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^VARIAHT IXBHlDTliO AHD RSOTROR TRAHSPORT THBOKY-ITI. 

XKÜTROH-NKUTHOR COLLISION  PBCCE33ES 

^7 

llchard BtllJMB aad Wb^rt KaOAb« 
fh« RAKD Corporaticn,  SäJBTU Monl«*,  California 

0.  Mlltoc Wlog 
LM AIUW«  3«l«rtlfl« lAbormtory,  lSiv«r|lty of California 

Loa Alowi,   *Wrv Mnc5«o 

1.    Introduotloo 

IB provloua papor«  in thli oorlot,    2,3,4    ( vt hüv« oonslAtrod 

aovtzx» transport moAml*  In vhleh varlovi« typo« of oolllslons 

(•«att^rin^i  aboorptlon,  fltiioc) vtro allarot to ooeur b«tw««n th« 

movlnc p«rtialat and flxad nuclei.    1^« offootd of oolllllctx batwiou 

aautrona v«r« not tonaldUrad.     In th« «urront Invattlgatlon v»  ln«I«i 

this prooost,  a« vail a« th« otbar«,  aMvaiag that th« n«v typ« of 

«oillalon rarult« In th« umirxilatlon of th« partlolat In.ol.-ad. 

Com id« ration« aro «caln •onfln«d to a aD«-dia«n«lanaI mo4m\ , 

thouc^ partialat vlth ««varaJ po««lbl« «Mrgy rtatat art lD«Iui«d. 

.^.a  oonaapt of  Invar ani  lBb«dding,   1   ,   It  u««d to terlv« th« 

fxaetloaal »quatian« vM«h eonaxltut« a ■ath«Batltal  daiorlptlon of 

tha  phjrtlaal pro««a««t. 

Pint,  th«  i«t«raal  fl\n «quatloni ara  d«rl «d,   aariadn^ a  v«r7 

ganaral and phytlaally raaaanabla nautron-afvutron «ollislan lav.    A 

Wort parfonwd in part undar V.a auaploas of tii« U.S.  At«Bl« 
riiargy  CcaadMlon. 
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•p*«lal MM Is then iBT«rtlc>t«d 1B »amm ArtAll.    Th« •quatlona «o 

(*t*lft»d are mmtiblM to analytl«,  «Ithough not M.slly solvvd «xplltltly 

It  !■ vorthvhli«,   then,  to pr«Mmt th«  rasulti of  •CM» matrloal 

•xparlBtntAtloo. 

Th* caaljrtlc  troataatrt  »hovg,   rvfardlctf of tbo aa^nitud« of thm 

eross Mctlco for oolllaloc b«tve«n morrinf, noutraci,  thcr» it DO 

arltlMl  l«aith  {ummu)  for the  rod.    Arbitrarily lArg« flux*« mmy b« 

oVUilJwd, a« Might hm 1—gl—d,  If th« «OUTM it rtroo« «neugb. 

Tb« analogy h«tv««n this  sltvatloc  and that la nydrodynaalos, 

vhar» th« addition of an artltrarlly s»«11   vl««o«lty tmrm «Ildnat«« 

th«   MsMDtlmious  «hock phana—ncm,   Is th«n pointed out. 

Varlou«  lBt«roa«UM«ticns MMPg Intamai  fluxas and trananlttod 

and reflactad flux««  ar« «xhlbltad  for th« aodals  con«ld«rad.     "*.«y 
r i 

ar«,  of oour««,  «or«  corpllaatad than tho«« de«erlb«d  la    4     ,   vh«re 

th« «ff««ts of collisions b«tv««A acvlnc partiolas van» n«gleot«d. 

2.     A Colllsi«! Mod«l 

Co&sidor a rod of langth x  oontalnlr^j nuclei  V^üQ:. are  fixed In 

position.    A nautroc moving In tho  rod »ay collide vltn a nuolau«, 

vhlch  results  In un«  of  Mwml  possible  «vents; 

a. lb« Bcutroo aay b« ab««i^>«d without «raatloc of worm partlsl«»; 

b. it «ay b«  s«att«r»d In th« fonrard or baekvard dlraotlor; 

o.     It Bay dlaappoar Itsalf but give   rlee to nav nautro; s 

through  trie  proeass of  fission, 

for «orvenlsn«« «e  \»»\mm,   ir.ltlally,   t .at all  :.«utror.« ar«  at  the 

saae «r^xiy l«r«l       TTius t.k.« «vents described o^y be aggregated by 
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•.«•valof thAt a D«\ttron aaklnf * oolllslor  vlth a nuel«u« glv«t ritt, 

oi   th« aTvrtc*,   to F ntutron« »ovlrtg in th« original  Almetlor. of 

trmv«!  and B n««trons Moving in th«  oppotit« dlrtttioi..     Steady StAt« 

oondltlons art ataxatd in (Striving tnm bati« tquatiott. 

In aldltion, v« c.all  tuppota thtt    autror.i »ovl.g  in  oppotitt 

dirtotioni aay oollldi vlth o • anothar,   rttultirg in thtir annihilatio; 

To raduoa thta«  idaas to BathtMatloal  for» let ut introdutt aoaw 

eonrsniant notation. 

Aasuaa that j nautrona par unit tiaa art introdutad Into tht 

■yftta at I,  aa  it ahovn In th« figur« btlov. 

^ i        4--      4 \   +■ 
0 t-h     t    •4h x 

Figur« 1. Tha Phyaloal Sltuttlor 

Ut 

ov.  ♦  o(h)  m probability that a    «utro-, vlll  oolllda vlt;   a 

(1) nuelau«  li   a tagatnt of  l«.gt;.  h.     (art o  It th« 

eroat atatlor.  ad it tht  aaat at    \"     uttd in    Ul   .) 

u(i;x,y)  - tht txpaetad nvtabar of nautroi.t par uilt tist 

(2) paaalng an  intarlor polr.t  i  in tht dlraotior. 

oppotad to that  of tha li eldtr.t  ;»tutro:.t. 

rdj»,/1»  «• the oxp«otad :.\ttbar of :.autPOtit par unit tiat 

(J) patting tua intarlor point  i  in t..a  tat dirtction 

at tht  inaidtnt   nautront. 

k(a,vN;;   ♦   o(h)  - the txp«ettd nvttber of nautront ir.  a  ttrtf of 

itrangth u vhloh art anrihllatad par unit tiat tje to 

tollltlont >rlt.v.  an  oppotl;.g ttraa» of  ttrtigt    v,   <.; 

ar.   ' nter^/al   of   Itn^' h  \ . 



TnougJ   v«  fth&U  not «nt^r Into a d»tall«4 dliousalor.  of thm dotlrmbl« 

proportlas of tht •olllslon funotlon  k(u>v))   ol»*rly in  ihouJd «xpcct 

(5) (a)     k(u,v)  - k{T,u), 

(b)     k(u#0)  - 0, 

(a)    k(l,l)  - b, 

vh«r« b  is th« offaetlv* oroat  ••otloi.  for colllilor. betv»«-   nautror.i, 

7: «  tymmtrlo bohavlor  ir.   (^fc)   is eonvvnlsnt,  b-rt  not nseoss&ry. 

5.    Ths  Intsrnjü. Flux S^ustions 

By noting tns sxp^ctsd flwrs past obssrvsrs st  t s d  i- .,  «ftsr 

• .rpprsiKlr^ the   dspsrdsr.os   of  t'itt  furtrtlor.s  u and   v  on  x  a.-.d y,  v« 

■••  t'.at 

(1)     u(i)   -  u(»-h)(l-ih)   ♦   u(t-.".)ohP   ♦  v(i)o.B -   hk(u,v)   ♦ o(h) 

SlBllarlT for tns  funstior.  v(») vs fir.d ths  rslatlo;. 

(2]     T(I)   -  y(»+h)(l-3h)   ♦  v(»)ohF  ♦  u(i)onB -  :k(u,v)   ♦  o(h) 

Lsttl:.f h    «0,  vs  ar« Isad to ths DOnllnsar systs« of dlffsrer.tlal 

squatioiiS for ttis   intsmiü.  fluxss 

(3)     u'd)   -   (F-I)OU(E)   ♦  Bcv(»)   -  k(u(i),v(»)), 

T'(»)   -   (i-F)av(i)   -   Hou(t)   ♦  k(u(«),▼(!)). 

Tns bovindary eoi.dltlor.s are 

(M u(0)   - C,      rfx)   - y, 



which follow fro« the fonaulatloo.     Obtcrv«   that  the»«  &m two-point 

ooodltlon«,   rmther tr.«.;   Initial  vmluti at 0 or at x. 

In th« follovlnt dltcuaslo:.,  w» tnall aaa\JM t .at t • oollitioi 

funrtion k(u,v)   is glran by 

(5) k(u,T)   . buv,      b >0, 

arid that aa a mult of a fistionlnc on« nautron it forward-•aattamd 

\rA tvm  ia baakvard-ecattarrd,   so that 

(6) F - B - 1. 

I'ndar t .»•« «jranaiptlOT.i th« aquations lr  (3)   raduea to 

u'   - ov - buv, 
(") 

▼ '     --0U    t   buY. 

Along wltw. tha boundary oondltiont of aquation  (U)#   tha aquations  (7) 

rapraaant a two point r.OQlinaar boundary valua problaa for tna «xpaatad 

raluas  of  tna  intan^I  fluxas. 

U.    Ax^algrsis and Coayutational  Raaults 

T^ioui?.,  in ganaral,   tha diaauasior, of a two pol;.t not.li!.aar bouidary 

valua problaa prasanta formidable dlffioultias fraa bot.,  t a analytical 

and ooaputatianal rlavpointa,   in this oaaa  it  is poaslbla to prooaad 

in  mt er  itralf .tfarward faanion.     Wa eo-aider solution  aurvas vhlan 

pass tr.roug'.  Via point 

(1) T(0)   - 4, u(Cj   -  0, 

for i  ' r 
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It  Is  co:.*/»: I«: t to norMllte  tr.e  u-.It cf dlrtano«  In tusn a vmy t .at 

(2) o  - 1, 

and to eoDflAer t;.r©«  i3aa«t,   dap«i.41:g an vh«th«r d,   &>  dafl  «d In 

•quatlan   (1)   is !•■• than,  aqual to,  or graatar tnan b*   . 

V«  flrat  eonsIdar that 

(3) 0<d<b"1. 

Trca aquation  (3."), 

{k) u'   - T - buv • v(l-b\i) 

r'   ■ -  u •♦• bvnr - u(bT-l), 

v« aa>.  that Initially u ii Ineraaaln^ and v la daeraaal:.«.    Aa c 

Inaraaaaa,  v daoraaaas and u Inoraaaaa,  so trat u'   dbaeraaaas and v' 

baooaaa «ore and nor« nagatlva.     :-:%•«: t i&lly v auat baocna aero at, 

say,  tha  ralue 

at vhlch point va  hara 

(6j u'[t^]  - ( . 

Lat ua  nov arvov tnat 

(■) C< u(i) !   b'1, C<  ii i1. 

Upon   Irtafrating tha aquation 
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,, v      du  r(l-bu 
U       dk ' u(öy-l) ' 

which follovB from equation {k),  wc find the relation 

la\ ^        (1-bu) (1-bv)    ..    , 
(9) log ^ £^4  ■ b^d"v"u)' 

where 

(10) 0^ vs d -- b"1. 

Consequently In this ca«e the curve u ■ u(i) cannot croet the line 

u - b    In addition from fonnula (9) we determine that 

(11) v(0) - d - u(»1) r, u^^, 

provided d < b 

We have now established  t:.at  both u( t) and v(t) are Bonotooc and 

uniformly bounded by b*    on the  Interval    0,t.(4)     ,  for d ■ b'   . 

'Iraphe  for thli cake   In which b ■   .01 and varlo'ia valuee of d 

are aeelgned are »hown In figure 2,    T^e curve» were obtained by 

Dr.   K.   C.   DeLand using an analogue cca^utlng machine. 

Tn9 caee In which d - b'    can be reeolved explicitly.    Tlae reeult 

la 

(12) U(T) - b-1  (l-e-1), 

v(t) . b'1. 

If d N b" , then Initially u and v increase aa t increaaee. T^e 

function v^i) alao Increaaei.  Ct the other hand, since u(t) cannot 

cross the line u • b' , and u Is monotone increasing, u approaches a 

Halt, which, according to equation (9) must be b' .  3rsphs for this 

case with ^ • .01 are shown in Figure }. 
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