uncertainty in the interpre - tion of previous experimental data
(compare (28] through (32]). Enough is nevertheless known
about the variation of the rates of shear on the wall of a test cylinder placed
in that tunnel, at least up to the point of boundary layer separation. Thus

data to be measured in that region may be used for calibration purposes.

4.2 Construction of heat transier cylinder

The diagram figure (16) and plate (17) show the construction of the heat
transfer cylinder with a strip heat source. Outer diameter was 3/4 inches
nominal. It will be seen that this cylinder is of simple, riugcged and cheap
construction.(*)'l'hc heat.ng surface consisted of a carefull+ rolled copper
strip, 1/16 inch wide and 0. 00 inches thick. It was embeddcd in  a grove

cut parallel to t'.:- cylinder generating line. The copper heating strip was

i _
() The help of the Mechanical Workshop of the Chemistry Department in

the construction of the heat transfer cylinder is gratefully acknowledged.




Y3IONTTAD 1 H O31Y3H G191S 791 EFTIBIE

*/1 3408 DI X

qO.r/e mwoz_.;U 3iN3xve

- 34 -

S3TdNOJ0WH3HL 9 30 3INO

SQv -
H3L3INIT0A

Z
sav3 iN3uuny”

SONIY KiddNS-IN3YHND SSYXH8 2 401

TN o T I i o

/ w010 X .21/ gI¥iS H3dd0D

V10,28 /71 SIT0H T 1INOOOWNIHL

LOE0'0 X .91/1




- 35 .

FIGURE |7 TEST HEAT TRANSFER CYLINDER
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"short-circuited' over the terminal | inch near the channel confining
walls, so that appreciable heating took place only over the central 6
inches of the channel. This was done in order to avoid end effects
through the heating of the rather thick wall boundary layers. The short-
circuiting was carried out by having the h. ating strip at5 times its '"cen-
tral'thickness, and ¢ cpening the grove holding the strip corresponding-
ly.

Three thermocouples were welded in the standard manner using
coppar constintan 32 BWG, fiberglass and enamel insulated wires, The
cleaned junction was then silver soldered to the underside of the strip
at locations dividing the heated length into guarters. The thermocouple
wires were led to the central bore of the cvlinder and thence to the
measurement apparatus. Finally the heating strip was glued into place
using an epoxy resin ("Araldite ').

Three other thermocouples were prepared in the same manner and
glued into countersunk holes at various circumferential locations on the
cylinder envelope. These latter thermocouples served for the determiin-
ation of the free-stream temperature.

At each end of the cylinder a heavy trass ring was shrunk with a
slight interference fit over the otherwise assembled cyilinder, and the
heating strip was silver soldered to the rings. Thus a good electrical
contact was assured. The brass ring served both for supply of the
rather heavy low voltage current and for carrying "0 rings assuring a

close [it of the cylinder in the channel walls.

4.3 Measurement Technique

: (=
Current was supplied frem a high current AC sourcé . The vol-

tage drop over the heating strip was measured by connecting a very high

impedance AC voltmeter to the brass current supply rings described

(*) Thenks are due to the Depariment of Mechanical Engineering at Stan-
ford for the loan of the current source.
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above. On a later build separate leads were soldered to the heating strip,
so that only the voltage drop over the central 6 inches of strip was mea-
sured, making for greater measurement precision.

The resistance of the hea'ing strip was deter~ ined by separate calibration.
A constant DC current delivered by a potentiostat was measured by = pre-
cisitn H.P. milliammeter and passed through the strip. The voltage drop
was measured with the aid of an electronic microvoltmeter (COHU -
KAYLAB model 203). Values found: 7.4l milliohms for the active 6 inches
of hea-ting strip, and 12.9 milliohms between the supply clips, at an ambient
temperature of 22.1 °c.

Temperatures were measured in the usual way, using a separate cold
junction connexion for each thermocouple. A Leeds and Northrupp K3 po-
tentiometer was used, which enabled readings to be taken to 1 micrcvolt

The tunnel test variables were measured as described in 28 and 29 ,

*)
and will be described in detail in [32}.

4.4 Result_si_

In contradistinction to tne mass transfer experiments described in chapter
{3) above, the heat transfer experiments proceeded without fi:ss or rur=ing-ir
difficulties. Irdeed, the very first calibration run yielded useful, consistent
and reproducible resuits, figures (19) and (2¢). The test apparatus prc-ed
quite sensitive, anc such detailed features as the slight variation of transfer
coefficients irside the stabilized wake bubble with change in attitude angzle or
in the positior oi the splitter vane cculd be clearly discerred, It is se=n from
the graph. figure {20}, that the agreemert with the theory developed, using

Grove's empirical velocity correlation, i8 surprisingly good., A some'vhal urn
y

(*)

tunnel and for his help in runnii'g the eju pmient.

I am indebted to Mr. D. Snowden for his cooperation in the use of the oil
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expected result is the notable variation of transfer coefficients as the

the channel is traversed crosswise. This would point towards notable

wall effectn. The central thermocouple does indeed read temperatures
which are considerably higher than those read by the two lateral ones.
Doubtlessly, thermal conduction longitudinally along the strip could

also have been of some importance, though it is believed that this

latter effect cannot have been verv important.

The cylinder with the strip type heat transfer surface was turned

over to Mr. Snowden for further tests, which will be reported upon

in [32].
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Appendix I.
Expansicn of u (x, y) near a flow boundary at which a no-slip condition applies.
At any solid boundary of a flow "~ the following conditions apply:
Uy = v, = 0 oW {I-1)

where u, and v, are the dimensional velocities in the X, direction (parallel

to the boundary) and the y, direction (perpendicular to the boundary) res-

pectively. The momentum equation at the boundary thus degenerates to,

ap 3%y
5 t g —3 = 0 o (I-2y
9x, ™ 9y, y, =0

Assuming that u, is an analytic function of the ordinate y, ,

Wa oY Mo - constant =4 V1)
then, :

J(y;) = £(0) + &-(0){7 + £(0) %,- + . (1-3)
Now, from (I-1)

J(O) T, also,

4'(0) = 3u /oy, o =T (xy, y‘)vaO = T g
and from (I-2),

tt - _!_ EE o e — -
J— (0)-/“_8&, J, (0) = 0 .. {I-4)

We shall insert these results into the momentum equation so as to obtain
the higher order terms. Integrating twice we find that the expansion for u

correct to the 5th order terms is,

2 3 &% & 3
" o dp oy} &% oyt (P4l d
uy(xoy,) = 2y o+ X - ¥ (T—-—-
1\ X0 Yy #,Yn‘ /\& dx 6/,., ;ixl‘* 24/./. /.»\-‘ °dx‘ dy-‘J)
1 &' P ~d
PGS RTER ooofill

R T

If the energy equation is to be solved for fluids of very large Prandtl numbers,

the expression for u, may be linearized, retaining only the first term of the
expansion, as the thermal boundary layer is very thin compared to the momr.en-

tum boundary layer. This is essentially the Lévéque assumption (16, 12).




»

2\

R LT —

L

Equation (I-5) may se rendered g g

R -3
toLVLILED D, LIIUD,

/O
3 _n. -
1 &
LRI B R ST R T

2 dx 6 Re dx &

0
R R
24Re” ax3 t

... {I-6)




- 46 -

Appendix II

Calculation of the temperature of a metal strip containing distributed heat

sources, cooled by convection of a high-Prandtl number fluid over its surface.

Figure (II-1) illustrates the nomenclature used.

e
-
A

X

Curvature and thickness effects are neglected. The conduction equation for

the heating strip then reduces to,

Ti(xs(g)%g) + qg'' (8) - ﬂfi—el-e = 0 , . {IX-1)
where 0 'i.s the excess temperature:
Ks is the conductivity of the solid wall material;
H is the sirface convection coefficient and 5 is strip thickness;
qs"' is heat source strength per unit volume of material; for electrical
heating,

"y o > X . :
q,"" = CVi/(RL) .o (11-2)

where V is the applied electrical potential difference over a strip of length 1
and electirical resistivity /oe (8); C is a dimensional constant (equal to 0.24 if
q"' is in cgs units, V in volts anA P in ohms cm).

The appropriate boundary conditions are,
"x = x¥ and x=x*+b-‘~‘>9x=0 ... (11-3)

We shall now assume all physical properties to be independent of temperature.

Equation (I- l.) may be written in dimensionless form thus,

1
e Bids1 =0 | . (1I-4)

II.1 F
tl

tl

t

It
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Here Y? - x/r, with r a reference length; /9 is a dimensionless temperature

Jd = /M

where M is the source strength, M = qs"' r2 /Ks , and Bi is a Biot number,

Bi = ?{}-I— -E—E . Further introducing the asymptotic value of the heat transfer
coefficient for large Pr numbers, equation (2.3); transforming the codrdinates
as follows,
X =¢ /b o
. K flu?d T . 1 Re* Pr > (11-5)
Ksolid { Tg -T_ = 9 3'—'(.5) ~/—"'
and introducing a parameter,
g . Klsolid £ Tso-Tg "’P(“’) ! (11-52)
K fluid 1«3 qs"‘ RePr ‘s A% )
| we finally obtain, .
C\'T;C-x:) +1=0 ... (II-6)

Y

‘ with boundary conditions T'(0) =0 and T' (1) = 0.
such
1l For almost isothermal heatmg of a metal strip/as in the diagram figure I-1,

i the numerical value of the parameter € is very large indeed. If we introduce

. the additional simplification of replacing, over the strip width in the flow dir-
ection.ﬁ(X).by its average value, then a regular perturbation solution of
equation (I-6) is readily obtained. This yields an expression for the tempera-

ture distribution at any location X in ascending powers of /F

&

)
3

s v NG
(e (o 1”3 1 ERD)
9 fcs B %oy 1 1
B (&3 3) T

1
+ 0!63‘ .. (II-7)

9 1
0o 7
(31
(1)

| The constant C4 has to be determined from a heat balance calculation.
In the practical case of the heat transfer cylinder with a copper strip described

above the numerical value of the parameter £ was about 21.
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1.2
We shall now consider the case of a metal strip which forms an almost

constant flux surface: i.e. the parameter € is now very small. While in the

previous case a passage to the limit £ 00 did not decrease the order of the
differential equation involved, and hence a regular perturbation scheme could
be evoived, in the case to be now analyzed the limit £20 would decrease the
order of the equation: we shall therefore expect to have to evolve a singular
perturbation. scheme. This 1s, however, not straightforward in the present
case.

Considering the actual physical configuration, the importance of the second
derivative in the equation {the conduction term) is significant only near the
boundaries of the strip, where this term will have to insure the fulfillment of
the boundary conditions. Over the rest of the strip a '"core solution' will be
operative and conduction will be unimportant.

Proceeding as in the case supra, our basic equation is still (II-4}, however

now with a very large value of Bi. Replacing H from equation (2. 12) we now

get,
K fluid v % d =
. ul r 3 4 % o Y X X
Biz=—— = 3°(%)P Ra{ ... (1I-8
'* K solid § (3) Pr7 Re fx* [b’(xl)-b’(X)]%z )
and finally,
Kfluid r ,4m,2 <L
== = -z —= II-
T K solid § 337(3) ProRe AM (II-9)
- =)
_K solid § Rex_pr ?
T K fluid  337(F)s .. (1I-10)

é:tT" - "T\ +1 =0 <. (II-11)

{ e

The use of eq. (2. 14) instead of (2. 12) in the development above is unfortunately
not possible as it ieads to an equation which is not easily soluble. Solution of

* .
(II-ll)(t?:erefore proceeds best numerically. This was carried out on the Stanford

B5000 digital computor . The program makes use of the Fourth Order Adams-

(*) Using (2.12) to evaluate the integral.

R o ¢
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*
Bashforth Predictor - Corrector M=thod for the numerical integration [33] ( ),
and results are given below and in figure (19), and table (I).

The equation to be solved is,

T
TR S - -12
T TER 0 cL(11-12)
X
with,
K ﬁ '
_ _fluid r . [Pr. } % O
T= 3-=- JF(S)[Q'A Re™ -5 .. (I1-13)
solid
i
K J |
€. _.solid o 1 | 9 ip% (II-14)
. e
Kfluid T P(%) PrA
and boundary conditions,
T'(0) = TY(1) = 0 ... (I1-15)

As explained above, the importance of the second derivative term in the equation
(II-12) will be felt in narrow '"boundary layers' near x = 0 and x = 1. Near these
boundary points all terms in the equation should become of comparable order of

magnitude. This may be emphasized by introducing streched coBrdinates as

follows:

A 7 5 3k

T =€ T; x =€ x; ... (I1-16)
The boundary x = 0 coincides with x = 0 for any non-zero €& . We thus see

s{+)
immediately that near that boundary Te 6'/. Table II below gives some

numerical data:

TABLE 1I

0.20 0.15 0.10 0.05 0.001
Td@z“WVrO, } 1.00000 1.03737 1.09867 1.21640 1.95254
numerlcall /\gtegrtn.
(0.20/€ ) 1.00000 1.0391 1.1488 1.3195 1.810

) The author is indebted to Mr. Ury Pasay for help with the numerical analysis.

(+) This was pointed out to the author by Jr. A, Acrivos.
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PROGRAM FOR NUMERICAL INTEGRATION

STANFURD 85000 ALGCL == 7/23/64 VERSICA 216/64
YEGIN CUMMENT ROTEM 2EEV CONOUCTION EPFECT CALCLLATIONS FOK THE CONSTANT
FLUX CASE FON VARIOQUS RIUT NUMBER VALUELS BY AQAMS BASKFORTH INTEGRATICNG
REAL ZETASEPSIJINIEGER X»o[JREAL ARRAY XPHoXFL(132)» INITIALL,FINALZ
(0310C)JLABEL ENUL1SEND2,DUAGAINS
PORMAT FMIL1C//7/7»>"THE VALUE OF EPSILCN IS NUA™»X2,F5.3))
PROCLOURE FUNCTCNUSXPR,F)SVALUFE NUSREAL NUJIREAL AKRAY XPR{*]oF (%))
OLGIN FLLl)exXPRL2IIF[2)e(XPRL1]/NU2C1/3)=1)/LPSIBEND FUANCT)
REAL ANRAY KFURAUAMS[N33»1830), YINCFURAUAMS([183C)5 CCMMENT GUES
BLFURE AUAMS)
PHOCEOURE AUAMS(STIZE» WZLROs INITIALs FINAL, PRINTS, ~ELH» A4BOW,
YINITIAL, YFINAL» FUNCIT) 3
VALUL SIZks HZERC» INITIAL», FINAL» PHRINT» RELH» AHSH J
INTEGER SIZE 3 HREAL HZERC, INITIAL», FINALs PRINT, NELBs AHSH
MEAL ARWAY YINITIALs YFINALC[E) 3 :
PROCLDURE FUNCT
DEGIN COMMENIT AUAMS VERSION nF APRIL 1, 1964 3

RETURNE  ENU ADAMS
FUR EPSIe5R<2 STEP S56=2 UNTIL 0.3 00 HEGIN [¢QJwRITECFMTL,EFSI )
APR{1Je5x@=1JXFR{21¢C}

INLTIALILTIIeXPRO1)IKeO32ETACQ, 1JF0R Tel STEP 1 UNTIL 100 0OUC BEGIN
VJAGATINS ADAMS(2,0.01,8=1001»2ETA»8=7,8=7)XPRIXFLIFUNCT)S

IF AgSCXFPLL21)> €=6 THEN BEGIN [F Ial THEN BEGIN FINAL2CI=1}exsL(2]3
RPRULICINITIALICIJeINITIALL(I=1148=43G0 TU ENDISEND ELSE BEGIA
PINAL2CE=) Ve XFLO2IJXFREIICINITIALICTIICINITIALICI =10 =CINITIALS L1
CAINLTIALLLI=23)/7CFINALZCI®1)=FINAL2CTI=2))xFINAL2CI=113GC 10 ENDLJEND)
LNOJIF KXQ THEN BEGIM KelJZETA¢Q,05)G0 TU UUAGAIN'ENDIIF K#0 IWEN GO TO
ENOZ2JENDITENUIENVDIENDIEND,
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TABLE 1 :

EXAMPLE OF RESULTS OF NUMERICAL INTEGRATION FOR EPSILON = 0.05

)
X = 1,000000000008=10 ! eeg
R,768667365Y34=01  U,000000000C064+00
THE STEP SILE IS NOw 3,7252902984868=4C
THE STEP SIZt 1S NUW 1,8626451392368=10
THE STEP SIZb 1S NOW 2,725290298488=10
THE STEP SILE IS NUW 7,450580597008=1C
THE STEP SIZt IS NUW 1.490116119380<09%
THE STEP SICE LS NUW 2,98023223877@=09
THE STEP SILt IS NOW 5,960864477608=09
THE STeP SIZt I5 NOW 1,192092895518=08
TME STEP SIZt IS NUW 2,384185/91026=08
THE STEP SIZt 1S NOW 4,768371582C30=08
THE STEP SILE IS NOW 9,536743164108=08
THE STEP SIZt IS NOW 1,907348632818=07
THE STEP SIZt IS NUn 3,814697265636=07
THE STEP SIdk 1S NUw 7,629393531302<07
THE STEP SIZt 1S NOW 1,525878906256=06
. THE STEP SIZk IS NOW 3,051757812518<0%
e THE STEP SIZe IS NOw 6,103515625C08=06
) THE STEP SIZb IS NOW 1,220793125008=05
THE STEP SIZt IS NOW 2,4414806250000=05
THE STEP SIZt 15 NOW 4,882812500C18=05
THE STEP SIZt IS NOw 9,765625000008=05
THE STEP SIZb IS NUW 1,953125000000<04
TME STEP SIZt 1S NOw 3,9062500000U8=034
THE STEP SIZk IS NOw 7.812500000008<04
THE STEP SIZt IS NUW 1,562500000€08-03
X = 5,000000010018=02
8,864602642/50=01  4,288474179676-01
THME STRP SI¢k 1S Nuw 2,125000000C10-03
"X = 1,00000000100€=01
5.135852275048=01  6.216237278408=01
X = 1,500000001008=01
5.846537/6022770=01 6,836856259900-01
X = 2,00000000099¢=01
5,810903480508=01  6,926547898700=01
THE STEP SIZE IS NOW 6,250000000000=02
X s 2,5000000009%¢é«01
6.153908956608=01 6,769169586908-01
X = 3,000000000976=01
6.,40858716822008=01  5,892879350308=0%
X 3 3,5C0000000978=01
6,80236431010801  6,160857251108~01
X = 4,000000000940=01
7.101568919108-0%  5,805004510906=01
THE STEP SIZk IS NUW 1.250000000000=02
X = 2,500000000968=01
7,382729616308=01  5,840746512640=0}
X & $,000000000958=01
7.6856U8703808=01 5,074217069088<-0}
X = 5,5000000010v8=01
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7.890124354708=01
6.00000000090@=01

8.116124601208=01
6.500000000908=01
8.323232478108~01

4,70595332520€=01
4,332839638C88=01

3.909105099638=01

THE STEP SIZt IS NUW 2,500000000C018=02

7.,000000000906=01
8,510726293308=01
7.5000000009U8=01
8,6/7433131608=01
8.000000000908=01
8,821621131/03=01
8.500000000908=01
8.940881643603=01
9.000000000908=01
9,03199055260a=u1
9,500000000906=01
9.090743012108=01
1,000006000008+U0
9.111752671508=01

3.546772867258=01
3,115765780878=01
2,683776100788=01
2,11595799007€-01
1.514455371208=01
6,17/775C28608=02

8,431090518708=07

m-mwl
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Near the other boundary the investigation of the properties of the so-

lution prozeeds as follows: the complementary solution to (II-12) is,

T = i”z[ c, !

A -3
with-x = x. € -; the value of the particular solution of the full equation is

6_5/6, 6_25/6 ]

o 2. L (-17
3507 57% ey Ky glegmx )y W=

_ A . .
approximately unity at x = 1 (i.e. x+om ). Now, as the function 13/5 diverges
as the argument increases without limit we must have ¢, = 0; also, an asymp-

totic expansion may be used for the function K . The result is then easily

3/5
derived that

1- T €%, exp(- 148) .. (T-18)

This agrees qualitatively with the results of the numerical integration.

172
Standard singular perturbation analysis would, of course, yield ATxE

using the standard stretching technique. From the numerical integration it
appears however that for identical values of € ratios, the ratio AT, /A'T‘z
depends on the absolute value of& also; of this the standard analysis gives

no indication.

TABLE (III). Numerical Solution Near x=1

£ T 1-T (1-T)/(1-T)

0.05 0.911074 0.088926 1.000
0.10 0.869471 0.120529 1.468 }: 1 G
0.15 0.841093 0.158907 1.788 1.374
0.20 0. 82065 0.1793% 2.018

S m S S E S E S S S S ST e e T e O S e Eme S EE S e

™) See c.1. [34], p. 150.
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II.3

It is also possible to develop a simple integral approach for estimating

the role of circumferential conduction.

Introduce the assumption of constant mean B(x) into equation (2. 11); then,

. piAR..
6.(xy) = q" ¢ % Br Ren (x,oxn)'® Lo (1-19)
X K m( 5)/3 /3
whence -4 y
" )
dog(x) _ L Pr_Req™ = "% . (11-20)

=q" . (x
dxy K (38) [(3) t
The circumferential flux per unit axial length of cylinder is then,

- ~Y
$ dégix ) _ ”JK solid PrvaRev.a -¥3

-K solid;—- dx 4 = q R fluid (3ﬂ..),jr(%)(xl-x*)

The radial flux per unit axial length of cylinder, for a strip of width (x -x%*) is,

. I-21)

r (x4-x%) . (1-22)

Thus, a measure of the relative magnritude of circumferential to axial fluxes
is obtained from (II-14) and (II-15):

Y
1 K solid & Pr Re >

Bi (3/@)%(‘(;;) K fluid '; (xq-x%) 73

i.e. the reciprocal of the Bict number is a direct estimate of the importance

A{II-23)

of circumfere~tial flux compared to radial flux.

I1.4
Finally, equation (I1I-11) gives the possibility of estimating the departure of
an almost constant-flux surface from the ideal case when the parameter € anc

the measured values of temperature are known.

Rewriting eq. (II-11) thus,

ET - 5( ) 0 ... (11-24)
F<<l

leads to,

=§(x +E % (30) $ (30 + O‘E“I .. {I-25)

where é(.t) is obtained from the measured variation of ’T‘, and é"(I.) is then

obtained through numerical differentiation of these values. Provided a sufficient
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number of data points are taken, a first order correction can therefore be

obtained. This is, however, liable to be 2 rather inaccurate procedure. Now,

it is easily shown that,

Ya,
Nu = 390§ EL’_YS__. . (11-26)
therefore in ( )
" x N .
Nu = 33 --\F R° - - 0 J o 1I-
a ( \:J(I) Fix) 1€ (11-27)
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Appendix III

Physical constants of electrolytic solution

There are wide discrepancies between values of the physical prop-
arties of our electrolytic test solution, as found by various investigators.
We were therefore prompted to compare these values in figures (21) through
(24).

It appears from an examination of figure (24) that both the coraposition
and concentration of supporting electrolyte seem to have a notable influence
on D, as well as the manner of testing.

The one systematice trend discernibis seems to be the decrease in D
as supporting electrolyte is added. An unexpected feature is the fact that
9(K4Fe(bN)6)/ﬂ(K3Fe(C3\')6) can be either largeror smaller than unity,
aepending on the temperature and on the concentration of supporting electro-
lyte. It also appears from [35] that diffusion coefficients found using KCIl
as a supporting electrolyte are somewhat higher than those measured

with NaOH as supporting electrolyte.

Acpendix IV

Data reduction of heat transfer experiments

For data reduction the Algol program of ref. [36]was used: this program
includes a correction taking into account the dependence of fluid viscosity ¢
temperature based on [37}. The sole modification introduced into the program
was a correction for the dependence of the electrical resistivity of the copper

heating strip on temperature. A printout of the program is given on page 60.




- 58 -

14

¥ OIS I S

{ mw:u‘»'.ns_.!k '
il JOLYTIANS FRQM. F_,

wrrm” —-‘t—r* o '14

2

] iRad8 LARI BRARS B




”F_i’oa ﬂrf. (zu (zﬁ
/u{ MaOH L

-y
Z

a-nAm Fiauas

~
-
i

—_—=

e

i




- 60 -

MUStO)e 1.7800'(9.6757961'(6.06506390(5.2299281'(5665.233'(245.552902
3, 7948549 THL O )XTHIO) IXTHD]IxE, 008, xTHEO]IxTH{O)IX1,08°2)

MTHEOIx1,00e2}

PRSCLD1¢241,9088xCPIOIXMUSLOI/KTHIDYS
PRSILOJePRSILDI*(1/3))

PACTORCO)#NULO]/PRSI(O])S
GFACTORIO)®(1=C1enUSLO)/MULUIIND,095578)xFACTORIOT)

ENCS
WRITE(FMTL2:FOR
WRITECPMTL3,FOR
MRITECFMTL4,FOR
ARITE(PMT1IS,F0R
ARITEC(PMTLIS,FOR
NRITECLFPMTLTHFOR
NRITECPMTLIB8,FOR
ARITE(FMTI9,FOR
WREITECPUT24))
E£NDS
HRITECFMT23,KX))
- 80 T0 LEOFY)

Det
et
D¢t
el

Je1

Det
Oel
Qe

STEP
STep
STEP
STEP
STEP
STEP
STEP
SYEP

e et e P e e b e

UNTIL
UNTIL
UNTIL
UNTIL
UNTIL
UNTIL
UNTIL
UNTIL

YooY VYVY OWYO

Do
co
0o
00
0o
po
00
00

TS(01)}
cPL0l1)
KTH{O1)3
NULOD) S
PRSCO1)}
PRS3I(0]))
FACTOR(O1))
GFACTORLO01))

WIKANLCWRITECFMTO)S GO TC LEOFSMIKAN2sWRITECFMT10)3G0 YU LEOF)
WIKANIINRITECFUT20)) GC TO LEOFIMIKANGIWRITECFYT22)3G0 TO LECF)

LEOFLIENOIENDS
LEOFIEND,
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$J38 T221 ALG)] 2 1200 ROTEM,DR ZEEV 29} Ny STRIP CYLINDER

BEGIN COMMENT RITEM ZFEV  CALCULATION OF NU FOR STRIP CY_INDERS

INTEGER 1,5J,%Xs01s0L2,L308,¥N0,P,93

INTEGER ARRAY JuMEGAL[11501;

REAL ARRAY VD\QJDTQULKMJDNE»RQDQEY\JDRE'-NLF;VSLTAGE»THETA[1!50]0

75:KYH)CpnVU!PQSoPRSBH‘USH’ACTOnonlCTﬁapTHoQESCORII!200)3

LABEL START,MICANI»NIKANZ,UIXANI, MILANI,LERT,LEJFLS

PORMAT FuUTL1(//7/oX15»"RESULTS OF RUN"»X2,145X3,"ARE AS FOLLOWS"»//)]

FORMAT PMT2("OVEGAZ™, XGs1F10,3),FMT3("TIULC=",X8,1F10,3)»

PMTACMULE™, X7 5 1F10,3)s FMTS("R0S,X9,1F9,4)»

PUTOHC MU PIISES e s X3, 1FB,5),FUTT("RE=", X7»F10,3),

PUTB( REALFE",X3,1F10,3),

PUTQ(*NUMBER 0F DJATA PJINTS F TBULK # NUMIER 2F DATA PIINTS OF INEGA")

PYTLOCTNJMBER JATA POINTS VvOLTS # THAT FOR JMESGA™),

PMT{1{"VOLTAGE=",X5,8F8,%)

'quZ("TS'"DXBDB'Q.3DX2))’“713(”C93”0X35579030X2)0

PUT1AC"CB",X10,870,4,X1)s "MTLIS("NY2"»X3,8F0,3,%x2)»

'“?16(”P?5'"0X7:579.30X2)pF“T17("P?1/33"0X50579.3012)a

rnTIB(”NU/(P91/3)n”.8r9.3.x2).FM119("SVJ/=?1/3-".x1.5r°.3.x2.//).

FNT20¢"NT CARD FIR M OR L 1>20 OR . 2>29 3R NI \NJM3 SWITCH 205",

PUT21 ("L 1= T8)»FUT22("OMEGA JR TBU(KX JATJYW HAS VALUE ZERI" )

EMT23C/2X15,"END OF RUN"SX1514),FuT24(/7)}

STARTIQESIN READ (M)}

1P Ma0 THEN G2 T MIKAN3} IF v >12 THEN G TJ WIKAN3;

FOR Ney STEP 1 UNTIL ¥ 072 BESIN

REANCAPLL1sFOR Tel STEP § UNTIL L1 93 THEGALIN)S

READCL2,FO0R Ie1 STEP 1 UNTIL L2 20 TBULK[I))

QEADCLILFOR el STEP "1 UNTIL L3 DD VILTAGELI)S

IF L1 # L2 THEN GJ TO MIANIHTIF (1223 TWHEN 53 T2 MI<AN])

FOQ [el STEP 1 UNTIL L1 D2 BESIN

IF L3 # L1 THEN 30 TO MIKaAN2;

IFf OVEGA[I)=C THEN GO TO wIxana3IF TRULK(I)sD THEN GO TO wIKANGIENDS

ARITE(FUTY,<)3 WRTTECFMT21,0L133

FOQ Jel STEP 1 UNTIL L1 N0 B3EGIN

YCJ)e(IMEGAL J)*3x0=6)/25,773)

THETAL J)eTRULK[J1=20,005 .

MU[J]e1,7800=(9,8757961=(6,06506394¢5,2299281+(5665,288-(245,582942
©3, 7946589 THETAL JI)RTHETALJIIXTHETALIIx1,08=C)xTHETAL )] ) x
THETALJ)Ix1,08=2)xTHETALJIx], 082

JONEQJI*12,25%S23T(vY{JI/MulJ1Y}

QDtlel.008330'(t0.030225xTBULK(JJ*ﬁ.336):1.0?-3):TBULK[J)}

REVN[J)01.QOSxJaVE(J)iQOIJll“U[J)}

REHALFLJICSAITI(RIYNL IS

deTg(rurz.augsAtJJ)xuﬂxrg(rura.rsuLK(Jl)3uixrg(rura.u0vE(J))x

ﬂR!TE(fMTS»QD[J));NQIYE(!VTboHU(J))IHQITE(fMTYpREYN[J))}

deTE(fHTBnQEHALF[J))tdQITE(FMTll.VOLTAGE(JJ)i

READ(P,FOR Qel STEP { UNTIL P DO TS(Q1))

IF P>20 THEN GJ TJ MIXAN3];

FOR 0Oe¢y STEP | UNTIL P DO BREGIN

cPtg}oO.ABOoB,OOO!-Ax(YS(0)'10)}

KTH[D}*(?.Z&?-&P-a:(T5t01°10))¥1.09'22

QESCORCO) ¢1+(3,93%=3)x(TS(0)1=23,1)}

ﬂUtD)*b.69163572?0xVGLTAGE[J]'?/((TSIS)'TBUL‘[J])KRESCOQtﬂl)t

THED)eTS01+20,093 .




