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^s/sssfjfj 
I.     Introduetion 

Th« algoritha of this paper ill battd on \km dual linaar prograiMinf 

algoritt« ([I], [6])anl th« raoaniV dawloped bound aaealatlon aathod for 

Tho t\jrbrid-dual algoritha la diTldod 

into tMo aUgea,   In the firat stag« a llmar progra« la aoltad to /laid 

an optiaal aolutlon in fractiooal-'raluad variablea.    Tho final tableau 

given by the dual linear progranaing nethod la then trenaforaid and expanded 

into a new tableau of a ruadil/ apecifiable canonical fore*    In the eeoond 

atage of tho algoritha a Tariant of th« bound escalation aathod ia applied 

to the new tableau—and to the tebleaua aucceaaivel/ derived thereafter— 

until one or aore of a diatinguiehed eat of ooluana (and a correaponding 

set of rows) attains a predeteminad configuration.    At thia point the 

indicated rona and colunna are diacarded, never to be recovered, and the 

■athod continues recursively with the bound eecalation algoritha 

until the problen ia solved»  

It asy be observed that the escortl atage of the hybrid-dual algoritha 

worka alaoat exsctly in rsverse of   Oonory's original integer programing 

«athod [UJ     With the hybrid-dual asthod, once the fractional linaar 

prograaaing tableau ia tranafonaad and expanded, no new oonatrainta cr 

variablsa sre added thereafter{ instead certain variablaa and conatrainta 

are deleted aa tha aolutlon process evolveso    In contrast, tha original 

Ooaory asthod bsgina with the final linear prograaaing tableau and 

progressively increases its diasnsion, though the tablaeu aay be kept froa 

exceeding a certain aise hy weeding out new variablaa whan they easrge froa 

the nonbeaic aet* 

T -\ 



1        Introduction 

The algorithm of this paper ia baaed on the dual  linear pro^rararaing 

algorithm ([1],  [6])and the recently developed bound ercalation method  fcr 

solving intuger linear programs  [i]      Th6 hybrid-dual alfeonthm is divided 

into two stages      In the first stage a linear program is solved to flvld 

an optimal  solution in fractional valued variables      The  final tableau 

given by the dual linear prograirmdng method xo then transformed and expanded 

into a new tableau of a readily specifiable canonicel  form      In tne second 

stage of the algorithm a variant of the bound escalation method is applit d 

to the new  tableau-  and to the  tabloaua succesbively derived thereafter- 

until one or more of a distinguished set of columns (and a correapünding 

set of rowp) attains a predetermined configuration      At this point  the 

indicated rows and columns are discarded, never to be recovered, and the 

rasthod continues recursively with the bound escalation algorithm 

until the problem is solved 

It may be observed that the  second stage  of the hybrid-dual algoritun 

works almost exactly in reverse  of   Comory s original  integer proLTamm\ri', 

method  lii]      With the hybrid dual method,  one« the fraction.il  linear 

prograimoing tableau is  transfor.-oed and expanded,  no new  constraints  o^ 

variables are added thereafterj instead certain variablaö and constraint3 

are deleted as the solution process evolves      In contrast,  the  original 

Oomory method begins with the final  linear programming tableau and 

progressively increases  its dunension, though   the  tableau may be kept frjm 

exceeding a  certain size  by weeding out new variables when they emerge from 

the nonoasic set 



'l'wiJ additi na l f< aturea o t.he hybrJ.d- ual a l or true defiler 1118 fl t. i o • 

First, t ia possible to wor with a a whs t a111 ll r table u than th 

ndard b followi n o l'l!t of two Jooclitied procedures inv'>lving r ·• rictA 

rules of choice Second, the h,ybr d ual algorithm usually eonver~s 

before all of the ro lea e ons ain are comp1 t.e y ee. e ied When 

tableau re pre r i bed f n~~, o por n of th bottom r may 

be a e t o an t er to ield t opti.Jftlll s olution i dtatecy. In t , a ay 

·o t h p ob m. 

'l'h next section i ntl oducee thr notat.illnal tra1111work to be uaed in 

t ~ paper at n with a br e di e ssion of ~h principa: chMraeteriat i a 

of the dua t lineal" n •l&orithto and the bound acata1.ion •thod 
1 

I 

h,y r d ua t "'1 o thJD is tlined in Se .. Uon ll TheoreM concerni ·l& 

e o ~ th a or t are stated :ad prOYed , in udi 

nl. n r of s .· or any bounded prob n1 w1 th a none1 t.y s olution 

t In S ~t on IV an oxa.pl problem is solved in two different waya t~ 
applie to th.a 

rk~ nga of the tqbrid dual ~>Lgorithlll and ccnput.. ional 

t. bl au and also to eo~~p:r•aaed tableau In conelttaion laM 

.. ona f ttatur of thod ara discussed ~ 

integer prograllllling problem • be -..ritt.en 

i n wb + b 

ubject to 

w ~ 0, w i ntepr 

1. I t is not s t.r ctlJ' oecesa.:rr t.o uae the dual linear pro&r~ aJ.&oritbaa 
81 opposed to the priE.l. al&oritba. \ .e have hawnar Hlect.ed t.he !onaar in 
order to ! a <:ili te wbeequent expoeition. 
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vhere b is an Pl colUDirl ec tor, e is n row vector, b
0 

a a 

scaler, A is an axn autri.X, ard w ia a xm row vector v ose component s 

we wi sh to find in order to sati sfY the ineq~alit.ies and opt.imiz t e 

ini.IUution criterion ~e auume tbet the co~~~ponents of A, b, ar)d c 

re all integer. Without further oae o! en r al.ity w ale 

e au~nted utrix ( ·b A) ia l exiccgraph c l ne t.i 

[2] and [6]) . The initia tab eau for th dual i n ar pro r 

.y then be represented as f ol l owe .. 

b .. Amxn 

0 
l) 

b c 
n 

T first l u.n of tableau repre nt t.h objec.t 

{ 

or tb.m 

opt d , and each eubeequen :>lUIIn id ntL i a robl m const a ).n 

obtained b'f revrit ~ the a..q 1 ty wA > c 1n form A w 

where v .. v 
1 t •• ~ v n a l MD r ov vect r of nonne a tive " l ck '" 

vari ab eeo The d line r pr n& • hod re ·urs i vely tr 

nn tablea 1nt a nev one by a sequence of pivo·~ reduc ion per t. i na 

At any etep, t.he pivot el.e~~ent i s 

e ntry the current c vector , then determin~ t e uniqu oeit ve nt ry 

in the asaocia d column vh i ll eave t he up r port o o f the tab . au 



d 

,.. 

n "- I. 
., rq 

c ) 

t.or t.o ehoo 

t. 

1 

.,; J 

t. 

• 

4 -

t. \. ~ 1 ot. o t. 1 

.~ v nt.t• n 

A poe t.t.ve 

r .. 0 

.I 

.. 

compoDent at. 

. b t. 

1 

\. l t l •f 

or t. t" 

.t. 

.---~------------------------~ 

r~.c e .t. t.t 

1 
It H. 

h 

t.he ba 

t. t 

t 

l t.r 

t.lo 

t t 

i 

\1 .... 

1 





optine o~ut. on v wr 1 at l t.. ae lar e a the o respon ing 

ol t d 1 Once d i.e ue1.enzdned, t.he bot t.om row of t . e tabl 

1a c ng by subt.ractiJ:w d* t 111 l.t Where la t.h t..rix cone 

o t t he r 1__rat p rows ot t he t.abl.ea • 1,ncorporat t.h 8 IJ"OCed 

into a recurs ve oc • for cr t1 t.he ul:aat. i eee 1 Q, an d t.b 

eonver e t.o int g r solutio in 

l tlite 

It euttice her. t.o conai er on.l,y h oa in which 
' • a rd 

d co itut.e a s ingle col.umn of the t&bl•u . .!Jl hi instance. d D 

a compos o a single posit ve ele t. , cia an<.l ~ recpeet. v ~ 

an d* c ia ~ of 

f the Yect.or (m+n) has t. 1 at one posit.ive component, it. ia 

y t o c:r t e a column o th d ire-d fona by the followi.n« Nlee . 

f r t , s elect. a po 1 ive ntry from the bott-om row of the tableau All 

but o o! t r i niJ1g pos i tiv entriea in ita column y then be 

b conaecut.iv electi.Jlg any pair of th• and ubtracti.ns a. 

pos i v integer .• ul. t iple of th row in ldlieb o ppeare free th e row 

co t.&ining the other Tbe onl.7 re ~triction on thie proc011a 1e that the 

u r por i on of t.h tableau ~~~&at be kept. lexicographicalq nesati'Ye. 

e a column or t.he eei.red form 1a obtained, it 1e perwiaeible to add 

&n integer multiple or t.he unique TOW with the posit.ive COIIpODent to &fU' 

ot her rowp provided no entrl• that wen previou8l7 DODpolitive (irl the 

pec1tied colWIIll) thereb1 beco• positive. More general.l7, row aubatrsc-

r cumstancee so long as t tabl u i.e 

.. The o t eolut. ion ·act.or i.e defined relative t.o the probl• repr8"lent. -
ed by t he current tableau, a.n ehllnges when the tableau 1a transformed ~ 
2 . , , an d Deed not appear uplicitlT in the tabl u, but. 11111 be genel'6 t.ed 
by any nonnegat.i'Ye linear combination or t.be t.abl•u col.umna (except tor tb 

i.ret) 0 

3 e ll e ~ to enote t h eat. inteser eater t.han or equal t o x . 



n ti but row &dait. ona c&r. be carried 

out o r l.at.ive to the D, # d conti.gurntion in t. h manner indioat.ed, 

I 

cept. t t comr~nent do d :La allowed to be sero.3 'rh e baeie 

t e vid ll t ha t 

e 1 t (l ) r 

ch or who e 

n c sar.y tor t.h 

nt t h final tabl 

ct.iona to follow. 

obt ined by the dua 

Lttt A!:xn be th me.t 

g v b7 t' J • a1J • ) , an let A:m be 

t h matr • ai.J (a1J, wher aiJ d otee the element :tn 

w 
J 

. 

e ith ro &ndjtb · A 1 S rl-7, let cr btl the lXn row v etor 

.1 

- f ~ 

t hen g 

(5) 

r 
eutry 1e cj -

I 
~ IG to · .. oi 

en b)r 

onx 

b 
0 

j -

tl 

(cj), w 
•dt.h jth entey d e the row " cto 

bl u f r th . hy . i d u&l e l gori thm 

I onxm I 

cfx., "l ol.xn 

We c arectorize he h brid a l gorit ~.a follow . 

Stage 1 . So vo t.h 

[Ja 1a used to · 

r programming troblem with the 
2 

t e t he t ra 3! rm d tab u (5) . 

cat.e the great.ee integer 1 ee ttla r. or 

shown in ection IV how a eom hat smaller tableau may be ua d 
1ng certain additional. n&lee . 

t be ne ative, eo o ae d0 d
1 

> Ou 
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5t4£eJ2.    Apply the bound «scalAtlon method to the transfonned 

tableau, subject to the following ii»diricatic»n«. 

A.     If at ar\y stage an element of the c   portion of the tablraa 

Is less than «ero. Its eoluosn utay be treated as the negative of itself 

except in the determination of lexicographic orderly r 

0.     If an element of the c    portion of the tableau is equai U» 

ero,   'nd if  ill but ono of the  eletr.ent6 of its coluun are also zero, 

turn the indicated colum anJ tLj ix)* canUiinui^ the ^cr.zzrr* eleuent aaj 

be romo/ed from the tableau. 

C.     If an elr uert of c    is equal to aero, and if more than ore 

component of it a cclunui ia different from esro, the column (and some 

associated row) ma/ be pit in the form for removal by the method of 

Theoren 3  (to follow).    In Lhis fashion n rows and n coluuins of tableau 

(5) may to reraoved L. & finite number of Rtepa, 

f       w D„    The prohlm is solved when the vector sum c    + c   is non- 

positive integer (with deleted entries of c    »et equal to zero), and 

the CLy    portion of the bottom row ia nonpoaitlve.    The components of 

the optlroüJ  solution doctor,  inclualng the values of the slack variables; 

f      w 
arn then read from the bottom row to ths right of c , with c replaced 

by c + c o 

To prove the vali lity of the algorithm we present  the following 

Theorems and proofs. 

Theorem 1      The integer programming problem suunarized by tableau (1) 

nay bo solved with the bound escalation method applied to tableau (5)» 

subject to the qualification ul  instruction Ac 
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root: Each or th col.umr~ of the final dual bl u { ) r:epre entr 

an equallt)" of t he form 

1'ben this i.e factored into an 8(luivalen pair ineql!Uiti 

ve obtain 

+ .>-'W'm+j ..,. - cj 

To repreeent. the problem in t!.bl u suit& l e for a ppl.ying t e 

boUDd ese&lation me hod, • ·e thus h ve1 

(6) 0 

~ e as first t l 

tab u, each component o e • npos i t ive., h co ~c ~ 0 . Rellltive 

to the colUZ11118 vhoae bottom ro nents lie 1n - 1 t is t herefore 

poasi le to carry out t e l"''W' acL itions and row sub ractions indiCht 

in the p evious section. Since > 0 , it is pel"'ll1.8sible to subt ract 

any posit· ve integer multipl e of a row 1n th InXn rt.i tion of the 

table&.u f ny \1 • • th A pe.r t.it i on. We first select only ho3e 

1.. rh!l the bound es calation m thod is guatunteed to converg f or n aL· 
integer t ableau, the proof o in [ 3 ] also obviou l y ppl y when A. b, and e 
re rational .. Also, o • e the orjginal problem all integer, the ela 

variable added for the dual linear orogr&.llmi.ng ...J.goritl-illl lllUSt be integer 
as well. 
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elemente of -A hich are ~itive and subtract & larue enough multiple 

of the appropriate InXD JJW.trix row to make each of th• leea the.n or 

equal to ze • Thus for each element -aij of - A such that -a1J > 0, it. 

is ufficient to subt ract< -a1J timeSthe jth row of InXn' leavin£ 

( aij - a1 j {• -aij - < -a if' ) in place or th original -a1 j entJ7. 

The ef et in other portions o t he tableau wil.l be to replace a
1

j in th 

A t.rix by a i J ( aij (for a1 j < 0), &Dd t.o r eplAce the 0 in row 1 

+ j o! the I{lri1:l}X(m+n) •trix 'b7 [ a1 j) • ;,ben t.hb 

roeese 1!1 c rried t.o completion t.be onq positive elaenta 1.n the eol-

WIUl8 ve the -c vector will be ~ ose in the InXn Mtrix. 

At this poin 1 1 r y add int~ger zrul.t.1ple• or the 

o InX.n to eo of t he I"'W8 ot (the new) -A . Since &l.l. element• of 

- A t r emain nonpoe t.ive rt. r t. addit.ion, the l.argnt mult.ipl.e ot 

be j th ro of . t. t ad ed to the it.h rov of - A (tor -a1J < 0) 

is ( ij ] • This q anti t. wi be zero for all element• of -A that we 

tiple •.1 be defined entire}¥ in 

t e rns o · t. init 1 A trix (for -a1.1 <O) . The adjustment.a throughout 

he bl ea c n th be s pecified in exaetl7 the oa.JM •.1 aa for -a1 j > 0 . 

If a j • 0 e indicat ed a justa n ts appq trivia.l.l7. 

Th changes in tho c ecto ;r cscribad by the bound ncalati oa 

etho a re readily deter ed by the remarke of the prmoua aeet.ioD. 

For each column J assoc ted with an elellent ot -e, d
0 

• -cj and 

~ = l, nee d* • < -cj> • Subtracting the appropriAte multiplu ot 

t he rows of the InXn mat riJi from the -e vector yields the va~e 

[ cj - cj (• -c J -< j>) for t.he jth mtr;r r the original -e. 

C&rey1.ng out the subtraction !or the entire bottom row of the t.abl-.u 

replaces each c J of tbe c veetor with e j - ( e j 1 , and replacea the 
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(rr. J)- c pon to,. the Ou( 11 vector oy [c 11 other ol~nts 

rewl iniJlg unc 1anged . 

co pontnts of t ne -c portion of the tableau are now non-

positive, we will not i: mediatel be concemed with them in applying t he 

ound scalation etl od . !-:o eo er, 1 ie evident t hat t e colur.ns a soc 

iat h t :; e compo ent s ..-:i.ll _al ye b t he n ti of t r. e column .. 

esoc • ted ~~th t ori• al c ector . Henc e we y use the l tter t 

s r ize t he fomer, provided we o erv that each c£ t hE~Se columne ma 

b reated as i te n6& t ve (pos i tioned suitably t o te ri•ht ) 1 Colla 

3ing t e t ableau as indi cated, e o tain t& l u ( 5) o 

~: 'o · tain s tri ct .xico:: phic ne ativity, 1! he final tableau 

obtained wit..h t e u l linear progr au..tr.ing al orit!".Lt i s deg nera e--·t h t 

ie , i! S> c. co po ent of t h f vector is equal to zero--t .: fo 1 

of t e s ing t a lc u fo t ::e s ~ ond s t go d ho hybrid- d -:or i t hr 

r.~y nav 

ne nece ry changes ia t o 

priL t i v eta .e ~ Th , i f 

e kth row r A, 

Per ps t he · r lest y t o ceo p L.t 

leau ( 5) a ~ slightl y ~o 

0, nd i f ~J 1 t he first no z ro co 

a~ 
l 

0 {for i •l, • . .,J ). 

c~ ""' 0. A 1 o her ~nt riee o! Af, A , cf 1 

beforeo In pr. ct i c e , ·men 1 0 t h tinor d e rtur ran strict le:d.co-

grapni c g t i t y whic ~ rj se fro using u (5) originally 

efi ed i not likely t r t n convergenc p cess -and may in f c 

speed t up. 

Theor~ 2: Rows and co ~ns of h ta eau deleted accordi n t o inetruc-

tion r i rrel evant for ob i m.n t e optirr.al inteeer solution. 

l o Th "neG&tive" col un.na rr.ay in f act be ignored in t he detenninat ion o 
leT..icographi c orderiq~ since we nay consider them appt:nded at the !ar ri l• 
or t ::.bleau (5) . The linear independence of t he rowe o! (5) assures that 
none of ·.:,hese rows .. -111 becoo.e all r~ero . 



~: ~ch colur.n of the table u assoc ' a ted with cf sur~risea an exact 

quali ty in nonnegati e variable , hence a deleted cclu:n represen ~a an 

expression of the form az a 0. · !he v r.aole s aasoc ated with t ne 

cielet.ed row r:Lust · e equal to zero, and hence t e rov is superfluous. 

e row is retr.oved, t e rescainder or the column i e obvioual7 super-

lu us a.s well o 

..;;;.o..;;.---=-..&3" 11 an el r:. t. of cr is equal to zero, t hen the following 

c.et will bring the s ici.ated .colwr.n int o t he req i red !onn for rer:10val 

enabllrl" t e d letj on of n row and n colwms of ( 5) in a finite nwr.bor _ 

st p .. 1 

'Y the procedure o t.lined 1n Sect ion II, put t he incU cated c lUIUl in 

he fo rm D, , d. rerfo a:t\'Y n .cMsar.y ow ad itio e ' rith the raw conta r.·· 

in5 d (o!D un i l ,fo · ea el• _~~:entqofQ,d1 + q>O. It elemen 

c 

of ~ a. qu to zero, t r o es:J ia cczplet d . Othei"A'ise, consider t t 3 

ne j · of ·. c ol j ust er · vad , and repea .. 

r oof : ~·: e llli. t.o denote t • e ste on which a gi ven D, 

' . , 
:l&t 

ructure is ou...: ed in he bo e trocedure 

o the secor¥1 at.ep)must b<. joriv 1rom th 

;: note t hat df (the va , .. ., 

ponenta of ..ql • Si r e c 

i n c: cti nn for 

- 1 i ' t 8 

dl 
1 

ql > o, hen\: e dY 

cr t · . 

> 2 
1 . 

c b b.Y e row ubtractj on 

the D, , d form, it follows that df 
1 r.t of -Q ,.. But the athod epecitiee 

SiJd.l.&rl71 df > drl + h, where h 

js - fixed sitive qua.n i tyo • s t he l eu:.e t s of ( ich &re non-

~ ~a . ve and ot ct 8 t 
1

} ::.us ve tua.lly all be driven to s6r 

l! i t is poasi l e fo r o lea; t.c be oolv - in w ch c s the el-.n 
( 

f 

e !o ced to ~ : · all n t t.be corresponuin& c:olWir'~ . s !1 !'.nodi ) 

ma therefore event.4lal.l.7 be elJJII1 ted o 
1. If all non&wo coapone. s .-;r the colurrn have the sa&e ai~, t hen b7 th 

:-ea oning in t he proof of Tbt Jrem 2: & , r • :.c t "", containing t.h 
nonzero elements r..ay be el.iJ:linat.ed ai.Jtult&neously. We note aleo tha~ the 
op i l solution IDA'Y -.e obtained before the indi.c:a.ted n .row. and col~ a 

':...e ad 



1. 

Theorem 4- ' h op imal 8o tion vector to the prob em is obtained as in 

in t rue !.on D., 

By the n ture of t e bo~nd 

f 

calation thod , the v ctor t o the 

right of ( initially the olX(a+n) wctor of (6) ) gives integ va uea 

for t he original prob em variablee 'hich wi l produce an obje t ive functi 

ual to the current b , and undere t i f.y (or oversatiafy) es ch of 
0 

va ue 

the origi nal constraints ~ the positi e {or negotive amount of the 

r 
corresponding con~ponent of th current e vector - At any ste e w may 

increment or d('crement the nlue of the variable• associ ted ith the 

ori&inal - lnXn aaatrilt of {6 wit out chan ing he obje tive f unct1 on 

value ., Sup oae that i is pos i ble t o a just t var b e~ iD IUCh nX 

• -.., · at a) e l of the roble"l c nst raints are atisfied 11 and {b) an 

the problem variab es are normeg t i e integer . Since b is monotone non 
0 

decreasing !roll one tab eou t the next , t ollow that ttae solution so 

ob ined is opt!Aa ., Bu o satis£7 the f at n con tra i nts a str ict 

equalitia (if no o h r varil> l 8 a r e to be chanaed) , each of the 1nXn 

r blee tbs t equal t t h correspon ng compone nt of f This 

ented dding c f to v 
'l'h conditio s of inat1·uctio D y ere y c 0 

then eorre pond t o tl co di tio s for achievillf, op imal ty , and the theor u.n 

i s pr avedo 

" W may note ren hetiea l t t, since the eo~~ponent of c are 

t al :rs integer , ~e co.11p e nts ct c at the optimal solution muet be 

a ~so M eover. f ex co ~ aphic ordering of the tabl eau ie 

f rigidl,y IMinta i ned , thA f i rst n n~e o compooont of e must be negative ; n 

wi the ound esea la tnod t bottca row of the tableau ruust be 

st.rictl,y ncreaaing l. xi.,oEI'aphi cal}¥ ) each tiJae i t 1e changed 



Theorea 2 'nle hybrid <i La1 e1g ri tJuft vill conver e i n a 1'1ni te nwaber 

of steps f or ny ob1e m containing a nomcpt7 i nt eger s olution set 

bounded for opt imality , 

Proof : The theorem follows inlnadiatel.r .trCII 'nleoreu l thr ough 4 and 

the convergence proper ties of the dual linear progr a..ung algorit.ha am 

he boun · escalation method~ 

r ience .. 

o H U6tra te the hybrid d al algorithm we v ill oow aol s the follow 

ing p ob) 

Minimize a,.l + 6w
2 

~ 4v~ 

subje t 0 - 1vl 2W2 + l v .i > 7 -
2wl 1v

2 2w3 > 8 -
1v1 - l v

2 -*3 
)- 8 

111 " " 2 "3 > 0 

Sta l th dua inear prouaadng algori thll ) : 

(o) ? 1 

2 

1 

~ l 

0 

0 

+ 
- 2 I 

0 

0 

- / 7 
0 

5/7 

131/7 

2 1 

1 l 

3 

0 

0 

0 -l 

8 

4/.7 

8 

16/7 ~1/7 

~1 0 

0 0 -1 

(1) 

~/7 5/7 / 7 

0 - l 0 

-1/7 3/7 2/7 

7/ 2 

0 

-5/2 

-~/2 

0 

0 

'll/2 

l/2 5/2 l/2 

l 0 0 

-1/ S/2 7/2 

l/2 l / 2 l/2 

0 - 1 0 

0 0 - 1 

~7/2 9/2 23/2 
;f' 



The op i mal o ut i on road from t he final tab1sa u is thus w
1 

• o, w2 • 13/ 

w .. 2~/7 , wh • 0, 5 3/7 6 0 , y i eldi ng an obj t ve funct i ue 

of l~l 1 

'nle simple form of the bound escal a t on method out lined in Sec ion I : 

will s f fice or the second eta e o We will ·.nd.l.cate by an sr t* t he co l nn 

r e l ati t •) vhi chthe r at-1 a diti n nd subtrac tions are t o be ms For 

de f i ni ten as, a 1 such pera ior w 11 be carried out with tl'le 1 xico 

r phica1~ least negat r O'.t, chosen OIR among those in which ttti 

indicated olUIIID has a positive ntry., 1 

We obtain the ini~ia l tabl au for Stage 2 by putting the ompon nt 

of he w vector in the or e r (v , w , w6 , v 2 , w5, v3 ) o 

St 2 

(o 22/ 4/7 I 6 7 0 0 0 2 

lS 7 S/7 /7 l 1 0 l 0 0 0 0 

0 0 l - 1 0 0 

0 ·l 0 0 0 0 l 0 0 

0 0 - l 0 0 0 0 l 

0 1 0 0 0 0 l 

131 7 l/7 /1 5/ 0 0 0 2 - 1 ' 4 .,. 
( i ) - 2 0 1 0 3 3 2 - l 

6/ -3/7 2/ - / 1 0 - l l 0 0 

6/ 3 7 2/ 7 0 0 1 1 0 0 

0 0 0 0 0 

0 0 0 0 0 0 0 :•. 0 

/..1 1 7 0 0 3 5 0 

~ 1 0 0 3 1 1 

· a ruli ii not el q a tbe~ost efficient tor either ttw eil'llple or l; 

mre p,.ra1 fura of tbe bound ecalation •t.hod With • alight. ellbe lie 
•at. t.he r-"le pro'ridea the baeiB for G0111017 ' a all integer al&oritba [S 1 
which an be abcab to be a vari t i on at the bound escalation •thod under 
restricted a1t-ernatiwe of cboica .. 5 



In obtail th next tableau, tho- !ourth col~ boccmea all aero 61Xeep~o 

in the eecom row, hence t he indicated row aDci coll8D are deleted 

(11) 

1 -2 

3 0 

t 

1 • l 0 3 3 2 

1 0 2 ... 1 1 0 

~ 0. 0 

- 1 0 0 

1 0 - 1 

0 1 0 

0 0 1 

1 

0 

0 

0 

... 1 0 - 1 ~ 0 1 ..... 

'lbe probl• i e now eol wd.. ~ ... add the 11.nal. et (-2 - 1 0) to tbe t1.Dal 

c (0 ) , yielding the opt.bal ao1at.10ft ftOtor (0 1 -2 • 2 4 .. 

·lo 11 not atop hawew , but will ccntimla vltb Stap 2 of tot. &l&orit.lul 

i llu tr~te the ~·•• of elhd Mt.lnc rowa an4 oo~ troa the tableau" 

(ill (1•) 

l - 1 1 0 -3 1 2 ... - 1 1 0 - l 1 1 - 1 

<3 0 2 1 1 0 0 -3 0 2 1 1 1 0 

0 - I 0 0 0 0 0 -1 0 -1 

- 1 1 0 1 

- 1 

"' At the opt.s-1 latepr eol.ltt.4.oo tbe ftCtol' (0 - 1 -2 ...Z -2 -4) 

in t.he final tableau 001r.paa:te t.o the -.auw ot U. .......... wnc. 

(v1 w4, w6, ~· "s• "3 >. &ad the obJect1n ftaDet.ica t.-... • the w1.- 22 .., 

We h .,. here clelAed all D rowe ud ao~ (D • 3) •P"'dftecl aooard1D& to 

T~ )" 



>-17 · 

I t ie generally poaeibl to operate with n rawer rowa t~ t e etart, ~ 

\oJe ffJ11i3 in r t ua onl.y t he t ab e u 

(7) 

ard r t o a~ the eybri ual llllt..bod t o (? ) the algorithm muat be 

mocl1tied r e !ollowa o 

t.¥e l:.* {Ae betare. ) 

It c~ < o, we ~ . place c~ with c~ 'Ill witb 
J 

!or 1 • • a) ., We d ot cone. der tha Mp. i of th column i n which 

It v > rc l with ct + w with 0 
J J J CJ J 

at witb t + .v ' a."¥1 a w1. • ( 0 • l ,. oo"l ) , 
iJ 1J 

to ;. c U et 
J 

the t bleo.u (5) c tainJ.ng t Jt ot 

IaXn be anneud to {7) . and e n:et hod ot Theorelll. J wsed to ring 

t e indi atecl ool\81 an eot.m~ rGt irLto the required t om f or ra:.val , 

D Tbe eolut.ion i s obtained t.he 88IIL8 taahion as tar the regular 

h.Tbr1 ~ual cl,aorttla .. 

We 11t1q Juet.1.1Y the sxiitied Mthod applied to tabl~.u (7) b7 obaeni: 

that ~ t 1a newr aeceHary to alter the InXn portion ot (5) 11 ve wet 

not. to add a -.ltiple ot m7,7 ot tn!t other I'C*8 to it, The adjuetunte ot · ti 

t.abl-.u when a ocapal*lt ot ct la nept.i w then t.ca. the • ._ ae those 



apecU'ied b7 Theorea 1 in creat.in& {5) , The ad.jutAente ld'ltn a compon.nt of 

e" b FOSitive ei.Slarl.T reault by aclmowlad&in& the 1aplic1t aiatenoe ot 

the ! nXn m&trixo 

Ae w1 th 'l'heorc 1 the an~ia 1e atr1ctq correct anq it b > 0 

Ii" eome component ot b becomes sero it. ..., tben be neoe••&l7 to cleuat.e 

t ran e preceding to minta.in laico!RpbiC neptiut.J. The eonU.tlOM 

tor de'fiatian toUow tb Cl"d..ina17 rulee tor apJal11n& the bound •oalat.S.CD 

met.hocl and hence do not nquire adcliUanal. apec1t1catlon. '1'be re.\llt 1e 

that one or mon ot tbe n rowa u ochtecl ..S.th the ~ •trix....,. han 

to be u:p:'.lc:it~ repreaent.ed. inc ~ee oL clepneraq.. H.-ver. we •..-t 
aa in Sect.ion W tbat. the depart.ure trca etrlct ~JIId,o ~~~eptld\7 

bJIOUiht about by i&norir~~ cloa-1'&07 1n the b ftOtor Nlat1w t.o tbe 

J'CIIW8 ot - InX.n v1ll not nonll&lq interfere with conwrpnce. 1 

To il.l.utre.t.e the lpl'tKleclin& icleu _.. t.hoi'OQ&bq, we t4U rwol'k 

the ple probl c ~lved arlle~.. Ua1n& the coldeDHcl repreeentaUan, 

we gin vi t.h the t1rat. tableau for Stage 2 

( 0} 

(1 

~/7 4/7 

· 13/7 3/7 

-S/7,6tz 
l.Sl/7 l/7 

-3/7 

2/7 6/'1 1 

5/7 1/7 0 

J/:1 -2/7 Q 

4/7 snl o 

0 

1 

0 

0 

0 0 2 1 

0 0 0 0 

1 - 1 0 0 

0 -->2 - l .... 

... 1 0 1 0 ) 3 2 -1 

0 0 2/? l/7 0 1 - 1 1 

0 0 

-1/'1 o· o -3 1 -1 -4 

Col. 3 
0 

2/1 
lh 

2/7 

Colo 7 

1 

0 

--2..._ 

~ 

1. lt led.oo&NJihlo nept.iY1t7 ia loet. 1D tb1e tubiaa it~ uwqa be 
rqained. b7 lnaert.iJic a oo~ oonaiet.!.nl ot all ~~e~at.in ooettieiete 
t.ecliatel7 to tbe ript ot tbe b 'NCtor, wit.b a .attleientq l.arp neaat vc.. 
la.Uiber 1n the bott.oa row to make t.be c01111tra1nt. oa~~p&t1ble with ~ opUaa.l. 
solution~ 



1:9-

' e at th ,. d of the table u i.micnt e the colt'lnlla to .• pl :1. e 

col 3 and ol\WD 9 aceordi n, to the rule or the IIOdified it !'Uction A 

S leo 1ng the new col\Dll ) ae the next col.mll to put in the D,. O, d tol11l 

the tollod.ng tableau. 
Colo J Col .. 9 

U) · 1 2 0 0 1 0 -3 3 1 l 0 

3/7 '/7 1/7 ··3/7 0 1 2 0 0 6/7 

l/7 . 3/7 

111 0 0 

6/7 nJ/7 

22 0 

0 

0 

1 

0 

0 

0 

0 ... J 

1 

0 -1 

l 0 0 ..Jh_ _Q_ 

2 -4 6/7 3 

1 .. 1 

0 

l 0 

0 .v2 

b • .a now eo , and th . final aol •tion vel)t o "a obtain by 

.............. "0 ( 2 0 0) to tho (0 ) Vl ctor on the ot tcn row, ,-ie ng 

0 

Fire 1 

~ 4 ) tore, 

point or noted between tho regul.ar cy ri ual 

t hod rel ti to the Jrecodi exa.mp1 probl 

oditied i od did not o eo well s the regular J:ICthod in 

prepe.ring eo1.ne ot the t ableau f r e l.ld.nat1on (though the smalle r d.imenoi 

or (7) • pen te tar thi 1n the pres11nt instance) ., 

eo , moditi t oc1 requi ~ an e.ddit.ional a t ep to obtai.n th o 

olut.ioa . that wl th the regular atthod the solution w 

toeuaing ~~ on col 4. Followina this &rat~s;r with the 



th r uirea ,yet another step b-.,ond the nUIIber neecle4 abowo 'lbe reae • 

eo 1a augpet.ed 1ft [3], W.re it ia ahow that it 1a pner 111 

deei bl.e to make ~"'* x addi tiona w1 th U. boulld eeo&l&Uon •tboc1 wtumewr 

Suppr eaing the - IaXD .atrlx 1n effect rule• out the chance 

!or 80 ot t hese additi one . Tbws, it 11/q be in a-ral that the JDDditied 

method r 1rea more atepa to obtain an optiMl solution than the recuJ,&r 

t.hod r r.pe part.ial.q 0 ! aettin& the a&vingl deri.W<l rrca wt1D& a 

l ea ~'!orecner, the 1n1t.1al clitferenoe 1n tableau aiH ~ be a 

t rans t o one due 

rlt.bm t o el1.ad.nate rewa aDd colwma 
. 

'&.h r 1a another way of w r Jd..nc 1d th a eubat.antial.l¥ e•ll•r tableau 

t en (5) while eti l l r t.ain1ng t ability to pertom row Mdlt.iCIIUI 

the InXn trh. The ke7 1a to cona14v the oo~ ueocia 

w1 h c t.ime, p~ t . 

I t 1 d4ent at the element ct
0 

ot ct don not. b&w to begin HI'O, bat. 

d u t o H l'O uao the • l -nta of §i. Thua each col,_ (ud an 

Ula1nated befor e ma.trw to the nut. (-.ea \be aolllt.lon 1a obta1r d 

t. n In t h1 ~ only a •in&le row ueoch.t.ed t4tb the - IDID Mtrix 

t o cludecl i n he tabl •u at ~ .tap Such a prooeduN correapaada 

to t at pe aotual.q t aken in aolYift& the ev"'Ji'• problea 1A this paper, 

• b4a &boll .. r ~c ..... ~ otber •thcd tor •al.tnc the dap1e 

probl on wtd. we haw t•tecl t he al.Fritba to elate.. If thi.e method 

b7 1 t £g the 1n1t.1al At oat.rix be ~ 1 to the A catru of the f inal 

line progr~ tableau, •Cf"pt for the single col- to which the ~~et.hcd 

iated 



of Theo ·· J was t.o be applied ... ::>iDee none of tbe operotiona would 

affect - umn m + j of I( , , of (6) unt.i.l colwm j of A waa it.ael.t 
lll"tn 1X ll"tD1 

C'perat.ed oo direct17 by Theona J .. not all of t.t. oolu.w ot I ( )x(m~) 

would oeecl to be given explicit repreMnt..lUono Tbia would in et ect 

pro u e a col\lltant tableau ei&e n - l rowe and n - l oolUIII\8 eaaller than 

( 5) un l at col ecll.wnn 

\otO be dropped each t.1me new row and col.wDn required explicit. 

repre t.ion .. A poaa1.bU1t.y that ~t. be worth conaideri.ng would 

to s egre te the Yeetor which 'n\eorem J a to be ' applied (along wi h 

the obj ctive fUnction Ul it ~ reduced to the im1 ated 

to t. anatol'lla t on which caused the uc tion 

ould b applied to upd e nder of the t.ableUl 

'nlouch we have not exempll!i.ed this second method of tableau 

r <- ti 1 since it is re1at1 •17 t aighttorward, we would expec it to 

be ;~eter le to the od baaed on t.abl u 7 1.n la2J1¥ 

1r r.ces . As a g rul , bowev r t.he price of u.eing ei thttr ot 

• e& s n the nw:aber of al tem ti vee of 

cboi , we v yet to e o ... r \lldch aae thi.a price ia rehter 

or 1 sa. 

to . ! 
I of the A matrix an in order. wae 

abo in tl r eaul.ta s i.llply frca appl.Jing be bouncl 

s on tbod e l umna aaao~iated with the A matrix ot 

u 6) I ie i note that t he resulting coutrainta are 

11Gomory cu 8 1 of t u NCi in his first integer algorithm" By 

e v t "const t.s th t basi tranatoroationa preacribed b.r 
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the b\l\llld escalation method, we have shown how each c:10e 'l:ltlq DOt ODl.J 

be appended to the tableau aa in Gcao17 a tirat al&oritha (in dcUtiOil 

to tbe ~ ...,t.zoai nt from which it was deriYed) , but :.q 1D tfl.ct "replace" 

t onstraint, proVided our Nlea tor open.t.iat; on (S J are 

observed , 1 Moreov r , instead or usincr; t.b• linear proarUIId..ni pivot 

pro ess , "*tieh f11tB.¥ requir the genera ion of other deriva t.iv• cut.a, we 

pro eed directl.7 wit h the bound ••aalat.ion -t.boci ill conJUDcUon wit.b 

t.ions of the t ableat! a~ tho)' a t t.&in the apec11' 

lol'lll 

... t - Ollplt.aU.onal. pertaraDDC ot t1 · ~-br ' • 

clu algorithm ve haw aolftd e~n addit.ianal ~ td.t.b t.be ..u.ocl 

For c pariaon these probl_. were &lao eolftcl vlt.b t.be Wo 1Dt.epr 

~~ algorithms cleftlopecl b7 ialpb a.m.,.. The eeope ot tbe tee 

wu rceq li.ldt edz nooe o the probJ... we lar .. r thaD t.bree Rl'1ab • 

and t inequali 1 a No recl. conclud011a, or cCNne, can be diaD. l ewr11 

fC1r t r ....,. .... ._.,._, tbe ~1'14-clual ..t.bod requiNd t.,.. atepe . c. l.lloet 

ew17 cue than be ..-~r or pl..ot.a reqa1recl • tM all-lll&.epr &laor1 

r ea it.iona.l (non 17 h maT ob at.necl with tbe 
r ans orm.a t one ape itied in (J] , and which &ltemat.el.7 a~q be ueecl aa a 

ba 8 t he iD1 t.i&l tableau of st.a,. 2 or tba ~rid~ aJ.cori till, 
H ] An interesting feature Of t.beM latter cut.a 1a t.ba.t botb 

• i ve c;.nd neg t.iv tticien • ..., ~tt.ach to the Y&riiablaa aaaoc1ated 
witb the A utrix or ( o ) aa con n.ated wit.h tbe all acaaept.iYe 
coet 1 &nta ot At 
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On the o r _.., ac 

d'Q&l. ~orJ.tla doin& eUghtl,y better on •~ ot the prob~ .,d alight]J· 

wone an othere . Both mthoda aolwd 8 ot the ll prob~ in trom one to 

aolut . 

-... h wev r, because ot 

tabl au sbea 1 F\&rth r invest t on ie noecled t.o detenaine relatiYe 

rf'orman es !or pro as ot hi er dt.maion and COIIplexitJ .. 

t be uae of he et.plici~ of the probl 

examined coaputa onal v taaea o the general boW1d eaealation JMtthod 

1n con to the er Yeraion presented 1n thia paper) were not 

t For prob 

to uhibi t rt in 

b g al boWid es 

n 'i4'lidl the D, , d structure M7 be manu.t ctur 

r cteriati a laee, e .. g , eD~~ple problAa 2 of ( J]) 

tion ae od by 1 eelt ie appreciab17 auper1or o t 1 

dia uaa d he d be intere ti.rl6 to kn<* wheth r 1 a 

on to b ' d might rove eimil~rly e!!ac 

1n lYi o r proble ..n h have not read:1l,y Ti•l 

toe ot~· • bound e tioo •thod in i 

ind end tor 

.. Tbe econd ecu: re o l ine 
ot { woulc:i hove su etant al.l7 el.i.la:i.ated thi a ditfereDCe 
apply the maciiled -Ulod baaed on ta leau 7) 
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