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Summary 

In thla paper we consider the problem of determining the 

asymptotic behavior of solutions of linear differential- 

difference equations whose coefficients possess asymptotic 

series. 

Although the problem Is considerably more complicated 

than the corresponding problem for ordinary differential 

equations, by means of a sequence of transformations we are 

able to reduce the problem to a form where the standard 

techniques of ordinary differential equation theory can be 

employed. 

We first transform the differential-difference equation 

Into an Integral equation,  then transform this Integral 

equation Into an Integro-dlfferentlal equation.    At this 

point  the Llouvllle transformation plays a vital role. 

Although the guiding Ideas are simple,   the analysis becomes 

formidable.    For this reason, we have considered only some 

of the more immediate aspects of the problem. 
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ASYMPTOTIC BEHAVIOR OP SOLUTIONS 
OF DIPPKRENTIAL-DIFFERENCE EQUATIONS 

Richard Bellman 
Ktnntth    L.  Cook« 

1,     Introduotion 

Th« aiyaptotio boharlor of th« solutions of linear 

syttams of dlfforantial aquations of the form 

(1.1) x'(t) - A(t)x(t), 

whara    x(t)    is a vaotor of dimanttion    N    and   A(t)    is a 

given Matrix of dimension    N   with known behavior as    t —>> + GO , 

has long been a subject of investigation,  and an extensive 

literature now exists  .    One of the most interesting oaaea is 

that in which    A(t)    possesses an asynqptotic power series 

expansion, 

(1.2) A(t) -   1 At"11. 
n-0 n 

For txample, it is known that if the matrix AQ has 

simple characteristic roots \»\»"'»\i    thtn with eaoh 

root A. there is associated a solution x.(t) having an 

asymptotic expansion of th« form 

Kt  r  00 
(1.3) xAk) ~e J t J z c t-",  (c - 1), 

J n-0 n       u 

For a thorough discussion and further references,  refer 
to Bellman,   [l] ,  Coddington and Levinson,   [3] . 
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whtrt    r.    It dependent on    A,    and whtrt tht    o      ar« constant 

vtotora.    Purthormor«, ilnot thoa«    N    •olutions ara linaarly 

Indtpendont, ovary solution of tha aquation In (1.1) la a 

linear combination of thtss particular solutions.    In tha oass 

in which the charactsrlstlo» roots ara not all slopls,  similar, 

but nor« complicated results exist.    Also,  similar, but less 

precise,  results are known if the relation in (1.2) la replaced 

by the weaker hypothesis 

(1.4) A(t) - AQ + A^t) + A2(t), 

where 

Z00  IIA^OH dt < oo, 

Z00 llA"(t)|ldt < oo; 

of.   [1],   W,   [7]. 

A corresponding theory for differ** wial-difference 

equations of tha form 

(1.5) x'(t)  -    2 Mt)x(t - u ) 
1-0 1 1 

has been slow to develop, though a start was made in a paper 

by Cooke, [$] .  Asymptotic behavior of the solutions of 

particular equations of the form 

m 
(1.6) x'(t) - I (tA. + B1)x(t - a), 

1-0  1   1       1 
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whtrt th«    k.    and    B.    ar« constant, hai ba«n studlad by 

Yatti,  [9] .    ftiaft« two pap«ri both contain quit« involved 

analysli.    At a prallmlnary to tho prostnt paptr,  one of tht 

authors has dsvlssd an tlemsntary nothod,  of.  ^3],  for dis- 

cussing tht squat Ion In (1.3) In oas« ths    kAt)    havs 

asyaptotlo povsr ssrlss expansions and all oharaotsrlstlo 

roots of    AQ   art simple. 

V« shall present here a new technique whloh will enable 

us to show that to eaoh root of the characteristic exponential 

polynoalal there corresponds a solution possessing an 

asyaptotlc expansion.    The technique Is applicable to 

differential-difference equations of the form In (1.3) under 

hypotheses like those In either (1.2) or (1.4).     In case the 

hypotheses are of the type In (1.2) and all characteristic 

roots are simple,   the expansion of the solution will be of 

the form In (1.3)•     If the roots are not simple.  It will be 

of a form described below.     The method Is also applicable to 

ordinary differential equations of the fom (1.1). 

There are essentially two aspects of the problem dis- 

cussed here.     First,  one must establish the existence of a 

solution associated with each characteristic root and having 

an asymptotic expansion of the Indicated type.     Second, one 

must prove that every solution Is a linear combination of 

the special ones found so that we know the asymptotic be- 

havior of every solution.    For differential equations,  since 

there are only a finite number of characteristic roots,  the 

second proof Is trivial, but for differential-difference 
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•quatlont,  for vhloh ther* are infinitely »any charaot«ristio 

root»,  this if not tht ca»«.     In th« present paper, we ihall 

ooneider only the first aspect of the problem. 

Throughout this paper, we shall deal only with the 

scalar equation 

(1.7) u'(t) + a(t)u(t) + b(t)u(t - o) - 0, 

rather than with the vector-matrix equation in (1.3)# in 

order to hold the details, which are occasionally onerous, 

within reasonable Halts. However, the method to be used 

needs no essential modification in order to be applied to the 

equation in (1.3). Moreover, so that the fundamental ideas 

of our method will be ss clear as possible, we shall divide 

the discussion into several parts, beginning with the simplest 

case and taking up successively more complicated cases. In 

b2, we shall luamarize various known results, which we need 

later, concerning differential-difference equations with 

constant coefficients. In §§3-7, we shall show how to find 

the asymptotic expansion associated with a simple character- 

istic root of the equation in (1.7), and in subsequent 

sections we shall extend the method to include multiple roots. 

We shall also indicate some generalisations to more general 

linear functional equations, and to nonlinear differential- 

difference equations. These, however, will not be discussed 

in detail. 
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2.    DlffTtntiaüL-difftrtnot BQuatloni with Comtant CotfficiMiti 

In this ••otlon, wt ihall ■unmariK« varioui known result■ 

oonotmlng th« soalar tquatlom with oomtant ooafflcltnta, 

(2.1) u'(t) + a0u(t) + b0u(t - w) . 0. 

Tht oharmotartBtlc function of this equation is tho axponantlal 

polynomial 

(2.2) h(s) - • -»- a0 -h b0o 

Tht Qharaotoriatle root! of tho aquation in (2.1), Z9TO»  of 

h(i)f lit atyaptotioally along tht ourvt 

(2.3) «•(•) + log (■! - log |b0\, 

•paotd an asymptotic distance of    2r<S~     apart.    Ttiit curve it 

synttric to tht peal axis,  and is similar to an exponential 

curve for large     lei .    As     let—* 00,    with    e    on the curve, 

the curve becomes more and more nearly parallel to the 

imaginary axis,   and    Re(s)—>> — 00.    The roots a~*t either real 

or else occur in conjugate pairs (aseuming    a0    and    b0   are 

real), and on any vertical line there lie at most two roots. 

The roots with non-negative imaginary parts can be put into 

a sequence     A^  ,    n « 1,2,...,    where    Rs(^n) > ^^n+i)* 

For further details,  refer to Bellman,   [2],  or Wright, 
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Flnally,  all roots are slmplt,  «xcept possibly that 

A • _ 1 _ a0   Is a doublt root if the following relation 

holds: 

(2.4) b0<* ü    - 1. 

The equation In (2.1) is satisfied by any sum 01 tne 

form 

(2.5) u(t) - 2 p (t)e r , 
r 

where  i^ ] is any sequence of oharacteristic roots, pp(t) 

is a polynonial of degree less than the multiplioity of A , 

and the sum is either finite or is infinite with suitable 

conditions to insure convergence. (Hoots of multiplicity 

greater than two are possible for more general equations than 

(2.1).  The Methods presented below apply to these raore 

general Situations also). 

Conversely, let M 

above.  Then any solution of the equation in (2.1) can be 

represented by a series 

n be the sequence of roots described 

(2.6)    u(t) - " e n p (t), 
n-1     n 

wherein    p (t)    is a suitable polynomial of degree less than 

the multiplioity of   /\   ,    The prime on the  sum indicates that 

a term involving a root    \    with posit ve imaginary part is 
at h 

to include both    e      Pn(t)    "^ lti conjugate, whloh arises 

from the conjugate root. 
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The ae/mptotlc behavior of a solution of the aquation In 

(2.1) la fully deserlbad by th« atrltt rtpreaantatlon In (2.6). 

With each characteristic root <\ of multiplicity m, there 

are aeeoolated ID »olutlon», e , te , ..., t0*- e . 

Conversely, every solution can be represented as an Infinite 

linear combination of these solutions. 

Ttie prep^nt paper can be regarded as a generalization of 

the content of this last paragraph to differential-difference 

equations with asymptotically constant coefficients. We pro- 

pose to show that with each root A of multiplicity m there 

are associated m solutions of known asymptotic form. From 

the above discussion, we see that there la one real root, or a 

conjugate pair of complex roots, having a real part which 

exceeds the real parts of all other roots. This root (or each 

root of the conjugate pair) will be called the principal root. 

It turns out that the demonstration Is particularly slaple for 

a real principal root, and we shall accordingly discuss this 

situation first, later extending the method to the more 

complicated oases. 

Of fundamental invortance to us Is the fact that a 

continuous solution of the equation 

(2.7)    u'(t) 4 a0u(t) + b0u(t - u)) . f(t) 

can be represented by means of an Integral operator In terms 

of the forcing function f(t) and the values of u(t) over 

any interval of length OJ, as follows: 
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^ (2.8) u(t) « u(t0)k(t -o) - \> J> 0 u(t1)k(t - t, - ^dt, 
t0—^      * * * 

Here    k(t)    Is the unique function with these properties: 

(2.9) (1)   k(t) =0,    - co^ t < 0i 

(11)   k(0) - li 

(111)    k(t)    1B continuous for    t ^ 0,    and    k^t)    Is 

continuous for   t ^ ^ 

(iv)   k'(t) + a0k(t) + b0k(t - co) . o,    t > 0. 

This result Is readily established by uet of the 

Laplace transfom. Moreover, k(t) has a series expansion 

oo A t 
(2.10) k(t) - Z« e n a <t), 

n-1    ^ 

where each ^(t) Is a polynomial of degree less than th« 

multiplicity of h  , Finally, for any positive Integer N, 

N Ant 
(2.11)   k(t) - £• e n (^(t) + ^(t), 

n»l 

where 

(He A^t 
(2.12)   (^(t)! = 0(e    "   ) as t-^oo,  (d > 0). 
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Wt ivhall Includt htrt »•veral Itaanai which will bt 

uttful in what follows. 

Lownft lt    If    w(t)    it positiv and non-doortatin^, 

u(t) ^ 0#    Y(t) ^ 0,    and all thrtt functions arg oontinuoui, 

and if 

(2.13)       u(t) ^ w(t) +/
t u(t1)v(t1)dt1,    a $ t ^ b, 

thsn 

(2.14)        u(t) ^ w(t) txp l/t vCt^dt^ 
J 

» a ^ t ^ b 

To provs this Itnna, obssrv« that 

^7 ^ 1 V    —wlD—dti ^ 1 ^    —wTSp   **!' 

sines    w    is non-dscrsasing.    Lst 

rit)      /^^ii^idt (^ "^   —wrrpr^V 

Ttisn 

(2.15)        u(t) ^ w(t)(l + r(t)) 

and 

r'(t) -Hltiv|tis v(t)(1 + r(t)). 

It follow* that 
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(2.16)   1 + r(t) ^ «xp /^(t,)«,]. 

Combinint (2.15) ftnd (2.16), wt g*t th« d«ftir«a result. 

Tht remaining l«Muift will b« uitd to «stlnatt tht mag- 

nitude of varloui Inttgrals whioh apptar in our ditoustiona. 

Most of than are provad by integration by parts, and all ara 

•lamantary in character. We have set then apart aa lenaa, 

and collected them in one place, for eaae of reference. 

La—a 2, Suppose that o. > 0 and that f(t) and 

g(t) are real functions for which 

Then 

(2.17)  y71 g(t1)exp o1t1 +/  1 f(t2)dt2.dt1 
t,^ t^ ) 

« o(l)exp oxt ^(/
t  f(t2)dt2| as t 00 

Denote the integral in the left member of (2.1?) by 

J(t0,t). Then 

ti-v 

ii   />«> 
t#\ 

c,t 
e 1 o(l) - o(l)exp(c1t +/* f(t2)dt2]. 
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Alio 

- t 1 o(l) - oU^xpLt +t/
t f(t2)dt2]. 

Lowa 3.    SuppoM that    c.  > 0    and that    f(t)    and    g(t) 

art i^alj twica difftrontiabla functioni tatiafylng thtM 

oondltlona; 

2.18) f(t)    and    g(t)—^0   ai    t -^oo , 

2.19) g(t) / 0    for    t ^ t0, 

2.20) g'(t) - o(g(t))    at    t -^oo, 

2.21) 

2.22) 

2.23) 

Z00   f(t)2dt < oo. 

/-Iffi i dt   <   00 

^)   Z00 1-^^ dt < oo . 

Thon 

(2.25)       /* g(t1).^fo:lt1 +/   i f(t2)dt2 dt 

(o"1 + o(l))g(t)exp|o1t ^y11 f(t2)dt2|l    at    t -^ » . 
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Tti« condition» ar« iatliflod,  if,  for txamplt, 

f(t) • g(t) - t""^    whtro    a > 1/2.    To prov» tLo Itona, w« 

first nott that by  (2.20), 

(2.26)        u.        ^IjIÜJl   a o. 
t—»oo 

If w« inttgrate by parts, wt obtain 

*!*! */   1  f(t2)dt2 dtl 

- c71g(t)sxpLt +y
,t f(t2)dt2 -»- constant 

- cY2[g'(t) + f(t)g(t)]expfc1t ^^t f(t2)dt2| 

+ ciV1   (g,,  + «^   + ^^ + «f2)«^!0^! *(/   1  f(t2)dt2]dt1. 

Sinot    o1 > 0,    f(t)—>0   at    t —> oo ,    and   g(t) - s^0'1^, 

g(t)txp c:Lt ^y71- f(t2)dt2  —* oo    as    t—>gD. 

Sinot    g,(t)-o(g(t)),    it follows that th» first thrtt tsras 

in th» right nsmbsr of (2.27) oan b» writt»n a» 

c71g(t)»xp|o1t +/1  f(t2)dt2|(l ♦ 0(1)). 

Furth»rMor»(  d»noting th» last t»nu in (2.27) by    J(t0,t), 

w» hav» 
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+ ag'f > gf2|dt1 

^ g(t)explo1t +/* f(t2)dt2|txpjo - log|g(t)( 

$ i(t)txp[o1t +6/
t f(t2)dt! 

-oA-^1^2)": 

o(l). 

Al»o,  ilnot    g(t)txplo1t +y    f(t2)dt        !• incr«asing for 

larg«    t, 

|j(^t)|   ^ g(t)txp cxt +£/
t f(t2)dt2 

^l-2 
•^ [IfI * lfi - 2 

^ g(t)«xpfo1t +d/
t f(t2)dt2 0(1). 

dt. 

This provtf tht relation In (2.23). 

Leama 4.    Suppof that    0,  > 0    and that    f(t)    and    g(t) 

art  r«al functions for which 

/00|f(t)ldt < 00,   /00(g(t)|dt < 00. 

Than 
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o(l)txp|- c1t +(/
)t f(t2)dt2 a«    t ■—> oo 

For 

< o(l)expj- c^ +/
t f(t2)dt2l. 

Ldmna 5»    Suppose that    o,  > 0    and that    f(t)    and    g(t) 

arg rtaj^, twiot difftrtntiabie funotiona aatltfying the 

hypothtacs of Lai—a 3»    Than 

/«,(t1).xP-o1t1./ ^(t^atJdtj 
t I t0 j 

- (- c^1 + o(l))f(t)axP[- o^ ^^Z11 f(t2)dt2],    aa    t 00 . 

To prove thla,  we obstrv© that  for    t    auffiolently large, 

-^t/2 

'0 

;(t)ej«)[- o^ ^/t f(t2)dt2||   ^ 
^ tÄ i 

- o(l). 

by (2.26) and (2.16).    Therefore,  two Integration! by parti 

will yield 
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(2.28)      Z00   «(t^txpl- oxt1 ^/^ fCt^dtJd^ 
t I t0 J 

-- o~1g(t)«xp - c^ +i/* f(t2)dt2. 

+ c-2[g'(t) ^ f(t)g(t)] •xpf- c^ ^/t    f(t2)dt2 

-H «I2/00 [K"  + gf  + ag'f -h gf2]exp,- o1t1 +f  1 f(t2)dt2 d^ 

Slnot    f(t)«xp(- Cj^t +t/
7t f(t2)dt2      Is deorvasing for    t ^ t0# 

0 th« last ttm In (2.28)    !■ bound9d by 

o72g(t).J- c.t +^
t f(t2)dt2  ^ '«flÄlj +  ir-i  + 2(Xä1| + f2|dt. 

(t)exp(- c1t +y
7t f(t2)dt2]o(l). 

Th«r«for« (2.28) yl«ldi th<i stattd ooneluilon. 

iMvmB, 6.    3uppo»« that   14    it r^al and not EtrOj  and that 

g(t)    aatifflf th»f oondltionai 

g(t)    ttnds monoton!oally  to zero a»    t —» oo , 

g(t) / 0    for    t ^ t0, 

g'(t)  - o(g(t))    at    t -roo. 

t   <   CD   . 



P-1470 
8-28-58 

-16- 

Th«n as    t —* on 

(2.89)   ^* .V'\(t1)dt1 - - (v/ri
t(t).1>'t(1 + e(1))f 

(8.30)      /•   .^'(t^dtj  - «(tj.V'Ml). 
V 

and 

(8.31)       Z00   .^^«(t^^tj - - (^^(t)^^! + o(l)) 

Proof.    Slnoe    g(t)—fO    and   g'Ct)—^0,    two intt- 

grationt by parts yield 

^»^g(Vdtl.-^-*^! 

Slnoe 

V/t «"(t,) l^"* ^(t^dtj^gct^-l^ldv 

the relation In (2.29) Is olear. Using a single Integration 

by parts, we get 

^   e   g.(t1)dt1 --A-^J- ^   t   g (t1)<It1, 

fron which the relation in (2.30) follows. The relation in 

(2.31) Is proved similarly. 
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l^SSSt  L SUPPOM that g(t)    •atiifi»t tht following 

oonditloni. 

(2.32)   «(t) > 0 for t^t, g(t) - o(l) at t-^oo, 

(2.33) (t) - o(g(t)3/2), i'^t) .o{g(t)2) at t-^00. 

(2.34)  /•gCt)1^ .00, 

00. 

Qivn any r»al nuabtr   n,    it than followa that 

(2.36) ^t «(ti)".^"1 8(t2)1/2dt2j<lt1 

- (1 + 0(l)Mt^2*rS,[/
t g(t1)V2dtlj     u    t—00. 

Lanna 6.     If    g(t)    satiafiea tha hypothaaaa in La—ei 7, 

(2.37) ^00   gCt.^xpj-/'1 «(t2)1/a
<Jtj4t1 

- (1 + o(l))g(t)'v-1/2,Xpf_yt g(t1)
1/2(lt1j     at    t^.«. 

Tha proof of Lama 7 is similar to that of Lama 3. 

ifttr two intagrationa by parts,  wa hava 
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(8.38)     (^
t «(t^^xp^/*1 ,(t2)1/ä«2l<lt1 

-    .(tr1/2- (n-^)«'(t)g(tM.Jtp(/t gCt^VSdtjj 

-f comtant + (n - ■5)J(t  ,t), 

wher« 

t0     L 

• txpj/   1 g(t2)1/2dt2|dt1. 

Slno«    f'(t)  » (j(g(t)3//2)#     th« •xpr«iSlon 

.{t)^1/2.)tp(/t ,(ti)l/2atij 

» o «xp 

approaoh«*    -f oo    aa    t —* -»- oo,    and It thtraror« of highar 

order than tht constant in tha right maabar of (2.38). 

Purtharmora, 

«•(t)g(t)n-2 . o(«(t)IV-1/2). 

Thtrafora,  in ordar to conplata tha proof wa naad only ahe« 

that 

(2.39)        J(t0,t) - o(l)g(t)I>-1/2txpMt g(ti)V2dti  . 
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¥• oan luppoB« tn It to largo that 

«(t^V^t g(ti)l/2dtij 

li an lnor«asiaf function of t, slno« changing t0 affects 

only tht oonatant In the right mamber of (2.3d). Since 

by the hypotheels In (2.35)« we therefore have 

i ojCt^/a^pf/t g(t1)V2(,t )Ji(t) 

where 

t«'^!'. 

Sy the hypotheeli In (2.33)» given any £ > 0,  there exists 

a t0 > 0 euch that 

Integrating thli relation, we find that 

«(tr1/2in, t ^ t-. 

% 
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and thtrtfort that 

11«      /*   gCt.)1^     -   OD. 
t-K»   t/2 x 1 

It follows that J1(t) m  o(l), and thua that j(t0,t/2) la 

of tha ordar Indloatad In the right mombar of (2.39)* 

?urtharaora# 

|J(|.t)| i «(t^/S^i^t ^t^V^^jod). 

Thla Inequality oitabllahaa tha relation In (2.39)* snd 00»» 

platte the proof of Lemma 7. 

Ttie proof of Leoaut 8 Is similar, and Is oadtted. 

3»    Principal Root Real and Slaple 

We shall begin our discussion of the linear equtwlon 

(3.1) u'(t) + (a0 + a(t))u(t) -f (b0 + b(t))u(t - 6j) - 0, 

In which 

(3.2) a(t)-^ 0    and    b(t) -> 0   as    t-^ 00, 

by finding the asymptotic form of a solution corresponding to 

the principal characteristic root    A,    which we shall assume 

to be real and slaple.    The case In which the principal root 

la multiple, and that in which there are complex principal 

roots, will be taken up In subsequent saotlons.    Since   A    Is 

a simple root,  It satisfies the relations 
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(3.3) ^+ äQ + V"^- 0' 

(3.4) 1- b^t-'^/ 0. 

Ttot flnt »t«p In titabllihlng tht txlattnot of a tolution 

aitooiatad with tht root    A    Is, aa in the cat« of ordinary 

diffartntial oquatlona,  th« conversion of tht difftrtntial- 

differtnet tquation into an integral tquation.     If wt write 

the equation in (3.1) in the form 

(3.5) u'(t) + a0u(t) + b0u(t - w) - - a(t)u(t) - b(t)u(t - co), 

we see from the equation in (2.6) that every solution also 

satisfies the integral equation 

(3.6) u(t) - u(t0)ic(t - u>) - hQ(/  0 u(t1)k(t - t1 - aJ)dt1 

"Z1 Mt1)u(t1) + b(t1)u(t1 - u))] k(t - t1)dt1, 

t > t0, 

where t0 is arbitrary. Here k(t) is the sum of the 

residues of e 'h" (s) at the zeros of h(s).  Sinoe tht 

rtsidut at s - A Is 

e       e ^ ^t (3-7)  HT^ - 7——=^ - V 
1 - b^ 

we can write 
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(3.8) k(t) - c,eM + k^t), 

wher«    k,(t)    Is tht ■vun of tht rtildues arising from zsros 

of    h(s)    with r«al parts Isss than    K    Henos 

(3.9) U^t)!   ^ cÄ
kt,     t ^ 0,    k < ^ 

where c Is a positive constant . By taking u(t) « 0 over 

the Initial Interval ^ " ^ ^ t ^ ^ wt flnd thÄt thtr* lt 

one solution satisfying the equation 

(3.10) u(t) - -/t ja^M^) + b(t1)u(t1 - <o)]k(t - t1)dtr 

t > t 0* 

Moreover,   slnoe any constant tlaes    e        It a solution of the 

homogeneous equation 

(3.11) u'(t) + a0u(t) ^ b0u(t - do) . 0, 

there are solutions of the equation In (3*1) satisfying the 

equation 

.At 

0 
(3.12)   u(t) - ceAt ~c/

t ^(t^uC^) + b(t1)u(t1 -^)] k(t - t^dt^ 

t > t,,. 

Throughout this paper, the letter c «ill denote a 
quantity, not necessarily the same In any two appearances, 
which Is Independent of t. Such a symbol has been called a 
generic symbol for a constant. On the other hand, the letters 
CjfCp,..., carrying numerical subscripts, denote specific 
constants, whose values remain unchanged throughout any one 
section of this paper. 
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for arbitrary    0    and    t0. 

At this point wt ihAll makt the tlapllfylng atsuaptlon 

that    b(t) ■ 0.    Thli aatumptlon, which will ba dropped In ^4, 

anablas ua to prtsant many of tht principal faaturaa of our 

mathod« while avoiding certain difficulties which require a 

somewhat sore complicated analysis.    The Integral equation 

now takea the form 

(3.13)        u(t) - ceM - ce^/1 e" ^aC^Mt^d^ 
t/\ 

-/* •{t1)u(t1)k1(t - t1)<lt1. 
'0 

It is particularly Important to keep these Integrals 

separate—the one containing the contribution of the principal 

root and the other the contribution of all other roots—as 

they will be found to have different orders of magnitude.     If 

we make the assumption that 

(3.14)      y^lafOldt < oo# 

we can uae  (3.13) directly  to ahow that    u(t)    must be 

asymptotic to a constant times    e    .    However,   (3.14) Is a 

more severe restriction than we wish to Impose,  and we there- 

fore have  to replace  (3*13)  by a more suitable equation.    If 

we let 

(3  15)        p(t) - -y^ a(t1)u(t1)k1(t - t1)dt1, 
t0 
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and differentiate the equation in (3.13)# we obtain 

(3.16) u'(t) - ^[u(t) - p(t)] - c^CtMt) + p (t). 

Lettin« 

(3.17) w(t) - u(t) - p(t), 

this can be put in the for« 

(3.18) w(t) - ^f(t) - o1a(t)w(t) - c1a(t)p(t). 

The form of this equation euggests that we adopt a technique 

useful in discussing the asyaptotio behavior of solutions of 

the differential equation 

(3.19) w'(t) -   [A- oia(t)]w(t) ^ f(t), 

in which a(t) approaches zero as t —^ oo . One of the aost 

powerful tuoh techniques is the use of a Liouville trans- 

formation of the independent variable, s a s(t)f where 

(3.20) ß(t) -y^  ^t^dt^ 
t0 

(3.21) A(t) - A- o1a(t). 

This converts (3.18)  l».to the fona 

dw        .   v      o1a(t)p(t) 
(3.22) ^.„(s)--^  . 

provided that    /(t) / 0    for   t ^ t0.    Every solution of the 
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•quatlon in (3.22) tatltfiti 

(3.23) .(.,.o.--o^-.^!i^dV 

wh«r« t, and t,  art rtlattd by (3.20).  If wt now rtturn 

to tho original variablot, wt obtain 

(3.24) u(t) - o.^t)  4 p(t) - o3Lt
,(t)/t T* tl)a(t1)p(t1)dt1, 

^ 

* 1 V 

Tht assuaption 7(t) / 0 for t ^ t. it actually unneoosaary, 

alnoa tht aquation in (3*24) oan bt obtaintd dirtotly fron tht 

tquation in (3.18) by utt of an inttgrating faotor, obviating 

tht nttd to dividt by  A(t). 

Taking o - 1, wt havt a tolutlon of tht tquation in 

(3.1) whloh aatiafitt th« inttgral tquation 

(3.25)   u(t) - t*^) ^ p(t) - c1t
g(t)y7t e"",(tl)a(t1)p(t1)dt1, 

t0 
t > t0. 

Wt thall now ahow that tht aaymptotic bthavior of    u(t) 

oan bt dtductd from (3.23)«  providtd    a(t)    satitfitt 

condition!, which tnablt ua to apply Ltmroa 2 or Ltmoa 3.     We 

firat tatabllah that    u^t""*'   '    la boundtd aa    t -^ oo . 

Fro« (3.15) and (3.9) wt havt 

—kt 
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and If wt l«t 

(3.26)        m(t)  - max |u(t.)« i | , 

wt get 

•(t   )—kt 
|p(t)l   ^ c«(t)tkt/t   Mt^lt      1        ^t. 

t0 

or 

(3.27)        |p(t)|   ^^(t)^/1   laCt^ltxpkA -k)^ 

- ci^ 1 •(*2)"2l"i- 

If y ^ la(t1)| <lti < OD ,    LtBuaa 2 at onoe yields 

(3.28) |p(t)|   - m(t)tAto(l)  - m(t}«i(t)o(l). 

On the other hand,  if the hypotheses of Lema 3 are satisfied 

when    f(t) - - c1a(t),    g(t)  -   |a(t)| ,    then 

(3.29) |p(t)l   ^ cm(t)e,,(^|a(t)| . 

Fro« (3.t8)# we have 

l/t  e"'-(tl)a(t1)p(t1)dt1|   ^om(t)/<wia(t1)\dt1 

and from (3•29 ) we have 
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|/t • ,(tl)a(t1)p(t1)dt1|   ^ emit)/00  a^t^d^. 

In «Ithtr case, than, 

(3.30) |c1(/
t •   1 a(t1)p(t1)dt1| JOginCt), 

t0 

whert tht constant    c2    is as Bra&il as dssirsd IT w« ohooss 

t0    largs «nough.     Usinc thes« rtsults in (3*25)»  *• obtain 

|u(t)s"^(t)|   ^ 1 + ii(t)o(l) + o^t). 

Thtrefors#  by choosing    t0    sufflclsntly large,  w« can csduoe 

(3.31) |u(t)|   ^ 2ti(t),     t ^ t0. 

By uss of this Intquailty in (3.25), we can show that 

u(t)s~fl^ ' approachet a constant as t —^ 00 . First of all, 

from (3.28) and (3.29) we get, respectively, 

(3.32) lp(t)| ^ ce^oU) 

and 

(3.33) |p(t)| ^ ce,,<t^a(t)| . 

In either case, 

Z00«        1 a(t1)p(t1)dt1 
t0 

is absolutely convergent.    Therefore, we can write (3.25) In 
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tht form 

(3.34)        u(t) - Oj.1'*) + p(t) + o^*)/00 .~'ltl .{t1)p(t1)<lt1. 

wher« 

1 - olc/      • aCt^pCt^d^. 
03 -o 

If    t0    it •ufficlently largt,     c. / 0.    It it clear from 

(3.3M that 

(3.35)        u(t) - c^^^l + o(l))    as    t-> oo . 

In summary,  we have proved the  following theorem. 

Theorem 1.    Suppose that the principal charaoteriatic 

root of    h(8) c e + a^. -»■ ^Q«-        lies at    s » A    and is real 

and simple.     Let    a(t)    satisfy one of the following two sets 

of hypotheses; 

I      /«(a^ldt < oo; 

II        a(t)-»> 0   as    t —> oo, 

a(t) > 0    for    t ^ t0, 

a,(t)«o(a(t))    as    t—^oo, 

/»a^tjdt <«0./«,|a-(t)|cJt <oo./»|ij^|dt< 
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Thtn tht »Quation 

(3.36) u'(t) + (a0 + a(t))u(t) + b0u(t - co) - 0 

hag a goiutlon u(t) of th» form 

(3.37) u(t) - o.i(t)(l > 0(1)) 

- (1 + o(l))oxp(At - c^1 a(t1)dtj 

'o 

whtr» Cjt   is tht retldut of etBh 1(») at • - ^, 

(3.38)   c1 - (1-bQ^-^r
1. 

4. Principal Root Rual and Siagglg (continued) 

The key etepi In the above method were the .representation 

of eolutlone by aeani of Integral operators, as In (3.13)» 

differentiation of this relation to yield an integro-differen- 

tial equation, and the use of a Llouville transformation to 

yield an Improved Integral operator representation, as in 

(3.23). We wish to show now that essentially the sane pro- 

oedure can be used to discuss the equation 

(4.1)    u'(t) 4 (a0 + a(t))u(t) + (b0 4 b(t))u(t - v>) - 0, 

where we no longer assume that b(t) - 0. As before, we 

assume that the principal root is real and simple and lies at 

s - A.  Instead of (3*13)» we now have 
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(4.2) u(t) . o.'* - o^*/* •"    1 H*!^^!5 

+   b(t1)u(t1 - uj)] dt1   4  p(t),      t   >   t0J 

whtz** 

(*.3) P(t) » -/t   [aC^Ht^ + M^M^ - ^Jk^t - t^dt^ 

This tlmt, whtn wt dlffer«ntlat« (4.2), we obtain an intagro- 

dlffarenoe-dlfftrentlal aquation 

(4.4) u'(t) -  A[u(t) - p(t)] - o1[a(t)u(t) 

+ b(t)a(t - oü)]   + p'(t),    t > t0, 

rather than an integro-differential equation. Tht proper 

analogue of the aubatltutlon In (3.20) la not Iwnedlately 

obvloua. Thia additional coapllcatlon can be handled in the 

following way. It la not unreaaonable to auppoae that the 

»oiutiona of (4.1) will have aayioptotic behavior of the aame 

general kind aa aolutiona of (3.41), and in particular that 

u(t) — u(t - ^e   will be of lower order of magnitude than 

u(t) itaelf. We therefore introduce the function 

(4.5) v{t) - u(t) - u(t-^t^ 

and write the equation in (4.4) In the for« 
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(4.6) u'(t) -   ^u(t) - p(t)]  - c^aU) ^ •-u>Ab(t)]u(t) 

+ c1«""c^(t)Y(t) + p'(t),     t > tQ. 

irfe again Itt 

(4.7) w(t) - u(t) - p(t), 

■o that 

(4.8) w'(t) - Af(t) - o1[a(t) + «"^(t)]  w(t) 

+ c1t-
aA)(t)v(t) - ^^(t)  + •-

aA)(t)]p(t)# 

t > t0. 

Wt now make tht Liouvilla t rani format Ion ■ - >(t)f where 

(4.9) B{t)  -/t A(t1)dt1 

and 

(4.10) >(t) - A - oi[a(t) -f e~' b(t)] . 

We obtain 

-      o1e""ul\(t)v(t)    a(t) 4- e~uA)(t) 

ai        A(t)      1     A(t) 

provided that  /^t) / 0 for t ^ t0. Juat as In ^3, this 

leads us to the equation 
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(4.12)        u(t) - p(t) * e^^ - c^*)/* e'^^^aCt^ 

+ • 

Tht aBBuioption    ^(t) / 0    for    t ^ t0    la actually unn«o«öBary, 

•inoe tht «quation in (4.12) can b« obtairxBd directly from th« 

•quation in (4.8) by ua« of an integrating factor without 

dividing by    A(t). 

Bafor« w« can estiaate the magnitude of    u(t),    we muit 

obtain a aimilar repreeentatlon of    v(t),     for it is neoeaaary 

to ahow that    v(t)    ia of lower order than    u(t).    Prom (4.12), 

we readily deduce 

(4.13)        v(t) - p(t) - p(t - ooje^   + q(t) 

" «^(t)/^^1^ [«(h) * •-a;\,(t1)]p(t1)dt1 

- c1e8^)/t •"9(tl)[a(t1) + e-^t^jpCt^d^ 
^—UL) 

0Xr-0> ^^1', + o2q(t)^'7^e A b(tl)v(t1)dtl 
t0 

+ Og^^V1 •"* tl b(t1)Y(t1)dt1,    t > t0 ^ ^ 

where 
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It will bt vtry convtnlont in what follows, whenovtr wo 

ar« using tht hypothosos II, to lot tho symbol £(t) donoto s 

function, not nooossarily tht sans in any two apptarancts, 

which is 0(|a(t + u>)| ■► lb(t + co) |) as t —>oo. Uhonovoi 

wo aro using ths hypothosos I, £(t) donotot a function which 

is simply o(l). Thus wo havo, undsr oithor s«C of hypothosos, 

(4.17) Z1 a(t1)dt1 - e(t), /
?t bCt^d^ - £(t), 

and 

(4.18) a(t) - £(t), a(t + ^-£(t), b(t)-e(t), 

t)(t + co) - eit). 

Not« that under tho hypothosos II, tho product of two such 

functions is absolutely intograblo over the infinite interval. 

In his notation, we have 

(4.19) A(t) - A -»• eXt) 

and therefore, fron (4.14), 

(4.20) ;(t) .. e,(t)e(t). 

From the definition of    p(t)    and the bound in (3*9)« w« get 

|p(t)|   ^ cekVt    (|a(t1 * cSj\ 

—kt 
4    |b(t1   -f  ^)|)lu(t1)|ft 1dt1. 
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Wt now let 

(4.21)   f(t) - a(t) + •"'MAb(t) 

and 

-■(tj 
(4.22)   m(t) - max      |u(t1)t   

i | . 
tQ-^t^t 

Thtn 

(^.23)    |p(t)| ^ emit)**1/1    g^t^exp^A - k) h 

- c,/ l  f(t2)dt2.dt1 
t0        ; 

wh«r« 61(t) li a nwltlpl« of  |a(t1 + c4| -f |t(t1 -»• a^) 1. 

Undar tha hypothaeai II, a(t) and b(t) ara of oonatant 

■ign for t 2 ^o* H9not th# ^notion  .(t) is dlffarantiabla 

for ^ ^ to " »    an(i »atisfits tha hypothaaaa of Lenna 3.  It 

tharafora follows from Lemma 2 or Lemma 3 that 

(4.24) p(t) - m(t)ea(t)e(t),  t ^ t0. 

From thia last result,  we also have 

(4.25) /t e~,(tl)f(t1)p(t1)dt1 ^ «(t)/00 ^(t^dt^    t ^ t0, 
t0 t0 

where    £2(t)    is integrable.    Furthermore,  by  (4.17), 
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(4.30) 

wh«r« 

0 

+ /
t."'(tl) 16(^)1 (»(t^ldt^ t2t0 + ^ 

6(t) dtnot.a a particular function of th« typ« &(t). 

Letting 

(4.31)   n(t) - max 
toiti^t 

vCt^e   1 

w« thtn obtain 

(4.32)  |'(t).-(t)l i ^(t) + ^H^
00 Mhll^h)!^ 

+ n(t)69(t)6(t), 

from whloh 

(4.33) l^ff^l ^ 1 - n(t)^00 ^^^Nh)! dt 

If 

.n(t)e(t), t2t0^^ 

t  1. iufflclantly largt, It follow, that n(t) ^ c    for 

t 2 t0,    and theroforo 

• (t), (4.34) Iv(t)|   ^ c.^   ^2(t),    t z t 

prom (4.28)  follows 
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(^.35)   |u(t)| ^ oSW,    t^ t0-^. 

No« that tht bounds in (4.34) and (4.33) Havt batn 

•stabilthtd, ths prooedure in S3 can bt used without essential 

change to show that 

(4.36)   u(t) - c3e
i<t^(l + o(l)) as t —» 00 . 

We have therefore proved the followins theorem. 

Theorem 2. Suppose that the principal root of 

h(s) - s + a0 ">■ b^V"08 lies at s » A and is real and simple 

Let 

(4.37)   o1 - 1/V(/N) - (1 - b^-^V
1, 

(4.10)   ^(t) - A- o1[a(t) + e"
UJ>b(t)] , 

(*.9)    •(t) "/t T^t^d^ 

3uppose that ?,(t) jx^d b(t) satisfy one of the following 

two sets of hypotheses; 

I      c/
00la(t)ldt < 00,   Z00   |b(t)|dt < 00. 

II        a(t),  b(t)—^0    as    t  -^00, 

a(t) / 0,  b(t) / 0,    for    t ^ t0, 

a^t) - o(a(t)),    b'(t) - o(b(t))    as    t—>aD, 



P-1470 
8-23-58 

-39- 

Z00 a2(t)dt < oo,/00 |*'(t)|dt < oo,/* l^jdt < ... 

Z00 b2(t)(i:<oo,/00|b'(t)|dt<oo,/00 |^i|dt <OD, 

Z00   |a(t)b(t)|dt < oo, 

fc -»00 ^ v—^OO *    ' 

Thtn tht tquation 

(4 1) u'(t) -h  (a0 4 a(t))u(t) +  (b0 + b(t))u(t - ^) - 0 

hai a »glution    u(t)    of tht for« 

(4.33)        u(t) - •,(t)(l ♦ o(l))    at    t-><». 

3.    /Uywptotlo Rxpaniiona 

In th« two pr«otdinc ••otiona,  we havt studied tha 

atymptotlc behavior of a solution of the differential-difference 

equation with  "uay«ptotioally oonatant" ooeffloients, 

(5.1) u'(t) +  (a0 -y a(t))u(t) +  (b0 + b(t))u(t - co) - 0, 

(5.2) a(t)—^0,    b(t)->0,    as    t -> oo . 

In this section, we shall suppose that a(t) and b(t) have 

asymptotic power aeries axpaiisions, and shall show that the 

solution of (5.1) associated with the principal characteristic 

root has a corresponding asymptotic expansion. The theorem to 

be proved follows. 
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Pitortm 3»    Suppoit that the principal root of 

h(i) - • > a0 + ^o*"*0*    ^9B at    B ^ A    and it rtal and 

iigRltt    Suppoie that    a(t)    and    b(t)    have aiyBq)totio 

powr itriet aspanaioni 

oo 00 
(5.3) a(t) ~   I at"*1,    b(t) ^   £ b^t"*1    at    t-^00, 

n-1 n n-1 n 

and that    a'it),  b'Ct), a'^t),    and    b"(t)    txiit and havt 

aiyiytotio powr »triti txpamiona.    Tftitn thtra »xiiti a 

solution   u(t)    of tht aquation in (5.1) with an aay*-A ^otio 

art .niion of tha  form 

oo 
(5.4) u{t)^.BM ZutT" u t        aa    t —>• 00 , 

n—0 

whara aaoh u  la a oonatant, u0 / 0, and a(t) ia de- 

fined aa in ^4. Cjnaaquantly, 

00 

n»ü 
(5.5)    tt(t) ^ eXttr Z u^t"" aa t-> 00 , 

where aaoh u*  ia a conatant, ui / 0, and where 

a, + b.e 
(5.6)    r---i /^A ' 

1 - b0^6 

Proof.     By hypotheaia,     a'Ct),   b^t),  a"(t},     and    b"(t) 

have aajrinptotlc power serlea expanalona, vrhlch must by  (3.3) 

have the form 
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a,       2a, 
(5.7) a'(t) i-      2 

2a.      6a 

,    b'(t)-- 
b1       2b2 

f        t 

2b,       6b 
a"(t) i + —§>   •••,    b'^t) T + —i 

t3        t t3        t 
■f  • • •   . 

It Is olaar that    a(t)    and    b(t)    satisfy th« hypothsses of 

Thtorsm 2.     Hsnot 

(5.6) u(t) - ti(t)(l * o(l)) as    t —>oo , 

whtr« 

(5.9) s(t) -/* A(t1)dt1 

—A (5.10)        A(t) - A - o1[a(t) + •-"^b(t)] 

If wt writ« 

(5.11)        a(t) -^ -f a2(t),    b(t) --^ + b2(t). 

ws hav« 

«(t) - A(t - t0) - r/^    t-A + a^t^  + •"h2it1) 
t/% 

.-1 -<^ 
dtr 

Hone« 

00 
K—n (5.12)        s(t) - At - r log t -   Z »Jt^1, 

n-0 n 

and 
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(5.13)   ei(t)^ eMtr* *t~*$ 
*   r   n 
n-o 

whtr« th« •  art comt&nts and »^ / 0.  It is therefore n u 

citar that (5*4) and (5.5) are •quivaltnt r«aultt. 

We shall ust an inductive method to establish the 

asymptotic expansion in (5.4).  First of all, we shall show 

that 

(5.14) u(t) - ei(t)[u0 -»■ 0(t'"1)] as t-^ 00 . 

Prom (4.24) and (4.34), we have 

(5.15) (P(t)|   ^ ce^r1, 

(5.16) |v(t)(   ^ce^^r1. 

Therefore, 

Z00    e^^^^t^  + e~uA,(t1)]p{t1)dt1 
t0 

and 

Z00   .^^MhMt^dt, 

are absolutely convergent,  and the integral equation in (4.12) 

takes the form 
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(5.17)        u(t) - 03.^) . p(t) > V«^00 • ,(tl) ^t,) 

+ •^A)(t1)|p(t1)dt1 

wh«r« 

(5.18)        Cj-l-^/00    e '(tl) 

t0 

00    .-(h) 

a + e      b pdt, 

+   C2</
W       • ^   bvdt,. 

If t0 la ■uffioiently iarg», c^ / 0. Since the two 

Integrale In (5.1?) are epeliy seen to be 0(1" ), by 

(5.15) and (5.16),  It Is clear that 

(5.19)        u(t) - e,(t) c2 + 0(t 1) 

which provee (5.1^). 

We propoee to use (5.14) to obtain more precise esti- 

mates of p and v than those in (5.15) and (5.I6). Using 

(5.11) and (5.14), we obtain 
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(5.20)        p(t) - - a1u0/
t o      1 t1

1k1(t - t1)dt1 

^ 

^0 

4 o{/t •' tl)tl\{t~ t^dt^ 
t 

Sinot 

(5.21) Ik^t)!   ^ ce^    (k < A), 

tht last  frm in (5.20)  it 

(5.22) 0(.kVt •,,(tlHCtlt>i)  » 0(.'(t)t-2), 
t0 

by Ltmaa, 3.    Tc •■tiroate the first inttgral  in (ip.c.'O),  we 

write 

(5.23) (/
t e      1 ^^(t - t1)dt1 - J1 ^ J2, 

t0 

where 

(5.24) Jl -/
t/2 e"    1  t^k^t - t^dt^ 

t0 

(5,25)      J2'^/t2tfl'' hS^-h^r 

Uiing (5.21),   (5.13)<  and Lemma 3, wt get 
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(5.26) IJ.I   ^ f1 «xp[|t . .(|)]   - OiS^W) 

for torn«   6 > 0.    On the other hand, 
• (t^t1) 

(5.27) j2-^t/2lrTrT^i(ti)(lti 

• ■(t)      /M./0     -[•(t)-l(t-t1j| t      -1 

Using (3.12), wt find that 

(5.28) •(t) - «(t - t1) - At1 > r In ili   - r1(t,t1), 

where 

t, 
(5.29) Ir^t,^)!   ^ i{it ^)#    O^t^t. 

Therefore 

-At, t.   r 

(5.30) exp|e(t - t1) - •(t)l   - e      1(1 ~ ^ exp r1(t,t1). 

Prom this it is easy to see that if    0 ^ t1 ^ t/2, 

expis(t - t,) - »(t)]     is bounded as    t —> oo .    In fact. 

At, t. -1 . . 
(5.31) e    ^l--^)      exp[s(t - t1) - e(t)]  - 1 ^ r2(t,t1) 

where 

(5-32) Ir^t.tjl   ^^i,    0S ^ ^f 

Therefore 
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- ^Z00 ^(t,). Nt, . 0(.^t)t~2), 

(5.3^) Jo-o^^r^oc^^r2). 2  u4 

The equation» in (5.26) and (5.^) provide an estimate of the 

first Integral In (5.20), and the second can be treated In 

the sane way. We therefore have 

(5.35)   P(t) - ei(t)[^ * 0(t-2) 

«here p.  It a constant. It is clear from (4.14) and (5.12) 

that q(t) has en asymptotic expansion of the form 

00 
(5.36)   q(t)^ei<t) Z at-*, 

n-l^1 

where the    a      are constants.    The relations (5.11),  (5.16), 

(5.35)*  and (5.36j can now b« used In (4.13)  to yield an 

Improved estimate for    v(t).     In fact. 
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Z00 •"•(tl)b(t1)y(t1)dt1 ./ oo 
t "i 

^2 + o(t-») 

Cltarly w« now get 
r |. 

(5.38)        u(t) - es't) u0 +-^ + 0(t~2)      as    t — oo . 

It should now bs evident that this process can be continued 

Indefinitely. Each estimate of u enables us to obtain im- 

proved estimates of p and v , anri these enable us to 

obtain an improved estimate of u.  Consequently u(t) has a 

full asymptotic expansion of the form (!?.J0* or, «quivalently 

of the form (5.^). 

Once we have established the existence of an asymptotic 

relation of the form in (5.5)i the values of the coefficients 

ul and of the constant r can most easily be found for any 

particular equation (5*1) by substituting in (5*1) and 

equating coefficients of like powers of t. 

6. Other Realj Simple Roots 

We now wish to show that, associated with any real, 

simple characteristic root A of 

(6.1)    u'(t) + (a0 + a(t))u(t) + (b0 + b(t))u(t - co) - o. 

It is necessary to carry out the expansions in (5.2b) 
and (5.31) to a greater number of terms in order to do this. 
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not necessarily the principal root,  there le a solution    u(t) 

having the asymptotic form given by Theorem 2 or Ttisor#m 3. 

As is true in the theory of ordinary differential equations, 

it is necessary in this situation someho*« to suppress the 

influence of the roots having real parts greater than   A, 

which otherwise would dominate.    We again start from the 

integral equation 

t 
u(t) - u(t0)k(t - ~) - b0</   0 u^Wt - ^ - co)dt1 

-y^t   [aC^M^) + b(t1)u(t1 - u}]k(t - t1)dt1, 
t0 

^ > to- 

The solution which is rero for    t0 — OJ^; t ^ t0   therefore 

satisfies 

U(t)   - -/t    JSC^M^)   +   b(t1)u(t1  - ca)]k(t  -  t^d^, 
t0 

t > V 

At and the solution which is equal to    ce        for    t0 — uj ^ t ^ tQ 

(6.2) u(t) - ce^-y^   [aC^Mt^ 

satisfies 

M 

o 

+ b(t1)u(t1 -<o)]k(t - t1)dt1 

This time we write 
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(6.3) k(t) - 0^ + k^t) + k2(t), 

wh«r«    kJt)    oontaln« tht flnltt nuab«r of realdu«» of 

• *h    (•)    at Mros of    h(i)    with r«&l parti gr«atar than 

A Vt havt 

(6.4) ^(t)!   ^ o«kt
#    t ^ 0,    k < A, 

(6.5) K(ti   $ */*>   t ^ 0,   / > /\. 

1har«for« 

At        .   _At    /7 t (6.6) u(t) - caAt - c^1/1   ^(^M^) 
t0 

1  -Atl + b(t1)u(t1 -.oj)]t      x(lt2 

-/>*   ^(t1)u(t1) + b(t1)u(t1 - ^Ojk^t - t1)dt1 

-/t  kt^uC^) + bC^M^ - u))]k2(t - t^d^ 

Eaoh ttm in   k2(t)    Is a solution of tht «quation 

(6.7) u'(t) ♦ anu(t) + bnu(t - o) - 0. 

Hanct 

00 (6.8)        Z00   jaf^M^) + L(t1)u(t1 - M]k2(t - t^d^ 
t0 
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wlll also b« a aolutlon of tht «quatlon In (6.7)* proYldtd 

tht Inttgral oonvtrgtt.    Astuminc this to bo truo, addition 

o/ thii irtogral to tht right Monbor of (6.6) produooa a now 

intogral aquation 

j\t      . ^   /7t 

'0 
(6.9) u(t) - o^ - c1o7st/t   [aC^Wt^ 

> b(t1)u(t1 - ^Jo      ^ ♦ p(t)# 

whtro    c2    ia arbitrary and 

(6.10)       p(t) - -Z1   ^(t]L)tt(t1) + b(t1)u(t1 - co)]k1(t - t1)dt1 
t0 

The solution of (6.9) aatiofioa 

.At   .    /? oo 

'0 
u(t)  - c2oAt ^/^[•(hWt^ 

+ b(t1)u(t1-o)]k2(t - t1)dt1# 

If «• difforontiat« tht aquation in (6.9)* vt obtain 

u'(t) -   A[u(t) - p(t)]   - o1[a(t)u(t) + b(t)u(t-co)] 

+ P^t). 
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Ltttlng 

(6.11) w(t) - u(t) -p(t), 

(6.12) v(t) - u(t) - u(t - 6o)t^, 

w« gtt 

w'(t) - ^t)w(t) 4 o1«-u\(t)v(t) - o1f(t)p(t), 

vhtr« 

(6.13) f(t) - a(t) + r"\(t), 

(6.14) A(t) - A- o1[a(t) + e-UiAb(t)] . 

At in S4# w l«t    a - ■(*),    wh«r« 

(6.15) •(t) -/t ^t^dfe^ 

and obtain th« equations 

(6.16a)      u(t) - e^^O1 +y?00   ^(^M^) 

+ b(t1)u(t1 -^)]k2(t - t1)dt1, 

to - ^ * * * *( 
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le .16b)  u(t) - p(t) > ••(t) - o1t
i(t)/t •~<,(tl)f(t1)p(t1)dt1 

t0 

+ 02e,(t)/t •",l(tl)b(t1)v(t1)dt1,  t 2 t0. 

Prom (6.16), follows 

(6.17)   v(t) - p(t) - p(t - Cü)#  + q(t) 

- cl^t)i/
t^ .^r^Mt^d^ 

^0 

to 

+ 02t,(t)/t •"* 1 b(t1)v(t1)dt1, t^tQ + co, 

wh«r« 

(6.18)   <j(t) ..•(*) -.•<t-^+"A. 

It la, of courBt, not clear a priori that (6.1) haa a solution 

for which tha integral in (6.6) oonvargaa or* which aatiafita 

the integral equation in (6.9) and (6.16). We therefore hare 

recourae to the method of aucoeaaive approximations. BQr thla 

method we ahall eatabliah the exiatenoe of a aolution of 

(6.16) which ia also a aolution of (6.9)* The equation In 

(6.9) haa been ao arranged that this solution will be found 
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to bt of order    t    ,    roughly, and therofor« th« integral in 

(6.8) will b« absoluttly convorgant and tha aolution of (6.9) 

will alao ba a aolution of (6.1).    Wa define auoceaalve 

approxlaatlona as follow»: 

(6.19)        u0(t) - a*(t),    t ^ t0-^. 

^(t-tn)       Ant%   r 
(6.^)      un+1(t).a 0    ^Z00   [a(t1)un(t1) 

t0 

^ b(t1)un(t1 - ^)]k2(t - t1)dt1, 

(6.20b)      u^t) - pn(t) + e1^) - o1e^t)/t e"i(tl)f(t1)pn(t1)dt1 
t0 

^ 

wharaln we uae tha abbreviations 

+ o^*) Z
7* .""^^Mt^y^t^dt,. t z t0. 

(6.21)   pn(t) . -/* [«(Vu^tj) + »(^^(^ - "jjk^t - t^d^ 

(6,82)   vn(t) -^(t)- ^(t-^).^, t i t0. 
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Of oourit, it will b« neoeitarx to show that all tht Infinit« 

inttgralt in thts« dafinltiont oonYtrg« for •ach   n.    Fro« 

(6.17) it it oltar that 

(6.23)        v^t) - pn(t) - pn(t - u).^ > q(t) 

-o1,(t)/
t-'J.        1tpDit1 

^0 

-v'^V1«   ^^„"i 

+ o
2<»<t)/t^«~'<tl)t»'n

dti 

+ 0
8-'(t)^l"(tl>bVh'   *i:*o + - 

Wa aaaunt that    a(t)    and   b(t)    satisfy tha hypothttas I or 

II of Thtoram 2. 

Thsr« !• a constant    o^ > 1    such that 

X^O) Bit) (6.24) • 0   ^ e3a^^,    t0 - co ^ t ^ t0. 

We shall now prove that the integrals in (6.20a) and (6.21) 

converge for every n, and Moreover that 

(6.25) lyt)! ^ 2o3e
i(t), t ^ t0 - c^ n-0,1,2,..., 

(6.26) lvn(t)( ^ 2c3€1(t)e
,(t), t ^ t0, n« 0,1,2,..., 

where ^(t) is a certain function of the type t.(t). Froa 
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(6.19),   the  Inequality In (6.25)  la valid for    n - 0.     Aleo 

(6.27) lv0(t)|   -   |q(t)|   .£(t)el,(t). 

Henoe the inequality in (6.26) is valid for n « 0 if we 

ohooee tAt)  ^ (q(t)e"~8^ '\,     We now proceed by induction. 

Suppose that the integrals in (6.20a) tu-vt (6.21) have been 

shown to converge for n - 0,l,...,m- 1 and that the 

inequalities in (6.25) and (6.26) have been shown to be 

valid for n - 0#l,...,m.  Under the hypotheses of Theorem 2, 

we can use Lenma 2 or Lema 3 to show that 

,  ♦. f     "(t, )       »(t,-^)) 
(6.28) j/^ a^Je  1 -.bft^e 1        ^(t-t^d^ 

^ oeicty?t ^t^expjfA - k)t1 - o^1 f(t2)dtjdt1 
to ^ to ^ 

S^«'(t)£2(t),   t^v 

Similarly,  using Leuna 4 or Leuna 5, 

( »(t!   ) S(t1-^)] , 
(6.29) j/00  ^(t^e      1    ^ b(t1)e      1        k^t-t^ltj 

<4.'(t)e2(t).   t^t.. 

It therefore followi from (6.25) with n - m that the Intt- 

grals in (6.20a) and (6.21) converge for n - m.  Moreover, 

by using the bound  (um(t)l ^ 2c 3e     an<i the Inequalities 

in (6.26) and (6.29), we find that 
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(6.30) |pm(t)|   ^ 2o3t^
t)£2(t),    t ^ t0. 

Alio,   from (6.20*) wt g«t#  usint th« Inequality in (6.29), 

X^-tn) ./tx 
l^l'OI   ^t 0    .o3.^

t^2(t),     tQ~uzt±t{ 

Uilng the inequality in (6.24), thit yields 

(6.31) 1^(0! ^ 20^^ t0.-co<; t <; t0, 

•inoe we can take    t0    sufficiently large that     £r{tQ) ^ 1. 

Prom the inequality in (6.30), we deduce that 

(6.32) |cl/
t e '    1 fp^dt^  ^ c4,    t 2 V 

t0 

where    c^    it at small as we pleast if    t0    is sufficiently 

large,  and 

/n r^il 
(6.33) fK/^9 fpmdtl    SS(t)'     t ^  ^ + 40* 

Using the  inequalities in (6.30) and (6.32) and the inequality 

lvm(t)l   i 2c^1(t)e,(t)    in  (6.20b),  we get 

^(t)!   ^2c3e*(t)a2(t).e^t).  c4e-(t) 

+ 2|c2io3e,(t)/00    ^(^^(tjdt^     t ^ t( 
t0 

If    t0    is so large that 
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(6.34) 2^t) ^ o^o-1 +  210^ Z00 |b(t1)|61(t1)dt1 < 1,    t 2 V 

it  follow! that 

(6-35) IVl(t)l  ^2c3«,(t)'    '^0- 

Finally,  if wt u»a th« various intqualiti^i already obtained, 

w« g«t 

4 2|02U36(t)t^^/OO/b(t1)(£1(t1)dt1 
t0 

+  2|c2lo V^)/1   IbCt^l^Ct^dt^     t2t0 + o 
2'   3 .t^J 

and 

^ 4o3e8(t),     t0^ t ^ t0 > cu. 

By oholo« of    ^(t)    and    t0,     and ut« of  (4.17),  »• dtduo« 

that 

(6.36) Iv^ft)!   £ 2c3*1(t)«,<t),    t2t0. 

Thii oonplatst th« induotiv« proof of th« in«qualitl«s in 

(6.25) and (6.26). 
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N«xt, w« prov that  th« »«qutnc«     \un(t)l    oonverg«« as 

n —> oo ,    uniformly In any finlt« Interval in whloh 

t ^ t0 - ^o.     in order to do this,  we shall  show that 

(6.37) l^^t) - u^t-H   ^ rn+2o3.
,<t).    t ^ t0 - w, 

n - 0,1,2,..., 

and 

(6.38) \\+1^) - vn(t)|   <, 2-n+2c3ei(t).,(t),    t ^ t0. 

n  ■  0,1,2,...   . 

Since the proof !■ by induction, and very similar to that 

just given, we shall onit it. 

Froa (6.37) it is clear that the series 

(6-39)   n1'olUn+l(t)"Un(t,; 
is absolutely and uniformly convergent  for    t    in any finite 

Interval In which    t ^ t0 - M.     Let 

(6.40) u(t) - lim      un(t),    t^t0-cS 
n -»oo 

(6.41) v(t)  - lim      v  (t),    t i t   . 
n-»oo 

From the inequalities in (6.25) snd (6.26), we have 

(6.42) iu(t)\ ^ 2c3e
,(^, t ^ t0-u). 
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(6.43) lY(t)| ^ 2c3t1(t)«
i^)|  t ^ t0. 

With the aid of these bounds, It is easily seen that the 

Integral 

(6.8)   /^[•(hMt^ > b^Mt^-c^j^t- t1)(it1 
to 

is absolutely oonrergent.     We oan therefore define    p(t)    as 

in (6.10).    The uniform oonvergence of the sequenoe     lun(t)) 

to    u(t)    enables us to deduce that    u(t)    satisfies the 

equations in (6.16).    Thus    u(t)    is continuous for 

t ^ t0 — M   and satisfies the equation in (6.9) for    t ^ t0. 

Since the integral in (6.8) is absolutely convergent,    u(t) 

is also a solution of the differential-difference equation 

in (6.1). 

By using the bounds in (6.42) and (6.43),  we oan in the 

usual way deduce the asymptotic form of    u(t)    fron the inte- 

gral equation in (6.16).     We write 

(6.44) u(t) - o^*) + p(t) + oy^V00 .~,(tl)[. + .-* ,, » in      T     -a u     pdt, 
c/t L J^    1 

-^)^r^\^v 

where 

(6.45 > c4 - 1 - clc/'       e        x    [a 4 e       bjpd^ 
^ 

woo    -•(tl) 

+ o^/        • bvdt1. 
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and obtain 

(6.46)        u(t)  - o4ti(t)(l * o(l)) at    t -^ oo . 

Purthsraor^,   if    a(t)    and    b(t)    havt asynptotio powtr 

»•rl«i «xpanftiont, 

(6.4?)        a(t)-    i * t"*'    b(t) -   £ bt-11' 
n-1 n n-1 n 

and If a'(t)# b^t), a"(t),  and b"(t) exist and hav« 

asyaptotlo powtr saritt txpaniions, thtn tht proo«dvir« of ^3 

•howl that u(t) hai an aayvptotio «xpanilon.  In fact, tha 

aquation In (6.16b) la Identical in form with the aquation in 

(4.12), and the only difftrance in tha diacuaalon la oauaed 

by the diffarant Tmwn of p(t) aa given by (6.10).  It la 

only neoeaaary to add to tha pravioua arguaanta an analyale 

of the integral 

J -y700 ^(^Mt^ ^ b(t1)u(t1-co)]ic2(t - t1)dt1. 

7cr exanple,  given that 

•(t) u(t)  - ••U)[u0 . 0(t-1)], 

we have 
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+ oc/00 .,(tl)t72k2(t - t^dt^. 

The lait term h«r« Is «atlly »«tn to b« 0(6 ^ yt ).  To 

•■tlnat« the first Integral, ve write 

s(t   ) »(t>-t1) 
/«   e       ^  t^t - t^dt,  ./0   VlT^^h)^ 

i(t)   . - ii(t)-«(fr-t1)|      t.-1 

—OO 

As In ^3,  this yields 

—GO t 

The Infinite Integral  Is oonvergent beoause     Ik (t)(   ^ ce     , 

/ >  /.     It Is thus olear that the entire discussion In ^3 osn 

be carried through Just ai before. 

The results of this lection can be  sumnarlsed by saying 

that Theorems 2 and 3  reaain valid If    ,A    la any real,   sl«g)le 

oharaoterlstlo  root,  not necessarily the principal root. 
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(7.5) u(t)   - ea(^x{t). 

Tht tquÄtlon In  (7.1)  then takes   the   form 

(7.6) x'(t)  4   [a0 + t(t)  +  A(t)]x(t) 

.   [b^Mt^.'^^^^xd-^  - 0, 

Lettin« 

(7.7) f(t)  - a(t) + b(t)e-^ 

we have 

1.    ,2. (7.8) B(t   -   c^)   _   B(t)    -  -  u.A    ^   C1a.f(t)   -  ^C^f'(t)    4   0(fM(t))> 

and 

(7.9) .•(t-c'JHi(t) a r^[l + c1..f(t) -^2f.(t) + 0(f"(t))j 

The equation In  (7.6)  therefore can be written 

_<->( (7.10)        x'(t)  +   [a0 + a(t) +  ^t)jx(t) + e   '    [b0 +  b(t)][ 1 ♦ c1^f(t) 

- -Ic^^f .(t) + 0(f"(t)}]x(t - o) - o. 

Ttie characteristic equation for (7.10)  Is 

(7.11)        s > ^ a0 -. b0e-^B^  - 0, 

fix)« which we s«e that the  transfomatlon In (7.5) has trans- 
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lated all roots by tht amount    - /.    In particular,   tht root 

In which w« ar« inttptttad DO« lita at    a - 0.     Furthamort, 

elnot    o,(l — bff,#_    ) m 1$ 

{1.12)        a0 ♦ a(t) *  ?<t)  4 «r^jbQ + b(t)][l ^ CjofCt) 

-^Ä-Ct) > o(r(t))] 

•'     c^b(t)f(t) - ^#  " bQC^f'Ct)  + oCbf   + f") 

We ahall danota a function of tha type in (7*12) by the ayabol 

t (t),    aaauming the h/pothaaaa of b4 and ^6 aro aatiafiad. 

Let ua therefore consider an equation of the form 

(7.13) u'(t) 4  (a0 4 a(t))u(t)  4 (b0 + b(t))u(t - u^ . 0, 

having a root at    a - 0    and co«plex coefficients,   such that 

a0 ^ b0 - 0    and such that    a(t) ♦ b(t) - ^2(t),    as in (7.12), 

We shall show that there is a solution which is asy^ptotioallj 

constant.     The kernel function associated with  (7.13) now has 

the fonn 

(7.14) k(t) -  ^ + c^1^  ^ k^t) ^ k2(t), 

where 

1 1 (7.IS) c,   - 1 - YPVTj " T^rv ><-^ 

and 
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(7.16) /k^t)! ^ o.kt,    k < 0, 

(7.17) |k2(t)( ^ cc^, / > o, 

and whtrt Op*    rtpr«ienti the contribution of the other 

root lying on the Imaginary axis.  (For higher order equations, 

there can be more than one other, but for an equation of the 

for« In (7.13)» there are at nost two roots on any vertical 

line, both of them simple.) As before, we have solutions 

which satisfy 

(7.18) u(t) - c -. ceV^ -y^ [a^Mt^ 
t0 

+ b(t1)u(t1 - o;]k(t - t1)dt1, t ^ t0 

Assuming that  the  Integrals 

(7.19) Z00   laC^M^) + b(t1)u(t1 -^)|dt1 
t0 

and 

(7.20)       Z00    ^(t^uCt^  ^ b(t1)u(t1 - co)| |k2(t -  t1)|dt1 
t0 

are convergent,  we can replace the  Integral equation In 

(7.18) by 
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(7.21)        u(t)  - 1 -/"    Mtl)u(tl)  * b(tl)u(tl * ^]kl(t " ^"l 
t0 

+f* [»(t^uCt^ 4 b(t1)u(t1 --)]k2(t - t1)dt;L 

+ c 
;oo a(t1)u(t1)  + b(t1)u(t1 - ^)]dt1 

+ c^/00 [aCt^uC^) + b^Mt^-u;) 
-lAt ^t1 

• dt1, 

t i t0' 

Th« corr«ipondln« equation for    t0 - c^^ t ^ t0    1B 

(7.22)        u(t)  - I  ^Z00 [aC^M^)  . b(t1)u(t1 - -)jk2(t - t1)dt1 

to 

If we  put 

(7.23) *(t)  - u(t) - u(t -o). 

we oan write 

(7.24) a(t)u(t)  . b(t)u(t - co)  -    |a(t)  4 b(t)]u(t) - b(t)v(t), 

t  1 V 





P-1470 
8-28-58 

-69- 

(7.29)    |vn(t)| ^ 2^(t)l  t ^ t0,  n- 0,1,2,..., 

and such that th« Infinit« integrals in (7.26) and (7-27) 

converg«.  Prom the definition in (7.25), it it clear that 

the inequalities In (7.28) and (7-29) are valid for n - 0. 

We now procesd hy  induction.  Suppose that the integrals in 

(7.2b) and (7.27) have been shown to be convergent for 

n - 0,l,...,u- 1,  and thst the inequalities in (7-28) arid 

(7.29) have been shown to be valid for n - 0,1,...,m. 

Then fro« (7.24) we find that 

(7.30) |a(t)uB(t) + b(t)uit(t - ^)\ ^ 2\a(t) * b(t)| 

+ 2|b(t)|£1(t), 

(7.31) ia(t)um(t) 4 b(t)um(t - .)| ^ 6
2(t),  t 1  t0, 

where   &   (t)    denotes the product of two functions of the 

tjrpe    t(t).     It  follows that  the integrals are convergent  for 

n =-  m.     Moreover,   by  Lemma   2 or J, 

(7.32) Z1   |a(t1)uB(t1)  + b(t1)um(t1 - ^,1 ik^t - t^ dt1 
tc 

^ •kt/t fc^t^e       1dt1 ^ 6(t),     (k < 0) 
t0 

and by  Lemma 4 or 3» 
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u(t) - 1 + 0(1).     Mor«OT«r,   If 

00 
a(t) ^   L *t,    b(t) ^   z b^t-11,    a,  + b,   - 0, 

n-1 n n-1 n 1 i 

00 00 

w«  can in the usual way  show  from (7.21)  that 

00 —n u(t) ^    Zu  t 
n-0 n 

Taking account of th« preliminary  t ran» format Ion In  (7.5 )# 

w«  •••  that we have  proved the  following theorems,  which 

Include Theorema  2 and 3 &*  special  caaee. 

Theorem 4.     Let    ?\    be any aiagle  root of the 

charaoterletlc  function    h(i) « ■ -♦• a0 -f b^V"^.     Let 

c1 - l/h'(A) - (1 - b^e-'V1, 

A(t) . ^ - o1 |a(t) ^ e  " b(t) 

(t) -y9t ^t^dt^ 

Suppose that a(t)  and b(t)  »atlefy one of the followlnt 

two sete of hypotheaee: 

I  Z00 (a(t)l dt < oo, Z00 |b(t)|dt < 00; 

II   a(t) and b(t) tend monotonlcally to zero as t _^ 00, 

a^t) - o(a(t)),  b^t) - o(b(t)) ae t ^^ 00 , 
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Th« aijrnptotlc  ••rl«8 In (8.7)  contains powtrt of    t    ^ 

rather than powtrs of    t. 

nfe begin by thowinf hov  the aethod of the  Llo jYille 

trantformation can be uted in aecertaininc the atyaptotlc 

fortfl of ec lutlom of ordinary differential equations with 

multiple oharaoterlitle roota,   slnoe we propose to  show in 

later aectione that the »aae  technique is of ^reat uaefulnees 

In dlecuealng differential-difference equations.     Dt us 

therefore consider a second order differential equation, with 

asymptotically  constant coefficients,  for which the 

characteristic  equation has  a real double root.     Such an 

equation has the for« 

(8.8) u"(t) - 2[a 4 a^t^u-U) ^   [a2 ^ a2(t)]u(t) - 0, 

where we suppose that a1(t) and a2(t) are real and 

(8.9) a1(t)-^0  a2(t)-^0, 

2 2 as t —*• 00 .  Tht characteristic equation,  s — 2as -fa «0, 

has a double root at s - a.  As a first step, we shall 

translate this double root to the point  s - 0.  To do this, 

we shall use the following lenaa.  These and the subsequent 

leraoas may be found in  11, Chapter 6. 

Legg» !?.  The substitution 

(8.10) u - v exp(-^/t p(t)dti 
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tranafomui 

(8.11)        u"  4  p(t)ul   + q(t)u - 0 

into 

(8.12) T"    + Q(t) -^P'(t) -^>(t): v -  0. 

Ttili Itma o&n b« verified directly.    Wha*i applied to 

the tqumtlon in  (8.8),  it  results  in an equation of the  form 

(8.13)        ▼^t) - b(t)v(t) - 0, 

where 

(8.14)        b(t) - - a2(t) ^ 2aa1(t) - aj(t) 4 a^t)2. 

Ttie function    b(t) will approach  zero as    t —•• oo ,     but 

will not  in general be Inttgrable over the Infinite  interval 

We therefore make  a Liouville  transformation,  as in the 

followinf leaana. 

Lemaa 10.     The change of  variable 

(8.15) "/'t a(ti)dti'    a(t) > 0   -^    t ^ ^^ 

transforms 

(8.16)        u"(t)  + a(t) u(t) - 0 

into 
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Wo foand It neceitary to divide the dlBouiilon Into thrt« 

cases, Äocordln« as b, - te- - 0,  b, ^ 0 and b^ / 0,  or 

b, / 0.  In the first case, we worked directly with the 

equation in (6.13), but in the other two cases we employed a 

Liouville transformation.  The equation in (10.19) will be 

handled in a similar way, but under general hypotheses 

similar to those used in b4.  In this section, we shall state 

the general hypotheses required and the conclusions reached, 

and we shall also discuss the application of these general 

results to equations whose coefficients have asymptotic power 

series.  In ^11, we shall prove the general theorems.  In 9I2, 

we shall outline the extension to non-principal roots and to 

roots of higher multiplicity. 

In our general theorems we shall deal with functions 

g(t)  satisfying one or another of the following four sets of 

hypotheses: 

I 

(10.23)  t2g(t) - o(l), 

(10.24) g'(t) - o(g(t)), 

(10.25) /00t(g(t)|dt < 00 

II 

(10.26)  g(t) - c0t 
2(1 ^ 0(t 1)). 



oo 
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III 

10.27) f(t)  - o(l), 

10.28) g(t) / 0    for    t  ^  t0, 

10.29) «'(t) - o(g(t)3/a),    g"(t)  - o(g(t)2), 

10.30) Z00 |g(t)l1/2dt  - <x>,   Z00 \g(t)|dt  < oo, 

.o.n)   Z00  'i't^l'   at<oo> Z
00  ^tti>L2dt< 

^     Ifit^57^        ^     lf(t)l3/2 

rv 

10.27) g(t)  - o(l), 

10.28) g(t) / 0    for    t  ^ t0, 

10.32) g'(t)  - 0(g(t)2),     g"(t)  -  0(g(t)3), 

10.33) Z® \g(t)ldt  - oo,   f00 \git)\3/2flt < oo. 

In «Ten   cat« «• also  m»k that 

(io.34)     um    t^ T -0 . i,   iln    i'tty.^ - 1, 
t->oo flx;; t >oo •  ^) 

for every number ./,  ^ ^ ^ ^ ^^ 

If g(t) hat the for« 

oo 
g(t)^ t"0  I K t"",  g  / 0, 

n-0^1      u 

g(t)  aatiifiet these hypothesea for the following yaluea of a 
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f^peotively. 

(2)     If    g(t)     hAB  tht  form In  li, .If    a(t),  b(t),     and 

g(t)    »atiafy thg •quationi in (10-3^),   and if 

(IO.33)      a(t) - ö{xrl),     b(t) - OixT1), 

-2 -2 -2 a'(t)  - 0(t-^),     b'(t)  - 0(t-'c)#     a(t)  + b(t)  - 0(t  *), 

thfn thert exist  two  ■olution» of thg g^u&tion in (10.1) of 

the  fo: 

(10.38)       u(t)  -  (1  + o(l))r(t)|g(t)|-1/4 

•  .xpU/Ml^)      «(h)      dt M    co/- 
1 
1 

or 

(10.39)      u(t) -  (1 + o(l))(f(t)r1'/4r(t)  log t 

u(t)  -  (1 + o(l))lf(t)l-1/4r(t) 
)   i£   co " ""J' 

(3) ü g(t)  satitfita the hypotheaea in III, jT a(t), 

b(t) and g(t) aatiafy the equation! in (10.3^), and if 

(10.40)  a(t) - 0(|g(t)l1/2),  b(t) - 0((g(t)|1/2), 

a^t) - 0(|g(t)|),  b'(t) - 0(/g(t)l), 

a(t) t b(t) - 0(\g(t)|)l 

then there exist two aolutiont of the equation in (10.1) 

having the form 
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(10.41)      u(t) - (1 > o(l))li(t)ri/4r(t) «xpii/1 f(t1)1/2dt1 
L 

(^)    11    «(t)     satlBflf tht hypotheset  in  IV,   If    a(t), 

b(t)    and    g(t)    »atiafy tht tquations in  (10.34),  and if 

(10.42) a(t)  « 0(|g(t)| ),     h{t)  - 0(lg(t)| ), 

a'(t) - o(|c(t)|3/2)/    b'(t) - 0(|g(t)|3/2), 

then thgrg  txlBt two aolutione of th» oquation in (10.1) 

having tht  form 

(10.43) u(t) -  (1 + o(l))(g(t)ri/V(t) •xp|1/
t g(ti)

1'/2dt1j. 

Tlit  proof of Thtortm b will  b« girtn in ^11 below.     In 

tht mtantimt,  wt wiah  to  illuttratt  it  by  diaoutaing tho most 

inttrtoting special  oaat,   that  in which    a(t)     and    b(t)    have 

atymptotic  power aerits  txpanaiont 

OD 00 
(10.44) a(t) 2 a t"^,     b(t) Z b  t  n. 

n-1 n n-1  n 

Thtn 

oo —n (10.4b)       g(t)  ^    1 gt 
n-1  ' 

where 

(10.46)       «! " - 02^al   +  bl)' 

*2   - - c2(Vb2)   4 ^l^l^^   J-   bl   ^ i(clV0lbl-2bl)2' 
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• tc.     Att'omlng that    a'(t),  a"(t),   bit),    and    b"(t)    also 

havt asymptotic powar itrlti,   we  0411 deduct  the asymptotic 

form of solutions  from Theorem 6.     First,   If    ai+  bi / 0» 

we use part   (^).     Here 

•xpi./1 «(t^^dtj    -  expj.  ^t^.je  ^ 0(^/2^ 

Also 

r(t) - tr|c -f oir1)!, 

where 

2b,  - a, 
(10.47)       r - - ■5(c1a1 + c1b1 - c^b^  -      1  3    1 

Hence,   there are  two  Bolutlons of  the  form 

(10.40)      u(t)  -   (1  + o(l))tIv1/4 expL  2(g1t)
i/2j 

On the other hand.   If    ai   "♦" bi   "  0*     w# h*y* 

p 
g2 = - c2(a2 + b2)  > b1  >  b^ 

If g^ / 0,  we apply part (2) of the theorer.  Since now 

r - b,,  we obtain, from the equation In (10.30), 

b +1/2-KX , 
(10.4'J)  u(t) - (1 + o(l))t 

i   "" ,  g2/--J, 

where 

1 1/2 (10.50)  a - (g2 ^ ^)   . 
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r - ^(2b1 - a1), 

1/2 
a -   («2 + if) 

Thtn the  •quation in (10.1)  hiai  ■olutions with tht following 

asymptotic  foraB; 

u(t)  -  (1  + o(l 

u(t)   -  (1 + o(l 

u(t) 

u(t) 

u(t) 

u(t) 

(1 + 0(1 

(1 >   0(1 

(1 + 0(1 

(1 + 0(1 

)t^1/4exp)l2(git)l/2l       ^^^ 

b.^l/SljKi , 

b^l/2 
)t   'L log t 

)t 

)t 

b1>l/^ 
5 0'   80  - - -K' 

V1 

),   g1 - 0, g2 - 0. 

)t 

It  should  bt  ktpt  in ad.nd that  in Ttiaor«as 6 and  7 «• 

hav«  tuppoitd  that  tht doubl«  root has b«sn  translated to 

the origin. 

11.     Proof of Thaorem on Multiple frinoipal Hoot 

We  shall  begin by proving part  (4) of the  theoraa,  since 

this  is  the  most  difficult  in  the  sense   that  it  is  the only 

part  of  the proof  in which  the  expansion in  (10.13)  is 

essential.     The discussion in b8 indicates  that we should make 

a Liouville  transformation,     a  -  sf.t),     where 
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(11.1) B{t)    ./>t)g(ti)|
1/2<ltr 

T^ilo introduo«» a new real  variable    s    (not the oomplex 

varlabl«  In  (10.2)).     It  Is evident  from the  relation»  In 

(lO.Jj)  that     «   -> + ao     AS    t - > + 00 .    The equation In 

(10.21)  !■ transformed Into 

(n.2)     4.    r(t)     dx ^^-i^) 
ds2"  2li(t)l3/2 d.  + r(t)lg(t)( 

where  the upper signs are  to  be used If    g(t)  > 0    and  the 

lower ilgns  If    g(t)  < 0.     (Bty hypothesli,     g(t) /  0    for 

t  ^ t0).     The  terra containing    dx/ds    li now eliminated  by 

the  substitution 

(11.3)        x - y(s)|g(t)| •1/4 

iTie  resulting  equation la 

(11.4)        1^  > - l  + « (t)  y  - -i— i_ 
ds**     ^ 1      J r t)|g t)|3/4 

where 

1 16   l«(t)|3      f 4(g(v)|2 

If    g(t)  > 0     for    t ^  t0,     It   follows  from Lemma 11 

that every  solution of  the  equation  In   (11.4)   satisfies  an 

Integral  equation 
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(11.6)        y(i) V* + c5# * 

^ \/* 

-(«J 
g1(t1)y(.1) 

P1(t1)  ^ ^1(ti) 
<1»1, 

wh«r«    »,     amd    t.     ar«  related at In  (11.1).     If    g(t) < 0 

for    t ^ t0,     w« have,   Inatead of (11.6), 

(11.7) y(8)   •= c4e18  +  c^-"18 

1       /7 8 

80 

1(^-8,)        -K^-aJ 
• .(^^(B,) 

p1(t1)  ♦ v1(t1) 

r(t1)\C(t1)|
3/4 

da1. 

Since the dlacuislon of the equation in (11.6) and that of 

the equation In (11.7) are very tlmllar. It will be enough to 

give only the fonn«r.  If we return to the orlf^lnal variable! 

by means of the eubstltutlona In (ll.j), (11.1), (10.19), and 

(10.15), we obtain In plaoe of (11.6) the equation 

(11.8)   u(t) - p(^.) + o,r(t)«(tr
1/4«,(,;) + o(ir(t.),(tr

i/'»,-«(t) 

+ Ht^trVV^)v^' .-^^„(t 4 (t^dtj 

-r^tr1/'4.-^)/1«"'11^'»!' 
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(11.15)       v'(t)  - Äp'(t) + c4Aq;(t) + o^A^t) 

> Aq-Ct)/^- >-<o 
V   '^ 

1 n(t1)dt1 

-Ä^(t)/t-^/(tl)n(t (t1)dt1 

Si 

*t     8(tl) 

nee    ••(t)  -  «(t)1/2,     r'(t)  -  l/2fc1a(t) > 0^(1 - .o)b(t)] r(t), 

(11.16)      g;(t) - q+(t) 
c  &(t)   4  c  (l-^)b(t)       g'(t) / 

--i ? + g(t)1/2 

2 4g(t) 

Prom the hypothesea In (10.32)  and  (10.42),  It  follow! that 

(11.17)       q;(t)  - g+(t)0(g1/2). 

Moreover,   by  the Mean Value Theorem, 

Aq+(t)  - -^q;{t -  a/)   . q+(t - -/)0(g(t - ^/)1/2), 

o < £< i. 

Slnoe    a(t),   b(t),    and    g(t)    all Batlsfy the  relations In 

(10.34), 

1/2 (11.18)       Aq^(t)  - q+(t)0(g(t)^). 
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Slnc« a' - 0(g),  b- - 0(g), g" - 0(g2),  and g' - 0(g3//2), 

It cam be deduced from (11.16) that 

(11.19)   q;(t) - q+(t)0(g). 

Hence 

(11.20)   Aq;(t) - Q+(t)0(g), 

and 

(11.21)   Aq^(t) -wq'(t) - q^(t)0(g). 
T "T T 

Prom tho definition of p(t) In (10.9), and the 

Inequality in (10.10), we find that 

|p(t)| ^ ce^/^^t^ + b(t1)l Mt^l 
t0 

^ 1^(^)1 ^(t^lle  1dt1 
-kt. 

Let 

(11.22) 
ju(t ) 

m, (t) - max    1  

«2(t) 
^t^ 

■ax      rrn 
t^t^t |q^(t1)g(t1)

i^ 

Then eince  |a -f- b|  and  |b)  are 0(g), 
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-kt, 
|P(t)l    i ot^^^U^t)  + m2(t))/tg(t1)

3/4.      1r(t1)dt1. 

The Integral Is of the  form in Ltnuna  3,  with    g(t)^       In 

plac«  of    g(t)    and 

f(t) - -^[c^Ct) -f o2(l - ^)b(t)] . 

Prom the h/pothetei in IV and (4), it cam be verified that 

the condition« in Lenma 3 are met.  Henoe 

(11.23) |p(t)| ^ ce,(t^(t)3/4r(t)JBi1(t) ^ m2(t) 

- cq+(t)g(t)|a1(t) +  m2(t)j . 

By differentiating the equation in (10.9)* we aleo find that 

(11.24) |p'(t)l ^ oq^(t)g(t)|m1(t) > «2(t^ 

and 

(11.25)   |Ap(t)( ^ cq+(t)f(t)ja1(t) + M2(t)j. 

Henoe 

(11.26)   (p^t)! ^ oq>(t)gU)2(Hi1(t) 4 «2(t) 

Sinoe 

(11.27)   1^(01 <  cg(t), 
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by  the hypothti««  in  (10.32),  w«  oan  deduct  from th«  equation 

in (11.9) and th«  inequalltl«« In  (11.23) and (11.26)  that 

(11.28)       |n(t)|   ^ og(t)VV(t^»1(t)  > «2(t)J 

+   c 
v^t) 

r(t)g(t) T/n 

U»lng thii IneqvuUity in (11.8),   w« get 

ütli-l   ^ cg(t)im1(t)  ^ m2(t) 
q+(t) 

4 clm^t) . m2(t)|/
t g(t1)

3/2dt1 

t hi^h^ 
-•(t1) 

^t. ( r(t,)g(t,)i/i» (t1)g(t1) 
dt,. 

Slnoe //^«(tx)  dtj^ 1» a« »«all at we pleaae If t0 

Bufflcl«8tly large, and g(t) - o(l),  It follows that 

ii 

{\)' 
(11.29)      ^(t) ^ c  + o-2(t) + c  /* U-i-__ 

o     rvti^\ti^ 
dt 1* 

On the other haj-.d,   from (11.1k) and  (11,18), we 

j^J   ^ cg(t)im1(t)  ^ m2(t)l   + og(t 

have 

i^j   ^ cg(t)^1(t)  ^ m2(t)]   + og(t)1 

*  cg(t)1^/te i   ln(t1)ldt1 
tC 

*   2 /   l   e 1   (n(t1)ldt1. 

/2 

i/, t-^ 
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U«ln« (11.28)  and  (11.29) and th« faot  that 

/tg(t1)3/2dt1.0(g^2). 

emd  auppotlns    t0    •ufflcltntly  larg«.   It  followi  that 
-i(t^) 

(11.30)      «2(t) ^ o  >  c/1 
vla 

ITT 
'0 

+ V. -(O 

V 
-a(t1) 

dt 

1?7T 
dt1. 

H«no« also 
-•(t,) 

v,e t ri (11.31)      M^t) ^ c  >  c^/     ! j^ dt 
rg 

-►   o 
h* 

-»(t^ 

I7T- 
rg 

dtl- 

In th« 

(11.32) 

*ay,  w» find froia th« equation In (11.15)  that 

:LliiL-l^^/t^7^Wi 
0 

-    < c  ■♦• c 
q+(t)g(t)l ~t rg 

-•(tj 
-»■   u V 

,t vl* 
t-^o l   rg 37^ dt   . 

sine« 
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Let 

(11.35)       «Mt)   -  MIX 
^ tA<t 0^ q+(t1)g(t1) 2 * 

Then 

(11.36) 
^(t)g(t) ̂ U C    f   c ̂ (t)^ g(t1)3/2dt1 

+    C ■^(t)/'get,)«,. 
t^-cO 

If    t« Is  »ufflclently  large,   It  followe that    nu(t)  ^ c 

Henoo, 

(11.37)       Iv^t)!   ^ cq^(t)g(t)2 ^ Ce
a(t)r(t)g(t)7/4, 

(11.3b)        \v{t)\   $ cq^(t)g(t)1/2 ^ ceB(t)r(t)g(t)1/4, 

(11.39)       |u(t)|   ^ oq^(t) ^  :.eB(t)r(t)g(tri/4. 

Onoe these inequalitiet have been established, the 

asymptotic form of u(t)  can be found from the equation In 

(11.fa).  The l 'equalities In (11.23) and (11.26) now become 

P(t)l ^ ce,,(t)g(t)3/4r(t), 

P^t)! ^ oe,(%)g(t)7/4r(t), 

and that  In  (11.2b)  shows  that     n(t)e  B^t'    Is absolutely 

Integrable.     'merefore 
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(11.40)      u(t) - c6r(t)g(tr1/V<t) + p(t) > c5r(t)g(tr1/4t"-#(t) 

-r(t)g(tr1/\-.(t)/ta-(^)n(ti)<lti 

t0 

wher« 

(11.41)       c6 - c4 ^Z00  ."* ^ 11(^)4^. 
t0 

Taking    c^  - 1,     o^ - 0,     and    t0    Bufflol«ntiy large, we 

see that     c^ / 0.    Uelng Leoma 7,    with    n - 3/2,    we find 

that 

^t.'(t^|n(t1)Utlio/*.(t1)3/a,2*(ti)dti 

'0 

Therefore 

u(t) - (o6 ^ o(l))r(t)g(tr1/V(t^ 

To eetablleh the exieterce of a eolution of the form 

(c ^ o(l))r(t)g(tr1/4e"*(t). 

we use the aethod of suooeseive approxlaatlona, as in ^6. 

The equation in (11.6) it first replaced by 
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(11.42)       u(t)  . p(t)  +  r{t)g{t)-l^e-^^ 

^^ ) -wt^tr1/4.'«*)/» .-^U^ 

+ r(t)g(tr1/4e-8(t)/00  .'^nit^. 

We  iiiall  omit  tht details of thm argument. 

As previously  remarked, the argument is virtually 

unchanged if    g(t) < 0    for ^ ^ ^Q*     ^ ^^^  CIL8#»   there 

e solutions of the form 

u(t)  - (c + o(l))r(t)|g(t)|"1/Vl8(t). 

We have thus oonplated the proof of part (4) of Theorem 

6. The demonstration given ne«jds only very slight modifi- 

cation to apply to part (3) of the theorem.  In fact, all the 

relations in (11.1) - (11.25) are still valid.  Since we are 

1 /2 now assuming only  that    a(t),   b(t)  - 0(g(t) /    },     the 

relation in  (11.26) becomes 

(11.43)       Ir^t)!   ^ cq^(t)g(t)3/2jm:L(t)  +  m2(t) 

It is now found that  \g1(t)\ ^ c,  and tne inequality in 

(11.28) must be replaced by 

(11.44)   |n(t)l ^ ce^'^m^t) > ^(t )j(g( t )1/2g1( t) + g(t) 

+ c 
r(t)g(t) TT^r 
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From th« equation In (11.6),  w« thtrefor« g«t 

^Hrl ^ og(t)jn1(t} + ^(t )i   + o 

+ oWt) + »i2(t)l/t   [«(t^1/2!^^) + fCt^) d| 

+ o 
/* 

V 
rg I7T- dt,. 

31not    g(t)     and    g(t) '   g1(t)    »r» Intcgntble over th* 

Infinit*  rang*,   th* *quatlon In  (11.29) 1* now obtaln*d.     Slno* 

(11.45)     /t   Islt^^Ct^ + «(4)1 dt1 

;(t)1/2g1(t) ^ f(t) - oCg1/2) 

we  find In th« taM way as b«for« that the equation In (11.30) 

hold».     Likewise  (11.31)  -   (11.3^) remain true.     Fro« the 

definition of    vAt)    In  (10.18),  and the hypotheeli that 
1/2 b » 0(g /   ),     b'   - 0(g),     we therefore obtain In the tane way 

as before 

Iv^t)!   ^ oq4(t)g(t)3/2 ^ cefl(t)r(t)g(t)5/4 

and therefore 

tu(t)\ i cq^t) ^ oe^t^r(t)g(tr1/4. 

The  rest of the proof of part  (3) Is as before. 

We now turn to a dlsoustlon of part  (2) of the theorem. 
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We Mtal.i uie  the  Llouvill« transformation in (11.1),  which 

ha* th«  form 

(11.46)      •(t) -   |c0|1'/'2 log t + c  . 0(t-1), 

and the traniforvatlon in (11.3).     We find,  however,   that 

(11.47)      gJt) ±~~ + g At) 
4lc0\ 

where 

-1.. (11.48)      g0(t)  - 0(t-x). 

If we put 

(11.49)      c3 1 + 
^ 

1/2 

the equati n becomes 

(11.50)      l^-o^y. 
de^ +    3 

- to(t}T 
P^t) + v^t) 

r(t)|g(t)| 17* 

where the lower sign ie to be uaed is o0 < — 1/4,  and the 

upper sign if co > — V^«  w* can ^o* ^y tho method uaed to 

prove part (3) of Theor#a 6 that there are »olutione of the 

form 

(11.51)  u(t) - U 4 oO:.;r(t)|g(t)|-1/V03,(t), o0 > - ^, 

,/u+lci(t)        , 
u(t) - (1 + o(l);r(t)|g(t)l V^  i   ,  0o < - i- 
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ThlB Is th«  rtsulc ötated in pajrt   (2) of TTieorem 6. 

Finally,  to provt pai*t  (1) of Tti©or«m 6f  we deal directly 

with the equation in (10.21),  as  the Llouvllle trans formation 

If unneceieary.     From Lemma 11,  we obtain the Integral 

equation 

(11.55) u(t) - p(t) + c4r(t) 4.  c5tr(t) > r{t)(/
)t  (t - t1)n(t1)dt1, 

t0 

where c,,  and c,  are arbitrary and 
4       5 

(11.56) n(c - -4*1 u(t) - p(t) --i   . 
•^H        J       P(t) 

We now proceed in the same way as before, obtaining expreinions 

for v(t), u^t), v^t),  and u1(t)  from the equation in 

(11.55)-  Sinoe 

|A(tr(t))|   ^ or(t), 

|Ar(t)| ^4^, 

etc.,   we oan establish the following inequalities by 

following the  same procedure we  used for the equation in (11.8): 

|u(t)| ^ otr(t), 

lv(t)| ^ cr(t). 

Hence 

p(t)| ^ cr(t)/t, 
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|n(t)| ^ otg(t) + ct 2. 

If c. / 0, It follow! from th« tquatlon In (11.55) that 

u(t) - p(t) +  c6tr(t) + o4r(t) - trCt)^
00 n(t1)dt1 

rit.)/1  t^Ct^dt^ 
'c 

wh«r« 

06 - c5 +/00 "'Vh 
^ 

Taking    a,.  - 1,    c^ - 0,     and chooslnf    t0    »o l&rg« that 

c^ / 0,    wt obtain a aolutlon    u(t)  - tr(t)(l + o(l)).    To 

show the axlattnoa of a solution of th«  form    u(t) - r(t)(l + o(i)), 

w« r-eplao« th« equation in  (11.55) by 

(11.57)      u(t) - p(t) + r(t) - trit)/00  n(t1)dt1 
w 

>  r(t)/00   t^t^dt^ 

and uae  suooeisive approxlmationt.     In this way,  the proof of 

Theorem 6  can be  completed. 

12.     Other Kultip]^  Roota 

In ^10-11!  we have given a complete dlacueaion of  whe 

differential-differenoe equation 
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(12.1) u'(t) ♦  {a0 ^ A(t))u(t) + (te0 ^ k(t))u(t -co)  - 0 

havinf a principal dou»l« root.     In this  section,   wt ahould 

like  to  give a brief  Indication of now  to handle other 

multiple  root«.     In the flret place,   suppose  the equation has 

a real double  root,  not necessarily the principal  root,  at 

• -  X.     Again we can suppose  this root has Seen translated to 

s > 0.     We establish  the existence of  solutions having the 

form Indicated In Theorems 6 and 7 s/ use of  the  method of 

successive approximations,   as we did In ^6 for a real, 

simple  root.    The definition of    p(t)    In (10.^) must  now be 

replaced by 

(12.2) p(t)  - -(/'
/)t    Mt1)u(t1)  +  b(t1)u(t1 - -o^k^t - t1)dt1 

-t- 

''t 
00 a(t1)u(t1) ♦ b(ti)u(t1 -co)]k2(t - t1)dt1 

but  the other equations In  (10.8) -  (10.22) are unaltered In 

appearance.     If the hypotheses of part   (4) of  Theorem 6 are 

satisfied,   for example,  we proceed as In ^11,   and again 

obtain the  Integral  equation In  (11.8).     If we  desire  to  find 

a solution of  the  form 

(12.3)        u(t) - (1 > o(l))r(t)g(tr1//4eB(t), 

we define 
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(12.4)        u^Ct)  - pm(t) 4 r(t)g(trl/4e,(t) 

* r{t)gi,r^.*^/* r^n^)*^ 
0 

0 

t  ^  t0,     ■ -  0,1,2,..., 

wher« 

(12.5)        Pm(t)  - -y^1 [«(t^u^t^ ^ *(t1WB(t1 -^jk^t - t1)dt1 

and  wher« 

Vt     Hh^Jh) ^ KV^t, -<.)]*2(t - t^at, 

i(t)3/\(t) 
(12.6) n  (t)   - — ^_iu  (t) - p   (t) 

" 2r(t) ^B ia 

_ ^^ + Yv-(t) 

Ttitr«  la now no  difficulty in deriving  exprcaolons  for    ▼   (t), 

u:(t)' ui J1)' v:^t)   llk* thos# ln (11-12) - (H-IS), 

respectively.     Proceeding by Induction,   we can »how that 

u^Ct )r(trIg(t)1'/4e"",^t^    is bounded,  and then that the 

sequence    A^Bl(
t)|     oonvergee,  uniformly  In any   'Inlte 

Interval,   to a solution of the equations In (12.4) and (12.1). 

We  shall omit  the details.    That    u(t)     hat the fons In (12.3) 
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follows taslly  from the  Integral  oquation satlafltd by    u(t) 

In order to «itabllBh  tht txisttnoe of a  solution of  th«  fo 

(12.7) u(t) - (1 4 o(l))r(t)g(tr1/V^t)
l 

wt  replac« tht  equation in  (12.4)  by 

(12.8) u^t)  - p^t) - r(t)g(tr1/',e
,,(t'/0oe",(tl)n1Ii(t1)dt1 

+  rlt),(tr1/V(t) 

and  proceed at before.     The other partt of Theorem 6 can be 

dealt with  aimilarly.     Hence,   Theorema 6 and 7 remain valid 

if     t - 0    it any double root,   not neoettarlly the principal 

root. 

We should again  iilce  to  remark that  if 

(12.9) a(t) ^   ^ V"*'    HD-'   z V"^' 
n-1  n n-1 n 

then the  aolutiont    u(t)    of the  equation in (12.1) have  full 

asymptotic expansiont,  which can bt  found in a fathion timilar 

to  that in b^.     Suppose,   for example,   that    ai 4 V  ^ 0' 

g.   > 0,    and tljit 

u(t)  -  (1  + o(l))tr*i/4 erp)l2(g1t)
1/2|. 

Thit  function satisfies an equation of the  fonr in (11.6).     By 

the relations in ^11,  we have 
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|n(t)|   ^ ot-3/2 txp^Cg^)1/2!. 

The tquatlon In  (11.8) can thtrefor« lie rewritten as 

(12.10)       u(t)   - p(t)  + o^^1/^ #Xp|2(flt) 1/2 

- t^k .xp^,^)1^!/»   „(t^.xpj- 2(1^^j«It, 

_ t.Hl/4 «pj- ZC«!'-)172]^* nit^.xp ^«l1!'172!"!- 

It follow» that 

(12.11)      u(t)  -   ^ + 0(t-1/2)]t^V'' .xpU^t)1^  . 

With the aid of thia expression, we can demonstrate that 

p(t) - lo^"1 + 0(t~
3/2) t-

1/4exp(2(g1t)V2) 

using the technique in ^5<  Then 

c8t-
2 > 0(t-5/2) tr41/* exp P^t) 2(«1t) 

1/2 

Directly from the relation in (12.11) we can find eiadlar 

asyaptotio expressions for v(t)# v^t), u1(t)/ T,(t)#  and 

finally deduce that 

n(t) - ^-3/2 + o(t-
2)]exp[2(i1t)

1/2 
J 
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'alnf this  relation In  (12.10),   w« get 

-20^/2. 0(^1)1^1/4.^^,^)1/2 u(t)   - 

Repetition! of  this  argument  shew  that the solution has an 

asyvptotio expansion 

(12.12)       u(t)^ t1^1/4 •xp|2(g1t)V2l lnnt~^2    (u0/0) 
L -3 n»0 

Once it Is known that the solution has an expansion of the 

Indicated font,   the values of the  coeffloionts    u      and of n 
the parameters    r    and    g,     are nost easily found Sy  sub- 

stituting the expression for    u(t)     into tht original 

differential-difference «djuatlon,   and equating coefficients 

of  like powers of    t. 

Asymptotic  expansions of    u(t)     can  be  found in a 

similar way in the ether cases of Theorem 7.    These  expressions 

nay  involvt combinations of powers of    t    and    log t.     For 

example,   if    g.   -  gp  =  0,    one  solution has the  form 

u( t) ^J  t 
Ub, 

u. 
00 

+  L 
n-1 

un ^ un log t 

^n 

In  some of the  other cases,   higher powers of    log  t     appear. 

We shall  close  this section with  some remarks about 

equations of more  oomplioated form than  that  in  (12.1).     For 

equations of higher order (In derivatives or differences) 

than the one In  (12.1),   it Is possible to have non-real double 

roots,  or roots of multiplicity greater than two.     In the 
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former situation, wt proceed a* in S?, while in the latter, 

wt have to Ceal with higher order differential equations. 

For exaaple, if a root has multiplioity three, we a.^ led to 

an equation of the for« 

x'"(t) + o1(t)x'(t) + c2(t)x(t) - w(t). 

Solutions of such an equation can ie written in terms of 

Integral operators by using the method of  variation of 

parameters.     If  necessary,   we  first make a  LiouTille  trans- 

formation    s  -  s(t), 

s(t) -y^ Mt1)dt1 

where    A(t)     is one root of the  oharactorlstio equation 

Aj  >  c1(t)A +  o2(t)   -  0. 

As  tht  details Secome  even more  involved than Sefore,  we 

shall omit  a more cooplet«  disoussion. 

Ij.     jjO£*  General Functional  gquations 

In attempting to extend the foregoing results to more 

general  linear functional equations of the form 

(13.1) L(u)   - g(t)u, 

where 

0,       c 
(13.2) g(t) ^ -^ + -^ +   ..-, 



F-1470 
8-28-S8 

-124- 

wd  •§•  thi».t th« teohniqa«t w« hav« •■ploytd hing« upon two 

teatlo faotn 

(13*3)        (a)    Th« lolution of    L(u) - f(t),    with approprlat« 

initial condltiona,  hat th«  form 

u -y?t *{*-. - •)f(i)d8. 

• • f 

OD A. t 
(to)    k(t) -    Z a •  *  ,     ««(/,) ^ K«(A   )  >   ■ 

k-1 K 1 ^ 

a«    t —^ 00 . 

One« It hap b««n ••tabllah^d thtt the llnoar operator 

L    poiaeste« th« required propertlea,  we aaj readily obtain 

.analtiguea of the foregoing reauita. 
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